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Abstract

It has been reported that quantum correction modifies the topological charges of
Anti-de-Sitter Reissner-Nordstrom (AdS-RN) black holes in Kiselev spacetime, yielding
new perspectives on topological classification. This leads us to focus on how quantum
corrections and other parameters collectively influence the long-term dynamic evolution
of strings. First, we analytically examine whether the strings’ motion violates the Malda-
cena—Shenker—Stanford (MSS) bound. Then, we employ numerical integration to study the
influence of various parameters on string chaotic dynamics. Our results demonstrate that
the quantum-correction parameter 4, the normalization factor ¢, and black-hole charge Q
significantly influence chaotic behavior and the violation of the MSS bound. In particular,
as a increases, the system undergoes an order—chaos—order transition, whereas an increase
in c or a decrease in Q drives the system from order to chaos.

Keywords: chaos; AdS-RN black hole; string; symplectic method

1. Introduction

Chaos is a hallmark of deterministic nonlinear dynamical systems, characterized by
long-term unpredictability due to extreme sensitivity to initial conditions. Investigating
chaotic dynamics in strong gravitational fields, particularly in the highly curved spacetime
of black holes, not only elucidates the nonlinear interplay between gravity and matter but
also bridges general relativity, quantum gravity, and dynamical systems theory [1-25]. The
chaotic nature of the motion of matter near a black-hole horizon directly impacts the theo-
retical interpretation of astrophysical phenomena such as accretion, gravitational lensing,

and gravitational-wave emission. In a fixed curved spacetime, the geodesic motion of struc-
W) Check for updates tureless test particles is often integrable; for instance, in typical Kerr-Newman black hole
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unique probe for exploring the microscopic structure of spacetime, testing the limits of
classical determinism, and seeking signatures of quantum-gravity effects.

Quantifying chaos is a central theoretical challenge. The Maldacena—Shenker—Stanford
(MSS) bound sets a universal upper limit on the Lyapunov exponent for finite-temperature
quantum systems [6], forging a deep link between quantum chaos and black-hole thermo-
dynamics. This bound provides a key benchmark for understanding chaotic properties
in strongly coupled many-body systems within the holographic-duality framework. As a
result, studying how the chaotic behavior of gravitational or quantum systems approaches
or violates this bound has emerged as an important research direction [24,32,33]. Yet
most existing work concentrates on classical black-hole backgrounds; the influence of
quantum corrections—typically encoded in deformation parameters—on chaotic dynamics
and possible MSS-bound violations remains largely unexplored. Quantum corrections
offer a crucial route to addressing the singularity problem of classical general relativity
and probing spacetime microstructure. For example, the classical Schwarzschild solution
possesses a curvature singularity at r = 0. By including spherical quantum fluctuations of
the metric and matter fields, Kazakov and Solodukhin built an effective two-dimensional
quantum-gravity model whose quantum-corrected Schwarzschild solution replaces the
singularity with a region of finite curvature with a minimal radius of Planck-scale order,
thus resolving the classical singularity and yielding a finite scalar curvature [34]. Such cor-
rections show that quantum effects can eliminate classical singularities while substantially
modifying black-hole thermodynamics, phase structure, and geometry. These modifica-
tions give rise to novel phenomena in black-hole criticality and thermodynamic responses
(e.g., the Joule-Thomson effect) [35-39]. Studying chaotic dynamics in quantum-corrected
black-hole spacetimes—especially with respect to how quantum-correction parameters
affect the onset, evolution, and possible violation of bounds such as the MSS bound—is
therefore a natural and necessary theoretical extension. This approach not only yields a
more realistic picture of potential quantum-gravity imprints in strong-field regimes but
also opens a new avenue for systematically exploring the interrelations among quantum
geometry, matter fields, and chaotic dynamics in a semi-classical gravitational setting.

Kiselev spacetime furnishes an important framework for studying black holes sur-
rounded by anisotropic matter fields. Its metric describes a central gravitational source em-
bedded in a fluid with a prescribed equation of state. Within this framework, chaotic dynam-
ics and thermodynamic properties around black holes have been examined from various an-
gles. For example, Gao et al. [7] used Lyapunov exponents to analyze test-particle motion in
a Kiselev black-hole background, showing that angular momentum and black-hole charge
strongly influence the violation of the chaos bound. Simultaneously, Sadeghi et al. [40]
built a quantum-corrected Anti-de Sitter Reissner-Nordstrom (AdS-RN) black hole in this
setting and studied its thermodynamic topology via the generalized off-shell Helmholtz
free-energy method, finding that the quantum-correction term plays a key role in the topo-
logical classification of black holes. These studies illustrate that the AdS-RN black hole
in Kiselev spacetime provides a comprehensive model incorporating anisotropic matter,
electric charge, and a cosmological constant. It thus offers a fertile ground for investigating
non-asymptotically flat spacetimes with complex matter—energy distributions. Adding
quantum corrections further enables a more realistic simulation of semi-classical gravi-
tational effects within the model, creating a platform that blends physical richness with
theoretical self-consistency for studying the chaotic dynamical evolution of strings (as
opposed to point particles) in such complex geometries.

Because string motion is inherently nonlinear, numerical methods are essential for
characterizing its chaotic dynamics. Simulating chaotic string dynamics in Kiselev space-
time poses two main challenges: (1) Traditional numerical schemes tend to accumulate
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energy errors during long-term integration, potentially generating spurious chaos [41].
(2) The equations of motion are highly nonlinear and admit no analytical solution. Hence,
choosing an integrator that yields reliable results over long integration times is critical.
Fortunately, a symplectic algorithm can preserve the geometric structure of Hamiltonian
systems; it is the tool of choice for conservative systems [42-50]. These algorithms con-
serve energy and momentum exactly at the numerical level, thereby avoiding the spurious
chaos caused by energy drift in traditional methods like the Runge-Kutta method during
long-term simulations [51]. It has been reported that implicit symplectic algorithms (e.g.,
the high-order methods developed by Feng based on the implicit-midpoint rule [52]) are
usually more computationally costly and less efficient in implementation than explicit
symplectic algorithms of the same order. Their advantage is that they can be applied
directly to general systems without Hamiltonian splitting, and all phase-space variables are
solved fully implicitly, making them particularly suited for non-separable Hamiltonians.
Conversely, explicit symplectic algorithms, such as those introduced by Ruth et al., require
that the Hamiltonian be split into kinetic and potential parts [53]. Extensive work has
demonstrated that explicit symplectic algorithms are generally not directly applicable to
non-separable systems. For separable Hamiltonian systems, explicit symplectic algorithms
are more favorable, as they strike a balance between accuracy and computational efficiency.
Explicit symplectic algorithms usually decompose the Hamiltonian into exactly integrable
pieces (H4) and perturbative pieces (Hp) and then build iterative schemes via symmet-

MLty /2 o oML /2 o oLy / 2, where L denotes the Lie derivative

ric operators (e.g., ¢, = ¢
and h denotes step size). The construction of such integrators for dynamics in black-hole
backgrounds has progressed considerably. In particular, the multi-part splitting method
has been successfully used in various curved spacetimes. For example, Wang et al. [45]
split the Hamiltonian for charged-particle motion near a magnetized Schwarzschild black
hole into four terms, designing a four-part explicit symplectic integrator. For the Reissner—
Nordstrom case, the Hamiltonian splits into five parts, which are likewise amenable to use
with explicit symplectic methods [46]. For a magnetized Anti-de Sitter Reissner-Nordstrom
black hole, the Hamiltonian requires a six-term split [47]. Moreover, Wu et al. [48] built an
explicit symplectic integrator for a Kerr black hole using the time-transformation technique
developed by [49]. These developments have greatly advanced explicit symplectic integra-
tion in curved, strong-field spacetimes and spurred subsequent applications to dynamical
evolution in more complex systems.

The motion of particles around charged black holes—including scenarios involv-
ing electromagnetic interactions between charged particles and background fields—has
been extensively discussed in the literature. For instance, while particle motion around a
Schwarzschild black hole is typically periodic, the inclusion of charge or magnetic fields, as
in magnetized or charged Schwarzschild black holes, can induce chaotic behavior [54]. In
Kerr-Newman spacetime, trajectories are generally quasi-periodic, whereas multi-black-
hole configurations are known to readily lead to chaos [1,26,55]. Chaotic motion of charged
particles has also been observed in the Melvin cosmological model [56]. Johannsen and
Psaltis examined how the radii of innermost stable circular orbits and circular photon orbits
vary with increasing spin and displacement parameters in rapidly rotating black holes [57].
Studies using Hotava-Lifshitz gravity have shown that an external magnetic field influ-
ences the radial motion of charged test particles and can give rise to chaotic dynamics [58].
Similar analyses have explored chaotic behavior around Schwarzschild-like black holes
with deformation parameters under the influence of external magnetic fields [59]. Toshma-
tov et al. further investigated the motion of charged particles around Schwarzschild-like or
Kerr-like black holes immersed in uniform external magnetic fields [60]. Hu and Huang [50]
reported chaotic behavior in a magnetized brane-world spacetime, while Zhou et al. [61]
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examined irregular motion of charged particles around a magnetized Schwarzschild black
hole. Cao et al. [62], in turn, explored electromagnetic configurations and chaotic signatures
of charged particles near hairy black holes in Horndeski gravity. Moreover, Lu and Wu [63]
assessed the role of two quantum-correction parameters in shaping the chaotic dynamics
of particles near a modified Schwarzschild black hole within the re-normalization group
approach. Recently, Xu et al. investigated the chaotic behavior of charged particles in
Kerr-MOG black holes [64] and Gibbons-Maeda—Garfinkle-Horowitz-Strominger black
holes [65]. Beyond the role of electromagnetic fields in driving chaos among charged
particles, various astrophysically relevant scenarios have also attracted significant atten-
tion. For example, Ruffini and Wilson [66] discussed relativistic magnetohydrodynamic
effects in plasma accretion onto black holes, while Stuchlik et al. [67] investigated the
combined influence of cosmic repulsion and magnetic fields on accretion disks orbiting
Kerr black holes.

The chaotic dynamics of strings parallel those of charged particles moving in a black
hole’s magnetic field. In our previous work, we investigated the chaotic dynamics of
strings in three distinct black hole backgrounds: a Gauss-Bonnet black hole in AdSs
space [12], a charged black brane with hyperscaling violation [13], and a regular black
hole [14]. Our results showed that string motion exhibits significantly more pronounced
chaotic behavior than particle motion, with ordered orbits being extremely rare—indeed,
nearly all trajectories are chaotic. Building on these findings, this study shifts focus from
a comparative analysis of particle and string dynamics to two primary objectives. First,
we examine whether the string motion can surpass the MSS limit, a question typically
approached through analytical methods centered on radial motion. Second, we explore the
full spatial dynamical evolution of the string.

The paper is organized as follows. In Section 2, we provide the black-hole model
and use analytical methods to discuss whether the motion of strings will exceed the MSS
limit. In Section 3, we use a symplectic algorithm as a numerical integration tool to study
the influence of various parameters on the chaotic dynamics of strings. Finally, Section 4
summarizes the results and conclusions.

2. The Black Hole and MSS Boundary Problem
2.1. Quantum-Corrected AdS Reissner—Nordstrom Black Holes in Kiselev Spacetime

Consistent with the description in [39,40], the metric for a quantum-corrected AdS-RN
black hole embedded in Kiselev spacetime is expressed as follows:

dr?

s2 = f(r)dt* —
10

2 (d92 1 sin29 d<p2), (1)

with
2M V12 —a? ﬁ c Q?

f=-Ft—F—te mmatm @

Here, M denotes the black hole’s mass, Q is the charge, and ¢ is the AdS length scale
(fixed at £ = 15). The parameter c represents a normalization factor, while a quantifies
quantum corrections to the black hole’s mass. Theoretically, 2 may assume any value
within the range [34,68] but must satisfy a < r to ensure metric reality, consistent with its
interpretation as a small quantum correction. Notably, setting a = 0 recovers the standard
AdS-RN black hole surrounded by a cosmological fluid.

The equation-of-state parameter w, characterizing the anisotropic fluid surrounding
the black hole, determines the ambient matter’s nature: w = 0 (ideal gas), w = % (ultra-
relativistic particles), -1 < w < —% (dark energy), w = —1 (the cosmological constant,
in the isotropic case), and w < —1 (phantom dark energy). In this work, we focus on
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w=- % This parameter spans key physical phases of the background fluid. Its associated
exponential terms create couplings between the Kiselev fluid and quantum corrections that
exhibit distinct characteristics, enabling us to explore how quantum corrections influence
strings’ chaotic motion and modify the MSS bound [40,69,70].

For Equation (2), neglecting quantum corrections (a2 = 0) and the Kiselev background
yields the RN solution in AdS, spacetime:

)

Further disregarding the AdS background (¢ — o0), Equation (3) yields the asymptotically
flat RN metric: X
2M
fry=1-22+9 @

r

Now, we consider the motion of a string around the quantum-corrected AdS-RN black
hole. Based on the Polyakov action [14],

1

T /=8 " G 9, X 0, X", (5)

Here, the coupling constant a’ is connected to string length I; through the relation
I2 = &'; in this work, we set &/ = % The symbol X? stands for the target-space coordinates,
with G, being the associated metric. Worldsheet coordinates are taken as ¢# = (7,0), and
the induced metric on the worldsheet is denoted by g, We find it advantageous to impose
the conformal gauge—i.e., g;v = 17,v- The following ansatz is then employed:

t=t(t), r=r(t), 06=0(1), ¢=ac. (6)

The winding number & encodes the difference between string and point-particle
behavior. Under the conditions chosen, the Hamiltonian takes the explicit form:

2 T2 f(r) 27’

It is worth noting that the Hamiltonian for a string closely resembles that of a rela-

/ 2 2
H:mlf(r)p2+pe—pt]+ 1 224in29, )

tivistic particle in an electromagnetic field [45-48]. In this analogy, the string effectively
plays the role of the electromagnetic potential in particle models. Naturally, the black hole
solution f(r) considered here also incorporates the effects of additional physical factors. As
discussed in [44], the absence of a fourth integral—analogous to the Carter constant—can
lead to chaotic behavior in particle motion. This conclusion also holds for the motion
of strings.

2.2. Lyapunov Exponent

Lyapunov exponents are fundamental tools for characterizing chaotic behavior and
have been extensively investigated in the literature [5,6,71-76], primarily through eigen-
value computations of the Jacobian matrix.

The analytical procedure commences with the string’s equations of motion:

= F(X)). ®)

Linearization yields

= Kij(t)8X;(t), )
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where Kjj(t) denotes the Jacobian matrix, defined as
oF;
Kjj(t) = aT{j|x,~(t)- (10)
Solutions to Equation (9) satisfy
6X;(t) = L;(£)6X;(0), (11)

with L;;(t) being the evolution matrix, obeying Ll-]-.(t) = KinLpj(t) and L;;(0) = &;;. The
Lyapunov exponent A, quantifying the exponential divergence rate of adjacent trajectories,
is then extracted from the eigenvalues of L;;(t) [5]:

L8]
A= Jim g1n <|L <o>||> (12

Building upon [15], we analyze chaos in the radial momentum phase space (7, p;).
The functional relations are defined as follows:

_dr v fpr
Fl—E—E—_Pt/ (13)
F:@:&:& ff/P%_ng arsm()f (14)
T, { 2f 2p; r3pt pt

with p; = E (energy). Here, the dot denotes differentiation with respect to proper time T,
while the prime denotes differentiation with respect to the radial coordinate r. The Jacobian
matrix elements in this subspace are

K= o  E
_0R  f?
Ky = apr | E -
6~ OB _f'E_f2E_(ffipr _ Paf’ N 3Paf (a%rf)’sin*
A7 9 T 2f  2p2 2E PE T AE T E ’
K, — 9B _ pff
22 Py E

Finally, by imposing the radial equilibrium constraints p, = p, = 0, we derive the simplified
explicit expression for the Lyapunov exponent:

o ' P P 3pef  fA(aPrf) sind
M=+ 5+ 5w AF2 E2 : (16)

2.3. Violation of the MSS Bound

In this section, we investigate the influence of the quantum correction parameter a,
the normalization factor ¢, and the black-hole charge Q on the evolution of string chaos,
along with the conditions for violating the MSS bound. The black hole is characterized

by Equations (2)—(4), with the event horizon r defined as the solution to f(r) = 0. The

1|9f
or

equilibrium orbit radius g, and then compute the values of the Lyapunov exponent A and

surface gravity is given by x = 2 . Using Equation (14), we first calculate the
=r

the surface gravity x. The chaotic dynamics of the string and the violation of the chaos
bound are analyzed in Figures 1-3. The specific parameter configurations are as follows:
Figure 1—M =1, E = 14.8,c = 0.03, Q = 099, § = 0, and Py = 10; Figure 2—M =1,
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E=148,a4=0.1,Q =0.99, and Py = 10; and Figure 3—M =1, E = 14.8,4 = 0.1, c = 0.01,
6 = 0, and Py = 10. The following phenomena can be observed in these figures.

0.20 3|

0.15F 3|

A2 - kA2

0.10+ B

0.00F ‘ ‘ =
0.10 0.15 0.20 0.25 0.30 0.35 0.40 045
a

Figure 1. Effect of parameter a on the MSS bound.

0.030 1

0.025- A

0.020 - 1

0.015 |

AN2-k"2

0.010 1

0.005 - |

0.000 | | ‘ | 1
0.005 0.010 0.015 0.020

c

Figure 2. The same as Figure 1, but for parameter c.

0.015 B

0.010 3

AN2-k"2

0.005 3y

0.000; 1 1 1 Il 1 Il 1 |
0.990 0.992 0.994 0.996 0.998 1.000 1.002 1.004
Q

Figure 3. The same as Figures 1 and 2, but for Q.
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With the energy E, normalization factor ¢, and charge Q held fixed, different values
of the quantum correction parameter a yield different values of A> — k2 . This quantity is
consistently positive, indicating that the system’s chaotic rate exceeds the universal upper
bound set by the MSS inequality, signifying an anomalously high chaotic strength. As
the parameter a increases, the value of A2 — 2 also increases. This demonstrates that the
violation of the chaotic speed limit becomes more severe, corresponding to a greater degree
of anomalous chaotic dynamics.

The normalization factor c influences the MSS bound in a similar manner. Specifically,
with other parameters fixed, different values of ¢ also result in distinct A2 — 2 values. This
quantity remains positive and increases with c. The conclusion parallels that of case (1): the
system persists in a state of anomalous chaotic intensity, and the value of parameter ¢
modulates the severity of this anomaly and the chaotic rate. A larger c leads to a higher
degree of anomalous chaotic dynamics and a faster chaotic rate.

In contrast to the previous parameters, the black-hole charge Q serves to suppress
the violation of the MSS bound. For fixed values of the other parameters, an increase in
Q causes the value of A2 — x? to decrease, although it remains positive. This implies that
increasing the charge can mitigate the anomalous chaotic intensity, steering the system
dynamics toward the 'normal’ regime constrained by the MSS bound, yet without fully
satisfying it. Notably, in Figure 3, A> — x? approaches zero as Q increases. We conjecture that
if Q were increased beyond a certain critical charge Q. , a scenario with A2 — x? < 0 might
emerge, whereby the system dynamics would comply with the MSS bound. However, our
actual calculations show that within the accessible parameter range, the system consistently
violates the bound, and the predicted scenario does not occur.

By synthesizing the results from Figures 1-3, it becomes evident that the quantum
correction parameter g, the normalization factor ¢, and the black hole’s charge Q signifi-
cantly influence the system’s chaotic dynamics and the degree of MSS bound violation.
Among them, the parameter a exhibits the most pronounced effect in enhancing A? — x2
(compare the ordinate scales in Figures 1-3). This indicates that quantum correction is
the dominant factor in this model responsible for the anomalous chaotic dynamics and
the violation of the MSS bound. The condition A2 — ¥ > 0 in all cases demonstrates that,
within the given parameter space, the system cannot satisfy the MSS bound, and its chaotic
evolution remains persistently anomalous.

3. The Long-Term Dynamic Evolution of Strings Based on
Numerical Methods

3.1. Construction of the Explicit Symplectic Integrators

Building on the analytical investigation of the chaotic dynamics of strings around
the black hole and the violation of the MSS bound—which revealed the influence of the
quantum correction parameter 4, the normalization factor ¢, and the black hole’s charge
Q—this section employs numerical calculations to further examine the impact of these
parameters on the system’s chaotic dynamics.

First, an explicit symplectic algorithm for AdS-RN black holes is constructed. In
relativistic Hamiltonian systems, the key to constructing explicit symplectic integrators
is to require that the Hamiltonian being integrated admits an analytically integrable de-
composition—specifically, the analytical solution of each split part must be an explicit
function of the proper time 7. However, the Hamiltonian (7) cannot be used to construct
an explicit symplectic integrator directly. The reason for this is that the Hamiltonian (7)

! 2 !
has two splitting parts: T = %~ [f(r)p? + %] and V = —%% + 51 r%a?sin” 0. The

V part is integrable; its analytical solutions are explicit functions of proper time 7. But
the T part’s analytical solutions are not [45]. Therefore, it is not possible to construct an
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explicit symplectic algorithm through two-step decomposition techniques. Consequently,
we focus on studying Hamiltonians with more analytically integrable splitting parts using
the splitting technique.

We partition the Hamiltonian (7) into eight parts:

H=H;+H,+ Hs+ Hy+ Hs + Hg + Hy + Hg, (17)
where )
E
H1 = T 7N/
f(r)
' pj
Hy =522,
2 2 72
1
H; = Sl r?a?sin? 6,
H,— P M
e’ p? /12 — a2
Hs = p
2 r
He = np;
2 /2
a'p? ¢
H7 = - 2 pwtl’
7.[“/ Q2
He = & =
8 2 r?

However, this approach requires that each sub-Hamiltonian system be analytically solvable.
For the Hamiltonian in Equation (17), while H; — Hs and He — Hg admit analytical solutions,
obtaining an analytical solution for Hs is notably difficult. To address this issue, a time
transformation function dt = g(r) dw is introduced, where 7 is the proper time and w is a
newly introduced fictitious coordinate time. This method preserves the original dynamics
by extending the system into an enlarged phase space. Such an approach forms a foundation
for handling time-dependent systems, constrained dynamics, and regularization problems,
extending analytical flexibility while preserving physical behavior. Thus, by employing
the time transformation function g(r) = 1, we extend the phase space and obtain a new
Hamiltonian as follows:

' p? /12 — a2
2 2

1
7-[:;(H1+H2+H3+H4+H6+H7+Hg)+ (19)

where 7 is limited by the constraint H# = 0. Due to the presence of the 1 term in the
new Hamiltonian #, its eighth component has an analytical expression, thereby ensuring
the integrability of the entire Hamiltonian H. Thus, the Hamiltonian H can be further
decomposed into the following eight parts:

H=Hi+Ho+Hzs+Hs+ Hs+He+ Hy+ Hs, (20)
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Each sub-Hamiltonian can be expressed as follows:

EZ
sy
_ ' pg
=5
T 2.2
Hs = T TSI 0,
o' p? M
Ha= ="
11,2 2 2 (21)
' p2 12 —a
Hs = R
T
_ na'py
=" "p
m'p? ¢
Hy =~ 2 3w+’
o’ QZ
Hs=" 0

The canonical equations of the sub-Hamilton are as follows:

AP, ma'E? [f(r) + f'(r)r]
dw 2 r2f2(r) '
R

MGy =2 B

dP,  3ma’ P}

H1:

dw 2 A
~dp, 1 5.9
Hs T = g sin 0,
P 1
dby = —— ra%sin% 6 cos2 9,
dw e’
dr 27ta’ PM
Hy: w2
dp, __2me'PEM
dw r3 '
N
51 = 2 / (22)
dw 232 —a2
dr a'rP,
H6 . % — 62 7
dp, _ P
dw 2027
dr 7T0C/Pr c
Hy: dw 2 et
dP,  ma'P?c(3w +2)
% - = 2 r3w+3 7
dPr ﬂﬂC/PrQ
s ="m
dp, _ 3m'PrQ
dw 2r4 '
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The analytical solution to each of these eight split Hamiltonians should be expressed
in terms of a new time variable w. Using the given initial conditions (g, Py, 6o, Pgo), the
analytical solution for each part can be written in the following form:

Hy :Py(w) = Py, — wmx’E2 [f (r0) +wf/(ro)r0]’

2 r5f%(ro)
!/
P,
Hy :0(w) = 6y + i
2 rS
37ta’ P,
Py(ﬂ]) == Pr(] 2 E!
Hs :Py(w) = Py — - 0> sin 6
3 :Pr(w) = ro_m“ sm” 6o,

w .
Py(w) = Pyo — wrozxz sin? 6 cos? 6y,

!
Hy r(w) = \/r% _ M Bow 0?0

10
4Mrma! Pyyw
Pr(w) = Py |1 — 02
"o
Hs () = \Ja2 + (7 - ) (1+ Fu)?, @)
1+ Fw
P (w) = Pror(w)!,
10
e’ Pew
He :r(w) =ro(1+ T{)z,
202p,,
P = ="
r(w) wra’ Py + 2027
st crta! Py (3w +4)w, 2
Hyr(w) =[rg* — rO(M ! Js,
27y *
r(w) | sw+2
Pr(w) = Pro( )
To
5Q%7ta’P,
Hg :r(w) = ro(1+ e Frow mx4 03,
2ry
5Q%ma’ Pyw | 3
Pr(w) = Po(1+ Q74r0)5,
2r,
where F = 23”"‘%, and f’ denotes the derivative of f with respect to r.
ro/ 154

Next, we construct a second-order explicit symplectic integrator S, with a fixed time
step h, given by the symmetric composition of operators Sy(h) = &), o X'*),, where
2 2

Xy = Hg(h) o Hz(h) o He(h) o Hs(h) o Ha(h) o Hz(h) o Ha(h) o Hi(h) (24)

X% = Hq(h) o Ha(h) o Ha(h) o Hy(h) o Hs(h) o He(h) o H7(h) o Hg(h) (25)

Here, X}, and X'*, are approximate evolution operators formed by a single combination
of the exact evolution operators for the eight decomposed sub-Hamiltonian systems [48]. By
applying the composition scheme proposed by Yoshida [77], the accuracy of the algorithm
can be raised to the fourth order:

Sy = Sa(vh) 0 S2(Bh) o Sa(vh),

where'yzl/(Z—\Bﬁ),and,B:1—27.
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This high-order scheme reduces the global truncation error by eliminating lower-order
error terms, making it suitable for high-precision numerical simulations over medium to
long time scales.

3.2. Dynamics of Strings

To demonstrate the performance of symplectic integrators, the traditional fourth-order
Runge—Kutta integrator (RK4), a second-order symplectic integrator (S;), and a fourth-order
symplectic integrator (S4) are used for comparison. The parameters were set as follows:
M=1E=148,c=001,a=01Q=28r=70=%,P =00L,a=1,a"= 1, and Py
was obtained from Equation (19). The time step was set to 1 = 0.02, and the integration
time is 10°. As shown in Figure 4, which presents the Hamiltonian errors produced by
the algorithms Sy, S4, and RK4, the errors from S; and Sy are bounded and stable, with
S4 exhibiting smaller errors. In contrast, the error from RKjy increases linearly with time
and is significantly larger. This result is consistent with theoretical expectations, as RKy4
is not a geometric integrator. After the error characteristics of different integrators were
verified through numerical simulations, the advantage of the S, algorithm in maintaining
long-term system stability was confirmed. Subsequently, to study the chaotic behavior of
the system, orbit calculations will be performed based on S4, and the identification of chaos
will rely on a series of quantitative indicators.

- T T T T T T T T T T T

-2

-10

-1

<4
rr1rrr1rr1rrr1r~1rr 17 T 17 1T 717

-12

w(10°)

Figure 4. The Hamiltonian error AH generated by the fourth-order Runge-Kutta (RKj), second-order
symplectic (Sp), and fourth-order symplectic algorithms S4. Here, the initial parameters are E = 14.8,
a=01,c=001,Q=28r=70=%,P = 0.01, and Py obtained from Equation (19).

Many chaos indicators have been proposed in the literature, such as the Poincaré
section method, Lyapunov exponents, the Fast Lyapunov Indicator (FLI), and spectral
analysis. Studies have shown that Poincaré sections and the FLI are straightforward and
easy to implement [13,41]. For instance, the initial parameters for orbit 1 can be set to
E=145,0=01,c=0.01,Q0=27,r=7,0= %, and P, = 0.01, and Py can subsequently
be derived from Equation (19), and those for orbit 2 can likewise be set to E = 14.95,
a=05,c=001,0=28r=38,0= %,Pr = 0.125, and Py from Equation (19). The results
are shown in the left plane of Figure 5. Orbit 1 forms a closed, regular curve, indicat-
ing ordered motion, whereas the points associated with orbit 2 are randomly scattered,
demonstrating chaotic behavior. The FLI is a widely used chaos indicator. It overcomes
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the limitations of Poincaré sections in three-dimensional dynamical systems. Moreover,
compared to other indicators, the FLI is faster, more sensitive, and more accurate in distin-
guishing between ordered and chaotic orbits. Using the method of employing two nearby
orbits, we obtain the FLI, as shown in the right plane of Figure 5. For the ordered orbit 1,
the FLI grows linearly with time, whereas for the chaotic orbit 2, it grows exponentially.
By comparing the two subfigures in Figure 5, it can be seen that the conclusions drawn
from the Poincaré section can be validated with the FLI—if the Poincaré section of an
orbit indicates chaos, its FLI will grow exponentially; if the Poincaré section shows order,
the corresponding FLI will grow linearly. Therefore, to more intuitively identify chaotic
orbits, the FLI will be used for chaos detection in the following analysis. Additionally, the
effects of the quantum correction parameter 4, the normalization factor ¢, and the black
hole’s charge Q on string dynamics will be discussed. Based on the numerical results
depicting the variation in the FLI with the parameters, as shown in Figures 6-8, we have
the following findings:

2 T T T T T T T T T T T T T T

70 el -

. Orbit1 |
T 7 60 - Orbit2 “ 1
5L i 50 |- ‘ 4

|
el ] E 40 | | B
& 30 | / i

; log ,,(w)

Figure 5. The Poincaré sections (the left plane) and FLIs (the right plane) for the two orbits. For orbit
1, the parameters are E = 14.5,a =0.1,c = 0.01,Q =27,r =7,0 = %, and P, = 0.01. For orbit 2, the
parameters are E = 14.95,a = 0.5,c = 0.01,Q =2.8,7r = 8,0 = %, and P, = 0.125. Here, Py is derived
from Equation (19).

200 T T T T T T T T T T

180 - -
160 - -
140 | 0 -
120 | .
100 - o -

chaos
80 —

FLI
O

60 - 0 -
40 -

20 |- o -

0000000000 O0000000O0000DDDLOOOO
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L | L | L | L | L |

0.0 0.1 0.2 0.3 0.4 0.5

Figure 6. Variation in the FLIs with the quantum correction parameter 4. Here, the integration time
is 108, and the red dash line represents FLI = 9.
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Figure 7. FLI versus the normalization factor c. Here, the integration time and the red dash line are
the same as Figure 6.
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Figure 8. Variation in the FLI as the black hole’s charge Q changes. Here, the integration time is the
same as Figure 6 and 7, but the red dashed line indicating FLI = 15.

The dependence of the FLI on the quantum correction parameter a is shown in Figure 6.
The parameters were set as follows: M = 1,E = 14.8,Q = 2.75,r = 7,6 = 7,P, = 0.01,
a=14a = %, and ¢ = 0.02. Each point in the figure represents an orbit under a different
value of a. The FLI is computed for 41 orbits, with the threshold FLI = 9 (indicated by
the red dashed line in the figure) used to distinguish between chaotic and ordered orbits:
FLI > 9 corresponds to chaotic orbits, while FLI < 9 corresponds to ordered ones.

In Figure 6, it can be observed that when 0.05 < a < 0.1445, the system remains in an
ordered state. Once a exceeds 0.155, the FLI increases abruptly, indicating that the system
begins to transition from order to chaos as a increases. The FLI reaches its maximum at
a = 0.218, suggesting that within this interval, the chaotic behavior strengthens with an
increasing a. Subsequently, in the 0.218 < a < 0.2705 range, the FLI continues to decrease,
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implying a gradual weakening of chaos, though the system remains chaotic. When a
exceeds 0.281, the FLI drops sharply below 9, meaning that once a surpasses this threshold,
the system returns to an ordered state. Overall, as the parameter a increases, the system
exhibits an evolutionary pattern of "order to chaos to order".

The variation in the FLI with the normalization factor c is shown in Figure 7, with the
parameters set as follows: M =1,E =14.8,Q =2747,r =7,0 = %,Pr =00lL,a=14a = %,
and a = 0.15. The FLI was computed for 21 different orbits, and the same criterion as before
was adopted: an FLI > 9 indicates chaotic orbits, while an FLI < 9 indicates ordered ones.

As can be seen from Figure 7, the system remains ordered when ¢ < 0.01892. For
c > 0.01938, the system enters a chaotic state, with chaos strengthening as c increases.
Within the narrow interval of 0.01892 < ¢ < 0.01938, the dynamical behavior of the system
is more complex. Specifically, chaos is observed in the 0.01892 < ¢ < 0.01915 range,
whereas in the 0.01927 < ¢ < 0.01938 sub-range, the system transitions from chaos back to
order. Overall, as the normalization factor ¢ increases, the system tends to shift from order
to chaos.

Finally, we examine the influence of black-hole charge Q on the FLI. The parameters
are set as follows: M = 1,E = 14.8,c = 0.02,r = 7,0 = 7,P, = 0.01,a = 1, o = %, and
a = 0.15. The FLI is computed for 41 different orbits, with an FLI > 15 and an FLI < 15
used to distinguish chaotic orbits from ordered ones, respectively.

Based on Figure 8, it can be concluded that the overall chaotic behavior of the
system weakens as Q decreases. When Q falls below a certain threshold (approxi-
mately Q = 2.7499), the system transitions to an ordered state; in other words, a
smaller charge tends to suppress chaos. Notably, while the system is generally chaotic
in the 2.7475 < Q < 2.7498 range, ordered behavior emerges in two sub-intervals:
2.7481 < Q < 2.7483 and 2.7495 < Q < 2.7497.

In summary, we find that the chaotic dynamics of the string are significantly influenced
by the quantum correction parameter 4, the normalization factor c, and the black hole’s
charge Q. As the parameter a increases, the system exhibits a transition from order to chaos
and back to order. An increase in the normalization factor c drives the system from an
ordered state into chaos. Conversely, an increase in black-hole charge Q suppresses chaotic
behavior, causing the system to transition from chaos to order.

Our previous research demonstrated that, near the event horizon of an anti-de Sitter
Gauss—Bonnet black hole, the chaotic motion of strings is more intense than that of particles,
and the degree of chaos strengthens with an increasing Gauss-Bonnet parameter [12].
Moreover, for charged black branes featuring hyperscaling violation (HV), numerical sim-
ulations indicate that the chaotic dynamics are collectively influenced by the Hawking
temperature, the Lifshitz dynamical exponent, and the HV exponent [13]. Additionally, a
study of string chaos around a conformal black hole revealed that its characteristic param-
eter plays a crucial role in determining chaotic behavior, and a notable transition occurs
when the black-hole horizon vanishes [14]. The present results thus provide an important
complement to our understanding of string dynamics around charged black holes.

4. Conclusions

In this study, we employed both analytical and numerical methods to investigate
the chaotic motion of strings near a quantum-corrected AdS-RN black hole in Kiselev
spacetime. Analytically, we derived the Lyapunov exponent of the string dynamics and
examined how parameter variations affect the violation of the MSS bound. The results
show that the quantum-correction parameter 4, the normalization factor ¢, and black-hole
charge Q all influence the magnitude of the Lyapunov exponent A and play a significant
role in violating the chaos bound. All three parameters can drive the system to exceed the
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MSS bound, with 2 having the most pronounced effect. Variations in a lead to a more severe
anomalous chaotic state. Numerically, we transformed the original Hamiltonian via a time-
transformation function, split it into eight integrable parts, and constructed a symplectic
algorithm to study the chaotic string dynamics. Numerical experiments demonstrated
that the S4 algorithm offers the highest accuracy, with notable advantages in stability and
precision for long-term integration. Using S4, we computed the FLI and systematically
examined the influence of 4, ¢, and Q on chaos. The results indicate that as a increases, the
system undergoes an “order—chaos—order” transition; as c increases, it transitions from
order to chaos; and as Q increases, it shifts from chaos to order. The findings of this
work provide a deeper understanding of string dynamics under quantum corrections and
provide a new perspective for analyzing chaotic motion in strong gravitational fields.
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