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Photonics presents one of the most
promising approaches to large-scale quan-
tum computation with millions of qubits
and billions of gates, owing to the poten-
tial for room-temperature operation, high
clock speeds, miniaturization of photonic
circuits, and repeatable fabrication pro-
cesses in commercial photonic foundries.
We present an end-to-end architecture
for fault-tolerant continuous-variable (CV)
quantum computation using only passive
on-chip components that can produce pho-
tonic qubits above the fault tolerance
threshold with probabilities above 90%,
and encodes logical qubits using physical
qubits sampled from a distribution around
the fault tolerance threshold. By requir-
ing only low photon number resolution,
the architecture enables the use of high-
bandwidth photodetectors in CV quan-
tum computing. Simulations of our qubit
generation and logical encoding processes
show a Gaussian cluster squeezing thresh-
old of 12 dB to 13 dB. Additionally, we
present a novel magic state generation pro-
tocol which requires only 13 dB of clus-
ter squeezing to produce magic states with
an order of magnitude higher probability
than existing approaches, opening up the
path to universal fault-tolerant quantum
computation at less than 13 dB of cluster
squeezing.
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1 Introduction

Quantum computation promises the ability to ex-
ponentially speed up certain problems intractable
to classical computers including simulations of
large quantum systems, an observation first for-
malized by Richard Feynman [1]. Noisy inter-
mediate scale quantum computers [2] with ≈ 100
physical qubits and ≈ 100 to 1000 quantum gates
have been demonstrated on a variety of phys-
ical platforms [3, 4, 5, 6], but it is widely ex-
pected that the computers must scale to millions
of physical qubits and billions of operations to be
useful for commercially valuable quantum simu-
lations [7, 8, 9]. Matter based approaches face
hurdles to get to such a computational volume,
owing to the hardware requirements of low tem-
peratures, slow gate rates, or lossy conversions
between matter and photons [10, 4, 6, 5, 11]. Pho-
tonics provides a promising path towards large-
scale quantum computing with scalable genera-
tion and manipulation of qubits at room temper-
ature, high-speed measurements, miniaturization
using photonic integrated circuits, and repeat-
able low-loss mass manufacturing at commercial
foundries.

Photonic quantum information can be en-
coded into either discrete quantum degrees of
freedom of individual single photons, known as
the discrete variable (DV) approach [12, 13], or in
continuous-valued orthogonal quadratures of the
electric field, known as the continuous variable
(CV) approach [14, 15]. CV quantum photonics
brings an advantage over DV approaches, namely
the deterministic generation of entanglement over
large photonic quantum states [16, 17]. Millions
of entangled optical modes have been experimen-
tally generated in CV systems [18]. This makes
CV photonics ideal for measurement-based QC
(MBQC) implementations [19], in which quan-
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tum computation is performed via single-qubit
measurements on a large entangled quantum
state. In photonics, single modes or collections
of modes in the entangled state act as the ana-
logues of qubits in matter-based approaches.

The key concept to enable quantum com-
putation with large-scale entangled states, or in
general with a large number of qubits, is that
of fault tolerance. Fault-tolerant quantum com-
puting (FTQC) is an approach to QC in which
a computational (logical) qubit is encoded in
many physical qubits on which quantum error
correction (QEC) protocols are employed to cor-
rect for errors such as decoherence and photon
loss [20, 21, 22]; If the probability of physi-
cal errors is below a certain value determined
by the QEC protocol, called the fault tolerance
threshold, the probability of logical error can be
exponentially suppressed. There exist no di-
rect fault-tolerant protocols for quadrature en-
coded continuous-variable quantum computing
(CVQC) [23]. An alternative approach is to dis-
cretise the CV space into qubits [23, 17].

The most promising qubits for CV
FTQC are the Gottesman-Kitaev-Preskill (GKP)
qubit [20] and the magic states [24]. Native log-
ical gates are implemented with Gaussian oper-
ations on GKP qubits, while universal quantum
computation is possible with the ability to create
magic states. In fact, using only CV Gaussian
resources combined with GKP states, one has
all the necessary ingredients to achieve univer-
sal CVQC [25]. Therefore, much effort in CVQC
has gone into devising scalable methods of pro-
ducing high quality GKP qubits (that is, with
high effective squeezing; see Sec. 2), but produc-
ing these states with high success rates in photon-
ics has remained a challenge (see Sec. 5). After
obtaining high quality GKP and magic qubits,
CV architectures achieve fault tolerance by con-
catenating a second qubit-level error correcting
code with the GKP states as the physical qubits.
To implement these codes with optical fields, pho-
tonic switches were proposed either to increase
the low success probabilities of GKP state gener-
ation [26, 27] or for quantum error correction [28]
(see Sec. 8). Great progress has been made in low-
ering the noise and losses in photonic switches,
but the loss levels are two orders-of-magnitude
higher than passive photonics [29], making re-

moval of switches from the architecture a desir-
able goal.

With this context, we present four contri-
butions in synthesizing an end-to-end CV FTQC
architecture. First, we provide a protocol that
produces fault-tolerant CV photonic qubits –
GKP qubits– at state-of-the-art probabilities of
more than 90%. Notably, the architecture makes
use of all physical qubits, both above and be-
low the FTQC threshold, to construct logical
qubits. Second, we provide methods to gener-
ate GKP qubits on an integrated switchless pho-
tonic chip, opening up the possibility of low-loss
manufacturability of the photonic chips with pas-
sive components. Our methods for state gen-
eration require only low photon number resolu-
tion (PNR) for which either superconducting mi-
crostrip single photon detectors (SMSPDs) [30]
or room temperature photon number resolving
detectors [31] would suffice. Third, we present
protocols for magic state generation with state-
of-the-art success probability, an order of mag-
nitude better than existing methods, for univer-
sal FTQC with feasible resource requirements.
Fourth, we present the results of our quantum
error correction simulations including GKP re-
source generation costs. We arrive at the gaussian
squeezing threshold, the quantum noise metric in
CVQC [17, 32], of 12 dB to 13 dB for fault tol-
erance, and distillable magic state success prob-
ability of 4.8% also at 13 dB. To our knowledge,
the presented simulations are the first end-to-end
CVQC simulations incorporating a realistic pro-
cess producing GKP states with a range of effec-
tive squeezing values for fault-tolerant operation.

In the following sections, we start by pro-
viding an overview of photonic CVQC. We then
describe our architecture before proceeding to
discussing the details and physics of each archi-
tectural component, and conclude by providing
the results of the fault tolerance simulations.

2 CVQC Toolkit and Non-Gaussian
States

In photonic CV MBQC, the set of entangling
operations, non-destructive gates, and destruc-
tive measurements come from the CV photon-
ics toolkit [33], the most prominent components
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of which are the squeezing operations, linear op-
tics, quadrature displacements, homodyne mea-
surements, and photon number resolving mea-
surements. In the following, we define the key
terms, including entangled states, measurement
operations, and non-Gaussian modes, which form
the basic building blocks of our architecture.

The entangled state often used in pho-
tonic CV MBQC is the cluster state, canonically
defined as Gaussian-squeezed modes entangled
using controlled-phase gates (CZ) [34]. While
CVQC was initially investigated with Gaussian
cluster states requiring inline squeezing due to the
use of controlled-phase gates [35, 36, 19], an al-
ternative formalism exists where inline squeezing
is replaced by offline squeezing and passive inter-
ferometers [37, 38, 39], resulting in a macronode
cluster state, where collections of physical opti-
cal modes can be treated as a single mode on an
underlying lattice [40]. An example of macron-
ode cluster is the multimode state called a dual
rail quantum wire, generated using the two-mode-
squeezing operation implemented in a non-linear
crystal followed by passive beamsplitters [41].

The name squeezing stems from the shape
of the Wigner quasiprobability distribution of the
conjugate photonic quadratures (denoted p and
q), in which the distribution for one quadra-
ture has a narrower width compared to a co-
herent state, while the other quadrature has a
broader distribution. The term also refers to the
quantum noise on a measurement along one or
a combination of the quadrature axes in phase
space. In CV MBQC, because all gates are car-
ried out via measurement operations, the noise
on these gates is parametrized by the squeezing
observed in each measurement. Thus, physical
gate noise is directly tied to the squeezing level
associated with each mode being measured. Ideal
Gaussian squeezed states (infinitely squeezed) are
denoted by |m⟩p, where m is the eigenvalue of
the quadrature p. For the results presented in
this paper, all simulations are run with finitely
squeezed states (i.e., resulting from applying the
finite squeezing (single-mode or two-mode) op-
erator to vacuum). FT thresholds in terms of
squeezing are important for CV FTQC as single
and two-mode squeezing forms the fundamental
resource for CVQC [42, 43].

The operations used to project a quantum

state onto quadratures eigenstates are called ho-
modyne measurements [44]: a homodyne mea-
surement with outcome m on quadrature p
projects the measured mode onto the state |m⟩p.
An important property of homodyne measure-
ments chosen with appropriate bases is that they
can be used to either delete a node from a cluster
state or teleport the quantum information from
one node to another [42], allowing one to shape
cluster states during quantum computation.

While deterministic and scalable Gaussian
entanglement generation gives us a substrate
quantum state to use in CVQC, and homodyne
measurements can be used to shape the clus-
ter state and implement quantum gates, univer-
sal CVQC requires additional resources to enable
quantum computations that are not efficiently
classically simulable [45]. One prominent opera-
tion to enable universal CVQC is photon subtrac-
tion [46], which can be used to implement gates
consisting of arbitrary powers of the quadrature
operators on squeezed states. Experimentally, in
quantum optics, the most common method for
performing photon subtraction involves using a
highly reflective beamsplitter, with a photon de-
tector—capable or not of resolving the number
of detected photons— placed in the transmission
arm [46, 47]. Throughout this article, whenever
the photon subtraction process is mentioned, we
refer to this experimental setup. One of the key
applications of these higher-order gates is the pro-
duction of non-Gaussian states in an entangled
cluster, which along with homodyne detections
and displacements, give us the ability to apply
quantum error correction and operate the uni-
versal quantum computer above the FT thresh-
old [17].

The fundamental non-Gaussian resource
states in our architecture are the squeezed
cat states |±α, r⟩, which are superpositions
of displaced squeezed states, i.e., |±α, r⟩ ∼
(D(α) + D(−α))S(r) |0⟩, where D is the dis-
placement operator in the phase space, D(α) =
exp (αa† − α⋆a), S is the squeezing operator,
S(r) = exp(1

2(r∗a2 − ra†2)), and a† and a are
the creation and annihilation operators, respec-
tively. Real α results in q quadrature displace-
ments (Dq), while imaginary values result in p
displacements (Dp). Cat states are parametrized
by squeezing (r) and displacement (α), which we
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take to be real-valued in the following results.
The Wigner function for a squeezed cat state
is shown in Fig. 1. While FTQC codes exist
with cat states as the logical qubits, these require
the experimentally-challenging parity check oper-
ator [48], limiting the role of cat states in photonic
FTQC to that of resource states which we con-
sume to produce qubits.

GKP states, and more generally grid
states, were first proposed in [Ref. [20]], with
a considerable amount of effort spent studying
their use in fault-tolerant architectures in re-
cent years [49, 50, 51]; a typical Wigner func-
tion is shown in 1. The sensor state, denoted
|S⟩, is a symmetric grid state defined as the
+1 eigenstate of the displacements Dq(

√
2π) and

Dp(
√

2π), while a GKP qubit is the +1 eigen-
state of the displacements Dq(2

√
π) and Dp(

√
π),

where we have set [a, a†] = 1 [20, 51] (see Ap-
pendix Sec. 11.1 for more details). Interference
between sensor states using passive linear optics
can be used to produce entangled GKP Bell pairs
[52].

Ideal GKP states have wavefunctions that
are a series of delta functions in the q-basis (or
p-basis) of the continuous-variable (q, p) phase
space of a bosonic mode, and are therefore un-
physical (see Appendix 11.1 for ideal GKP wave-
functions). Physically-relevant approximations
to the ideal GKP states can be obtained by apply-
ing the damping operator to the ideal state [17,
53]. The width of the peaks provides an effective
squeezing parameter, which describes the close-
ness of a given GKP state to the ideal state. The
probability of physical gate errors in CVQC de-
pends on the effective squeezing of the underlying
GKP states, which denotes the noise level of mea-
surements associated with the qubit compared to
the standard noise of a coherent state [54]; mini-
mizing this noise corresponds to reduced physical
error rates. For any given density matrix ρ and
the desired displacement operator with displace-
ment u, we estimate the effective squeezing of the
output state as ∆D = 1

u

√
ln |TrD(u)ρ| where Tr

is the trace operation [54]. The quality of a re-
alistic GKP state for FTQC is quantified most
readily by the effective squeezing parameter since
the probability of error in the logical X or Z op-
erations is bounded by P < 2∆

π exp −π/(4∆2),
where ∆ is the effective squeezing in the re-

spective quadrature [54]. Note that the GKP
state can have different effective squeezing in the
two quadratures owing to different parameters at
play in the generation protocols. A final im-
portant non-Gaussian state in our architecture
is the magic state. These are essential for uni-
versal quantum computation by providing an im-
plementation of a complete gate set. In CVQC,
magic states are also grid states; their Wigner
functions contain periodic structure (see Fig. 1;
also Appendix Sec. 11.1), and they can be derived
from CV GKP states [25]. An important met-
ric is the distillation threshold of magic states,
which quantifies the fidelity above which many
copies of noisy magic states can be used to dis-
till a high fidelity magic state useful for apply-
ing fault-tolerant non-Clifford gates, e.g., the T
gate [24].

3 Architecture and Design Overview

Our photonic QC architecture contains three key
components for physical qubit generation (see
Fig 2): cat state generation via the Photon-
counting-Assisted Node-Teleportation Method
(PhANTM) [55] (see also section 4), an adaptive
breeding protocol (detailed in section 5), and a
magic state generation protocol (described in sec-
tion 6). The logical layer consists of two major
components: logical qubit generation, which con-
sists of distributing physical qubits as the nodes
within the Raussendorf-Harrington-Goyal (RHG)
lattice [56]; and the quantum error correction
(QEC) encoding/decoding system, which is also
responsible for running logical instructions. All
of the physical qubit generation and RHG lattice
generation components are possible on a set of in-
tegrated photonic chips without active photonic
switches or variable beamsplitters on the quan-
tum modes to minimize loss and noise. While
fast electro-optic modulation is needed on local
oscillators during homodyne measurements, the
local oscillator power can be corrected to account
for any losses.

We use cluster engineering with time mul-
tiplexing and photon-number-resolving detection
to prepare cat states, followed by adaptive breed-
ing to create GKP states using homodyne mea-
surements. Magic states are produced by apply-
ing CV QEC on cat states, using bred GKP states
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Figure 1: Wigner functions of squeezed cat state, GKP zero qubit |0⟩G, and magic H state |H⟩. The horizontal
and vertical axes are the q and p quadrature axes, respectively. Each of the states has squeezing of approximately
13dB in the q direction (cat state) or both the q and p directions (GKP and magic states). Red peaks correspond to
negative values of the Wigner distribution, while blue peaks are positive. The color scale is otherwise arbitrary and
is meant only to notionally represent the location of probability density.

as resource states. We generate the RHG lattice
using static linear optics and perform syndrome
extraction and logical operations by single qubit
homodyne measurements on logical qubits within
the surface code. Classical compute resources are
used to implement the user interface, code compi-
lation, and transpilation to local oscillator phase
controls, which implement all gate controls in the
architecture. Homodyne detection measurement
results are sent to the logical instruction and QEC
system where syndrome decoding and error track-
ing are performed. Any necessary modifications
to the measurement results as a consequence of
error correction are applied before using measure-
ment outcomes to compute the algorithm results.
When online changes to future measurements are
required, the result of error detection is sent to
the phase modulators which control the local os-
cillator phases that set the measurement bases.

The substrate to create GKP and magic
states is a cluster state formed from two-mode
squeezed light and passive beamsplitters, where
each node is a photonic mode characterized by
the quadratures q and p, and features nearest-
neighbor entanglement between the nodes. The
time-multiplexed cluster state in our architecture
is indexed by spatial and optical frequencies along
with temporal modes (see Fig. 4 and later fig-
ures on cluster state engineering). To produce
cat states our architecture uses PNR detection at
specific optical frequencies and timesteps. Specif-
ically, Schrödinger cat states are produced using
the Photon-counting-Assisted Node- Teleporta-
tion Method (PhANTM) [55]. PhANTM is well-
suited to our time-frequency-space multiplexed
architecture, as individual nodes of a cluster state

can be made non-Gaussian with photon subtrac-
tion, and the non-Gaussianity can be teleported
through a cluster state with homodyne measure-
ments. This allows us to repeat the PhANTM
process over multiple time steps to increase the
amplitude of the generated cats and make them
suitable for high-probability GKP generation, in
contrast to single-shot GKP generation methods
without time or frequency multiplexing [26, 57].

The cat states, which are embedded in the
cluster state, are squeezed using teleportation-
based squeezing gates [58] and then “bred” into
either sensor states for qubit production or GKP
states for magic state production [25]. Switch-
ing between the two output states is achieved
by changing the required amplitude of the in-
put cat states. Given that our protocols produce
cat states with probabilistic squeezing and am-
plitude located at the nodes of a cluster state,
we use an adaptive breeding protocol to produce
GKP qubits or sensor states. In our adaptive
protocol, cat states of various multiples of the
desired grid state spacing are used including a
single mode squeezed vacuum that can be sub-
stituted for lower quality cat states when desired
(see Algorithm 1).

These fundamental components can all be
implemented in passive photonic integrated cir-
cuits, with squeezed light, sensor states, magic
states, and the RHG lattice all produced on in-
tegrated chips. The chips integrate linear op-
tics components, such as beamsplitters and phase
shifters, and nonlinear components such as χ(3)

media, as shown in Fig. 3. A squeezing resonator
is bidirectionally pumped by pumps centered at
ν0 with νp1 = ν0 + ∆ν/2 and νp2 = ν0 − ∆ν/2,
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Figure 2: Conceptual overview of the creation of GKP states, magic states, MBQC-based lattices, and QEC to
enable FTQC. Repeating photon subtraction and teleportation along a cluster state generates cat states with a high
success probability and low photon number resolution. The cats are then squeezed to produce cats with deterministic
amplitudes which are bred together to create GKP states without the need for post-selected measurements. All
steps happen on the cluster state. The GKP states and cat states are used together to create magic states. The
architecture produces H-type magic states in this configuration. Notations used in circuits are defined in main text.
Additionally, S and R stand respectively for squeezing and rotation operators. Note that for brevity we use the
notation for infinitely squeezed Gaussian states in the circuits, but in practice they are replaced by finitely squeezed
states in the simulations. Downward arrows in circuits are beamsplitters while vertical lines with circular caps are CZ

gates.

where ∆ν is the free spectral range (FSR) of the
resonator. This creates two squeezed combs each
centered about the respective pump. Interfering
the two squeezed combs at a balanced beamsplit-
ter results in the formation of a 1D dual-rail quan-
tum wire [59]. Subsequently, homodyne measure-
ment are performed locally within this cluster
to reshape it in preparation to apply PhANTM
or adaptive breeding at different time steps. If
the local oscillator phase is aligned with the q
quadrature then the node is removed whereas if
the phase is that of the p quadrature, the quan-
tum information is teleported to a neighboring
node, with an additional π/2 rotation applied
[19]. Each frequency mode needs to be sepa-
rated from the optical frequency comb using fre-
quency filters to then be detected. These filters
are schematically shown as ring resonators, which
are among the most compact and lowest-loss op-
tions for frequency separation [60] negligibly im-
pacting the pass-through frequency modes, and
demonstrating very high transmission efficiencies
of the filtered mode. The delay is used for time
multiplexing before a final balanced beamsplit-
ter is used to interfere frequency modes in (b)
with the delayed modes in (a) to produce the fi-
nal cluster state. With this resource state CVQC

operations can be applied to generate cat states
by performing PhANTM, squeezed cats using a
squeezing gate, or GKP states by adaptive breed-
ing.

The architecture implements quantum er-
ror correction (QEC) by embedding the bred
GKP sensor states from the photonic integrated
circuit in Fig. 3 into the RHG cluster state [56],
the MBQC analog of the surface code. Large
scale entanglement is generated using a macron-
ode based approach [27] where each qubit of the
RHG lattice is replaced by four optical modes.
Entanglement links in the RHG lattice are re-
placed by GKP Bell pairs and the final cluster
state is then generated by interfering all modes
of the macronode with passive linear optics.

Logical gates can be implemented on the
RHG cluster state using lattice surgery [61] and
magic states. Magic states can be embedded in
the macronode RHG lattice by replacing a GKP
Bell pair with the result of interfering a magic
state with squeezed vacuum [27]. More detail on
the lattice construction is given in Sec. 7.
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Figure 3: Chip design of GKP generator to create multiple cat states in parallel from a time-frequency encoded
Gaussian cluster state. The required squeezing is produced via four wave mixing in a ring resonator (χ3). Cat states
are bred within the same chip to generate GKP state. The shape of the cluster state can be adapted as function of the
operation applied in stage IV. up1 and up2 stand for the optical pump beams at frequency respectively νp1 and νp1.
Boxes with p/q measurement indicate circuits where homodyne detection and corrective displacement are performed
while boxes denoted O represent circuit where multiple photons subtraction are applied as well as displacement and
homodyne detection. The green circles denote frequency filters that transmit given frequency modes. The labels
within the circles correspond to the frequencies mode number consistent with those indicated in Fig. 4.

4 Cat States on Dual-Rail Quantum
Wire

Cat states are a fundamental resource in our
CVQC architecture. They are used as a resource
state to generate both sensor states via breed-
ing and magic states via implementing CV-QEC
on input cat states. Methods for creating cat
states in CV photonics need at a minimum a
combination of Gaussian and non-Gaussian re-
source states, or photon number detection along
with Gaussian resource states. A method was
proposed to create cat states by applying PNR
on squeezed vacuum using machine learning to
control some of the experimental parameters [62].
This method is efficient for state generation, re-
quiring only a few iterations of photon detec-
tion, but requires high photon number resolu-
tion. Another proposal used high-photon-number
Fock states (with 10 or more photons) along with
photon number resolution to create cat states
deterministically [63]. Creating high photon-
number Fock states presents a high experimen-
tal challenge [64]. In PhANTM [55], the method
used in the present architecture, applications of
probabilistic photon subtraction and teleporta-
tion build up non-Gaussianity over time. This re-
quires a Gaussian cluster as a resource to repeat-
edly apply the method. One of the key advan-
tages of PhANTM lies in its ability to generate
sufficiently large cat states that can subsequently

be bred while distributing the total number of
photons subtracted over multiple repetitions of
the operation.

Fig. 4 shows the steps and cluster engi-
neering using homodyne measurements, leading
up to many copies of cats generated in paral-
lel from a single frequency-space-time entangled
cluster state. The frequencies are denoted by ν
or arabic numerals, spatial rails are denoted by
(a) and (b), and time steps are denoted by τi.
Starting with many pairs of two-mode entangled
states in I interfered at the first beamsplitter of
Fig. 3, we arrive at the entangled frequency chain
also known as the dual-rail quantum wire shown
in Fig. 4 II. We apply p and q homodyne mea-
surements in region II of Fig. 3 and Fig. 4 to
convert a dual rail wire into multiple wires in
frequency-space as shown in region III of Fig. 4.
Going through a time delay then entangles the
two-mode wires in time to create many dual-rail
wires in frequency-space-time as shown in Fig. 4,
on which PhANTM can be applied in parallel,
e.g., on modes 2a,b and 10a,b in Fig. 4 at time τi.
Since the cluster state modes that undergo homo-
dyne detections or PhANTM are pre-determined,
no active switching is required.

The application of PhANTM on the dual-
rail wire in Fig. 4 IV corresponds to repeating the
circuit in Fig. 5 in time. The rotation on the out-
put mode can be manipulated through the phase
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τi+1 τiτi+2
τiτi+1τiτi+1τiτi+1

𝒪𝒪

𝒪𝒪

Figure 4: Cluster preparation for PhANTM application and parallel dual-rails. I, II, III and IV refer to locations on
the chip in Fig. 3. In stages I to III, the cluster state is generated and then reshaped using homodyne measurements
to form dual rails independent of each other. In IV, PhANTM is applied as the circuit in Fig. 5 shows: at the
time step τi modes νa and νb are respectively mode 2 and 1 in the circuit. Then the output mode in the dual rail
is the mode νb of the τi+1 time step. Dark blue and maroon segment represent effective CZ gates with weights
of respectively −1 and +1, coming from applications of two-mode-squeezing and beamsplitter operations, while red
circles represent the second beamsplitters in Fig. 3, where a phase can be applied to correct any rotation induced by
cluster engineering. Orange and blue segments represent CZ gates with respective weights of +1/2 and −1/2. The
red arrows in II show the direction of the teleportation.

of the beamsplitter and homodyne detection ba-
sis. The beamsplitter is defined by two parame-
ters, θ and ϕ, which are related to the reflectivity
and transmitivity such that r = eiϕ sin(θ) and
t = cos(θ). We have chosen the phase ϕ = π/2 in
Fig. 5 such that a single application of the circuit
at τi produces an output cat with the same orien-
tation as the input cat, allowing repeated appli-
cations of PhANTM at τi+1 and later timesteps.
Note that there are two homodyne measurements
applied in a unit round of PhANTM (one on νa

and another on νb) before the output mode is
ready for the next round. Also note that given
the beamsplitters and phases involved in the cir-
cuit in Fig. 5, the bases used for either mode tele-
portation or deletion differ from the usual p or
q bases for a canonical cluster state [65]. The
effective CZ gate in Fig. 5 results from the appli-
cation of two-mode squeezing, beamsplitters, and
homodyne measurements as shown in Fig. 4. The
modes that undergo operation O in Fig. 3 have
multiple photon subtractions followed by homo-
dyne detection applied to them, while the rest
of the modes in IV have p basis homodyne mea-
surement applied to them. Active displacements
are needed in between repeated applications of
PhANTM due to random homodyne measure-
ment results. The value of the displacement is
the output of the homodyne detector fed directly
back to a standard displacement circuit with a
local oscillator for the next temporal mode [66].
The timescale of these active displacements must
be shorter than the time delay between successive

Figure 5: Application of PhANTM at stage IV. The top
two modes are entangled through a beamsplitter (down-
ward arrow) while the bottom two are entangled through
a CZ gate (a line with two nodes at the ends) which is
implemented by two-mode squeezing, beamsplitter, and
homodyne measurements for cluster engineering. Con-
ceptually, the CZ gate happens first, followed by the
beamsplitter, and then the measurements from top to
bottom. O stands for multiple photon subtraction oper-
ations.

temporal modes in the cluster state.

Monte Carlo simulation of several rounds
of PhANTM were conducted using the unit cell
shown in Fig. 5, sampling the number of pho-
tons detected in each photon subtraction. The
parameters of the cat states that we aim to
optimize are their size and squeezing, both of
which are stochastic. The larger these parame-
ters, the higher the effective squeezing of the re-
sulting GKP states, leading to lower error rates
for QEC codes. To facilitate analysis and com-
parison across various conditions, a single param-
eter is defined: the amplitude of the cat state
with zero squeezing (αc, also see Sec. 5). Fig.
6 shows the mean of αc as a function of clus-
ter squeezing for different number of PhANTM
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Figure 6: Mean αc as a function of cluster squeezing.
Each color corresponds to a given number of PhANTM
steps. The means are estimated from 500 Monte Carlo
iterations of PhANTM. Details of these simulation are
given in Appendix. The plot shows the positive correla-
tion of αc with cluster squeezing and the total number
of PhANTM steps.

rounds assuming r2 = r3 (see also Sec. 11.3 in
Appendix). In these simulations, eight sequential
photon subtraction attempts were performed at
each time step. The beamsplitter angles for each
photon subtraction are chosen such that no more
than 10 photons are detected per PNR detector.
The subtraction probability goes down for later
subtraction events, as continued subtraction at-
tempts de-amplify the quantum signal. We apply
a reflectivity gradient (higher angle in later sub-
traction attempts) to ensure that the distribution
of subtracted photons among the PNR detectors
is roughly uniform (see Sec. 11.4 in Appendix).
Increasing the cluster squeezing enhances the po-
tential number of photons that can be subtracted
in a single subtraction event, resulting in cats
with larger amplitudes. Furthermore, increasing
the number of PhANTM steps raises the total
number of photons subtracted across all cumu-
lative PhANTM events, leading to larger ampli-
tudes for cat states. The additional squeezing
value also depends on the reflection and trans-
mission coefficients of each beamsplitter utilized
in the photon subtraction process.

The success probability of each step of
PhANTM, and the final cat size, can be tuned
given the hardware constraints of the photon
number resolution ceiling and the losses in the
photonic circuit resulting from repeated telepor-
tations in time, leading to many possible opti-
mizations.

5 Generation of GKP States

There are two main approaches to creating GKP
states, which we describe below for comparison
with our approach. In the first approach, sin-
gle shot methods are devised to directly create
GKP states. In this approach, Gaussian Boson
Sampling (GBS)-based approaches to GKP state
generation [49] produce probabilities of 2% to 7%
with fidelities of around 0.65 for GKP states with
10 dB effective squeezing with 12 dB of Gaussian
squeezing. The probabilities are of O(10−5) if the
target fidelities are close to 1. These probabili-
ties are low for practical quantum computation.
Bifurcation-based methods proposed creating 10
dB GKP states with maximum photon number
resolution of 40 photons, Gaussian squeezing of
up to 19.4 dB with much higher success probabil-
ities for very high fidelity GKP states [57]. The
overall probabilities, while impressive, are still
far from deterministic and resolving 40 photons
would require Transition Edge Sensors (TESs)
working at cold cryogenic temperatures of 0.1 K
and low repetition rates of 100 KHz [67]. Very
high squeezing required also poses a challenge in
physical implementation of the protocol. In an-
other proposal, single-photon states are used in
conjunction with GBS circuits to increase the fi-
delity to 0.95 and success probability from 10%
to 40% [68], not including the below-unity proba-
bility of generating single photons. In the second
approach GKP states are generated from a set of
cat states with a fixed α and parity by teleporting
the cats through each other, also known as “breed-
ing” [54]. In a practical implementation, deter-
ministically creating photonic cat states with the
same amplitude and parity is difficult. In short,
GKP generation schemes either have low success
probability, require high photon number resolu-
tion, use Fock states that are difficult to prepare
with high fidelities and probabilities, or impose
conditions on cat state parameters that are diffi-
cult to satisfy in a hardware implementation.

We focus on creating GKP states above
the FT threshold from breeding a supply of
probabilistic cat states from PhANTM. Since
PhANTM is a probabilistic process, fixed-α and
fixed-parity cats are difficult to engineer. In ad-
dition, with a low probability the cat states pro-
duced from PhANTM have amplitudes that are
too small for breeding. Finally, given a finite
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amount of squeezing in the cluster state, some
cats from PhANTM are too large to be squeezed
to the amplitude required for breeding. In the
following, we present an adaptive breeding pro-
tocol that overcomes the probabilistic nature of
PhANTM to create GKP states with a high ef-
fective squeezing.

The pseudoalgorithm for adaptive breeding
is shown in Algorithm 1. The algorithm takes a
set of cat states embedded in a cluster state. In
order to breed GKP or sensor states with the cor-
rect spacing, the cat amplitudes must be adjusted
using a squeezing operator. Once the amplitudes
are adjusted, the cats are simply measured in the
p basis. Because the cats are embedded in a clus-
ter state with effective CZ operations applied be-
tween the cluster modes, squeezing and breeding
is implemented via measurements only [55].

The adaptive breeding protocol takes sev-
eral inputs: the number of desired breeding
rounds, M ; the squeezing present in the clus-
ter state, rcluster; a number of input cats which
depends on the number of breeding rounds, 2M ;
the input cats’ unsqueezed amplitudes α, their
present squeezing level after PhANTM, rcat, and
their parity P ; the desired GKP or sensor state
spacing in phase space, ξ; the required cat state
amplitude for breeding, αb, which depends on the
spacing as αb = ξ2(M−3)/2 [54]; and the lower
bound on cat squeezing that will determine its
suitability for breeding, rlb. All homodyne mea-
surements are performed in the appropriate ba-
sis depending on whether an input cat is used
in breeding or replaced with a squeezed vacuum.
As a first requirement for the adaptive breeding
to proceed, the amplitude α of the cats output
from PhANTM must be known. The output am-
plitude and squeezing, rcat depends on the photon
subtraction vector obtained from PhANTM. The
parity P of each cat also depends on the total
number of photons subtracted during PhANTM.
As each cat can only breed with another cat of
the same parity, small displacements can be used
to adjust the odd cat parities to even ones. This
displacement causes an effective, known displace-
ment in the first breeding round output, which
can be kept track of but does not have to be ac-
tively fixed until breeding is complete. In gen-
eral, the cat amplitudes are adjusted via squeez-
ing operations of magnitude sαb

, which depends

Algorithm1 GKP adaptive breeding algorithm
Input cluster squeezing rcluster

Input M breeding steps
Input 2M outputs from PhANTM, each with:
unsqueezed cat amplitude α, parity P , cat
squeezing rcat

Input desired GKP state spacing ξ
Input desired cat αb in [54] αb = ξ2(M−3)/2

Input lower limit of acceptable cat squeezing rlb

Input measurement bases p and q

for each PhANTM output do
if P is odd then

displace cat to change phase by π/2
end if
compute sαb

= ln(αb/α) and
s2αb

= ln(2αb/α)
if sαb

< rcluster and sαb
> rlb then

squeeze cat with sαb
− rcat

teleport to next time step
else if s2αb

< rcluster and s2αb
> rlb then

squeeze cat with s2αb
− rcat

teleport to next time step
else

replace with momentum squeezed state
end if

end for
begin Breeding Procedure:
for each output pair produced above do

select unmeasured modes on the cluster
state on which to teleport output bred states

breed and entangle outputs by measuring
one mode of pair with p
end for
for each unmeasured mode remaining above
do

select unmeasured modes on the cluster
state on which to teleport output bred states

breed and entangle outputs by measuring
one mode of pair with p
end for
repeat Breeding Procedure until only one
mode remains unmeasured
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Figure 7: Cluster engineering for adaptive breeding. While the figure follows the same structure as in Fig. 4,
a notable difference is the connection between dual rails of different frequency modes required here. Breeding is
applied between states in modes 4a and 8a at the time step τi+2 in IV. The output state of the breeding protocol is
in mode 6a. Also at stage IV and prior to breeding, squeezing gates are applied at time step τi+1 by setting angles of
the homodyne detections. Note that the physical components on the chip create the cluster state in I and II, which
is then engineered for different processes in III and IV by changing homodyne measurements.

on the desired spacing ξ and the number of breed-
ing steps M .

The extra teleportation step in the breed-
ing protocol allows us to introduce momentum
squeezed states at rcluster squeezing in two scenar-
ios. If the cat amplitude produced by PhANTM
is too small to be used in GKP generation such
that no amount squeezing smaller than rcluster

can be used to adjust its amplitude to αb, it can
be replaced by a momentum squeezed state be-
fore breeding. Adding a squeezed vacuum state
in place of a cat increases the squeezing in one
quadrature at the expense of the squeezing in
the other quadrature. In the second scenario,
arbitrarily large cat states can be produced in
PhANTM that are too big to be squeezed to am-
plitude αb needed in breeding because the squeez-
ing required to do so would exceed rcluster. These
cats can be squeezed to an even multiple of the re-
quired amplitude for the breeding protocol to pro-
ceed (2αb is used in Algorithm 1). If the squeez-
ing of these large cats, s2αb

, is smaller than the
desired lower bound, rlb, then these cats can once
again be replaced by momentum squeezed states
(and likewise if the required squeezing would ex-
ceed rcluster). The squeezing of cats or cluster
is the dominant term that determines the effec-
tive squeezing of the GKP states in one quadra-
ture, while the number of breeding rounds is the
dominant term for effective squeezing in the other
direction. Note that using a cat that is an even
multiple of the required cat squeezing also has the
effect of increasing the effective squeezing in one
of the quadratures, giving us flexibility in trad-
ing off the squeezing in the GKP quadratures by

combining mixtures of cats with different ampli-
tudes and momentum squeezed states.

Fig. 7 illustrates the cluster engineering
method required to apply adaptive breeding in
Algorithm 1 to cat states generated on different
dual rails of the cluster state (see also Appendix
Sec. 11.5). At stage II, the mode arrangement is
modified compared with Fig. 4. Specifically, prior
to applying any breeding operation, distinct fre-
quency modes need to be connected via an effec-
tive CZ interaction. This connection is shown in
stage III. Breeding of cat states in mode 4 and
8 is applied in stage IV at the time step τi+2.
Prior to adaptive breeding, squeezing gates are
employed to ensure that the size of each cat state
matches αb or an even multiple of αb in the pseu-
doalgorithm above. This operation requires one
single time step and consumes two spatial modes
of the same frequency as it is represented between
time step τi+1 and τi+2 in Fig. 7. The squeez-
ing parameter of the gate is set by the homodyne
measurement angles θa and θb [58]. More details
are discussed in Sec. 11.5 of the Appendix. Note
that we can swap between sensor states and GKP
qubits by changing the amplitudes to which the
cats are squeezed.

Notice that applying the squeezing op-
eration or replacing cat states with momen-
tum squeezed states does not require any active
switching of the quantum states. Replacement of
cat states is accomplished by setting θa = π/2
and θb = 0 in homodyne measurements on the
cluster (see Fig. 7). This causes the cluster mode
in the next time step to be a momentum squeezed
state, which is subsequently used for breeding,
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removing the need for active switching with an
extra teleportation step.

To quantitatively model the adaptive
breeding step, the outputs of the previously de-
scribed PhANTM simulations are used as input
to an adaptive breeding simulation. A Monte
Carlo approach is used to obtain statistics about
the sensor states obtained from adaptive breed-
ing, with 1000 samples drawn from a set of in-
put cats that were produced with an array of set-
tings for starting cluster squeezing and the num-
ber of photon subtraction attempts. The simu-
lation makes use of Qutip [69] for density matrix
calculations and Strawberry Fields [70] for homo-
dyne detection simulation. The average sensor
state squeezing along with their standard devia-
tions are shown alongside FT threshold simula-
tions in Sec. 8.

6 Generation of Magic States

Magic states are an important ingredient of uni-
versal FTQC as they allow implementation of
non-Clifford operations while themselves remain-
ing distillable with only Clifford gates [24]. A
popular gate set which generates the Clifford
group is {CNOT , H, S}, where CNOT is the
controlled NOT gate; H is the Hadamard gate,
and S is the phase gate. The non-Clifford T gate
usually completes the universal gate set [24]. Pro-
vided with a source of physical magic states, one
can distill a resource state that enables telepor-
tation of non-Clifford operations into the QEC
substrate at arbitrarily low error rates. Improv-
ing magic state quality by increasing the fidelity
with respect to any of the |H⟩ or |T ⟩ states re-
duces the physical resources required for a given
logical error rate in the quantum computation.
A promising method to produce a GKP magic
state uses GKP error correction on the vacuum
state [25], implying that GKP qubits and en-
coded Clifford operations are sufficient for univer-
sal QC [25, 71]. However, simulations show that
a reasonable success rate with existing methods
requires the effective squeezing of GKP states to
be extraordinarily high, approaching 20 dB (see
Fig. 8), to create distillable magic states in one er-
ror correction round. In other architectures, pro-
ducing magic states with practical success rates
require the GKP states to have very high effective

Figure 8: Top: magic state infidelity as a function of
squeezing in the GKP states used as a QEC resource for
three input cat amplitudes (α), where α = 0 corresponds
to the vacuum state. Bottom: magic state infidelity as
a function of input cat amplitude and GKP squeezing
of 13 dB. The horizontal line represents the distillation
threshold for H-type states.

squeezing [25, 57], well above the FT threshold.
In this section we provide a method to circumvent
this issue and produce magic states with GKP re-
sources that have effective squeezing levels near
the FT threshold.

The method used to create magic states
with significant probability using much lower
squeezed GKP states in the present architecture
is shown in Fig. 9. We replace the input vac-
uum with a cat state (|±α4⟩ in Fig. 9) on which
to apply QEC with GKP states. This substitu-
tion opens up the possibility to optimize the in-
put cat amplitude, as well as all operations in
the GKP breeding process prior to CV-QEC. We
also replace the CZ operations during CV-QEC
with beamsplitters, which allows us to use sepa-
rate photonic chip components to produce GKP
and cat states.

This substitution requires a single squeez-
ing operation to be performed on one of the GKP
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Figure 9: Magic state generation protocol. Double lines
represent feed-forward operations. The gauge boxes rep-
resent p basis measurements, except for the final mea-
surement which is in the q basis. The unsqueezed input
cats labeled |±αi⟩ can also be replaced with prior cas-
caded breeding steps in order to increase the quality of
the bred GKP states before applying CV-QEC.

resource states, which is easily commuted to the
state preparation stage before breeding the GKP
state. A simple implementation of the protocol is
shown in Fig. 9, resulting in a magic state gener-
ation circuit using nine cat states. This contains
the equivalent of two GKP breeding rounds for
each of the two GKP resource states that are con-
sumed; the circuit with 3 GKP breeding rounds
would contain 17 input cats. The cat input |±α4⟩
breeds successively with the output of two cat
trees, each of which produces high quality GKP
states.

The distillation infidelity threshold for H-
type states is approximately 14.7%. The plots
in Fig. 8 show a deterministic simulation of CV-
QEC on input vacuum or cat states with post-
selection on quadrature measurement outcomes
of zero. Note that this post-selection, done to
ease simulations, will slightly underestimate the
output squeezing of the bred GKP states [54]. We
see that when performing CV-QEC on the vac-
uum mode (purple data points) one obtains infi-
delities above the distillation threshold (of 14.7%)
when using GKP states with squeezing of 13dB
or less as the resource state for CV-QEC. On the
other hand, with effective squeezing greater than
12dB and cat states with amplitude of ∼ 5.1,
magic states with infidelities below the distilla-
tion threshold can be obtained.

In practice, the cat states produced by
PhANTM have random amplitudes, and they
must be squeezed in order to obtain the correct

spacing for GKP breeding before magic state gen-
eration. This means that our GKP states have
a random squeezing distribution. Further, as
Fig. 8 shows, the optimal input cat amplitude for
the error-corrected mode is between 4.9 and 5.5.
Because our cats have random amplitudes and
squeezing levels, only a few will hit this required
target, although PhANTM can be engineered to
emit cat states with mean squeezing levels and
amplitudes centered on the requirements. Monte
Carlo simulations were used to determine the suc-
cess rate of producing a magic state when random
cats from PhANTM were used to provide the re-
source states, both for GKP breeding and the
cat state upon which CV QEC was performed.
The simulations use Qutip [69] for density ma-
trix calculations and Strawberry Fields [70] for
homodyne detection simulation. Fig. 10 shows
histograms of the infidelities obtained from each
magic state generation attempt, where the fi-
delity is measured with respect to an ideal H-type
magic state. The cat states were produced using
Monte Carlo PhANTM simulations with a clus-
ter state squeezing of 13.5 dB, 20 PhANTM steps,
and 8 photon-subtraction attempts made before
homodyne detection and teleportation to the next
PhANTM time step. When using vacuum states
as the error-corrected mode, we see a success rate
of 0.003 after 1000 iterations (brown counts in
the histogram). On the other hand, when using
cat states as the error-corrected mode, we see a
success rate of 0.048 after 1000 magic state gen-
eration attempts, an improvement of more than
factor of 10, which reduces resources required to
produce a magic state by a factor 10 relative to
using vacuum alone. This simulation specifically
targeted H-type states, which enable teleporta-
tion of T gates within the architecture. These
success rates mean that magic factories will not
require the majority of qubit resources in surface
code substrates using lattice surgery [72].

7 Encoding Logical Qubits in a Surface
Code

GKP encoding can protect against small displace-
ment errors, but larger displacements (> π

2 ) will
result in an error. Depending on the quadrature,
this can be either a Pauli X error (q quadra-
ture) or a Pauli Z error (p quadrature). These
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Figure 10: Histograms of fidelities obtained from Monte
Carlo simulation of magic state generation for CV QEC
on vacuum modes (brown) or cat states (red).

logical qubit errors require additional qubit-level
error-correction. Many error correcting codes
have been studied in the context of GKP qubits
[26, 73, 74, 75]. We will focus on topological er-
ror correction based on a family of codes known
as surface codes, which have been shown to have
high thresholds (≈ 1% under circuit level noise
[76] or ≈ 10dB with GKP states [26]) and well-
studied logical gates [77].

As mentioned earlier, photonic CVQC is
well-suited to MBQC. Circuit model codes known
as Calderbank-Steane-Short(CSS) codes, where
X and Z errors are detected independently, can
be translated into a cluster state for fault-tolerant
MBQC via a process known as foliation [78],
which loosely maps the data qubits in the cir-
cuit model code to linear cluster states. Surface
codes are examples of CSS codes, and the result-
ing foliated 3D cluster state is often called the
Raussendorf-Harrington-Goyal (RHG) lattice af-
ter the authors who first introduced it [79]. The
unit cell of this cluster state is shown in Fig. 11.
The product of X-basis measurements (equiva-
lently p-basis homodyne measurements for GKP
qubits) on all face qubits is a stabilizer of the
cluster state. In the error free case, measuring
stabilizers will result in +1 eigenvalue and errors
will result in −1 measurement results for any sta-
bilizer that they anti-commute with. A second
unit cell can be defined by shifting the base unit
cell by 1/2 in all directions. Here, the edge qubits
of the initial unit cell become face qubits of the
second unit cell. These two lattices are known as

primal and dual lattices, respectively. By mea-
suring the stabilizers of both lattices, errors on all
qubits can be detected. Logical operators in foli-
ated cluster states are formed by correlation sur-
faces that map logical operators from the under-
lying code from one end of the cluster state to the
other. To implement logical X and Z operations,
correlation surfaces of the RHG lattice are given
by 2D sheets of qubits which span the lattice and
intersect primal and dual unit cells, respectively.
The code distance is the shortest chain of errors
that can result in a logical error, which is equiva-
lent to the shortest error chain that can span the
RHG lattice. The threshold theorem states that
provided the physical error rate of the underlying
qubits is below some threshold, we can arbitrarily
suppress the logical error rate by increasing the
code distance [80].

The popular Clifford + T gate set maps
naturally to the surface code. Clifford gates and
teleportation based T gates can be implemented
by lattice surgery [77]. This approach defines log-
ical qubits as patches, which are subsections of
the overall surface code lattice, with logical op-
erators identified on the edges. In MBQC, this
corresponds to volumes of the RHG lattice with
correlation surfaces on the boundaries. Patches
can be merged by measuring stabilizer checks
between edges of the patches, thus performing
a joint logical measurement of the two patches.
Clifford gates and the T gate can be implemented
with joint measurements including ancilla qubits
or magic states. In fact, in Ref. [77], it was
shown how all Clifford gates can be commuted
through the T gates and measurements, result-
ing in circuits that just consist of mulit-qubit
joint measurements including a magic state. Lat-
tice surgery operations can also be mapped to
changing measurement bases (homodyne angles)
in fault-tolerant MBQC [61].

This gate set is well studied and optimized,
however our architecture can be adapted to other
gate sets [77, 81] and other error correcting codes
[82]. In this paper we aim to quantify Gaussian
squeezing resources needed to demonstrate FT
thresholds with the RHG lattice serving as the
example code. We leave optimization of the error
correcting code and gate set for future work.
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Figure 11: (a) RHG unit cells. Primal unit cell shown with blue qubits on faces and red qubits on edges. Products
of X-basis measurement on face qubits are a stabilizer of the cluster state. Dual unit cell shown shifted by half a
unit in all directions. Now red qubits are on faces and blue qubits are on edges. By measuring all primal and dual
stabilizers, Pauli errors on all qubits can be corrected. (b) Six macronode tilable unit cells shown relative to the RHG
unit cell. Purple arrows show where GKP nodes are sent and green arrows dictate delayed modes. (c) Macronode
layout within the unit cell. 12 GKP Bell pairs are created per unit cell with four modes being sent to neighboring
unit cells and four being received. Temporal connections between macronodes are created using delay lines. The
colored links represent fiber optic connections between separate optical chips for the GKP generation and macronode
interferometer circuits. (d) Example of the tileability of the unit cell into a larger RHG lattice. Orange links denote
Bell pairs shared between unit cells and green edges indicate temporal links. Bell pairs can be generated by interfering
sensor states output from the GKP generation algorithm on a beamsplitter.

7.1 Macronode GKP lattice construction

With GKP qubits there exists more than one
method for constructing the RHG lattice in Fig
11(a).

We can construct the lattice directly, where
the nodes are GKP |+⟩ states and the edges are
CV CZ gates, which can be implemented de-
terministically with linear optics and squeezing.
This approach has two main draw backs. Firstly,
while it has been demonstrated previously [83],
in-line squeezing is generally difficult to realize
experimentally. Second, ideal CZ gates are not
physical, requiring infinite squeezing. Approx-
imating the gate with finite squeezing will add
noise to the GKP qubits. Alternatively, any lat-
tice can be constructed with passive interferom-
eters starting with GKP Bell pairs, where the
number of physical modes per macronode is the
valency of the underlying canonical graph state
and the GKP Bell pairs are distributed to match
the entanglement in the canonical graph state.
Relating measurements on the physical modes

with effective measurements on the underlying
lattice requires a list of corrections known as
a dictionary protocol [58], which we describe in
Appendix 11.6. Note, that in the following we
use the terms GKP state and sensor state inter-
changeably, always meaning either a sensor state
or one half of a GKP Bell pair formed by inter-
fering sensor states.

We wish to design a modular construction
of the required lattice. To this end, we identify
a unit cell consisting of 24 sensor states or 12
GKP Bell pairs that can be tiled to construct a
macronode RHG lattice of arbitrary size. From
this unit cell, four GKP nodes are sent to neigh-
boring unit cells, and correspondingly four are
received. Two of the modes are delayed to form
temporal links. This is illustrated in Fig. 11. As
the primal and dual layers are created in a sin-
gle time-step, we avoid the requirement for adap-
tive optics that have often been used to account
for the different entanglement structure in primal
and dual layers [26, 28]. To teleport non-Clifford
operations onto logical qubits within the surface
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code, physical magic states are injected into the
RHG lattice [72, 61]. The physical magic state is
interfered with a vacuum state at a beamsplitter
and is used in place of one GKP Bell pair in the
RHG macronode.

We note here that due to the inherent
randomness in the measurements, there are sev-
eral feed forward corrections that need to be ac-
counted for. Some of them, such as the cor-
rections due to the macronode construction and
the random outcomes on the effective Pauli mea-
surements on the RHG lattice, do not need to
be physically implemented and can be tracked
in software. While certain operations do require
physically implementing the feedforward, such as
changing measurement bases due to magic state
injection, changing the measurement basis corre-
sponds to changing the homodyne phase for GKP
based architectures. In this way, the required
adaptivity at the QEC level does not require any
fast modulators on the qubit modes.

8 FTQC Threshold Simulation

Several CV FTQC architectures based on GKP
qubits and the surface code exist in the litera-
ture and have been characterised by their GKP
effective squeezing threshold. Refs. [84] and [26]
used constructions based on CZ gates and found
thresholds of 10 dB and 10.5 dB respectively,
however these ignored the additional noise from
finite squeezing in physical gates. In Ref. [28]
found a threshold of 12.7 dB while accounting for
finite squeezing. Ref. [27] proposed a macronode-
based architecture which did away with the need
for CZ gates and found a threshold of 10.1 dB.
Refs. [26, 28, 27] all require fast reconfigurable
optics either in the computation or in the prepa-
ration of GKP states with a sufficiently high suc-
cess probability.

In the following section, we analyze the
fault-tolerant performance of our architecture. In
order to allow comparison with other architec-
tures, we first use a phenomenological error model
used widely in the literature [84, 85, 28], which
models realistic GKP states as ideal GKP states
acted on by a Gaussian displacement channel.

Formally, this is represented as [27]

E (ρ, ∆) = 1√
π∆2

∫
dα exp

(
− 1

∆2 |α|2
)

D̂ (α) ρD̂† (α)

(1)
Which has the effect of replacing the delta func-
tion teeth of an ideal GKP state with Gaussian
distributions with a standard deviation, ∆,where
∆ describes the same broadening of the GKP
teeth as ∆D described in Sec. 2 [26]. We can
link this to the GKP effective squeezing in dB
as SdB = − log10

(
∆2)

[26]. Despite its simplic-
ity, this error model can describe many common
noise sources such as finite squeezing and photon
loss [27, 26, 28, 86]. We then move on to quan-
tify the fault-tolerance performance in terms of
the input Gaussian resource for PhANTM - the
squeezing level of the multi-mode cluster state.
The input for these simulations are distributions
of GKP squeezings obtained from simulations of
the proposed GKP generation pipeline.

In both cases, to determine the logical er-
ror rate we track how the GKP effective squeez-
ing propagates through the optical circuit used to
generate the macronode lattice and use the prop-
agated noise variances to simulate noisy homo-
dyne measurements. We apply the corresponding
post-processing to reduce the physical macron-
ode measurements to the effective noisy measure-
ments on the canonical lattice, as shown in Ap-
pendix 11.6. With these noisy measurements we
determine the probability of a qubit level error
on each node of the canonical lattice, see Ap-
pendix 11.7 for more detail. These probabilities
are used to sample a set of errors and generate the
corresponding syndrome of the RHG lattice. This
syndrome is then decoded using the pyMatching
implementation of the minimum weight perfect
matching decoder [87]. This simulation method
is described in more detail in Appendix 11.8 and
is similar to the method used in Ref [26], adapted
to the macronode approach in Ref. [27] and for
our specific GKP generation method.

8.1 Phenomenological error model

Here, we present results which tailor the phe-
nomenological noise model to the PhANTM and
adaptive breeding approach to generate GKP
states. As described in Sec. 5, generating GKP
states from PHANTM and breeding results in
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GKP states that are inherently asymmetric due
to the different physical processes that determine
the squeezing in the GKP quadratures. Note that
this is equivalent to grid states with asymmet-
ric spacing in the two quadratures [73] which has
also been studied in [82]. This feature was incor-
porated into our simulation method by defining
p and q noise variances separately for each GKP
state. While we can also set each GKP state inde-
pendently, for simplicity we assume that that the
p and q noise are identical for each GKP state. To
determine the 2D threshold curve for unbalanced
quadrature noise we employ the method used in
Ref. [13]. By expressing the p and q noise in terms
of a dummy variable, ∆p = cp×x, ∆q = cq×x, we
fix the ratio of p and q noise via cp/cq and use x to
find the threshold for a given ratio. Fig. 12 shows
the resultant surface, where we have shaded the
correctable region. The surface is symmetric with
marginal squeezing thresholds of 7.2dB. With
balanced squeezing in each quadrature we recover
a threshold of 10.2dB, which is inline with similar
error models [27].

A second adaption stems from the fact that
the size of the cat states from PhANTM depend
on the number of photons subtracted and so are
inherently probabilistic. This results in GKP
states that do not have a single squeezing value
for each quadrature, but rather are described by a
distribution of effective squeezing. To include this
in our simulation framework we employ a two-
stage sampling procedure where for each mode
and for each Monte Carlo iteration we sample
first the squeezing variance for each mode from
a Gaussian distribution with standard deviation
given by σd and then we sample the noisy homo-
dyne value. Fig. 12(b) shows how the squeezing
threshold depends on σd.

8.2 End-to-end simulations

As in many similar architectures [28, 84, 88, 26,
27], the previous section abstracted the thresh-
olds in terms of GKP effective squeezing. While
this allows a comparison against different archi-
tectures, it does not give an estimate of the physi-
cal requirements for our approach. A key resource
for our architecture is the squeezing level of the
multi-mode Gaussian cluster state. In this sec-
tion we aim to determine the threshold in terms of

this resource. To this end we perform simulations
of PhANTM and adaptive breeding and then use
the resultant GKP states as the inputs to the
logical-level simulations. We fix the PhANTM
and breeding setup to use eight PNR detectors
per frequency mode with gradient beamsplitters,
see Sec. 4. We chose three breeding rounds and
employ a threshold for cat squeezing of rlb = 0.5
(4.34dB), below which a momentum squeezed
state from the cluster state is swapped in, as
described in Sec. 5. We then sweep the cluster
squeezing and simulate the logical error rate for
several code distances, repeating this simulation
for a range of PhANTM steps.

We find thresholds for cluster squeezing
needed for PhANTM and teleportation-based
squeezing gate of 12.1, 12.7, and 13 dB for 20,
15 and 10 PhANTM steps, respectively. We see
that the required cluster squeezing increases as
the number of PhANTM steps, and therefore the
mean cat state amplitude α, decreases. The lower
panels in Fig. 13 show the mean and standard de-
viation of the GKP effective squeezing distribu-
tions output from the breeding process. We also
compare the adaptive breeding protocol, used in
Fig. 13, to standard breeding, where cat states
must be squeezed exactly to the GKP spacing.
With standard breeding, no threshold was found
below 13.5 dB, indicating that adaptive breeding
can be used to reduce the threshold by at least
1.5 dB and possibly more. While our simulation
takes into account all generated GKP states, not
just those above threshold, we can quantify the
proportion of GKP states that fall above thresh-
old, allowing us to not only compare the Gaussian
squeezing resources required but also the genera-
tion probability with other GKP generation pro-
tocols. To this end, we determine the likelihood
that a GKP state drawn randomly from the gen-
erated distribution has a squeezing level above
the threshold, that is the combination of squeez-
ing in each quadrature puts it in the ’correctable’
region of Fig. 12. This likelihood can then be
taken as the success probability of our protocol.
Some examples are shown in table 1.

While direct simulations of the required
Gaussian squeezing thresholds for other GKP
generation methods are missing from the litera-
ture, we can compare to several approaches that
benchmark themselves by generating 10 dB GKP
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Figure 13: Fault-tolerant threshold for cluster squeezing for a range of PhANTM step numbers. Bottom panels show
the corresponding mean and standard deviations of GKP effective squeezing distributions input to the logical-level
simulation. These results used 103 PhANTM iterations, 103 adaptive breeding iterations and 105 logical error rate
trials.

states, which are at the threshold for several
fault-tolerant architectures [27, 89, 84]. The high-
est success probability for single-shot GKP gen-
eration protocols are found in Ref. [57]; however
they require input 18−20 dB of Gaussian squeez-
ing, and photon number resolution up to 40 pho-

tons. On the other hand, lower input squeezing
resources can be used as in Ref. [49], requiring 12
dB, and Ref. [63] is as low as 6dB. However, in
the former, success probabilities are on the order
of 10−5 and the latter requires the generation of
large, n = 10, Fock states which are experimen-
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tally challenging .

9 Discussion

We have presented an architecture for CV FTQC
that uses the time-frequency-space degrees of
freedom to create GKP states above the FT
threshold with high probabilities, creates distil-
lable magic states with a supply of realistically
squeezed GKP states and cat states, and can be
implemented on low-loss photonic chips in a mod-
ular architecture. This work proposes a static
state generation process that produces a distri-
bution of GKP effective squeezing, affecting the
FT threshold only modestly compared to ideal-
ized GKP states with a set squeezing target, as
shown in Fig. 12. The results presented in the pa-
per require Gaussian squeezing levels of 12 dB to
13 dB. Low photon number resolution is needed
for cat state generation after which all steps re-
quire homodyne detections and linear optical CV
operations. The architecture can be implemented
without on-chip switches or quantum memories,
resulting in a fully-passive architecture.

The experimental hardware needed for the
architecture is ambitious but feasible. The
squeezing level needed is below the state-of-the-
art levels achieved in free-space [90]. In re-
cent years, the squeezing measured from on-
chip sources has steadily improved, reaching 8.3
dB [91], with efforts underway to reach levels seen
in free-space. The other major resource needed
in our approach is photon number resolving de-
tection. While TES devices offer resolutions in
excess of 100 photons [92] and have traditionally
been used in CVQC, SMSPDs [30] with low data
acquisition requirements operating at higher tem-
peratures have been shown to detect up to 10
photons, sufficient for our architecture. Simulta-

Cluster squeezing (dB) PhANTM steps
10 20

12.0 0.26 0.45
13.0 0.56 0.91

Table 1: Success rates for which adaptive breeding pro-
duces sensor states with squeezing levels above the FT
threshold for different levels of cluster squeezing and
PhANTM steps.

neously, chip-integrated room-temperature PNR
technologies capable of detecting up to 10 pho-
tons at MHz scales are also in development [93].
Finally, while losses in photonic circuit compo-
nents need to be minimized for implementing
our architecture on photonic chips, Silicon nitride
platforms currently provide some of the lowest
losses available for passive components [29] at lev-
els that look promising for FTQC.

Multiple improvements, optimizations, and
validations of the presented architecture remain
to be explored. Higher probability methods for
cat state generation via optimizing the squeez-
ing and photon number resolution are possible.
Adaptive breeding, used in both sensor state and
magic state generation protocols, can be opti-
mized with advanced adaptation algorithms. In
the case of magic states, targeting a higher suc-
cess probability while simultaneously reducing
the quality of GKP states needed for magic gener-
ation looks possible with further development of
the CV-QEC process with non-Gaussian states.
The squeezing requirements of the architecture
could also be lowered by moving to cluster states
with a lower valency [94] and employing more so-
phisticated GKP decoders, such as the ones tak-
ing into account correlations introduced by linear
optics [82].

While the effect of losses in PhANTM has
been investigated earlier [55], appendix 11.9 pro-
vides simulations and a discussion of the effect of
losses on the adaptive breeding and QEC proto-
cols. We briefly note that PhANTM is more sen-
sitive to propagation and homodyne losses than
to photon number resolution losses, and shows
significant reduction in the Wigner negativity of
cat states for losses beyond 1%. As for breeding,
the effective squeezing of GKP states from breed-
ing is reduced by less than 1 dB with 3% homo-
dyne loss. Similarly, the GKP effective squeezing
needed to be at 10.2 dB threshold for fault toler-
ance is increased to about 11.6 dB with a 5% loss.
This demonstrates that losses are less important
for adaptive breeding and QEC than for cat gen-
eration through PhANTM. Estimating the loss
and noise targets especially with further design
improvements would require more comprehensive
error models and simulations, including the ef-
fects of Gaussian noise on effective squeezing and
optical loss on Wigner negativity at each step of
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the architecture. An end-to-end simulation incor-
porating losses is left for future work.

While many improvements could be made
and the performance under losses are yet to be
fully quantified, we believe that the modular and
passive architecture for photonic CV FTQC pre-
sented in the paper will constitute a foundational
design for fault tolerant photonic quantum com-
puters in the future.
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11 Appendix

11.1 Additional terminology

Wavefunction for the GKP qubits in the q basis
can be defined as |µ⟩G ∼

∑∞
n=−∞ |(2n + µ)

√
π⟩q

where µ ∈ {0, 1}, and superpositions can be de-
fined as usual: |±⟩G = 1√

2(|0⟩G ± |1⟩G) [66]. Any
superposition of these states has support in phase
space only on integer multiples of

√
π, and each

state is periodic with period 2
√

π. Because of
this, small shifts in either position or momentum
can be corrected. Note that a squeezed cat state
has the form of the zeroth-order GKP state, in
light of which it is possible to convert between
Cat states and GKP states using breeding proto-
cols. The sensor state, which we use to construct
logical GKP qubits within a surface code, is de-
fined as

|S⟩ ∼
∞∑

n=−∞
|n

√
2π⟩q. (2)

There are two families of logical magic
states, the T-type and the H-type magic
states [95], defined as

|T ⟩ = cos θ

2 |0⟩G + eiπ/4 sin θ

2 |1⟩G (3)

|H⟩ = 1√
2

(|0⟩G + eiπ/2 |1⟩G), (4)

where θ = arccos(1/
√

3). There are 8 T-type and
12 H-type magic states obtainable by applying
Clifford operations on |T ⟩ and |H⟩.

11.2 Demonstration of PhANTM on dual-rail
wire

Eq. 5 represents the PhANTM circuit corre-
sponding to the operation in stage IV of Fig. 4.
However, this three-mode circuit is not optimal
for numerical simulations. In what follows, we
demonstrate how the circuit can be reduced to a
two-mode operation efficient for simulation pur-
poses. We have

|Ψin⟩ |m1⟩p1

|0⟩ |m2⟩p2

|0⟩ |Ψout⟩

O

S(r2)

S(r3)

(5)

where arrow depicts a balanced beamsplitter with
π/2 phase. Using the definition of the beamsplit-
ter, we can write the relation

B π
2 ,(12)CZ(23)B

†
π
2 ,(12) = 1√

2
e

i√
2

(q2+p1)q3
, (6)

where B π
2 ,(12) and CZ(23) stand respectively for

beamsplitter between mode 1 and 2 with a π/2
phase and CZ gate between modes 2 and 3. From
this relation we deduce the commutation relation
between the operators as

B π
2 ,(12)CZ(23) =

CZ(23)(1/
√

2)R1(−π

2 )CZ(13)(1/
√

2)R†
1(−π

2 )B π
2
,

(7)
where R ie the rotation operator defined as
R(θ) = eiθa†a. This relation can be used in the
PhANTM circuit above to get

g

g

|Ψin⟩ |m1⟩p1

|0⟩ |m2⟩p2

|0⟩ |Ψout⟩

R(π/2) R(−π/2) O

S(r2)

S(r3)

(8)
with g = 1/

√
2. The weighting of the CZ gate

can utilize eigq2q3 = S†(ln(g))eiq2q3S†(ln(g)) [55].
Subsequently we introduce the squeezing param-
eter r′ such that S(r′) = S(ln(g))S(r3). Further-
more since the CZ gates commute, the circuit be-
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comes

g

|Ψin⟩ |m1⟩p1

|0⟩ |m2⟩p2

|0⟩ |Ψout⟩

R(π/2) R(−π/2) O

S(r2)

S(r′) S†(ln(g))

(9)
On the third mode, we can use the expression

S(r′) |0⟩ = G |0⟩p3 , (10)

where G is defined as

G = π1/4
√

2
s

e−q2/2s2 (11)

with s = er′ . Then |0⟩ can be replaced by the p
momentum squeezed state. Knowing that G can
commute with CZ , the circuit becomes

g

|Ψin⟩ |m1⟩p1

|0⟩ |m2⟩p2

|0⟩p3 |Ψout⟩

R(π/2) R(−π/2) O

S(r2)

G S†(ln(g))

(12)

We recognize the teleportation circuit be-
tween mode 2 and 3. Subsequently, we obtain the
final circuit presented in Fig. 5.

g

|Ψin⟩ |m1⟩p1

|0⟩ |m2⟩p2

R(π/2) R(−π/2) O

S(r2) Z†(m2) R(π/2) G S†(ln(g))

(13)

From this circuit we can identify operator ζ as

ζ = Z†(m2)R(π/2)GS†(ln(g)). (14)
The circuit in Eq. 13, is the one we use to perform
Monte Carlo simulation of PhANTM. G operator
has a second order effect and is not included to
speed up run times with large Fock dimensions.
That’s because we take cluster squeezing higher
than 11.5 dB for which 2s2 ≈ 15 >> 1 in Eq. 11.

11.3 Monte Carlo simulation of PhANTM

The Monte Carlo methods used for PhANTM
simulations make use of Qutip [69] for density
matrix calculations and Strawberry Fields [70] for
homodyne detection simulation. Fig. 14 shows
the results of the PhANTM simulation for vari-
ous levels of cluster squeezing and 5, 10, 15, and
20 PhANTM steps. The CZ gate weight is set to
1. The number of photons subtracted at each sub-
traction event is determined stochastically, based
on the density matrix of the state that is about to
undergo photons subtraction [55]. The stochas-
tic nature of the photon subtraction results in a

random cat state size and squeezing after the cu-
mulative steps of PhANTM.

For the simulations, a Fock dimension of 60
is used and 1000 trials are run. Additionally, to
enhance computational efficiency, we post-select
homodyne measurements at 0, thereby avoiding
the needs for further operations to correct the dis-
placements induced at each PhANTM step. Ef-
fect of non zero homodyne measurement results
on the weight unbalance of the cat states are dis-
cussed in [55].

Each output state is fitted with a cat state
wavefunction to determine the size and squeezing
as well as the parity of the cat state. To isolate di-
mensional issues in simulations, only states with
a fidelity greater than 95% are retained, and these
are represented in Fig. 14. These cat states are
subsequently utilized for the adaptive breeding
stage.

Accepted in Quantum 2025-07-01, click title to verify. Published under CC-BY 4.0. 26



Figure 14: Results of PhANTM simulations (500 iterations for each dataset). Corrected alpha (αc) as a function
of the total number of photons subtracted for different cluster squeezing and different number PhANTM steps.
Horizontal line shows mean of αc for each number of PhANTM step. Mean values are reported on the right axis of
each plots
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Figure 15: Histogram of photons detected for each of the
8 PNR detectors in the Cat generation process through
20 steps of PhANTM (500 iterations). Data are taken
from Monte Carlo simulation of PhANTM with 13.5dB
of cluster squeezing. Angle of the beamsplitter for each
subtraction is given in the legend.

11.4 Photon number resolution

Simulation results show that only up to 8 pho-
ton subtraction events are required to make high
quality cat and GKP states. Fig. 15, shows a
histogram of the results of photon subtraction
measurements assuming eight PNR detectors in
PhANTM Monte Carlo simulations. The his-
tograms appear largely uniform due to the gradi-
ent applied within the beamsplitter angle evolved
in subtractions. CVQC schemes have tradition-
ally needed photon resolutions of 20 to 50 photons
to generate GKP states for FTQC with a success
probability of a few percent (see Sec. 5).

11.5 Squeezing gate after PhANTM in dual
rail cluster

In Fig. 16, it is shown that the squeezing gate is
applied on a neighbouring mode of the dual rail
where is applied PhANTM. Both operations can’t
be applied within the same dual rail without uti-
lizing a switch since for PhANTM, a photon sub-
traction is required. At stage II and time step τi,
mode 3a is measured in the p basis to create then
a CZ connection between mode 2 and 4. In IV,
by applying O in mode 2 at the τi+1 time step,
a homodyne measurement is performed in the p
basis. Then the quantum state is teleported in
mode 4 where corrected displacement can be ap-
plied. By choosing correctly local oscillator phase
in homodyne detection at the τi+1 time step, the

squeezing gate can be applied from τi+1 to τi+2
in mode 4. Derivation of the squeezing gate can
be found in [58, 52] in the case of a beamsplitter
with a phase ϕ = 0. In that case the squeezing
gate, S, can be written as

S = NmCmVi (15)

where Nm and Cm are respectively noise and dis-
placement operators. Vi can be expressed as:

Vi = R(θi,+)S(tan(θi,−)R(θi,+)) (16)

with
θi,± = θi,a ± θi,b

2 (17)

where θi,a and θi,b are angles of homodyne detec-
tion. By using a beamsplitter with a phase of
ϕ = π/2, the formula 15 remains valid, with the
distinction that the angle θi,a and the input state
are both rotated by π/2.

11.6 Macronode RHG lattice construction

Here, we describe some of the specifics of the re-
duction from the macronode version to the RHG
lattice to the canonical cluster state. A full
derivation is given in ref [27] so we will give only
a brief introduction here. The protocol is illus-
trated in Fig. 17. A balanced four-mode splitter
is used to distribute the entanglement. To recover
the measurements on the canonical RHG lattice
we assign one of the four physical nodes as the
central mode, which we label as mode 0. This can
be measured in either the p or q basis, depend-
ing on which basis we would wish to measure the
RHG lattice node in. The remaining three auxil-
iary modes are always measured in the q basis. To
map from the physical measurement on the cen-
tral and auxiliary modes to the equivalent canon-
ical measurement result we require an appropri-
ate dictionary protocol. The dictionary proto-
col is derived uses the fact that a beam-splitter
can be expressed as two CX gates and two inline
squeezing gates. CX gates with control modes di-
rectly before a measurement can be replaced by a
q displacement on the target mode, dependent on
the measured mode. The inline squeezing oper-
ations can be commuted through any remaining
CX gates and displacements to the end of the cir-
cuit. The squeezing gates on any auxiliary modes
are then absorbed into the q basis measurement.
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Figure 16: Cluster engineering for squeezing gate application. Stage I is not shown to avoid repetition with Fig. 4.
In IV, is illustrated the application of the squeezing gate in mode 4 within the time step τi+1 in the green dash box.
The squeezing parameter is determined by the angles θa and θb of the homodyne detections. In mode 2, is performed
a single PhANTM step, then the state is transferred to mode 4 before applying the squeezing gate.

This results in a single squeezing gate on the cen-
tral mode, which re-scales the measurement re-
sults by 2 or 0.5 depending on the measurement
basis, and an X correction (q-basis displacement)
that depends on the q basis measurement results
of the auxiliary modes. The remaining CX gates
are commuted backwards past the GKP Bell pairs
which introduces a new set of CZ gates which
mirror those of the original lattice, and a set of Z
corrections (p-basis displacements) that depend
on the measurement results from the neighboring
macronodes. This results in the same entangle-
ment structure as the canonical lattice, up to a
squeezing operation and X and Z corrections on
the central mode.

11.7 GKP binning

In this section we describe the process of map-
ping CV displacement errors to qubit-level er-
rors. This is referred to as the "inner decoder" in
Refs. [26, 27] as it is the process of decoding the
GKP code.

We employ the simple binning process
where each homodyne value is rounded to the
nearest multiple of

√
π. Odd and even multi-

ples define the two logical qubit states. The er-
ror probability can be determined by determining
how much of the Gaussian distribution of each bin
overlaps with the neighboring bins [84]. How-
ever, this approach loses some information that
can be gained from the position of the homodyne
value relative to its bin. For example, a homo-
dyne value found in the center of a bin is much
less likely to have come from the neighboring bin
than one towards the bin edge. We can quan-
tify the error probability for a specific homodyne

value, z, and a GKP tooth width ∆ as [84, 26].

perr (z, ∆) =
∑

n∈Z exp
[
− (z − (2n + 1)/

√
π)2

/∆2
]

∑
n∈Z exp

[
− (z − n/

√
π)2

/∆2
] .

(18)

We are interested in the error rate on the
effective measurements on the canonical lattice.
That is after the physical measurements have
been post processed. As we have GKP states on
every physical mode in each macronode, it is suffi-
cient to determine the probability that the central
mode measurement and each correction is incor-
rectly binned [27]. This is because, to first order,
the total error probability of the macronode is
given by the sum of these individual probabili-
ties.

As well as the linear optics which can alter
the GKP noise, the measurement result post pro-
cessing also has an effect on the effective distri-
bution that the combined corrections are sampled
from. Ref.[27] includes a full description of both
p and q basis measurements (q basis are required
for logical gates) and for inclusion of p-squeezed
states replacing some GKP states. Here we in-
clude description of the process for determining
the error on p-basis measurements as these are
the only basis required the threshold simulations
we perform.

The macronode correction includes a
squeezing gate and X and Z corrections. For
a p-basis measurement on the central mode re-
sulting in a homodyne value mcentral, the squeez-
ing gate maps p → 2p. This maps the GKP ef-
fective squeezing ∆ → 2∆, resulting in an er-
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Figure 17: Illustration of the dictionary protocol for the macronode RHG lattice. a) Each node in the RHG lattice is
replaced by a four node macronode. Bell pairs can be created by sensor states interfered on a passive beamsplitter
(shown in the lower call-out box). A balanced four-mode splitter is used to generate the long range entanglement.
Note, that while we have drawn a circuit with CZ for the Bell pair generation, the physical circuit only consists of
beamsplitters and phase rotations (shown with white squares.) The dictionary protocol can be derived by noting that
the beamsplitters can be represented as CX and squeezing gates (shown in the upper call-out box). By commuting
these gates through each other we can arrive at the same entanglement structure as the canonical lattice with a
squeezing correction and an X and Z corrections, corresponding to a q and p basis displacements, respectively. b)
Effective circuit after the X correction has been derived. The X correction depends only measurements from auxiliary
modes within the macronode. m = 1

2 (m2 + m3 − m4) where mi is the q-basis measurement result from the ith

auxiliary mode. c) Effective circuit after the X and Z corrections have been derived, equivalent to the canonical
RHG lattice. Commuting the three CX gates from (b) through the CZ gates adds extra CZ gates with support on
the central mode. CZ gates with support on auxillary modes can be replaced with measurement based Z corrections.
Once commuted through the remaining CZ gates, the resulting Z corrections on each central mode will now depend
on measurement results from neighboring macronodes. The exact form of the correction depends on which mode
the in the neighbor had support on the original CZ link. We show these corrections in the table. i corresponds to
mode index in the neighboring macronode. Mode 0 is the central mode.

ror probability of pcentral
err = (2mcentral, 2∆central).

The X corrections have no effect on the p-basis
measurements so we do not consider them here.
The Z corrections are all the sum (or differ-
ence) or two independent normally distributed
variables. This results in distribution with a
variance that is the sum of the two normal dis-
tributions. This results in a error probability
pcorr

i =
(
mj ± mk,

√
∆2

j + ∆2
k

)
, where modes j

and k are given by the specific correction, as out-
lined in Sec. 7.1. In the case where a correction
is 0, that is the ith macronode is connected to
the central mode of the neighboring macronode,
pcorr

err = 0, as shown in Fig. 17(c).

11.8 Logical error simulation method

We follow a similar method to Ref. [26] where we
track the noise on each physical GKP mode. We
start by assigning a separate noise variances in
the p and q quadratures for every mode. This
variance is either an abstract quantity defining
the general noise channel in Eq. 8 or the re-
sult from circuit-level PhANTM, squeezing, and
breeding simulations. To determine the noise
on the homodyne values, we propagate these
variances using the symplectic representation of
the beamsplitter network required to create the
RHG lattice. The symplectic form, Ŝ, trans-
forms the quadrature values as x′ = Ŝx, where
x = (q1, q2, ...qN , p1, p2, ...pN ). The noise vari-
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ances are then transformed as

Σout = ŜT ΣinŜ, (19)

where Σ is a 2N × 2N diagonal noise matrix,
where the first N entries are ∆2

qi
and the second

N entries are ∆2
pi

. We can simulate the noisy
GKP measurements by drawing samples from the
multi-variate distribution centred at 0 with a co-
variance matrix given by Σout. Note that to sim-
plify the simulations, we sample from the diago-
nal elements of Σout.

We can convert these noisy measurements
of the physical modes into error probabilities for
the RHG lattice using the process described in
Appendix 11.7.

For a code distance d, we construct a
d × d × d lattice with periodic boundary condi-
tions in all dimensions. Error correction proceeds
using the code’s parity check matrix, a binary ma-
trix with elements Hij = 1 if qubit i is involved
in parity check j and 0 otherwise. We can then
use the probabilities calculated above to generate
a binary noise array, with element ϵi = 1 with
probability pi. An element equal to 1 corresponds
to a flipped measurement outcome, e.g. a Pauli
Z error on qubit i. The corresponding syndrome
can be found by matrix multiplication, modulo
2, s = Hϵ. To decode the syndrome we use a
minimum weight perfect matching decoder im-
plemented in python with PyMatching [87]. This
aims to return a possible error chain consistent
with both the syndrome and parity check matrix.
As in previous works, [86, 28, 26, 85], we can uti-
lize the continuous nature of our measurements to
increase the success probability of the syndrome
decoder. We convert the error probabilities into
weights for the decoder as wi = − log (pi). A log-
ical error corresponds to the case where the com-
bination of the original error and the decoder out-
put result in an error chain that spans the lattice.
This can be determined by checking the num-
ber of intersections of the resultant error chain
with the logical operator correlation surface of
the lattice. An odd number of intersections cor-
responds to logical error. Repeating this process
many times allows us to determine the logical er-
ror rate for a particular GKP effective squeezing
and code distance. As the primal and dual lat-
tices can be decoded independently, we only show
results for the primal lattice. The procedure for
the dual lattice is identical.

11.9 Loss tolerance

As mentioned in the main text, the effects of
losses on cat states generated from PhANTM
have been explored in [55]. Here, we discuss losses
in adaptive breeding and QEC stages of our ar-
chitecture.

As in PhANTM [55], we model losses ap-
plied on an input state ρin in adaptive breeding
by mixing the state with vacuum on a beam split-
ter with a transmission coefficient η and tracing
over the reflective mode of the beam splitter, ar-
riving at the output density matrix ρout from a
loss channel given by

ρout =
∞∑

l=0
LlρinL

†
l , (20)

where each Ll is a Kraus operator expressed as

Ll =
√

(1 − η)l

l!η! ale
1
2 a†a ln(η), (21)

and l is an index for the Fock basis. Since adap-
tive breeding is performed on cat states and mo-
mentum squeezed states embedded in a cluster,
first order losses come from homodyne detec-
tions which are modeled by putting a lossy chan-
nel before detection. Fig. 18a shows the effec-
tive squeezing of the GKP states in the p and q
quadratures as a function of homodyne loss af-
ter three breeding rounds. To isolate the effect of
losses from other random variations in the adap-
tive breeding protocol, we use a set of eight iden-
tical cat states as input and vary the squeezing rc

of the cat states (the amplitude of the cats is fixed
by the number of breeding rounds). We observe
that the effective squeezing in the q quadrature
is not sensitive to the losses up to 5% loss. The
effective squeezing in the p quadrature is more
sensitive than that in the other quadrature, but
changes by less than 0.5 dB up to ηhd ≈ 0.03.

For QEC, loss on a GKP state can be
mapped to the Gaussian displacement channel by
rescaling any homodyne values [85]. For trans-
mission η (representing the propagation loss),
this results in a GKP state with a with vari-
ance ∆2

loss = 1−η
2η . If we have a GKP state with

some initial squeezing defined by the variance
∆2

GKP, then the total variance, including the loss,
is ∆2

total = ∆2
GKP + ∆2

loss. For the case where
we have balanced squeezing in both quadratures,
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Figure 18: a) Effective squeezing in p (square) and q (circle) quadratures as a function of 1 − ηhd for different cat
state squeezing values. Only one type of squeezing is shown for the p-quadrature, as for the other squeezing values
the curves overlap with the one already on the plot. b) Loss vs squeezing threshold. We show the GKP effective
squeezing that results in a total squeezing of 10.2 dB for given values of η.

our Monte-Carlo simulations produced a squeez-
ing threshold of 10.2 dB. For uniform loss on
each physical mode in the macronode lattice the
variance on the noisy homodyne values is de-
scribed by ∆2

total. We can use this to determine
the squeezing threshold in the presence of finite
loss by finding ∆2

GKP that, along with a given
transmission η, gives −10 log

(
∆2

total
)

= 10.2 dB.
Fig. 18b shows the result of this simulation, high-
lighting that the needed effective squeezing to be
at the fault tolerance threshold in the presence of
3% loss is increased by less than 1 dB compared
to the ideal case without loss.
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