
Eur. Phys. J. C           (2022) 82:86 
https://doi.org/10.1140/epjc/s10052-022-10023-7

Letter

Dynamical particles in spatially flat FLRW space-times

Ion I. Cotăescua
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Abstract Metrics of dynamical point particles embed-
ded in spatially flat FLRW space-times are derived as
isotropic solutions of the Einstein equations with the energy–
momentum tensor of a perfect fluid. These particles are pro-
duced by central singularities of the fluid density but with-
out changing the pressure of the asymptotic FLRW space-
times. It is shown that each particle gets a dynamical photon
sphere before a critical instant when two dynamical appar-
ent horizons arise just on the photon sphere evolving then
as C-curves. The angular radius of the shadow associated to
the photon sphere is derived and compared with the known
results.

1 Introduction

The static non rotating black holes with spherical symmetry
are solutions of the Einstein or Einstein–Maxwell equations
without other gravitational sources apart from the optional
cosmological constant Λ. These equations were solved in
static local charts (called here frames) either analytically,
finding the classical black hole solutions [1], or sequentially
as in the Bondi–Sachs approach [2–4].

On the other hand, in cosmology one considers evolving
Friedmann–Lemaître–Robertson–Walker (FLRW) space-
times which are plausible models of our universe in var-
ious epochs of evolution. Each FLRW space-time evolves
according to its scale factor a(t) which solves the Einstein
equations with the energy–momentum tensor of an isotropic
perfect fluid. As it is somewhat paradoxical to populate such
backgrounds with static black holes, one looks for dynami-
cal point particles that could be embedded in the perfect fluid
of any FLRW space-time. An example is the McVittie class
of exact solutions [5] of the Einstein equations with perfect
fluid having FLRW asymptotic limits and the Schwarzschild
limit when a(t) = 1. These metrics describing dynamical
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point particles were studied mainly in physical frames with
Painlevé–Gullstrand coordinates [6,7] where their proper-
ties are visible and intuitive [8–10] and the generalization to
FLRW space-time of any space curvature was possible [11].

The McVittie particle modifies the pressure of the fluid
adding a singularity on the Schwarzschild sphere but without
changing the density. We may ask if a complementary solu-
tion, changing the density but preserving the pressure, could
be found in the frames with physical coordinates. Trying to
fix this problem we devote the present letter to a new class of
metrics in physical frames which seem to describe dynamical
point particles carried by the isotropic perfect fluids of the
FLRW space-times. These metrics are exact solutions of the
Einstein equations with a perfect fluid with the same pres-
sure as in the FLRW space-times but giving rise to a point
singularity in its density. Our main goal is to investigate the
specific properties of these metrics which could reveal black
hole features.

We start in the next section inspecting briefly the static
black holes in physical frames focusing the on the McVittie
metrics describing dynamical particles. Section 3 is devoted
to our new isotropic solution for which we derive the term
added to the fluid density for satisfying the Einstein equa-
tions. Once we have the solutions in physical coordinates we
introduce the co-moving space coordinates and a new radial
coordinate that puts the metric in diagonal form. Hereby we
identify the areal radius which will be used in the next section
for finding the apparent horizons. We show that these dynam-
ical particles do not have horizons until a critical instant when
a pair of dynamical horizons are arising simultaneously on
the same sphere. When the time is increasing these evolve
as fold-type (or C-curves) horizons, one expanding as a cos-
mological horizon, approaching asymptotically to the appar-
ent horizon of the asymptotic FLRW space-time, while the
second one is shrinking as a black hole horizon. We meet
thus the same phenomenology as in the case of the McVittie
dynamical particles [8,12]. In Sect. 4 we derive the radial
null geodesics showing that their complicated equation may
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be integrated sequentially by using an algorithm of perturba-
tions. The light around the dynamical particles is studied in
Sect. 5 where we deduce the radius of the dynamical photon
sphere which appears before the apparent horizons shoving
that at the critical instant the horizons arise just on this sphere.
A possible dynamical shadow measured by a remote observer
is discussed and compared with previous results. In the last
section we present our concluding remarks.

We use the Planck units with h̄ = c = G = 1.

2 Black holes in physical frames

The principal black holes solutions with spherical symme-
try are written in static frames, {ts, x}, with coordinates xμ

(α,μ, ν, . . . = 0, 1, 2, 3), i. e. the static time x0
s = ts and

Cartesian space coordinates x = (x1, x2, x3) associated to
the spherical ones (r, θ, φ). The geometry of these black
holes is defined by line elements of the form

ds2 = f (r) dt2
s − dr2

f (r)
− r2dΩ2, (1)

where dΩ2 = dθ2 + sin2 θ dφ2. The function f determines
the properties of the black hole and the asymptotic form of the
space-time. For example, in the case of a charged Reissner-
Nordstrom-de Sitter black hole, the function

f (r) = 1 − 2m

r
+ q2

r2 − ω2
dSr

2, ωdS =
√

Λ

3
, (2)

depends on the black hole mass m and charge q while
the Hubble-de Sitter constant ωdS gives the asymptotic
behaviour of the background. Thus we may say that when
ωdS �= 0 the black hole stays in a de Sitter universe while
for ωdS = 0 it stays in the Minkowski space-time. However,
physically speaking, the de Sitter manifold is not a static
space-time as its expanding portion is a model of expand-
ing universe governed by the cosmic, or proper, time x0 = t
defined as

t = ts −
∫

dr

√
1 − f (r)

f (r)
. (3)

Substituting ts → t we obtain the frame {t, x}, with physical
coordinates of Painlevé–Gullstrand type [6,7], in which the
static metric (1) takes the form

ds2 = f (r)dt2 + 2
√

1 − f (r) dtdr − dr2 − r2dΩ2, (4)

laying out flat space sections. In this manner, one may intro-
duce physical frames in any isotropic manifold with flat space
sections.

We have thus the opportunity of studying the dynamical
black holes with spherical symmetry in their proper physical
frames with line elements of the general form

ds2 = g00(t, r)dt
2 + 2g0r (t, r)dr dt

−grr (r)dr
2 − r2dΩ2. (5)

This metric encapsulates the black hole properties and the
geometry of the asymptotic space-time which hosts the black
hole. The black hole is imagined then as a point dynamical
particle whose metric tensor is an exact solution of the Ein-
stein equations

Gμ
ν = Λδμ

ν + 8π
[
(ρ + p)UμUν − pδμ

ν

]
, (6)

in a perfect fluid of density ρ (of matter or energy) and pres-
sure p, moving with the four-velocity Uμ with respect to the
physical frame under consideration. In a proper co-moving
frame where the four-velocity has the components

Uμ =
(

1√
g00

, 0, 0, 0

)
, Uμ = gμ0U0 = gμ0√

g00
, (7)

Eq. (6) is solved by an isotropic Einstein tensor whose non-
vanishing components satisfy

Gr
r = Gθ

θ = Gφ
φ ≡ G, (8)

Gr
0 = g0r

g00

(
G0

0 − G
)

. (9)

Moreover, the asymptotic manifold must also be a solution
of the Eq. (6) corresponding to the asymptotic gravitational
sources.

The asymptotic space-times considered so far are either
flat ones or spatially flat FLRW space-times with scale factors
a(t) we denote here by (M, a) understanding that (M, 1) is
just the Minkowski space-time. Thus, for r → ∞, the line
element (5) is supposed to take the asymptotic form

ds2 =
(

1 − ȧ2

a2 r2
)

dt2 + 2
ȧ

a
r dr dt − dr2 − r2dΩ2, (10)

in the physical frames {t, x} of the space-times (M, a). This
line element depends only on the Hubble function ȧ(t)

a(t) which
gives the radius

ra(t) =
∣∣∣∣a(t)

ȧ(t)

∣∣∣∣ , (11)

of the dynamical apparent horizon. The Einstein tensors of
these manifolds have diagonal elements giving the Fried-
mann equations

G0
0(a) = 3

ȧ2

a2 = Λ + 8π ρa, (12)

G(a) = 2
ä

a
+ ȧ2

a2 = Λ − 8π pa, (13)

and a non-diagonal one, Gr
0(a), satisfying the condition

(9). The gravitational sources of the asymptotic space-time
(M, a) are the asymptotic density and pressure, ρa =
limr→∞ ρ and pa = limr→∞ p.

In this framework many models of dynamical particles
are considered so far (see for instance [13]) among them

123



Eur. Phys. J. C            (2022) 82:86 Page 3 of 9    86 

a prominent approach is the McVittie [5] class of metrics
describing isotropic dynamical particles in any spatially flat
FLRW. In physical frames, the McVittie line element is given
by Eq. (5) where the components of the metric tensor depend
only on the black hole mass m and Hubble’s function as [11]

g00(t, r) = 1 − 2m

r
− ȧ(t)2

a(t)2 r
2, (14)

g0r (t, r) = ȧ(t)

a(t)

r√
1 − 2m

r

, grr (r) = 1

1 − 2m
r

. (15)

In the asymptotic limit, when r → ∞, this line element
takes the form (10) as in the physical frame of the space-
time (M, a). However, in the flat limit, when a(t) → 1 and
ȧ(t) → 0, this becomes the Schwarzschild line element of
the static frame (1) with f = 1 − 2m

r instead of the physical
one (4). The metric tensor defined by Eqs. (14) and (15) is
an exact solution of Eq. (6) with [11]

8πρ = G0
0 = G0

0(a), (16)

8πp = −G = −G0
0(a) − 1√

1 − 2m
r

[
G(a) − G0

0(a)
]
,

(17)

while the component Gr
0 satisfies the condition (9). Thus the

presence of this dynamical particle modifies only the pres-
sure of the fluid, introducing a Schwarzschild singularity, but
without affecting the density. It is remarkable that there is a
critical instant when a pair of dynamical horizons appears,
one expanding asymptotically to the apparent horizon of the
asymptotic FLRW space-time while the second one is shrink-
ing to the Schwarzschild sphere of radius 2m [8,12]. Note
that a similar behaviour was observed recently [13,14] in the
Lemaître–Tolman–Bondi (LTB) space-times [15].

3 Isotropic dynamical particles

Under such circumstances, we may ask if other solutions of
the Einstein equations could be found as singularities of the
density of the perfect fluid but without changing its pressure.
In what follows we try to find an answer looking for new
exact solutions of the Einstein equations in space-times with
perfect fluid assuming that these must have: line elements
(5) with flat space sections (i. e. grr = 1), the asymptotic
form (10) and flat limit (4). For investigating this problem
we consider a new class of metrics in which the mass term
2m
r is introduced independently, without using the traditional

Schwarzschild’s binomial 1− 2m
r . These are supposed to have

the line elements of the form

ds2 = dt2 − [dr − hs(t, r)dt]
2 − r2dΩ2

=
[
1 − hs(t, r)

2
]

dt2 + 2hs(t, r)drdt

−dr2 − r2dΩ2, (18)

where

hs(t, r) = ȧ(t)

a(t)
r +

√
2Ms(t)

r
, Ms(t) = m

a(t)s
. (19)

In this metric, Ms(t), with s ∈ R, is the dynamical mass
depending on the invariant mass m and the scale factor.

The Einstein tensors of these manifolds have the non-
vanishing diagonal components

G0
0 = G0

0(a) + δs, (20)

Gr
r = G(a) +

(
1 − s

3

)
δs, (21)

Gθ
θ = Gφ

φ = G(a) + 1

4

(
1 − s

3

)
δs, (22)

where

δs(t, r) = 3
ȧ(t)

a(t)

√
2Ms(t)

r3 , (23)

while the non-diagonal one accomplishes the condition

Gr
0 = g0r

g00

(
G0

0 − Gr
r

)
. (24)

Hereby we understand that for s = 3 we obtain the desired
solution of Eq. (6) with isotropic Einstein tensor which sat-
isfies both the conditions (8) and (9). Note that the metrics
with s �= 3 may also be seen as solutions of the Einstein
equations but with anisotropic gravitational sources given by
supplemental terms added to the energy–momentum tensor
of the perfect fluid.

Restricting ourselves to the isotropic solutions with s = 3
we denote by (M, a,m) the space-times with the line ele-
ments in physical frames,

ds2 = dt2 − [dr − h(t, r)dt]2 − r2dΩ2, (25)

where now

h(t, r) = hs=3(t, r) = ȧ(t)

a(t)
r +

√
2M(t)

r
, (26)

depends on the dynamical mass,

M(t) = Ms=3(t) = m

a(t)3 . (27)

The corresponding Einstein tensors have isotropic compo-
nents,

G0
0 = G0

0(a) + δ, (28)

G = G(a), (29)

where G0
0(a) and G(a) are the components the Einstein ten-

sor of the asymptotic manifold (M, a, 0) ≡ (M, a) as given
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by Eqs. (12) and (13). These solutions describe dynamical
particles whose presence gives rise to the additional term

δ(t, r) = δs=3(t, r) = 3
ȧ(t)

a(t)

√
2M(t)

r3 , (30)

which modifies the density of the perfect fluid, 8πρa → 8πρ =
8πρa+δ, introducing a central singularity in r = 0, while the
fluid pressure remains unchanged, p = pa . For this reason
we believe that these isotropic solutions can be interpreted as
dynamical point particles carried by the perfect fluids which
govern the evolution of their backgrounds.

For studying these particles we need to introduce other
types of coordinates in the space-times (M, a,m). We start
with the FLRW ones, {t, x̂}, formed by the cosmic time and
the co-moving space coordinates x̂ related to the physical
ones as x = x̂ a(t). The corresponding frame with spherical
coordinates, {t, r̂ , θ, φ}, has the line element

ds2 = dt2 − a(t)2

×
[

1

r̂

(√
r̂dr̂ − √

2m
dt

a(t)3

)2

+ r̂2dΩ2

]
(31)

obtained after substituting r = r̂a(t) in Eq. (25). In the round
parentheses we separated the exact 1-form dr̄ giving the new
radial coordinate

r̄ = 2

3
r̂

3
2 − √

2m
∫ t

t0

dt ′

a(t ′)3 , (32)

of the frame {t, r̄ , θ, φ} which has the diagonal line element

ds2 = dt2 − a(t)2
[

dr̄2

r̂(t, r̄)
+ r̂(t, r̄)2dΩ2

]
, (33)

where the new function

r̂(t, r̄) =
(

3

2

) 2
3
(
r̄ + √

2m
∫ t

t0

dt ′

a(t ′)3

) 2
3

, (34)

results from Eq. (32). The time t0 gives the arbitrary
instant when r̂ and r̄ may vanish simultaneously, r̄ = 0 →
r̂(t0, 0) = 0. Note that the metric (33) is close to the LTB
metrics [15] apart from the time dependence which here is
of FLRW type. In fact the metric (33) looks like a hybrid of
these two types of mentioned metrics.

4 Horizons

The additional term (30) vanishes in the flat limit
( ȧ
a → 0

)
when the metric (25) becomes just the Schwarzschild one in
the physical frame. This suggests us that the new dynamical
particles studied here may behave as black holes at least on
some time domains of the expanding space-times with posi-
tive Hubble functions and h(t, r) > 0. For investigating this
possibility we start looking for the apparent horizons that

could play the role of dynamical black hole or cosmological
horizons.

These horizons can be found as the solutions of the equa-
tion ∇μR∇μR = 0 satisfied by the areal radius R [16,17]
which in our case can be identified in the line element (33)
as R(t, r̄) = a(t)r̂(t, r̄). Then after a few manipulation we
find that the equation

∇μR∇μR = [∂t R(t, r̄)]2 − r̂(t, r̄)

a(t)2 [∂r̄ R(t, r̄)]2 = 0 (35)

is (up to sign) just the equation g00(t, r) = 1−h(t, r)2 = 0 in
the physical frame. This can be spit in two equationsh(t, r) =
±1 which do not hold simultaneously. As mentioned before,
in what follows we restrict ourselves to the expanding space-
times with h(t, r) > 0 keeping the equation h(t, r) = 1
only. Observing that this is not an algebraic equation in r ,
we introduce the new variable x = √

r > 0 and we solve the
equation h(t, x2) = 1 obtaining the solutions listed in the
Appendix.

These solutions get a physical meaning at the critical time
tcr when Δ(tcr ) = 0. For t < tcr there are no solutions with
physical meaning. Whether t > tcr then we have two positive
solutions giving the horizons of radii (A.3) and (A.2). For
understanding their role we resort to the expansions

rb(t) = 2M(t)

[
1 + 4M(t)

ra(t)
+ O

(
M(t)2

ra(t)2

)]
, (36)

rc(t) = ra(t)

[
1 −

√
2M(t)

ra(t)
− M(t)

ra(t)

− 5

2
√

2

M(t)
3
2

ra(t)
3
2

+ O

(
M(t)2

ra(t)2

)]
, (37)

in a time domain where M(t) 
 ra(t). Hereby we see that
there are two dynamical horizons, a black hole one of radius
rb(t) and a cosmological one on the sphere of radius rc(t).
The evolution of these horizons and their relative positions
with respect to the asymptotic horizons of radii ra(t) may be
illustrated analysing two simple examples.

Example 1 Let us consider first a dynamical particle in the

space-time (M, t
2
3 ,m) with the scale factor a(t) = t

2
3 whose

asymptotic background (M, t
2
3 ) is just the matter-dominated

universe. The gravitational sources producing this dynamical
particle,

8πρ = G0
0(a) + δ = 4

3t2

(
1 + 3

2

√
2m

r3

)
, (38)

8πp = G(a) = 0, (39)

preserve the null pressure while the density kips the big bang
singularity in t = 0 which means that the condition t > 0
remains mandatory. In this geometry we can solve the equa-

tion Δ(tcr ) = 0 finding the critical time tcr = (9m)
1
3 . The
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Fig. 1 Fold-type, or C-curve, evolution of the dynamical horizons aris-
ing at the critical time tcr in the matter-dominated universe (left panel)
and de Sitter expanding universe (right panel). The cosmological hori-
zons tend to the apparent horizons of the asymptotic FLRW space-times
while the black hole horizons collapse

dynamical particle does not have horizons for t < tcr but
when t > tcr the cosmological and black hole dynamical
horizons evolves as in the left panel of Fig. 1. The cosmo-
logical horizon of radius rc(t) approaches asymptotically to
the apparent horizon of (M, a) which is a sphere of radius
ra(t) = 3

2 t expanding with the constant velocity va = 3
2 .

The black hole horizon is shrinking to the dynamical sphere
of radius 2M(t) = 2m t−2.

Example 2 The second example is of a dynamical particle
in space-times (M, adS,m) having the de Sitter scale fac-
tor, adS(t) = exp(ωdSt) with ωdS as in Eq. (2), defined for
t ∈ R. Consequently, the asymptotic space-time (M, adS) is
just the de Sitter one whose static horizon on the sphere of
radius ra = ω−1

dS is an event horizon separating two different
domains of causality [18,19]. Moreover, this manifold can
host its own Schwarzschild–de Sitter black hole which is a
vacuum solution of the Einstein equations with cosmological
constant and Einstein tensor Gν

μ(adS) = δν
μΛ. The dynami-

cal particle in the space-time (M, adS,m) is different as this
is a perturbation of a perfect fluid filling out the former empty
de Sitter space-time. This modifies the Einstein tensor which
now reads

G0
0 = G0

0(adS) + δ = Λ + 3ωdS e− 3
2 ωdS t

√
2m

r3 , (40)

G = G(adS) = Λ. (41)

The dynamical particle becomes a black hole at the time

tcr = 1

3ωdS
ln

(
27

2
mωdS

)
, (42)

when the pair of horizons is born. For t > tcr these horizons
evolve as in the right panel of Fig. 1 where the dynamical
cosmological horizon is approaching asymptotically to the
static de Sitter event horizon.

The conclusion is that the horizons of our dynamical par-
ticles have similar evolutions as those of the McVittie [8,12]

or LTB space-times [13,14]. A minor difference is that the
black hole horizons of these space-times are shrinking to
the Schwarzschild sphere of radius 2m while in our case the
asymptotic sphere of radius 2M(t) is also shrinking as a(t)−3

and collapsing when t → ∞.

5 Radial null geodesics

The light emitted or lensed by our dynamical particle may
help us to understand if this object behaves similarly or even
different from other cosmic objects studied so far. For this
reason we focus now on the null geodesics in the space-times
carrying these particles paying a special attention to the most
interesting cases of the radial and circular trajectories.

The radial null geodesics have asymptotic forms that can
be studied easily in the conformal frames (η, r̂ , θ, φ) of the
space-times (M, a) where the conformal time is defined as,

η =
∫

dt

a(t)
→ a(η) = a[t (η)], (43)

and the line elements ds2 = a(η)2(dη2 −dr̂2) give the radial
outgoing (+) or ingoing (−) null geodesics

r̂(η) = r̂0 ± (η − η0), r̂0 = r̂(η0). (44)

When a photon is emitted at the time t near r̂ ∼ 0 then an
observed situated at the co-moving distance d̂ can detect this
photon at the instant t ′ which solves the outgoing equation

η(t ′) = η(t) + d̂. (45)

One obtains thus the scale factor a(t ′) of the Lemaître equa-
tion [20,21] of Hubble’s law [22],

1 + z = a(t ′)
a(t)

, (46)

which exploits the information brought by the redshift z [23].
For applying the same method in the space-times (M, a,m)

we need to find first the equations of the radial null geodesics.
This can be done in the proper frame {η, r̂ , θ, φ} of the
dynamical particle where the line element (31) becomes

ds2 = a(η)2

×
⎡
⎣dη2 −

(
dr̂ −

√
2m

r̂

dη

a(η)2

)2

+ r̂2dΩ2

⎤
⎦ . (47)

Hereby we obtain the equation of the radial null geodesics

dr̂(η)

dη
= ±1 +

√
2m

r̂(η)

1

a(η)2 , (48)

after setting ds = 0 and dΩ = 0. For m = 0 this just Eq.
(44) but for m �= 0 we face with a non linear differential
equation that cannot be integrated analytically forcing us to
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consider numerical methods or perturbations. Before starting
such procedures it is convenient to substitute

r̂(η) = r̂0 ± (η − η0) + χ(η), (49)

where the function χ which satisfies

dχ(η)

dη
= 1

a(η)2

√
2m

r̂0 ± (η − η0) + χ(η)
, (50)

measures the correction due to the dynamical particle.
Perturbations with respect to the quantity μ = √

m can
be initiated starting with the expansion

χ(η) ≡ χ(η, μ) = χ0 +
∑
n

1

n!μ
nχ(n)(η), (51)

where χ0 is an arbitrary integration constant that can be
adsorbed by the initial condition. We obtain thus the fol-
lowing algorithm

dχ(n)(η)

dη

= dn

dμn

[
1

a(η)2

√
2 μ√

r̂0 ± (η − η0) + χ(η, μ)

]∣∣∣∣∣
μ=0

. (52)

For example, in the first order,

χ(η) � χ0 + √
mχ(1) = χ0

+
∫ η

η0

dη′

a(η′)2

√
2m

r̂0 ± (η′ − η0) + χ0
, (53)

the integral can be solved in any particular case.
For testing if the corrections remain small, in the sense

that these have a convenient decay in time, we focus on the
first order corrections with χ0 = 0 derived for the dynami-
cal particles discussed in our aforementioned examples. We

consider first the space-time (M, t
2
3 ,m) where the radial null

geodesics in the FLRW frame, {t, r̂ , θ, φ}, can be written in
the first order by solving the integral (53) as

r̂(t) � r̂0 ± 3

(
t

1
3 − t

1
3

0

)

+√
2m

{
A(t)

√
r̂0 ± 3

(
t

1
3 − t

1
3

0

)
− A(t0)

√
r̂0

+ 405

8 κ
7
2

[
Arctan

√
1

κ

[
r̂0 ± 3

(
t

1
3 − t

1
3

0

)]

−Arctan

√
r̂0

κ

]}
, (54)

where κ = 3t
1
3

0 ∓ r̂0 and

A(t) = 1

κ t
+ 15

4

1

κ2 t
2
3

+ 135

8

1

κ3 t
1
3

. (55)

This solution holds for κ > 0, i. e. for any ingoing null

geodesic but only for the outgoing ones with 3t
1
3

0 > r̂0. The
function A(t) is decreasing monotonously in time such that
the first order correction remains small for any t > t0 behav-

ing as t− 1
6 . Similarly, we derive the first order corrections of

the radial null geodesics in the space-time {M, adS,m} that
read

r̂(t) � r̂0 ± 1

ωdS

(
e−ωdS t0 − e−ωdS t

) + √
2m

×
[
B(t)

√
r̂0 ± 1

ωdS

(
e−ωdS t0 − e−ωdS t

)

−B(t0)
√
r̂0

]
, (56)

where

B(t) = 16

15
ν2 + 8

15
νe−ωdS t + 2

5
e−2ωdS t , (57)

with the notation ν = ωdSr̂0 + e−ωdS t0 . We observe again
that the function B(t) has a time decay and the first order

correction evolves conveniently as e− 1
2 ωdS t .

The next step might be the derivation of the propagation
time of a photon emitted by a source near r ∼ 0 and detected
then by a remote observer, as in the case of the FLRW space-
times. Unfortunately, this is impossible because of the techni-
cal difficulties in solving non-algebraic equations of higher
orders. Therefore, numerical method are needed for find-
ing how the presence of the dynamical particles corrects the
Lemaître equation helping us to improve the interpretation of
the observational data trying to fix the actual tensions [24].

6 Circular null geodesics

The circular null geodesics around black holes determine the
photon spheres and the angular dimensions of the shadows
measured by remote observers. Turning back to the physi-
cal proper frames of the dynamical particles in the space-
times (M, a,m) with line elements (25), we consider the
null geodesics, x = x(λ), in the equatorial plane (with
θ = π

2 ) depending on the affine parameter λ (which obeys
ds = mtestdλ for the massive test particles). The orthogonal
component of the angular momentum, L3 = L = r2 dφ

dλ
, is

conserved allowing us to write the four-velocity along the
null geodesic as

U 0 = dt

dλ
, Ur = dr

dφ

dφ

dλ
= dr

dφ

L

r2 ,

U θ = 0, Uφ = dφ

dλ
= L

r2 . (58)
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The line element (25) gives the prime integral
(

dr

dφ

)2

− E2

L2 r4 + r2
[
1 − h(t, r)2

]
= 0, (59)

where h(t, r) is the function (26). Here we denoted by

E = g0μU
μ =

[
1 − h(t, r)2

]
U 0 + h(t, r)Ur , (60)

the photon energy along the null geodesic which now is no
longer conserved such that, according to the geodesic equa-
tions of Ut and Ur , we may deduce

dE

dλ
= U 0

[
Ur − h(t, r)U 0

]
∂t h(t, r). (61)

Equations (59)–(61) are now enough for solving the problem
of the null geodesics but, unfortunately, this system is com-
plicated because of the function h(t, r) depending on both
the variables t and r .

For a rapid inspection of the distinctive features of these
geodesics we use here an approximation providing us with
some tentative results without resorting to much more labo-
rious methods exceeding this work. We assume that in a time
domain where the system evolves very slowly this can be
frozen at a given time t when we can approximate

a(t) ∼ 1,
ȧ(t)

a(t)
∼ ω 
 1 → ∂t h(t, r) ∼ 0, (62)

and the energy behaves closely to a constant, E � const. An
example could be the space-time (M, adS,m) with a very
small Hubble-de Sitter constant around t ∼ 0. For finding
the circular geodesics we derive first Eq. (59) with respect to
φ imposing the condition d2r

dφ2 = 0 for any dr
dφ

�= 0. Hereby
we obtain the constant

E2

L2 = 1

4r3

(
2r − 2m − 4ω2r3 − 5

√
2mωr

3
2

)
, (63)

which has to be substituted in Eq. (59) where we take now
dr
dφ

= 0 finding the new independent equation

3
√

2mωr
3
2 + 6m − 2r = 0. (64)

Finally, we restore the time dependence substituting in both
the above equations

ω → ra(t)
−1, m → M(t), r → rph(t), (65)

where rph(t) denotes now the dynamical radius of the photon
sphere. Furthermore, we solve Eq. (64) as in the Appendix
obtaining the only solution with physical meaning (A.7) that
hold for t > tph where tph is the solution of the equation
Δ(tph) = 0. Therefore, the photon sphere of radius

rph(t) = 3M(t)

[
1 + 9

√
3

2

M(t)

ra(t)
+ O

(
M(t)2

ra(t)2

)]
, (66)

appears at the instant tph , shrinking then to the sphere of
radius 3M(t). In Fig. 2 we see that in expanding universes

Fig. 2 The radii of the photon spheres (dashed lines) of the dynamical
particles in the matter-dominated universe (left panel) and de Sitter
expanding universe (right panel). The photon spheres are formed before
the event horizons which appear at the time tcr just on the photon spheres

tph < tcr which means that the dynamical particle gets a
photon sphere before becoming a black hole. It is remark-
able that the horizons are generated simultaneously just on
the photon sphere at the critical time tcr when rph(tcr ) =
rb(tcr ) = rc(tcr ).

The photons can escape from the photon sphere along the
spiral geodesics which are rolled out on this sphere. From
the point of view of a remote observer O , situated in the
asymptotic zone, the photon trajectory is a null geodesic in
the space-time (M, a) coming from an apparent source S.
We assume that at the initial time t , when the distance SO
is d(t) = d̂a(t), a photon is emitted with the conserved
momentum k, energy k0 = |k| = E(t) and conserved angu-
lar momentum L . The apparent position of the source S is
on a sphere surrounding the dynamical particle whose radius
at the initial time, rS(t), satisfies L = rS(t)|k| = rS(t)E(t).
Therefore, after substituting the satisfactory approximation
rph(t) � 3M(t) in Eq. (63), we obtain the source radius

rS(t) = L

E(t)
� 3

√
3M(t)√

1 − 15
√

6
4

M(t)
ra(t)

− 27 M(t)2

ra(t)2

, (67)

giving the angular radius [25]

sin α(t) = rS(t)

d(t)
ra(t)�M(t)−−−−−−−→ 3

√
3M(t)

d(t)
, (68)

of the shadow produced by the dynamical particle. This can
be measured thanks to the conservation of the photon momen-
tum in the spatially flat space-times (M, a). The photon is
detected in O as having the same momentum k at the final
time t ′ > t related to the redshift according to Eq. (46).

These preliminary results indicate that something new
may be here in the dynamics of the horizons and photon
spheres reflected in the analytical results. For example, the
last term of the denominator of the radius (67) is known from
the case of the Schwarzschild–de Sitter black hole [26] but the
second term, which is dominant, is due to the new coupling
to gravity producing our dynamical particles. Obviously, for
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ra(t) � M(t) this term as well as the last one tend to zero and
we recover the well-known Synge’s result [27] but depending
on dynamical quantities as in Eq. (68).

7 Concluding remarks

We studied a family of space-times of dynamical particles
produced by central singularities of densities without affect-
ing the pressures of the asymptotic perfect fluids. For t < tph
the dynamical particle is a naked singularity without distinc-
tive features but at the instant tph this gets a photon sphere
and implicitly a shadow creating a black hole illusion for
a remote observer. The dynamical particle becomes a black
hole at the instant tcr > tph when the pair of horizons appears
on the photon sphere. For t > tcr the horizons evolve cre-
ating a “physical” zone between their spheres which traps
the photons that evolve behind the cosmological horizon.
Therefore, at the instant when a remote observer detects the
photon this is already inside the cosmological horizon. This
suggests that it is less probable the remote observer should
record the transfiguration of our dynamical particle from a
naked singularity to a black hole.

The behaviour of these particles suggests us that the fam-
ily of metrics studied here could be new. The principal argu-
ment is that, in contrast with the McVittie dynamical parti-
cles, our particle produces a central singularity of the density
instead of the pressure of the perfect fluid. However, tech-
nically speaking the metric (33) is close to the LTB ones
apart from the time dependence which is of the FLRW type.
Therefore, for testing if this difference is enough for leading
to different physical results, it is useful to discuss the example
of our dynamical particle embedded in the matter-dominated

universe with the scale factor a(t) = t
2
3 and density (38). The

similar solution in the LTB approach predicts a scale factor of

the form a(t) = (1+t const.)
2
3 and a density ρ = const′. t−2

which is independent on r [13]. As our density carries the sin-
gularity in r = 0 we may conclude that these two solutions
are different. Moreover, the above scale factors are translated
each other, fixing different instants of big bang, in a FLRW
space-time which is not invariant under time translations.
These arguments justify our hope the metrics presented here
are new and deserve to be studied carefully.
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Appendix A: Solving cubic equations

Transforming the function h(t, r) → h(t, x2) we obtain the
cubic depressed equation h(t, x2) = 1 that reads

x3 − ra(t)x + ra(t)
√

2M(t) = 0, (A.1)

in terms of the dynamical mass (27) and the radius (11)
of the asymptotic apparent horizon. The real positive solu-
tions we are looking for arise for t > tcr where the crit-
ical time tcr is the instant when the discriminant Δ(t) =
2ra(t)2 [2ra(t) − 27M(t)] vanishes, Δ(tcr ) = 0. We find
the solutions x1, x2 > 0 giving the horizon radii

rc(t) = x2
1 = 4

3
ra(t) {�A (t)}2 , (A.2)

rb(t) = x2
2 = 4

3
ra(t)

{
�
[
A (t)ei

π
3

]}2
, (A.3)

where

A (t) =
(

1

6ra(t)

) 1
6

×
[
i
√

3
√

2ra(t) − 27M(t) − 9
√
M(t)

] 1
3
. (A.4)

Equation (64) can be transformed in a cubic depressed
equation,

y3 − 2

27

ra(t)2

M(t)
y + ra(t)

√
2M(t) − 4

√
2

729

(
ra(t)√
M(t)

)3

= 0,

(A.5)

after substituting ω → ra(t)−1, m → M(t) and

√
r → y + y0, y0 =

√
2

9

ra(t)√
M(t)

. (A.6)

When Δ(t) = 2
√

2ra(t)−27M(t) > 0 we find only one real
valued solution with physical meaning, y, giving the radius
of the photon sphere

rph(t) = (y + y0)
2 = 2

81

ra(t)2

M(t)

{
2�

[
B(t)e−i π

3

]
+ 1

}2
,

(A.7)

where

B(t) =
[

− i
27

4

M(t)

ra(t)

√
8 − 729

M(t)2

ra(t)2
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+729

4

M(t)2

ra(t)2 − 1

] 1
3

. (A.8)

This solution arises at the time tph which solves the equation
Δ(tph) = 0. In expanding space-times we have tph < tcr .
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