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1 Introduction and summary

't Hooft anomalies are robust and useful observables in quantum field theory. They are
invariant under renormalization group flow and can be used to constrain the phases of
theories at long distances. The most familiar type of 't Hooft anomalies are arguably per-
turbative anomalies for continuous, ordinary (0-form) symmetries, which only occur in even
spacetime dimension. The full set of anomalies, however, is much richer. This work is con-
cerned with anomalies for discrete symmetries, generalized or higher-form symmetries [1],
and anomalies in the space of coupling constants of a quantum field theory [2, 3.

't Hooft anomalies are particularly helpful in the study of the dynamics of strongly-
coupled field theories in the framework of geometric engineering. Moreover, anomalies
provide an organizing principle in exploring the landscape of such theories. Discrete higher-
form symmetries for field theories engineered by M-theory on a singular local geometry have
been recently studied in [4, 5].

This work focuses on field theories engineered with M5-branes. Using M5-branes, one
can realize 6d (2,0) theories of type Anx_1 [6, 7], as well as 6d (1,0) theories obtained by
putting the M5-brane stack on top of an orbifold singularity [8]. A vast class of 4d theories
is realized by further compactification on a Riemann surface, possibly with punctures, as
first studied for N/ = 2 theories in [9, 10], and further extended to AN/ =1 theories [11-15].
It is beneficial to develop tools to extract 't Hooft anomalies of a field theory engineered
using branes directly from the topology and geometry of the brane configuration. Anomaly
inflow provides the framework to address this problem. Building on the results of [16-19]
about anomaly inflow onto a stack of Mb-branes, systematic tools have been developed
to compute perturbative 't Hooft anomalies for O-form symmetries via inflow for setups
engineered with M5-branes [20-22] and D3-branes [23].

A more complete understanding of the space of quantum field theories would require
one to extend the scope of this program to include other types of 't Hooft anomalies.
In this paper, we address a class of discrete and higher-form symmetries for 4d SCFTs
engineered with wrapped Mb5-branes. In particular, we perform a detailed analysis for M5-
branes probing a Zsg singularity, further wrapped on a Riemann surface. This case study
furnishes a controlled example that exhibits interesting features. Our strategy and results
are summarized below.



Summary of results. For a 4d SCFT engineered with wrapped M5-branes, non-trivial
information about 't Hooft anomalies for discrete symmetries, higher-form symmetries, and
anomalies in the space of coupling constants [2] can be extracted via anomaly inflow. This is
done by studying the topological couplings in the 5d low-energy effective action originating
from reduction of M-theory on Mg, the compact space that encodes the geometry transverse
to the four extended directions of the M5-branes worldvolume.

In our analysis, we include all 5d 0-, 1-, 2- and 3-form gauge fields associated to
expansion of the M-theory 3-form C3 onto cohomology classes of Mg, as well as 1-form
gauge fields associated to isometries of Mg. A crucial role is played by 5d topological mass
terms of BF type between a 1-form gauge field .A; and a 3-form gauge field c3, and between
pairs (Bay;, By) of 2-form gauge fields,

1 1 ~
S = —?kC?,/\dAl—?NB%/\ngi , (1.1)

M5|: ™ ™

where M3 is 5d spacetime, and ¢ labels the pairs of 2-form gauge fields. As we shall see,
for setups with wrapped Mb5-branes the integers k and N are determined by the G4-flux
quanta of the system, and i = 1,...,g where g is the genus of the Riemann surface. The
BF term % kA1 A des implies that the 5d U(1) O-form gauge symmetry associated to .4;
is spontaneously broken to a Zj 0-form gauge symmetry, and the 5d U(1) 2-form gauge
symmetry associated to cs is spontaneously broken to a Zj 2-form gauge symmetry (see
e.g. [24, 25] for reviews). In a similar way, for each i the term i NB% A dBs; signals the
spontaneous breaking of a bulk U(1)? 1-form gauge symmetry to a (Zy)? 1-form gauge
symmetry. After a choice of topological boundary conditions for the BF terms is made,
the discrete gauge symmetries in the bulk are mapped to discrete global symmetries of the
4d SCF'T. Moreover, the extended operators of the 5d BF theory are mapped to defects in
the 4d SCFT, which are charged under the discrete global symmetries. A similar analysis
in the context of AdS,/CFT3 has been recently performed for ABJM-type theories [26].

In order to compute the full set of topological terms in five dimensions, including the
contributions of gauge fields associated to isometries of Mg and an arbitrary external space-
time metric, we use the tools developed in [22]. The 5d topological terms are conveniently
encoded in a gauge-invariant closed 6-form Iénﬂow, which is a polynomial in the 5d gauge
field strengths. As concrete examples, we consider 4d SCFTs engineered by Mb5-branes
wrapped on a Riemann surface [14, 15], as well as theories from M5-branes wrapped on a
Riemann surface and probing a Zs singularity — in this case the gravity dual was identified
in [27] to be one of the solutions first discussed in [28]. The 6-form 11" for these setups
are given in (5.7), (5.9), respectively.

The 6-form Iénﬂow encodes the 't Hooft anomalies of the 4d SCFT, together with the
anomalies of modes that decouple in the IR. Since the 5d bulk theory contains massive
gauge fields, care has to be taken in reading off 4d t Hooft anomalies from ir1ow.

If one is interested in perturbative anomalies for continuous global symmetries of the
4d field theory, the topologically massive gauge fields in five dimensions must be integrated
out. A similar mechanism is at play for 6d (1,0) SCFTs engineered with M5-branes probing



an ALE singularity, and clarifies how the Green-Schwarz terms in the 8-form anomaly
polynomial [29] are reproduced by inflow.

The perturbative anomaly polynomial for wrapped M5-branes probing a Zs singularity,
recorded in (5.14), contains several terms with O-form gauge fields (i.e. axions), with 1-form
field strengths. Following [2], we interpret such terms as anomalies in the space of coupling
constants. The couplings in question are associated to exactly marginal operators of the 4d
SCFT. We argue that these operators can be thought of as dimensional reduction on the
Riemann surface of the 6d conserved U(1) currents associated to the Cartan U(1)nx x U(1)g
of the SU(2)x x SU(2)g flavor symmetry of the 6d (1,0) theory engineered by M5-branes
on a Zsg singularity.

After the continuous part of a topologically massive gauge field is integrated out, a
discrete gauge field is left over, whose precise features depend on the choice of boundary
conditions for the BF terms. Hence, in order to extract 4d ’t Hooft anomalies for discrete
symmetries from the 6-form Iénﬂow, we need to specify the boundary conditions. For
definiteness, we focus on the case in which we assign Dirichlet boundary conditions to the
fields A; and By; (and free boundary conditions to c3 and E;), so that the 4d field theory
admits a Zj global 0-form symmetry and a (Zy)?9 global 1-form symmetry. The field cg
acts as a Lagrange multiplier that imposes a constraint on A;. If we write A; = A + Ay,
the constraint fixes A§°™ in terms of gauge fields for continuous symmetries, and forces
A, to be a flat 1-form gauge field with holonomies that are k-th roots of unity. Similarly,
the Lagrange multiplier Eé imposes a constraint on Bg; = BS?™ + By;, which determines
BSP™ in terms of continuous gauge fields, and forces Bsg; to be a flat 2-form gauge field
with holonomies that are N-th roots of unity.

By substituting A; = A" + Ay, By; = BS?™ + By, into the 6-form Ié“ﬁow, we obtain
a formal expression that encodes 't Hooft anomalies for both the continuous symmetries
and the Zj 0-form symmetry and (Zy)¢ 1-form symmetry. Discrete anomalies are read

off from terms in Iénﬁow with dAq, dBo;. These objects are zero as differential forms. To

I é“ﬂow in the framework of differential

circumvent this difficulty, we reinterpret the quantity
cohomology (see e.g. [2, 30] and appendix D for some background material). Differential
forms are regarded as a proxy for classes in differential cohomology, and their wedge product
is a proxy for the product in differential cohomology. A crucial feature of the latter is that
the product of a flat gauge field with other gauge fields is not necessarily zero. This
approach dates back to Dijkgraaf and Witten [31] and has also been recently used in [32].

We apply the recipe outlined in the previous paragraphs to the setup with wrapped
M5-branes probing a Zg singularity. The terms in Iénﬂow involving dA1, dBo; are collected
schematically in (5.33), while the full result is recorded in appendix E. We encounter a
rich variety of 't Hooft anomalies involving the discrete symmetries, including: a cubic
term in dA;; terms mixing dA; and dBy; to the other continuous symmetries, including a
gravitational term dA; pi(T); a mixed anomaly between the two discrete symmetries and
a coupling constant.

Finally, we observe that the BF couplings in the 5d topological bulk theory can also be
used to identify some of the singleton modes of the 5d supergravity theory. (By “singleton

modes” we mean modes that are pure gauge in the 5d bulk, but propagate on the conformal



boundary; they are holographically dual to modes in the 4d field theory that decouple in the
IR.) For setups with wrapped M5-branes with 4d N' = 2 supersymmetry, the knowledge of
singleton modes from BF terms, combined with supersymmetry, is sufficient to reconstruct
from the gravity side the entire set of modes that decouple on the field theory side. This
offers a proof of principle that one can compute the exact anomaly polynomial from the
gravity dual, including O(1) terms in the number of M5-branes.

2 Topological mass terms in 5d supergravity

Let us consider a supersymmetric AdSs solution of M-theory with internal space Msg.
These solutions were classified in [28]. We study the 5d supergravity theory obtained
from reduction of M-theory on a warped product of the form My x,, Mg, where external
spacetime My is negatively curved. The case M5 = AdSj5 is recovered as the vacuum
solution of the 5d supergravity theory. We restrict our attention to solutions where the
space Mg is compact and smooth, and the warp factor is smooth and non-vanishing. In
this section we focus on the topological couplings in the low-energy effective action of the
5d supergravity.

In particular, we are interested in identifying the topological mass terms for the p-
form gauge fields that arise from Kaluza-Klein expansion of the M-theory 3-form C5 onto
a basis of non-trivial cohomology classes on Mg. If the internal space Mg has isometries,
the 5d supergravity theory contains additional (possibly non-Abelian) gauge fields. For
the remainder of this section, these gauge fields associated to isometries of Mg are turned
off, since it can be checked that they do not contribute to the topological terms of interest.
They will be reinstated in section 5.

2.1 Ansatz for G4 and dimensional reduction

The spectrum of the 5d supergravity obtained from reduction of M-theory on Mg contains
massless Abelian p-form gauge fields coming from the Kaluza-Klein expansion of the M-
theory 3-form C'35. These massless p-form gauge fields are in 1-to-1 correspondence with
non-trivial cohomology classes of Mg.

For each ¢ = 0,...,6 we choose a basis in the lattice H9(Mg, Z)frce,! which has rank
given by the Betti number b%(Mg). The Betti numbers of Mg satisfy b(Mg) = b5(Mg) = 1,
b (Mg) = b°(Ms), b*(Mg) = b*(Msg). Elements of H9(Ms,Z)gee can be identified with
de Rham cohomology classes of closed g-forms with integral periods. As a result, we can
represent a basis of HY(Mg, Z)gee using a set of closed (but not exact) g-forms on Mg with
integral periods. We use the following notation for these forms,

1-forms: Mu w=1,...,b"(Ms),
2-forms: Wog a=1,..., %M, (2.1)
3-forms: Az, , r=1,...,03(Ms),
4-forms: T, a=1,...,b%Ms) .

IThis is the finitely generated free Abelian group defined by the short exact sequence
0 — Tor HY(Ms,7Z) — H(Me,Z) — H? (M, Z)trec — 0,

where Tor H?(Msg,Z) is the torsion subgroup of H?(Ms,Z).



The 5d gauge fields originating from C'5 and their field strengths are denoted as follows,

0-form potentials: ag , ff =daf, r=1,...,03(Ms),

1-form potentials: ¢, F§ = dAY, a=1,...,b%(Ms), 2.9)
2-form potentials: R HY =dBY, u=1,...,b'(Ms),

3-form potential: cs3, Y4 =dcg .

Throughout this work, we adopt conventions in which the periods of the field strength of an
Abelian p-form gauge fields are quantized in units of 2. (A 0-form gauge field whose field
strength is quantized in units of 27 is the same as a compact scalar field with period 27.)

In string/M-theory compactifications, torsion cycles in the internal space can be a
source of discrete gauge symmetries [33, 34]. In this work, we do not study the effects of
torsion in the homology of Mg. The geometries Mg that are relevant for the setups with
wrapped M5-branes studied in this paper do not have torsion in homology.

With the notation introduced in (2.1) and (2.2), the M-theory 4-form field strength
G4 = dCs, including both its background value and fluctuations associated to cohomology
classes on Mg, is given by

e X u
%:NaQZ+%Aw2a+§AA3Z+%A)\lu+;—;. (2.3)

The integers N, specify the background flux that threads Mg. The periods of G4 in (2.3)
are quantized in units of 2.2

In our normalization conventions for G4, the topological terms of the low-energy effec-

tive action of M-theory are?

1 1
Stop = _O3AGuANGs—— O3AXg|, Xs =

p}(TMy1) — 4pa(TMiy)
192

. (2.4)

The low-energy effective action for the 5d p-form gauge fields listed in (2.2) is computed
via standard Kaluza-Klein reduction. Recall that external metric fluctuations and gauge
fields associated to isometries of Mg are turned off in this section. For the purpose of

2The flux quantization condition in M-theory on an orientable spacetime Mi; can be written as [35]

% = 1 / we(TM11) mod 1, for any 4-cycle C4 in My .
Ca 21 2 Ca
where wa denotes the fourth Stiefel-Whitney class. It is known that wa is zero for a spin manifold of
dimension < 7 (the argument can be found for instance on page 65 of [36]). In our setups the internal space
Ms and external spacetime are spin manifolds, hence the shift in the quantization condition of G4 is not
important. This holds true also for the purposes of writing the anomaly polynomial of a 4d theory using
descent: in that case external spacetime is effectively six-dimensional.

3In these conventions, the Einstein-Hilbert term and the kinetic term for G4 take the form

Sicin = / [mr (2ntp) PR %1 — % (2m) "t (21 lp) P Ga A %Gy,
Mg

where £p is the 11d Planck length. The action enters the path integral via ¢*® and is defined mod 2.



computing the effective action for the modes in (2.2) the term C3Xg plays no role.* The
kinetic term for G4 yields standard kinetic terms for the 5d gauge fields. The Chern-Simons
coupling C3G 4Gy yields a set of topological terms in the 5d effective action. They are most
conveniently written in terms of a gauge-invariant 6-form,

Stop = 21 / 0, al® =, (2.5)
Ms

where the 6-form I is given by

1 1
Ig = Gy [ = Nowa A F§ + 5 No K H A H};} (2.6)

1 1 1
+W {_GICaﬁ'yFQa/\FQB/\F;+’Czuosz/\F2a/\H§L+2ny’74/\f1$/\f%l
The quantities Y, Kqopy, Kzua, Kzy are integer intersection numbers which can be defined
in terms of the closed forms on Mg as

K = /M Qg A Ay A Ao, ICaB'y = /M waa N\ wag N\ W3y ,
A X

6

Kaiva = / A3z A Ay A wag , chy = / A3z A Agy . (27)
M6 M6

These intersection numbers depend only on the cohomology classes of the internal forms,
and not on the specific representatives used to write down G4 in (2.3).

The first two terms in (2.6) are the sought-for topological mass terms in the 5d super-
gravity effective action. In contrast to the other topological couplings in (2.6), they are
quadratic in the external gauge fields. We stress that the topological mass terms are due
to the background flux quanta N,.

When b%(Mg) > 2 we are free to consider a change of basis in the lattice H?(Mg, Z)trce,
which is accompanied by a change of basis in the external 1-form gauge fields. A new basis
A’® can always be found such that A7%=! is the only 1-form gauge field with a topological
mass term with c3. Since A{*=! plays a special role compared to the vectors A}*71, we
introduce the notation

AP = (A, A%),  a=2,3,....n. (2.8)
With this notation we have
— Ny F3' Nyy = —kdA; Nya, k = ged(Ny), (2.9)

while the vectors Aig do not enter the topological mass terms. Further information about
the new basis A is collected in appendix A.

4Even after the isometry gauge fields are turned on, the term CsXg does not yield topological mass
terms (i.e. topological terms quadratic in the external fields) for the cases of interest in this work.



p#0,q#0,p#q U(1)1 x U(1), N =
qg > 2 p=0orqg=20 SU(2)1 X U(l)g or U(l)l X SU(2)2 N =2 MN

p=gq SU(2) x U(1) N =1MN
9=0 lp—q|>2 U(1)1 x U(1)2 x SU(2)s N=1
g=1 p#0 U(1)1 x U(1) N=1

Table 1. Summary of the values of p, ¢ that yield smooth AdS5 solutions in M-theory. Recall
p+q=2(g—1). In the third column we list the isometries of the internal space Mg. In the last
column, MN stands for Maldacena-Nufiez and refers to the solutions of [37].

2.2 Applications to wrapped Mb5-branes

In this section we specialize the results of the previous section to two classes of AdSjs
solutions that are particularly relevant in connection to 4d A" =1 SCFTs engineered with
Mb5-branes wrapped on a Riemann surface. More precisely, we consider:

e Mb-branes wrapped on a Riemann surface without punctures, which correspond to
the solutions of [14, 15], referred to as BBBW.

e Mb5-branes probing a Zso singularity and wrapped on a Riemann surface without
punctures [27], which correspond to a class of solutions of [28], referred to as GMSW.

2.2.1 Mb5-branes wrapped on a Riemann surface

The BBBW solutions [14, 15] describe the near-horizon geometry of a stack of M5-branes
wrapped on a genus-g Riemann surface Y, with a non-trivial topological twist preserving
4d N > 1 superconformal symmetry. The internal space Mg is topologically an S* bundle
over Y. Its topology is encoded in two integer numbers p, ¢ satisfying

ptag=—x(2g)=2(g—-1). (2.10)

We can regard S* < Mg — >, as the unit-sphere bundle associated to a real rank-5 vector
bundle R® < 4" — ;. The bundle .4 is identified with the normal bundle to the M5-
brane stack. It splits as A = L1 ® Lo & A), where L1, Lo are complex line bundles over
Y4, and A is a trivial real rank-1 vector bundle. The integers p, ¢ are the Chern numbers
of the complex line bundles L1, L9, respectively.

In table 1 we summarize the choices of g, p, ¢ for which a smooth AdS5 M-theory
solution exists, and for each case we list the isometries of the internal space Mg. Some
comments are in order. In all cases, Mg admits at least a U(1); x U(1)2 isometry, which is
the subgroup of the SO(5) isometry of the S* fiber that is preserved by the fibration over
¥, for any choice of p, g. When g > 2, p =0, U(1); enhances to SU(2);. Supersymmetry
enhances to N/ = 2 and the isometry group SU(2); x U(1)2 is identified with the R-
symmetry of the SCFT. This setup is the A/ = 2 Maldacena-Nuiiez (MN) solution [37].
Similar remarks apply to g > 2, ¢ = 0. In the case ¢ > 2, p = ¢, the difference of the
generators of U(1); and U(1)y enhances to SU(2), which is identified with an enhanced
flavor symmetry of the SCFT side. This is the N/ = 1 MN solution [37]. When g = 0,



the Riemann surface is a round sphere S2. The space Mg admits an additional SO(3)x
isometry, originating from the isometry of S?. Finally, we would like to emphasize that
the case g = 1, p = ¢ = 0, which corresponds to 4d N = 4 SYM theory, is not included in
table 1, because there is no smooth AdSs M-theory solution with internal space S* x T2
without any twisting. The ANV = 4 SYM theory is best studied holographically via the
standard AdSs x S° solution in type IIB string theory.

The number of external p-form fields entering the topological terms (2.6) in the 5d
effective action is determined by the Betti numbers of Mg. The latter do not depend on
the twist parameters p, ¢ and are given by

b0 (Ms) = b*(Mg) = b*(Ms) = 0°(Mg) = 1, b'(Mg) = b>(Mg) =2g, b*(Ms) =0 .
(2.11)
This claim is verified in appendix B.1, where we also construct the associated closed forms
with integral periods. The fact that b*(Mg) = 1 is consistent with the fact that BBBW
solutions have only one flux parameter,

No—y =N, (2.12)

which is the number of M5-branes in the stack. We notice that b!(Mg) = 2g stems from
the fact that the 2g harmonic 1-forms on ¥, can be pulled back to Mg, yielding closed but
not exact 1-forms, whose de Rham classes account for the entire 1-cohomology of Mg. The
5d p-form gauge fields originating from the expansion of C5 are

s, A== Ay, BY, u=1,...,2g, (2.13)

while we do not find any 0-form gauge potential.

Making use of the closed forms of appendix B.1, we can compute explicitly the in-
tersection numbers (2.7). The only non-zero intersection pairing is K*=!,,, which can be
written as

K=ty = Quo = CL, - CL, wo=1,...,2¢g . (2.14)

In the previous expression Cy, denotes a basis of integral 1-homology on X4, and {2y, is the
intersection pairing, which is antisymmetric and non-degenerate. The 6-form Ig encoding
the topological couplings of the 5d action as in (2.6) is given by

1

Ts = (2m)?2

1
—N74/\F2+§NQWH§‘AH§ . (2.15)

It is useful to choose a basis Cj, of integral 1-homology on ¥4 that is based on the
standard A and B cycles on the Riemann surface. Correspondingly, we write

. . Ci Cl=—Cl-C=0dl,
Cr = (G, CY), o ij=1,...,9, (2.16)
Ci-Cj=C-Cl=0,

In other words, the intersection pairing {2, in this basis takes the standard form

0 &



The group of linear transformations of the lattice Hi (X4, Z) that preserve this form of €2,
is Sp(2¢;Z). (In our notation, Sp(2,Z) = SL(2,Z).) The choice of basis (2.16) implies that
the index u on the 2-form gauge fields B§ is split into two sets of g values,

BY = (Bu,BY), i=1,...,9. (2.18)
In this basis, the 6-form Ig reads

1 _
Ig = — N~y4 ANFy — N HY A Hs; | . 2.1
5= an)? Ya Ny 3\ Hs (2.19)

2.2.2 Mb5-branes probing a Z, singularity and wrapped on a Riemann surface

Let us now consider a class of solutions first discussed in [28]. The space Mg is topologically
an S? bundle over the product of two Riemann surfaces. If one of the Riemann surfaces is
a torus, the setup is best studied by dualizing the M-theory solution to a type IIB string
theory solution. We thus focus on the case where both Riemann surfaces are non-flat.
There is no smooth solutions if both Riemann surfaces are negatively curved. We are
therefore left with one sphere and one Riemann surface ¥, with g = 0 or g > 2. The line
element has the form

ds®(Mg) = fo(1) ds*(S2) + f(p) ds*(Sg) + fu(p) du® + fy(p) Dy . (2.20)

In the previous expression, v is an angular coordinate with period 27, while y is a coordi-
nate on an interval, pu € [ug, un]. The quantity dsQ(Sé) = df? + sin? 0 dyp? is the standard
line element on a unit-radius two-sphere, while ds?(3,) denotes the line element on a Rie-
mann surface of constant curvature x = %1, respectively. The functions f,, fx are strictly
positive on the entire y interval. The function f, has poles at u = un s, while fy, as zeros
at © = un,g; as a result, the 4 and ¢ coordinate describe a two-dimensional space Si which
is topologically a 2-sphere, with isometry group U(1),. The circle 5’}# shrinks smoothly at
p = pn,s. Finally, the fibration of Si over the base 5’3 X Y4 is encoded in

dDvyp = =2V, —xVx, X =2-2g, (2.21)

where V,,, Vs are the volume forms on Sfo, >4, respectively, normalized according to

/ Vo =2m, / Ve =271 . (2.22)
52 )3

More details on these geometries can be found in appendix B.2.
To highlight the interpretation of Mg in terms of wrapped Mb-branes, it is convenient
to present Mg as
My — Mg — Eg, (223)

where the space My consists of the u, ¥ directions and the 2-sphere Sf,. It is depicted
schematically in figure 1. The space M, can be identified with the resolution of the quotient
S*/Zy [27]. Notice that S2 does not shrink at u = pxg and defines two 2-cycles in M.
The latter are identified with the resolution cycles originating from the blow-up of the



Figure 1. Schematic depiction of the space M, comprised by the 2-sphere Sf,, the circle Si}, and
the p interval. The space My is the blow-up resolution of S*/Zsy. The blow-up P!’s are identified
with Sf, at p = pun and p = ps.

singularities of S%/Zy.> This motivates the interpretation of Mg as near horizon geometry
of a stack of M5-branes probing a Zo singularity and wrapped on a Riemann surface.
The Betti numbers of Mg are

b0 (Ms) = b (Mg) = 1, b*(Ms) = b*(Mg) = 3,
b' (Mg) = b°(Msg) = 29, b3(Me) = 4g . (2.24)

This is verified in appendix B.2, where we also construct the closed forms needed to rep-
resent all cohomology classes of Mg. In accordance with b*(Mg) = 3, this class of GMSW
solutions has three independent flux parameters. They can be taken to be

Ny=(N,Ny,N_), «a=1,23, (2.25)

where N is the flux through My (at a generic point on ¥,) and is identified with the
number of M5-branes in the stack, while Ny = % (NN £ Ng) encode the fluxes through the
2-cycles in My at 1 = pn,gs combined with ¥,. A more detailed discussion can be found
in appendix B.2. With reference to (2.25), the three 1-form gauge fields originating from
expansion of C3 onto 2-cohomology classes are denoted

A(l)é: (A17AT7A17)7 FSZ(F%FQJF’F;) : (226)

The 1-cohomology classes of Mg are labeled by the same index u = 1,...,2¢g that
labels the non-trivial 1-cycles on the Riemann surface. As in the previous section, we can
choose a canonical basis of 1-cycles on Y, and split the index u into two sets of g values.
Accordingly, we have a total of 2¢g 2-form gauge fields, which we can arrange into two
groups of g each, and similarly for their field strengths,

BY = (By;, BS), HY = (Ha;, HY) i=1,...q9. (2.27)

>The Zs action is (y*,y%, 4%, % 4°) — (—y', —v% —vy>, —y*,4°) in terms the Cartesian coordinates
yb2345 of R® 5 % This action has two fixed points on S* at y° = +1. Near each fixed point the
space looks like R* /Z2 and can be resolved by a 2-center ALE Taub-NUT geometry.
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multiplicity fields top. mass terms 5d bulk gauge symm.

U(1)2 0-form symm.
b*(Ms) =3 At W
% Ny AT ANdrys Zy, O-form symm.

1 Y3 Zy, 2-form symm.

b (Mg) =29 | Bai, By | 5= NByAdBy; | (Zy x Zy)? 1-form symm.

V(M) =4g | o, @it — 5d axions

Table 2. Summary of p-form gauge fields in 5d supergravity obtained from expansion of C3 onto
cohomology classes in Mg for M5-branes at a Zs singularity wrapped on a genus-g Riemann surface.
We have defined k = ged(Ny).

By a similar token, we organize the 4g O-form gauge fields associated to 3-cohomology class
of Mg into four groups of g elements. Within each group, we label 0-form fields with the
same index 7 as in (2.27),

ag:(aa;7ﬂd/6+7a(;7/766_)7 f]é_v:(fl—"’;7f{+7f1_z7f{_)7 7::]‘7"'79' (2'28)

Having introduced our choice of bases in cohomology and our notation, we can present
the expression for Ig. It reads (suppressing wedge products)

1 + _ "'7:
16:(27_‘_)2|:—(NF2+N+F2 +N_F2)"}/4—NH3H3¢]
A - B (B )+ B Fy - (fi = A 1)
(27_(_)3 6 2 9 2 2 2 2 12 J1 1 17

The topological mass terms are collected in the first line. We summarize the p-forms fields
and their topological mass terms in table 2. The bulk gauge groups in the last column are
explained in greater detail in the next section.

3 BF theory in the bulk and holographic interpretation

In this section we analyze the 5d dynamics of the p-form gauge fields originating from the
expansion of the M-theory 3-form Cs3. We make contact with well-known aspects of BF
theories [24, 25| and argue that the 5d theory contains gauge fields with discrete gauge
groups. When the 5d spacetime has a boundary, the theory has to be supplemented by
suitable boundary conditions and boundary terms, which we partially review. Moreover,
we describe the singleton modes that propagate on the boundary of spacetime. Finally, we
discuss the holographic correspondence between discrete gauge fields in five dimensions and
global discrete p-form symmetries in the 4d boundary theory, as well as the holographic
interpretation of the singleton modes of the 5d bulk theory. Most of the ideas presented
in this section are modeled on results that have appeared in the literature. Our main goal
here is to collect useful observations to set the stage for the 't Hooft anomaly discussion of
section 5.
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3.1 Low-energy dynamics in five dimensions

The relevant couplings in the effective action for the p-form gauge fields coming from the M-
theory 3-form are the kinetic terms and the topological terms (2.5). At very low-energies,
the dynamics is governed by the topological terms that are quadratic in the p-form gauge
fields, as these terms in the 5d action contain only one derivative. These topological terms
are encoded in the first line of the formal 6-form I5 in (2.6).

We have already argued that the basis of 1-form gauge fields in (2.8) is the best
suited for discussing topological mass terms involving c3. We also notice that, in all setups
described in section 2.2, the term % No K HY N\ H3 takes the simple form —N ﬁé A Hs;,
see (2.19) and (2.29). For these reasons, for the remainder of this section we consider the
5d topological theory defined by the action

1 1 ~
S = —gk%/\d/{l—%NBz/\ngz . (3.1)

ol
In the previous expression M5 denotes external spacetime. In writing the action (3.1) we
have chosen a specific antiderivative I 5()0) of the formal 6-form I5. If M5 has no boundary,
this choice does not matter. The case M5 # () is discussed below. Recall that i =1,...,g¢
and k = ged(N,) (if b?(Mg) = 1, we define K = N,y—1). The action (3.1) describes a
collection of decoupled standard BF theories. We refer the reader to e.g. [24, 25] for
background material on BF theories and their relation to the Stiickelberg mechanism.

The fact that the 1-form gauge fields Ai; do not enter (3.1) means that their dynamics
is governed by the kinetic terms and the cubic topological couplings in (2.5). As a result,
the 1-form gauge fields .Ai; are standard U(1) gauge fields. In contrast, the dynamics of
A1, c3, By, and E% is governed by (3.1) and therefore:

e A describes a 1-form gauge field with gauge group Zy.
e c3 describes a 3-form gauge field with gauge group Zj.
e By, Bé describe 2-form gauge fields with gauge group Zy.

The field A; is a continuum description of a discrete gauge field because it is a flat con-
nection and its holonomies are restricted in Z; C U(1). Similar remarks apply to c3, Ba;,
Bi: for arbitrary cycles Cy, C3, C2 in 5d spacetime Ms,

exp(i /CIA1) € Zy C U(1), exp(i /Cgcg> € Zr C U(1),
exp (1 /62 B%) e Zy C U(1), exp (z /<:2 E;) € Zy cU1). (3.2)

We stress that, since all these p-form gauge fields are flat on-shell, the holonomies written
above only depend on the homology classes of Cy, C3, Co, and not on the specific represen-
tatives. Let us also emphasize that this description of discrete gauge fields in terms of local
p-forms and their holonomies is convenient for our purposes, but in more general situations
an approach based on cocycles is preferred [31, 32].
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3.1.1 Boundary terms and boundary conditions

For applications to holography we have to consider 5d spacetimes with a conformal bound-
ary. In this case, the bulk action (3.1) has to be supplemented with suitable boundary
conditions and possibly additional boundary terms, in order to ensure a well-defined vari-
ational problem. In this section we describe some sets of boundary conditions that will be
relevant below in the holographic discussion.

Topological boundary conditions. Let us first discuss boundary conditions for the
c3, A1 BF theory. A simple choice is to assign Dirichlet boundary conditions on A, with
free boundary conditions for c3. The variational problem is well-posed because the relevant
terms in the on-shell variation of the action (3.1) are

08 = i/CCg/\(s.Al—l-... . (3.3)
OMs 2T

Let us stress that imposing Dirichlet boundary conditions for both 4; and c¢3 would be

inconsistent, since the variational problem defined by the bulk BF action (3.1) is first-

order. If desired, the roles of A; and c3 can be exchanged. By adding the boundary term

—% Joms €3 N A to (3.1), we can rewrite the relevant terms in the total action as

S/:/ [1]43./41/\d63 +.... (3.4)
Ms 27

In this case we impose Dirichlet boundary conditions on c¢3, with free boundary conditions
for A;. The boundary conditions described so far are topological, since they are invariant
under orientation-preserving diffeomorphisms of dMs5 and do not require the choice of a
boundary metric. (See [38] for a classification of topological boundary conditions in Abelian
3d Chern-Simons theory.)

If the integer k can be factorized as k = mm/, we can also consider a generalization
of the above topological boundary conditions, along the lines of [1, 26]. Let us stress
that, since A; is a discrete 1-form gauge field, assigning Dirichlet boundary conditions for
Aj means specifying its Zj holonomies around 1-cycles in the boundary dMs. We can
partially relax the boundary conditions on A; as follows. To a given 1-cycle C; in OMs5 we
no longer associate an element x € Zy, but rather a coset [z|z,, € Zi/Zy,. The holonomy
exp(i fo, A1) is free to take any value y € [2]z,,, which is the same as y =  mod m'.%
Following the terminology of [26], we say that A; is free in Z; modulo Z,, . It is interesting
to notice that, since Zy/Zy, = Z,,, the data encoded in the boundary conditions for A; is
the same data that define a background Z,,, 1-form gauge field on the boundary.

In order to have a well-defined variational problem, we must partially restrict the field
c3. Its boundary conditions are no longer free. To a 3-cycle C3, we assign a coset [ﬂf]Zm/ and
the holonomy exp(i ¢, c3) can take any value y € [z]z_,, which is the same as y = 2 mod

SFor example, if m = 3, m’ = 4, k = 12, the subgroup Zs C Zi2 consists of {0,4,8}. The elements of
the quotient Zi2/Zs3 are the cosets [0]z; = {0,4,8} C Zi2, [1]z; = {1,5,9} C Z2, [2]z; = {2,6,10} C Z12,
and [3]z, = {3,7,11} C Z12. The boundary conditions for A; select one coset, for example [1]z,, leaving
the holonomy of A; free to take any value y = 1 mod 4, namely y = 1, 5, or 9.
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m. In short, we say that cs is free in Z; modulo Z,,. Specifying the boundary condition
for c3 is the same as choosing a background Z,, 3-form gauge field on the boundary.

Let us now comment on topological boundary conditions for the Bé, By; BF theory.
For a given label ¢ = 1, ..., g, we may assign Dirichlet boundary conditions for E% and free
boundary conditions for By;, or vice versa. If N can be factorized as N = nn’/, we can also
consider boundary conditions in which By; is free in Zy modulo Z,s, while E% is free in
ZNn modulo Z,, (in the same terminology explained above.)

The full set of boundary conditions for the E%, By; BF theory, however, is richer. In-
deed, we can select suitable linear combinations (Bj;, BY) of the original 2-forms (By;, B),
and impose that B; be free in Zy modulo Z,, and Bg be free in Zy modulo Z,. More-
over, the duality group Sp(2g,7Z) acts on the set of topological boundary conditions. We
leave the problem of classifying topological boundary conditions for the Eé, Bs; BF theory
to future work.

The role of kinetic terms. Let us close this section by emphasizing that the discussion
of boundary conditions is qualitatively different if the kinetic terms are included in the
analysis. This is because, if the kinetic terms are retained, the variational problem is a
second-order problem. It is therefore possible, for instance, to impose Dirichlet boundary
conditions on all fields. This point is discussed in [39, 40] in the context of 3d and 5d
topological theories. We expect similar features in our 5d BF system.

3.1.2 Singleton modes propagating on the boundary

When a topological 5d BF theory with a coupling between a p-form gauge field and a
(4 — p)-form gauge field is considered in a spacetime with a boundary, there is a massless
(p —1)-form gauge field propagating along the boundary. (Equivalently, the massless mode
on the boundary can be thought of as a (3 — p)-form gauge field.) These massless boundary
modes are usually referred to as singletons. For a justification of the previous claims and
of the following statements, see e.g. [24, 25]. For the case at hand, the singleton modes are:

¢ One 0-form gauge field in oM.
e 2g 1-form gauge fields in OMs.

All these gauge fields are standard U(1) gauge fields, as opposed to discrete gauge fields.

While the Hilbert space of the singleton fields is insensitive to the choice of boundary
terms and boundary conditions, its dynamics (i.e. the Hamiltonian on the Hilbert space)
is different for different boundary terms and boundary conditions. In this work, we refrain
from a detailed analysis of the singleton dynamics. We will be mainly interested in counting
singletons and discussing their holographic duals. A thorough analysis of the singleton
sector would require to take into account the kinetic terms, as in [40, 41]. We leave such
investigation for the future.

3.2 Holographic interpretation

Let us now turn to a discussion of the holographic interpretation of the features of the bulk
BF theory listed in the previous section.
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3.2.1 Global discrete symmetries in four dimensions

We have argued above that the 1-form gauge fields Ai: are standard U(1) gauge fields in five
dimensions. As a result, they are dual to global U(1) 0-form symmetries in the interacting
CFT living on the boundary.

In contrast, the holographic interpretation of the discrete gauge fields A;, c3, Ba;,
and Bé is more subtle. We describe it in the purely topological BF theory, neglecting
kinetic terms.

Holography of the topological BF theory. The holographic interpretation of the
5d bulk BF theory (3.1) depends on the choice of boundary conditions. In other words,
different boundary conditions correspond to different dual CFTs, which may have different
global symmetries. This is a standard phenomenon in the paradigmatic example of AdS5 x
S® in type IIB [42] and has recently been studied in the context of ABJM theories [26].

Firstly, let us focus on the Ay, c3 system. The holographic interpretation of the
topological boundary conditions discussed above is as follows.

(a) Dirichlet boundary conditions for A; and free boundary conditions for cs:
The dual interacting CFT admits a global Zj 0-form symmetry. Specifying the bound-
ary condition for A4; is the same as fixing a configuration for the 4d background 1-form
gauge field that couples to this global symmetry.

(b) Dirichlet boundary conditions for ¢3 and free boundary conditions for Aj;:
The dual interacting CF'T admits a global Zj, 2-form symmetry. Specifying the bound-
ary condition for c3 is the same as fixing a configuration for the 4d background 3-form
gauge field that couples to this global symmetry.

(¢) The case k = mm’ with A; free in Z; modulo Z,, and c3 free in Z; modulo Z,,:
The dual interacting CFT admits both a global Z,,, 0-form symmetry and a global
Ly, 2-form symmetry. Specifying the boundary conditions for .4; and c3 is the same
as fixing a configuration for the 4d background 1-form and 3-form gauge fields that
couple to these global symmetry.

Case (c) is intermediate between cases (a) and (b). In case (c), there is a mixed 't
Hooft anomaly between the Z,,, 0-form symmetry and the Z,, 2-form symmetry. This 't
Hooft anomaly is encoded in the 6-form Is = —k % A %, which is related by descent to
the BF coupling in the 5d bulk action.”

Let us also observe that cases (b) and (c) can be obtained from case (a) via gauging.
More precisely, suppose k = mm/. The CFT of case (a) has a global Zj, 0-form symmetry.
We may gauge a subgroup Z,, C Z; of this global symmetry. The gauging is performed by

"Roughly speaking, terms in I involving two or more Dirichlet fields are interpreted as ’t Hooft anoma-
lies. If we choose Dirichlet boundary conditions for A, the field c3 has free boundary conditions. The
6-form I = —k %? A % does not encode a 't Hooft anomaly, and indeed we only have a global Zj, 0-form
symmetry. When we let A; free in Zy modulo Z,,,; and c3 free in Z; modulo Z,,, both fields A; and c3 are
“partially Dirichlet”. As a result, Is = —k %f A % now encodes the mixed 't Hooft anomaly between the
0-form and 2-form global symmetries.
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path-integrating over the background 1-form gauge field that couples to the Z,, subgroup.
This is the same as modifying the boundary conditions for A;: we go from Dirichlet
boundary conditions, to having A; free in Zj modulo Z,, . After gauging, the residual
global 0-form symmetry is Z,,. There is also an emergent global Z,, 2-form symmetry.
We recognize the features of the CFT of case (c). Selecting m = k, m’ = 1 we recover
case (b).

The By, Bé system can be analyzed in a similar way. As recalled in section 3.1.1, the
full set of allowed topological boundary conditions is rich, and their classification is left for
future work. To illustrate the relation between boundary conditions and global discrete
symmetries, we consider a simple class of boundary conditions, in which we can treat each
label i = 1,..., g independently. One may thus consider the following three scenarios.

(a’) Dirichlet boundary conditions for By; and free boundary conditions for Bj:
The dual interacting CFT admits a global (Zy)¢ 1-form symmetry of “electric type”.
Specifying the boundary condition for By; is the same as fixing a configuration for the
4d background 2-form gauge fields that couple to this global symmetry.

(b/) Dirichlet boundary conditions for B and free boundary conditions for By;:
The dual interacting CFT admits a global (Zy)¢ 1-form symmetry of “magnetic type”.
Specifying the boundary condition for B@ is the same as fixing a configuration for the
4d background 2-form gauge fields that couple to this global symmetry.

(¢’) The case N = nn' with By; free in Zy modulo Z, and B’% free in Zy modulo Z,:
The dual interacting CFT admits both a global (Z,/)Y 1-form symmetry of “electric
type” and a global (Z,)¢ 1-form symmetry of “magnetic type”. Specifying the bound-
ary conditions for By; and E% is the same as fixing configurations for the 4d background
2-forms that couple to these global symmetries.

As before, the case (¢’) is intermediate between (a’) and (b'), and in case (¢’) there is a

mixed 't Hooft anomaly between the (Z,/)9 and (Z,)? 1-form symmetries. This 't Hooft
dBa;
2m °

anomaly is encoded in the 6-form Is = N % A

3.2.2 Singleton modes as Goldstone modes

According to the usual holographic dictionary, the supergravity theory in the bulk of 5d
spacetime My is dual to an interacting CFT living on M. The gravity theory in five
dimensions has additional singleton modes, that only propagate on the conformal boundary
of 5d spacetime. These modes to not gravitate. They are holographically dual to additional,
decoupled free fields in four dimensions.

BF singletons as Goldstone modes. In section 3.1.2 we have identified a subset of the
singleton modes for the 5d gravitational theories of interest in this work. More precisely,
we have identified the singleton modes associated to the 5d BF theory (3.1). For these
singleton modes we can offer an interpretation in terms of Goldstone’s theorem, as follows.

The singleton mode associated to the BF coupling k c3 Ad.A; is a 4d 0-form gauge field,
i.e. an axion. The BF coupling kc3 A dA; can be related by dualization to a Stiickelberg
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coupling between the vector .4; and the axion dual to c¢3. (Useful background material can
be found in [24, 25].) The 5d theory describes a U(1) O-form gauge symmetry Higgsed down
to Zi. According to the usual holographic dictionary, the U(1) O-form gauge symmetry in
five dimensions is dual to a U(1) 0-form global symmetry in four dimensions. The boundary
value of the 5d gauge field Ay is identified with the Noether 1-form current J; for the
global U(1) 0-form symmetry in four dimensions. Since the U(1) 0-form gauge symmetry
is spontaneously broken in five dimensions, the dual U(1) 0-form global symmetry in four
dimensions is also spontaneouly broken. As a result, we have a 4d massless Goldstone
scalar @, related to the current J; by the schematic relation J; ~ d®. The Goldstone
mode ¢ enjoys a global shift symmetry ® — & + const. It is an axion and its interactions
are derivative interactions. In the deep IR, ® decouples from the rest of the 4d theory. We
identify it with the holographic dual of the singleton mode from the BF coupling k cg AdA;.

Similar remarks apply to the singleton modes associated to the BF coupling NV Eé A Bs;.
A general statement is as follows:

A D-dimensional BF coupling Bp_1_,AdA, between a p-form gauge field
A, and a (D — 1 — p)-form gauge field Bp_1_,, yields a singleton mode
which is a massless U(1) (p — 1)-form gauge field in (D — 1) dimensions.
It is identified with the Goldstone mode originating from spontaneous
breaking of a global (p — 1)-form symmetry in the (D — 1)-dimensional
dual field theory.

In the case D = 2p 4+ 1 we can formulate a similar statement regarding Chern-Simons
couplings.

A (2p + 1)-dimensional Chern-Simons coupling A, A dA, for a p-form
gauge field A, yields a singleton mode which is a massless chiral U(1) (p—
1)-form gauge field in 2p dimensions. It is identified with the Goldstone
mode originating from spontaneous breaking of a global (p — 1)-form
symmetry in the 2p-dimensional dual field theory.

Here a chiral (p—1)-form gauge field is by definition a gauge field whose p-form field strength
obeys a self-duality constraint of the form x9,F, = £F), or *9,F, = i F},, depending on
the dimension and signature of spacetime.

4 Extended operators and discrete symmetries

In this section we review the extended operators of the 5d topological BF theory with
action (3.1). We identify the 11d origin of these operators in terms of wrapped M2-branes.
We also consider the interplay between these operators and the topological boundary con-
ditions for the BF system (3.1) and infer what extended operators are expected in the dual
4d field theories.
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4.1 Extended operators in the BF bulk theory

A natural set of gauge-invariant observables in the 5d theory (3.1) is given by the holonomies
of the gauge fields c3, A1, B}, Ba; on cycles in 5d spacetime,

W,.(CS*, n) = exp [Zn / 03] , WA(CT*, n) = exp [zn / Al] ,
gt c

ext
1

WB7§(C§Xt7n’ﬁ) = exp [’L /C (ﬁz By — n; Bg)] , (41)

Sxt
where n, n;, and 1’ are integers and C{**, C$**, C$* and 1-, 2-, 3-cycles in 5d spacetime.
The superscript ‘ext’ stands for external and is inserted to avoid possible confusions with
cycles in the internal geometry Mg. We remind the reader that p-form gauge fields are
normalized to have periods quantized in units of 27. In the topological BF theory, the

ext

operator W,(C§**,n) describes a 3d defect in 5d spacetime extended along C$** with electric
charge n under c3. In a similar way, W4 (C$**,n) represents a 1d defect extended along

C{** with charge n under A;, while W, ~(C5**,n,7) describes a 2d defect along C$** with

charges n;, n* under Bo;, §§ The operators (4.1) will be referred to as electric operators.
If a defect charged under A; is transported around a defect charged under cs, it acquires
a non-trivial Z; Aharonov-Bohm phase. The latter is encoded in the correlator

/
W5 m) Wa(CP ) ~ exp [i ™ LC, €57 (4.2

where L(C$*, C$*) is the integer linking number of C$** and C$* in the ambient 5d space-
time. By a similar token, the Aharonov-Bohm phases of defects charged under Bsy;, Bo;
are captured by the correlators
ext .~ ext/ 1 =1 .n; 0" — ' n} ext pext/
(W, 5(C5™ i) W,y 5(C5™ i) ~ exp {z I o, s )} . (43)
The derivation of (4.2) and (4.3) can be found e.g. in [24, 25].

In addition to the electric operators in (4.1), the 5d topological theory also admits
“mixed” electric-magnetic operators. If we consider a 2-cycle BS* in external spacetime,
we can define a 't Hooft operator for A; supported on BS*. This is done in the usual way.
We remove a small tubular neighborhood of B§X* from 5d spacetime. The boundary of the
tubular neighborhood is an S? bundle over BS**. The 't Hooft operator on B$* is defined by
performing the path integral over A; with the boundary condition % Jg2 F2 = 1. Because
of the k3 A dA; coupling in the action, the 't Hooft operator is not gauge invariant. It

ext

must be supplemented with a charge-k Wilson operator for cz on a 3-chain C§*" such that
OCSt = Bg*t [42-44].% In a completely analogous fashion, one can consider a 't Hooft

8 After removing a small tubular neighborhood U of B$*', the gauge variation of the 5d action reads

5S:—ik/ 563/\]‘-2:—i]€/ dAQ/\]'-QZ—k/ AQ,
2 Ms\U 2T Ms\U ngc

where we have used i f 52 F2 = 1. The above expression shows that the gauge variation of the 't Hooft
operator for A; can be cancelled by k& Wilson operators for cs.
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operator for c3 supported on a 0-cycle BEX' (a collection of points taken with signs). To

preserve gauge invariance, this must be supplemented with a charge-k Wilson operator
for A; supported on a 1-chain C{** with 9C$** = Bg**. Finally, analogous mixed electric-
magnetic operators exist for the (B}, Bo;) system.

M-theory origin of extended operators. The purely electric operators W, (C$,n) are
realized by a stack of n M2-brane probes sitting at a point in the internal space Mg, and
extending along C§ in the external spacetime directions. By a similar token, the operators
W4(C,n) are a stack of n probe M2-branes wrapping a 2-cycle in Mg. More precisely,
the 2-cycle is m,CS = Ch*=1 where the integers m, are defined in (A.4), and in the
second step we refer to the primed basis of 2-cycles defined by (A.2). Finally, the operators
WB’ §(C§7 n,n) originate from probe M2-branes wrapping a 1-cycle in Mg. The charges 7’
n; are identified with the integers that define this 1-cycle, with respect to a fixed basis
of 1-cycles in Mg. It can also be verified that the 5d Aharonov-Bohm phases encoded in
the correlators (4.2), (4.3) can be reproduced from an 11d perspective, using the C3G4G4
coupling in the M-theory low-energy effective action.

The mixed electric-magnetic operators are realized using probe configurations with M2-
branes ending on M5-branes. As an example, let us consider a charge-1 't Hooft operator
for A; on BS* together with a charge-k Wilson operator for c¢s on C$*, with 9C$** = BS**.
This 5d operator is realized by one M5-brane wrapping a 4-cycle on Mg and extending along
BS$*t. With reference to the change of basis discussed in appendix A, we can characterize
this 4-cycle as C/*~!. Since there are k units of G4-flux threading the 4-cycle C/*~!, there
is a tadpole in the worldvolume theory of the probe M5-brane. This is canceled by adding
k M2-branes ending on the M5-brane. The M2-branes sit at a point on C{*=! C Mg and
are extended along C$** in the external directions. In a similar way, one can describe the
11d origin of all other mixed electric-magnetic operators.

In our discussion so far we have not taken supersymmetry into consideration. One
could determine the BPS conditions for probe M2-branes and M5-branes by analyzing
k-symmetry on their worldvolumes.

4.2 Extended operators in the dual field theory

The operators of the 5d topological theory discussed in the previous section can yield
operators in the dual boundary field theory. The choice of boundary conditions for A;, cs,
Bs;, l§§ determines whether a 5d operator is allowed to end on the boundary dMs or not.
A similar discussion has recently appeared in [26] in the context of AdS,/CFTs.

Let us discuss operators constructed with A;, c3. We make contact to the cases (a),
(b), (c) discussed in section 3.2.1. In case (a) the operators W4(Cf,n) defined in (4.1) are
allowed to end on 9 M, while the operators W,.(CS,n) are forbidden from ending on OM3.?
The 5d operator W4(C$, 1) yields a local operator O on d M that has unit charge under
the global Zj 0-form symmetry of the field theory. In a similar way, in case (b) it is the
operators W,(C$,n) that can end on the boundary, and W,(C$, 1) yields a surface operator

9More precisely, W.(C5,n) can end on OMs only if n is a multiple of k, in which case the operator
We(C5, n) is trivial.
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on 0 M5y with unit charge under the global Zj 2-form symmetry of the field theory. In case
(c), with factorization k = mm/, the operator W4(Cf,n) is allowed to end on dMs5 if the
charge n is a multiple of m, while W.(C5,n) can end on the boundary if n is a multiple
of m/. In the boundary field theory we obtain both local operators and surface operators,
compatibly with the global Z,,, 0-form and Z,, 2-form symmetry.

The mixed electric-magnetic operators of the 5d topological bulk theory act as baryon
vertices [45] from the point of view of the dual field theory. For example, in case (a) we can
consider the operator O* on the boundary and connect it to a point in the bulk, where a
charge-1 't Hooft operator for c3 is supported (a “monopole event”). The arguments of [44]
show that in this case OF acquires a VEV. Notice that this phenomenon does not break
the global Zj, 0-form symmetry. Analogous remarks apply to cases (b) and (c).

Let us now turn to the operators WBﬁ(CS,n,ﬁ) in (4.1). In section 3.2.1 we have
defined the cases (a’), (b'), (¢/). Notice that we can choose any of these three options
independently for each label ¢ = 1,...,g9. For the sake of simplicity, let us discuss the
situation in which we choose case (a’) for all i = 1,...,g. Other choices of topological
boundary conditions for the (E%, Bsy;) system can be discussed in a similar way.

If we select case (a’) for all i = 1,..., g, the operator WB,E(C; n,n) is allowed to end

on OMs if its Eé charges n; are all equal to zero. If this condition is met, we get a line
operator in the dual field theory. It has charges 11’ under the global “electric” (Zy)9 1-form
symmetry of the QFT. If i = N 5% for some integers 5°, we can connect the line operator
on the boundary to a mixed electric-magnetic operator (baryon vertex) in the bulk. More
precisely, the line operator on Mj is connected by a 2d worksheet to a line B{X' in the bulk,
which supports a 't Hooft operator for f]g with charges §°.1 According to the analysis
of [44], the presence of the baryon vertex in the 5d bulk implies condensation of the line
operator with charges 7’ = N 3.'' This condensation does not trigger a spontaneous
breaking of the (Zy)¢ 1-form symmetry.

The analysis of extended operators and boundary conditions in the B;, B! BF theory
can be used as a tool to access allowed line operators in 4d SCFTs from wrapped M5-
branes. The goal is a classification that generalizes the results of [46] beyond Lagrangian
gauge theories. We expect a rich variety of line operators and a non-trivial action of the
duality group Sp(2g,Z) on them. Notice that this strategy can be applied to both N/ = 2
and N = 1 theories. We plan to study this problem in greater detail in future work.

5 ’t Hooft anomalies from inflow

In this section we compute the inflow anomaly polynomial for the M-theory setups of
interest in this work. We include all p-form gauge fields originating from expansion of Cj
onto cohomology classes of Mg, as well as background fields for isometries of Mg, and an
arbitrary background metric. A systematic method for performing this computation was
developed in [22]. One main novelty here is the interpretation of the terms involving Ay,

10N\ ore explicitly, we consider a small tubular neighborhood of B$** in M. Its boundary is an S® bundle
over BY*. We impose the boundary condition % fsS Hi =75
1A line operator is said to be condensed if it obeys a perimeter law [1].
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c3, Bs;, éé, which encode ’t Hooft anomalies for discrete global symmetries. Moreover,
in the case of Mb-branes probing a Zs singularity, we include background 0-form gauge
fields and we discuss their interpretation in terms of anomalies in the space of coupling
constants.

5.1 Inflow anomaly polynomial

Let us outline the recipe for the computation of the inflow anomaly polynomial. We refer
to [22] for further explanations. The input data is the internal geometry Mg and the
background Gy-flux configuration G4. In the notation of (2.3), the latter is G4/(27) =
N, QF. Our goal is to compute the 6-form inflow anomaly polynomial Iénﬁow. As per usual
descent formalism, Iénﬂow is a closed, gauge-invariant 6-form that is defined in a fiducial
spacetime Mg, which is taken to be Euclidean and six-dimensional.

In order to compute 't Hooft anomalies for symmetries associated to isometries of Mg,
we have to consider a fibration of Mg over the fiducial spacetime Myg. The relevant space

is therefore an auxiliary 12-manifold M,
Mg — Mo — Mg . (5.1)

The desired 6-form Ié“ﬁow is computed by fiber integration along Mg of a globally defined
12-form Ilg on M12,

[inflow — [, (5.2)
Mg

The 12-form Z;9 is constructed from the class Xg(T'Mi2) (see (2.4) for the definition of Xy
in terms of Pontryagin classes) and from a 4-form E,; on M2, according to

1
112:—6E4/\E4/\E4—E4/\X8. (53)

The expression for Ej is discussed below. It is argued in [22] that the 6-form (5.2) is equal
to minus the 't Hooft anomalies of the full 4d theory living on the M5-branes stack. In
the cases of interest in this paper, the 4d theory consists of an interacting SCF'T, together
with free decoupled modes. We may then write

[ipflow 4 JSCFT y pdecoupl _ (5.4)

Igecoum in section 5.2.

We comment further on
Let us now turn to a description of the 4-form FEj. It is a globally defined, closed
4-form on Mo with integral periods, which can be written as

Fy i Hy 7

Ey= No (Q9)%0 + 22 fp IL A (Age)®d 4+ T35 A (Ar)® .
4 a( 4) +2ﬂ_/\(w204) +27T/\( Bx) +27T/\(1u) +27r (55)

In the previous expression the forms F3', f{, Hg, 4 are closed forms on the base Mg
of the fibration (5.1), pulled back to the total space Mjs (the pullpack is implicit in our
notation). Exactly as in (2.3), we interpret F35*, ', HY, 74 as the field strengths of p-form
background gauge fields on Ms, so that the periods of Fy¥, f{, Hg, 4 are quantized in
units of 2.
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The forms (23)%, (w2a)%, (Asz)®Y, (A1) are globally defined, closed forms on Mo
with integral periods.'?> They can be regarded as a gauge-invariant and closed extension of
the forms Qf, waq, A3z, A1y on the fiber Mg. Indeed, if the fibration (5.1) is replaced by a
direct product and all external gauge fields related to isometries of Mg are turned off, the
forms (Q9)%, (w2q)®Y, (Asz)®Y, (A14)Y reduce to QF, wan, Asz, Mu-

We discuss the construction of the forms (2%)%Y, (w2q)%Y, (Asz)®Y, (A14)? in ap-
pendix C. We would like to emphasize here, however, that they are not uniquely determined
by the forms Qf, wan, Asz, A1y, on Mg. Different realizations of (Q¢)¢? differ by a closed
(but not necessarily exact) 4-form on My, and similarly for the other forms. We show in
appendix C that the ambiguities related to a specific choice of (23)%, (waq)®Y, (Aszz)%d,
(M) in Ey can always be undone by adding exact pieces to £y (which do not alter the
integral (5.2)) and/or performing a field redefinition of the external field strengths Fs', HY,
~v4. We also verify that the necessary field redefinitions preserve the lattice of periods of the
field strengths. We conclude that the inflow anomaly polynomial Iénﬂow is unambiguously
defined, up to a choice of basis in the space of external p-form gauge fields on Mg.

After these preliminary remarks, we can discuss anomaly inflow for the wrapped M5-
brane setups of interest in this work.

5.1.1 Mb5-branes wrapped on a Riemann surface

In section 2.2.1 we have summarized the choices of g, p, ¢ that lead to a smooth supersym-
metric AdSs M-theory solution, see table 1. In all cases, Mg admits at least a U(1); x U(1)2
isometry, associated to angular directions ¢, ¢2. We couple these isometries to external
Abelian gauge fields A?', A?2. We introduce the notation

d A¢>2

o d 4¢1
Cl —_—
2

o =aUn), =

=c1(U(1)2) (5.6)

for the first Chern classes of these background connections. When g = 0, the space Mg
admits an additional SO(3)y, = SU(2)y, isometry. We can couple this isometry to a triplet
of external gauge fields. We use the notation ¢ = co(SU(2)y) for the second Chern class
of these SU(2)y, background gauge fields. appendix B.1 contains a more detailed discussion
of the gauging of isometries of Ms.

The derivation of the inflow anomaly polynomial is reported in appendix B.1. The
result reads (suppressing wedge products)

inflow 2 1 1
IV = = S (N* = N) el () + aef? (1)) = 5 N [p(e1)® +a ()]
1
or N [pef +ae] (@) + ¢ [V @~ N)pef* + (VP9 — N ]
1 Tt
+ (QW)Q[—N'MFZ—NH?, Hy| . (5.7)

12The label “eq” stands for equivariant, because the forms (2$)°?, (w2a)®?, (Az2)%Y, (A14)%® on Mis can
be regarded as representatives of classes in the G-equivariant cohomology of Mg, where the group G is the
isometry group of Mg [22].
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This result includes the terms originating from —FEy Xg in Zj9. In (5.7), p1(T) denotes the
first Pontryagin class of the background metric on spacetime. Notice that the coefficients
of the BF terms are both equal to N here. It is understood that the terms with ¢5 are only
present if g = 0. We stress that (5.7) does not contain mixed 't Hooft anomalies between
the symmetries related to isometries of Mg and the symmetries associated to cohomology
classes on M;g.'

Interpretation. If we focus only on continuous symmetries, the background fields F5,
V4, H i, Hj are set to zero. This follows from the tadpole condition on E + 2 Xg discussed
in [22]. Alternatively, we notice that IZ1°% in (5.7) can be regarded as collecting all
topological terms in the 5d AdSs effective action. Enforcing the tadpole condition is
equivalent to using the 5d EOMs for Ai, cs, Eé, By; that come from this topological
action: all these fields are flat on-shell. After integrating out Fb, 74, flé, Hj, the first
two lines of (5.7) reproduce known results [15, 22| and their interpretation is standard:
they encode 't Hooft anomalies for the symmetries U(1);, U(1)2, SU(2)s and Poincaré
symmetry.

The terms ~4 F» and I;Tf; Hs; on the last line of (5.7) are a proxy for 't Hooft anomalies
involving discrete global symmetries. More precisely, the global symmetry on the boundary
SCFT depends on the choice of boundary conditions for A; = A1, c3, Boy, Ef The terms
~v4 F5 and H i H3; each encode a mixed 't Hooft anomaly if we choose boundary conditions
of type (¢), (¢/) in the terminology of section 3.2.1.

5.1.2 Mb5-branes probing a Zs singularity and wrapped on a Riemann surface

If we consider a higher-genus Riemann surface, the internal space Mg has isometry group
U(1)y x SU(2),. In the case g = 0 we have an additional SO(3)y = SU(2)y, isometry. We
introduce the compact notation

d =a(U)y), & =cBUR)y), ¢ =cSUQ)y) (5.8)

for the Chern classes of the background gauge fields for U(1)y, SU(2),, SU(2)s.
The computation of the inflow anomaly polynomial can be found in appendix B.2. Let
us write the result as

inflow __ rinflow,1 inflow,2 inflow,3
Ig™™" = I + I + I ) (5.9)
inflow,1 . . . . . .
where Iy """ encodes the anomalies involving exclusively the symmetries associated to

IénﬂOW’Q collects all terms that only involve p-form gauge

inflow,3
I 6

isometries and Poincaré symmetry,

fields originating from expansion of C5, and contains all other terms. Explicitly,

ow 1 1 1 1
finfowt _ <3XN3 +N2N_) o 5 — N () + G N-f m(T) — g Nef

1 2 2
+{N§—N2N—N3+(N+N) &y (5.10)

3 3 3

13The anomaly polynomial is sensitive to the choice of the forms ()%, (w24)%?, (A32)%Y, (A14)°?. There
exists a choice such the result takes the form (5.7). As we shall see, in the GMSW setup such a choice is
not possible.
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Iénﬂow,Z - - [_ (NF2 _|_N+ F2+ + N_ F2_)’y4 — Nﬁé ng] (511)

1 1 _ _ o
—EX(FQJF)S—ixF;(FQ )2+ Fy Fy F —74(ff§f1 - f+f1i)

(27)3

B (# Hy - F Ha) + Fy (47 - Fi H)

inflow,3 1 & +12 1 1 2 1 Y\2 o+
I ——(27_‘_)2]\7_01(172) + o (NN 45 N x—5x) () B (5.12)
Fy

1 1
_ + VP
27rN(N_F2 +N+F2)02+24x 7 1(T)

1
+5— (N + N[Ny Fy + N_Ff = Ny By c§

27
b [V NG o ] (6 A+ )
— (2711_)3011/) Fy (f1+z fl'i - ~{-+ ffz) - (271r)2 Ncqf (ffZ ﬁé - ﬁ'+ H3i> .
It should be stressed that, in presenting [énﬁow, we have implicitly chosen a basis of external

p-form fields originating from expansion of C3. We are free to consider field redefinitions
that shift these p-form fields with terms constructed with the background connections
for the isometries of Mg. Unlike the BBBW case, however, there is no such redefinition
that can set to zero all mixed terms between symmetries originating from isometries, and
symmetries originating from Cj.

Perturbative anomalies. Let us extract physical information about perturbative
anomalies for continuous symmetries from the inflow anomaly polynomial (5.9). The gauge
fields Bsy;, E;, c3, together with one linear combination of the three vectors Ay, Ali, are
topologically massive gauge fields in five dimensions and therefore cannot be interpreted
as background gauge fields for continuous symmetries in the 4d field theory. If we are only
interested in studying local aspects of 't Hooft anomalies for continuous global symmetries,
we have to eliminate the topologically massive fields from the anomaly polynomial. This
is done enforcing the tadpole constraints on E7 + 2 Xg discussed in [22]. Equivalently, we
impose the equations of motion for c3, Ba;, E% in the 5d topological theory defined by
Iipow 1f we do so, we obtain the relations

1 1 ~ ~.
_ = + - B e A S
0_277 (NF2+N+F2 +N7F2>+(2ﬂ_)2 (flz 1 1 flz)v

1 1 o 1
0=§NH32‘+W(F;H{+F2 f1i>_%NC%fﬂv

1~ 1 . | -
OZQNH.%JFQT)Q(F; 1Ty >—%Ncq1bff+- (5.13)

We may solve these relations for Fs, Hs;, H 1. After plugging the corresponding expressions
back into Iénﬂow, the field v4 drops away and we are left with a polynomial in czlp, cf, c§,
p1(T), FQi, flj;f, ffi. This polynomial encodes the sought-for perturbative anomalies and
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reads

) 1 1 1
[infiowpert _ (3 X N® 4 N? N_> o 5 = SN () + G N-eI mi(T) — g Nef e

1 2 2
N3 N2 N_-ZN342
+{3 - 3V 3

(N + N)] ey

1 X N_ x _ Ny
AT F+3_< >F+ F 2—7F F+2
s~ () B - )
1 Lo o—zie L oty ot Fit_ 2 ok o (4 Fie_ Fit g
+(27r)4 _N<F2) flifl _N<F2)f1i 1 _NF2 Fz (f1if1 —J1 fli)
1 1 ~ 1 ~
N_ (BN — 2 B fo fim 4+ — N (D)2 fo fim
(27)2 cy (Fy') (273 a By fu i+ (2m)2 (1) fii fi
—|—i NN_+XN2—X) (V)2 Fy — ! N(NyFy + N_F)cy
2 2 2) 1 "2 op 2 2/
1 + fit g Fi— 1 2 2 N—N-% + 5
- (Qﬂ)zN(fu 1 A )C§+27T(NN+N—+N++ N Fy e
1 Ny N2\ 1
1 N_ Ny S
+(27r)2(N++ N )sz (A =R ) (5.14)

The above expression extends the results of [27] with the inclusion of the terms involving
ffj, ?i. Notice the appearance of 1/N factors in the 't Hooft anomaly coefficients. They
originate from solving the relations (5.13). Physically, they come from integrating out
topologically massive modes. The perturbative anomaly polynomial (5.14) can be used to
compute central charges via a-maximization; at leading order in N, one finds a perfect
match with the dual supergravity computation based on the GMSW solutions [27].

Aside: topologically massive fields and Green-Schwarz terms in six dimensions.
A variant of the mechanism that generates 1/N terms in (5.14) by integrating out topologi-
cally massive fields is at play in six dimensions. More precisely, let us consider a stack of N
M5-branes probing a I'apg C SU(2) singularity. The internal geometry is S*/T'apg. Upon
resolution of the orbifold singularities at the north and south poles of S*, we get a smooth
internal space My. At each pole we have a collection of resolution 2-cycles. Expansion of
the M-theory 3-form Cs in cohomology of M, yields an external 3-form gauge field ¢3 and
a collection of 1-form gauge fields, associated to the resolution 2-cycles at the north and
south poles. In the limit in which the resolution cycles are shrunk to zero size we have
an GN x G% non-Abelian gauge symmetry in the 7d low-energy effective action, where G
is the ADE Lie group associated to I'apg. The topological couplings of the 7d effective
action are conveniently encoded in a gauge-invariant 8-form, which contains the terms

1 v2 1oy [tr (FN)2 o (F5)?

27 @2m)2 42| (22 (2n)? | (5.15)

The 4-form 74 is the field strength of the 3-form gauge field c3, while FNS is the field
strength of the gauge group Gllj’s. The 3-form gauge field c3 is topologically massive by
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virtue of the 7d Chern-Simons coupling encoded in the term ~7 in (5.15). In order to study
the perturbative anomalies for continuous global symmetries of the system, we have to
integrate out this massive field. Eliminating cs via its classical equation of motion is the
same as enforcing the tadpole constraint of [22]. The terms (5.15) are traded for

1 [tr(FN)? o (F5)°

32N | (2m)? (2m)2 (5.16)

In the analysis of [29] this term is interpreted as a Green-Schwarz term related to the center-
of-mass mode of the Mb5-branes, see also the recent field-theoretic analysis of [47]. Our
analysis of topological mass terms in supergravity reveals how this term is automatically
accounted for in inflow via integrating out massive modes.

Remarks on the background 0-form gauge fields aoii, 661_. The terms in Iénﬂow with

[ = daZ, fi* = dai* should be interpreted along the lines of [2] as 't Hooft anomalies in
the space of coupling constants. We can think of aoii, 6éi as background fields for global
“(=1)-form symmetries” in the 4d field theory. (We refer the reader to [2] for a careful
discussion of the merits and limitations of the notion of “(—1)-form symmetry”.)

Recall that a(jfi, 'déi originate form expansion of C'5 onto 3-cycles in the internal space
Mpg. We can offer an interpretation of a(:)tl-, %i in terms of the picture of M5-branes probing a
Zsy singularity. The 6d SCFT on the worldvolume of the M5-branes has an SU(2)x x SU(2)g
global symmetry. This theory is reduced on Y, with a non-zero flavor flux, which breaks
SU(2)n x SU(2)s to the Cartan subgroup U(1)x x U(1)s. The 6d background 1-form gauge
fields for this O-form symmetry can be dimensionally reduced along 1-cycles in X, to yield
O-form gauge fields in four dimensions. Since ¥, has 2g 1-cycles, this reduction generates a
total of 2 x 2g = 4g 0-form gauge fields in four dimensions, which matches the total number
of a(jfi, Zif)i fields.

The operators in the 4d SCF'T coupled to ai-, %i are exactly marginal operators. In
a schematic semi-Lagrangian language, the deformation of the SCFT associated to a(jfi, Eéi
takes the form

AS= | ——laf,OF -Gt Of +a5; O~ —ay 07|,  AOF)=AOF)=4. (5.17)

(2

In light of the discussion of the previous paragraph, we can regard O, O™ as coming from

(2
the dimensional reduction on %, of the 6d 1-form conserved current operators associated

to the 6d U(1)xy x U(1)s O-form symmetry. Schematically,
56 Jifgy ~ (.4OF) AN = (5240™F) A N, (5.18)
where \;, A’ are closed 1-forms on >, as in section 2.1. We also notice that a(jfi, ait

are compact scalars with period 27. This indicates that the spacetime integrals of the
associated operators (’)ii, O™ satisfy a quantization condition of the form

Of x41€2, OF x,1€. (5.19)
My My
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Intuitively, the operators (’)ii, O™ are analogous to tr (F'F') in gauge theory, and a(jfi, 66i

are analogous to 6 angles.

Let us stress that ag:i, 'déi are distinct from the axionic couplings that originate from
the complex structure moduli of the Riemann surface ;. The geometric origin of the
latter resides in a deformation of the metric on ;. 't Hooft anomalies associated to these

coupling constants have been analyzed in [48].

5.1.3 Anomalies for discrete symmetries

The inflow anomaly polynomial balances against the total 't Hooft anomalies of interacting
and decoupled modes in the 4d field theory, see (5.4). It should be stressed that the
separation into interacting and decoupling modes does not necessary correspond to a simple
factorization of the partition function in field theory. From the perspective of the dual
gravity theory, the singleton sector in a string theory/M-theory compactification decouples
from the rest of the dynamics of quantum gravity, but in general the full quantum gravity
partition function does not simply factorize into a contribution from the singleton sector
times a contribution from interacting modes. Rather, as argued in [40], one expects the
total string theory/M-theory partition function to be of the schematic form

Ziot ~ Z 78 Zzingleton ‘ (5.20)
B

In the previous expression, the discrete label S enumerates the relevant topological sectors
of string theory/M-theory in the background under consideration. The quantities Zzingleton
encode the contribution of singleton modes, while Z” encode the contributions of all other
interacting bulk modes. The holographic duals of Z? are the conformal blocks of an
interacting 4d CFT, while the holographic duals of Zzingleton are the conformal blocks of a
free 4d theory.

As demonstrated in [40], the correct strategy to compute nggleton

on the gravity side is
to consider both kinetic terms and topological terms in the 5d supergravity effective action.
In this approach the Hamiltonian in the singleton sector is unambiguously determined. (In
contrast, in the purely topological BF theory without kinetic terms, the Hamiltonian can
be modified by adding boundary terms.) For the setups of interest in this work, one needs
to consider the BF couplings (3.1) supplemented with standard kinetic terms.

In the setups with wrapped Mb-branes studied in this work, the total worldvolume
theory has a partition function of the form (5.20) with more than one term on the r.h.s. .
Indeed, the different summands labeled by S correspond to inequivalent choices of bound-
ary conditions for the fields entering the BF couplings (3.1). In the total worldvolume
theory, the fields Ay, c3, Bs;, E% are associated to global continuous U(1) 0-, 2-, and 1-
form symmetries. These U(1) symmetries are spontaneously broken. The breaking pattern
is different for the various  summands in (5.20). Indeed, we know that interacting theories
associated to different choices of boundary conditions have different global discrete sym-
metries. For example, with reference to the terminology of section 3.2.1, the U(1) 0-form
symmetry associated to A is broken to Zj in case (a), is broken to nothing in case (b),
and is broken to Z,, in case (c).

_97 —



The inflow anomaly polynomial 7% in (5.7) or (5.9) is interpreted as minus the

anomaly polynomial of the total worldvolume theory (5.20). Since this theory has contin-
uous symmetries, we can describe its anomalies using the language of differential forms. If
we ignore the specific breaking pattern of the U(1)’s to discrete symmetries, all interacting
SCFTs with partition functions Z? have the same perturbative 't Hooft anomalies for their
unbroken continuous symmetries. For wrapped M5-branes these anomalies are the first two
lines of (5.7), while for wrapped M5-branes at a Zy singularity the perturbative anomalies
are collected in (5.14).

Extracting the anomalies for discrete symmetries of a given interacting SCFT Z7 is
more challenging. We expect that the language of differential cohomology should give us
the proper mathematical framework to discuss these anomalies. In appendix D we provide
a brief review of the aspects of differential cohomology that are relevant for this work.
We use the notation H* (My) to denote the ¢-th differential cohomology group of external
spacetime. An element of H!(M,) models an (¢ — 1)-form U(1) gauge field.

As a first case, let us consider the BBBW setup and assign Dirichlet boundary condi-
tions to A; and free boundary conditions to c3, case (a) in the terminology of section 3.2.1.
We can dualize the 3-form gauge field c3 to a O-form gauge field ¢y. The effect of the
dualization is to convert the original BF theory (3.1) (supplemented by standard kinetic
terms) into a Stiickelberg theory written in terms of the combination D¢y = dgpg — k Aj.
In the deep IR, the 1-form gauge field A; and the O-form gauge field d¢g are subject to the
constraint D¢g = 0, or

kA =dgo (5.21)

The gauge field k A; is pure gauge, because it is given in terms a globally defined closed
1-form d¢g with periods that are quantized in units of 2w. Crucially, this does not mean
that A; is trivial. Instead, A; is a flat gauge field that is allowed to have non-trivial
holonomies that are k-th roots of unity. These features show that the pair (A1, ¢¢) subject
to the constraint (5.21) describes a background 1-form Zj gauge field, as in [25, 32].14

In the process of dualizing c3 to ¢g, the BF term k A; Adcs is removed. As a result, the
anomaly polynomial (5.7) does not contain ¢z nor A;. This is consistent with the global
symmetries of the theory in case (a): we have a global O-form Zj symmetry from A;, but
no global symmetry from cz, and thus no mixed anomaly between the two. Moreover,
since (5.7) lacks mixed terms between Fj, 74, and the other field strengths, there are no
mixed anomalies between the 0-form Zj; symmetry and other symmetries.

Similar remarks apply to case (b), in which we assign Dirichlet boundary conditions
to cs. In this situation we dualize Ay to ¢o, and we impose the constraint

ks =dy . (5.22)

11f @ is a finite group, giving a connection on a principal G-bundle over M, is the same as specifying
an element of Hom(m(My), ). For the case at hand G = Zj is Abelian, and therefore (by Hurewicz
theorem) we can equivalently consider Hom(H1(M4),Zy). The pair (A1, ¢o) determines indeed an element
of Hom(H1(Ma4),Zy), because the holonomies of A; for any 1-cycle are in Zj C U(1), and only depend on
the homology class of the 1-cycle because A; is flat. If external spacetime My has no torsion in homology,
we also have Hom(H(Ma), Zx) = H'(Ma,Zy,) from the universal coefficient theorem.
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Thus, the pair (c2, ¢2) models a 3-form gauge field for a Zj symmetry. The By, E% system
is studied in a similar way.

The setup with wrapped Mb5-branes probing a Zs singularity is considerably richer.
Let us focus on the fields A;, c3, and let us impose Dirichlet boundary conditions on Aj.
In the total anomaly polynomial (5.9) we can collect all terms with a 4 factor,

_ul B SRR - AT
27| 27 (2m)2 ’

(5.23)

where we have recalled that N, F5' = kJF». The dualization of c3 yields a 0-form gauge
field ¢¢ as before. The analog of the constraint (5.21) reads now

kA + AL = dgy . (5.24)
In the previous expression, A{ 7 denotes the 1-form gauge field whose field strength satisfies

dAt! _ R -
21 (2m)2 )

(5.25)
More precisely, the 0-form gauge fields aa[i, %i can be modeled by elements of the dif-
ferential cohomology group H 1(My). In differential cohomology a well-defined notion of
product exists, which maps H'(My) x H' (M) to H%(M,). In other words, to a pair
of 0-form gauge fields one can associate a 1-form gauge field, see appendix D for further
details. It is in this sense that A{ 7 is constructed from aa—Li, ai*. The relation (5.24) should
be interpreted as a relation between elements of H2(My). If we take the field strength of
both sides, we get an equation for differential 2-forms,
1 i

fifi -
kFo +
2

=0. (5.26)

This relation is one of the equations of motions of the topological theory defined by (5.9),
or equivalently one of the tadpole constraints on E7 + 2 Xg.

The 2-form equation (5.26) can be integrated on any 2-cycle in spacetime. Since F3
has periods that are quantized in units of 27, we learn that dA{f has periods that are
quantized in units of 27 k. This indicates that we can introduce a new 1-form gauge field

A; defined as .
k
and that dA; has periods that are quantized in units of 27. It should therefore be possible

to model A; with an element of 2 (My). The new gauge field A; satisfies

A=A + A{f, (527)

kA, = ddy . (5.28)

Therefore, the pair (Ay, ¢¢) describes a background gauge field for a Zj 0-form symmetry.
We can now go back to the anomaly polynomial (5.9). Dualization of 4 has removed
all terms with a 4 factor. There are several other terms, however, that contain A4;. We
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rewrite these terms using (5.27) to trade A; for A; and A{f . After this rewriting, we find
terms with dA;, for example the term

o dA
Iénﬂo on ? AN Cg N (529)

where n is an integer 't Hooft anomaly coefficient. The 2-form dA; is zero: how
should (5.29) be interpreted? We regard the 6-form Ii"°% as the field strength of a U(1)
5-form gauge field, modeled by an element of H%(Mg). The wedge product in (5.29) is
reinterpreted as the product in differential cohomology. The second Chern class ¢§ admits
a natural extension in differential cohomology and defines an element of H*(M,). A more
detailed discussion of this point can be found in appendix D. The 1-form gauge field A; is
thought of as an element of H?(M,). Their product is thus an element in H%(Ms). Even
though the field strength of this element of H%(Mg) is zero (because A; is flat), this object
is still non-trivial. It encodes a non-zero 't Hooft anomaly between the discrete Zj, 0-form
symmetry and the SU(2), symmetry.

The ideas outlined in the previous paragraphs can also be applied to the Bsy;, Eé
system. For example, if we assign Dirichlet boundary conditions to Ba; (for each label i),
we have to collect all terms in (5.9) with H { an dualize Eé to a 1-form gauge field ¢1;. We
obtain a Stiickelberg-like system that enforces a constraint of the form

N By + By?™ = déy; . (5.30)
The quantity By, © is a composite 2-form gauge field, whose field strength satisfies

F i+ Fy fu
2

dB3™ = ~ N fE (5.31)
As in the case of A{f , the object dB3™" is best thought of as a sum of products in
differential cohomology of 1-form and 0-form gauge fields. The relation (5.30) is interpreted
as an equation in H3 (My). Taking the field strength of both sides we get an equation for

3-forms, which is the second equation of motion in (5.13). The periods of dBs;"© are
quantized in units of 2N, thus it makes sense to consider 1/N Bs’™P. Reasoning as

above, a new 2-form gauge field By; can be introduced, in terms of which (5.30) takes a
simpler form,

1
By = By; + N By™P N Bo; = dgy; . (5.32)

The dualization of Bj to ¢; has removed all terms with Hj from (5.9). There are other
terms containing Bs;, however. We rewrite such terms trading Bs; for By;. As before, the
terms that contain dBg; encode mixed 't Hooft anomalies between the “electric” (Zy)Y
1-form symmetry and other symmetries of the field theory.

In appendix E we present a case study for a detailed analysis of the anomalies, along
the lines explained in the previous paragraphs. In particular, we give the full anomaly
polynomial in the case in which we assign Dirichlet boundary conditions to A; and Bs;.
We find a rich variety of mixed anomalies involving the Zj O-form symmetry, the (Zy)9
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1-form symmetry, and the continuous symmetries of the system, see (E.18)—(E.21). The
terms in the anomaly polynomial that involve dA; and dBs; have the following structure,

1o 5 gy (éerl)):) +ayey (é:l)); asa }-za(éi';l)z + a4 (i fi _(;{;éfli) ()
—i—%W +agc§d2—':1 +a7c§ 6127»:1 —|—a8(c1f)20;—p7;1 + agp1(T) dz—p:
+ a10,a clf ‘m 1,48 f?(;:f)glAl a12 611/; it g;gAl +a13.4 L; E;Z)-Z ke
gyt Vi T ?25:1; f)dhs (A - (;i;gﬂ-) F§ dA,
g YT —(Q’E;fm? aAr T U {22; ; fit fi) dAs
+ ag (f1+] Nf? — g;{lj) Nﬁ B + age dAléiiéﬁ+ (5.33)

In the previous expression we have made use of the notation introduced in (2.8), in which
the index & refers to the continuous U(1)? symmetry associated to two out of the three
vectors coming from expansion of C5 onto cohomology classes. The explicit expressions of
the anomaly coefficients ay, ..., azs can be read off from (E.18)—(E.21). Among the various
terms in (5.33) we notice in particular: terms that are cubic and quadratic in dAj; the
term pq(7') dA; describing a mixed discrete-gravitational anomaly; the last term in (5.33)
which mixes the two discrete symmetries with a continuous axionic “(—1)-form symmetry”.

In closing this section, let us comment on boundary conditions of type (c¢) or (c).
Intuitively speaking, in case (c) only a part of the field c¢3 should be dualized to ¢g, and
a part of A; should be dualized to ¢o. More precisely, we expect a difficulty in using a
Lagrangian formalism to describe this case, analogous for instance to the difficulties that
one encounters in formulating a 4d U(1) gauge theory with both the electric and magnetic
photon in the Lagrangian. Even though we are not able to describe the dualization from BF
form to Stiickelberg form with the same level of detail as in cases (a) and (b), we can still
give an interpretation of (5.9) in terms of 't Hooft anomalies for discrete symmetries. As
already anticipated in section 3.2.1, the term k JF3 4 describes a mixed anomaly between
the Z,, 0-form symmetry and the Z,, 2-form symmetry. By a similar token, all terms
involving F» signal non-zero 't Hooft anomalies between the Z,,, 0-form symmetry and
the other symmetries in the system, and similarly for terms with ~4. Analogous remarks
apply to By, E% As in the case studied in appendix E, we find a rich structure of mixed
't Hooft anomalies.

5.2 Singletons and ’t Hooft anomalies

A Dbetter understanding of the decoupled sector of the 4d field theory is crucial to obtain a
detailed prediction for the anomalies of the interacting CF'Ts of interest. The holographic
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dictionary suggests a general strategy to extract information about the decoupling modes
on the field theory side from the gravity side: one has to study the singleton modes that
propagate on the conformal boundary of M5 x,, Mg.

Let us consider the setup with a stack of M5-branes wrapped on a Riemann surface. In
this case we know the decoupling modes on the field theory side. They are obtained from
dimensional reduction on X4 of a free 6d N = (2,0) tensor multiplet, which corresponds to
the center-of-mass degrees of freedom of the Mb5-brane stack. Our goal is to compare the
set of decoupled fields with singleton modes in M3 x,, Mg, where Mg is the internal space
of BBBW solutions.

The dimensional reduction of a free 6d N = (2,0) tensor multiplet on a genus-g
Riemann surface with twist parameters p, ¢ is discussed in appendix F. Recall that, for
any values of p, ¢, the internal space has a U(1); x U(1)g isometry. We find the following
4d N = 1 multiplets:

g vector multiplets: A,(0,0), A(1,1);

one chiral multiplet: ®(0,0), bg(0,0), ¥ (—1,-1);
hO(KP%Z) chiral multiplets: Q(2,0), A(1,-1); (5.3
ho(Kﬁ) chiral multiplets: Q(0,2), A (—1,1)

In the above expressions, K is the canonical bundle of ¥, (we are assuming g # 1, see
appendix F for the case ¢ = 1). The scalars ®, by are real, while @, @ are complex.
The spinors A, ¥, A, A are Weyl spinors of positive chirality. For each field, we have
included its U(1); x U(1)y charges. The combination U(1); + U(1)g is an R-symmetry,
while U(1); — U(1)2 is a flavor symmetry.

The multiplicities and the U(1); x U(1)2 charges of the free fields listed in (5.34) are
such that their combined 't Hooft anomalies match exactly with the dimensional reduction
on X, of the 8-form anomaly polynomial of a free 6d N' = (2,0) tensor multiplet, as
expected. Notice that the anomalies only depend on the difference h®(K P%I) - (K ﬁ),
which is fixed by the Riemann-Roch theorem, see appendix F.

How are the free fields in (5.34) identified with singleton modes on M5 x,, Mg? The g
vectors A, (we omit the degeneracy label) are identified with the g singleton 1-form gauge
field associated to the BF coupling N Eﬁ A dBy;. In a similar way, the real scalar by is
identified with the singleton O-form gauge field associated to the BF coupling k.A; A des.
The origin of the other scalar modes and of the fermions is different. These fields are
identified with suitable Kaluza-Klein modes of 11d supergravity on My X, Mg, whose
internal wavefunction is such that they are pure gauge in the bulk of M5, but propagate
on the conformal boundary OM35. We may refer to these modes as Kaluza-Klein singletons.
They are well-understood for the AdSs x S° solution in type IIB supergravity [49)].

As we can see from (5.34), the Kaluza-Klein singletons ®, A, ¢ sit in supermultiplets
that contain the BF singletons. The existence and charges of these Kaluza-Klein singletons
can be easily determined by counting BF singletons (which are neutral under U(1); x U(1)2)
and using 4d N = 1 supersymmetry. In contrast, the chiral multiplets (@, A) and (@, [A\) do
not contain BF singletons. It follows that to verify the existence, charges, and multiplicities
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of these Kaluza-Klein singletons we cannot rely on a simple counting of BF terms, and we
rather have to perform a direct analysis of the Kaluza-Klein spectrum.

The situation is different if we specialize to g > 2, ¢ = 0, i.e. the N' = 2 Maldacena-
Nunez solution. The U(1); isometry enhances to SU(2); and the internal space Mg contains
a round S2. The free fields in (5.34) can be reorganized into 4d N = 2 multiplets,

g vector multiplets: A, 1], Q[12], N (21 (5.35)
one hypermultiplet: bo [1o], Q'[30], ¢/ [2_1] . '

For each field we have indicated its SU(2); representation and U(1)2 charge. The triplet of
real scalars Q’ comes from combining the complex scalar @ and the real scalar ® in (5.34),
while the fermion X\ comes from A, A, and the fermion v’ comes from 1, A. Tt is clear
from (5.35) that in this 4d A/ = 2 setup all Kaluza-Klein singletons are related to BF sin-
gletons by supersymmetry. Thus, the existence, charges, and multiplicities of the Kaluza-
Klein singletons can be easily inferred from counting BF singletons and exploiting 4d N = 2
supersymmetry.

If we consider the setup with wrapped Mb5-branes probing a Zs singularity, the task at
hand it to identify singleton modes for GMSW solutions on the gravity side. A subset of
these modes is easily identified: a real O-form BF singleton by and a set of g real 1-form BF
singletons A,,. These fields are neutral under the SU(2), flavor symmetry and the U(1)y
isometry, which is an R-symmetry.'®> Exploiting 4d N = 1 supersymmetry, we predict the
following multiplets of singleton modes in GMSW,

g vector multiplets: Ay o], AN14];

(5.36)
one chiral multiplet: bo [1o], @ [1o], ¥ [1]-1 .

We have indicated the SU(2), representation and the U(1), charge. (All these fields are
neutral under the baryonic U(1)? symmetry.) In analogy with (5.34), we expect additional
chiral multiplets of Kaluza-Klein singletons, whose charges and multiplicities cannot be
inferred from the BF terms alone. To identify these chiral multiplets, we need to perform a
more detailed study of the Kaluza-Klein spectrum of GMSW solutions. We plan to address
this problem in future work.

It should be stressed, however, that we do not expect Kaluza-Klein singletons to ex-
haust the entire set of singleton modes for these geometries. This expectation is based on
analogy with D3-brane setups in type II string theory. As pointed out in [24], if we con-
sider type IIB supergravity on AdSs x T, we only see one vector BF singleton (coming
from the term By A dCo, where By in the NSNS 2-form and Cj is the RR 2-form). On
the other hand, the worldvolume theory on the D3-branes is a U(/N) x U(N) quiver theory
(with superpotential) in which the two U(1)’s in U(N) x U(NV) decouple in the IR. The
overall U(1) is identified with the BF vector, but the relative U(1) does not appear to have
an obvious singleton interpretation within the supergravity approximation. The geome-
try AdSs x TH! can be regarded as originating from blow-up of a Zs orbifold singularity.
This feature is qualitatively similar to our interpretation of the smooth GMSW solutions

5The superconformal R-symmetry is the linear combination of U(1)y and the baryonic U(1)? symmetry
fixed by a-maximization [50].
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in terms of a blow-up of the C?/Z, singularities at the north and south poles of S*. For
this reason, we expect that, in order to capture all decoupling modes on the worldvolume
theory of the Mb5-brane stack, one has to analyze singleton modes beyond the supergravity
approximation, including stringy modes. This program could give an exact answer for
the decoupled modes, which, combined with inflow, would yield the exact anomaly of the
interacting SCFT, including O(1) terms.

6 Outlook

The problems studied in this work suggest several directions for future research. For
instance, a systematic analysis of topological boundary conditions for the BF theory N Eé A
dBy;, including the action of the duality group Sp(2g,Z), has not been performed. Such
a study has the potential of furnishing an organizing principle for the classification of
line operators in 4d SCFTs engineered with M5-branes, with either ' = 2 or N/ = 1
supersymmetry.

Another problem that deserves further analysis is the computation of the partition
function vector of the singleton modes in a setup with wrapped Mb-branes. The full
partition function from the gravity side is expected to take the form (5.20), where the
vector Z% encodes the contribution of interacting bulk modes (and is dual to the partition
function vector of an interacting SCFT), while Z;inglemn is the partition function vector of
singleton modes. The latter is computable following the methods of [40, 41]. The action
of Sp(2¢,7Z) on the conformal blocks Z? of the interacting SCFT can be determined from
its action on Z/S;Hgleton. One may then explore the interplay between the duality group and
't Hooft anomalies for various global symmetries.

We have observed that BF couplings in the bulk 5d topological theory account for a set
of singleton modes on the gravity side. On the other hand, additional singleton modes are
present, which do not originate from BF terms. In general N/ = 1 setups, supersymmetry
is not sufficient to determine all singleton modes starting from BF singleton modes. It
would be beneficial to perform a systematic study of singleton modes in string/M-theory
compactifications, especially in setups with lower amounts of supersymmetry. On the basis
of the holographic dictionary, it is expected that singleton modes on the gravity side should
account for all modes that decouple in the IR on the field theory side. A detailed knowledge
of decoupling modes can provide access to precision holography, allowing for example for
a computation of exact anomalies, beyond the large-N limit, including O(1) terms. The
role of singleton modes in holographic flows is also worth analyzing further.

It is natural to wonder how the results of this paper would be modified by the inclusion
of punctures on the Riemann surface. In order to address this question in a more systematic
way, a better understanding of punctures for 4d N’ = 1 theories engineered with M5-branes
would be useful. With regards to N' = 1 regular punctures for 6d (2,0) theories of type
Apn_71 on a Riemann surface, our expectation is that there should be no mixed anomalies
between the continuous O-form flavor symmetries at the punctures and the discrete and
higher-form symmetries of the system. On the other hand, we anticipate a much richer
structure in setups with Mb5-branes probing a Zs singularity and wrapped on the Riemann
surface with punctures.
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Finally, it would be useful to extend the discussion of symmetries and anomalies in
geometric engineering, including other possible sources of internal discrete symmetries (such
as discrete isometries of the internal space or torsion cycles [33, 34]), as well as spacetime
discrete symmetries (such as parity or time reversal).
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A A change of basis

In this appendix we consider an internal space Mg with n := b*(Mg) > 2. The lattice
H?(Mg,Z)gree is preserved by the action of SL(n,Z). In terms of the closed 2-forms waq,
we can consider a change of basis of the form

Who = wag (M™1Po, M eSL(n,Z). (A1)

This linear transformation is accompanied by transformations on the closed 4-forms Qf,
as well as on the basis C$ of 2-cycles in Mg, and the basis C2 of 4-cycles in Mg. In order
to preserve the relations [, waq A Qf =05, fc; wap = 05, and [ou Qf = 08, we must set

QA =M Q), Y =MC,  CY=CiM ). (A-2)

The ansatz (2.3) for G4 contains the terms A A wa, and N, Q§. As a result, the linear
transformation (A.1) induces a linear transformation for the external 1-form gauge fields
and flux quanta,

A =M A7, NL=Ng(M~Y5,. (A.3)
To proceed, we define the integers k and m, via the relations
k= ged(Ny,...,Ny), Ny =kmg, . (A.4)
It can then be shown that a matrix M € SL(n,Z) exists, such that
A=t = mg AV (A.5)

This can be argued as follows. The integers {mq}/_; are relatively prime. There must
exist labels aj, a0 € {1,...,n}, a1 # ag, such that m,, and m,, are relatively prime.
After reordering {mq}7_; if necessary, we can take oy = 1, ag = 2. We may then consider
the following matrix,

my m2 M3 My ... Mp—1 My
r s 0 0 ... O 0
0O 0 1 0 ... O 0
M%g = o0 0 1.. 0 07 detM = smq —rms . (A.6)
0 0 0 O 1
0 0 0 O 1
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Since m1 and mq are relatively prime, there exist integers r and s satisfying s m;—rms = 1.
This follows from Bézout’s identity in elementary number theory. Thus M € SL(n,Z) and
clearly 419! =mg A

In the new basis N/, of flux quanta, the component N/_; = k is the only non-zero
component, and we have

N, dAY = kdA =1 . (A.7)

This is why this basis is best suited to study the topological terms in the 5d action.

B Cohomology classes and gauging of isometries

In this appendix we study non-trivial cohomology classes of the internal space Mg for
BBBW solutions and GMSW solutions. To compute the full inflow anomaly polynomial,
we need to activate background gauge fields for the isometries of Mg. After turning on
these gauge fields, the relevant spacetime is denoted Mjs and is of the form

MG — M12 — M@, (B.l)

where Mg denotes external spacetime. For the purposes of computing anomalies in the
descent formalism, we take Xg to be Euclidean and six-dimensional. We discuss represen-
tatives for cohomology classes in Mg and their counterparts in Mi2. We suppress wedge
products throughout this appendix.

B.1 BBBW solutions

B.1.1 Cohomology classes in Mg

In the BBBW solutions, the internal space Mj is topologically an S* fibration over a genus-
g Riemann surface ¥,. We refer to [15] for the full expression of the metric on Mg. For
the purposes of this work, we can use the following simplified line element on Mg, which
captures the topology and isometries of the metric in [15],

ds* (M) = ds*(S4) + dpg + dpf + dp3 + 113 Déi + p3 D3 , (B.2)
dD¢1 = —pVs,  dD¢y=—qVs, /EVE:27Ta ptag=-x=2(¢g-1).
g
The angles ¢1, ¢2 have periodicity 27 and dsQ(Eg) denotes the metric on Y, with constant

curvature £ € {0,1,—1}. We have also introduced three constrained coordinates pg, p1,
o, satisfying

po+pi+tps=1, —1<pp<1l, 0<m<1l, 0<pp<l1. (B.3)

We use By to denote the 2d space parametrized by pg, p1, pe. The total space of the
Sll X S(})Q fibration over Bj is an S%. We refer to the points jg = +1 as the north and
south poles of S, respectively. The space By is depicted schematically in figure 2.

The space Mg admits one integral 4-homology class. A representative is obtained by
considering the 4-cycle C* that is obtained by taking the S* fiber on top of a generic point
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2 =0
po =—1 po = +1

w1 =0

Figure 2. Schematic depiction of the space Bs described by the constrained coordinates (B.3) with
line element du2 + du? + dp3. We have also indicated the orientation of By used throughout this
appendix.

on the Riemann surface. Correspondingly, there is one non-trivial 4-cohomology class on
Mpg. We represent it by a closed but not exact 4-form w4, which integrates to 1 on the
C* cycle,

/ Q=1 (B.4)
C4
The closed 4-form wy is parametrized as follows,

Dy Déy | 1 Dér dDéy |, Doz dDo1

Qu=h —
1 227r 27 Lo on Loog  on

(B.5)

In the above expression, hs is a 2-form on By, while hi’Z are 1-forms on Bsy. Closure of wy
requires
hy = dhi = —dh? . (B.6)

It follows that d(hi + h?) = 0 and therefore (since Bs has trivial cohomology) there exists
a O-form hg such that
hi+ hi = —dho . (B.7)

Without loss of generality, we can take hg to satisfy
(ho)N = —(ho)®, (B.8)

where the superscript N, S means evaluation at pg = =+1, respectively. The 1-forms h},
h? satisfy additional requirements that ensure the regularity of ws. In particular, we must
demand that hi be zero if restricted to the locus {u; = 0} C Ba, and similarly for h?,

hﬂ#lio = 07 h%’}l&:o =0. (Bg)

This is due to the fact that 54151 shrinks along p; = 0, and similarly for S¢1)2. We also have
to impose (B.4),

1= [ n={ & :/ Bt —/ h2 — dho = (ho)™ = (ho)® . (B.10)
Bs 0B; {p1=0} {n2=0} {n2=0}

In the first step we have integrated over ¢;, ¢2. In the second step we used (B.6). The
boundary 0By consists of the arcs {1 = 0} and {u2 = 0}, with a relative minus due to
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orientation, see figure 2. We conclude recalling (B.9) and (B.7). We learn that (hg)N —
(ho)® = 1, which, combined with (B.8), yields

1
92 )

1
(ho)™ = (ho)® =—3 - (B.11)
Poincaré duality implies that the space Mg admits one non-trivial 2-cohomology class.

It can be represented by a closed but not exact 2-form ws, normalized in such a way that
Q4 W = 1. (B12)
Ms

We parametrize wo as

1 Do

wy = d|H] Ve

% )

D D D
+ Hj ¢2]:dH1 N L am? d)Q—(pH&—i-qu) (B.13)

27 0 on 0 or 0 or
where H}, HZ are O-forms on Bs. We might have included an additional term Aws =
(const) Vs, but such term can always be reabsorbed by redefining H{ or HZ. (We do
not consider the case p = 0 = ¢ because it does not correspond to a smooth M-theory
solution.) The O-forms H{, H§ satisfy additional requirements that ensure regularity of
wo. In particular, regularity the term dHi A D¢ implies that the function H} restricted
to {p1 = 0} must be a constant. Similarly, H3 restricted to {us = 0} must be a constant,

d(Hjlpm=0) =0,  d(Hglum=0) =0. (B.14)

Since we can connect the north and south poles with either the arc {1 = 0} or {u2 = 0},
we conclude that the values of H{, HZ at the poles are equal,

(Ho)™ = (Hy)®,  (H3)N = (H})® . (B.15)

Next, let us consider the integral in (B.12). It can be computed with manipulations similar
to those in (B.10). The result is

Qs = —[p (H)N + g (HH)N] [(ho)™ = (ho)®] . (B.16)
Msg
Using (B.11), we conclude that, in order to have (B.12), the values (H$)N, (HZ)N must
satisfy

p(Ho)™ +q (Hp)™ = 1. (B.17)

Next, let us discuss 1-cohomology classes on Mg. The Riemann surface admits 2g
independent non-trivial 1-cohomology classes, which are represented by closed but not
exact 1-forms Ay, u =1,...,2g. These 1-forms can be pulled back to the total space Mg,
yielding 1-forms that we still denote Aj,, and that are still closed. It can be checked that
they are not exact in Mg, and that they furnish representatives for all 1-cohomology classes
of Mg. The associated 1-cycles on Mg are realized by taking a 1-cycle on the Riemann
surface, at the point pg = 1, where both Sq}n and S(})Q shrink. (Choosing po = —1 yields
1-cycles in Mg that are homologous to those at py = 1.) Finally, the space Mg admits no
3-cohomology class and no 3-cycles.
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B.1.2 Inclusion of background gauge fields for isometries

The background gauge fields for the U(1); x U(1)y isometry are denoted A®', A%2, with
field strenghts F?1 = dA®, F%2 = dA?. After turning on A?', A% we introduce the
1-forms

D¢; = D —2 A%, dD¢y = —pVs —2F% | dD¢py = —q Vs —2F% . (B.18)
The periods of the field strengths F?', F?2 are quantized in units of 2 and we have'6

Fo F®2
M =aUln) =5, @ =all)y)=——. (B.19)

In the case g = 0, the Riemann surface is a round 2-sphere and the space Mg admits an
additional SO(3)x = SU(2)y isometry. We find it convenient to describe the 2-sphere as
the locus y®y, = 1 in R3, where a = 1,2,3 is a vector index of SO(3)y. One can verify
that the following 1-forms on Mjg are dual to Killing vectors in the metric (B.2),

1 1
€ape Y’ dy© + 5 PYa i Doy + 5 Ya 13 Do . (B.20)

In other words, the SO(3)y isometry of the Riemann surface extends to an isometry of the
total space Mg for any value of p, g. We couple the SO(3)y isometry to a triplet A% of
external gauge fields. Our conventions are

1 1
Dy = dy® + 3 € Ay, F® = dA® + 5 e Ay A, . (B.21)

After turning on A%, the volume form V5 on the Riemann surface in (B.18) must be replaced
with the global angular form of SO(3)s,

Vo o o s

1
5, T = [eabc Dy® Dyt y¢ — 2 F, y“} : (B.22)

The 2-form e3 is the closed and SO(3)s-invariant completion of Vx/(27). Integrals of
powers of 5 on S? are computed via the Bott-Cattaneo formula [51],

/52(65)25“ =27 [p(50B3)n)] /32(65)25 —0, s=0,1,2,... (B23)

and in particular [g» e5 = 1in our normalization. In writing the inflow anomaly polynomial
below, we find it convenient to replace p1(SO(3))s; with the second Chern class of SU(2)y,
according to

p1(SO3)s) = —4¢3(SUQ2)x) = —4¢5 . (B.24)

After activating the gauge fields for isometries of Mg we are effectively considering
the auxiliary 12 space Mj2 in (B.1). We have to discuss how the closed forms wy, wa,
A1y, extend to closed forms (wyg)®?, (w2)®d, (A14)°? on Mia. We start by noting that the
1-forms Ay, are unaffected by the gauging of the isometry U(1); x U(1)y. Since they are

'The normalization of Ag,, Ag, in (B.18) can be checked by matching anomaly inflow with the know
anomaly polynomial of the 4d SCFT.
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only present for g # 0, the SO(3)y isometry plays no role.!” We conclude that we do not
need to modify A1, in any way after gauging the isometries of Mg,

(M) = A1y - (B.25)
Next, let us consider the 2-form (w2)®d. It can be written as

Fé2
+2(HHN el (B.26)

e D¢ Dé» F#

27
This is manifestly closed and gauge-invariant. It is also globally defined, and reduces to
wo if all background gauge fields for isometries of Mg are turned off. The 2-form (w9)®d
in Mi2 should have integral periods. In particular, we may consider a 2-cycle in external
spacetime, sitting at po = 1 and a generic point on the Riemann surface in Mg. We have
defined (w2)°? in such a way that its integral over such cycles is zero. Indeed, the relevant
terms are

Fo

1 Fo2
NN 772
= +2[(H0) HO] o

and the relation (B.15) implies that the prefactors of F'® vanish both at pg = 1 and

po = —1L.
Finally, let us turn to (w4)®?. We parametrize it as

(wo)* = 2 | ()N — H| ¥ (B.27)

D¢y Déy 1 Dér dDés ., Dg2 dD¢1 _, dD¢y dDgy

) =h
( 4) 2 2 2w Lor on Voo on 2T 2T

(B.28)
Closure of (w4)®? follows from the relations (B.6), (B.7). Moreover (w4)®? is globally defined
and has integral periods in Mjs.

We conclude with two remarks. First, in the case g = 0 the background gauge fields for
SO(3)y are implicitly included in (B.26) and (B.28) inside the 1-forms D¢;. Second, the
forms (w2)®?, (w4)®? are not the only possible choices of a closed and gauge-invariant com-
pletion of wsy, wy. As argued in appendix C, however, any other choice leads to equivalent
results for the inflow anomaly polynomial.

B.1.3 Computation of the inflow anomaly polynomial

Our first task is the computation of —% i) M E3}, where Ey is given by

Fy 3 Ya
Ey= N (Q4)% + =2 (wp)®d + 23 ()0 + 14
4 ()% 4+ o (wo)® 4+ (A1) + =

- (B.29)

To compute the integral [, M E3, we first collect terms with exactly one 15¢1 and one 15@52
factor. The integral over the Riemann surface for g # 0 is straightforward; in the case
g = 0, we perform it with the help of the Bott-Cattaneo formula (B.23). We are left with
an integral over By. It is performed in a similar way as in (B.10). More precisely, the

7One might wonder if, in the case ¢ = 1, the isometries of the T2 base extend to isometries of Mg. We
have checked that, contrary to the g = 0 case, for p # 0 one cannot find globally-defined Killing vector
fields on Mg that reduce to the Killing vectors on the base T2,
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integrand 2-form is cast as a total derivative of a 1-form on Bs. Applying Stokes’ theorem,
we reduce the problem to an integral over the two arcs {1 = 0}, {ue = 0}, with a relative
minus sign. In the computation, we make use of (B.6), (B.7), (B.9), (B.11), (B.14), (B.15),
and (B.17). The result reads

1

[ B = - IN [ped () + g (7] +

1 3 2 3,2 92| %
6 Jus 3 f{N p61 —I—Npqc]

6

T ~ N Fy— NH Hgi} . (B.30)

1
el
We have used the relation (B.24) and we have written final expression in the notation
introduced in the main text.

To proceed, we need the 8-form class Xg, defined in (2.4). The computation of Xg for
BBBW setups is reviewed e.g. in [22]. One finds

- M6E4X8—6N{p61 (e?)” + qf? (%)} gN[ CO —i—q(@)}

—1—2—14]\7{1301 +qcf }pl(T)—%N{pcl +qcf } : (B.31)

Combining (B.30) and (B.31) we get the result (5.7) quoted in the main text.

B.2 GMSW solutions
B.2.1 Cohomology classes in Mg

The exact line element on Mg in recorded in [28]. For the purposes of this appendix, we can
use the schematic line element in (2.20) without a detailed knowledge of the f functions.
We can define the following 4-cycles in Mg,

Ci - ngzgatu:m\f,

Ca S2 x ¥, at p = s,

> e (B.32)
Cé : S?a X Si at a point on X,

Cé - Yy X Szzp at a point on Sg).

We recall that Si is the two-dimensional space spanned by the angle ¢ and the u interval,
with topology of a two-sphere and isometry U(1),. The 4-cycles Cffl, Cé, Cé, C% define
elements in the integral 4-homology of Mg. They are not all independent, however, since
the following relation holds in homology,

Cy —Cé+xCh+2CE=0. (B.33)

The above can be verified by checking that the linear combination of 4-cycles on the Lh.s.
yields integral zero when paired with an arbitrary closed 4-form on Mjg. The relation (B.33)
implies that Cf&I — Cé represents an even 4-homology class. (The Euler characteristic x is
always an even integer.) The class Cy + C4 = (Cf — C&) + 2C§ is therefore also an even
class. This observation allows us to choose the following basis of integral 4-homology,

1 1
Cli=Ch.  Clo=i(ch+ch. Cly=i@h-c). (B39
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We can check that Cf&n Cél, Cé, and C% can all be written as linear combinations of C2 with
integer coefficients.

To each 4-homology class C4 there is a corresponding 4-cohomology class, which can
be represented by a closed but not exact 4-form QF. The 4-forms 2§ are parametrized as

a aV<,0 aVE D) ey o aVAOVE
Qy = <dULp oy + dUsx, 27r> 5 + (C 22Uy, XU¢> 9 (B.35)
where C is constant and U, Us, are functions of p only, satisfying
Ug(pn) +Ug(ps) =0, Us(pn) + Ug(ps) =0 . (B.36)

We demand the standard pairing [-4 Qf = 6P between 4-homology and 4-cohomology
classes. This fixes the values of U, (un), Us(un), C%,

Ug (un) U (un) ce
a=1 1/2 —x/4 0 (B.37)
—9 0 0
=3 0 ~1/2 0

To each 4-homology class C4 there is also a Poincaré dual 2-cohomology class, which we

represent by a closed but not exact 2-form ws,. The parametrization of ws, reads

Dy

Vs

V.
_ = © _ 2 =
waa = dHo =~ + (t2 - 2H,) ot (t5 = x Ha) - (B.38)
where t£, t> are constants and H,, is a function of p only, satisfying
Ho(un) + Ha(ps) =0 . (B.39)
We impose the relation [y, Qf wag = 6§ to fix the values of Hq(un)
Ha(px) 24 ta
=1 0 0 ! (B.40)
=2 1/2 0 0
=3 0 -1 —x/2
We can define the following five 2-cycles inside Mg,
C‘;’N : Si at p = pn and at a point on Xy,
C‘QP’S Sé at p = pug and at a point on X,
C2E’N : Y4 at = pun and at a point on S?D, (B.41)
CQE’S : Y, at p = pg and at a point on Si,
Cliber . the Si fiber at a point on the base Sfo X Xy .
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They all correspond to elements in the integral 2-homology of Mg, but they satisfy two
linear relations in homology,

csN — S 20k =0,
CyN =yt xeier =0 (B.42)

The previous relations can be checked by pairing the combinations of 2-cycles with an
arbitrary closed 2-form on Mg. It is convenient to use a basis of integral 2-homology C§'
such that fcg Wopg = 52‘. One can check that such a basis is given by

a=1 3N X »p,N
C2 — C2 - 5 C2 5
a=1 fiber
C2 — C2 5

Cé)z:?) — _Cgber _ C‘QPvN . (B43)

Moreover, we verify that all the five 2-cycles defined in (B.41) can be written as integral
linear combinations of the basis 2-cycles C5'.

Let us now discuss 3-cycles in Mg. We can define several 3-cycles in terms of the
1-cycles on the Riemann surface. Let Q"Y denote the inverse of the intersection pairing
Quv, with the convention 2, Q" = —4;7. Since €2y, is integral and unimodular, so is "".
From fzg Ao Aty = Quo = C7, - Cf,,, we see that a basis of 1-cycles CI** with fclzu ALy = 0¥
is given by CI* = QU C},. We use these 1-cycles on the Riemann surface to construct
3-cycles in Mg,

v SixClz“at,u:,uN,
csv - 52 x Cy™ at p = s, (B.44)
cyt Si fibered over Ci** at a point on SZ .

These 3-cycles represent integral 3-homology classes, subject to the relations
CYv—cS 20y =0. (B.45)

In total, we have 4g independent 3-homology classes. The above relation implies that
CY* — C§" is an even 3-homology class. The class C* + C5% = (C3™ — C5%) + 2C5¥ is also

even. It follows that the following classes are integral,

1
CyE = 3 (EEOW (B.46)
We use them as a basis of 3-homology,
o5 =yt . (B.47)

Notice that C}'%, C§*, and C;)p “ can all be written as linear combinations of C§ with integer
coefficients.
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The 3-cohomology classes dual to the 3-homology classes C§ can be represented by
closed but not exact 3-forms Ajz,. We parametrize them as follows,

D
A3x = (A3u+a ASuf) ) A3ui = <d8i Tw - 2Si Vgo) )\hu (B'48)
s 27

where Ay, are the harmonic 1-forms on the Riemann surface, pulled back to Mg, and S+
are functions of y only. If we demand [.. Agy = J; we derive
3

1 1 1 1
St (un) = 5 Si(us) = 9 S_(un) = 5 S_(pus) = +§ . (B.49)
The pairing ICyy defined in (2.7) takes the form
Kot vt Kuto— 0 —Quy
Ky = ’ ’ = , B.50
Y (’Cu—,v—‘r ]Cu—,v— _qu 0 ( )

and is antisymmetric and unimodular. Finally, we may compute the intersection numbers
Kz in (2.7). The only non-zero components of Ky, are

Ku+,v,a:2 = qu ) ’Cuf,v,aZS = qu . (B51)

B.2.2 Inclusion of background gauge fields for isometries

For g > 2, the isometry group of Mg is U(1)y x SO(3),. To describe the isometries of
dsQ(SZ) = df? + sin® 0 d? it is convenient to introduce three constrained coordinates

7 gs =1, 7% = (sin 6 cos @, sin § sin @, cosh) , a=1,2,3. (B.52)

In the previous expression, a is a vector index of SO(3),. The gauging of U(1); is performed
by introducing a background connection A%, while for SO(3), we introduce a triplet A of
connections. Our conventions for the gauging of the 1-forms dj® on Sf, are

¢ A Az (B.53)

It is worth commenting on how the SO(3), isometry of Sfo, considered in isolation, extends
to an isometry of the total space Mg. We have verified that the 1-forms

Fo €aie 8" DI + fy §a DY (B.54)

are globally defined on Mg and dual to Killing vectors in the line element (2.20).

In the case g = 0, the space Mg admits an additional SO(3)y isometry, originating
from the isometries of the Riemann surface. As in section B.1.2, we describe the Riemann
surface in terms of three constrained coordinates y*, where a = 1,2, 3 is an index of SO(3)yx
(not to be confused with the a indices of SO(3),). The gauge fields of SO(3)y. are denoted
A®. The gauging of dy® is performed as in (B.21). The SO(3)y, isometry of the Riemann
surface extends to an isometry of Mg because the following 1-forms are dual to Killing
vectors in the metric (2.20),

b 5abcyb Dyc+f¢ Ya DY . (B55)
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After turning on A, A% and (for g = 0) A%, the 1-form D% is replaced by its gauged
version D, which satisfies (cfr. with the ungauged version (2.21))
dDi FY

5
o =—2ef —xe; —&—2%. (B.56)

In the previous expression F'¥ = dAY. The 2-form e§ is the global angular form of SO(3).,,
1 P~ PR
=+ (€232 D" DI i = 2 F 5] . (B.57)

It is the closed and gauge-invariant completion of V,,/(27) and satisfies Bott-Cattaneo
identities analogous to (B.23). The 2-form e is understood in different way depending on
g>2or g=0: for g > 2 it is simply proportional to the volume form Vs, while for g =0

it is the global angular form of SO(3)y,

Vs 1
2—2 , for g=10: e} = — [Eabc Dy® Dyt y¢ — 2 F, y“} . (B.58)
s 8T

The anomaly polynomial will be written in terms of the second Chern classes of SU(2)y, and
SU(2),. They are related to the first Pontryagin classes of SO(3)y, and SO(3), by (B.24)
and the analogous relation for p;(SO(3),).

for g >2: ey =

Let us now turn to a discussion of the extension of the closed 4-forms Qf on Mg to
closed 4-forms (£2§)°? on Mis. We define

D
Q)% = d[(Ug ey +Us 622) 27?] +CeF ey, (B.59)

and we verify that (2¢)°? are globally defined, closed 4-forms on My with integral periods.
By a similar token, the 2-forms wa, on Mg extend to the 2-forms (wa, )%, defined as

(waq ) _d{H Dﬂ +t0ed +tZey . (B.60)

The 1-forms Ay, are unaffected by the gauging of the U(1), x SU(2), isometry,
() = Ay (B.61)
Finally, the 3-forms As,+ on Mg extend to the following 3-forms on Mo,

Dy

(A3ys)® =d|S+ :| AMu - (B.62)

B.2.3 Computation of the inflow anomaly polynomial

Having defined the closed forms (Q$)%Y, (w2q)Y, (Asux)®l, and (A1,,)%Y, we have a fully
explicit expression for the quantity F4. The other ingredient for the computation of the
inflow anomaly polynomial is the 8-form Xg. Following [27], we can compute it using the
following relations among Pontryagin classes,

p1(TMiz) = pi(T) + pr(SO(3),) + p1(SO(3)s) [dDﬂ ,

+
pa(TM12) = | p1(T) + pr(SO(3)..) + p1(SO(3 ] {dm’] . (B.63)
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In the previous expressions, p;(7") is the first Pontryagin class of external spacetime. The
terms with p;(SO(3)s) are understood to be present only in the case ¢ = 0. By combin-
ing (B.63) and (B.56) we obtain an explicit expression for the 8-form Xg.

The computation of the integrals Juts E} and | M, Pa Xs is straightforward. After
collecting the terms with exactly one D factor, we can integrate over S?O with the help of
the Bott-Cattaneo formula. The integral over X, receives two contributions: terms with
an odd power of e§ (treated with the Bott-Cattaneo formula), and terms with exactly two
A1y factors (treated using fzg Ay Ay = Quy). We are left with a one-dimensional integral
over the p interval, which is evaluated making use of (B.37), (B.40), and (B.49). The final
result is recorded in the main text.

Let us conclude with a comment on the large N limit. We define this limit by letting
the three flux quanta N, scale in the same way, N, ~ O(N), with fixed ratios N, /Ng for
a # B. We assign scaling N° to p;(T') and to the background fields associated to isometries
of Mg, while we assign scaling N! to all external gauge fields originating from expansion

Iinﬂow

of C3 onto cohomology classes of Mg. In this way, the O(N?) terms in I} all originate

from the £ term in Zjo, while the O(N) terms originate from E, Xg.

C Construction of E,4

In this appendix we discuss the construction and properties of the forms (0$)%, (waq )Y,
(A3z)®4, (A14,)% that enter the parametrization (5.5) of Ej.

Suppose that Mg admits a collection of Killing vectors k7', with m = 1,...,6 a
curved tangent index on Mg, and I labeling a basis of Killing vectors. The latter obey
the Lie algebra

Liky = £y, kg = k1, kg = fri™ kx, (C.1)

where £ denotes Lie derivative. The fibration in (5.1) includes arbitrary background gauge
fields associated to the isometries of the Mg fiber. These gauge fields are 1-form gauge fields
on the base Mg. We refer to the operation of turning them on as gauging. In terms of local
coordinates £™ on the Mg fiber, the gauging is conveniently described by the replacement

de™ — DE™ = de™ + kT AT (C.2)

where A’ is the external gauge field associated to the Killing vector k7. In our conventions,
the field strength F! of A! reads (we suppress wedge products throughout this appendix)

1
FI=dA! - 5 frxt AT AK (C.3)

Let wq be a g-form on Ms,

1
Wy = i €™ dET (C.4)

where the components wy,,..;m, depend only on the coordinates {™ on Mg. We use the
symbol (wg)® for the gauged version of w, obtained by means of the replacement (C.2),

1
(w‘J)g = a wml...mq ngl e Dfmq . (C5>
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A useful identity for (wq)® is
A(wq)® + AT (£100)F = (duog)® + F (11 )%, (C.6)

where ¢; denotes the interior product of the vector k7" with a differential form.

If we choose a metric on Mg, we can select the harmonic representatives for the de Rham
classes defined by Qf, wan, A3z, A1y A harmonic form is automatically invariant under all
isometries of Mg.'® This means that (after adding suitable exact forms, if necessary) we
can take the closed forms €, wan, A3z, A1y to be invariant under all isometries of Mg,

LiAw =0, Liwaa =0, L1A3, =0, £y =0. (C.7)
It follows that the forms t1 A1y, t1wan, t1A3z, t1€2] are closed. We may then write
2T L1 A 1y = Cul 27 L1Woa + dwoar = €a"'1 A1u,
2117 A3y 4+ dA1zr = %1 waa 210 QA 4 dQ5; = ™1 Ags (C.8)

where ¢z, c.%1, %1, ¢ are constants. For example, we have observed that 27 17w,
is a closed 1-form, and that the de Rham classes of A1, furnish a basis of H'(Mg,R). It
follows there are suitable constants ¢,%; such that the difference 27 tjwan — Co®1 A1y 1S
exact. Similar remarks apply to the other expressions in (C.8). The forms woar, A1zr, 29
are only defined modulo addition of a closed form. Without loss of generality, they can be
taken to satisfy

£1woas = [/ woar,  £1Mhies = f15" Mot £195; = fr/" Q5 . (C.9)
Symmetrizing in IJ and using (C.8) we derive
0 = 21 £(1Woals) = Ca" (1 Cul ) »
0= 21 £A1g) = €21 [ea ) M — deigal ] + 2w digrhgy
0= 2m £08 ;) = (s [CzﬂJ) wap — dAW)} +2mduQ) ) - (C.10)

If we integrate the second relation on a non-trivial 1-cycle in Mg, only the term with A1y
contributes. It follows that its coefficient must be zero. Similar remarks apply to the third
line. We conclude that the constants c¢ satisfy

Cau(l Cu|J) = 0, Cxa([ CauJ) = 0, cax([ Cxﬁj) =0. (C.ll)

It follows from (C.10) that the forms 27 ¢(; A1, ) — 2 (1 Woa|s) and 27 L1829 ) = ¢ (1 Mgl
are closed. We can therefore write

21 LA a)gy = €% (1 Woals) F0org s 2T ey + dQG1y = (1 Mgy 015 A,
(C.12)
where b, and b*“;; are constants and €2f;; are O-forms, defined up to a constant.

BFor example, if w2 is a harmonic 2-form, the fact that £7ws = 0 can be seen as follows. From
dwz = 0 we derive £1w2 = d(trw2). Making use of V(,krjny = 0 and V"wmn = 0, we verify (£1w2)mn =
VP(kr Aw2)pmn. We have thus established that the 2-form £;w> is both exact and co-exact. It follows that
me_d(.ffIwz) * (£1w2) = 0 (no sum over I), which in turn guarantees £ w2 = 0.

47 —



We can now write the forms (2%)%, (w2a)%, (A32)%Y, (A14)%Y. They are given by

(94)q:(94)g+*27r( 21)“54‘*27r o Q017
FI

Axeq: A:):g Az g’

(Asz) (3)+27T(11)
I

(w2a)eq = (WQa)g + % Woal
(M) = (Aw)8 . (C.13)

Making use of the identity (C.6), the Bianchi identity for F'/, and the relations (C.8), (C.12)
we compute

d(My)™ = 5; Cul

d(waq ) = SZ ca1 (A1u)™,

Ay = eyt

d(25)* = Z ™1 (Ase)® + SZ 1;77‘: b 17 (A1w)? . (C.14)

For the spaces Mg of interest in this work, all ¢ and b constant vanish, and we verify closure
of (29)°9, (w2q)°Y, (A32)°Y, (M14)%Y, as anticipated in the main text. If we were to study a
setup with non-zero ¢ or b constants, we could still make use of (5.5), but we would have
to modify the Bianchi identities for the external field strengths,

dff = —No ™ F',
dFg = e,°1 [T FT,
dHY = —co" 1 F§' FT — N b1 FT F7 |
d"y4:Cu1H3uFI+bx1JffFIFJ. (C15)
We leave further investigation of this case to future work.

We noticed above that the forms Q5;, A1,7, woar are only defined up to addition of a
closed form. We can parametrize this ambiguity by writing

Q% = Q8 + dyfy + v wag
Mior’ = Mot + dVour + V"1 M,
Woal = Woal + VaI (C.16)
where the v parameters are constant, and the ) forms can be taken to satisfy relations
analogous to (C.9). Since we have a new Q9;, we have to determine a new Qf; ;, by solving

the second relation in (C.12). For simplicity, we only consider the situation in which the ¢
and b constants are zero. We can then write

61y = Qg +2m gy + v 1 Woalsy + 717, (C.17)
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where 77 are arbitrary constants. If we insert the primed objects into the expression of
E,, we obtain a new realization of Ey, denoted EJ,

/ a\eq F2a Ba FI eq ff eq
Ey = No (Q5)™ + |5+ Nav™1 o | (w2a)™ + 5 (Asa)
+ |52+ “f“ﬂ}(k 1 | o P B
2 Vel 21 27 Lu 2w aTL] 2m 27 Vol 2 2w
FI FI fz
dl— N ayg = J1 . 1
+ [277 o (V17 5 o 370;]01} (C.18)

The last line collects the total derivative of a globally defined 3-form on Mj3. Adding an
exact piece to Ey has no effect on the computation of Iénﬂow. We see that, up to this
immaterial total derivative, E} has the same form as Ey, if we perform a redefinition of
the external gauge fields,

F2a/ an FI Hu/ H fx FI
22 _ 22 4 Napbe, 3 _ 73 w J1 T
2 27r+ BY 127r’ 2 27r+yx127r27r’
! I J [ 1
V4 Y4 o« ' F F3 F
4 _ 1N - -2 - C.19
2 2 + NaTly 2r 2w Vol 2w 27 ( )

Let us stress that the constants 7 I, Va1, VaI, Tf7 are not completely arbitrary: they must
be chosen in such a way that F)j has integral periods. Let us assume that the normalization
of the Killing vectors in (C.2) has been chosen in such a way that F! has periods that are
quantized in units of 27 (here we are assuming an Abelian isometry group for simplicity).
The v and 7 constants have to be chosen in such a way that

NgvPrez, v €Z, Nom€Z, var€l. (C.20)
It then follows that the redefinition (C.19) preserves the lattice of periods of the external

gauge fields.™

D Aspects of differential cohomology

In this appendix we give a brief review of some basic aspects of differential cohomology. We
follow a presentation based on Cheeger-Simons differential characters [52]. Introductions
aimed at physicists can be found e.g. in [2, 30].

Cheeger-Simons differential characters. A degree-¢ Cheeger-Simons differential
character x on a manifold M is a group homomorphism x € Hom(Z,_;(M),U(1)) with
the following property: there exists a globally defined ¢-form F), such that

V(OBy) = exp [m / FX} C forall Bye Cy(M) . (D.1)
By
19We notice that the field redefinitions for HY and -4 are non-linear. For example, the quantity % 5—;

can be regarded as the 3-form field strength of a “composite” 2-forms gauge field constructed from ag and
A'. This notion of product of a p-form gauge field and a g-form gauge field to yield a (p 4 ¢ + 1)-gauge
field can be made mathematically precise in the framework of differential cohomology, see appendix D.
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The notation Cy(M) stands for the group of ¢-chains in M, while Zy_1(M) denotes the
group of (¢ — 1)-cycles. (Chains and cycles are understood in the context of smooth sin-
gular homology.) One can verify from the definition of x that the ¢-form F, is uniquely
determined, is closed, and has integral periods. The set of degree-¢ Cheeger-Simons differ-
ential characters has a natural Abelian group structure. We find it convenient to adopt an
additive notation, and write

(X1 +x2)(Be-1) = xa(Be-1) x2(Ze-1), Y1 € Zp (M) . (D.2)

In this notation, y = 0 means that x associates 1 € U(1) to every 3,1 € Zy_1(M). The
group of degree-¢ Cheeger-Simons differential characters is denoted H*(M). (Contrary to
ordinary cohomology groups, H! (M) is usually infinite-dimensional.)

The mathematical object x models an (¢ — 1)-form U(1) gauge field, or more precisely,
the equivalence class of an (¢ — 1)-form U(1) gauge field up to gauge transformations. To
see this, we interpret the map x : Zy_1(M) — U(1) as the map that to each (¢ —1)-cycle in
spacetime M assigns the holonomy of the gauge field on that cycle. The globally-defined,
closed (-form F, with integral periods is identified with the field strength of the (¢—1)-form
gauge field. (Notice that, in the main text, field strengths are normalized to have periods
that are quantized in units of 27.) The equation (D.1) encodes the expected physical
relation between the holonomy of a gauge field along a boundary of a chain, and the flux
of its field strength through that chain.

A differential character x € H'(M) determines uniquely an element a, € H'(M,7Z),
called the characteristic class of x.?0 The characteristic class a, and the field strength F
satisfy the following compatibility condition,

[FyJar = e(ay) - (D.3)

The notation [FyJqr € H !(M,R) stands for the de Rham class of the closed form F\, while
o0 is the natural map
0: H'(M,Z) - HY(M,R) . (D.4)

The relation (D.3) might erroneously suggest that all interesting information about a, is
already contained in the field strength F),. Crucially, however, the map o forgets torsion: a,
is determined by F), only up to torsion elements in integer cohomology, i.e. up to an element
of Tor H*(M,Z). This additional data encoded in a, (and missed by F,) is particularly
important if the spacetime manifold M has torsion in homology, as already emphasized
for instance in [31].

A differential character x is called topologically trivial if a,, = 0. It can be proven that
ay, = 0 if and only x can be written in terms of a globally defined (¢ — 1)-form A as

N(Se1) = exp [2m’ /Z“ A} S ZiaM). (D.5)

20This can be seen as follows. Every group homomorphism x : Zs—1(M) — U(1) admits a (non-unique)
lift, i.e. a group homomorphism 7" : C¢—1(M) — R, such that x = exp(27iT’). From (D.1) one shows that
6T = Fy — c for some ¢ € Z*(M,Z) (the group of integer cocycles on M). While T and ¢ are not uniquely
determined, the cohomology class a, := [c] € H*(M,Z) is uniquely fixed by .
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In this case, F}, = dA and (D.1) follows from Stokes’ theorem. Moreover, (D.3) is satisfied
because [Fy|qr = 0 (since F), = dA and A is globally defined).

A differential character x is called flat if F\, = 0. It can be proven that flat characters
are identified with elements of the (ordinary) cohomology group H*~1(M, U(1)). Interest-
ingly, there exist flat but topologically non-trivial characters. Indeed, H*'(M,U(1)) is
a compact Abelian group that generically has more than one connected component. The
connected component of the identity consists of characters that are both flat and topo-
logically trivial (we may refer to them as Wilson lines). The connected components of
H*Y(M,U(1)) are labeled by Tor H*(M,Z). This fits with the fact that a, for a flat
character x is an element of Tor H¢(M,Z) (this follows from (D.3) and F, = 0).

Let us emphasize that x € H ‘(M) contains more information than its field strength
F, and its characteristic class a,. In fact, F\ and a, are unaffected if we shift x by a
Wilson line.

The language of differential characters offers a uniform way to describe U(1) p-form
gauge fields, including O-form fields. In fact, one can prove that H L(M) is the same as the
group of smooth maps from M to S'. This mathematical fact fits with the physics picture
of a 0-form gauge field as a circle-valued scalar field.

Product in differential cohomology. There is a notion of product in differential co-
homology compatible with the grading by the degree £,

* 0 HY (M) x H2(M) — Ho 2 (M) . (D.6)
With reference to the additive notation of (D.2), the product « is distributive,
(x1+X2)*xs=X1*X3+X2%X3, Xxux2€ H' (M), xseH?M). (D.7)
The product is graded commutative, like the wedge product of differential forms,
Xixx2 = (=) xa % xa, x1 € H4 (M), X2 € H?(M) . (D.8)

The field strength and characteristic class of the character x1 * x2 are determined by those
of X1, X2 via

X3 7= X1*X2, Fyy = Fy ANy, Oxs = Ay " Qx2 (D.9)

where in the last relation — denotes the cup product in integer cohomology. If xi is
topologically trivial, then 3 is topologically trivial, for any y2. Indeed, if y; is determined
by the (/1 —1)-form Ay, then x3 is determined by the (¢;+¢2—1)-form A; AF,. By a similar
token, if x1 is flat, so is 3, for any xo. If we regard the flat character y; as an element of
H%~1(M,U(1)), and the flat character y3 as an element of H**2=1(M, U(1)), then we
can write X3 = X1 — Gy, where —: HA71 (M, U(1)) x H2(M,Z) — HOH2=1(M, U(1))
is a well-defined cup product in cohomology.
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Cheeger-Simons characters and Z; gauge fields. In section 5.1.3 we have encoun-
tered a constrained 1-form gauge field A;, subject to (5.21). If we describe the (gauge-
equivalence class of the) 1-form gauge field A; with a differential character x € H 2(M),
we have the correspondence

kA =dpg <+ kx=x+--+x=0¢€H*M). (D.10)
N———
k times

Indeed, we have argued that k.A; = d¢y means that k.41 is pure gauge. Since differen-
tial characters are gauge-equivalence classes of gauge fields, k A; is described by the zero
character 0 € H* (M). The equation kx = 0 implies

FX =0, kax =0, X(El) € 7y, C U(l) for all X7 € Zl(./\/() . (D.ll)

Crucially, ka, = 0 does not imply a, = 0, but merely that a, is a k-torsion element in
integer cohomology. Even if a, = 0 (which is the case if M has no torsion in homology), the
character x can be non-zero: it is a Wilson line with holonomies in Zj C U(1) determined
by a globally-defined closed 1-form. In physics terms, we may simply write A, = % dog [25].
There exist other realizations of the differential cohomology groups H' (M), for
instance in terms of Hopkins-Singer cocycles [53] or Deligne-Beilinson cocycles, see
e.g. [32, 54] for a review. Loosely speaking, in these formalisms one can model not only
the gauge-equivalence class of a gauge field, but the gauge field itself. In these mathemat-
ical frameworks we can give a precise definition to A; and d¢g separately, and impose the
relation k.41 = d¢g. This approach is taken in [32] using Deligne-Beilinson cocycles.

Cheeger-Simons characters and characteristic classes. The notions of Chern
classes, Pontryagin classes, Euler classes admit a natural generalization in the framework of
differential cohomology. For definiteness, let us focus on Chern classes; analogous remarks
hold for other characteristic classes. Our exposition follows [55].

Let V be a complex rank-n vector bundle over M, with structure group U(n), equipped
with a hermitian fiber metric and a connection V compatible with the fiber metric. The
curvature of V is the 2-form Fa on M. In our conventions, Fa is antihermitian. The
Chern forms ¢ (V) are defined via

det(]H— 12Fv> =1+ci(V)+caV)+..., (V) € QF(M) . (D.12)

™

The 2k-form ¢ (V) is closed and has integral periods. If we choose a different connection
V'’ on the same vector bundle, the form ¢ (V') is generically different from ¢ (V), but they
differ by an exact piece. Their de Rham classes are the same, allowing us to define

R (V) = [ex(V)]ar € H*(M,R) . (D.13)

The superscript R on cﬂ,f(V) is inserted to emphasize that it is an object in the real coho-
mology of M. It is known, however, that c;'())) admits an integral refinement: an integer
cohomology class ¢x (V) can be defined, such that

RV = o(er(V)), (V) € H¥(M, 7), (D.14)
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where o is the map (D.4). The integer class c;(V) contains more information than the
real class CIE(V). For example, if the bundle V can be equipped with a flat connection,
et (V) = 0 but ¢ (V) can be a non-trivial element in Tor H2*(M, Z).

By definition, a differential refinement of the k-th Chern class is a map that sends a

pair (V, V) to an element & (V) € H?*(M), satisfying the following properties:

(i) The field strength of the differential character ¢ (V) is the Chern form cx(V) €
QFF(M).

(ii) The characteristic class of the differential character ¢;(V) is the integral Chern class
Ck(V) S H%(M,Z).

(iii) For every smooth map f : M’ — M, one has f*¢(V) = & (f*V).

In the last point, f*&,(V) € H2(M’) is the pullback from M to M’ of the differential
character ¢(V), while & (f*V) denotes the element of H2F(M’) that is associated to
the pullback vector bundle f*V equipped with the pullback connection f*V. It can be
proven that Chern classes admit a unique differential refinement. Similar theorems hold
for Pontryagin classes and Euler classes.

Notice that the differential refinement ¢;(V) retains information about the specific
choice of connection V. In more physical terms, ¢;(V) has information about the specific
U(n) background gauge field configuration, whereas the integral Chern class ¢ (V) only
depends on the topology of the bundle V.

E Case study: wrapped Mb5-branes at a Zs, singularity

In this appendix we consider the total anomaly polynomial (5.9) for wrapped Mb5-branes at
a Zo singularity and we extract physical information about ’t Hooft anomalies for discrete
symmetries. More precisely, we consider the case in which we assign Dirichlet boundary
conditions to A; and Bs; (for each label i = 1,...,g). The interacting SCFT has therefore
a global Zj, 0-form symmetry and an “electric” global (Zy)¢ 1-form symmetry.

Our strategy is as follows:

1. Perform an SL(3,Z) transformation on the 1-form gauge fields A = (41, A7, A7) to
single out the linear combination that enters the BF coupling with -4, as described
in appendix A. The new basis is denoted (A1, A}, .A]).

2. Collect all terms with ~4 and H i and define new gauge fields A;, By; in such a way
that these terms take the form

pinflow — _p, 74 Ay Hj dBy; .

(E.1)
2r 27 2 27

As explained in section 5.1.3, we can then dualize c3 and Eé to ¢g, ¢14, respectively.
We get a Stiickelberg-type theory for the pairs (Ai, ¢g), (Ba2i, ¢1;) with constraints

kA1 =dgog, N By; = doy; - (E.2)
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Thus A; is the background gauge field for the global Zj O-form symmetry and Bs; is
the background gauge field for the global (Zy)Y 1-form symmetry.

Iinﬁow

3. Remove all terms with v4 and Hj from I{*°% and write the rest of i in terms of

.Ali, A, By, aai-, 5?, p1(T'), and the background gauge fields for isometries of Mg.

Let us address each step in turn.
Given the flux quanta N, = (N, Ny, N_) we define the integers k, m, m4 via

k=gcd(N,N.,N_), N=km, Ni=kmy. (E.3)

As a simplifying technical assumption, we suppose that m and m. are relatively prime.
(Other cases are studied in a similar way.) It follows that integers r, s exist such that

ms—myr=1. (E4)

The integers r, s are not uniquely determined by this equation. We suppose that a choice
for r, s is made and kept fixed throughout. The change of basis of the 1-form gauge fields
can be written as

Ay Ay mmy m_
Af | =M1 AT, M=|r s 0]. (E.5)
AT A7 00 1

The field strengths of A, Ali are denoted Fs, fzj:.
Next, we examine the terms in (5.9) with v4 and Hi. We find

IénﬂOWD _E |:]€B+fitfl__ {/—‘rfl_z

2 | 27 (2m)?
I{é|:NH3z+ m.FQ—’_—meT./—'.z_—’I”fziNqu E 5& . (E6)
27 27 27 27 27 27
This means that the new gauge fields A; are defined by Bo; satisfy
LS B 0 el N T
27 27 (2m)? ’
dBQi Hs; m]-"; +m_ ’I“./T‘; —rFy ¥ f1+ f; ff
N =N - N T it I E.
27 27 * 27 “ 27 + 27 27 (E.7)

The final step is to remove the terms in the anomaly polynomial with -y, flg, and
write the rest using (E.7) to trade Fa, Hs; for dAq, dBg;. The result is quite lengthy: we
present it as the sum of several contributions, listed as follows.

o Terms containing only fields for isometries of Mg and Poincaré symmetry:

' 1 1
inflow §N_ (611/))3+EN_011#])1(T)+ (NZN_ —l—%N?’ - §N>Cl1bc§

2 1, 2 2
+(—3N3—N2N_+3Ni+3N+3N_>c1fc§. (E.8)
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o Terms with three factors .7-"2fE :

1 1 ~
IlnﬂOW (2w)3 _%ms(f;)3_§m(2m++mm,rx)}—2 (]:2+)Q
1
—gmer(6mos+3x+mirty) (F;)°
1
_5(2m7(m+r—|—ms)+mx+mm2_r2x)f§r(f{)2 . (E.9)

o Terms with two factors .7-"2 and two factors fh, Zi.

(2711)4[_14;1”1( )flzfl__ ! (mF++m rFy ) £ fi

1
 2km {m rX(F)?+2m (Lt myr +ms +mm_r?x) Fy Fy

Ilnﬁow

Fr(m_(2+4ms)+my+mm?rx) (5 )}(fuff Nﬁfﬂ)}.

(E.10)
o Terms with one factor f2 and four factors fh’ li'
inflow — 1 2r i m
Is ! (27T)5 { k2 (m}—z +m- r]:2 )flj (fl_‘;fl - 1+f1i> (E.ll)

r - Fie gt p—\2
~ 5k (m2rx}"2++(2+2ms+mm,r2x)]:2)(ffg - 1+f11'> ] .

o Terms with six factors fh, Zi

g™ S (271r)6 [_ kinffj AT (i - At ffz') o0 (fh f A f”)g} '
(E.12)

e Terms with one factor cl and Fi and/or fh, Zi.

IlnﬂOW

_(mFS+morFy)ie

2(mFy +m_rFy) fr; i}

= g 2T F s mer ) (PR - BT (®3)
1 2 ~_ ~ -~
+(27r)4[—7”f1jf1 (Ff =Rt rm) e
- - (flzfl_ NiH—fl_z‘)Q} le
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o Terms with two factors c1 and Fy and/or fh, fit

Jinflow 773 (mFS +m_rFy) [k:2m(2m, +myx) — X} (cilp)2
1 ~ ~.
ML o [ m @m0 =] (FE7 = fiF ) )2

+ W km fr i~ (c))? (E.14)

o Terms with one factor ¢§ and Fy and/or fi, li.

; 1
Iénﬂowjg [—/@QQOF;—ka(m++mQ_T)}"{} g
1 Fie _ Fit g Zi — e
+(27r)2 {—kmmr(ffgfl N 1+f1i)_km(ffg 1"+ fa )]CED

(E.15)

e Terms with one factor ¢§ and Fi and/or fi, fi*:

. 1
[inflow D%kQ (m+m_) {(mm_jtmi)}";%—(m++m2_r+m_m+8)]'—2_} 5

+(271T)2k(m+m_)(m_r+m+ s) (ff;.fi- — it fl_i) >y (E.16)

e Terms with one factor py(T) and Fy and/or [, fit

; 1 Xr ~ ~ _
inflow + Xr i i
g D2 24 (m]—" Tm-rF)n )+(27r)2 24k (fh‘ h h fu’)pl(T)

(E.17)

o Terms cubic and quadratic in dAq:

1
(2r)?

mr? Fy — (2 s+m_r’y) ]-"2_] (dA1)?

1
Ilnﬁow
2m)3

TX (dA1)3 — km_ 12 ¢l (dA;)>

2
o [ 51

e Terms linear in dA1, without fff, Nlii or dBo;:

—

ﬁ M\X

2
7t — r 7
S (AR A g) - BT @A) (BA8)

) 1
Jinflow +27r [kzmm rcy —k*(m+m_ )(m_T+m+3)C§—gpl(T)

24
5 (= K m@mo+m ) (¢)?| dA,
1 [m? 2, T 2 2 —\2
—(4dm_
+(2F)3{ 5 (f2)+2(m s+x+mZrox) (Fy)
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+(m+r+m(s+m_r2x))f;]:2_ dA;

1
+— )2 2km_ rcl (mFS +m_rFy)dA; . (E.19)

o Terms linear in dA1 with two or four factors fh, fi

inflow 1 — 1 Fi— £l —
IS s 2rel fu B Bt s 2 (F A - AT ) dAg
1 -
@t k L FS 4 mor Fy) dA
1
+7(2ﬂ_)4 —kj;n {mZTX}";+(1—|—2m8+mm,r2x)]—"{]

< (T = AT 1) dAg

1 By TR
+ 2n)p ka (flz Vi i fu) dA,
+ G fit (f Fim = 1 f) Ay (E.20)
o Terms with dBo;:
1nﬁ0w 1 — Fi— 1 + — it

P dBy; ~{+

1 ~ o~ ~.
LU -7 )

rdA; dBy; fit . (E.21)

1
- (2n)?

1
()

We have a rich variety of 't Hooft anomalies involving the Zj O-form symmetry and the
(Zn)9 1-form symmetry.

F  Free tensor multiplet reduction on ¥, with topological twist

A free 6d N = (2,0) tensor multiplet consists of: a chiral 2-form b, which is a singlet
of SO(5)R; a symplectic Majorana-Weyl fermion y in the representation 4 of USp(4)r =
SO(5)g; five real scalar fields ¢!, ..., ¢ in the vector representation of SO(5)g. In this
appendix we study the reduction of this multiplet on a genus-g Riemann surface ¥, with
a non-zero SO(5)r background connection. The latter is encoded in the twist parameters
p, q defined in section 2.2.1 and satisfying p + ¢ = —x.

Since the chiral 2-form by, is a singlet of SO(5)g, it is unaffected by the topological
twist. Its reduction on a genus-g Riemann surface yields the following massless fields: ¢
real 4d vectors and one real 4d scalar by. The reduction of the 6d fermion y and the 6d
scalars ¢!, ..., ¢°, on the other hand, is sensitive to the twist parameters. We collect all
massless 4d fields, their origins, and their multiplicities in table 3.
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6d origin | U(1l); U(l)2 U(l)s | UQ)g | 4d field | multiplicity
+1 +1 +3 1 Ao g
-1 -1 +3 0 Vo 1
* +1 -1+ | & Aq hO(K 7+ )
-1+ 41| oL Ao hO(K #te)
L +ig? | 42 0 0 2 q hO(K 75 )
P +igt| 0 +2 0 - q RO(K 75 )
¢ 0 0 0 0 ) 1
b 0 0 +1 +1 A, g
0 0 0 0 bo 1

Table 3. Massless 4d fields originating from dimensional reduction of a 6d N' = (2,0) free tensor
multiplet on a genus-g Riemann surface (g # 1) with twist parameters p, ¢ satisfying p+q = 2(g—1).

As we can see from the charges of ¢! +i ¢? and ¢3 +i ¢*, the subgroup U(1); € SO(5)r
is identified with rotations in the 12 plane, and U(1)e C SO(5)p is identified with rotations
in the 34 plane. They are both normalized in such a way that their minimal charge is
+1. The notation U(1)y refers to local frame rotations on the Riemann surface. Its
normalization is such that a chiral spinor on ¥, has U(1)x, charge :I:%. The symbol U(1)%
stands for the twisted local frame rotations on the Riemann surface. More precisely,

p q
t +
(p+q) 2(p+q)

where 5, tx, t1, t2 are the generators of U(1)§, U(1)x, U(1)1, U(2)2, respectively. Our
discussion applies to g # 1. The case g = 1 is discussed at the end of this appendix.

ts =ty + 5 to, (F.1)

In table 3, the 4d fields An, Yo, An, Aq are Weyl spinors of positive chirality, ¢ and
¢ are complex scalars, ® and by are real scalars, and A, are real vectors. For each 4d
field, the U(1)%, charge determines the bundle of which the corresponding internal wave-
functions must be a section. Massless fields originate from covariantly constant sections, or
equivalently holomorphic sections. The symbol K stands for the canonical bundle on ¥,.

The fields listed in table 3 are organized into the following multiplets of 4d N' = 1

supersymmetry:
e (A, Aa): a collection of g vector multiplets;

®,bo,1)q): one chiral multiplet with U(1); x U(1)2 charges (0, 0);

q,\y): a collection of hO(KPpTQ) chiral multiplets with U(1); x U(1)2 charges (2,0);

@, Aw): a collection of ho(Kﬁ) chiral multiplets with U(1); x U(1)2 charges (0, 2).

If an integer m divides 2(g — 1), it is possible to define an m-th root K of the

_p_

canonical bundle, but the root is not unique. Since p + ¢ = 2(¢g — 1), the bundles K#+a,
P

K v+ can be defined, but we would require more data to fully specify them. (For example,
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for p = ¢ the additional data is a choice of spin structure on ¥,.) Even though we are
not able to determine the multiplicities h%(K P%Q) and hO(K ﬁ) without further input, the
Riemann-Roch theorem implies the relation

WO(K#0) — KK P7) = 2 (p—a) (F.2)

Notice that, since p + ¢ is an even integer, so is p — ¢, so the r.h.s. is an integer. To
justify (F.2), we notice that the Riemann-Roch theorem can be stated as

RO(L) — (L' @ K) =deg(L) +1—g, (F.3)

where £ is a line bundle on ¥,. If we set £ = Kp%q, then we have L1 @ K = Kot
Moreover, deg(K) = 2(g — 1) gives deg(L) = 2(g — 1) % = p, and (F.3) implies (F.2).

Interestingly, the ’t Hooft anomaly polynomial of the 4d fields listed in table 3
(with those U(1)1, U(1)2 charge assignments) only depends on the difference h%(K ﬁ) -
hO(K ﬁ) We can thus make use of (F.2) and verify that the anomaly polynomial com-
puted from table 3 matches exactly with the integration over X, of the 8-form anomaly
polynomial of a free 6d NV = (2,0) tensor multiplet.

We also notice that if we set ¢ = 0, p = —x, we get a number ho(Kﬁ) = hY(K) = g of
chiral multplets with U(1); x U(1)2 charges (2,0), and a number hO(Kﬁ) = h%(K% = 1of
chiral multplets with U(1); x U(1)2 charges (0,2). The 4d multiplets (A,, \a) and (g, Aq)
fit into g N' = 2 vector multiplets, while (@, by, 1) and (7, JAXa) fit into one N' = 2 hyper-
multiplet. It should be stressed that, because of its charge assignments, the contribution
of this hypermultiplet to the 4d ’t Hooft anomalies is equal to —1 times the contribution
of a vector multiplet.

We may also consider the case p = ¢ = —x/2. The chiral multiplets (g, Ay), (, /A\a)
have the same multiplicity and fit into a doublet of the enhanced flavor symmetry SU(2) .
In contrast, the chiral multiplet (®, by, 1) is a singlet of SU(2)p. (The Cartan of SU(2)p
is proportional to the difference ¢ — t5.)

Finally, let us comment on the case g = 1, p # 0. The Riemann surface is flat and its
canonical bundle is trivial. The total covariant derivative on T2 (in local flat coordinates)
has no spin connection term but includes the terms originating from the background U(1); x
U(1)2 € SO(5)rg fields. It takes the schematic form D,, = 0y, +p A, (t1 —t2), where A,, is
a local antiderivative of the volume form on 72. With reference to table 3, the modes of x
with ¢ = t2 = £1 are unaffected by the U(1); x U(1)2 background. To get massless modes
in four dimensions, we take their internal wavefunction to be a covariantly constant spinor
on T2. Since T? is flat, a covariantly constant spinor is constant, yielding a multiplicity 1
for both A\, and 9. (We select periodic boundary conditions on both 1-cycles of T2.) As
before, the fermion )\, combines with A, in one vector multiplet, and 1), combines with
bp and @ in one chiral multiplet with U(1); x U(1)2 charges (0,0). The mode of x with
(t1,t2) = (+1,—1), denoted A, in table 3, is affected by the topological twist, and behaves
as a section of £P, where L is a degree-one line bundle on 72. The same holds true for the
scalar ¢! +1i ¢2. The fields Ay, ¢ +1i ¢ fit into chiral multiplets with U(1)1 x U(1)o charges
(2,0) and multiplicity h°(£P). In a similar way, A, and ¢t — i ¢? fit into chiral multiplets
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with U(1); x U(1)y charges (0,2) and multiplicity h°(£7P). The difference between h°(LP)
and h%(L7P) can be computed using (F.3), with the replacement £ — LP, to give

RO(LP) —ho(LP)=p. (F.4)

As in the g # 1 case, this relation can be used to verify that the ’t Hooft anomalies of the
4d fields match with the result obtained by integration over the Riemann surface of the
8-form anomaly polynomial of a free 6d A" = (2,0) tensor multiplet.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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