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Abstract

Interaction between the gravitational waves (GWs) and the strong magnetic fields would lead to 
the perturbed electromagnetic waves (EMWs). Magnetars can have ultra-strong surface magnetic fields 
∼ 1011Tesla, and meanwhile, they would generate the thermal high-frequency GWs (HFGWs) caused by 
the Fermi liquid phonons and the gravitational bremsstrahlung inside. Here, we for the first time address the 
perturbed EMWs caused by such thermal-HFGWs interacting with the ultra-strong surface magnetic fields 
of the magnetars. It is expected that the perturbed EMWs would distribute in very characteristic patterns that 
have never been predicted before, which may deliver and reflect the crucial information of the polarizations 
(tensorial and possible nontensorial) of the thermal-HFGWs and the particular features of the structures of 
magnetars. The estimated power density of such perturbed EMWs would reach ∼ 106–108 W/m2 in the 
area around the surface of magnetar, and the strengths of perturbed EMWs in the observational direction 
would appear in characteristic pulse-like envelopes. Obtained results may suggest the novel effect of poten-
tial evidences of the possible nontensorial GWs, the thermal-HFGWs from magnetars, the mechanism of 
EM response to the GWs, and the models of magnetars and their magnetic fields.
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1. Introduction

The LIGO scientific collaboration and the Virgo collaboration have so far reported 11 grav-
itational wave (GW) events (GW150914, GW151012, GW151226, GW170104, GW170608, 
GW170729, GW170809, GW170814, GW170817, GW170818, GW170823) [1–8] from binary 
black hole mergers [1–5,7,8] (with frequencies around 30 Hz to 450 Hz and dimensionless ampli-
tudes h ∼ 10−21 to ∼ 10−22 near the Earth) or from binary neutron star merger [6] [GW170817, 
comes with the first electromagnetic (EM) counterpart]. These great discoveries inaugurated 
a new era of the GW Astronomy. Meanwhile, in order to obtain more extensive and in-depth 
astronomical information, it will also be very expected to expand the observations in broader fre-
quency bands (low, intermediate, high, and very high-frequency bands), through a wider variety 
of methods with different effects, aiming on more types of sources, to explore richer information 
of properties of the gravity and Universe. In this case, here, we try to present a possible novel 
effect of the perturbed EM waves (EMWs) caused by the thermal GWs from the magnetars (in 
very high frequencies with tensorial and possible nontensorial polarizations) interacting with the 
ultra-strong magnetic fields of the magnetars.

Interactions between the GWs and the EM fields had been long widely studied [9–31], e.g., 
B-mode polarization in cosmic microwave background (CMB) caused by very low-frequency 
primordial (relic) GWs [9–13], EM response to GWs [15–31] (including the EM response to 
high-frequency GWs (HFGWs) which would lead to the perturbed EMWs [21–31]). For such 
issues, physical conditions and factors of the EM systems, such as their strengths, structures and 
scales, will crucially influence the effects of the perturbed EMWs caused by the GWs. Therefore, 
some celestial bodies with very intense EM fields, such as the magnetars, would act as natural 
astrophysical laboratories to provide extremely strong EM backgrounds. As a particular kind 
of neutron stars, magnetars can have ultra-high surface magnetic fields up to ∼ 1011Tesla, and 
meanwhile, the magnetars could also be the sources of the thermal-HFGWs [32–39] (generated 
from the thermal “zero-sound” phonons of Fermi liquid and the gravitational bremsstrahlung in-
side the magnetars, in very high frequencies ∼ 1021 Hz [32]). Thus, the magnetars could generate 
thermal-HFGWs to interact with their own ultra-strong surface magnetic fields and lead to the 
perturbed EMWs.

In this article, based on the electrodynamics in curved spacetime, we investigate the gen-
eration and properties of such perturbed EMWs, and the results suggest that they would have 
very characteristic patterns that have never been predicted before, which may deliver and re-
flect the particular information of the structures of the magnetar surface magnetic fields and the 
polarizations (including possible nontensorial ones) of the thermal-HFGWs.

In frame of general relativity (GR), GWs have only tensor polarizations (+ and × modes), 
but the generic metric theories may predict GWs with up to six polarizations (including vector 
modes: x, y, and scalar modes: b, l) [40,41]. The nontensorial polarizations of GWs is a crucial 
topic which has been widely investigated [21,42–58], but we still very lack information about the 
nontensorial modes of the thermal GWs produced by thermal sources inside the celestial bodies. 
Also, we do not know the properties of the possible components of nontensorial modes and 
their proportions to the tensorial GWs. Interestingly, we find that the tensorial, nontensorial, and 
mixed modes of the thermal-HFGWs, would lead to the perturbed EMWs in very characteristic 
but different manners. In this case, studying such perturbed EMWs would also be a potential 
window to investigate the possible nontensorial GWs.

Plan of this paper is as follows. In Sect. 2, the thermal-HFGWs from the magnetars and 
the employed forms of the surface magnetic fields of magnetars are presented. In Sect. 3, the 
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perturbed EMWs caused by the thermal-HFGWs are calculated and their characteristic properties 
are addressed, for both tensorial and nontensorial cases. In Sect. 4, we give the summary and 
discussion.

2. Thermal high-frequency gravitational waves and ultra-strong surface magnetic fields 
of magnetars

Magnetars, as a special type of neutron stars, would emit HFGWs from their inner thermal 
sources of high-energy processes, such as the “zero-sound” phonons of Fermi liquid and thermal 
gravitational bremsstrahlung [32]. In Ref. [32], in order to simplify the problem, the calculation 
of generation of the thermal GWs contributed by the “zero-sound” phonons of Fermi liquid, 
was partially based on some approximations, and thus here, for obtaining more conservative 
and safe estimations, we only include the contribution of generation of thermal GWs by the 
bremsstrahlung, as the starting point for this article. The luminosity of such thermal gravitational 
radiation (caused by bremsstrahlung only) can be expressed [32]:

Ptotal = 45

53 (
3

π
)2/3 G

c5
(
a

h̄
)2 MNS

m
n2/3(kT )4. (1)

Here m is the mass of neutron; MNS is the mass of neutron star (or magnetar); “n” is the particle 
number density; “a” represents the neutron radius (by hard-core potential). For instance, if we 
take typical parameters of a magnetar, e.g., radius � 104 m, MNS � 1M�, a � 0.4 × 10−15 m, 
T � 5 × 1010 K, then the frequency of the generated thermal-HFGWs is ∼ 6.5 × 1021 Hz, and 
the total power of such thermal-HFGWs is Ptotal ∼ 7.4 × 1023 Watt. Therefore, for a simple sit-
uation, the energy flux density of thermal-HFGWs at distance of r (outside the magnetar) should 
be Ptotal/4πr2, and according to the theory of Landau [59], the energy flux density of GWs is 
∼ (c3ω2A2)/(8πG) [A is the dimensionless amplitude], then the amplitude of thermal-HFGWs 
[Athm+,×,x,y , in this article we only consider the tensor-mode (+, ×) and the vector-mode (x, y)] 
at distance r can be expressed as:

Athm+,×,x,y =
√

Ptotal8πG

4πr2c3ω2 . (2)

This indicates that the amplitude decays in the same way as the spherical GWs, i.e., ∼ 1/r . 
For various discovered magnetars or magnetar candidates, their parameters would vary case to 
case, and lots of their values are still not exactly confirmed so far. In Table 1, it presents some 
magnetars with possible parameters, and the corresponding frequencies and amplitudes of the 
thermal-HFGWs are listed. These estimated amplitudes are commonly less than ∼ 10−30 under 
certain conditions, but their frequencies are in very high band up to ∼ 1021 Hz, so the power 
fluxes of the thermal-HFGWs are still of considerable magnitudes.

On the other hand, the magnetars can have extremely strong surface magnetic fields 
∼ 1011Tesla or even higher [60], whereas, so far, we are not sure about the concrete form of 
the surface distribution of such magnetic fields. Therefore, based on previous research [61], here 
we employ a typical form of magnetar surface magnetic fields:

Bsurf = �� × (�r × ��S), (3)

We use the spherical coordinates with orthonormal basis of er , eθ and eφ ; the r = rer , and B =
Brer + Bθ eθ + Bφeφ . The scalar function S can be expanded in a series of spherical harmonics:
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Table 1
Dimensionless amplitudes (around magnetars) of thermal-HFGWs emitted from mag-
netars by some possible parameters. The “T ” denotes the temperature of thermal 
sources of the thermal-HFGWs inside the magnetars.

Magnetars with possible parameters Frequency and amplitude of thermal-HFGWs

SGR 1806-20 f req. ∼ 4.8 × 1019 Hz
r ∼ 12 km, M ∼ 1.25M� Athm ∼ 8.0 × 10−34

T ∼ 200 KeV

Possible magnetar 1 f req. ∼ 1.2 × 1020 Hz
r ∼ 10 km, M ∼ 2M� Athm ∼ 4.3 × 10−33

T ∼ 500 KeV

Possible magnetar 2 f req. ∼ 1.2 × 1021 Hz
r ∼ 13 km, M ∼ 2.5M� Athm ∼ 3.0 × 10−32

T ∼ 5000 KeV

S = S(l,m) = Sm
l (r)Ym

l (θ,φ), and Ym
l (θ,φ = P m

l (cos θ)eimφ; (4)

where P m
l (cos θ) is the Legendre polynomial. When l = 1, m = 0, it corresponds to the dipole 

mode, i.e.:

S(1,0) = C
cos θ

r2

∞∑
ν=0

aν(
2M

r
)ν,

a0 = 1, aν = (1 + ν)2 − 1

(3 + ν)ν
aν−1, (for ν ≥ 1). (5)

From Eqs. (3) to (5), we have the dipole component of the magnetic fields:

Bsurf (1,0) = �� × (�r × ��S(1,0)) = C1 cos θ
1

r3

∞∑
ν=0

aν(
2M

r
)ν �er

+ C1 sin θ
1

r3h

∞∑
ν=0

(ν + 1)aν(
2M

r
)ν �eθ . (6)

By working out the summation terms in Eq. (6), a typical form of the magnetar surface magnetic 
fields (dipole mode) can be obtained [see the field lines in Fig. 1]:

Bsurf
di (1,0) = 2C1 cos θ

1

r3

−3r[r2 ln(1 − 2M
r

) + 2M(M + r)]
8M3 �er

+ C1
sin θ

r3h

3r2[2M( M
r−2M

+ 1) + r ln(1 − 2M
r

)]
4M3 �eθ , (7)

where the metric h is defined as [61]:

h = h(r) = (1 − 2M

r
)−

1
2 ,M = Gm(r)

c2 . (8)

The m(r) is the mass function to determine the total mass enclosed within sphere of radius r , and 
m(r) ≡ mass of magnetar in our case since we only concern magnetic fields outside the magne-
tar. The C1 and C2 (see below) are constants that have been calibrated to the values satisfying 
the strengths of the surface magnetic fields (e.g. 1011 T).
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Similarly, for l = 2, m = 0, we have the quadrupole mode of the magnetar surface magnetic 
fields [see the shape of field in Fig. 2]:

Bsurf
quad(2,0) = 3C2(3 cos2 θ − 1)

1

r4 · −3r[r2 ln(1 − 2M
r

) + 2M(M + r)]
8M3 �er

+ 3C2 cos θ sin θ
1

r4h
· 3r[2M( 4M2

r−2M
+ M + r) + r2 ln(1 − 2M

r
)]

8M3 �eθ , (9)

Magnetar surface magnetic fields in the quadrupole mode would have comparable strength to that 
in the dipole mode [62]. In dipole mode, the tangential components [�eθ component in Eq. (7)] 
have the maximum at polar angle θ = π/2 [see Fig. 1(a), lower panel], and the radial components 
[�er component in Eq. (7)] have the maximum around polar angle θ = 0 and π (two magnetic 
poles). Differently, in quadrupole mode the tangential components [�eθ component in Eq. (9)] 
have the maximum around θ = π/4 and 3π/4 [Fig. 2(a), lower panel], and the maximum of �er

component is around θ = 0, π/2, and π .

3. Perturbed EM waves caused by the thermal-HFGWs from magnetars

According to previous studies [21–30], interaction between the thermal-HFGWs and the 
ultra-high surface magnetic fields (presented in the above section), would cause the perturbed 
EMWs, which could be accumulated during their propagation along with the thermal-HFGWs 
synchronously due to the identical or almost identical velocities (speed of light) between the 
GWs and EMWs (accumulation effect). In this section, we will calculate the generation and 
investigate the characteristic features of such perturbed EMWs.

(i) Perturbed EMWs caused by thermal-HFGWs within a thin layer around the magnetar sur-
face.

We could firstly focus on the perturbed EMWs within a very thin layer. In this case, the 
thermal-HFGWs could be approximately treated as planar GWs, and the perturbed EMWs will 
be accumulated only in a very short distance (so the decay of thermal-HFGWs and the surface 
magnetic fields could be ignored locally). Generally, the metric of such thermal-HFGWs can 
be written as gμν = ημν + hμν , where hμν is a small perturbation to the background spacetime 
ημν , and the non-vanishing component of hμν should be in the same order of magnitude of the 
amplitude of the thermal-HFGWs [e.g., Athm+,×,x,y for tensor and vector modes, Eq. (2)], so we 
have:

gμν = ημν + hμν =

⎛
⎜⎜⎝

−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

⎞
⎟⎟⎠

+

⎛
⎜⎜⎝

0 0 0 0
0 A+ + Ab A× Ax

0 A× −A+ + Ab Ay

0 Ax Ay

√
2Al

⎞
⎟⎟⎠ ei(kg · r−ωgt), (10)

The (+, ×), (x, y) and (b, l) respectively represent the tensor mode, the vector mode, and the 
scalar mode polarizations (in this article we only include the tensor and vector modes).
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Fig. 1. Perturbed EMWs (in one thin layer) caused by the thermal-HFGWs (from the magnetars) interacting with the 
ultra-strong surface magnetic fields (in dipole mode) of the magnetars. Sub-figure (a): distribution of the perturbed 
EMWs around the surface of magnetar, for the case considering tensorial thermal-HFGWs only; the maximum appears 
around the equator area (polar angle θ = π/2) where the tangential components of surface magnetic fields (perpendicular 
to propagation of thermal-HFGWs, and interacting with the tensorial GWs only) reach their maximum (here we assume 
the thermal-HFGWs propagating outward isotropically). Sub-figure (b): distribution of the perturbed EMWs for the 
case considering nontensorial thermal-HFGWs only, and the maximums appear around the two poles where the radial 
components of surface magnetic fields (along the propagation of thermal-HFGWs, and interacting with the nontensorial 
GWs only) reach their maximum. Sub-figure (c) and (d): distributions of the perturbed EMWs for the cases having both 
tensorial and nontensorial thermal-HFGWs in different proportions [e.g. case of (d), 1 × tensorial + 0.8 × nontensorial], 
and their patterns are diverse and different to the cases of (a) and (b). The figures use parameters: magnetar radius =
10 km, Mass = 3M� , surface magnetic fields ∼ 1011T, temperature = 4000 Kev. (For interpretation of the colors in the 
figure (s), the reader is referred to the web version of this article.)

Based on the electrodynamics equations in curved spacetime [16,29]:

∂

∂xν
(
√−ggμαgνβFαβ) = 0,

∇μFνα + ∇νFαμ + ∇αFμν = 0,

∇αFμν = Fμν,α − �σ
μαFσν − �σ

ναFμσ , (11)

typical solutions of the perturbed EMWs for this case can be found referring to previous works 
[16,27,28]:

Ẽ(1) = Athm+,×,x,yB̂
(0)
surf kthm

g c
L exp[i(kthm
g · r − ωgt)],

B̃(1) = Athm+,×,x,yB̂
(0)
surf kthm

g 
L exp[i(kthm
g · r − ωgt)]. (12)

Here, the Athm+,×,x,y represents dimensionless amplitudes for tensorial or nontensorial thermal-

HFGWs; B̂(0)
surf is the surface magnetic fields; kthm

g is the wave vector of the thermal-HFGWs, 
and 
L is the accumulation distance (the distance of interaction of the thermal-HFGW with the 
strong surface magnetic field). Therefore, the power (P thm

layer , averaged, the same hereafter, over 
receiving surface 
s) of the perturbed EMWs can be given [27]:
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Fig. 2. Perturbed EMWs (in one thin layer) caused by the thermal-HFGWs (from the magnetars) interacting with the 
ultra-strong surface magnetic fields (in quadrupole mode) of the magnetars. Sub-figure (a): distribution of the perturbed 
EMWs around the surface of magnetar, for the case considering tensorial thermal-HFGWs only, and the maximum 
appears around polar angle θ = π/4 and 3π/4 where the tangential components of quadrupole-mode surface magnetic 
fields reach their maximum (different to the dipole mode). Sub-figure (b): distribution of the perturbed EMWs for the case 
considering nontensorial thermal-HFGWs only, and they concentrate around the two poles and the equator area where 
the radial components of quadrupole-mode surface magnetic fields reach their peaks. Sub-figure (c) and (d): mixed 
cases having both tensorial and nontensorial thermal-HFGWs in different proportions, and their patterns are diverse 
and different to the cases of (a) and (b). The figures use parameters: magnetar radius = 10 km, Mass = 3M�, surface 
magnetic fields ∼ 1011T, temperature = 4000 Kev.

P thm
layer = 1

2μ0
(Athm+,×,x,yB̂

(0)
surf kthm

g 
L)2c
s (13)

together with Eq. (2), we have:

P thm
layer = GPtotal(B̂

(0)
surf )2
L2
s

μ0c4r2 (14)

Here, due to the symmetry of distribution of the thermal-HFGWs sources in the neutron star, 
we assume the thermal-HFGWs propagate outward isotropically. The concrete distribution of 
polarizations of the perturbed EMWs (depending on the distribution of polarizations of the 
thermal-HFGWs) should be complicated, but here we only concern the total energy of these 
perturbed EMWs including all polarizations, so it will not impact our estimations, and more 
detailed investigation of the issues about contributions from different polarizations, would be 
carried out in other separated articles.

However, importantly, the perturbed EMWs are not isotropic. E.g., for the interaction between 
the tensorial HFGWs and the background magnetic fields, only the tangential component (i.e. the 
�eθ part of the Eq. (7) or Eq. (9), perpendicular to the propagation direction of thermal-HFGWs) of 
the surface magnetic fields, will contribute the effect of perturbed EMWs [16,21,27–29], but, for 
the nontensorial HFGWs, e.g. specifically, for the vector mode GWs (x, y polarizations), only the 
radial component (along the propagating direction of GWs, i.e. the �er part of Eq. (7) or Eq. (9)) 
of the surface magnetic fields will contribute the effect of perturbed EMWs [21] (this property 
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is given by the nonzero terms in the solutions of electrodynamic equations in curved space-time, 
which can also be obtained by naturally extending the solutions in ref. [29]). Therefore, also due 
to that such radial or tangential component of surface magnetic fields, has particular strength and 
distribution with respect to the polar angle θ , the perturbed EMWs around the magnetar surface, 
would appear in distinct distribution manners, as discussed as follows.

For tensorial cases If consider the dipole mode of the magnetic fields, by the �eθ part of Eq. (7)
and Eq. (14), we can have the power density (PDdi) of perturbed EMWs around the surface of 
magnetar (within a thin layer, e.g., 
L = 1 m here):

PDdi = 9GPtotal sin2 θ
(C1[2M( M

r−2M
+ 1) + r ln(1 − 2M

r
)])2

16μ0c4r4h2M6
. (15)

The same, for the quadrupole case, together with the �eθ part of Eq. (9), the power density 
(PDquad ) can be obtained:

PDquad = 81GPtotal cos2 θ sin2 θ
(C2[2M( 4M2

r−2M
+ M + r) + r2 ln(1 − 2M

r
)])2

64μ0c4r8h2M6
; (16)

For nontensorial cases Different to the tensorial case, for the nontensorial thermal-HFGWs, 
we only include the radial component of surface magnetic fields for calculation. If consider the 
dipole mode of surface magnetic fields, by the �er part of Eq. (7) and Eq. (14), we obtain the 
power density (PDdi

nontsr , the subscript “nontsr” means nontensorial, the same hereafter) of the 
perturbed EMWs around the surface of magnetar (within a thin layer, e.g., 
L = 1 m here):

PDdi
nontsr = 9GPtotal cos2 θ

(C1[r2 ln(1 − 2M
r

) + 2M(M + r)])2

16μ0c4r6M6
. (17)

The same, for the quadrupole mode, together with the �er part of Eq. (9), the power density 
(PD

quad
nontsr ) can be obtained:

PD
quad
nontsr = 81GPtotal(3 cos2 θ − 1)2 (C2[r2 ln(1 − 2M

r
) + 2M(M + r)])2

64μ0c4r8M6
; (18)

Fig. 1 (for dipole mode) and Fig. 2 (for quadrupole mode) present the distributions of power 
density from the Eqs. (15) to (18), for cases of both tensorial and nontensorial thermal-HFGWs. It 
is shown that the perturbed EMWs are clearly distributed in diverse manners strongly depending 
on the form of the surface magnetic fields in dipole or quadrupole modes. In other words, these 
perturbed EMWs will carry and reflect the information of geometrical structures of the surface 
magnetic fields.

Specifically, as mentioned above, due to that the tensorial and nontensorial GWs can respec-
tively interact with tangential and radial component of the surface magnetic fields, for the dipole 
mode and tensorial case, the perturbed EMWs concentrate around θ = π/2 [“equator” area, see 
Fig. 1(a)], where the tangential component of magnetic fields reach the maximum, and differ-
ently, for the dipole mode and nontensorial case, the perturbed EMWs reach their maximum 
around the two poles [Fig. 1(b)]. Whereas, for the mixed cases having both tensorial and non-
tensorial GWs [Fig. 1(c) and (d)], the distributions present more diverse manners.

Comparatively, for the quadrupole mode, the perturbed EMWs concentrate around θ = π/4
and θ = 3π/4 for the tensorial case [Fig. 2(a)], and it is in very different pattern for the nontenso-
rial case where three peaks appear [Fig. 2(b)], and further, for the mixed cases they can have 
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various distinct distributions with even 4 peaks in special angular positions depending on the 
mixture proportions [Fig. 2(c) and (d)]. Thus, these perturbed EMWs all present very character-
istic distributions depending on the structure of the surface magnetic fields and the polarizations 
of thermal-HFGWs.

(ii) Accumulated perturbed EMWs caused by thermal-HFGWs in the near and far fields area of 
the magnetars.

Because of the accumulation effect [16,17,20,21,23,24,27–29], the perturbed EMWs would be 
accumulated during their propagation along with the thermal-HFGWs synchronously in the iden-
tical or almost identical speed of light. Interestingly, it had been found that for different forms 
of GWs and background magnetic fields, the accumulation effect behaves very diversely case 
to case, but they obey some regular relationships, e.g., through the uniform static background 
magnetic fields, the planar GWs, the cylindrical GWs and the spherical GWs would lead to ac-
cumulated perturbed EMWs with their strengths proportional to distance1 [27–29], distance1/2

[24] and distance0 [23], respectively. Hence, for the surface magnetic fields with the form totally 
different to the background magnetic fields in these previous works, it is an interesting question 
to investigate how the accumulation effect behaves, for the thermal-HFGWs propagating through 
this strong-but-nonuniform surface magnetic fields of the magnetars.

For cases of tensorial GWs The generated perturbed EMWs in every thin layer of “dr” (r is 
along the radial axis) from the magnetar surface (r = r0 = magnetar radius) to a certain accumu-
lation distance (R, corresponding to the end point of the accumulation we include for calculation) 
will be accumulated. Referring to Eqs. (2), (7) and (12), the electric component Ẽ(1)di

accum of the 
accumulated perturbed EMWs can be integrated (for case of dipole mode of surface magnetic 
fields):

Ẽ(1)di
accum =

R∫
r0

|Athm+,×B̂
(0)
surf ckthm

g dr| r

R
=

R∫
r0

√
Ptotal8πG

4πr2c3ω2

× sin θC1

r3

3r2[2M( M
r−2M

+ 1) + r ln(1 − 2M
r

)]
4M3(1 − 2M

r
)− 1

2

kthm
g c

r

R
dr

= sin θC1

4M3R

√
8πGPtotal

4πc3 · [�int (R) − �int (r0)]; (19)

where,

�int (r) = 3

√
1 − 2M

r
[−2M + r ln(1 − 2M

r
)]

+ 6M[− arctanh(

√
1 − 2M

r
)(2 + ln(1 − 2M

r
))

+ ln(−M + r + r

√
1 − 2M

r
)] + 12M

∞∑
k=1

(

√
1 − 2M

r
)k

k2

− 3M

∞∑ (1 − 2M
r

)k

k2 , (20)

k=1
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here, 
∑∞

k=1
(

√
1− 2M

r
)k

k2 = Li2(

√
1 − 2M

r
) is the polylogarithm function of order 2 and argument √

1 − 2M
r

. The term 
r

R
in the Eq. (19) represents that the electric component of perturbed EMWs 

will decay into 
r

R
times its value at the position of r , when the perturbed EMW (generated at 

the position of r) propagates (decaying spherically) and arrives at the distance R (end point of 
accumulation).

Here, the Eq. (19) is for the situation ideally treating the surface magnetic fields of the mag-
netars as stationary fields. Actually, the magnetic fields (surface and internal) would be unstable 
due to complicated reasons and such instability had been long studied [63–72]. There is one case 
of changing of surface magnetic fields that would be clear and simple, and this change evidently 
impacts the strengths of perturbed EMWs in some given observational direction, i.e., if the rota-
tional axis and the magnetic axis of the magnetar are misaligned, it will lead to periodic change 
of the magnetic fields in the line along the observational direction, so the perturbed EMWs will 
fluctuate in the line of sight with respect to the rotational phase, and then result in particular 
pulse-like envelopes of the power density or strengths of the perturbed EMWs. E.g., as shown in 
Fig. 3, β is the angle between rotational and magnetic axes, and ξ is the angle between rotational 
axis and observational direction (e.g. facing to the Earth), so for the rotation phase ϕ = ωt + ϕ0, 
we should add a term of η(β, ξ, ω, ω0, t) into the Eq. (19) to give the information of this time-
dependent effect due to such periodic change of the surface magnetic fields, and then for this 
tensor-dipole case, the Eq. (19) is modified into:

Ẽ
(1)di
accum-rotate(t)

= η(β, ξ,ω,ω0, t)C1

4M3R

√
8πGPtotal

4πc3 · [�int (R) − �int (r0)];
where, η(β, ξ,ω,ω0, t) = {sin2(ξ) sin2(ωt + ϕ0)

+ [sin(β) cos(ξ) + cos(β) sin(ξ) cos(ωt + ϕ0)]2} 1
2 . (21)

The contribution of term η(β, ξ, ω, ω0, t) is plotted in subfigure (b) of Fig. 3 for this tensor-dipole 
case (as an example given particular β and ξ ), and for other cases (tensor-quadrupole, etc.), the 
terms of η(β, ξ, ω, ω0, t) can be different (see Eqs. below), and the different envelopes they 
cause, are also presented in other subfigures of the Fig. 3 (it is to be noticed that, in Figs. 1, 2, 4, 
5, 6 and Table 2, for clearness, such rotational effect is not presented, or, set the β = 0).

Similarly, integration of accumulated magnetic component of the perturbed EMWs (also for 
dipole mode), i.e. the B̃(1)di

accum, can be obtained in a similar expression (the only difference is a 
constant “c”, speed of light). Then the power (P di

accum, over surface 
s, for the dipole case) of 
the accumulated perturbed EMWs is:

P di
accum = 1

2μ0
|Ẽ(1)di∗

accum · B̃(1)di
accum|
s

= (sin θC1)
2GPtotal

16μ0c4M6R2
[�int (R) − �int (r0)]2. (22)

For considering the change of surface magnetic fields by rotation, the above P di
accum turns into 

P di
accum-rotate(t):

P di
accum-rotate(t) = 1 |Ẽ(1)di∗

accum · B̃(1)di
accum|
s
2μ0
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d EMWs in far field area, caused by interaction between 
case of tensorial thermal-HFGWs interacting with dipole 

tt/m2) of perturbed EMWs in near field,
ear field,

erturbed EMWs in far field (∼ 1019 m).

ial 
ar
tbd

quad., tensorial 
PDmax |rmax |B̃f ar

ptbd

quad., nontensorial 
PDmax |rmax |B̃f ar

ptbd

14 9.4E7|18.7|2.2E-14 1.5E8|18.7|2.8E-14
14 5.8E6|18.7|5.5E-15 9.5E6|18.7|6.9E-15

14 1.0E8|20.2|2.4E-14 1.8E8|20.1|3.3E-14
14 6.3E6|20.2|6.1E-15 1.1E7|20.1|8.2E-15

14 1.2E8|15.4|2.0E-14 2.5E8|15.4|2.9E-14
14 7.3E6|15.4|5.0E-15 1.5E7|15.4|7.2E-15
Table 2
Maximal power density of the perturbed EMWs in near field area and strengths of magnetic components of the perturbe
the thermal-HFGWs and the ultra-strong surface magnetic fields of the magnetars. Here, “dipole, tensorial” means the 
mode surface magnetic fields. The “quad.” means quadrupole mode.

Assumed 
possible 
magnetar 
radius 
and mass

Temperature 
of thermal 
source

Thermal HFGW 
freq. (Hz)

Total power of 
thermal 
HFGW (W)

PDmax = maximum of power density (Wa
rmax = position (km) of the maximum in n
B̃

f ar
ptbd

= magnetic component (Gauss) of p

dipole, tensorial 
PDmax |rmax |B̃f ar

ptbd

dipole, nontensor

PDmax |rmax |B̃f
p

12 km 8k Kev 1.9E21 6.7E24 1.3E8|20.0|3.0E-14 2.2E8|20.2|4.0E-
1.6M� 4k Kev 9.7E20 4.2E23 8.0E6|20.0|7.5E-15 1.4E7|20.2|1.0E-

13 km 8k Kev 1.9E21 8.3E24 1.4E8|21.5|3.3E-14 2.6E8|21.7|4.7E-
2M� 4k Kev 9.7E20 5.2E23 8.4E6|21.5|8.3E-15 1.7E7|21.7|1.2E-

10 km 8k Kev 1.9E21 1.2E25 1.5E8|16.4|2.7E-14 3.6E8|16.6|4.2E-
1.8M� 4k Kev 9.7E20 7.3E23 9.6E6|16.4|6.7E-15 2.2E7|16.6|1.0E-
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Fig. 3. (a) Misalignment of rotational and magnetic axes leads to changing of magnetic fields along given observational 
direction and thus results in particular envelopes of electric components of perturbed EMWs in line of sight; β is the 
angle between rotational and magnetic axes, and ξ is the angle between rotational axis and observational direction. (b) to 
(e), example envelopes for tensor-dipole case, tensor-quadrupole case, nontensor-dipole case and nontensor-quadrupole 
case, respectively. Here ω and ϕ0 are set to 100 Hz · 2π and 0.

= η(β, ξ,ω,ω0, t)(C1)
2GPtotal

16μ0c4M6R2
[�int (R) − �int (r0)]2;

where, η(β, ξ,ω,ω0, t) = sin2(ξ) sin2(ωt + ϕ0)

+ [sin(β) cos(ξ) + cos(β) sin(ξ) cos(ωt + ϕ0)]2 (23)

The same, referring to Eqs. (2), (9) and (12), the accumulated electric component of perturbed 
EMWs of the surface magnetic fields (in quadrupole mode) can be obtained:
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Fig. 4. (a) accumulated power density of the perturbed EMWs in near field area, and (b) strengths of magnetic components 
of the perturbed EMWs in far field area, caused by the thermal-HFGWs (from magnetars) interacting with the ultra-strong 
magnetar surface magnetic fields. Here, magnetar radius = 12 km and magnetar mass = 1.6M�. The curves are from 
Eqs. (19) to (34).

Ẽ
(1)quad
accum =

R∫
r0

|A+,×B̂
(0)
surf ckthm

g dr| r

R

=
R∫

r0

√
Ptotal8πG

4πr2c3ω2 · 3C2| sin θ cos θ |
r4

× 3r[2M( 4M2

r−2M
+ M + r) + r2 ln(1 − 2M

r
)]

8M3(1 − 2M
r

)− 1
2

kthm
g c

r

R
dr

= 3C2| sin θ cos θ |
40M3R3

√
8πGPtotal

4πc3 · [�qua
int (R) − �

qua
int (r0)]; (24)

where,

�
qua
int (r) = 30r2 arctanh(

√
1 − 2M

) ln(1 − 2M
)

r r
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Fig. 5. Accumulated perturbed EMWs caused by magnetar thermal-HFGWs in dipole-mode surface magnetic fields. 
Sub-figure (a) shows the power density (Wm−2) of perturbed EMWs accumulated from the magnetar surface to sev-
eral magnetar radii for the case having only tensorial GWs, and it reaches the maximums around 1.5 magnetar radius. 
Sub-figure (b) presents the case having only nontensorial GWs, and the direction is perpendicular to the case (a). Sub-
figure (c) shows the case having both tensorial and nontensorial GWs with a certain proportion. Different cases present 
various characteristic manners of the perturbed EMWs. Figures are generated from Eqs. (19) to (22), (29) and (33), with 
typical parameters: magnetar radius ∼ 10 km, magnetar mass ∼ 3M�, maximum of magnetar surface magnetic fields 
∼ 1011 T, temperature of thermal source of HFGWs ∼ 4000 keV.

− 2

√
1 − 2M

r
[−6M2 + Mr − 44r2 + 15r2 ln(1 − 2M

r
)]

+ 15r2(

∞∑
k=1

(1 − 2M
r

)k

k2 − 4
∞∑

k=1

(

√
1 − 2M

r
)k

k2 ). (25)

For considering the rotation, the above Ẽ(1)quad
accum becomes Ẽ(1)quad

accum-rotate(t):

Ẽ
(1)quad
accum-rotate(t) = η(β, ξ,ω,ω0, t)3C2

40M3R3

√
8πGPtotal

4πc3 · [�qua
int (R) − �

qua
int (r0)];

where, η(β, ξ,ω,ω0, t) =
| cos(β) cos(ξ) − sin(β) sin(ξ) cos(ωt + ϕ0)|
× {[sin(β) cos(ξ) + cos(β) sin(ξ) cos(ωt + ϕ0)]2

+ sin2(ξ) sin2(ωt + ϕ0)} 1
2 (26)

then the power P quad
accum (for the quadrupole case) of the accumulated perturbed EMWs is:

P
quad
accum = 1

2μ0
|Ẽ(1)quad∗

accum · B̃(1)quad
accum |
s

= ( 3
2C2 sin θ cos θ)2GPtotal

4 6 2
[�qua

int (R) − �
qua
int (r0)]2; (27)
400μ0c M R



H. Wen et al. / Nuclear Physics B 949 (2019) 114796 15
Fig. 6. Accumulated perturbed EMWs caused by magnetars thermal-HFGWs in quadrupole-mode surface magnetic 
fields. Sub-figure (a) shows the power density (W m−2) of perturbed EMWs accumulated from magnetar surface to 
several magnetar radii for the case having only tensorial GWs. Sub-figure (b) presents the case having only nontensorial 
GWs. Sub-figure (c) shows the case having both tensorial and nontensorial GWs with a certain proportion. Different 
cases present various very unique patterns of the perturbed EMWs. Figures are generated from Eqs. (24) to (27), (31)
and (34), with typical parameters: magnetar radius ∼ 10 Km, magnetar mass ∼ 3M� , maximum of magnetar surface 
magnetic fields ∼ 1011 T, temperature of thermal source of HFGWs ∼ 4000 keV.

For considering the rotation, the above P quad
accum is modified into P quad

accum-rotate(t):

P
quad
accum-rotate = η(β, ξ,ω,ω0, t)(

3
2C2)

2GPtotal

400μ0c4M6R2
[�qua

int (R) − �
qua
int (r0)]2;

where, η(β, ξ,ω,ω0, t) = {[sin(β) cos(ξ)

+ cos(β) sin(ξ) cos(ωt + ϕ0)]2 + sin2(ξ) sin2(ωt + ϕ0)}
× [cos(β) cos(ξ) − sin(β) sin(ξ) cos(ωt + ϕ0)]2 (28)

For cases of nontensorial GWs Only the radial component of the surface magnetic fields is 
included for calculation, and following similar calculation, referring to Eqs. (2), (7), (9) and 
(12), the electric component Ẽ(1)di-nontsr

accumulation (dipole mode) of the accumulated perturbed EMWs 
is worked out:

Ẽ
(1)di-nontsr
accumulation =

R∫
r0

|Ax,yB̂
(0)
surf ckthm

g dr| r

R
=

R∫
r0

√
Ptotal8πG

4πr2c3ω2

× 2C1| cos θ | 1

r3

−3r[r2 ln(1 − 2M
r

) + 2M(M + r)]
8M3 kthm

g c
r

R
dr

= 2C1| cos θ |
3 2

√
8πGPtotal

3 · {6M2(r0 − R)

8M R r0 4πc
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+ 3Rr0[−R ln(1 − 2M

R
) + r0 ln(1 − 2M

r0
)

+ 2M ln
Rr0 − 2Mr0

Rr0 − 2MR
]}; (29)

For considering the change of surface magnetic by rotation, the above Ẽ(1)di-nontsr
accumulation turns into 

Ẽ
(1)di-nontsr
accum-rotate(t):

Ẽ
(1)di-nontsr
accum-rotate(t) = η(β, ξ,ω,ω0, t)2C1

8M3R2r0

√
8πGPtotal

4πc3 · {6M2(r0 − R)

+ 3Rr0[−R ln(1 − 2M

R
) + r0 ln(1 − 2M

r0
) + 2M ln

Rr0 − 2Mr0

Rr0 − 2MR
]};

where, η(β, ξ,ω,ω0, t) =
| cos(β) cos(ξ) − sin(β) sin(ξ) cos(ωt + ϕ0)| (30)

and the electric component Ẽ(1)quad-nontsr
accumulation (for quadrupole mode of surface magnetic fields) of 

the accumulated perturbed EMWs is obtained:

Ẽ
(1)quad-nontsr
accumulation =

R∫
r0

|Ax,yB̂
(0)
surf ckthm

g dr| r

R

=
R∫

r0

√
Ptotal8πG

4πr2c3ω2 · 3C2|3 cos2 θ − 1| 1

r4

· −3r[r2 ln(1 − 2M
r

) + 2M(M + r)]
8M3 kthm

g c
r

R
dr

= 3C2|3 cos2 θ − 1|
8M3R3r2

0

√
8πGPtotal

4πc3

· [−3M(R − r0)(2Rr0 + MR + Mr0)

+ 3R2r2
0 (

∞∑
k=1

(2M/r0)
k

k2 −
∞∑

k=1

(2M/R)k

k2 )]; (31)

For considering the change of surface magnetic by rotation, the above Ẽ(1)quad-nontsr
accumulation becomes 

Ẽ
(1)quad-nontsr
accum-rotate (t):

Ẽ
(1)quad-nontsr
accum-rotate (t) = η(β, ξ,ω,ω0, t)3C2

8M3R3r2
0

√
8πGPtotal

4πc3

· [−3M(R − r0)(2Rr0 + MR + Mr0)

+ 3R2r2
0 (

∞∑
k=1

(2M/r0)
k

k2 −
∞∑

k=1

(2M/R)k

k2 )

where, η(β, ξ,ω,ω0, t) =
1 |(3 cos(2β) + 1)(3 cos(2ξ) + 1)

8
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+ 12 sin2(β) sin2(ξ) cos[(2(ωt + ϕ0)]
− 12 sin(2β) sin(2ξ) cos(ωt + ϕ0)| (32)

Therefore, in the cases of nontensorial GWs, the power (P di-nontsr
accum , over receiving surface 
s) 

for the dipole mode and the power (P quad-nontsr
accum ) for the quadrupole mode of the accumulated 

perturbed EMWs are as follows respectively:

P di-nontsr
accumulation = 1

2μ0c
|Ẽ(1)di-nontsr

accumulation|2
s, (33)

and

P
quad-nontsr
accumulation = 1

2μ0c
|Ẽ(1)quad-nontsr

accumulation |2
s. (34)

The Table 2 presents the maximal power density of the perturbed EMWs in near field area and the 
strengths of magnetic components of perturbed EMWs in far field area, according to Eqs. (19) to 
(34) for various cases including tensorial and nontensorial GWs in dipole or quadrupole surface 
magnetic fields of magnetars, given various typical parameters. For the safe estimations, the 
numerical results in Table 2 only take the accumulation effect from the magnetar surface to 
107 m into account, and drop the contributions after this distance. We find the power density of 
the perturbed EMWs would reach ∼ 106 − 108 W/m2 in the near field area. Such EMWs could 
also be actually a sort of interesting EM counterparts of the thermal GWs, and these weak EMWs 
(or with higher strengths caused by some possible closer sources) perhaps would be captured 
in the foreseeable future by very fast developing techniques of sensitive EM wave detectors. 
However, we here only try to reveal a potential novel effect of the perturbed EMWs, and the 
concrete observational technique is not the key concern in this article and it shall be investigated 
in detail elsewhere. In Table 2, we can also find that the configurations of magnetars (mass and 
radius) bring a non-linear influence to either the frequency-amplitude of the thermal-HFGWs or 
the strengths of perturbed EMWs.

Fig. 4 presents the curves of accumulated power density of the perturbed EMWs in near field 
area, and the strengths of magnetic components of the perturbed EMWs in far field area. These 
curves are consistent to the results shown in the Table 2, and these behaviors of perturbed EMWs 
for various cases are generally accordant to each other. Figs. 5 and 6 [produced from Eqs. (19)
to (34)] present very distinctive and unique distributions of the perturbed EMWs for the dipole 
and quadrupole modes respectively, including cases having tensorial GWs, nontensorial GWs 
and both.

In brief, the perturbed EMWs would have very characteristic distributions depending on 
the magnetar structures and the crucial information of the tensorial and possible nontensorial 
polarizations of the thermal-HFGWs from the magnetars.

4. Summary and discussion

Considering the magnetars as the natural astrophysical laboratories providing extremely 
strong celestial EM environments, this article try to predict the novel effect of the perturbed 
EMWs with distinctive patterns caused by the tensorial and possible nontensorial thermal-
HFGWs (from the thermal sources of gravitational bremsstrahlung in magnetars) interacting 
with the ultra-strong surface magnetic fields of the magnetars.

Specifically, we have the summary:
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1. The analytical expressions of the perturbed EMWs caused by the thermal-HFGWs from 
the magnetars, have been obtained [Eqs. (19) to (34)], and their levels are predicted (Table 2
and Figs. 4 to 6, by typical parameters). The power density of the perturbed EMWs would reach 
∼ 106–108 W/m2 in the near field area (Table 2), and due to the rotation of magnetars, the 
strengths of perturbed EMWs in the observational direction would appear in characteristic pulse-
like envelopes (Fig. 3). Such perturbed EMWs could also be a sort of interesting EM counterparts 
of the thermal GWs.

2. The perturbed EMWs caused by the thermal-HFGWs would have very characteristic pat-
terns (Figs. 1, 2, 5 and 6) for different cases of dipole or quadrupole surface magnetic fields and 
the tensorial or possible nontensorial thermal-HFGWs. Such distinctive patterns from the mag-
netars had never been predicted before, which may deliver and reflect the particular geometrical 
information of the surface magnetic fields and the crucial features of the GW polarizations. Thus, 
they would be potential evidences of the possible nontensorial GWs, the thermal-HFGWs from 
the magnetars, the mechanism of EM response to the GWs, the models of magnetars and their 
magnetic fields.

We here only focus on the dipole and quadrupole modes of the magnetar surface magnetic 
fields. Actually, several other models had also been proposed with different configurations of the 
magnetar magnetospheres, e.g., some of them suggest the twisted dipole [73] instead of a centred 
dipole, the higher multiple components [74], and some other more complicated structures [75,
76]. Therefore, related works for diverse patterns of the perturbed EMWs based on alternative 
magnetar structures, would also be interesting topics.
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