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Quantum process tomography (QPT) is a crucial technique for characterizing unknown quantum
channels. However, traditional QPT methods encounter scalability problems as the particle numbers
increase, requiring exponentially more state preparations and measurement operators. The
characteristics of sparse target channels (e.g., multiqubit phase-shift gates) can be obtained by
measuring only a few specific matrix elements without requiring global QPT. Therefore, direct quantum
channel characterization is vital. This paper proposes a direct protocol for both qubit and qudit
systems that extracts specific process matrix elements without full reconstruction. The measurement
operator requirements remain independent of system size and dimensionality. Notably, the proposed
protocol uses nondestructive measurements and preserves qubits after evolution through unknown
processes for potential reuse, making it uniquely promising for applications such as real-time
monitoring of noise processes in quantum error correction and real-time feedback control requiring
quantum state preservation. To validate the theoretical correctness of our approach, we conducted
experimental demonstrations of both the unitary and non-unitary processes of single qubits using a
nuclear magnetic resonance system on the SpinQ quantum cloud platform. The experimental results

confirmed the correctness and effectiveness of the proposed method.

Quantum process tomography (QPT), a cornerstone technique in quantum
information science, aims to characterize the dynamical evolution of
quantum systems'~. However, the standard QPT methods suffer from
severe dimensionality challenges. As the number of particles or the
dimensionality of quantum states increases, the required number of
quantum-state  preparations and measurement bases increases
exponentially"’, making the dynamical characterization of many-body
quantum systems highly challenging. For unitary evolution processes, QPT
is equivalent to characterizing the Hamiltonian that generates the evolution,
i.e., Hamiltonian tomography. In recent years, a Hamiltonian tomography
method based on quantum quench protocols has been developed and
applied®’. This protocol involves preparing the system in a simple initial
state, allowing it to evolve under the Hamiltonian of interest, and recon-
structing the Hamiltonian parameters by tracking the temporal changes of a
series of local observables. This method has demonstrated its potential in
systems such as ultracold atoms.

Notably, in practical applications, extracting specific matrix elements
from the process matrix rather than the complete information is often
sufficient. In such cases, employing standard QPT methods inevitably leads

to resource inefficiency’"’. Therefore, developing characterization protocols
capable of directly retrieving targeted matrix elements is of significant
theoretical and practical importance because it can streamline the char-
acterization workflow and enhance the efficiency of many-body quantum
systems.

In the field of direct characterization, Mohseni et al." pioneered the
direct scheme to characterize quantum dynamics, which employs auxiliary
states combined with bipartite entangled basis measurements to char-
acterize target quantum processes. Subsequently, Schmiegelow et al.”’
developed selective and efficient quantum process tomography (SEQPT),
which was not only successfully implemented on photonic platforms" but
also extended to arbitrary Hilbert space dimensions'. Parallel advance-
ments have been achieved through weak-value-based characterization
approaches”™”. Lundeen et al."* directly measured pure-state wave func-
tions. Pan et al."” experimentally verified the weak-value theory using two-
photon polarization states. Ren et al.” significantly refined this method,
demonstrating that the direct measurement of density matrix elements can
be achieved with only a single auxiliary state and one-time coupling. This
theoretical framework was subsequently generalized to characterize
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quantum measurement operators’ and quantum processes”. Xu et al.”’
introduced a direct coherence quantification scheme for quantum mea-
surement operators based on sequential weak-value measurements. Feng
et al” and Wang et al.” independently developed auxiliary-free direct
quantum-state characterization methods. Notably, Kim et al.* achieved
direct quantum-process characterization via sequential weak measure-
ments, whereas Gaikwad et al.”” proposed a protocol requiring only one
auxiliary state and a pointer state to complete quantum-process measure-
ments. Their approach offers distinct advantages, including the elimination
of sequential measurements, simplification of quantum interactions, and
reduction of projective measurements. Furthermore, Di Colandrea et al.”®
introduced Fourier quantum process tomography, which enables the
complete characterization of quantum processes with dimensions 2d (d > 0)
using only seven measurements. These innovative methodologies provide
new technical pathways for characterizing quantum processes.

Note that existing characterization methods based on weak-value
measurements generally have two critical limitations. First, they rely on
post-selection processes, resulting in the discarding of a significant number
of quantum states during measurement and significantly reducing the
efficiency of quantum-resource utilization. Second, these schemes are
inherently destructive because the measurement process entirely destroys
the target quantum qubits, rendering them unusable for subsequent
quantum information processing tasks.

To address these challenges, this paper proposes a direct character-
ization scheme for quantum processes based on non-destructive measure-
ment. This scheme presents two distinct advantages: it completely preserves
the target qubits after their evolution through an unknown quantum pro-
cess, thereby offering reusable quantum resources for subsequent compu-
tational tasks; moreover, it eliminates the need for post-selection and relies
on a number of projective measurements that remain independent of both
the particle count and system dimensionality, highlighting its exceptional
scalability. To validate the correctness of this scheme, we conducted
experimental demonstrations using a single-qubit system as an example of
the nuclear magnetic resonance quantum computer provided by the SpinQ
quantum cloud platform. The results confirmed the correctness and prac-
ticality of the proposed method. The non-destructive direct characterization
protocol proposed in this paper, with its two key features of preserving the
principal quantum state and efficient measurement resource utilization, is
particularly well-suited for addressing two core challenges on the path to
large-scale quantum computing: quantum error correction and precise
quantum control.
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Fig. 1 | Quantum circuit architecture for nondestructive direct characterization
of arbitrary unknown quantum processes in qubit systems. In this scheme, both
the system state and the auxiliary state are initialized to the zero state. Subsequently,
the system state undergoes a state-preparation module :914((/51, 0,), u €{1,2,3},and
then passes through the target quantum process A. The corresponding output state is
coupled with the auxiliary state through a series of controlled-NOT gates (where X
represents a single-qubit NOT gate), and these controlled-NOT gates constitute a
unitary processU. Afterward, the auxiliary state undergoes an evolution of

TV(GZ7 ¢,), v € {1,2, 3}, and finally, the projection operator O=10---0)(0---0]is
used to measure the auxiliary state and obtain the corresponding projection prob-
abilities. By varying the values of the parameter combinations (6, 81, 85, 6,), different
projection probabilities are obtained. The matrix elements of the target process are
then calculated by linearly superposing these projection probabilities.

Results
Protocol for nondestructive direct tomography of multi-qubit
channels
To directly access arbitrary matrix elements of the quantum process matrix,
we propose a measurement protocol that entails performing direct mea-
surements on the output state using a complete set of measurement
operators and subsequently constructing the desired process matrix ele-
ments through linear combinations of the measured output state matrix
elements. In this work, we implement a nondestructive measurement
scheme to characterize the target process matrix element. The protocol
involves preparing ancillary quantum states, enabling controlled system-
ancilla coupling, and performing quantum state measurements on the
ancilla subsystem.
The target process matrix element xj of an unknown quantum

process A can be formally expressed as

G =Y A THlagUid(ly )y D @ 10+ 01, 0---0lU]] ()

afij=1

In the above formulation, the subscripts s and a denote the target
system and ancilla, respectively. We employ the eigenstates |J), |K), | M), and
IN) to substitute |j;, - -jy), |ky, -« ky), Imy, - -my), and |ny, - ny),
respectively, with j, - - - jy, k; - - ky, my - - -y, 1y - - - ny being the binary
representations of J, K, M, and N. ji, represents the projection operator
acting on the ancillary qubits. U; denotes the joint unitary evolution between
the target system and ancilla. 7, corresponds to the expansion coefficients in
the operator basis decomposition. |y, ;) indicates the required target input
state. Here, the decomposition of X%(N is not unique. A good decomposition
should minimize the number of measurement operators and input states as
much as possible while simplifying the measurement process. To obtain a
quantum circuit that non-destructively and directly characterizes a quan-
tum process, the next step is to decompose the required specific input states
and projection operators into basic quantum logic gates. Th specific input
states can be obtained by applying certain quantum gates to the ground state
0- - - 0). The input states |y, ;) can always be achieved using some para-
meterized unitary operations, and the target quantum state can be expressed
as

|‘//sj) = Sj(607 06,10 0) 2)

Similarly, the required projective measurement operator yig can be
systematically decomposed into a sequence of parameterized unitary
operations, followed by projection onto the computational basis
|0---0),(0--- 0], which is formally expressed as

tp = 12,)(Q]

C - 3)
= My(0,0, -+ 6/,)]0--0),(0--- OIMLE , 6, - 6,)

where  My(6/,,6/, ---0/,) represents a parameterized unitary
transformation.

The parameters (6,0, --- 0,) and (6/,, 07, - - - 0,)) are optimized to
minimize the circuit depth. In the presented formalism, the operator
S;(8y, 0, - - - 0,) constitutes the state preparation module of the quantum
circuit model, whereas M(6/,, 0/, - - - 07,) forms the measurement module.
These two fundamental components collectively establish the quantum
circuit architecture for direct quantum-process characterization.

Following the aforementioned approach, we have derived the circuit
scheme depicted in Fig. 1 using the specific circuit structures of the operators
S.(¢,,0,)and T, (6,, ¢,), as shown in Fig. 2a~f. To characterize an arbitrary
N-qubit unknown quantum process, this scheme employs N auxiliary
states. The target quantum state to be prepared satisfies
ly,) = cos ¢,|M) + sin </>1ei9Z IN), which can be a product, partially
entangled, or fully entangled state and can be prepared using the methods
illustrated in Fig. 2a—c, respectively. The operator required for the projective
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measurements of the N auxiliary states is g = 1ON(P], where |@) =
cos ¢,e7%|J) + sin ¢,|K) can represent a product, partially entangled, or
fully entangled state. They can be prepared using the approaches shown in
Fig. 2d-f, respectively. After executing the circuit as shown in Fig. 1, the
resulting projection probability P(¢,, 0,,0,, ¢,) satisfies

P(¢,,0,,6,,¢,) = COSZ%Z sin ¢,

x| cos(8 + ) + cos? % sin ¢, )X‘IZ’,M‘ cos(d + 0,)+

3 sin ¢, sin ¢, |)(‘;<’;"" cos(8 + 6, + 6,) + 1 sin ¢, sin ¢, |X‘,‘<4,N‘ cos(8 + 6, — )+

ein2 91 NN
sin® 3 sin ¢,

x| cos(8 + ) + sin® % sin ¢, [xX| cos(8 + 6,)+ 4)

2 ¢ g2 2 |, MM
cos” 3} cos 7’)(” +

in2® 2 ¢2 | NN
‘+sm 5 cos 7’)(”

NN

s 28, 28| MM 228 28
sin® 5 cos® 5 |y {+sm 5 sin Z‘XKK

By strategically selecting the control parameters (¢;, 6;, 65, ¢,), we
obtain distinct projection probabilities. Through appropriate linear com-
binations of these measured probabilities, arbitrary matrix elements of the
target quantum process can be reconstructed.

For convenience, Table 1 relabels these projection probabilities as
P:L’V(gbl, 0,,0,,¢,). Here, the superscript s represents the serial number of
the projection probability, whereas y, v denotes the serial number of the
circuit module required for measuring the target process matrix elements
(the circuit modules are illustrated in Fig. 2). Tables 2-6 present the
expressions for calculating any specific matrix element (particularly the

Table 1 | Value of the parameters (64, 64, 62, 62) and
corresponding projection probabilities P;‘yu(¢1, 04,05, ¢5)

(62,92) ($1,61)

P,

(0,0 (1/2,0) (/2, 7/2) (7,0)
©.0 P, P, P, P,
(0, 7/2) P, P, P, P
) =3 P ALl P2
@n/2, 7/2) P Pl P! P
(2, 7/2) P Pl P P
©m = P, i i

non-diagonal matrix elements of quantum processes) and the selection of
parameters in the quantum circuits.

Protocol for nondestructive direct tomography of multi-
qudit systems

High-dimensional quantum computing improves computational com-
plexity and security, facilitating advances in quantum communication and
error correction. Fortunately, this scheme is applicable not only to multi-
particle two-dimensional systems but also to multi-particle high-dimen-
sional systems, namely, qudit systems. For measurements in high-
dimensional quantum systems (e.g., photon orbital angular momentum),
we need only replace the qubit quantum gates with high-dimensional qudit
gates. Figure 3a illustrates the measurement circuit for the non-destructive
measurement of an N-particle qudit state, with the specific circuit structures
of unitary operations R; and R, shown in Fig. 3b, , respectively. Here, U,
(6)) and Uy (6,) represent high-dimensional controlled phase-shift gates
(see Fig. 4a, e). The specific circuit structures of the operators Sy,(¢;) and
Ty,(¢>) are shown in Fig. 4b—d and f-h, respectively. The operators X'’ and
R); correspond to a high-dimensional NOT gate and rotation gate, respec-
tively, satisfying X}j|m), = |m @ n); and R [0); = (Im)y + [n)1)/~/2,
where m,n € {0,---d — 1}. The subscript d denotes a d-dimensional
quantum system.

Numerical results

To provide a more intuitive illustration of the implementation procedure of
our scheme, we take the measurement of a two-qubit controlled rotation-
gate C—R,(y) as an example and elaborate on it in Fig. 5. When the
experimental objective is merely to obtain the rotation angle y of this
quantum gate, conventional full QPT is not only redundant but also highly
resource-intensive. In contrast, our scheme enables the precise extraction of
the target parameter by directly measuring specific process matrix elements
(specifically, y01") that contain information about the rotation phase angle
y. Based on the formulas provided in Table 2, the real and imaginary parts of
this matrix element can be fully determined using only four projective
measurement probabilities.

Subsequently, we executed the circuit depicted in Fig. 5 on a quantum
simulator provided by the quantum computing cloud platform. The
resulting projection probabilities are shown in Fig. 6al-a4, where the blue
solid lines represent the theoretical values of the projection probabilities and
the red data points denote the simulated values obtained from running the
circuit on the quantum simulator. During the simulation, the number of
experimental repetitions was set to 3000 to ensure sufficient iterations in

Fig. 2 | Quantum circuit implementations of
operators SM(¢1, 6,) and T,(6,, o u, v € {1,2,3}.
Circuit architectures for a §,(¢,,8,), b $,(¢,,6,),

(a) ‘§l (¢l ’61)

(b) 5:2 (¢1:91) (c) §3 (¢1,91)

€8,(6,,0,). d T,(6,,6,), € T,(6;.6,), and

f T5(6,, ¢,). Here, X represents a single-qubit NOT
gate, which satisfies X" |j) = |m @ j), m, j €{0, 1),
where @ denotes binary addition. R, is a single-qubit
gate that rotates around the y-axis. Given an arbi-
trary rotation parameter ¢,, it satisfies

XM

R/($,) = exp(—i¢,0,/2), where 0, is a Pauli matrix.
R, is a single-qubit gate that rotates around the
z-axis. Given an arbitrary rotation parameter 6,, it
satisfies R (0,) = exp(—if),0,/2), where 0, is a Pauli
matrix. R; is the Hermitian conjugate of R,.

B o xR @
_RJ,(@)—?—RZ(HI)— _ Xm;,

.—ijv— X

|-
3
Ej}

Xjf X/{ —R (92)_?_13: (¢2)_

JelRel  kelefrwl ok
| : !

X//w X —XJN — —‘ﬂ—xﬂmr—

npj Quantum Information | (2026)12:11

w


www.nature.com/npjqi

https://doi.org/10.1038/s41534-025-01153-3

Article

Fig. 3 | Quantum circuit architecture for non-

destructive direct characterization of ‘
d-dimensional quantum systems. a Complete
quantum circuit for nondestructive direct char-

acterization of d-dimensional systems; b quantum ‘
gate of unitary operation R;; ¢ circuit of unitary

operation R,. In this scheme, both the system state -
Auxiliary

and the auxiliary state are initialized to the zero state.

state
Subsequently, the system state undergoes a state-

)

preparation module dey(gbl) and Ud(el), where the

subscript d represents a d-dimensional quantum

system, u€{1, 2, 3}, with d being the dimension of a (b)
single qudit and satisfying d > 2. Afterward, the 1

system state passes through the target quantum

System
process A4 The corresponding output state is then y

state

coupled with the auxiliary state via a series of
controlled-NOT gates (here, X4 denotes a single-
qudit NOT gate, satisfying X77'|j) = |m @ j),

m,j € {0,1,---d— 1}, where @ represents base-d
addition). These controlled-NOT gates collectively
constitute two unitary processes R; and R,. Subse-
quently, the auxiliary state undergoes an evolution
described by U,(8,), T,,(,), v€(L, 2, 3}. Finally,
the projection operator O=10---0{0---0] is
employed to measure the auxiliary state, and the
corresponding projection probabilities are obtained.
By varying the values of the parameter combinations
(61, 61, 65, 0,), different projection probabilities are
acquired. The matrix elements of the target process
are then determined by linearly superposing these
projection probabilities.
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Fig. 4 | Circuit structure diagrams for the opera-
tors U, Sd,,‘(ﬂlh) and T, ,(¢,)u, v € {1,2,3)}. Cir-
cuit structures of a the high-dimensional controlled

0,()

(a)

(b) ‘§ (¢1) (c) ‘§d,2(¢1)

phase-shift operator U,(8,), b §d_1(¢1), c Qd‘2(¢l),

_‘X—m +1 }_HXder, }_

d 8, 5(¢,), e the high-dimensional controlled phase-

shift operator U 4(8,), f Td ($,). 8 sz((pz) and

S

h Td 3(¢,). Here, Xd represents a single-qudit NOT

gate, satisfying X''|j) ; = |m @ j),»

1y nN —ny
Xd Xd

m,j € {0,1,---d— 1}, where @ denotes base-d
addition. Ry represents a single-qudit rotation gate.
Given an arbitrary rotation parameter ¢;, it satisfies

(e) 0.(6)

_‘ x;m ’_ijmw-l’_
6,

fd1(¢2) (h) fd3(¢2)

(¢2)

) (g

Ry(§)10) = (1m) + n),)/ V2. Ky is the Hermi-
tian conjugate of R;. The black dot indicates that

_‘ X{;/\*l ? Xj‘r./ﬁl

—?—.

when the control qubit is in the state |1), the cor-
responding high-dimensional operation is per-

i

T

formed on the target qudit. If a numerical value
appears above the black dot, e.g., m;, it signifies that

= g

Xé‘l\/_k.’\«’ X*jm

when the control qubit is in the state |m, ), the cor-
responding high-dimensional operation is executed
on the target qudit.

—‘ X;jwrl r—:‘—‘Xg‘*jv_l’—
0,

obtaining more accurate simulated values. The simulated values exhibited
excellent agreement with the theoretical prediction curves, and this close
match validated the correctness of our proposed scheme in the experimental
implementation.

After the required projection probabilities are obtained, the real and
imaginary parts of the target matrix element y}o'1" can be derived based
solely on the theoretical formulas presented in Table 2 (as shown in Fig. 6b),
from which the target rotation angle y can subsequently be determined (as
depicted in Fig. 6¢).

Like all direct characterization schemes, our protocol is inherently
sensitive to certain types of noise, particularly those that disrupt the
coherence between the ancilla and the system (such as phase damping
noise). Next, we take the measurement of a single-qubit gate R(f) on a

quantum simulator platform with adjustable noise intensity as an example.
Through numerical simulations, we demonstrate the functional relationship
between the measurement fidelity of our scheme and the probability «a of
phase damping occurring. The proposed scheme can obtain the matrix
elements of a single-qubit gate via projection probabilities P(0,0,0,7/2),
P(0,0,7,7/2). When phase damping noise is present in each quantum gate
used, the actual values of the obtained projection probabilities will deviate
from their ideal values, causing the finally acquired process matrix to deviate
from the ideal case.

Figure 7a—c, respectively, shows the deviations of the obtained pro-
jection probabilities P(0,0,0,72/2) and P(0,0,7,77/2) from the ideal cases (= 0)
when 8 = m,7/6,71/2). It can be observed that when the ideal values of both
P(0,0,0,7/2) and P(0,0,7,71/2) are close to 0.5, the proposed scheme exhibits
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good robustness against phase damping noise, achieving a relatively high
fidelity F (see Fig. 7d). However, when the ideal values of both P(0,0,0,7/2)
and P(0,0,7,71/2) deviate significantly from 0.5, the proposed scheme fails to
effectively resist phase damping noise, resulting in a decline in the fidelity F.
In such cases, we can employ advanced error mitigation techniques to
enhance the performance of the protocol on noisy quantum devices. For
quantum gate errors, we can use techniques such as probabilistic error
cancellation to improve the fidelity; for measurement errors, we can apply
measurement error mitigation to correct the original readout results.

Theoretical principle comparison: Interferometric QPT,
ancilla-assisted QPT, classical shadows, and other
characterization methods
Interferometric/auxiliary-system-assisted QPT*’ belong to full quantum
process characterization schemes. Even when we only need to obtain one or
a few process matrix elements, using these full characterization schemes still
requires reconstructing the entire process matrix to acquire the specific
matrix elements. These schemes obtain full information by jointly mea-
suring the system and auxiliary qubits, which is destructive. Classical sha-
dow methods adopt a universal framework of “comprehensive sampling
first, followed by classical answers”, with the advantage of answering mul-
tiple different questions about a process from a single dataset.

Compared to interferometric/auxiliary-system-assisted QPT, our
scheme non-destructively infers arbitrary process matrix elements by only
measuring an auxiliary system. This realizes a paradigm shift in measure-
ment. Compared to classical shadow methods, our scheme follows a direct

10,10
10,11
o), —XH———+—1X]
0}, 1R () X]
), X X] ~
o), X] R (0 R (e "

Fig. 5 | Quantum circuit for nondestructive direct characterization of the rota-
tion angle y in two-qubit controlled gates. Here, X represents a single-qubit NOT
gate, R, is a single-qubit rotation gate about the y-axis, and R, is a single-qubit
rotation gate about the z-axis. C — R,(y) denotes the target quantum process. After
executing the quantum circuit depicted in this figure, the projection measurement
[00)(00] is performed on the auxiliary qubit to obtain the corresponding projection
probabilities. Subsequently, the target rotation angle y is determined through a linear
superposition of these probabilities.

route "tailored to specific problems", with the advantage of achieving the
highest measurement efficiency and quantum state preservation capacity
when scientific questions focus on a few specific matrix elements. Our
scheme is a resource-optimal specialized tool, while classical shadow
methods are functionally comprehensive universal tools.

Compared with existing direct quantum process characterization
schemes, we have creatively integrated the core design principle of "mea-
suring only auxiliary qubits" with the objective of "directly extracting process
matrix elements," resulting in a quantum process characterization protocol
that simultaneously exhibits the following features: non-destructiveness, the
absence of post-selection, constant-scaling measurement resources, and
universality for both unitary and non-unitary processes.

Existing schemes typically can only incorporate one or two of these
advantages. For instance, the schemes by Mohseni/Schmiegelow'""” are
efficient and do not require post-selection but are destructive. Weak-value
schemes™”’ rely on post-selection and are inefficient. Our scheme is spe-
cifically designed to address these remaining challenges simultaneously. It
does not merely make minor improvements but instead offers a new
pathway that is more advantageous in terms of resource utilization and
quantum state preservation. The content of this comparison is presented in
the Table 7, accompanied by detailed textual discussions.

Comparison of measurement resources with existing
direct characterization protocols

SEQPT proposed by Schmiegelow et al.” significantly influenced the
development of QPT. This method requires the preparation of quantum
states that constitute a two-design state set. It involves sequentially evolving
the quantum states through a reference process and a target process, and
finally projecting them onto the initial state for measurement. Notably, this
method requires up to 240 measurement readouts for a two-qubit system.
To optimize this scheme, Gaikwad et al” proposed a modified, selective,
and efficient quantum process tomography (MSEQPT) method, and suc-
cessfully implemented it in a nuclear magnetic resonance system. The
improved scheme enhances the efficiency. MSEQPT enables the measure-
ment of a two-qubit system that requires only 15 state preparations and 60
readouts, significantly reducing the experimental complexity. The weak-
value scheme proposed by Zhang et al** adopts a different technical
approach. Although this scheme requires only 16 readouts, it requires a
post-selection process and additional resources in the form of four auxiliary
quantum states. Each of these methods has unique characteristics that offer a
diverse range of technical options for quantum process characterization. As
for quantum quench protocol®, it requires the system to undergo con-
tinuous evolution over a period of time and indirectly infers Hamiltonian
parameters by fitting the temporal curves of observables. The number of
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Fig. 6 | Reconstruction of target matrix elements and rotation angles. Theoretical
and simulated values of the projection probabilities al P},, a2 P13, a3 P|§, and a4
P2 b Real and imaginary components of the characterized process matrix element
X{gji?. ¢ Comparative analysis of rotation angle extraction. In Figures (al)-(a4), the
blue solid lines represent the theoretical values of probabilities, while the red data

points denote the simulated values. In Figure (b), the blue solid line and the red solid

line respectively represent the theoretical values of the real and imaginary parts of the
target process matrix elements. The yellow hexagrams and purple hexagrams
respectively denote the simulated values of the real and imaginary parts of the target
process matrix elements. In Figure (c), the blue solid line represents the theoretical
values of the target rotation angles, while the red hexagrams denote the simulated
values of the target rotation angles.
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Table 2 | Selection of related parameters to directly obtain the real and imaginary parts of the process matrix
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X’J'”_;?'(M = N,J#K) can be achieved by obtaining only four projection probabilities, and this method is independent of the number of particles and dimensionality of the system.

measurements required is typically related to the interaction range, but for
local Hamiltonians, its scaling may be superior to traditional QPT. How-
ever, it necessitates high temporal resolution measurements and potentially
complex curve fitting. The quantum quench protocol requires time tracking
of multiple observables. Each observable may necessitate dozens or even
hundreds of time points to capture its dynamic behavior and achieve suf-
ficient fitting accuracy. Consequently, the total number of readouts (i.e., the
total number of measurement sampling points) can easily reach the order of
hundreds. The standard quantum quench protocol does not require any
auxiliary qubits. It directly performs state preparation, time evolution, and
final measurement on the system under test itself. It involves destructive
measurements. Each projective measurement conducted at a specific time
point completely collapses the quantum state of the system.

Next, we will elaborate in detail on the number of projection prob-
abilities required by our scheme to obtain a specific matrix element. For an
arbitrary N-qubit system, the number of projection probabilities needed
varies depending on the mathematical form of the target process matrix
elements.

Measuring the diagonal matrix elements X%’(N(M = N,J] = K) of the
process matrix is relatively straightforward, as it only requires projection
measurements using the corresponding single eigenbasis vector. The main
challenge lies in measuring the real and imaginary parts of the off-diagonal
elements. The number of projection probabilities required to obtain off-
diagonal elements with different mathematical forms varies. For the

measurement of process matrix elements such as X/ N(M = N, J#K) and
X Tk N(M=N,] = K), only 4 projection probabilities are needed for each
matrix element. The specific projection probabilities required are listed in
the left or right columns of the last row in Tables 2 3 and 4, respectively. For
example, when the target matrix element is X (M = N,J#K), only 4
projection probabilities (e.g., P', P, P°, P* or P*, P22 Pz, P24) are needed. For
the measurement of the real and imaginary parts of X," N(M#N, %K), 16
projection probabilities are required for each matrix element. The specific
projection probabilities required are listed in the last row of Tables 5 and 6,
respectively. From the above, it can be seen that, depending on the specific
mathematical form of the target matrix element to be obtained, our scheme
requires at most 16 projection probabilities to obtain any single matrix
elements (as detailed in Table 8). Since our scheme is independent of the
system size and the particle dimension d when acquiring a specefic process
matrix, the number of projection probabilities (or the number of mea-
surement bases) required has a complexity of O(1) with respect to both the
number of qubits N and the qubit dimension d.

To further clarify the number of projection probabilities, we will use the
measurement of a two-qubit quantum process as an example (with a total of
256 process matrix elements) to illustrate the required number of projection
probabilities.

For the measurement of the diagonal elements of a two-qubit process,
only one corresponding eigenbasis is needed to obtain each of the 16
diagonal elements. Thus, a total of 16 projection probabilities are required.
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Table 3| Selection of related parameters to directly obtain real and imaginary parts of process matrix element Xﬁ”,@’ M<NJ =K)
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X’J"_’,{V(M <N, J = K) can be achieved by obtaining only four projection probabilities, and this method is independent of the number of particles and dimensionality of the system.

Table 4| Selection of related parameters to directly obtain real and imaginary parts of process matrix element XJM,?’ (M>N,J =K)
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X%?’(M >N, J = K) can be achieved by obtaining only four projection probabilities, and this method is independent of the number of particles and dimensionality of the system.

Table 5 | Selection of related parameters to directly obtain the real and imaginary parts of the process matrix
element xT;?’(M >N, J =K)
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Xﬁ’_’,’f’(M >N, J = K) can be achieved by obtaining only 16 projection probabilities, and this method is independent of the number of particles and dimensionality of the system.

Table 6 | Selection of related parameters to directly obtain real and imaginary parts of process matrix elementxy,'?' (M<N.,J=K)
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ka”’(m <N, J =K) can be achieved by obtaining only 16 projection probabilities, and this method is independent of the number of particles and dimensionality of the system.
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May be less efficient for obtaining individual matrix
elements compared to direct characterization

Not suitable for fully characterizing large-scale
approach.

Limitations
systems.

(e.g., fidelity, entanglement entropy) rather than

Highly flexible and efficient, particularly suitable
for predicting global properties of the process
individual matrix elements.

Capable of obtaining complete information
about the quantum process.

Key advantages

Number of required shadows depends on the
rank of the process matrix and the desired
prediction accuracy, typically offering

Number of required measurement bases
polynomial scaling.

Resource scaling (number of
grows exponentially with system size.

measurements)

Encodes process information into phases or
correlations of observables via an
interferometer or ancilla, with final
measurement performed on the system itself.
Uses randomized measurement bases on the
system; process properties are predicted via
classical post-processing (calculating shadow
expectations).

Core principle

Table 7 | Comparison of various quantum process characterization schemes

Scheme/dimension
Interferometric QPT/
Ancilla-assisted QPT*
Classical shadow
method?® (for processes)

Destructive to the target qubits; measurement
overhead, while improved, still scales with

system size.

More efficient than standard QPT; enables

Number of measurement bases grows

polynomially with system size.

Utilizes 2-design states for random sampling to
access specific process matrix elements.

SEQPT™>™®

access to arbitrary specific matrix elements.

Destructive to the target qubits; requires post-
selection, leading to low resource utilization

efficiency and large statistical errors.

Enables access to arbitrary specific matrix
elements without prior knowledge of the

system.

Number of measurement bases grows

polynomially with system size.

Directly retrieves specific process matrix

Weak-value based

schemes?®>?%2"

elements based on the weak value definition.

The non-destructive property is not fully realizable
in ensemble-based systems like NMR; ideally

Preserves the target system qubits; requires a

Number of measurements required to extract
a specific matrix element is constant,
independent of system size and

dimensionality.

Encodes target process matrix element

Our proposed scheme

constant number of measurement bases (for a

specific element);

information into the projection probabilities of
the ancilla using a parameterized quantum

circuit with only four free parameters.

suited for single-particle manipulation systems

(e.g., single-photon, superconducting systems).

Regarding the measurement of off-diagonal elements that satisfy the
mathematical form X%‘(N (M#N, J#K), there are 144 matrix elements that fit
such forms. Acquiring each of these matrix elements requires 16 projection
probabilities. Therefore, the total number of projection probabilities needed
to fully measure these matrix elements is 16 x 144 = 2304. For the remaining
matrix elements, each of which requires only 4 projection probabilities,
there are 96 such elements. Hence, the number of projection probabilities
needed to measure these matrix elements is 4 x 96 = 384. Finally, leveraging
the Hermitian property of the process matrix elements, the total number of
projection probabilities required to fully acquire the two-qubit process
matrix elements using our direct characterization method can be simplified
as 1 x 16 + 16 x 144/2 + 4 x 96/2 = 1360. As the number of qubits N and
the qubit dimension d increase, although the number of measurement bases
required to obtain a single process matrix element remains constant, the
total number of matrix elements contained in the process matrix grows
exponentially. Consequently, if a direct characterization scheme is
employed to obtain the entire process matrix, the number of measurement
bases R required also increases exponentially, i.e., R = O(d*"). It may seem
that using the direct characterization method (including all existing schemes
and our scheme) to fully characterize the process matrix requires more
projection probabilities than Standard QPT. But it should be emphasized
that the advantage of the direct characterization method lies in acquiring
one or a few process matrix elements, rather than in fully acquiring the entire
Pprocess matrix.

Compared with existing approaches, the quantum circuit scheme
proposed in this paper demonstrates significant advantages in terms of
resource utilization and measurement efficiency. In particular, when
acquiring the specific process matrix elements of two-qubit systems, our
scheme only requires the introduction of two auxiliary quantum states and
involves a maximum of 16 measurement readouts. Notably, the measure-
ment complexity of this scheme is dimension-independent, meaning that
the required number of measurements does not increase with an increase in
the number of particles or dimensionality of the Hilbert space in the
quantum system. More groundbreaking is the fact that our scheme enables
non-destructive measurements, a feature that makes it perfectly suited to
satisfy the stringent requirements for quantum state preservation in fields
such as quantum error correction and quantum control. To illustrate the
advantages of our scheme visually, Table 9 provides a comparative analysis
of our scheme and existing representative approaches using a two-qubit
system as an example. These comparative results fully substantiate the
remarkable superiority and application potential of our scheme for the
characterization of multi-qubit systems.

We provide an approximate discussion on the comparison of statistical
errors between existing characterization schemes (mainly including SEQPT
and weak-value-based schemes) and our proposed scheme.

As for the proposed scheme, we take the quantum process of a single-
qubit system as an example and present the mathematical expressions for
the measurement variances of the real and imaginary parts of a specific
matrix element %", as shown in "Method" section, by utilizing error
transformation formulas. These formulas indicate that the statistical errors
of the real and imaginary parts of the matrix element are related to its own
value. In these formulas, W represents the number of measurement samples.
A larger sample number leads to smaller statistical errors. It is worth
mentioning that since our measurement scheme is independent of the
system size and the dimension of the Hilbert space, the statistical errors of
the measurement results are also independent of the system size and the
dimension of the Hilbert space. The statistical error of the proposed scheme
is proportional to y/1/W. In other words, to ensure that the statistical error
remains within ¢, the required number of samples W must satisfy
W=0(1/6).

For SEQPT schemes, the number of measurement readouts is
O(D?), where D is the dimension of the system's Hilbert space. Thus,
when the total number of measurement samples is W, the average
number of samples allocated to each measurement readout is approxi-
mately W/D’. Consequently, the statistical error associated with each
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Table 8 | Number of projection measurements required by the proposed scheme to obtain an arbitrary process matrix element

for a multi-particle system

Type of matrix element Number of projection

measurement settings

Explanation

Diagonal Elements XJM;’?I(M =N,J =K) 1 Requires only a single parameter setting. The diagonal element can be
’ directly obtained from one projection probability.
Off-diagonal Elements (satisfying the mathematical 4 Requires four different parameter settings. The real and imaginary parts of

form Y} (M = N,J = K) or Y}l (M =N, J = K))

the element are obtained via a linear combination of the four corresponding
projection probabilities.

Off-diagonal Elements (satisfying the mathematical 16
form ¥ (M =N, J =K))

Requires sixteen different circuit parameter settings. The real and imaginary
parts are determined through a linear combination of the sixteen
corresponding projection probabilities.

Table 9 | Comparison among several different direct characterization schemes

SEQPT'? MSEQPT® Weak-value Quantum quench protocol®’ Our scheme
schemes®
Number of readouts 240 60 16 ~102 (Dependent on the number of time sampling pointsand <16
observables)
Number of required ancillary states 0 0 4 0 2
Is it a non-demolition No No No No Yes
measurement?
measurement readout is Ay o /D?/W. With a fixed total sample size target quantum process, satisfying
W, the number of samples available for measuring each readout
decreases, leading to an increase in the statistical error for each mea- cos(B/2)  —e? sin(B/2)
surement readout result. In contrast, for our scheme, the number of U(B,y,8) = (5)

measurement readouts required is fixed and independent of the system's
Hilbert space dimension. Our scheme requires a maximum of only 16
measurement readouts (or projection probabilities). Therefore, our
scheme exhibits lower statistical errors when characterizing systems
composed of large-scale particles compared to SEQPT schemes.

Regarding the weak-value-based characterization scheme, it necessi-
tates post-selection, where only samples meeting the selection criteria are
measured. This implies that a portion of the measurement samples is dis-
carded. When the total number of measurement samples is W, the actual
number of samples used for statistical measurement is WPy (where Pis the
post-selection probability, satistfying Py< 1. Consequently, the statistical
error Ay o<  /1/WP;. Our scheme eliminates the post-selection process.
Therefore, the statistical error of our scheme is improved by at least a factor
of |/1/P; compared to the weak-value-based scheme. Additionally, the
number of measurement readouts required by the weak-value scheme
increases polynomially, whereas the number of readouts in our scheme is
independent of the system's Hilbert space dimension. This further reduces
the statistical error in our scheme.

Experimental demonstration

This section presents the experimental validation of the proposed scheme
using the SpinQ quantum computing cloud platform, focusing on single-
qubit unitary and non-unitary processes. The nuclear magnetic reso-
nance (NMR) quantum computing system provided by this cloud plat-
form supports the user-defined design and verification of quantum
circuits. It should be emphasized that we employ an NMR system as the
experimental platform and only verify the correctness of the circuit
architecture by measuring auxiliary states, rather than validating the
single-shot non-destructive measurement. We select a two-qubit system
(utilizing a chloroform molecule as the physical substrate, with the car-
bon atom serving as the target qubit Q0 and the hydrogen atom serving
as the auxiliary qubit Q1) to validate the characterization scheme for
single-qubit unitary processes.

As depicted in the experimental platform shown in Fig. 8a and the
quantum circuit shown in Fig. 8b, our scheme achieves direct measurements
through the following steps: First, rotation and phase-shift operations are
applied to the target qubit Q0. Next, the unitary gate Uis implemented as the

e sin(8/2) 9t cos(B/2)

Then, coupling interactions between QO and QI are established.
Afterward, phase-shift and rotation operations are performed on the aux-
iliary qubit Q1. Finally, projective measurements are executed on QI.

Notably, when measuring the specific matrix element Xg:(l), only four
projective probability measurement values are required to accurately extract
the real and imaginary parts of the matrix element based on the conversion
relationships listed in Table 3. This streamlined measurement scheme
demonstrates the high efficiency and practicality of the proposed method.
Experimental results indicate that this scheme accurately characterizes
quantum processes.

Figure 9a, b presents a comparison between the experimental data and
theoretical predictions. The blue solid lines represent the theoretically cal-
culated values, whereas the red data points denote the experimental mea-
surement results obtained using the SpinQ cloud platform. To ensure the
reliability of the experimental results, we subjected each data point to four
independent repeated measurements and calculated the statistical mean and
standard deviation (depicted as error bars) calculated accordingly. The
experimental observations exhibited excellent agreement with the theore-
tical prediction curves, and this close match validated the correctness of our
proposed scheme in the experimental implementation. Notably, all mea-
sured data points were within a reasonable deviation range, as theoretically
anticipated. This outcome not only confirms the accuracy of the theoretical
model but also demonstrates the feasibility of the experimental approach.

Figure 9c presents a comparison between the experimentally measured
results and theoretical predictions for the real and imaginary parts of the
target process matrix element, Xg:(l). The blue solid lines represent the the-
oretical calculation curves, the red data points denote the experimental
measurement values (each data point was obtained by averaging four
independent repeated measurements, and the error bars indicate the stan-
dard deviation).

To validate the applicability of our scheme in characterizing non-
unitary quantum processes, we conducted further experimental verification
using a three-qubit system on the SpinQ cloud platform (with tri-
chloroethylene molecules serving as the physical substrate). The specific
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Fig. 8 | Quantum circuit executed on the SpinQ
cloud platform. a Molecular model of chloroform;
b Circuit structure of measurement performed
solely on the ancillary system for a single-qubit
unitary quantum process. Here, C represents the
target qubit; H represents the auxiliary qubit; U
denotes the target unitary process; C-NOT stands
for the two-qubit controlled-NOT gate. R, and R,
represent single-qubit controlled rotation gates
about the y-axis and z-axis, respectively; M signifies
the measurement process. After executing the circuit
depicted in Figure (b), the projection measurement
|0)(0] is performed to obtain projection prob-
abilities. By adjusting the rotation angles of R, and
R,, different projection probabilities are acquired.
The matrix element ng(l, of the target process is then
determined through a linear superposition of these
probabilities.

(a)

(b)

10>

Target qubit Ry

10>
Auxiliary qubit

45.00

C : Target qubit
H : Auxiliary qubit
U: Target quantum process

C-NOT: Two-qubit controlled-NOT gate
Ry, R,: Single-qubit rotating gate
M: Measurement

Cl

Cl

Sasicn

P =
Rz

U T CNOT
) @) e

cNoT ® Rz Ry

=3

configuration of the experimental platform is illustrated in Fig. 10a, where
the 'H nuclear spin acts as an auxiliary qubit, *C, nuclear spin serves as the
target qubit, and C, nuclear spin is employed to simulate environ-
mental noise.

As illustrated by the quantum circuit in Fig. 10b, the experimental
procedure begins with an initial rotation and phase modulation applied to
the target qubit. This is followed by the introduction of a controllable
amplitude damping channel, where the parameter y corresponds to the
amplitude damping probability, implemented via coupling with an envir-
onmental qubit. Subsequently, coherent coupling is established between the
auxiliary and target qubits, and the process concludes with a final rotation
and projective measurements carried out on the auxiliary qubit.

Taking the characterization of the specific matrix element )y as an
example, a comparison between the experimental data and theoretical
predictions verifies the correctness of the scheme. Notably, this scheme
successfully achieves the precise characterization of non-unitary processes,
thereby providing a novel experimental tool for the study of open quantum
systems.

Figure 1lal-a4, respectively, displays the experimentally obtained
projection probabilities and their theoretical counterparts. The solid blue
lines represent the theoretical values and the red scattered points denote the
experimental data. Each data point was measured four times and the mean
values and variances were calculated. Within the allowable margin of error,
the experimental values were generally consistent with the theoretical pre-
dictions, thereby demonstrating the effectiveness of the proposed scheme.
Figure 11b, ¢ systematically shows the experimental characterization results
of the real and imaginary parts of the non-unitary process matrix element
ng(l). The solid blue lines represent the theoretically predicted values and the
red data points denote the experimental measurement results. Notably, this
scheme achieves high-precision measurements of the complex matrix ele-
ments of non-unitary processes, marking a breakthrough that provides a
new experimental paradigm for the precise characterization of open
quantum systems.

In NMR-based quantum computing experiments, the observed
deviations between theoretical and experimental values, along with the
relatively large error bars, primarily stem from some inevitable experimental
non-idealities. Although the SpinQ platform achieves an average single-
qubit gate fidelity of 99%, the fidelity of two-qubit gates (e.g., controlled-
phase gates) ranges from 95% to 98%. The non-unitary process character-
ization circuit depicted in Fig. 11 involves multiple quantum gate opera-
tions, and these gate errors accumulate and propagate through the circuit,
causing the final projected measurement probability distribution to deviate
from the ideal theoretical expectations.

Energy relaxation (T1) and phase relaxation (T2) processes in quan-
tum systems lead to the decay of quantum state information over time. The
preparation, evolution, and measurement of quantum states in experiments

all require a certain amount of time. During this process, particularly in
three-qubit systems (used for non-unitary process characterization),
relaxation effects introduce significant signal attenuation and phase shifts,
thereby increasing measurement fluctuations and systematic biases.

Quantum state readout on NMR platforms is subject to measurement
errors, including shot noise and electronic noise. These noise sources
introduce uncertainties in the estimation of projection probabilities, which
are reflected as error bars in the data points. We calculate the mean and
standard deviation from four independent repeated measurements, and
these error bars represent the statistical fluctuations of the measurement
results.

Despite the deviations of individual data points from the theoretical
curves, the overall distribution of experimental data points (red scatter
points) clearly follows the variation pattern of the theoretical prediction
curves (blue solid lines). This indicates that our theoretical model effectively
captures the essential characteristics of the quantum process, and the
experimental scheme is conceptually correct and feasible. The relatively
large error bars, which cover a significant portion of the probability range,
are primarily attributable to the systematic biases introduced by gate errors
and relaxation effects over multiple experimental runs, as well as the sta-
tistical fluctuations caused by measurement noise. Additionally, circuits for
characterizing non-unitary processes (involving environmental coupling)
are typically more complex than those for unitary processes and are more
sensitive to environmental noise and parameter fluctuations, further
amplifying the fluctuation range of experimental results.

Discussion

This paper proposes a non-destructive direct characterization scheme for
quantum processes. This enables the preservation of quantum states evolved
through unknown processes, facilitating their reuse in subsequent tasks, and
thereby laying the foundation for measuring quantum processes in quan-
tum error correction and quantum control. The design philosophy of our
scheme paves the way for realizing non-destructive characterization on
experimental platforms capable of manipulating individual particles (such
as single-photon polarization qubits, superconducting qubits, and other
physical systems).

In quantum error correction, continuous measurement of qubits
is required to diagnose errors without destroying the stored logical
quantum information. Traditional measurement schemes are
destructive. Our non-destructive characterization protocol offers a
viable technical pathway to achieve this goal. By treating the stabilizer
operators or noise channels in quantum error correction codes as the
quantum processes to be characterized, our scheme can directly extract
noise intensity information without disrupting the quantum state of
the data qubits, thereby laying the foundation for implementing non-
destructive error correction cycles.
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process matrix elements with respect to the parameter § In Figures (a, b), the solid

lines denote theoretical values, while the data points correspond to experimental
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values. In Figure (c), the blue solid and red solid lines respectively represent the
theoretical values of the real and imaginary parts of the target process matrix element
Xg:(l], with the experimental data points indicating the experimentally measured
values. The red area represents the 95% confidence interval of the theoretically
predicted values. Here = m/2, y=0.

Fig. 10 | Quantum circuit executed on the SpinQ
cloud platform. a Molecular model of tri-
chloroethylene; b Circuit structure of measurement
performed solely on the ancillary system for single-
qubit non-unitary quantum processes. C1 repre-
sents the environmental qubit; C2 denotes the target
qubit; H stands for the auxiliary qubit; A(y) repre-
sents the target non-unitary process; C-NOT sig-
nifies the two-qubit controlled-NOT gate. Ry and R,
represent single-qubit controlled rotation gates
about the y-axis and z-axis, respectively; M indicates
the measurement process. After executing the circuit
depicted in Figure (b), the projection measurement
[0)(0] is performed to obtain projection prob-
abilities. By adjusting the rotation angles of R, and
R,, different projection probabilities are acquired.
The matrix element y(, of the target process is then
determined through a linear superposition of these
probabilities.
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denote experimental values. The red area denotes the 95% confidence interval of the
theoretically predicted values. Notably, the width of the confidence interval for the
theoretical value of probability P' is zero.

In quantum feedback control, real-time monitoring of a quantum
system's state and real-time adjustment of control parameters based on
measurement results are essential. The "non-destructive” nature of our
scheme allows the principal quantum state to be preserved after

characterization, enabling it to be immediately used for subsequent com-
putational steps or control operations. For example, in variational quantum
algorithms, our scheme can non-destructively monitor the fidelity of spe-
cific quantum gates and provide feedback to optimize parameters
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accordingly, without the need for frequent re-preparation of the initial state.
This significantly enhances learning efficiency and resource utilization.

Note that during the characterization experiments based on the
quantum circuit model, the system inevitably suffers from the effects of
quantum gate operation errors and projective measurement errors. We can
adopt a systematic error-mitigation scheme to address these two types of
errors. For quantum-gate operation errors caused by decoherence effects,
the probabilistic error cancellation algorithm® can be employed for cor-
rection. By accurately modeling the gate noise and constructing and
applying inverse noise operations within the circuit, we can effectively
increase the gate operation fidelity to above 99%. Regarding projective
measurement errors, measurement error mitigation techniques™” to con-
struct an error confusion matrix. Matrix inversion methods can then be used
to correct the raw measurement results, thereby reducing the measurement
error by an order of magnitude. By integrating high-performance quantum
hardware with software post-processing algorithms, a comprehensive error-
suppression system was established. This "hardware-software" collaborative
optimization-based error-mitigation strategy provides a novel technical
paradigm for quantum process characterization.

Methods

Mathematical relationship between the process matrix elements
and the state density matrix

The characterization of multi-qubit quantum channels can be fundamen-
tally decomposed into the preparation of specific quantum states, followed
by a linear combination of projective measurements. Specifically, these state
preparation and measurement operations can be implemented using
appropriate combinations of single-qubit and multi-qubit gates.

To establish a quantum circuit theoretic model for direct quantum
process characterization, we first decompose the target process matrix ele-
ments into linear superpositions of specific input states and projective
measurement outcomes. Consider an N-qubit system whose dynamical
evolution can be described by the following fundamental equation:

Poutr = A(p:) = ZKIPSK;-
1

In the above expression, p; and p,,,; denote the input and output states,
respectively, and Irepresents a positive integer. The operator K is expanded
using the  basis  vectors {ljy, - jn)(my, - -myl},  where
ji»c e jn»my, - my € {0,1}. For notational convenience, we employ
{I1)(M]} to substitute {|,,---jy){(my,- - myl}, with j, - j, my - -my
being the binary representation of M. The explicit form of K; is given as
follows:

— ! . :
Ki= 3 g jmemy i dn)my, o my
JuNs My ey
=Y eyl (M|
.M

In the above expression, e}M represents the matrix element of the
operator K;. The superoperator A(p;) can be expressed as follows:

Pout = A(ps) = ZKIPSK;

:Z Z e]MeKNU)(MlelN)( |

T J.MN.K

= Z X}le (M]p,,IN)(K]|

For notational simplicity, we employ {|K)(N|} to denote
{lky, - ky)(ny,---nyl}, where k; - - - ky, n; - - - ny represents the binary
encoding of K, N. In this framework, the superoperator A(p;) can be for-
mally represented by a process matrix y = {x)¢" }. Notably, x constitutes a

Hermitian matrix, whose explicit form is derived from the above Equation.

(T1Poue | K) = Z N (MlpIN)

Mathematical expression of statistical error

In this section, we take the quantum process of a single-qubit system as an
example and present the mathematical expressions for the measurement
variances of the real and imaginary parts of a specific matrix element y ", as
shown below, by utilizing error transformation formulas. These formulas
indicate that the statistical errors of the real and imaginary parts of the
matrix element are related to its own value. In these formulas, W represents
the number of measurement samples. A larger sample number leads to
smaller statistical errors.

AzReX =531 — (Re)( + Re)( + Re)( + Re)(] )
+55[1 - (Im)(. Re)( + Re)( + Imlekl) I+
(L= 201 + g (1L =2 (m = m, L)
AZImX]T]’(‘” 5l — (Im)( + Im)( + Im)( + Imle) ]
m[l — (Reyg + Imyg! — Imy + Re)(]lkl) +
20 (L= 201" + 2 (1 =2l ) (m=n, j=k)
APRex" = 3 (i +x,k + X8+ )

Jk ¢+ Xk "‘X,k + X b
% — (0"

+ﬁ A — () (m=n, j=k)
AImy" = 53y lxjk + iy + X))
—i — iy +lx + 1
_(X'
= (e )](min j=5
2 1 2, mn :
A ReXJk =m—WRe Xie (m = n, j#k)
2 mn 1 2, mn izk
A Iijk =W Wlm Xk (m = n, j#k)
AN = X = Y (m =, j=k)

Experimental platform

This study employed the SpinQ quantum cloud platform to conduct a
preliminary experimental validation of the proposed quantum circuit
model. This platform offers an NMR experimental setup with 2 and 3 qubits
and a 24-qubit quantum simulator. For the NMR system provided by this
cloud platform, the average fidelity of single-qubit gates reaches 99%,
whereas the average fidelity of two-qubit gates (such as the controlled phase-
shift gate) remains consistently between 95% and 98%. Additionally, the
quantum system on this cloud platform features a relatively long deco-
herence time, with a longitudinal relaxation time T1 on the order of 1 sand a
transverse relaxation time T2 typically around 10 ms.
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The NMR quantum computing architecture available through this
cloud platform enables the custom design and experimental validation of
quantum circuits. To verify our single-qubit unitary process characteriza-
tion protocol, we employed a two-qubit system (based on a chloroform
molecule, with the carbon nucleus functioning as the target qubit Q0 and the
hydrogen nucleus serving as the auxiliary qubit Q1).

To assess the capability of the scheme to characterize non-unitary
quantum operations, we extended the experimental validation to a three-
qubit configuration on a SpinQ platform (utilizing trichloroethylene
molecules as the physical system). The experimental setup is shown in Fig.
10a. The 'H nuclear spin served as an auxiliary qubit. A °C, nuclear spin
was designated as the target qubit, and a ’C, nuclear spin was incorporated
to emulate environmental noise. The operational sequence, as outlined in
the quantum circuit of Fig. 10b, begins with initial state preparation
involving rotation and phase calibration of the target qubit. This is followed
by the implementation of a tunable amplitude damping channel, para-
meterized by y which is proportional to the damping probability, through
environmental qubit coupling. Subsequently, a coherent interaction is
established between the auxiliary and target qubits, and the procedure
concludes with a final rotation of the auxiliary qubit and its subsequent
projective measurement.

This structured experimental framework enables systematic investi-
gation of both unitary and non-unitary quantum process characterization
methodologies.

Data availability
The data that support the findings of this study are available from the
corresponding author upon reasonable request.

Code availability
The code used in this study is available from the corresponding author upon
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