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Abstract. In this paper we discuss the algebraic construction of the mKdV hierarchy in
terms of an affine Lie algebra 5[(2). An interesting novelty araises from the negative even
grade sector of the affine algebra leading to nonlinear integro-differential equations admiting
non-trivial vacuum configuration. These solitons solutions are constructed systematically from
generalization of the dressing method based on non zero vacua. The sub-hierarchies admiting
such class of solutions are classified.

1. Introduction .

A subclass of non linear integrable models underlined by an affine s/(2) Lie algebra is well known
to be connected to the mKdV equation. These are in fact higher flows obtained from the zero
curvature representation [1] and by general algebraic arguments these flows are restricted to
be related to certain positive odd grade generators. Another subclass of nonlinear integrable
models containing for instance, the sinh-Gordon model may be formulated, also within the zero
curvature representation, but now associated to negative odd generators. The relation between
the mKdV and sine-Gordon models was observed some time ago [2], [3] in terms of conservation
laws and by more algebraic arguments in [4]. In this paper we review an universal algebraic
approach for constructing these models an show that there is a third consistent subclass of
models associated to negative even grade generators. These later are shown to admit non trivial
vacuum configuration.

In this notes we start by reviewing, in section 2, the algebraic construction of the mkdV
hierarchy and show how the positive and negative odd sub-hierarchis naturally arises from the
zero curvature representation. We then discuss the compatibility of the negative even sub-
hierarchy and develop explicitly the first nontrivial equation. This is an integro-differential
nonlinear equation proposed in [5] using recursion operator techniques and later developed
further within the algebraic approach in [6]. Contrary to the known cases of positive and
negative odd sub-hierarchies, it is observed that a constant (non-zero) configuration is a solution
of such equation (non-trivial vacuum solution). This fact introduces extra terms within the zero
curvature representation of the vacuum which in turn, induces deformation in the dressing
method and in the vertex operators for constructing soliton solutions. In section 3 we discuss
in detail the generalization required within the dressing formalism to incorporate this class of
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solutions and construct explicitly the one solitons solution. Finally in section 4 we discuss and
classify the sub-hierarchies admiting non-trivial vacuum solutions.

2. The mKdV Hierarchy
In this section we review the basic ingredients for constructing the mkdV hierarchy. Let us start

with an affine algebra § = s1(2) with generatos {A(™) = X", Ey) = X" E.,} satistying
[h(m)aE:(tnOZ] = iQE:(tna, [E(()m)E(”)] — h(m-‘rn) (1)

—

A second important ingredient is a grading operator ) = 2/\% + %h which decomposes the affine
algebra G into graded subspaces G = ®G, such that [Q, G,] = aG,, where,

Gom = {A™ = X"h},
g2m+1 = {)\m (Ea + )\E*Oé) 5 A (Ea - )‘E*CV)} (2)

for m =0,+1,42,--- and [Ga, Gs] C Gatp. The integrable hierarchy is then specified by a choice
of a semi-simple element E = EM) | where

EC) — X" (B, + AE_y) (3)

which decomposes G = K + M where K = {z, /[z, E] = 0} is the Kernel of £ and M is its
complement. From (2) it follows that

K = Kops1 = {A" (Eq + AE_o)} (4)

has grade 2n 4+ 1. We assume that F is semi-simple in the sense that this second decomposition
is such that

[K,K] C K, K, M] C M, M, M] C K.
We now define the Lax operator
L:a+E+A0, Ay e M e Gy (5)

where Ag = vh(®) and v = v(x,t) is the physical field.

2.1. Zero Curvature for the Positive Hierarchy
Let us consider the zero curvature representation for the positive hierarchy

[0 + EW + Ao, 8, + DWY) 4 DIV .. DO] =, (6)
where DU ¢ Gj. Eqn. (6) can be decomposed according to the graded structure as

[E,D™M] =0
(B, DNV + 9,0 =90

[A49, D) 4+ 8,D® -9, 49 = 0— Eq. of motion (7)

and the unknown D@)’s can be solved starting from the highest to the lowest grade projections.
Notice that, in particular the highest grade equation, namely [E, DW )] = 0 implies DY) € K
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and since from (4), K € Gopy1, N = 2n+ 1. The component within the M of the zero grade
projection leads to the evolutions equations according to time ¢ = t9,4+1. Examples are,

N=3 dug, = wzp — 60y, mKdV
N=5 16v;, = sz — 101)2ng — 40vv,v9, — 10U§ + 301}41)33,
N=7 64y, = vrp— 182003, — 1260203, — 140002, 03,

8400504 — 140205, + 4200203, + 56003V, V9,
+ 7011403:,3 — 140@6%
--etc

2.2. Negative mKdV Hierarchy
For the negative mKdV hierarchy let us propose the following form for the zero curvature
representation

[0 + EW + 49,8, + DN 4 pENTD oy DD =0 (8)
Differently from the positive hierarchy case, the lowest grade projection now yields,

9, DN 4[4y, DM =0

(=N)

a nonlocal equation for D). Having solved for D , the second lowest projection of grade

—N + 1, leads to
8, DNHY 4[4y, DENHY] 4 [EW) DN =g

which determines D("N+1) . The proccess follows recursively until we reach the zero grade
projection

9 yAo+ [EW, DV =0 (9)

which yields the evolution equation for field Ay according to time ¢ = t_ Notice that in this
case there is no condition upon N.
The simplest example is to take N = 1 when the zero curvature decomposes into

0, DY +[4y, DY) = 0,
d_, Ao — [EW, DY = o. (10)

In order to solve the first equation, we define the zero grade group element B = exp (Gp) and
define

DY = plgt-Yp Ay =B"'9,B, (11)

Under such parametrization the second eqn. (11) becomes the well known Leznov-Saveliev
equation,

o, (B7'0,B) = [BW, B B B (12)
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which for §l(2) with principal gradation QQ = 2)\% + %h, yields the sinh-Gordon equation
(relativistic)

O, 0pp = €2 — 729, B = e, (13)
wheret_1 = z,x = Z, Ag = vh = 0,¢h. An important fact to point out is that ¢ = 0 corresponds

to the vacuun solution of eqn. (13).
The next simple example is for N = 2 when the zero curvature decomposes as (see [6])

8, D"? + Ay, D] = 0,
9, DY + (49, DV + [EW, DD = o,
d_,Ao— [EW, DY = o. (14)

Propose solution of the form
D2 = e o\,
DY = 4, (A‘lEa T E_a> b (A‘lEa - E_a) .
we find c_9 = const and
a_1+b1 = 2c gexp(—2d tv)d™? (exp(2dflv)) ,
a_1—b_y = —2c_sexp(2d tv)d? (exp(—2d_1v)> ,

Equation of motion is

O ,v + 2c_ge 2 vl (ezd_1”> + 20 g g (e*2d_1”) = 0. (15)

where d='f = [* f(2')dx’. Oposite to the previous example v = 0 is not solution of (15),
however, it is interesting to notice that v = vy = const. # 0 is a solution.

3. Dressing Method

In order to employ the dressing method to construct systematically soliton solutions, we need
to consider the full Kac-Moody algebra with central terms to ensure the existence of highest
weight states, i.e.,

™ WM = 2mb 06,
W™, BT = +2E02,
[Eém)’ E(—@] = h(m+n) + Tn(sm-I—n,Oé

together with the derivation operator d such that,
d TV =0T, T = (a0, B,

a

The grading operator now reads () = 2d + 1 / 2h(0).
The zero curvature condition implies pure gauge connections,

Ay = T7'0.T=E+ A
and
Ay, =T7'9, T=D" +...4+ DO
or
A =T7'9,_ T=D"" 4...4 D1,

according to positive or negative hierarchies respectively.
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3.1. Dressing for zero vacua solution
Suppose there exists a vacuum solution v = 0 satisfying

A:c,vac = E(l) - tkék-‘y—l,oéu Atkmac - E(k)v
The solution for Ax,vac = T()_laxTO and Atk,vac = To_latkTo is therefore given by
To = exp(acE(l)) exp(tkE(k)),

The dressing method is based on the assumption of the existence of two gauge transformations,
generated by ©4, mapping the vacuum into non trivial configuration, i.e.

Ax = (Gi)_le,vacgi+(®i)_lax@i,

Atk = (ei)ilAt;mvac@:t‘i‘(@j:)ilatk@i.

where ©4 are group elements of the form

Ol = ep(Der(=2) 07!l = e?eaMea)

p(=9 and ¢ are linear combinations of grade (—i) and (i) generators, respectively.
As a consequence we relate

0_0;! =Ty Ty
where ¢ is an arbitrary constant group element. For instance, from

A, = EW 4+ B719,B 4 0,v¢ — ty0p 1106 = (04) 718, + E)O4,

we find,
elI(O) — B lg—ve
and henceforth
e PR ep prlemreaea®) | = TolgTy,
hence,
<NB'A>eV =< >\/|T0_IgT0\)\ >

where |\ > and < )| are annihilated by G~ and G, respectively. Explicit space time dependence
for the field in Gy, is given by choosing specific matrix elements

e = < MlTg 'gTolre >= o,
etV = < AllT()_lgTOP\l >=T1.

ie.,

€¢ =In (7’0/7’1)
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Suppose we now write the constant group element g as

g =exp{F (7)},

where « is a complex parameter and we choose F' (7) to be an eigenstate of E®) e,

[EWF (y)] = f® () F (7)

where f*) are specific functions of ~. It therefore follows that

Tyt gTo = exp{p (v) F (7)}

where

p(7) = exp{—tif®) (v) — 2 f® (7)}.

For more general cases in which

g =exp{F1 (11)}exp{F2 (72)}...exp{Fn (7n)}

with
E®, F; ()] = £ (%) F ()
we find
Ty ' gTo = exp{p1 (71) F1 (1)} exp{pz2 (v2) F2 (72)} - . .exp{pn (vw) Fv (vv)}
where

k 1
pi (1) = expl{—ti f{") () — " ()}
The specific eigenstate, in this case of §l(2), is given by

F(y)= Y (h("> -~ ;57170@) A2y (Eén> _ EE"QH)) 21

n=—oo
whose eigenvalues are obtained from
[EW,F (7)) = =24"F ().
An important property of Vertex operators F' () is nilpotency, i.e., It can be shown that
2
F(7)"=0
which implies truncation

Ty 'gTy = exp{piFi}exp{paFs}...exp{pnFn}
= (L+p1F1)(1+ p2f2)--- (14 pnFy)

for p; = pi(vi), F; = Fi(vi).
Examples soliton solution

1- alpl)
_ = l _—
P1-sal " (1 + a1p1

1 —aip1 — agpa + araz2p1p2
¢2—sol In (16)
1+ a1p1 + azp2 + arazaizp1p2
_ (m—
012 = (wiﬂz) and
pi (i) = exp{2tpyf + 2z} (17)
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3.2. Dressing Solution for non-trivial vacuun configuration
Propose the simplest non trivial vacuum configuration

1
Ax,vac - (EéO) + Eglo)() + UOh(O) - 7t—2m5m—1706)
Vo
1 o -
At72m,vac = ;0 (E&_m) + E(_la )) + h( m)

with vg = const. # 0. It is straightforward to verify the zero curvature equation
[890 + Am,vac; 8t_2m + At—zm,vac] =0.

This nontrivial vacuum leads to the following deformation, i.e., Azyae = T 19, Ty and
Atk,vac = T()_latkT()?

Ty = exp {1‘ (E((XO) + E(_lo)t + Uoh(o))} .

exp {tvzm (BS™ + BET™ + v0h<—1>)} .

which leads to
eq(O) — Bflezvoh(o)efué.

The solution is then given by

e = < |Tg tgToldo > = o,
€_¢+IUO_V = < A1|T(;1gT0’A1 > =T
and hence,
v=1y— 0z In (TO> , v = 0. (18)
71
In order to construct explicit soliton solutions we need a simultaneous eigenstate of
by = E((XO) + E(_l(l + ’Uoh(o),
boom = (ES™ +ECY 4 upn—m)
Let
0 9 2\ " (n) Vo — 7Y " (n) 1
Flnw) = 3 (v =ub) (0" + S50t + B (v+w)
n=-—o00

— BT (v — )Y,

be our deformed vertex operator. A direct calculation shows that

[bla F (’Ya UO)] = 727F (77 /UO) 3
[b—Qma F (’Ya UO)] = _27 (72 - ,02)7 F (77 UO) .
Therefore we find,
29t _om
p (7,v0) = exp {Q’yx + Zzgm} . (19)
vo (7?2 — vg)

if we take,
g9 = exp{F(7,v0)}
We find the soliton solution from (18) with
70 =1+ Cop(7,v0), 71 =1+ Cip(7v,v0)
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4. Models with non-trivial vacua

In this section we consider non-trivial vacum configuration, i.e., v = vg #= 0 and discuss
which models within the hierarchy satisfy the zero curvature representation. Let us consider the
following cases

e Negative Even Hierarchy
The zero curvature representation in the vacuum is

(00 + B+ 0oh®, 01y, + DEZ™ + D2 + -+ D2 + DRI =0

vac

with solution given as

D(=2m) _ \=m}(0) plzmtn) _ A"E
vac vac UO Y
: : 3
DED _ -1, pey A E
vac vac /UO Y

Since the r.h.s. of zero curvature equation requires 2m terms which combine together to

form
iy e . FE
D( i) +D( 2i+1) =\ l(h(O) +7)
vac vac /UO
such that
E E
0y + E + Uoh(0)7at,2m + )\fm(h(o) + 17) 4+oa /\fl(h(o) ;)] =0
0 0

all models within the negative even sub-hierarchy admit non-trivial vacuum configuration.

e Positive Odd Hierarchy
This case contains the mKdV equation, etc and the zero curvature representation in the
vacuum is

0z + E +vh, 0., + DEmHY + D2 ...+ DL+ DI = 0

with solution

p@m+t) = AL ymy 0) D) = Nmh®,
Vo
py _AE DO — p©
vac Vo vac ?

The r.h.s. of zero curvature equation requires 2m terms which combine together to form

E

D+ o p(2i) )\z‘(h(O) + )
vac vac ,UO
such that
E E
0 0

and therofore all models within the positive odd sub-hierarchy admit solutions with non-
trivial vacuum configuration.
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e Negative Odd Hierarchy
This is a subcalss of models which contains the sinh-Gordon and the zero curvature
representation is

[am + E + UOh(O) ) at72771,71 + D'l()ggm_l)
+ Dl();gm) + Dg;czm—i_l) 4+t Dggcz) + Dg;cl)] =0

Notice the r.h.s. of zero curvature equation has 2m + 1-terms that they cannot combine
into terms proportional to E + vgh(®) and henceforth the negative odd hierarchy does not
allow constant vacuum solutions.

5. Conclusions and Outlook

The general algebraic structure of the mKdV hierarchy has lead to the construction of sub-
hierarchies and to the classification of its soliton solutions with trivial and non trivial vacuum.
It is interesting to point out that within each sector, the soliton solutions for diferent members
(equations) of the hierarchy are all related by keeping the general form (16) or (18), varying
only from the time evolution parameter in (17) or (19).

More complicated examples may be constructed following the same line of reasoning by
considering higher rank affine Lie algebras and generalized mixed gradations (see for instance
[7]). On the other hand, it would be interesting to develop the dressing method to construct
periodic solutions for the mkdV equation. These are known to be written in terms of ratios of
Jacobi Theta functions and under certain specific limit, yield the soliton solutions constructed
in (16).
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