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ABSTRACT 

A study is p resen ted of production and decay p roper t i e s of Σ 
and Λ hyperons produced by Κ- in teract ions in a hydrogen bubble 
chamber . Approximately 90% of the hyperons were produced by Κ--p  
in teract ions at r e s t , and the remaining 10% were produced by Κ- 

mesons with l abora tory momentum < 275 Mev/c . 
The observed hyperon decay r a t e s from this exper iment yield 

the hyperon mean life t imes : 
τΣ- =(1.58± 0.06) × 1 0 - 1 0 sec , 

τΣ+ =(0.765±0.04)× 1 0 - 1 0 sec , 

and τΛ = ( 2 . 6 9 ± 0 . 1 1 ) × 1 0 - 1 0 sec . 

The observed branching ra t ios for Σ+ and Λ decay a r e 
(Σ + →π + +n) / [ (Σ + → π++n) + (Σ + → π 0 + p ) ] = 0.490±0.024, 

and (Λ→ π- + p ) / [ ( Λ → π - + p ) + (Λ→ π 0 + n ) ] = 0.643 ±0.016. 

The Κ- -p in teract ions occur r ing at r e s t yield hyperon production 
r a t e s in the ra t io 

Σ- : Σ + : Σ 0 : Λ= 0.447 : 0.208 : 0.281 : 0.064. 
The in-flight Κ--p in teract ions appear to be dominated by the hyperon 
production p r o c e s s . The absorpt ion c ro s s section is near ly geometr ic 
for s-wave in terac t ions throughout the observed labora tory momentum 
range between 75 Mev/c and 275 Mev/c . Angular dis t r ibut ions for the 
hyperon production p r o c e s s e s a r e all quite consistent with isotropy. 
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An s-wave zero-ef fec t ive- range analys is of the Κ--p e las t ic , 
charge exchange and absorpt ion p r o c e s s e s has been c a r r i e d out. The 
sca t te r ing lengths which best fit the data of this exper iment a re : 
A 0 =-0.220+ 2.742 i for the isotopic spin-0 channel, and A1 = 0.019 + 0.384 i 
for the isotopic spin-1 channel. 
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I. INTRODUCTION 

This work deals with the in teract ion of Κ- mesons with protons 
for Κ- momenta l e s s than 275 Mev /c . At such ene rg ies , the following 
interact ions can take place: 

Κ" + p→Σ- + π + , 

→Σ0 + π 0 , 

→Σ+ + π - , 

→Λ + π 0 , 

→Λ + 2π0; 

→ Κ - + p , 

→Κ 0 +n, 

→Σ + 2π. 

Κ- mesons that in te rac t at r e s t can give r i s e to the f i r s t five 
in te rac t ions . The f i rs t four in terac t ions l is ted have been carefully 
analyzed in an effort to unders tand the energy dependence of the hyperon 
production p r o c e s s . 
The results of the analysis of the Κ- -proton elastic and 
charge-exchange scattering are presented in a separate paper.1 They are here 
combined with the hyperon production analysis to obtain a descr ip t ion 
of the low-energy in teract ions in t e r m s of six p a r a m e t e r s , using the 
fo rmal i sm of Dalitz and Tuan.2 In connection with this pa rame te r i za t ion , 
a t - r e s t in te rac t ions of Κ- mesons were assumed to occur from 
s-orbitals in accordance with the a rguments of Day, Snow, and Sucher.3 

Other results presented in this paper are angular distributions at 
production and decay, and hyperon lifetimes. 

A l a rge protion of the data included in this work has been reported in the form of preliminary results presented at the 1959 Kiev Conference on High Energy Physics by Luis W. Alvarez.4 
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A recent summary of data re levant to Κ- meson physics i s : 
F reden , Gilbert and White, Phys . Rev. 118, 564 (1960). Theore t ica l 
d iscuss ions pertaining to Κ- in teract ions a re : Jackson and Wyld, 
Nuovo cimento X, 13, 85 (1959). , and Dalitz and Tuan, Ann. P h y s . , 
10, 307(1960). 
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II. EXPERIMENTAL ARRANGEMENT 

The Κ- mesons , emitted at 0 deg from a copper ta rget in the 
bevatron, were guided by the bevatron field into the following beam 
optics (see Fig. 1): 

(a) C-magnet M1 (removes momentum dispers ion from beam) , 
(b) Single-element quadrupole Q1 (focuses in horizontal plane), 
(c) Mur ray coaxial velocity spec t rome te r , 
(d) Coll imator C1, 
(e) Double-element quadrupole Q2, 
(f) Coll imator C2, and 
(g) Copper abso rbe r . 
The resul t ing beam entered the 15-inch Alvarez hydrogen bubble 

chamber . The chamber has a 10-in. depth and a usable region about 
12 inches in d iamete r . It is located between a pair of coils and r e s t s 
on an i ron pole p iece . The magnetic field in the chamber va r i e s from 
about 9 to 12 ki logauss . The chamber is photographed from four lenses 
on a square above the chamber . The magnetic field axis and camera 
axes a r e all ve r t i ca l . The expansion sys tem is of the gas-expansion 
type. 
Although the experimental arrangement is discussed in detail 

elsewhere,5,6 the spectrometer deserves special mention, because 
without the enriched Κ beam that it produced, the experiment could 
not have been attempted. The spectrometer used had cylindrical 
symmetry about the beam direction. It consisted of a central conducting 
rod carrying a high cu r ren t , and a coaxial cylinder around the rod which 
was at high potential . This configuration produces a radia l e lec t r ic 
field and an azimuthal magnetic field. In this way, a radia l deflection 
of beam par t i c l e s took place according to the par t ic le velocity. Since 
the beam had a l ready been momentum-analyzed , only pa r t i c l e s of a 
given m a s s would have the c o r r e c t velocity to be guided through the 
col l imator C1 by the coaxial spec t rome te r . When the spec t romete r 
was set to accept pa r t i c l e s with Κ m a s s , the p roper t i e s of the beam 
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Fig . 1. D i a g r a m of the Κ --meson beam opt ics . 
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were:6 ,7 

(a) Beam momentum before absorber 450 ±23 Mev/c 
(b) Κ- momentum in chamber 0 to 300 Mev/c 
(c) Κ- in chamber pe r 1010 protons at ta rge t 1/4 
(d) Κ- per bubble chamber exposure ~ 1/4 
(e) Background t racks per Κ- 100 
(f) Nature of background ~85%μ, ~ 1 5 % π 
(g) Background with and without spec t romete r 1/700 

Of the film analyzed, 38 rol ls were taken with sufficient absorber 
to give a mean momentum of ze ro at the center of the chamber , and 
145 rolls were taken with an absorber thickness producing a mean 
momentum of 180 Mev/c at the center of the chamber. 
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III. DATA PROCESSING 

A. Scanning 

A set of four s t e reo photographs was taken for each bubble 
chamber expansion. Approximately 45, 000 such stereo sets were 
examined in accordance with the scanning method described below. 

Each picture was scanned in at least two of the four views 
available. Detection of interactions was accomplished by temporarily masking 
from view all of the bubble chamber photograph except about a quar te r 
of it at the end of the chamber through which the beam entered. F r o m 
the port ions of t r acks visible at the beam ent rance , it was poss ible to 
identify the Κ- mesons by inspection on the bas i s of the gap density 
along the t rack , and by cu rva tu re . Background t racks with few gaps 
between bubbles (like the gap density of Κ- t r acks ) were of such low 
momentum that the t racks could be re jected by reason of their high 
curva tu re . The number of Κ candidates in a photograph was recorded 
and then the mask was removed to reveal the full p ic tu re . Each Κ 
candidate was then traced through the picture until the Κ either 
interacted, decayed, left the chamber, or was rejected as background. 
Final ly , the resul t of the t rack scan was recorded . Any events found 
during the scan of the incident t r acks (mask in place) were recorded , 
but were not used in the ana lys i s . The track-following method allowed 
event detection in such a way that the configuration of an in teract ion had 
no influence on whether or not an event was discovered by the scanner . 
Careful second scans show that l e ss than 4% of the Κ t racks were 
m i s s e d , with this scanning technique. 

Special emphasis in scanning was placed on the detection of 
neutral particles from K--p interactions. When a K- track terminated in 
the chamber volume, a sea rch was made of all four views of the chamber 
to detect any pair of charged pa r t i c l e s (these pa i r s form a "V" which 
points in the general di rect ion of the interact ion) that might r ep re sen t 
the decay of a neutra l . Since in some cases it is possible for one of the 
t racks forming the "V" to be very shor t , single t r acks pointing to the 
end of the Κ- t rack were also recorded . 
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Fig. 2. The appearance of the in teract ions studied is well 
represented by this photograph of a pair of Κ--p 
interactions yielding a Λ (upper left) and a Σ- hyperon (lower 
r ight) . The ratio of Κ- to background t racks is unusually 
high in this par t icu la r pic ture (roll 105, frame 160). 
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K- in teract ions were provisional ly identified at the scanning s tage. 
This was possible because of the simple cha rac te r i s t i c topology of the 
possible interact ions (see Fig. 2). Sigma interact ions were dist inguished 
by the decay of the sigma within about 1 cm of the production ver tex 
(s igmas produced by Κ interact ions at r es t have a range of about 
1. 1 cm). Pro tons from Σ+ decay stop in the chamber about 73% of 
the t ime, and these stopping t racks could be positively identified as 
pro tons . Pro tons not stopping could usually be dist inguished from pions 
by ionization. Κ0 decays could usually be dist inguished from Λ decays 
by the l a r g e r opening angle of the 0 "V". 

About 13% of the hyperon product ions could be in te rpre ted severa l 
ways and were recorded in appropr ia te c l a s s e s . The pr inciple ambiguity 
was between Σ+ and Σ-, where the Σ was very short or the Σ 
decayed collinearly. There were also events that could be either a short 
Σ+ decaying into a proton or a short Λ. In the case of Σ production, 
it was also frequently possible for the scanner to select in-flight 
interactions from the 90% "background" of at-rest interactions. At-rest 
in terac t ions produce a Σ and π col l inear ly , hence, noncoll inear events 
signify in-flight in te rac t ions . An interact ion at 50 Mev/c can produce 
a 15 deg noncoll ineari ty between the production π and the Σ . Such a 
l a rge angle is usually very easy to detect . 

The events analyzed in this exper iment have been r e s t r i c t e d to 
a cent ra l volume of the chamber defined by cer ta in fiducials etched in 
the top glass of the chamber , as seen in one of the views. The volume 
was chosen in such a way that events in the region were well i l luminated, 
and par t i c les leaving the in teract ion ver tex were visible over a long 
enough dis tance to be m e a s u r a b l e . At the scanning s tage , events 
outside of the boundary were recorded, since the final selection with 
respect to the fiducial volume was done during the computer analysis of 
each event. 
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B. Event Analysis 

Each event identified as a hyperon production in the scanning 
operation has gone through one or more of the following s tages: 

(a) Sketching—The event is carefully examined and instruct ions 
for measur ing it a r e entered onto a card bear ing a sketch of the event. 

(b) Measuring—A project ion microscope digi t izes , in ca r t e s i an 
coordina tes , the location of 2 to 10 points along par t i c le t r acks in the 
s te reo photographs. These points a r e punched into IBM c a r d s , together 
with identifying information and measurements of certain fiducials 
located on the bubble chamber window. 

(c) Event computations—A se r i e s of IBM 704 p r o g r a m s a r e used 
to recons t ruc t the event in space and de te rmine its kinematic p a r a m e t e r s 
at in teract ion or decay ve r t i ces (see Appendix A). 

(d) Remeasurement—Events can fail to be p rocessed through 
Stage (c) for a l a rge number of reasons ranging from measur ing-mach ine 
failure to human e r r o r s . It is often n e c e s s a r y to r e p r o c e s s events 
severa l t imes before obtaining acceptable m e a s u r e m e n t s . 

(e) Hand analysis—In the sample of events p roces sed , there 
were a few events having kinematic or spatial configurations that made 
them difficult to analyze through the normal channels descr ibed above. 
In these c a s e s , the analysis was done par t ia l ly by hand and the resu l t s 
punched on IBM cards for handling at Stage (f). About 6% of the events 
were analyzed in this way. 

(f) Experiment computations — At this stage all the events 
processed in the previous stage are examined as a whole, and the parameters 
of in te res t in the exper iment a r e de termined through a s e r i e s of IBM 
704 p r o g r a m s which use the accumulated information of both machine 
and hand analysis of individual events. These calculations will be 
described in more detail in the following section. 
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IV. ANALYSIS ΑΝD RESULTS 

A. Nature of the Data 

1. Events Analyzed 

All s igmas unambiguously identified as either Σ- production 
followed by decay into a π - , or Σ+ production followed by decay into a 
proton or π + , were k inemat ica l ly analyzed. There were 1488 such Σ- 

and 732 such Σ+ events in the acceptance volume for in te rac t ions . The 
acceptance volume also contained 204 Σ--p interactions and 32 
ambiguous Σ+ decays that were used for corrections. There were about 314 
events in the fiducial volume which were ambiguous between Σ- and 
Σ+ in terpre ta t ions and about 110 events ambiguous between Σ+ and 
Λ in te rac t ions . These ambiguous c l a s se s consist of events which have 
very shor t hyperons , so that the production and decay pa r t i c l e s could 
not be distinguished by inspection, and such events were used only to 
check that the final es t imate for the c ro s s sections was consis tent with 
the number of events in the ambiguous c l a s s e s . 

Of the 2194 sigma events k inemat ical ly anlayzed, only those for 
which the Σ hyperon had a length g rea te r than 0.1 cm and made an angle 
with respec t to the incident Κ- of m o r e than 20 deg were accepted in 
the final ana lys i s . 

All Κ- in teract ions producing a lambda that decayed into a π-

and p , or π- and zero- length p , were kinematical ly analyzed. There 
were 951 such events in the in teract ion volume. As in the analysis of 
the Σ hyperons , the ambiguous events (those that could be ei ther Σ+ 

or Λ production followed by decay) were not used in the analysis except 
as a consistency check for the final answers. Lambdas shorter than 
0.1 cm were not analyzed; lambda decays outside the in teract ion volume 
were also re jected. 

Only Κ interact ions that occur red in a cent ra l volume of the 
bubble chamber were analyzed. This volume was defined in t e r m s of a 
boundary marked by fiducials on the top glass of the chamber , as seen 
in one of the camera views. The volume was chosen to exclude 
interactions that occurred near the edge of the visible part of the bubble 
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chamber or in the region used in the scanning procedure to identify 
incoming Κ tracks. Tests were made in the KICK program (before the 
kinematic analysis) to reject events occurr ing outside the fiducial volume. 
The final tally of accepted events for the classes processed showed that 
25% of the Σ+ and Σ- events were rejected, and 22% of the Λ events 
were re jected. A total number of 10,874 Κ t racks passed through the 
fiducial volume. The pathlength in the fiducial volume for all the Κ 
t racks was measu red , and the momentum distr ibution for Κ mesons 
at the ent rance plane to the fiducial volume was used to es tabl ish the 
amount of pathlength in the various momentum intervals. Any Κ 
path-length, or any interaction following a visible Κ--p elastic scatter, was 
excluded from the ana lys is . 

Table I s u m m a r i z e s the number of hyperons at var ious stages in 
the analys is . 

2. Cor rec t ions Applied to Data 
The 0.1-cm cutoff on the hyperon length and the 20-deg K-hyperon 

angle cutoff served two purposes. First, it made analysis of the 
poorly-determined and hard-to-measure events unnecessary; and secondly, it 
eliminated nearly all the events in the ambiguous classes from 
consideration. In order to compensate for the events culled from the sample, 
the probabil i ty for observing each event was calculated on the bas i s of 
the selection c r i t e r i a , the momentum of the hyperon, and the hyperon 
l ifet ime. For the Σ par t i c les the acceptance probabil i ty for each event 
accepted was given by 

ΑΣ= exp[- tc/τ] cos θf - cos θb ΑΣ= exp[- tc/τ] 2 

where tc = t ime requi red for the Σ to t ravel the cutoff dis tance of 
0.1 cm, 

τ = l ifet ime of Σ, 
θf = forward cutoff angle in the c . m . sys tem, and 

θb = backward cutoff angle in the c . m . sys tem. 
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Table I 

Number of events at var ious stages of the analysis 

Σ- Σ- or Σ+ Σ + Σ + ο γ Λ Λ 

Events found during 
scan and checked 2260 419 1011 146 1229 

Events in fiducial 
volume not preceded 
by Kp sca t t e r s 1547 ~288 a 709 ~ 1 0 1 a 871 

No. of events 
accepted for complete analysis 1212 

not 
analyzed 579 

not 
analyzed 799 

Final es t imates (after 
apportioning ambiguous 
events) for events in 
fiducial volume not 
preceded by Kp scatters 1700 

-

859 

-

903 

aThese numbers were es t imated from the numbers of the f i rs t row 
and the known reject ion rat io for s imi la r events . 
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The number of events before culling was then est imated from 
the sum 

N T = 
Ν 1 N T = Σ 1 N T = Σ 

ας
i 

N T = 
i=1 ας

i 

where A Σ
i = AΣ for ith culled event, 

ΝT = es t imated number before culling, and 

Ν = number analyzed after culling. 

The ra t io N T / N was calculated separa te ly for events in various 
momentum in te rva l s , in o rder to allow cor rec t ion of the c ro s s section 
as a function of momentum. Correc t ions for culled Λ hyperons were 
ca r r i ed out in much the same way as for the Σ ana lys i s , except that 
an escape cor rec t ion was included for each event since only Λ decays 
within the in teract ion volume were considered. As a consequence, the 
acceptance probabil i ty for each Λ event was computed as 

AΛ = exp [ - t c / τ ] - e x p [ t e / τ ] , 
where tc = t ime requi red for the Λ to t ravel the cutoff dis tance 

of 0.1 cm, 
te = t ime requi red to escape through the nea res t boundary 

plane of the in teract ion volume, and 
τ = lifetime of Λ. 

The es t imate of the unculled number of events then proceeded 
as in the Σ ana lys i s . 

Additional co r rec t ions were found to be n e c e s s a r y in the hyperon 
ana lys i s . Careful examination of the ambiguous Σ c l a s ses revealed 
that there were some Σ events that were actually longer than 0.1 cm 
(and should have been included in the analys is ) , but the Σ was hard to 
identify because the π decayed a lmost col l inear ly with respec t to the Σ. 
This effect was taken into account by calculating the es t imated number 
of Σ pa r t i c l e s having the above p r o p e r t i e s . The number of events was 
calculated to be 20 Σ+ and 30 Σ- events , which should have been included 
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in the analyzed sample . The c ro s s sections were co r rec t ed for these 
events by an over -a l l scaling factor. These additional events were 
predominantly short (i.e., just greater than 0.1 cm); hence, their 
principle effect was to modify the lifetime estimates slightly, necessitating 
a l ifetime cor rec t ion . A s imi la r calculation was made for the ambiguous 
Λ c l a s s , and the additional number of Λ' events which should have 
been analyzed was estimated to be ten. The Λ cross section was 
corrected for these events. 
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B. Hyperon Decay 

1. Angular Distributions for Hyperon Decay 

The cosine of the angle between the sigma and its decay pion 
(in the rest frame of the Σ) has been calculated for the unambiguous 
sigma decays. The cosine of the angle between the decay pion and the 
normal to the production plane was also calculated. The cosine 
distributions from both calculations are shown in Figs. 3 through 6. 
Ambiguous events between Σ+ and Σ- contribute a correction of about 
30 events for Σ- and 20 events for Σ+ in the region |cos θΣπ| >0.8. 
This correction is represented by the shaded regions in the figures. 
Not included in these figures are 26 Σ+ events and 66 Σ- events that 
were hand analyzed only at the production vertex. No particular bias 
is expected from these events. 

The cosine of the angle between the lambda and its decay pion 
(in the rest frame of the Λ) is shown for direct Λ production and also 
for Λ's from Σ0 decay in Fig. 7. The events for these plots were 
selected to include only events from Κ interactions having measured 
momenta less than 75 Mev/c, because such events represent the 
at-rest Κ interactions for which the kinematics are well enough 
determined to give a reliable separation between direct and indirect Λ 
production. Fourteen events, hand analyzed only at the production vertex, 
have not been included in these figures. No appreciable bias is expected 
from these events. There is less than 5% contamination by events which 
are not from Κ--p at-rest interactions. 

The energy distribution for Λ hyperons produced by at-rest 
Κ--p interactions is given in Fig. 8. The Σ0→γ+ Λ energy spectrum 
can be interpreted as a cosine distribution for the Λ with respect to 
the Σ0 direction in the Σ0 center-of-mass system, as is seen from 
the relation 

Ε Λ Κ Ρ = - ηΡΛΣ cos θ + γ Λ Σ , 

w h e r e P Λ Σ = lambda momentum in the Σ0 c.m. system 
(a constant), 
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Fig. 3. Distribution of the cosine of the angle between th'e Σ- 

hyperon and its decay pion in the rest frame of the Σ -. 
The shaded areas represent corrections added to the 
observed distribution. 

(a) In-flight Κ--p interactions, 
Κ-+p→π + + Σ - , Σ - →π - +n; 

(b) At-rest Κ--p interactions, 
K-+p→ π++Σ-, Σ-→π-+n. 
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F ig . 4 . Distr ibution of the cosine of the angle between the 
hyperon and its decay pion (π+) in the r e s t frame of the 
Σ+ . The shaded a r e a s r ep re sen t cor rec t ions added to 
the observed dis tr ibut ion. 

(a) In-flight Κ--p in te rac t ions , 
Κ- + p →π- + Σ+, Σ+→ π + + n; 

(b) A t - r e s t K - - p in te rac t ions , 
K- +p→ π- +Σ+ , Σ + → π + + n . 
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F ig . 5. Distribution of the cosine of the angle between the 
hyperon and i ts decay pion (π0) in the r e s t f rame of the 
Σ + . The shaded a r e a s r ep re sen t cor rec t ions added to 
the observed dis t r ibut ion. 

(a) In-flight K - - p in te rac t ions , 
K- +p → π - + Σ + , Σ+→ π0 + p; 

(b) A t - r e s t K - - p in te rac t ions , 
Κ- + p → π - + Σ + , Σ+→ π0 + p . 
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Fig . 6. Distr ibution of the cosine of the angle between the 
direction of motion of the decay pion and the normal to 
the production plane in the Σ rest frame. The shaded 
areas represent corrections added to the observed 
distribution. 

(a) Κ - + p → π + + Σ - , Σ-→π-+n 
(b) Κ - + p → π - + Σ + , Σ+→π++n 
(c) K - + p → π - + Σ + , Σ+→π 0+p. 
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Fig . 7. Distr ibution of the cosine of the angle between the 
Λ hyperon and i ts decay pion (π -) in the r e s t f rame of 
the Λ. 

(a) A t - r e s t K- in te rac t ions , 
K - + p → · π 0 + Λ, Λ→ π - + p ; 

(b) A t - r e s t K- i n te rac t ions , 
Κ - + p → π 0 + Σ 0 , Σ0→ γ + Λ, Λ→π- + p. 
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Fig. 8. The observed energy spectrum of Λ hyperons 
resulting from Κ--p interactions at rest. The median of 
the energy e r r o r s is 0.36 Mev. 
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ΕΛΣ = l a m b d a e n e r g y in. the Σ0 c . m . s y s t e m (a c o n s t a n t ) , 

γ2 = 1 + η 2 , and 

η = 
Ρ Σ 

η = Μ Σ 
in the K P c e n t e r - o f - m a s s (a c o n s t a n t ) . 

All of the above d i s t r i b u t i o n s a r e c o n s i s t e n t with i s o t r o p y . 

2. H y p e r o n L i f e t i m e s 

The l i f e t i m e of the s i g m a s was d e t e r m i n e d by u s i n g the m a x i m u m -
l ike l ihood m e t h o d . All e v e n t s with Σ < 0 . 1 c m long , o r a Σ - Κ ang le 
< 2 0 d e g , w e r e not i nc luded in the a n a l y s i s . Only s i g m a s p r o d u c e d by 
Κ- i n t e r a c t i o n s at r e s t w e r e u s e d for l i f e t i m e e s t i m a t e s b e c a u s e the 
Σ m o m e n t u m is well d e t e r m i n e d for t h e s e e v e n t s . S i g m a s tha t d e c a y e d 
in the l a s t 0.2 c m of t h e i r r a n g e w e r e c o n s i d e r e d to h a v e l ived a t i m e 
e x c e e d i n g that r e q u i r e d to r e a c h the 0.2 c m cutoff ( th is cutoff i s to 
s impl i fy the p r o b l e m of s e p a r a t i n g Σ- e v e n t s tha t d e c a y with the Σ- 

at r e s t ) . 

T h e p r o b a b i l i t y for o b s e r v i n g a g iven event in e a c h of the two 
c l a s s e s is then: 

(a) 
dPi 

= λ 
exp [-λti] for tc < ti < tm, or (a) 

dti 
= λ 

exp [-λtc] 
for tc < ti < tm, or 

(b) Pi = 
exp [-λtm] for ti >tm, (b) Pi = 
exp [-λtc] 

for ti >tm, 

w h e r e ti = o b s e r v e d t i m e for the ith even t , 

tc = time to travel 0.1 cm from production point, 
tm = time to travel within 0.2 cm of end of range, and 
λ-1 = mean life. 

This probability is normalized to give unit probability for 
observing sigmas with a length exceeding 0.1 cm. This corresponds to 
the a s s e r t i o n that once the length is m e a s u r e d to exceed 0.1 c m , the 
i n t e g r a l of the p r o b a b i l i t y for th i s s a m p l e m u s t i n t e g r a t e to un i ty 
beyond 0.1 c m . 
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As a consis tency check, two different likelihood functions, L1 

and L 2 , were considered. F i r s t we form the product of the likelihood 
function for each event and take the log, to give 

and the maximum of this function is located at 

with = - ( d 2 In L 1 / d λ 2 ) - 1 = ( Ν 1 / λ 2 ) - 1 , where 

λ = decay r a t e , 

N1 = number of events with tc < ti < t m , and 

Ν2 = number of events with ti >tm 

Secondly, as a consis tency check, the l ifetime was de termined 
neglecting the events with ti > t m . I n this case , one has 

Pi = 
λ exp [-λti] 

, tc < ti < t m ; Pi = 
exp [-λt c] -exp [-λtm] 

, tc < ti < t m ; 

L 2 = 
N1 

{1nλ-λt i -1n[exp [-λtc] -exp [-λtm]]}; L 2 = Σ {1nλ-λt i -1n[exp [-λtc] -exp [-λtm]]}; L 2 = 
i=1 

{1nλ-λt i -1n[exp [-λtc] -exp [-λtm]]}; 

and one has L2 a maximum at 
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and 

λ was found (using the L2 formulation). by iteration, because the 
relation for λ is a transcendental one. In the case of Λ decay, where 
the Λ may decay outside the chamber , the second formulation (L 2) is 
the only applicable one. Fo r the lambdas tc was defined as for the 
sigmas, but tm was taken as the time for the lambda to reach the 
nearest boundary of the interaction volume. 

As mentioned in Sec. IV-A-2 (Nature of the Data), a cor rec t ion 
was applied to the Σ l ifet imes to account for events in the ambiguous 
catagories which really should have been included in the lifetime 
calculation, because their length exceeded 0.1 cm. The number of such events 
was es t imated as 20 for Σ+ , and 30 for Σ - . The model used to calculate 
the number of events was also used to calculate the amount of t ime they 
contribute to the lifetime calculation, and these numbers were inser ted 
in the previous equations to obtain the co r rec ted l i fe t imes . A smal l 
cor rec t ion was applied to the Σ- l ifetime to account for the Σ--p  
in teract ions in flight. The cor rec t ions decreased both the Σ+ and Σ- 

lifetime by 0.01×10-10 sec. The results of the lifetime calculations are 
shown in Table II. The best lifetime estimates from this experiment are 
plotted against the observed decay frequencies in F igs . 9 through 11. 

The branching ra t io between neutral and charged Λ decay was 
determined by counting the number of Κ t racks that stopped in the 
fiducial volume of the chamber with no visible hyperon decay. This 
number was cor rec ted for neutral 0 decays and Λ decays outside of 
the chamber (a cor rec t ion of 54 events) . The rat io obtained was 

Λ charged = 903 = 0 .64±0.01 . Λ total = 1405 = 0 .64±0.01 . 

The branching rat io between neutron and proton decay modes of 
Σ+ hyperons was found to be 

Σ+ neutron = 308 = 0.49±0.02. 
Σ+ total 

= 628 
= 0.49±0.02. 
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There were 17 events ambiguous between proton and neutron decay 
modes, divided equally between the two modes for the purpose of 
calculating the branching ratio. The error in the branching ratio includes 
a contribution for these ambiguous events . 

These branching ra t ios a r e in excellent agreement with the 
ΔΙ= 1/2 r u l e . 8 

Table II 

Summary of l ifetime calculations 

T imes 
(10-10 sec units) Σ- Σ + Λ 

tc 0.226 0.216 event-
dependent 

tm 2.553 3.024 event-
dependent 

N l 940 445 799 

N2 268 11 -N2 268 11 -

L1 l i fet ime 
calculation 1.58±0.06 0.765±0.04 

-L1 l i fet ime 
calculation 1.58±0.06 0.765±0.04 

-

L2 l i fet ime 
calculation 1.63 ±0.13 0.755±0.05 2 .69±0.11 

Best l ifet ime 
es t imate 1.58±0.06 0.765±0.04 2.69 ±0.11 
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F ig . 9. Number of Σ- decays plotted as a function of the 
p roper t ime from the t ime of production. The shaded 
a r ea r e p r e s e n t s a cor rec t ion added to the observed 
dis t r ibut ion. A l ine having the slope of the max imum-
likelihood l ifet ime es t imate (τΣ = 1.58×10 -10 sec) is 
super imposed on the data . 
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Fig . 10. Number of Σ+ decays plotted as a function of the 
p roper t ime from the t ime of production. The shaded 
a rea r e p r e s e n t s a cor rec t ion added to the observed 
distribution. A line having the slope of the 
maximum-likelihood lifetime estimate (τΣ + = 0.765× 10-10 sec) is 
super imposed on the data . 
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Fig. 11. Number of Λ decays plotted as a function of the 
proper time from the time of production. A line having 
the slope of the maximum-l ikel ihood l ifet ime es t imate 
(2.69 × l0-10 sec) is super imposed on the data. 
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C. Hyperon Product ion 

1. Pathlength and Energy-Dependence of Cross Sections 

The energy spread of the beam entering the bubble chamber was 
such that Κ- in teract ions occur red at momenta ranging from about 300 
Mev/c to 0 Mev /c . About 90% of the hyperon interact ions occur red 
at r e s t . Although the energy spread allows investigation of the 
entire low-energy region as a whole, there are also complications 
connected with the wide range of interaction energies. The cross section 
is defined in t e r m s of the re la t ion 

n = σl {ρ Ν 0 / Α } , 

where ρ Ν 0 /Α = number of protons per unit volume, 
ρ = density of hydrogen liquid (0.0586 g / c m 3 ) , 9 

N0 = Avogadro 's number , 
Α0 = atomic weight of hydrogen, 

σ = c ro s s section, 
l = length of observed Κ- t r ack length, and 
n = number of in terac t ions observed. 

However, since the c ro s s section and the observed pathlength vary as 
a function of the momentum interval being considered, two basic tasks 
must be completed before the c r o s s section can be de termined in severa l 
momentum in te rva l s . 

The f i rs t task is the es t imat ion of the pathlength observed in 
the various momentum intervals from 0 to 300 Mev/c . All the Κ 
t r acks that entered the in teract ion volume were m e a s u r e d , and the 
length of path and momentum at an ent rance plane were calculated.1 

In the case of the in terac t ions that were fitted, the momentum at the 
entrance plane was very well known from the kinematic fit of the 
interaction. However, the rest of the Κ tracks depended for their momentum 
measu remen t on the observed curva ture of the t rack in the magnetic 
field of the bubble chamber . These curva ture m e a s u r e m e n t s typically 
had 6% to 10% uncer ta in t i e s . 



- 3 0 -

The momentum distribution at the entrance plane to the 
interaction volume has a predominance of tracks in a relatively narrow 
region of the momentum spec t rum considered (about 200 to 250 Mev/c) . 
As a consequence, the momentum measu remen t e r r o r s tend to s m e a r 
out the peak in the momentum distr ibut ion. It was neces sa ry to recover 
the original distr ibution by unfolding the observed dis tr ibut ion. To do 
th is , the following mat r ix relat ionship was used: 

L0 = ( T ) L T , 

where L T = vector represen t ing the t rue number of t r acks in each of 
12 momentum in terva ls at the entrance plane, 

L0= vector represen t ing the observed number of t r acks in each 
of 12 momentum in terva ls at the entrance plane, 

Tji = represents a matrix element indicating the percentage of 
events in the ith true interval that would be observed in the 
jth observed in te rva l , on the bas i s of the typical e r r o r for 
events in the ith in terva l . 

After solving for L T , a r ange-momentum table was used to 
establ ish how much pathlength was contributed in the various momentum 
intervals by tracks distributed according to the vector LT. This 
unfolding procedure was applied to events from each of four thicknesses 
of copper absorber used in this exper iment , and these pathlengths were 
accumulated, along with the pathlength for the in te rac t ions , to give the 
pathlength per momentum interval displayed in Fig . 12. This 
path-length includes only Κ track length in the interaction volume not 
preceded by a visible K-P scatter. 

The second task, before the c ro s s sections can be computed, is 
to es t imate the t rue number of interact ions in the var ious momentum 
intervals on the bas i s of the observed momentum distr ibut ion. This 
p rocedu re is complicated by the fact that the low-energy interact ions 
a r e plagued by a "background" of stopping in te rac t ions . Moreover , the 
prec is ion with which the momentum of the Κ is de termined var ies over 
a factor of 10, according to the configuration of the individual events . 
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Fig . 12. Pathlength distr ibution plotted as a function of K-

momentum in the labora tory . 
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Therefore , a maximum-l ikel ihood es t imate was made for the t rue 
momentum distr ibution using the observed e r r o r for each event (see 
Appendix B). 

E r r o r s were propagated to the c r o s s section es t imates from 
both the ma t r ix - inve r s ion technique and the maximum-l ikel ihood method. 
The es t imates for the c ros s sections a r e shown in F igs . 13 and 14 and 
summar ized in Tables III, IV, and V. For each charged Σ event 
giving an in-flight fit, the l abora tory momentum and c . m . cosine have 
been plotted on a sca t te r d iagram (Figs . 15 and 16). 

2. Branching Ratios 
The branching ra t io between Σ- and Σ+ production falls out as 

a consequence of the c r o s s - s e c t i o n ana lys i s . The m e a s u r e m e n t of the 
Λ to Σ0 rat io is not so s imple . The most re l iable value is the one 
obtained for Λ production by Κ interact ions at r e s t , where the separat ion 
between d i rec t and indirect Λ's can a lmost be done by inspection (see 
Fig. 8.). Four of the events, with an energy near 35 Mev, are 
interpreted as Κ-+p→γ+ Λ, which implies a branching ratio for this process 
of about 0.8% of the total Λ production. There is a c lus te r of events at 
40 Mev, two of which have energ ies that a r e wel l -de termined and within 
e r r o r s of each other . These events a re in terpre ted as in-flight Κ 
interactions. The Λ/(Σ0+Λ) separation was done by 
the maximum-likelihood method for Κ interactions, both at-rest and in-flight. A plot of the 
likelihood function for the a t - r e s t events is shown in Fig . 17, and the 
in-flight ra t ios a r e indicated in Fig. 18. Seven events with energies in 
excess of 3 s tandard deviations from either the Λ or the Σ0 spec t rum 
were not included in the likelihood calculations. The production 
branching ratios are summarized in Table VI. 

3. Scat ter ing-Length P a r a m e t e r s 
The theory of low-energy (s-wave) Κ--p in teract ions presen ted 

by Dalitz and Tuan has been used to fit all the in teract ion p r o c e s s e s 
observed in this experiment, including the K--p elastic and charge-
exchange cross sections.2 Two distinct solutions were found using this 
formulation, and for each, the optimum value of six parameters used in 
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Table III 

Momentum dependence of the Σ- c ross section. 

K- Lab 
Momentum 
Interval 

(Mev/c) 

Experimental 
Cross Section 

Estimate 

Variance matr ix for estimate of cross section K- Lab 
Momentum 
Interval 

(Mev/c) 

Experimental 
Cross Section 

Estimate 50-75 75-100 100-125 125-150 150-175 175-200 200-225 225-250 250-275 

K- Lab 
Momentum 
Interval 

(Mev/c) 

Experimental 
Cross Section 

Estimate 50-75 75-100 100-125 125-150 150-175 175-200 200-225 225-250 250-275 

K- Lab 
Momentum 
Interval 

(Mev/c) 

Experimental 
Cross Section 

Estimate 50-75 75-100 100-125 125-150 150-175 175-200 200-225 225-250 250-275 

50-75 217.5 9499.8 The symmetric elements of the variance matr ix 

75-100 110.3 -1088.6 1774.2 ( ) have not been duplicated. 

100-125 42.0 32.7 -121.9 416.7 

125-150 48.3 2.0 -1.2 -95.4 226.8 

150-175 10.7 -0.1 -0.3 6.5 -20.7 43.3 

175-200 35.7 -0.6 -0.2 -0.5 1.5 -11.6 63.4 

200-225 15.8 -0.3 -0.2 0.0 -0.3 1.7 -12.7 32.3 

225-250 10.4 -0.2 -0.1 -0.1 0.0 -0.4 3.2 -10.7 30.9 

250-275 17.3 -0.5 -0.2 -0.1 -0.2 0.2 -1.9 6.0 -22.0 138.8 



-34-

T a b l e IV 

Κ- L a b 
M o m e n t u m 

I n t e r v a l 
( M e v / c ) 

E x p e r i m e n t a l 
C r o s s Sec t ion 

E s t i m a t e 

Momentum d e p e n d e n c e of the Σ c r o s s s e c t i o n . 

Κ- L a b 
M o m e n t u m 

I n t e r v a l 
( M e v / c ) 

E x p e r i m e n t a l 
C r o s s Sec t ion 

E s t i m a t e 

V a r i a n c e m a t r i x for e s t i m a t e of c r o s s s e c t i o n Κ- L a b 
M o m e n t u m 

I n t e r v a l 
( M e v / c ) 

E x p e r i m e n t a l 
C r o s s Sec t ion 

E s t i m a t e 7 5 - 1 0 0 100-125 125-150 150-175 175-200 200-225 2 2 5 - 2 5 0 2 5 0 - 2 7 5 

7 5 - 1 0 0 27.8 754.0 T h e s y m m e t r i c e l e m e n t s of the v a r i a n c e m a t r i x 

100-125 75.8 - 2 0 2 . 2 739.6 ( ) h a v e not b e e n d u p l i c a t e d . 

125-150 20.8 27.7 -159 .0 237.6 

150-175 39.1 -4 .9 17.0 - 5 6 . 5 122.2 
175-200 20.6 0..4 - 3 . 0 4 .8 -18 .3 55.4 
200-225 18.2 - 0 . 1 0.2 - 0 . 7 2.7 - 1 2 . 0 33.6 

225-250 21.3 - 0 . 1 - 0 . 2 0.1 - 0 . 6 1.7 - 9 . 1 46 .8 
250 -275 15.3 -0.1 - 0 . 1 - 0.1 0.1 - 0 . 5 3.1 -22.9 140.9 
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Table V 

Momentum dependence of the ( ς 0 + Λ ) c r o s s section 

Κ- Lab 
Momentum 
Interval 
(Mev/c) 

Exper imenta l 
Cross Section 

Es t imate 

Var iance ma t r ix for es t imate of c ros s section Κ- Lab 
Momentum 
Interval 
(Mev/c) 

Exper imenta l 
Cross Section 

Es t imate 125-150 150-175 175-200 200-225 225-250 

125-150 154.7 32864.2 The symmet r i c e lements of the var iance ma t r i x 

150-175 86.7 -18324.2 12174.1 ( ) have not been duplicated 

175-200 11.2 5981.4 -4512.0 2262.8 

200-225 34.6 -1737.6 1443.2 -920.1 557.2 

225-250 5.4 626.4 -534.5 361.5 -245.2 161.5 
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Fig. 13. C ros s section for production of Σ- hyperons 
presented as a function of the Κ- momentum in the 
laboratory. The solid curve represents the theoretical 
prediction for the better of the two scattering length solutions 
(solution I). 
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Fig. 14. Cross section for production of Σ+ hyperons 
presented as a function of the Κ- laboratory momentum. 
The solid curve r e p r e s e n t s the theore t ica l predict ion 
for the be t t e r of the two sca t te r ing length solutions 
(solution I). 
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Fig . 15. Each Σ- produced by an in-flight K - - p in teract ion 
is r ep resen ted by a point whose coordinates a r e the Κ- 

production angle in the Κ--p c . m . sys tem, and the Κ- 

l abora tory momentum. Events that a r e not in-flight by 
inspection a r e indicated by a square (these events have 
fitted momenta which are at least three standard 
deviations from stopping). 
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Fig . 16. Each Σ+ produced by an in-flight Κ--p interact ion 
is r ep re sen ted by a point whose coordinates a r e the 
production angle in the Κ--p c.m. system, and the Κ-

laboratory momentum. Events that are not in-flight by inspection 
a r e indicated by a square (these events have fitted momenta 
which a r e at l eas t t h ree s tandard deviations from stopping). 
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Fig . 17. Log of the likelihood plotted as a function of the 
branching ra t io Λ/(Λ + Σ 0 ) . 
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F ig . 18. Branching ra t io Λ / ( Λ + Σ 0 ) p resen ted as a function 
of the Κ- momentum in the l abora to ry . The solid curve 
r e p r e s e n t s the theoret ica l predict ion for the bet ter of the 
two sca t te r ing length solutions (solution I). 
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Table VI 

Est imated number of events in acceptance volume as a function of l abora tory momentum 

K- Lab 
Momentum 
Interval 
(Mev/c) 

Σ- Σ + Σ0 + Λ K- Lab 
Momentum 
Interval 
(Mev/c) 

Number 
Analyzed 

Es t imated 
Number 

Number 
Analyzed 

Es t imated 
Number 

Number 
Analyzed 

Est imated 
Number 

Neutral Decays 
Included 

at r e s t 1101 1553.3 477 721.7 471 771.2 1199.8 
50-75 7 12.3 6 - - - - - - - -

75-100 14 15.2 5 3.8 60 - - - -

100-125 12 11.5 12 20.8 123 - - - -
125-150 14 23.1 11 9.9 67 47.6 74.0 
150-175 10 8.3 18 30.3 34 43.2 67.2 
175-200 24 39.5 12 22.8 22 7.9 12.4 
200-225 16 21.3 18 24.6 10 30.1 46.8 
225-250 9 10.4 15 21.3 11 3.5 5.4 

250-275 5 4.9 4 4 .3 0 0.0 0.0 
275-300 0 - - 1 - - 0 - - - -
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the theory have been determined by minimizing the difference between 
theoret ical and observed c ross sections (using the l e a s t - s q u a r e s 
method). The X2 function included c ro s s sections in 57 momentum 
and angle intervals, and 7 branching ratios (see Appendix C). The 
solutions and their X2 are listed in Table XI. 
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V. CONCLUSIONS 

A. Decay Rates and the ΔΙ=1/2 Rule 

The ΔΙ=ΐ/2 rule makes a definite prediction for the ratio of the decay matrix elements for Δ→π0 +n and π-+p decay.8 The prediction is: 

s-
2 + p-

2 

= 2 / 3 , 
( s -

2 + p -
2 ) + (s0

2 + p0
2) 

= 2 / 3 , 

where s- and p- are s- and p-wave amplitudes for the π-+p decay 

mode, and s0 and p0 are s- and p-wave amplitudes for the π0+n  

decay mode. The experimental branching ratio from this experiment is 

( π - + p ) =0.643 ±0.016, 
(π 0+n) + ( π - + p ) 

=0.643 ±0.016, 

which, after taking account of phase space for the two decay modes, 
yields the value 

s-
2+p-

2 

= 0.650±0.016. 
( s -

2 +p -
2 ) + (s0

2+p0
2) 

= 0.650±0.016. 

Another interesting (but less constraining) prediction following 
from the ΔΙ= 1/2 rule concerns the relative size of the amplitudes for 
the three decay modes of charged Σ hyperons. If the s and p 
amplitudes for a single decay mode are represented as a two-dimensional 
vector, then the ΔΙ= 1/2 rule predicts the following vector relationship:8 

√2 0 + += -, 

where 0 corresponds to Σ+→ τ 0 + p , 

- + corresponds to Σ+→·π++n, and 
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- cor responds to Σ+→ π- + n. 

The decay ra tes for the three decay modes have been determined in this 
experiment to be: 

R0 = (0.666 ±0 .047)×10 1 0 / sec , 

R + = ( 0 . 6 4 1 ± 0 . 0 4 6 ) × 1 0 1 0 / s e c , and 

R- = ( 0 . 6 3 4 ± 0 . 0 2 5 ) × 1 0 1 0 / s e c . 

There fore , the amplitudes (including the phase space correct ion) have 
re la t ive s izes 

|a0| = 0.544 ± 0 . 0 1 9 , 

|A+| = 0 . 5 4 0 ± 0 . 0 1 9 , and 

|A-| = 0 .527±0 .010 . 

The resul t ing vector t r iangle has an angle between - and + of 
92.4 ±4.8 deg. Measurements of the decay a s s y m m e t r i e s for Σ+ decay 
reveal that the vector 0 must have appreciable components of both 
s- and p-wave ampli tudes , while + must be an almost pure s or 
p wave.10 Σ- decay suggests that - is also a lmost pure s or p 
wave.11 Hence the vector t r iangle has the r emarkab le p roper ty that it 
appears to be near ly a right t r iangle with i ts legs about 1 deg from the 
s and p axes . Theore t ica l significance has been attached to this s tr iking 
alignment of the t r iangle in a paper by A. P a i s , 1 2 in which the suggestion 
is made that the weak as well as the strong interactions might be coupled 
through a doublet approximation model of the elementary particles. 

The exper imenta l resu l t s a r e cer ta inly very consistent with the predict ions of the ΔΙ=1/2 rule; however, only the magnitudes of the decay ampli tudes a r e observable in this exper iment and not the phases . It has been pointed out that appropr ia te mix tures of ∆I= 1/2 and ΔΙ=3/2 can give rise to the same physical consequences as the ∆I=1/2 rule, but with certain phases shifted by 180 deg.13 
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B. Hyperon Spins 

The spin of the hyperons has been determined by previous 
exper iments ; 1 4 , 1 5 , 1 6 however, further evidence is available from this 
exper iment , subject to two assumpt ions . F i r s t , it is assumed that the 
Κ meson has spin zero.15 Secondly, Κ interactions that occur at rest 
are assumed to take place from s orbits in accordance with the 
calculations of Day, Snow, and Sucher.3 If we make these assumptions, it 
is clear that the angular momentum of the initial state is J = 1/2. 
Therefore, the maximum angular momentum component along the direction 
of the Σ can not exceed 1/2, by conservat ion of the component of J 
projected along the Σ . This means that if the Σ hyperon spin is 
g rea te r than 1/2, cer ta in spin s tates with angular momentum component 
in excess of 1/2 along the Σ direct ion a r e forbidden. As a resu l t , only 
spin 1/2 can give an isotropic distribution.16 Spin 3/2 gives a 
distribution of the form 1 + 3 cos2θ. 

The Σ+ and Σ- decay dis tr ibut ions for Κ- in teract ions at r e s t 
have been fitted to dis t r ibut ions of the form Ν = a1 + a2 cosθ + a3 c o s 2 θ . 
The resu l t s shown in Table VII provide strong evidence that both Σ- 

and Σ+ a r e spin 1/2 p a r t i c l e s . The same argument applies to the 
d i rec t ly produced Λ hyperons; the resu l t recorded in Table VII strongly 
indicates isotropy, hence spin 1/2 for the Λ. 

The Σ0 spin can be establ ished with cer ta inty under the r a the r 
tenuous assumption of odd Σ0 - Λ par i ty . 1 7 In this ca se , it is possible 
to show that the Σ0 -Λ distribution is isotropic for spin 1/2 and is 
(1 +0.6 cos2θ) for spin 3/2. Again, isotropy is highly favored, as can 
be seen from Table VII. 
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Table VII 

Decay angu la r d i s t r i bu t i ons 

Decay mode Angle 
In t e rva l 
Widths 

Ν = a1 +a2 cosθ + a3 c o s 2 θ D e g r e e s 
of f reedom Χ2 Decay mode Angle 

In t e rva l 
Widths 

a1 a2 a3 
a3/a1 

D e g r e e s 
of f reedom Χ2 

Σ - → π - + n  
(F ig . 3b) 

Σ - - π 0.2 1 0 8 . 6 ± 5 . 0 - 4 . 2 ± 5 . 7 - 2 . 3 ± 1 1 . 3 - 0 . 0 2 ± 0 . 1 0 7 3.6 

Σ + → π + + n 
(F ig . 4b) 

Σ + - π 0.2 2 0 . 0 ± 2 . 3 - 2 . 7 ± 2 . 6 6 . 5 ± 5 . 2 0 .33±0 .29 7 13.6 

Σ+→π0+p  
(F ig . 5b) 

Σ + - π 0.2 2 6 . 6 ± 2 . 4 - 4 . 4 ± 2 . 7 - 6 . 6 ± 5 . 4 - 0 . 2 5 ± 0 . 1 9 7 7.8 

Σ+→{π++n 
π0+p 

Σ + - π 0.2 4 8 . 0 ± 3 . 3 - 6 . 9 ± 3 . 8 - 2 . 4 ± 7 . 5 - 0 . 0 5 ± 0 . 1 6 7 9.1 

Λ → π - + ρ 
D i r e c t 
(F ig . 7a) 

Λ - π 0.2 8.1 ± 1 . 3 2.9 ±1 .6 - 0 . 6 ± 3 . 1 -0 .07 ±0 .37 7 10.0 

Λ → π - + ρ 
Ind i rec t 
(Fig. 7b) 

Λ-π 0.2 3 8 . 4 ± 3 . 0 3 . 3 ± 3 . 4 - 0 . 5 ± 6 . 7 - 0 . 0 1 ± 0 . 1 7 7 8.2 

Σ 0 → γ + Λ 
(F ig . 8) 

Σ0-γ 2 Mev 3 4 . 5 ± 2 . 7 0 . 6 ± 3 . 0 0 . 3 ± 6 . 1 0 .01±0 .18 8 2.9 
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C. Product ion Ratios for Κ- / Interactions at Rest 

The number of Σ+ and Σ- hyperons produced at res t is readi ly 
available from Table VI. The number of Σ0 and Λ hyperons can be 
calculated using Table VI and the Λ / ( Σ 0 + Λ ) ra t io of 0.186 ± 0.017. The 
numbers obtained in this way yield the rat io Σ - : Σ + : Σ 0 : Λ= 1553: 7 2 2 : 
977: 223. The react ion ampli tudes can then be calculated and resolved 
into I -spin-0 and I - sp in - l channels for Σ production. The re su l t s can 
be expressed in t e r m s of the rat io of I -sp in-0 and I - sp in - l amplitudes 
for the Σ mode and their re la t ive phase , plus the rat io of the Λ I - sp in - l 
amplitude to the Σ I - sp in - l amplitude (see Appendix C). These quantit ies 
(after phase - space cor rec t ions) have been determined to be: 

| 
ΑΣ1 

| = 0 .37±0.06, 

| 

ΑΣ0 
| = 0 .37±0.06, 

cos ΦΣ0Σ1 = 0.70 - 0 . 1 0
+ 0 . 1 4 . 

and 

| 

ΑΣ1 

| = 1.57 ± 0 . 2 3 . 
| 

ΑΛ1 
| = 1.57 ± 0 . 2 3 . 

The scattering-length analysis (see Appendix C) predicts at-rest 
properties for the Κ--p system, and these predictions have been entered 
in the f i rs t row of Tables XIV and XVI for the two solutions found by 
a fit to all the data of this exper iment . 



-49 -

D. Hyperon Product ion by In-Flight Κ-p Interact ions 

Interactions of the Κ--p system at low energies provide a 
contrast to the more conventional low-energy interactions of pions and 
nucleons. In the case of the Κ--p sys tem, there a r e severa l absorption 
channels avai lable , and in teract ions through these channels a r e so 
s t rong that they dominate the behavior of the in teract ions even in the 
elast ic channels . Both of the sca t ter ing- length solutions that have been 
found to fit the data of this experiment reveal the same general p roper ty 
of having almost pure imaginary sca t te r ing lengths as a resul t of the 
strong absorpt ion. In fact, the most s tr iking difference between the 
two solutions is the behavior of the phase between the I-spin-0 and 
I-spin-1 absorption amplitudes, and its influence on the Σ-/Σ+ ratio 
(see Tables XIV and XVI). The be t te r of the two solutions tends to 
predic t Σ - / Σ + ≈ 1 and slowly varying, while the other solution pred ic t s 
Σ - / Σ + ≈ 1 and rapidly falling. 

No at tempt has been made to c o r r e c t for p-wave effects because 
the magnitude of the p-wave contribution is not known. The angular 
dis t r ibut ions for Κ--p interact ions a r e quite consistent with isotropy, 
and the s-wave theory seems to fit quite well; therefore , the data of 
this exper iment a r e probably not sufficiently definitive to justify a fit 
with m o r e p a r a m e t e r s using a non-zero effective-range theory. Fu r the r 
data soon will be available from a recent Κ--p experiment now in the 
p roces s of being analyzed. 
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E. Curren t Extensions of the Analysis 
1 

Several var ia t ions of the sca t te r ing length analysis a r e being 
cur ren t ly used to refit the data. The separa te Σ- and Σ+ a r e being 
combined into a single ( Σ - + Σ + ) c ro s s section in o rde r to minimize the 
effects of phase shifts from the pion-hyperon channels as a function of 
energy. ( Σ + + Σ - ) is independent of the phase Φ between the I - sp in-0 
and I -sp in-1 Σ channels . Also, a fit to the data will be at tempted 
without using the higher energy in te rac t ions . An at tempt will be made 
to subtract out p-wave in terac t ions in order to invest igate the dependence 
of the p a r a m e t e r s on the p-wave contamination. The s ix-dimensional 
X2 space will be investigated from star t ing points other than the Dalitz 
s tar t ing values used in this r epor t . 

A s imi la r sca t te r ing length analysis of a recent Κ--p exper iment 
(in the same bubble chamber) is under way. The separa ted beam used 
in the new experiment is much r i che r in Κ - ' s , and has a much smal le r 
number of background t r a c k s . Exper ience with the bubble chamber has 
also led to improvements in the quality of the bubble chamber 
photographs. The number of events available for anlaysis will be about three 
t imes the number repor ted in this exper iment . 
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APPENDICES 

A. DATA-PROCESSING PROGRAMS 

Analysis of the 15-inch bubble chamber film was accomplished 
with the aid of a s e r i e s of 704 p r o g r a m s , pr incipal ly PANG, KICK, 
EXAMIN, MERGE, and PATH. 

1. PANG 

P r o g r a m PANG is designed to analyze t racks in the 15-inch 
hydrogen bubble chamber.18 The analysis includes spatial 
reconstruction of points measured along the track (from the most suitable two of 
the four views for the t rack under considerat ion) , and a l e a s t - s q u a r e s . 
fitting of these points with a space curve . The p r o g r a m recons t ruc t s 
points in space, taking into account such optical p rope r t i e s of the chamber 
as the index of refract ion of the liquid hydrogen, deflections of severa l 
glass windows, the effect of severa l m i r r o r s , and lens dis tor t ion. The 
curve , which is fitted to the recons t ruc ted t rack points , includes t e r m s 
that modify its shape to account for var ia t ions of the magnetic field 
along the t rack , and change of curva ture resul t ing from energy loss of 
the pa r t i c l e . Momentum, posit ion, and angles at each end of each 
t rack a r e calculated. Also, e r r o r s for most of these quantit ies a r e 
computed, including the effect of Coulomb sca t te r ing . 

The input information is originally in the form of IBM c a r d s . 
The input ca rds include " m a s t e r ca rds" containing film m e a s u r e m e n t s 
of fiducials in the chamber and cer ta in other information pertaining to 
the event being considered. The r e s t of the ca rds a r e " t rack c a r d s , " 
each containing film posi t ions of points along a t rack as measu red on a 
digitized project ion mic roscope . 

The output is of th ree types . One type is the "on- l ine p r in tou t , " 
in which e r r o r indications a r e pr inted out via the on-line IBM pr in te r 
each t ime a defect is detected in the input information. There is 
also an off-line printout; after the resu l t s of the calculations of an event 
a r e writ ten on a tape, the tape is "pr in ted" on a high-speed p r in t e r . 
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The third output is a tape containing information corresponding to that 
on the off-line printer tape, but in binary form more suitable for use 
by subsequent programs. 

The running time per track is one or two seconds, and the time 
for a typical event in this experiment is about six seconds. 

2. KICK 
The KICK program is designed to extract, from the track 

information of PANG, the best values of the parameters describing an 
interaction or decay vertex.19 If it is possible to measure the 
direction and momentum of all the particles at a vertex, then the kinematics 
of the vertex are overdetermined. The measured values of angles and 
momentum for each track must be adjusted to be consistent with the four 
constraints of energy-momentum conservation. If the direction or 
momentum of a particle cannot be measured (for example, a momentum 
measurement may not be available for a short track), one or more of 
the constraints may be used to calculate the missing quantities, and 
the measured values are then adjusted to satisfy the constraints still 
remaining. The KICK program handles five constraint classes 
corresponding to the number of missing variables at the vertex (the fifth 
class is merely a calculation using the four equations of constraint to 
calculate four missing variables). 

A least-squares criterion was used to adjust the measurement 
values. The PANG program generally computes three variables for 
each track: the momentum, and two angles in terms of spherical 
coordinates. The errors in these quantities are also computed by PANG. 
The adjusted variables are found by minimizing the following equation: 

X2 = 
Ν 

(xi-xim)Gij(xj-xjm), X2 = Σ (xi-xim)Gij(xj-xjm), X2 = 
i = 1 
j = 1 

(xi-xim)Gij(xj-xjm), 

subject to the equations of constraint, F (χ.) = 0, and \- 1, C, 
λ i 

where xi = adjusted variable, 
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xi
m = measured variable, Gij

-1 = δxi
m δxj

m = error matrix, Ν = number of measu red va r i ab les , F λ (x i ) = energy-momentum conservat ion, and C = 4-(number of miss ing var iab les ) . The chi-square function should be distributed as a X2 

distribution with the number of degrees of freedom equal to C. In actuality, the X2 dis tr ibution for the events analyzed in this exper iment deviates somewhat from the expected dis tr ibut ion. A study of this problem seems to indicate that the e r r o r s computed in PANG a r e about 15% too smal l , and that the e r r o r dis t r ibut ions of the variables measu red by PANG have a small non-gauss ian ta i l , which probably ref lects the effects of smal l -ang le single s ca t t e r s and turbulence of the liquid hydrogen in the chamber . The re is a lso weak evidence from the data that the momentum estimates from curvature may be too small by about 3%; however, this does not have any significant effect on the answers, and a cor rec t ion has not been included in the analysis (wel l -determined events seem to depend principally on the angular measurements). More detailed discussion of the X2 distribution is available in Ref. 1. 

The KICK p r o g r a m computes as output the adjusted values for 
momentum and angles at the ver tex considered (as well as a complete 
e r r o r ma t r ix ) , the value of X2, and cer ta in information about the 
direct ion and magnitude of the adjustments to the PANG m e a s u r e d 
values (for studies of sys temat ic e r r o r s in the PANG es t ima tes ) . The 
input to KICK is the b inary tape produced by PANG, and the output is 
another binary tape. The running time is about the same as PANG, 
i. e., about 6 seconds per event. 
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3. EXAMIN 

The EXAMIN p r o g r a m p r o c e s s e s the binary tape from KICK. 
The KICK output for an event is examined to see if the event has been 
fitted successfully ( i . e . , has an acceptable X2), and successful fits 
a r e used to compute the final physical p a r a m e t e r s descr ibing the event. 
There a re usually about 50 such p a r a m e t e r s per event, and these a re 
written on a binary tape to be merged into a library of events. 
Unsuccessful fits are rejected and information that might be useful for 
r eprocess ing the event is pr inted out. Pathlength for the in teract ions 
is also computed at this point. 

4. MERGE 

The MERGE p r o g r a m accumulates the resu l t s of the accepted 
fits in such a way that an up- to-da te sample of events is always available 
on a b inary tape for summary calculat ions based on the whole exper iment . 
The p r o g r a m also keeps t rack of the location of r e su l t s for events at 
each stage of computation; it r eco rds which events have been re jected 
and why, and in general handles the bookkeeping chores . 

5. PATH 

PATH is a special p r o g r a m that p r o c e s s e s the PANG output for 
the Κ- t r acks that went through the chamber , and calculates the length 
of Κ t rack in the fiducial volume and the Κ- momentum at an entrance 
plane in the chamber . This pathlength information, together with the 
pathlength information for the events (calculated in EXAMIN) de te rmines 
the pathlength used to es tabl ish the c r o s s sect ions . 
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B. Maximum-Likelihood Es t imate 
of the Number of Interact ions per Momentum Interval 

In the analysis of this exper iment it was always n e c e s s a r y to 
consider two types of in teract ions ; those ar i s ing from the d i sc re te set 
of stopped Κ mesons and those crea ted by K-p in teract ions over a 
continuum of Κ momenta . Any individual event cannot be classif ied 
unambiguously as one or the other; however, all the events in the 
experiment taken together can be used to estimate the distribution of events 
in the two c l a s s e s . To this end, the number of events in each of severa l 
momentum intervals was es t imated according to the maximum-l ikel ihood 
method.20 

An attempt was made to fit all the hyperon productions as 
inflight interactions; however, the kinematics program frequently only 
gave a fit with ze ro Κ momentum. Hence, the m e a s u r e m e n t s of the 
events also can be divided into two c l a s se s corresponding to a t - r e s t fits 
and in-flight fi ts . The contributions to the likelihood calculat ions were 
different for each c l a s s . 

1. Formula t ion of the Likelihood P rob lem 

The likelihood function is defined as the probabil i ty of observing 
an exper imenta l measu remen t as a function of the set of p a r a m e t e r s 
ai to be es t imated . The set of p a r a m e t e r s that provides the highest 
probabil i ty of observing the exper imenta l resu l t s is taken as the best 
es t imate of the p a r a m e t e r s . In this pa r t i cu la r ca se , the problem is 
one of determining the bes t e s t imates for the t rue number of events 
expected in severa l momentum in te rva l s . This task is confounded in 
two ways: f i rs t , there is the usual problem of s ta t i s t ica l fluctuation; 
that i s , even if one knows the number of events expected, there is a 
s ta t i s t ica l uncer ta inty in the number observed. Secondly, the momentum 
of a par t ic le can not be measu red with infinite p rec i s ion , and therefore . 
an event taking place at one momentum will have another observed 
momentum, and will possibly be included in another momentum interval. 
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More specifically, the probabil i ty of observing a cer ta in number 
of events in a set of momentum intervals is really a compound 
probability having two important factors. First there is the probability that there 
will be an event in the t rue momentum interval p , p + d p . Secondly, 
there is the probability that, given such an event, the event should be 
measured ("observed") in the momentum interval po, po + dpo. This 
combined probabil i ty can be wri t ten as 

d2P =[Pt(p)dp] [Po(p,po)dpo], 

where Pt = a theoret ica l express ion for the probabil i ty of an event 
at true momentum p, a function of one or more parameters 
ai, and 

Ρo= the probability that p should be observed as po. One 
can then sum over all true p to give the total probability of observing 
any event in the in terval po, po+po as 

dP = [∫Pt(p)Po(p,po)dp] dp o . 

In the pa r t i cu la r case being considered, the re is (in addition to 
the continuum of probabi l i t ies r ep resen ted by Ρ t ) a d i s c r e t e probabil i ty 
represen t ing the probabil i ty of an event occur r ing at r e s t . 

For interactions that give in-flight fits, the differential 
probability dP for observing an interaction at observed K-momentum po  

is then given by: 

In the case of the at-rest fits, the probability of seeing an 
interaction is given by 
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w h e r e 
dn(a i ) 

dp = n u m b e r of e v e n t s p e r m o m e n t u m i n t e r v a l a s a funct ion 

of the p a r a m e t e r s ai, [ 
dn(a i ) 

σ(ai, p) 
dl 

], ai, [ dp σ(ai, p) 
dp ], 

C(p) = probability of passing acceptance criteria on hyperon 
length and orientation, assuming a true momentum p, 

Ρ o ( p , Δ p , po)= p r o b a b i l i t y tha t an even t a t t r u e m o m e n t u m p shou ld 
be observed between momentum po and po + dpo, given 
measurement error Δp, 

pmin = m e a s u r e d m o m e n t u m , be low which an even t i s c o n s i d e r e d 
to fit an a t - r e s t i n t e r a c t i o n , and 

NR = estimate of the true number of at-rest interactions. 
The true total number of acceptable events is then 

N T = N R C(0) + 
∞ dn(a i ) 

C(p)dp. N T = N R C(0) + ∫ 
dn(a i ) 

C(p)dp. N T = N R C(0) + ∫ dp 
C(p)dp. N T = N R C(0) + 

0 dp 
C(p)dp. 

T h e p r o b a b i l i t y e x p r e s s e d in th i s way i s n o r m a l i z e d to un i ty 
when one i n t e g r a t e s o v e r a l l o b s e r v e d K - m o m e n t a po for in - f l igh t f i t s , 
and adds in the p r o b a b i l i t y of o b s e r v i n g an a t - r e s t f i t . 

The log of the l i ke l i hood funct ion is f o r m e d by s u m m i n g the log 
of the p r o b a b i l i t y for each event : 
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where N1 = number of a t - r e s t f i ts , and 

N2 = number of in-flight f i ts . 
The estimated values of the ai are then taken as the values that 
maximize the function In L. 

In p rac t i ce , 
dn(a i) 

dp was pa rame te r i zed by assigning a p a r a m e t e r 

to each momentum interval considered, so that 

dn = ai dp = ai in the ith in terval . 

Fo r the Σ in te rac t ions , Ρ o ( p , Δp, po) was taken as 

where po, Δp a r e the observed momentum and its e r r o r es t imate . 

The Σ accep tance -c r i t e r ion C was 

C(p) = e x p [ - t c / τ ] ( c o s θ f - c o s θ b ) / 2 , 

where tc = t ime of flight for f i rs t 0.1 cm, 

θf = forward cutoff angle (20 deg) in the K-p c . m . sys tem. 

θb = backward cutoff angle (20 deg) in the K-p c . m . sys tem. 
The Λ analysis was m o r e difficult because the Κ momentum 

error distribution is skew. The actually observed quantity is the 
curvature ko of the Κ track at the center of the track; the momentum at 

the end of the t rack is found by computing the momentum p at the center 
of the t rack (p 1 /k o ) , and determining the momentum loss to the end 
of the t rack . There fore , ko and Δk (the curva tu re and its e r r o r 
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estimate) were taken as the observed quantities, and the probability of 
observing an event was expressed in terms of them: 

where k(p) = curvature corresponding to a momentum p at the 
interaction end of the track, 
and C(p) was taken as ( exp [-tc/τ] -exp [ - t m / τ ] ) , 

where tc = t ime of flight for f i rs t 0.1 cm, 

tm = t ime of flight to nea re s t interact ion boundary, and 

τ = lambda l i fet ime. 
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2. The Likelihood Solutions 

The likelihood was formulated with ΝT constrained to be the 
observed number of events, making NRC(0) a dependent variable 
defined by the equation for NT. The likelihood was also formed with a 
Poisson distr ibution for the total number of accepted events , and with 
NR taken as a p a r a m e t e r . The es t imates for the cent ra l values of the 
p a r a m e t e r s were the same with both methods; however, the var iance 
ma t r ix es t imated for the p a r a m e t e r s on the bas i s of the formula 

( V i j ) - 1 = - · d
2 lnL = (δai δaj)-1 ( V i j ) - 1 = - · 

d a i d a j 
= (δai δaj)-1 

was somewhat different. For N T fixed, the cha rac te r of the ma t r ix 
V was that of a mult inomial dis tr ibut ion with appreciable cor re la t ions 
between all parameters. The Poisson formulation gave the more 
acceptable errors, which were used in the further analysis to determine 
the sca t te r ing length p a r a m e t e r s (Appendix C). 

The raw data, the maximum-likelihood estimates, and the 
variance matrices for hyperon production as a function momentum, are 
displayed in Tables VIII, IΧ and X. The cor rec t ions to the raw data, 
and the correlation terms between the at-rest group and the 
low-momentum intervals, indicate the extent of the correction for the at-rest 
vs in-flight ambiguity. These cor re la t ion t e r m s also indicate the 
momentum resolution for in-flight events of this experiment; in 
particular, the off-diagonal elements do not become small for the Σ events 
unless the momentum intervals a r e lumped into 50 Mev/c in te rva l s . 
If in tervals a r e combined into l a rge r in t e rva l s , a new var iance ma t r i x 
is easi ly computed by m e r e l y adding together appropr ia te e lements of 
the var iance ma t r ix V. As an example, consider the following case: 
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Table VIII 

Κ- lao 
momentum 

interval 
(Mev/c) 

Summary of numbers of events as a function of Κ momentum for Σ- production 

Κ- lao 
momentum 

interval 
(Mev/c) 

Number 
events 
observed 

Corrected 
number of 
events 

Variance matrix for estimate of corrected number of events Κ- lao 
momentum 

interval 
(Mev/c) 

Number 
events 
observed 

Corrected 
number of 
events 0-50 50-75 75-100 100-125 125-150 150-175 175-200 200-225 225-250 250-275 

0-50 1101 1103.0 1105.3 The symmetric elements of the variance matrix 
50-75 7 8.7 -2.4 15.3 (δNi δNj) h a v e n o t been duplicated. 
75-100 14 11.2 0.0 -4.4 18.2 

100-125 12 8.5 -0.3 0.3 -2.5 17.1 
125-150 14 16.9 -0.1 0.0 -0.1 -6.7 27.6 
150-175 10 6.2 0.0 0.0 0.0 0.8 -4.2 14.4 
175-200 24 29.8 0.0 0.0 0.0 -0.1 0.4 -5.6 44.0 
200-225 16 15.8 0.0 0.0 0.0 0.0 -0.1 1.0 -10.6 32.3 
225-250 9 7.9 0.0 0.0 0.0 0.0 0.0 -0.2 2.0 -8.1 17.7 
250-275 5 3.7 0.0 0.0 0.0 0.0 0.0 0.0 -0.3 1.3 -3.5 6.2 
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Table IX 

Κ- lab 
momentum 

interval 
(Mev/c) 

Summary of numbers of events as a function of Κ momentum for Σ + production 

Κ- lab 
momentum 

interval 
(Mev/c) 

Number 
events 
observed 

Corrected 
number of 
events 

Variance matrix for estimate of corrected number of events Κ- lab 
momentum 

interval 
(Mev/c) 

Number 
events 
observed 

Corrected 
number of 
events 0-75 75-100 100-125 125-150 150-175 175-200 200-225 225-250 250-275 

0-75 483 484.4 485.6 The symmetric elements of the variance matrix 

(δNi δΝj) have not been duplicated. 75-100 5 2.6 -10.2 6.6 
The symmetric elements of the variance matrix 

(δNi δΝj) have not been duplicated. 
100-125 12 14.2 0.0 -3.5 26.0 
125-150 11 6.6 -0.1 0.8 -9.6 24.3 
150-175 18 21.0 -0.1 -0.2 1.7 -9.7 35.1 
175-200 12 14.7 0.0 0.0 -0.4 1.1 -7.0 28.2 
200-225 18 17.0 0.0 0.0 0.1 -0.2 1.4 -8.0 29.3 
225-250 15 15.3 0.0 0.0 0.0 0.0 -0.2 0.9 -6.1 24.1 
250-275 4 3.2 0.0 0.0 0.0 0.0 0.0 0.1 0.6 -3.4 6.1 

275-300 1 - - - - - - - - - -
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Table X 

Κ- Lab 
Momentum 
Interval 
(Mev/c) 

Summary of numbers of events as a function of Κ momentum for Σ0 + Λ production 

Κ- Lab 
Momentum 
Interval 
(Mev/c) 

Number 
Events 

observed 

Correc ted 
number of 

events 

Variance ma t r ix for es t imate of co r rec ted number of events Κ- Lab 
Momentum 
Interval 
(Mev/c) 

Number 
Events 

observed 

Correc ted 
number of 

events 0-125 125-150 150-175 175-200 200-225 225-250 

0-125 654- 680.2 1108.7 The symmet r i c e lements of the var iance 
matrix (δΝi δΝj) have not been 

duplicated. 125-150 67 42.8 -943.3 2511.0 

The symmet r i c e lements of the var iance 
matrix (δΝi δΝj) have not been 

duplicated. 

150-175 34 38.8 743.0 -2263.4 2430.2 

175-200 22 6.9 -312.2 1023.3 -1247.8 866.7 

200-225 10 26.8 107.3 -371.1 498.4 -440.0 332.7 

225-250 11 2.9 -26.6 93.3 -128.7 120.6 102.1 469.1 
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n 1 , n 2 , n 3 , . . . 

If we define Ν = n 1 +n 2 , then c lear ly 

δΝδΝ= δn1 δn1 + δn1 δn2 + δn1 δn1 +δn2 δn2  

and 

δΝδn3= δn1 δn3 + δn2δn3 

and in general 

δΝ δn j= δn1 δnj + δn2 δnj  

This merging p roces s can be repeated with the new set of va r i ab les , 
(N, n3, n4, . . . ) and so forth, until the des i red set of in terva ls is 
obtained. The same procedure may be used to es t imate the e r r o r 
associated with the average of a cross section over several momentum 
intervals. 
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C. Determinat ion of Κ- - Nucleon Scat ter ing Amplitudes 

1. Pa r ame t r i z a t i on of Low-Energy Κ--p Interact ions 

Making the assumption of charge independence, it is possible to 
desc r ibe the Κ--p sys tem and its in teract ions in t e r m s of isotopic spin-0 
and spin-1 components . The interact ion amplitudes for these two 
isotopic spin channels may then be expressed in terms of an s-wave 
phase-shift analysis to give 

σ0 = (π/k2) (l- |exp 2 i δ 0 | 2 ) , 

and 

σ1 = ( π / k 2 ) ( 1 - | e x p 2iδ1|2), 

where σe1 = elast ic sca t te r ing c r o s s s e c t i o n , 
σce = charge exchange cross section, 

σ0 = absorption in I-spin 0 channel, 
and 

σ1 = absorpt ion in I-spin 1 c h a n n e l , 

k = wavenumber in c. m. sys tem. (i. e . , k = (p / 1 9 7 . 2 ) f e r m i - 1 , 
where p is momentum in M e v / c ) , 

δ0 = complex phase shift for the I - sp in-0 c h a n n e l , 
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and 

δ1 = complex phase shift for the I-spin-1 channel. 

An effective range expansion gives 
k cot δ0 = 1/A0 + 1/2 R 0 k 2 + . . . 

k c c t δ 1 = 1/A1 + 1/2 R 1 k 2 + . . . 

The effective range has been taken as zero (R0=R1=0), leaving only two 
complex sca t te r ing lengths A0 and A1 to r ep re sen t the Κ--p sys tem at 
low energ ies . In t e r m s of these sca t te r ing lengths the c r o s s sections a r e 

σe1 = π | 
A 0 + A 1-2ikA ( )A1 

|2, σe1 = π | 
(l-ikA0)(1-ikA1) 

|2, 

σ c e = π| 
A 0 - A1 

|2, σ c e = π| 
(1- ikA 0 ) (1- ikA 1 ) 

|2, 

σ0 = 2π ImA0 | 1 
|2, σ0 = 

k 
ImA0 | 

l - i kA 0 
|2, 

and 

σ1 = 2π ImA1 | 1 |2 

σ1 = k 
ImA1 | 

1-ikA1 

|2 

Since there a r e four independent p a r a m e t e r s (the components of 
A0 and A1) and four observable c ro s s sec t ions , it would seem that a 
measu remen t of the c r o s s sections at a single energy should provide 
enough information to de te rmine A0 and Α 1 . Unfortunately, this is not 
the case . There exist four se ts of phase shifts capable of producing a 
given set of c r o s s sect ions at one energy. To see th i s , consider the 
following represen ta t ion of the phase shifts:21 

Let 0 = 
exp[2ϊ δ0] 

Let 0 = 
i 

in the complex plane, and 1 = exp[2i δ1] 

1 = i 

in the complex plane. 
Then, if one knows σ0 and σ1 , 
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| 0| = √ 1-
σ0k2 

, | 0| = √ 1- π , 

and 

| 1| = √ 1-
σ1k2 

; | 1| = √ 1-
σ1k2 

; | 1| = √ 1- π 
; 

and from σe1 and σce, 

| 0 + 1 +2 | = √ 
4k2 σel 

| 0 + 1 +2 | = √ 
π 

and 

| 0 - 1| = √ 4k2σce 
, | 0 - 1| = √ 

π , 

where is a unit vector along the imaginary axis . 
These four conditions a r e i l lus t ra ted d iagramat ica l ly in Fig. 19, 

and it is apparent that a reflection through the rea l axis or a reflection 
through the vector 0 + 1 produces new and equally suitable solutions. 
These four solutions a r e designated a+, b+ , a- and b- as indicated in 
the f igure. The + and - refer to symmet ry about the rea l ax i s , and 
the a and b refer to s y m m e t r y about 0+ 1. 

The l a rge m a s s difference between the 0 -n and Κ--p sys tem 
(5.2 Mev), and the Coulomb interact ion, make it n e c e s s a r y to break the 
strict assumption of charge independence. The zero-effective -range 
formalism has been extended to include these effects.2,22 The 
fourfold ambiguity in the scattering lengths persists in the modified theory. 
The m a s s difference and, most of al l , the Coulomb effects, give r i s e 
to the following m o r e complicated express ions for the c ro s s sect ions: 

dσce 
= 

C2k0 
| 

y 
| 2, 

dΩ = 
k 

| 

D 

| 2, 
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F ig . 19. The source of the 4-fold ambiguity in the sca t te r ing 
length theory is indicated diagramatically. The 
conventional identification (a+, b +, a-, b-) of each solution is 
indicated. 
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σ0 = 
4πC2ImΑ0 

| 
( l - i k 0 A 1 ) |2 

σ0 = k 

| 

D 

|2 

and 

σ1 = 
4π .C 2 Ι m Α 1 

| 
(1-ik0A0) |2 

σ1 = k 

| 

D 

|2 

Also, we have D=(l- ixk 0 ) ( l - i x C 2 k ( l - i λ ) ) + C 2 k 0 k ( l - i λ ) y 2 

where θ = Κ --Κ - sca t te r ing angle in the c e n t e r - o f - m a s s sys tem, 
Β = ħ2/μe2, the Bohr radius of the Κ--p system, 

C2 = (2π/kB)/(l- exp[-2π/kB]), the Coulomb penetration factor, 

k0 = wave number in 0-n sys tem, taken posit ive imaginary 
below threshold , 

x = 1 / 2 ( A 1 + A 0 ) , 

y = 1 / 2 ( A 1 - A 0 ) , 

λ ≈ - (2 /C 2 kB) [ ln(2R/B)+g-
∫0

1 
sin2kRv dv] , 

∫0
1 

V 
dv] , 

R ≈ If., range of nuclear in teract ion, 

g = Re Ψ(i /kB)+ ln(kB) +2(0.5772), 
and 

Ψ = (d/dZ) In Γ ( Ζ ) . 

The functions ∫0
1 [(sin2kRv)/v] dv, and ReΨ were evaluated by series 

expansions as follows: 
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and 

kB > 1/5. 

These functions a re plotted in F i g s . 20 and 21. The function λ is 
plotted for 2 values of R(0 .5 and 1.0 fermi) in Fig. 22. 

Now consider the final s ta tes of the two I-spin absorption 
channels: 

σ0 = 3σ(Σ0π0), 

and 

σ1 = [σ (Σ + π - ) + σ(Σ - π + ) -2σ(Σ 0 π 0 ) ] + σ(Λπ0) 

Let the I-spin-1 and I -sp in-0 ma t r i x e lements for the Σ channels 
be M1 and M 0 . Let the I - sp in-1 ma t r i x e lements for the Λ channel 
be N 1 . Let these e lements be normal ized so that 

σ(Σ+π -) = |M0/√3 - Μ 1 √ 2 | 2 ,  

σ(Σ -π+) = |M0/√3 + M 1 / √ 2 | 2 , 

σ(Σ0π0) = | - Μ 0 / √ 3 | 2 , 

σ(Λπ0) = | Ν 1 | 2 , 

and σ0 = | Μ 0 | 2 , σ1 = |Μ1|2 + |Ν1|2. 

At this point, two new p a r a m e t e r s a r e introduced. Although σ0 and 
σ1 are already determined by A0 and A1, it is still necessary to 

specify the phase between M0 and M1 as well as the relative magnitude 
of M1 and N 1 . These p a r a m e t e r s a r e defined in t e r m s of the following 
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Fig . 20. The function 
∫0

1 
sin2kRu 

∫0
1 u 2 du plotted as a function of kR. 
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Fig . 21 . The function ReΨ/(i/kB) plotted as a function of k. 
(B=83 . 6 f.) 
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Fig . 22. Coulomb cor rec t ions a r e l a rge ly represen ted by the 
behavior of the function λ. Here λ is plotted as a function 
of k for R= 1.0 f. and R= 0.5 f. 



- 7 5 -

e q u a t i o n s : 

ε = σ ( Λ π 0 ) / σ 1 = | N 1 | 2 / ( | m 1 | 2 + | Ν 1 | 2 ) , 
and 

w h e r e now 

|M0|2 = σ 0 , 

| M 1 | 2 = σ1(1-ε), ' 
and 

|N1|2 = σ 1 ( ε ) . 

The a s s u m p t i o n i s m a d e tha t the f inal s t a t e i n t e r a c t i o n s (Σπ and 
Λ π ) do not v a r y r a p i d l y with e n e r g y , and tha t the s m a l l v a r i a t i o n in 
p h a s e s p a c e with chang ing Κ--p e n e r g y m a y be n e g l e c t e d . With t h e s e 
a s s u m p t i o n s , it c an be shown tha t ε b e c o m e s a c o n s t a n t 2 and the e n e r g y 
d e p e n d e n c e of Φ i s g o v e r n e d by the known b e h a v i o r of the I - s p i n - 0 and 
I - s p i n - 1 a m p l i t u d e s a c c o r d i n g to the r e l a t i o n 

Φ = Φ ( Ε T ) + a r g [ ( 1 - i k 0 A 1 ) / ( 1 - i k 0 A 0 ) ] , 

w h e r e Φ ( Ε T ) i s the p h a s e for Κ--p i n t e r a c t i o n s at the 0-n t h r e s h o l d . 
T h e r e i s a n o t h e r a m b i g u i t y i n t r o d u c e d by the u n c e r t a i n t y of the s ign 
of Φ at a s i ng l e e n e r g y , i. e . , cos Φ = cos -Φ. Φ ( Ε T ) m a y be d e r i v e d 
f r o m the r a t i o γ = Σ - / Σ + for s i g m a s p r o d u c e d by Κ i n t e r a c t i o n s at 
r e s t . T h e γ i s a m o r e conven i en t p a r a m e t e r than Φ ( Ε T ) , in the s e n s e 
tha t it i s a w e l l - k n o w n e x p e r i m e n t a l n u m b e r and i s l e s s coup led to the 
o t h e r p a r a m e t e r s d u r i n g the f i t t ing p r o c e d u r e . 

The s ix p a r a m e t e r s r e p r e s e n t e d by A 0 , A1, ε and γ c o n s t i t u t e a d e s c r i p t i o n of the Κ--p i n t e r a c t i o n s of th i s e x p e r i m e n t , sub jec t to the assumptions made above. More detailed investigation of these assumptions have been made by Dalitz and Tuan,2 as well as Jackson, 

R a v e n h a l l , and Wyld,2 2 u s i n g the K - m a t r i x r e a c t i o n t h e o r y . 
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2. Fit t ing the Data 

The theore t ica l descr ip t ion of the Κ--p sys tem at low energies 
must be in agreement with two types of exper imental data. About 90% 
of the hyperons a r e produced by Κ- mesons which in terac t at r e s t . 
These events provide statistically well determined production ratios 
between all the hyperon channels at zero energy in the Κ--p system. 
The remaining 10% of the hyperons are produced by Κ- mesons 
interacting in flight, and it is these events, taken with the Κ--p elastic and 
charge-exchange sca t te r ing , which establ ish the energy dependence of 
the Κ--p in te rac t ions . 

The phenomenological theory presented in the previous section 
was fitted to 64 pieces of experimental data. In order to estimate the 
values of the six parameters which best describe the observed data, a 
X2 es t imator was formed, with a contribution to the X2 from each of 
the 64 m e a s u r e m e n t s l is ted in Table XI. The values of the p a r a m e t e r s 
giving a minimum in the X2 were taken as the bes t es t imates for the 
p a r a m e t e r s . 

More specifically, the X2 was of the form 

where xc
i = calculated value of observable data, 

xo
i = experimental value of observable data, 

Δxo
i = error estimate, 

yj = a vector difference between calculated and observed values 
for a set of co r re la ted observables , 

and Gj = error matrix (variance matrix) for a set of correlated 
observables. 
The solution was defined as that set of p a r a m e t e r s such that 

X2 
= 0, with i = 1, 6 

ai 

= 0, with i = 1, 6 
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Tab le XI 

Cont r ibut ions to the X2 e s t i m a t e 

Na tu re of the data S t a t i s t i c a l handl ing 
Momentum 
range 
(Mev/c) 

No. of 
T e r m s 

X2 Con t r ibu t ion . 
Solution Na tu re of the data S t a t i s t i c a l handl ing 

Momentum 
range 
(Mev/c) 

No. of 
T e r m s 

I II 

Κ--p e l a s t i c s c a t t e r i n g c r o s s sec t ion a s a 
function of 7 m o m e n t a in four cos θK-K 

i n t e r v a l s ( -1 .0 , 0.85), (0 .85 , 0.90), 
(0 .90, 0.95), (0 .955 , 0.966) 

7 c r o s s sec t ions p e r cos θK-K i n t e r v a l 
with full v a r i a n c e m a t r i x be tween 
m o m e n t u m i n t e r v a l s 

100-275 
100-275 
100-275 
100-275 

7 
7 
7 
7 

7.56 
2.66 
1.79 
3.93 

15.21 
3.73 
1.91 
3.49 

Κ--p c h a r g e - e x c h a n g e c r o s s sec t ion 7 c r o s s sec t ions with full v a r i a n c e 
m a t r i x be tween m o m e n t u m in t e rva l e 100-275 7 2.14 2.20 

Σ- p roduc t ion c r o s s sec t ion 9 c r o s s s ec t ions with full v a r i a n c e 
m a t r i x be tween m o m e n t u m i n t e r v a l s 50-275 9 9.32 11.80 

Σ+ p roduc t ion c r o s s sec t ion 8 c r o s s s ec t ions with full v a r i a n c e 
m a t r i x be tween m o m e n t u m i n t e r v a l s 75-275 8 10.76 7.20 

(Σ0 + Λ) p roduc t ion c r o s s sec t ion 5 c r o s s s ec t ions with full v a r i a n c e 
m a t r i x be tween m o m e n t u m i n t e r v a l s 125-250 5 13.19 15.40 

Λ / ( Σ 0 + Λ) b ranch ing r a t io 4 r a t i o s t r e a t e d as independent 
quant i t i es 150-250 4 6.28 9.28 

A t - r e s t hyperon produc t ion 3 r a t i o s t r e a t e d as independent 
quan t i t i e s a t r e s t 3 0.29 3.29 
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where a1 a r e the six p a r a m e t e r s of the theory . 
The minimum in the X2 function was found by numerically 
evaluating the first and second derivatives of the function with respect 
to each var iab le , and then moving the one var iable which predicted the 
greatest reduction in the chi square. In some cases, an alternate 
procedure was used to locate the minimum in the chi square, making use of 
a quadrad ic expansion of the form 

X2 = 
6 

(ai - a i
C ) D i j ( a j - a j

C ) + 

6 

( a k - a k
C ) E k

 + F, X2 = Σ (ai - a i
C ) D i j ( a j - a j

C ) + Σ ( a k - a k
C ) E k

 + F, X2 = 
i , j = l 

(ai - a i
C ) D i j ( a j - a j

C ) + 
k = l 

( a k - a k
C ) E k

 + F, 

where ai
C = value of p a r a m e t e r s at point of expansion, 

Dij = matrix (symmetric) evaluated by computing X2 for sets 
of ai in the nieghborhood of ai

C, 

Ek = Vector evaluated by computing X2 for sets of ai in the 
neighborhood of ai

C, 
and 

F = X2 at a i
C . 

Then, differentiating, one obtains 

X 2 
= 2 D l j ( a j * - a j

C ) + El = 0, al 
= 2 D l j ( a j * - a j

C ) + El = 0, 

or 
( a j * - a j

C ) = - 1 / 2 D j l
- 1 Ε l , 

where aj* is the new es t imate of the p a r a m e t e r s at the X2 

minimum. This procedure was repeated several times until the 
parameters no longer moved significantly. 

The s tar t ing values chosen for the p a r a m e t e r s were the es t imates 
recent ly calculated by Dalitz for the a+ , a - , b+ and b- solutions.2 3 

The a+ and b- s tar t ing values led to the same minimum, and the a- and 
b+ starting values led to a second lower minimum. Both of the possible 

phases for Φ were followed for each of the four starting points. Quite 
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smal l s teps were taken in seeking the minimum, in o rder that other 
minima would not be skipped over. The starting values and the solutions 
derived from them are presented in Table XII. 

The values of the p a r a m e t e r s giving the lowest X2, the ma t r ix D, and the var iance ma t r ix for these p a r a m e t e r s , a r e given in Tables XIII and XV. The ma t r i x D allows predict ions of the change in X2 

which a re good to about 30% for var ia t ions of p a r a m e t e r s within a range of 1 or 2 standard deviations of the values at the minimum. The X2 space appears to be skew for several of the parameters. 
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Table XII 

Scat ter ing length p a r a m e t e r s that best fit the data, and 
their s tar t ing values (See Appendix C) 

Solution a 0 ( f . ) b 0 ( f . ) a 1 ( f . ) b 1 ( f . ) γ ε X2 Probabi l i ty of 
exceeding X2 

Starting 
Values 

a-

b + 
-0.75 

1.15 
2.00 
2.00 

-0.85 
0.70 

0.21 
0.25 

2.15 
2.15 

0.41 
0.41 

92.44 
103.33 

0.003 
0.0002 

Final 
Values I -0.220 2.742 0.019 0.384 2.153 0.403 57.914 0.48 

Start ing 
Values 

a+ 

b-
0.05 

-1.85 
1.10 
1.10 

1.45 
-0.10 

0.35 
0.65 

2.15 
2.15 

0.41 
0.41 

120.78 
128.10 

<0.00001 
<0.00001 

Final 
Values II -0.592 0.964 1.202 0.562 2.040 0.391 73.494 0.083 
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Table XIII 
P r o p e r t i e s of the X2 space in the vicinity of solution I 

P a r a m e t e r s a 0 ( f . ) b 0 ( f . ) a 1 ( f . ) b 1 ( f . ) γ ε 

Central values -0.220 2.742 0.019 0.384 2.153 0.403 
Uncertaint ies of 

centra l values 1.07 0.31 0.33 0.075 0.16 0.027 

Variance ma t r ix V (V = δai δa j) 

a0 1.15 Symmetr ic e lements of the ma t r ix V have not been 
duplicated. b0 0.12 0.099 

Symmetr ic e lements of the ma t r ix V have not been 
duplicated. 

a1 
0.28 0.033 0.11 

b1 -0.051 -0.0092 -0.0090 0.0056 

γ -0.052 0.0074 -0.011 -0.00065 0.027 
ε -0.0098 0.00032 -0.0012 -0.00016 -0.00028 0.00072 

Expansion ma t r ix D (X2  Σ Δai. Dij Δ a j + 57.91) Expansion ma t r ix D (X2  

i,j 
Δai. Dij Δ a j + 57.91) 

a 0 12.13 Symmetr ic e lements of the ma t r ix D have not been 
duplicated. b0 -0.10 25.91 

Symmetr ic e lements of the ma t r ix D have not been 
duplicated. 

a1 -24.25 -6.24 73.67 
b l 74.82 29.92 -116.52 926.21 

γ -4.45 -9.26 22.62 -9.13 85.85 
ε 136.58 -20.80 -214.51 991.50 14.65 4471.0 
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Table XIV 

P r o p e r t i e s of the sca t t e r ing- l eng th solution I 
(A0=-0.220+i2.742, A1=0.019+i0.384, γ=2. 153. ε=0.403, X2= 57.9) 

Κ- lab 
momentum 
(Mev/c) 

C r o s s sect ions 
(mb) 

Produc t ion ra t ios P h a s e Κ- lab 
momentum 
(Mev/c) σe1 

σce σ0 σ1 σΣ- σΣ+ 
σ Σ 0 + Λ Λ / ( Σ 0 + Λ ) Σ - / Σ + (Σ- + Σ + ) 

ΦΣ0-Σ1 

Κ- lab 
momentum 
(Mev/c) σe1 

σce σ0 σ1 σΣ- σΣ+ 
σ Σ 0 + Λ Λ / ( Σ 0 + Λ ) Σ - / Σ + 

(Σ 0 +Λ) ΦΣ0-Σ1 

a t - r e s t 
-

- - - - - - 0.21 2.15 1.89 60.3 

37.5 1374.3 0.0 2178.9 425.4 567.4 286.0 448.8 0.19 1.98 1.90 62.4 

62.5 356.2 0.0 1000.5 171.5 242.9 141.9 201.3 0.17 1.71 1.91 67.3 

87.5 201.3 0.0 594.5 83.1 122.6 100.4 115.8 0.14 1.22 1.93 80.9 

112.5 122.6 27.1 278.5 86.4 55.8 62.8 63.8 0.27 0.89 1.86 94.1 

137.5 92.6 23.6 172.9 71.1 37.3 41.5 43.1 0.33 0.90 1.83 93.4 

162.5 74.7 19.4 117.2 58.8 26.9 29.7 31.4 0.38 0.91 1.81 93.0 

187.5 62.5 15.8 84.0 49.4 20.4 22.4 23.9 0.42 0.91 1.79 92.7 

212.5 53.6 13.0 62.7 42.1 16.0 17.5 18.9 0.45 0.92 1.77 92.5 

237.5 46.8 10.8 48.4 36.4 13.0 14.0 15.4 0.48 0.92 1.75 92.3 

262.5 41.4 9.1 38.3 31.7 10.7 11.5 12.8 0.50 0.93 1.74 92.1 

287.5 37.1 7.7 30.9 28.0 9.0 9.7 10.8 0.52 0.93 1.73 92.0 
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Table XV 

P r o p e r t i e s of the X2 space in the vicinity of solution II 

P a r a m e t e r s a 0 ( f . ) b 0 ( f . ) a 1 ( f . ) b 1 ( f . ) γ ε 

Central values -0.592 0.964 1.202 0.562 2.04 0.391 

Uncertaint ies of 
centra l values 0.46 0.17 0.060 0.15 0.18 0.023 

Variance ma t r ix V (V = δai δa j) 

a 0 0.21 Symmetr ic e lements of the ma t r ix V have not been 
duplicated. b0 0.12 0.028 

Symmetr ic e lements of the ma t r ix V have not been 
duplicated. 

a1 -0.11 -0.0053 0.0036 
b1 -0.051 -0.038 0.037 0.022 
γ -0.043 -0.0028 -0.0041 0.012 0.033 
ε -0.00049 -0.00032 0.00073 -0.00092 0.00061 0.00054 

Expansion ma t r ix D (X2  Σ Δai Dij Δa j + 73.49) Expansion ma t r ix D (X2  

i j 
Δai Dij Δa j + 73.49) 

a0 41.55 Symmetr ic e lements of the ma t r ix D have not been 
duplicated. b0 -40.74 139.44 

Symmetr ic e lements of the ma t r ix D have not been 
duplicated. 

a1 
-42.25 129.38 102.14 

b1 
111.93 -100.92 -55.79 299.93 

γ 0.58 16.61 -7.93 11.59 57.50 
ε 258.58 -317.43 -184.09 609.90 -24.32 5022.5 
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Table XVI 

P r o p e r t i e s of the sca t t e r ing - l eng th solution Π 
(A0=-0.592+i0.964, A 1 = 1.202+i0.562. γ=2.040, ε=0.391. X2=73.5) 

Κ- lab 
momentum 

(Mev/c) 

C r o s s sect ions 
(mb) 

Produc t ion r a t i o s P h a s e Κ- lab 
momentum 

(Mev/c) 
σe1 

σce σ0 σ1 σΣ- σΣ
+ σΣ0+Λ Λ / ( Σ 0 + Λ ) Σ - / Σ + ( Σ - + Σ + ) ΦΣ0-Σ1 

Κ- lab 
momentum 

(Mev/c) 
σe1 

σce σ0 σ1 σΣ- σΣ
+ σΣ0+Λ Λ / ( Σ 0 + Λ ) Σ - / Σ + 

(Σ 0 +Λ) ΦΣ0-Σ1 

a t - r e s t - - - - - - - 0.21 2.04 1.91 -63.2 

37.5 1210.3 0.0 1451.9 371.0 409.2 187.7 314.6 0.23 2.18 1.90 -61.7 

62.5 239.7 0.0 653.3 194.4 197.0 79.9 146.9 0.26 2.46 1.89 -59.0 

87.5 115.8 0.0 331.8 157.6 122.4 36.2 86.1 0.36 3.38 1.84 -53.7 

112.5 97.5 27.0 184.3 119.9 66.4 31.5 54.2 0.43 2.11 1. -68.4 

137.5 82.9 24.5 130.0 86.2 42.3 27.3 38.5 0.44 1.55 1.81 -77.1 

162.5 73.1 20.4 96.9 64.5 29.0 23.0 28.8 0.44 1.26 1.81 -83.2 

187.5 65.6 16.7 75.0 49.8 20.8 19.4 22.3 0.44 1.07 1.81 -88.0 

212.5 59.4 13.7 59.7 39.4 15.4 16.5 17.7 0.44 0.93 1.81 -92.0 

237.5 54.2 11.3 48.6 31.8 11.8 14.1 14.3 0.43 0.83 1.81 -95.4 

262.5 49.7 9.3 40.3 26.1 9.2 12.2 11.8 0.43 0.75 1.81 -98.4 

287.5 45.8 7.8 33.9 21.7 7.3 10.6 9.9 0.43 0.69 1.81 -100.9 
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