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1. Introduction

3-Lie algebra plays an important role in string theory, and it is also used to study
supersymmetry and gauge symmetry transformation of the world-volume theory of multi-
ple coincident M2-branes [1,2]. The concept of 3-Lie algebra, general n-Lie algebra, was
first introduced by Filippov [3] and can be regarded as a generalization of Lie algebra to
higher-order algebra. 3-Lie algebra has attracted the attention of scholars from mathematics
and physics [4-6]. Representation theory, cohomology theory, deformations, Nijenhuis op-
erators and extension theory of n-Lie algebras have been widely studied by scholars [7-17].

Derivations play important roles in the study of homotopy Lie algebras [18], differ-
ential Galois theory [19], control theory and gauge theories of quantum field theory [20].
Recently, authors have studied algebras with derivations in [21,22] from the operadic point
of view. In [23], Tang et al. investigated the deformation and extension of Lie algebras
with derivations from the cohomological point of view. The results of [23] have been
extended to 3-Lie algebras with derivations [24,25]. More research on algebraic structures
with derivations has been developed; see [26-31] and references cited therein.

In recent years, scholars have increasingly focused on structures with arbitrary weights,
thanks to the important work of [32-37]. The papers [38-40] established the cohomology,
extensions and deformations of Rota—Baxter 3-Lie algebras with any weight A, as well
as the differential 3-Lie algebras with any weight A. Additionally, the cohomology and
deformation of modified Rota—Baxter algebras were studied by Das [41]. The works [42,43]
provided insights into the cohomology and deformation of modified Rota—Baxter Leibniz
algebras with weight A. Furthermore, Peng et al. [44] introduced the concept of modified
A-differential Lie algebras.

Motivated by the mentioned work on the modified A-differential operator on Lie
algebras and considering the importance of 3-Lie algebra, representation and cohomology,
in this paper, our main objective is to study modified A-differential 3-Lie algebras. We
develop a cohomology theory of modified A-differential 3-Lie algebras that controls the
deformation and extensions of modified A-differential 3-Lie algebras.
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The paper is organized as follows. In Section 2, we introduce the representation and
cohomology of modified A-differential 3-Lie algebras (MD,3-LieAs). In Section 3, we
consider linear deformations of MD 3-LieAs. In Section 4, we study abelian extensions of
MD, 3-LieAs. In Section 5, we study T*-extensions of MD, 3-LieAs.

Throughout this paper, k denotes a field of characteristic zero. All the vector spaces
and linear maps are taken over k.

2. Representations and Cohomologies of MD ) 3-LieAs

In this section, we introduce the concept of a MD, 3-LieA and present some examples.
Then, we give representations and cohomologies of MD, 3-LieAs.

Definition 1 ([3]). (i) A 3-Lie algebra is a tuple (2,[—, —, —|) in which A is a vector space
together with a skew-symmetric ternary operation [—, —, —] : A3 — 2 such that

[ﬂ], ap, [03/ aq, EZSH = Halr ap, El3], aq, ﬂ5] + [03/ [alr ap, 614], 05] + [{13, as, [H], ap, {15”, (1)

forall ay,a3,a3,a4,a5 € 2.
(ii) A homomorphism between two 3-Lie algebras (21, [—, —, —]

1) and (™p, [—, —, —]2) is a linear
map 1 : Ay — Ap satisfying n([ay, az, a3]1) = [n(a1),1(az),n(a

3)]2, Vay,az,a3 € Ay

Definition 2. (i) Let A € k and (A, [—, —, —]) be a 3-Lie algebra. A modified A-differential
operator on 3-Lie algebra A is a linear map d : A — A, such that

dlay, ap,a3] = [d(ay),az,a3] + [a1,d(a2), az] + [a1,a2,d(a3)] + Alay, az, a3], Vay, a2, a3 € 2. )

(it) A modified A-differential 3-Lie algebra (MD ) 3-LieA) is a triple (2, [—, —, —], d) consisting of a
3-Lie algebra (A, [—, —, —]) and a modified A-differential operator d.

(iii) A homomorphism between two MD, 3-LieAs (241, [—, —, —|1,d1) and (A, [—, —, —]2,d2) isa
3-Lie algebra homomorphism 17 = (21, [—, —, —]1) = (2, [—, —, —]2) such that y od; = dp o 1.
Furthermore, if 11 is nondegenerate, then v is called an isomorphism from 24y to Aj.

Let (A, [—, —, —]) be a 3-Lie algebra; then, the elements in A?% are called fundamental
objects of the 3-Lie algebra (2, [—, —, —]). There is a bilinear operation [—, —] on A%2,
which is given by

[A,B}]: = [al,az,bl] Aby +b1 A [al,az,bz],VA =ayNa,B=b; ANby € A2

It is shown in [45] that (A2, [—, —] ) is a Leibniz algebra. Furthermore, by direct
calculation, we have the following result.

Proposition 1. Let (A, [—,—, —],d) be a MD,3-LieA. Then, (N>, [—, —|7,dr) is a Leibniz
algebra with a derivation, where d (a1 A ay) = d(ay) A ag + a1 Ad(az) + Aay A ap, for all
a1 A ay € N See [26] for more details about Leibniz algebras with derivations

Remark 1. Let d be a modified A-differential operator on a 3-Lie algebra (U, [—, —, —]). IfA =0,
then d is a derivation on the 3-Lie algebra 2. See [46] for various derivations of 3-Lie algebras.

Example 1. Let (A, [—, —, —]) be a 3-Lie algebra. Then, a linear map d : 2 — 2 is a modified
A-differential operator if and only if d + %idm is a derivation on the 3-Lie algebra 2.

Example 2. Let (2, [—,—, —|,d) be a MD,3-LieA. Then, for k € k, (A, [—,—, —],kd) is a
MD(k/\)3—LieA.
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Definition 3. (i) (see [8]) A representation of a 3-Lie algebra (2, [—, —, —]) on a vector space I
is a skew-symmetric bilinear map p : A N A — End (M), such that

p([a1,a2,a3),a4) = p(az,a3)p(a1, as) + p(as, a1)p(az, ag) +p(ay, a2)p(as,az),  (3)
p(ai,a2)p(as,ay) = p(as, as)p(ay, az) + p([a1, a2, a3],a4) + p(as, [a1, a2, a4]), @)

forall a1, a3, a3, a4 € 2A. We also denote a representation of A on I by (M; p).

(ii) A representation of a MD3-LieA (A, [—, —, —],d) is a triple (; p, don ), where (IM; p) is a
representation of the 3-Lie algebra (2, [—, — —]) and dgy is a linear operator on M, satisfying the
following equation

don(p(a, b)v) = p(d(a), b)v + p(a,d(b))v + p(a, b)don (v) + Ap(a, b)o, ®)

foranya,b € Aand v € M.

Remark 2. Let (9; p, doy) be a representation of a MD,3-LieA (A, [—,—,—],d). IfA =0,
then (9;p,dsn) is a representation of the 3-Lie algebra with a derwatzon &A=, —,—],4d).
See [24,25,29] for more details about 3-Lie algebras with derivations.

Example 3. Let (9; p) be a representation of a 3-Lie algebra (2, [—, —, —]). Then, (9M; p, don)
is a representation of the MD)3-LieA (%, [—, —, —],d) if and only if (0% p, don + 4idan) is a
representation of the 3-Lie algebra with a derivation (A, [—, —, —],d + %idy).

Example 4. Let (9; p) be a representation of a 3-Lie algebra (2, [—, —, —]). Then, for k € k,
(90%; p,idon) is a representation of the MD(_yy3-LieA (%, [—, —, —], kidg().

Example 5. Let (9; p, doyy) be a representation of a MD,3-LieA (2, [—, —, —],d). Then, for k €
K, (9%; p, kdon ) is a representation of the MD ) 3-LieA (A, [—, —, —], kd).

Proposition 2. Let (A, [—, —, —]) be a 3-Lie algebra, and (9; p) be a representation of it. Then,
(9M; p, don ) is a representation of MD ) 3-LieA (U, [—, —, —|,d) if and only if A & M is a MDD, 3-
LieA under the following maps:

[a1 + uq, a0 4 up, as + us)p :=[ay, ax,a3) + p(ay, a2)uz + p(as, a1 )up + p(a, az)uy,
d @ don (a1 + u1) :=d(ar) + don (u1),

forall ay,ap,a3 € Aand uy,uz, uz € M.

Proof. Assume that (A® M, [—, —, —],,d © dgn) is a MD, 3-LieA, for any a;,a, € A and
uz € N; we have

d ® dop[m +O,a2+0,0+u3]p
=[d @ don(a1 +0),a2 + 0,0+ uz]p + [a1 +0,d @ dop (a2 +0),0 + u3],
+[a1 +0,a2 +0,d @ don (0 + u3)]p + Alag +0,a2 + 0,0 + u3)p,

which implies that
don (p(a1,a2)uz) = p(d(a1),az)us + p(a1,d(a2))us + p(a, az)dan (u3) + Ap(ay, a2)us.

Therefore, (901; p, doy ) is a representation of (2, [—, —, —],d).
The converse can be proved similarly. [J
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Let (9;p,dop) be a representation of a MD,3-LieA (2, [—, —, —],d) and 9* :=
Hom (9, k) be a dual space of M. We define a bilinear map p* : A22l — End(21*) and a
linear map dg, : MM* — IM* respectively by

(p* (aq,a2)u*,v) = —(u*, p(ay,a2)v) and (dygpu™, v) = (u*,don(v)), (6)

forany aj,a; € A, v € Mand u* € M*.

Proposition 3. With the above notations, (I*; p*, —d3;) is a representation of the MD , 3-LieA
& [= = =]d).

Proof. First, It has been proved that [47] (9%; p*) is a representation of the 3-Lie algebra

(2, [—, —, —]). Furthermore, for any a1, a; € 2, v € Mand u* € M*, by Equations (5) and (6),
we have

<P*(d(ﬂ1) a)u”,v) + (p* (a1, d(a2))u*, v) + (p* (a1, a2) (—don)u™, v) + (Ap* (a1, a2)u™, v)
— ((=dip)p* (a1, a2)u", )
— (", p(d(a1),a2)v) — (u*, p(a1,d(a2))v) — ((—dan)u*, p(a1,a2)v) — (u*, Ap(a1,a2)v)
—|—< *(a1,a2)u”, don (0))
—(u*, p(d(a1), a2)v) — (u*, p(ar, d(a2))v) + (1", dan (p(a1,a2)v)) — (1™, Ap(a, a2)v)
— (u*, p(ay,a2)don (v))
—(u*, p(d(a1), a2)v + p(a1, d(az))v — don (p(a1,2)v) + Ap(a1, a2)v + p(a1, a2)dan (v))
-0,

which implies that o*(d(a1), ap)u* + p* (a1, d(az) )u* + p* (a1, az) (—diy ) u™ + Ap*(aq, ap)u* —
(—diy)o*(a1,a2)u* = 0. So, we obtain the result. []

Example 6. Let (2, [—,—,—|,d) be a MD)3-LieA and define ad : AN A — End(A) by
ad(ay,az)(a) = [ay,ap,a],Vay,a2,a € 2A. Then, (U;ad,d) is a representation of the MD ) 3-
LieA (2, [—, —, —],d), which is called the adjoint representation of (A, [—, —, —|,d). Furthermore,
(A*; ad*, —d*) is a dual adjoint representation of (A, [—, —, —],d), which is called the coadjoint
representation of (U, [—, —, —],d).

Next, we will study the cohomology of a MD) 3-LieA with coefficients in its representation.
Recall from [14] that let (91; p) be a representation of a 3-Lie algebra (A, [—, —, —]).
Denote the n—cochains of 2 with coefficients in representation (91; p) by

Clie(,90) == Hom((A%20)*" 1 AR, 0), n > 1.

The coboundary operator & : C ;. (2, M) — Cg‘]jel (A, 9M),for A; = a; Ab; € N>, a,1 €A
and f € CJ; ;. (2A, M), as
Jf(Alr e /A}’l/ un+1)
:(_1)n+1 (P(bn/ an+1)f(A1/ e Ay, an) +P(an+1/ an)f(Alz' AR, bn))

+ ( 1)i+1p(ai/ bi)f(All te rAi—eri+lr coe,Ap, an+1)

= H'M:
—_

+ Z( )if(All tt /Aifl/AH*l/ e /Al’l/ [ail bi/ un+1])
i=1

+ Z Alr o rAifl/AiJrl/ o /Ak—lr [air bi/ ﬂk] A bk + ax A [ai/ bii bk]/ e rAn/ an+l)/
1<i<k<n

it was proved that 5 0 6 = 0.
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Lemma 1. Let (90; p, doy) be a representation of a MD,3-LieA (2, [—, —, —],d). Foranyn > 1,
we define a linear map ® : C3Lle(2( M) — Chp e (A, M) by

q)f(Alr"' n— 1;”71 Zf Ar,e- A l/d(al)/\b +azAd(b) z+1/"'1An—1/ﬂn)

+f(A1,' .. ,An,l,d(an)) + (1’1 — 1)/\f(A1, .. ,An,l,an)
- dim(f(Al, T /Anfllun))r

forany f € C4 . (A, M) and A; = a; \Nb; € AN2,i=1,---,n—1,a, € A Then, ® is a cochain
map; ie, Pod=75od.

Proof. It follows by a straightforward tedious calculations. [J

Let (90; p, dgn) be a representation of a MD,3-LieA (2, [—, —, —],d); we define n-
cochains for MD) 3-LieA as follows:

C?Lie(m’ Dﬁ) & C?:lLlel (Ql Dﬁ) n=2,

Clonro  (RL,M) =
md3L1e~( ) {HOHI(Q(, m), n=1

We define a linear map 9 : C 431 (2,90) — CIHh2 . (21, 9) by

a(f) = (of, —@f), if f € Chasie (2,M);
a(f,g) = (6f, 08+ (=1)"®f), if (f,g) € ChasLie (A M), n > 2.

In view of Lemma 1, we have the following theorem.
Theorem 1. The linear map 9 is a coboundary operator; that is, 0 0 d = 0.

Therefore, we obtain a cochain complex (C}: 41 .. (2,90),9), for n > 2, and we denote
the set of n-cocycles by Z2 ... (%,9M) = {(f,8) € Cl y3pie. (A, M) | O(f, ) = 0}, the set
of n-coboundaries by B 431 (2,9M) = {3(f,8) | (f,8) € C" i1ie (U, M)} and the n-th co-
homology group of the MD, 3-LieA (2, [—, —, —],d) with coefficients in the representation

(9 p, dant) by M7 gase (M) = 21 gapie. (A, 90) / By g3 . (A, ).
Lastly, we calculate the 1-cocycle and 2-cocycle.
For f € Cl ya1ie (A, M), fis a 1-cocycle if d(f) = (6f, —@f) =0, i.e,

p(b1,a2)f(a1) + p(az,a1) f(b1) + p(a1, b1)f(a2) — f([a1,b1,42]) = 0
and
don(f(a1)) — f(d(a1)) = 0.
For (f,8) € C24ae (A, M), (f, g) is a 2-cocycle if d(f, §) = (6,0 + Pf) =0, i.e,
— p(b2,a3)f(a1,b1,a2) — p(as, a2) f (a1, b1, b2) + p(ar, br) f (a2, bz, a3) — p(az, ba) f (a1, b1, a3)
—f(az, bz, [El1, b1,6l3]) +f(ﬂ1, bl, [az, bz,ﬂg]) —f([al,bl,ﬂz],bz,ag) —f(ﬂz, [al,bl,bz},ﬂ?)) =0
and

p(b1,a2)f(a1) + p(az, a1) f(b1) + p(a1, b1) f(a2) — f([a1, b1, a2])
+ f(d(a1),b1,a2) + f(a1,d(b1),a2) + f(a1,b1,d(az)) + Af (a1, by, a2) — don(f(a1,b1,a2)) = 0.

3. Linear Deformations of MD) 3-LieAs
In this section, we study linear deformations of MD,3-LieAs.
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Let (A, [—,—,—],d) be aMD,3-LieA. Denote vy = [—, —, —] and dy = d. Consider a
family of linear maps:

vy = Vg + trg + t21/2, V1,Vp € C%Lie<%' Q[), d; =do+tdy, di € C%Lie(m/ 20).

Definition 4. A linear deformation of the MD3-LieA (2, [—, —, —|,d) is a pair (v, dt) which
endows (A[[t]], vt, d}) with the MDD, 3-LieA.

Proposition 4. The pair (v¢, d¢) generates a linear deformation of the MD ) 3-LieA (A, [—, —, —],d)
if and only if the following equations hold:

Y vilay,ap,vi(az,a5,05)) = Y vi(vi(ay,az,a3),a4,a5) + Y, vi(az, vi(ay, az,a4), as)
i+j=n i+j=n i+j=n

+ Y vias,a4,vi(ay,a2,05)), )
i+j=n

Y. di(vi(ay,az,a3)) = Y vi(di(ar),a2,a3) + ), viar, di(az), a3)

i+l=n i+l=n i+l=n
+ Y vi(ay, a2, di(a3)) 4 Ava(aq, a2, a3), (8)
i+l=n

forany ay,az,a3,a4,a5 € Aandi,j=0,1,2,1 =0,1.
Proof. (2[[t]],vt,d¢) isa MD,3-LieA if and only if

vi(ay, a, ve(as, ay, as))

= vi(ve(ay, az,a3), a4, as) + vi(as, ve(ay, az, ayg), as) + ve(as, ag, vi(ay, az, as)), 9)
di(ve(ay, a2, a3))

= ve(de(an), az, a3) +vi(ar, di(az), a3) + ve(ar, a2, d(a3)) + Ave(ar, az,a3).  (10)

Comparing the coefficients of ¢ on both sides of the above equations, Equations (9) and (10)
are equivalent to Equations (7) and (8), respectively. [

Corollary 1. Let (A[[t]], vt, dt) be a linear deformation of a MD,3-LieA (2, vy, d). Then, (vq,d1)
is a 2-cocycle of (2, [—, —, —|, d) with the coefficient in the adjoint representation (2;ad,d).

Proof. For n =1, Equations (7) and (8) are equivalent to
vi(ay, az, (a3, ay, as]) + [a1, a2, v1 (a3, a4, a5)]
=v1([a1, 42,83, a4, 05) + [v1(a1, a2, a3), a4, as] + v1 (a3, [a1, a2, a4], a5) + [a3,v1 (a1, a2, a4), as]
+vi(as, ay, [a1,a2,a5]) + [a3, aq,v1 (a1, a2, a5)],
d1([a1, a2, a3]) + d(v1 (a1, a2, a3))
=[d1(a1), a2, a3] + v1(d(a1),az,a3) + [a1,d1(az),as] + v1 (a1, d(az), a3) + [a1, a2, d1 (a3)]
+v1(ay,az,d(a3)) + Avi(ag, a,a3),

which imply that év; = 0,dd; + ®v; = 0, respectively. Hence, (v1,d;) is a 2-cocycle of
(2, [—, —, —],d) with the coefficient in the adjoint representation (;ad,d). O

Definition 5. The 2-cocycle (v1,dy ) is called the infinitesimal of the linear deformation (A[[t]], ve, di)
of (A, [—,—, =], d).
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Definition 6. (i) Two linear deformations (A[[t]], vt,d¢) and (A[[t]],v{, d}) of the MD,3-LieA
(A, [—,—,—],d) are said to be equivalent if there exists a linear map N : A — 2, such that
N; = idg + tN satisfying

Ni(d¢(a1)) =di(Ni(a1)), (11)
Ntl/t([ll, ﬂz,ag,) :v{(Nt(al),Nt(az),Nt(a3)), (12)
forany aq,a;,a3 € 2.

(i1) A linear deformation (A[[t]], v¢, dt) of the MD, 3-LieA (2, [—, —, —|, d) is said to be trivial if
(A[[t]], vt, d¢) is equivalent to (A, [—, —, —],d).

Comparing the coefficients of  on both sides of the above Equations (11) and (12),
we have

1%1 (111,02, 03) - U{ <a11a2/ ﬂ3) = [Nal/aZ/ 113] + [all NaZI ﬂ3] + [ﬂl,ﬂz, Na3] - N[al/aZ/ a3]/
di(a) — dj(a) = d(Nya) — N1d(a).

Thus, we have the following theorem.

Theorem 2. The infinitesimals of two equivalent linear deformations of (2, [—, —, —],d) are in

the same cohomological class in and%i& (2A,20).

Let (A[[t]], vt, d¢) be a trivial deformation of (2, [—, —, —],d). Then, there exists a linear
map N : A — 2, such that N; = idg + tN satisfying

Ni(d¢(a1)) =d(Ni(a1)), (13)
Ntl/t(lll,az,a3) :[Nt(al),Nt(az),Nt(ag,)]. (14)

Compare the coefficients of t(1 < i < 3) on both sides of Equations (13) and (14),
and we can obtain

Nd(tll) :d(Nﬂ1>, (15)

1%1 (111,112, a3) + N[a1/a2/ ﬂ3] :[Na1/a2/ H3} + [allNHZI ﬂ3] + [a1/a2/ Nll3], (16)
vo(ay, ap,a3) + Nvy(ay,ap,a3) =[Nay, Nay, ag) + [a1, Nay, Nag] + [Nay, az, Nag],  (17)
Nvj(ay,az,a3) =[Nay, Naz, Nag]. (18)

Thus, from a trivial deformation, we can obtain the following definition of Nijenhuis operator.

Definition 7. Let (2, [—, —, —],d) be a MD,3-LieA. A linear map N : 2A — 2 is called a
Nijenhuis operator if the following equations hold:

Nod=doN, (19)
[Nall Na2/ Nﬂ3] :N([ﬂl,Nﬂlz, Nﬂ3] + [Nall as, Nﬂ:ﬂ + [N&l], NaZ/ ﬂ3])
— N2([Nay, a,a3) + [a1, Nay, az) + [ay, a2, Naz]) + N3[ay, a2, a3], (20)

forany ay,az,a3 € 2.

Proposition 5. Let (A, [—, —, —],d) be a MD,3-LieA, and N : 2 — 2 a Nijenhuis operator.
Then, (21, [—, —, —]N,d) is a MD,3-LieA, where

[Lll,ﬂz,ag,]N :[al,Naz, Nﬂg] + [Nﬂl,az, Nﬂ3] —+ [N&Zl,Naz,ay,]
— N([Nay, a3, a3] + [a1, Nay, as] + [a, a2, Nas]) + N*[ay, ap, a3].
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Proof. In thelightof[9], (2, [— - ] N) is a 3-Lie algebra. Next, we prove that d is a modified
A-differential operator of (%, [—, —, —|n), for any aj,a,,a3 € 2, by Equations (2) and (19),
and we have
d[ay, a2, a3]n
=d[ay, Nay, Naz] + d[Nay, ap, Naz] + d[Nay, Nay, a3]
— N(d[Nay,ap,a3] + d[ay, Nay, as] + d[a1, a3, Naz)) + N?day, az, a3]
=[d(a1), Nay, Na3] + [a1, Nd(az), Naz] + [a1, Nay, Nd(a3)] + A[ay, Nay, Nas]
+ [Nd(ay),az, Nas] + [Nay,d(az), Nas] + [Nay, ap, Nd(a3)] + A[Nay, ap, Nas]
+ [Nd(a1), Nay,a3] + [Naj, Nd(az), as] + [Naj, Nap, d(a3)] + A[Nay, Nay, a3
— N([Nd(a1), a2, a3] + [Nay,d(az), as] + [Nay, az,d(a3)] + A[Nay, a, as])
— N([d(a1), Naz, a3] + [a1, Nd(a2), as] + [a1, Naz, d(as)] + Alar, Nay, as])
— N([d(a1), a2, Naz] + [a1,d(a2), Nas] + [a1, a2, Nd(a3)] + Ala1, a2, Nag])
+ N2([d(ay), ap, a3] + [a1,d(a2),a3] + [a1, a2, d(az)] + Alay, a2, a3))
=[d(a), a2, a3]N + [a1,d(a2), a3]n + [a1, a2, d(a3)|n + Alay, a2, a3]n.

So, we obtain the conclusion. [

Definition 8. A linear map R : 9t — 2 is called an O-operator on the MD ) 3-LieA (2, [—, —, —], d)
with respect to the representation (90; p, doy ) if the following equations hold:

Rodgy =doR,
[Rv1, Rvp, Rus] =R(p(Rvq, Rvp)vs + p(Rua, Ruz)vy + p(Rus, Ruq)vy),

forany vq,v,,v3 € M.

Remark 3. Obviously, an invertible linear map R : 9% — 2 is an O-operator if and only if R~ is
a 1-cocycle of the MD ) 3-LieA (2, [—, —, —], d) with coefficients in the representation (9; p, dox ).

Proposition 6. Let (";p,don) be a representation of a MD,3-LieA (A, [—, —, —],d). Then,
R : M — A is an O-operator if and only if R = ( 8 Zg > A DM — A D M is a Nijenhuis
operator on semidirect product MD3-LieA (A ® M, [—, —, —]p,d & don).

Proof. For any ay,a2,a3 € 2 and uq, up, uz € M, by KZ = 0, we have
(d @ don)R(ar +u1) = (d ®don)(Rug +0) = d(Rup) +0,
d @ don) (a1 +u1) = R(d(a1) +dom (1)) = Rdan (1) +0,
[a1 + u1, R(a + uz), R(az + u3)]p + [R(ay + u1), ap + up, R(az + u3)],
[R(a1+u1),R(az + u2), a3 + usp) — [R(a1 + 1), R(a2 + u2), R(az + u3)]p
[a1 + uy, Rup 40, Ruz + 0], + [Ruq +0,a2 + up, Ruz + 0], + [Rug + 0, Rup + 0, a3 + u3),)
— [Ruy + 0, Rup + 0, Ruz + 0],
=R([a1, Rua, Rus] + p(Rup, Ruz)uq + [Ruq, az, Rus] + p(Rugz, Ruy)up + [Ruq, Rupas] + p(Ruq, Ruy)usz)
— [Ruq, Rup, Ruz] +0
=R(p(Ruy, Ruz)uq + p(Ruz, Ruy )up + p(Ruq, Rup)uz) — [Ruy, Ruy, Ruz] 40,

R(
R(
+
=R(

which implies that R is an O-operator if and only if R is a Nijenhuis operator. [

4. Abelian Extensions of MD) 3-LieAs

In this section, we study abelian extensions of MD,3-LieAs and show that they are
classified by the second cohomology groups.
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Notice that a vector space 9 together with a linear map dgy is naturally a MD, 3-LieA
where the bracket on 9 is defined to be [—, —, —]on = 0.

Definition 9. An abelian extension of (2, [—, —, —|,d) by (M, [—, —, —|on, don ) is a short exact
sequence of homomorphisms of MD 5 3-LieAs

0 = (M, [—, —, —Jan, domt) —= (A, [, — —]g, d) == (A, [, —,—],d) =0,

i.e., there exists a commutative diagram:

0 m 2A 2 0
w al
0 m AP 0,

o~

where the MD)3-LieA (2, [—, —, —lg, d) satisfies [—,u,v]5 =0, for all u,v € M.

We will call (2, [—, —, —]ﬁ,a) an abelian extension of (A, [—, —, —|,d) by (M, [—, —, —]om,
don ).

A section of an abelian extension (@l, [—, —, —]ﬁ, a) of (A, [—,—,—],d)by (M, [—, —, —]om,
dgy) is a linear map s : 2 — A such that p o s = idy.

Let (9 p, don) be a representation of a MD,3-LieA (2, [—, —, —|,d). Assume that

(f,8) € C2 1o (U, M). Define [—, —, =, : A3(ABM) — ABMand dg : ABM —
A @ M, respectively, by

a1 + uy, a2 + up, a3 + us)pf

= [a1,a2,a3) + p(az, a3)uy + p(az, a1)uy + p(ay, ax)uz + f(ay, a2, a3), (21)
dg({)ll +u) = d((ll) + dop (uq) +g(a1), Vay,ap,a3 € A, uq,us, uz € M. (22)

Proposition 7. The triple (A © M, [—, —, —],f,dg) is a MD)3-LieA if and only if (f,g) is a

2-cocycle in the cohomology of the MD ) 3-LieA (2, [—, —, —|, d) with the coefficient in (90; p, don ).
In this case,

0 — (m/ [_r 2 _]Dﬁl df)ﬁ) — (2[ @ f)J/t/ [_/ — _]pf/ dg) — (Q’l/ [_/ — _]/d) — 0
is an abelian extension.

Proof. (AD M, [—, —, —],f, dg) isa MD,3-LieA if and only if

[[a1 + u1, a0 + uz, a3 + uslpf, a5 + ug, as + us|pp + (a3 + us, (a1 + uy, az + Uz, ag + ual,r, as + us|pr

+ a3 + uz, a5 + g, (a1 + w1, a2 + g, a5 + us|prlor — (a1 + w1, a2 + o, (a3 + uz, a5 + ug, as + us|prlpy

=0, (23)
[dg (a1 +u1), a2 + up, a3 + uslyr + a1 + u1, dg(az + ua), a3 + usl,r + [a1 + uy, a2 + uz, dg(as + u3)]pf

+ Alay + uy,ap + up, a3 + u3}pf - dg[al +uq,ap +up,as + ng]pf

=0, (24)

for any ay,ap,as3,a4,a5 € A, u1, up, uz, ug, us € M. Furthermore, Equations (23) and (24)
are equivalent to
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p(ay, as)f(a1,az,a3) + f([a1, a2, a3], a4, a5) + p(as, a3) f (a1, a2, a4) + f (a3, [a1,a2,a4], a5)
+ P(ﬂ?,, a4)f(a1, a, ﬂ5) + f(ﬂg, ag, [al, a, a5]) — p(al,az)f(ag,, ay, a5) — f(a1,az, [03, ay, a5])

=0, (25)
p(az,a3)g(a1) + f(d(a1),az,a3) + p(as, a1)g(az) + f(a1,d(az),a3) + p(a1, a2)g(as)
+ f(a1,a2,d(a3)) + Af(a1,a2,a3) — don(f(a1,a2,a3)) — g([a1,a2,a3]) = 0O, (26)

using Equations (25) and (26), we obtain 6 f = 0 and dg + ®f = 0, respectively. Therefore,
a(f,g) = (6f,6g + @f) = 0, which implies that (f, g) is a 2-cocycle.

Conversely, if (f, g) satisfying Equations (25) and (26), then (A& 9, [—, —, ], dg)
isa MD,3-LieA. O

Let (2, [—, —,—}ﬁ,a) be an abelian extension of (2, [—, —, —|,d) by (M, [, —, —]om, don)
and s : A — A a section. Define 0: A29 — End(9M), v : /\?’Ql — Mand u : A — M, respec-
tively, by

o(ay, a2)u : = [s(ay),s(az), ulg,
U(ﬂl,ﬂz, 03) L= [S(ﬂl),S(ﬂZ),S(ﬂg,)]ﬁ - S([alra2/ a3])/

u(ar): =d(s(ar)) —s(d(a1)), Vai,apa3 €A uec M.
Note that ¢ is independent on the choice of s.

Proposition 8. With the above notations, (9, 0,doy) is a representation of the MD3-LieA
(A, [—,—,—],d) and (v, u) is a 2-cocycle in the cohomology of the MD ) 3-LieA (2, [—, —, —],d)
with the coefficient in (9M; 0, don ). Furthermore, the cohomological class of the 2-cocycle [(v, p)] €
H2 1apie (2, 9M) is independent of the choice of sections of p.

Proof. First, for any a4, a3,a3,a4 € A, u € 9, by Equation (1), we obtain

o0(az,a3)0(ay, as)u + 0(as, a1)o(az, as)u + o(ay, a2)o(as, as)u — o([a, a, as), as)u
)

=[s(a2),5(a3), [s(a1),s(aa), ulg]g + [s(a3),s(a1), [s(a2), s(aq

s\as

=

(a3),[s s(a2), U glg
+ [s(a1),s(a2), [s(a3),s(as), u ]ﬁ]ﬁ —[s ([011,&2,&3])’5(&4),”]
=[s(a2),s(a3), [s(a1),s(aq), ulglg + [s(a3), ( 1), [s(a2),s(a4), u] g5
+ [s(a1),5(a2), [s(a3), s(as), ulglg — [[s(a1),5(az),s(a3)lg — v(a1, a2,a3),5(as), ulg
=0,
0(as,as)o(a, a2)u + o([a1, a2, a3), as)u + ¢(as, [a1, a2, as])u — (a1, a2)0(as, as)u
=[s(as),s(as), [s(a1),s(a2), ulglg + [s([a1, a2, a3]),s(aq), ulg + [s(a3),s([a1, a2, a4]), u] g
— [s(a1),5(a2), [s(as), s(as), u]g]5
=[s(a3),s(aq), [s(a1),s(a2), ] ] + [[s(a1),s(a2),s(a3)] —U(ﬂ1/ﬂ2,ﬂ3)zs(ﬂ4)/u]§[
+ [s(a3), [s(a1),8(a2),s(as)] — v(a1, az,a4),u ]Q[ — [s(a1),s(az), [5(03)15(514)/“]@]@
=0.

In addition, by Equation (2), we have

don (0(a1,a2)u) = don([s(a1),5(a2), ulg)
:[a(s(ﬂl))rs(ﬂz)ru]ﬁ + [s(ay),d(s
=[s(d(a1)) + p(a1),s(az), ulg +
+ Als(a1),s(a2), ulg

(d(a1), a2)u + ¢(a1,d(az2))u + o(a1, az2)don (1) + Ao(ay, az)u.
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Hence, (901, ¢, dsoy ) is a representation over (2, [—, —, —],d).

Since (2, [—, —, —]g,d) is an abelian extension of (2, [—, —, —],d) by (M, [—, —, —om,
don ), by Proposition 7, (v, i) is a 2-cocycle. Moreover, let 1,5, : 2 — <M be two distinct
sections providing 2-cocycles (v1, p1) and (v, ), respectively. Define linear map ¢ : 2 —
Mby 1(a;) = s1(a1) —sa2(a1). Then,

U1 (ﬂl,ﬂz, 613)

=[s1(a1),51(a2),51(a3)lg, — s1([a1, a2, a3])

=[s2(a1) + 1a1),52(a2) + 1(a2),52(a3) + 1(a3)lg, — (s2([a1, a2, a3]) + 1([a1, a2, a3]))

=[s2(a1),82(a2), 52(‘13)]§12 +0(az,a3)1(ar) + 0(az, a1)i(az) + o(a1, az)1(az)

- 52([a1/ ap, 113]) - l([ﬂl, as, 113])

=[s2(a1),52(a2),52(a3) g, — s2([a1, a2, a3])

+ 0(a,a3)1(a1) + 0(a3, a1)i(az) + o(a1, a2)1(as) — 1([a1, a2, a3))
=va(ay,a2,a3) +d1(ay, az,a3)

and
pi(a ):dA(Sl(ﬂl))—Sl( d(aq))
= d(sa(a1) + 1)) — (s2(d(a)) + 1(d(ar)))
= (d(sz(a1)) — s2(d(a1))) +d(e(a1)) — e(d(ar))
= pa(a1) + don (1(a1)) — 1(d(a1))
= a(a1) — Pu(ay),

which implies that (v1, p1) — (v2, pa) = (81, =P1) = 9(1) € ClgndBLiev(Q[’ M). So [(v1, p1)] =
[(v2, p2)] € HY oz (2, 9M). O

Definition 10. Let (Ay,[—, —, b al) and (2, [—, —, —I5 az) be two abelian extensions of
A, [—,—, -], d) by (M, [—, ]gﬁ, don ). They are said to be equivalent if there is an isomor-
phism of MD ) 3-LieA 1 : (9(1,[ ==l 8,7 ,dp) = (2, [—, -, s dz) such that the following
diagram is commutative:

H | |

0 —— (M,dy) —2 @A, dr) —2= (A,d) —— 0.

Now, we are ready to classify abelian extensions of a MD,3-LieA.

Theorem 3. There is a one-to-one correspondence between equivalence classes of abelian extensions
of a MD,3-LieA (A, [—, —, —],d) by (M, [—, —, —|on, don) and the second cohomology group
H2 iarie (3L, OM) of (A, [—, —, —], d) with coefficients in the representation (9, 0, don ).

Proof. Assume that (25, [—,—,—]ﬁl,a yand (Ap, [—, —, — Jai, ,dy) are two equivalent abelian
extensions of (2, [—,—, —],d) by (9, [—, —, —]on, don) with the associated 1som0rphlsm
7 (R, [— = —lg,,d1) = (ﬁz,[f,f,f]ﬁz d 2). Let s1 be a section of (s, [—, —, g, d1)-
As py o1 = p1, we have

pao(nosy) = pposy =idy.
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That is, 17 0 51 is a section of (2, [—, —, —]@lz,az). Denote s, := 17 051. Since 77 is an
isomorphism of MD,3-LieAs such that 7|9y = idgy, we obtain

va(ay,a2,a3) = [sz(al),sz(az),sz(@)]% —s2([a1, a2, a3))
= [n(s1(a1)), 1 (s1(a2)), 1 (s1(a3))]5, — 1(s1([a1, a2, a3]))
= 11([s1(a1),51(a2),51(a3)]g, — s1([a1, 32, 33]))

= 11(v1(a1, a2, a3))
=U (alr ap, a3)

and

pa(a1) = da(s2(m1)) — s2(d(a1)) = da((s1(a1))) — 17(s1(d(m1)))

Hence, all equivalent abelian extensions give rise to the same element in H2, d3Lie. (21, 1)
Conversely, suppose that [(f1,81)] = [(f2,82)] € H2 yspie (% M), and we can con-

struct two abelian extensions 0 — (M, [, —, —Jax, don) = (ASM, [, —, —]p,, dg;) N

@, [, —,—],d) = 0and 0 — (M, [, —, —Jan, dax) = (ADM, [, —, —|op, dgy) T2 (2,

[—,—, —],d) — 0 via Equations (21) and (22). Then, there exists a linear map ¢ : 2 — M
such that

(f2,82) = (f1,81) + ().

Define linear map 77, : A &M — A S Mby n,(a1 +uq) :=ay +1(ay) +uy, a1 € A uy €
9. Then, 7, is an isomorphism of these two abelian extensions (2 & M, [—, —, —] ofis dg,)
and (ADSM, [, —, —]op,dg,). O

Remark 4. In particular, any vector space I with linear transformation dgy can serve as a
trivial representation of (A, [—, —, —],d). In this situation, central extensions of (2, [—, —, —],d)
by (M, [—, —, —]an, don) are classified by the second cohomology group H2 41 .. (A, M) of (2,
[—, —, —|,d) with the coefficient in the trivial representation (9, p = 0,dgy).

5. T*-Extensions of MD 3-LieAs

The T*-extension of a 3-Lie algebra was studied in [11]. In this section, we consider
T*-extensions of MD, 3-LieAs by the second cohomology groups with the coefficient in a
coadjoint representation.

Let (A, [—, —, —],d) be a MD,3-LieA and 2I* be the dual space of 2. By Example 6,
(A*;ad*, —d*) is a coadjoint representation of (2, [—, —, —],d). Suppose that (f,g) €
C2 ia1ie (U, A*). Define a trilinear map [—, —, =g A3 (ADA*) — ADA* and a linear map
dg : A DA — A DAY, respectively, by

[a1 + a1, a2 + &g, a3 + a3)f
= [ay, a0, a3) + ad* (ay, a3)aq + ad* (a3, a1)ay + ad* (a1, a2)as + f(ay,az,a3), (27)
dg(ay +aq) = d(ay) —d*(a1) +g(a1), Vay, a2,a3 € A, ay, 03,03 € A™. (28)

Similar to Proposition 7, we have the following result.

Proposition 9. With the above notations, (A © 2*,[—, —, —|r, dg) is a MD,3-LieA if and only if
(f,g) is a 2-cocycle in the cohomology of the MDD 3-LieA (U, [—, —, —], d) with the coefficient in
the representation (A*; ad*, —d*).



Mathematics 2023, 11, 3853

13 0f 15

Definition 11. The MD,3-LieA (24 ® 2A*, [—, —, —]f, dy ) is called the T*-extension of the MD, 3

LieA (2, [—, —, —], d). Denote the T*-extension by T(*f 2) () = (T*(A) =ADA*, [, —, ], dg).

Definition 12. Let (2, [—, —, —|,d) be a MD,3-LieA. (A, [—, —, —],d) is said to be metrised if
it has a non-degenerate symmetric bilinear form @g € @*A* which satisfies
(DQl([al/aZ/ a3],114) + @Q[(a3/ [ﬂl,ﬂz, a4]) = 0/ (29)
(Dgl(d(al), az) + g (111, d(az)) =0, Vay,ap,a3,a4 € 2 (30)

We may also say that (2, [—, —, —],d, @) is a metric MD ) 3-LieA.
Define a bilinear map @ : A2T*(2A) — 2 by
(D(ﬂ1 +wq,ar + 0(2) = le(az) + D(z(al), Vay,ap € A, 9,00 € A* (31)

Proposition 10. With the above notations, (T(*f 2) (A), @) is a metric MDD, 3-LieA if and only if

f(ay,az,a3)(ag) + f(ay,a2,a4)(az) =0, g(a1)(az) + g(az)(ay) =0, Vay,az,a3,a4 € 2.

Proof. For any ay,ap,4a3,a4 € 2, a1, a2, 23,04 € A, using Equations (6), (27)-(31) we have
@([a1 + a1, a2 + az, a3 + az)f, a4 + ag) + @(az + as, [a1 + a1, a2 + ao, ag + agly)
=@ ([a1, a2, a3] + ad* (ap, a3)ay + ad* (a3, a1)ay + ad* (aq,a2)az + f(aq,a2,a3), a4 + ag)
+ @(as + as, [a1, a2, a4] + ad* (az, ay)ay + ad* (ag, a1)ap + ad* (a1, ap)ag + f(a1,a2,a4))
=ay([a1, a2, a3]) + ad* (a2, a3)a1 (ag) + ad* (a3, a1)az(aq) + ad* (a1, a2)es(as) + f(a1, a2, a3) (as)
+ ag([a1, a2, a4]) + ad* (az, ag)aq(az) + ad* (ag, a1)az(az) + ad* (ay, a2)ag(az) + f (a1, a2,a4)(a3)
=ay([a1,a2,a3]) — a1([az, a3, a4] — az([az, a1, a4]) — az([a1, a2, a4]) + f(a1,a2,a3)(a4)
+ as([ar, az,a4]) — a1 ([az, a4, a3]) — a2([a4, 01, 83]) — aa(a1, a2,03) + f (a1, a2, 84)(a3)
=f(a1,a2,a3)(as) + f(a1,a2,4)(a3)
=0,
@(dg(ay +ay),a2 +az) + @(ay + ay,dg(az + a3))
—(d(ay) — d* (1) + glar), a2 + 2) + @(ar + @y, d(az) — d*(12) + g(a2))
=—d"(a1)(a2) + g(a1)(a2) + az(d(a1)) + a1(d(a2)) — d*(az2)(a1) + g(a2)(a1)
=—a1(d(a2)) + g(a1)(a2) + az(d(a)) + a1 (d(a2)) — a2(d(a1)) + g(a2)(a1)
=8(a1)(a2) + g(az)(ar)
=0.

Thus, we obtain the result. [
Let (A, [—, —, —],d, @g) be a metric MD, 3-LieA, then @y induces an isomorphism
@} : 2 — A* defined by
<w&(a1),az> = @g(a1,a2),Yay,ap € 2.

Proposition 11. With the above notations, @jy is an isomorphism from the adjoint representation

(A; ad,d) to the coadjoint representation (A*;ad*, —d*).
Proof. For any aj,ay,4a3,a4 € 2, by Equations (6) and (29), we have

(@} (ad(a1,a2)a3), a3) = @g([ar, a2,3),a4) = —@g (a3, [a1, a2, a4))

= (@} (a3), [, a2, a4]) = — (@} (a3), ad (a1, a2)as)

= ((ad(a1,a2))* @} (a3), a3),
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which implies that (Dgl(ad(al, a)az) = (ad(ay, az))*wél(llg).

In addition, for any a1, a; € %, by Equations (6) and (30), we have
(@4 (d(a1)),a2) = @ (d(a1),32) = —@n(a1,d(a2)) = — (@} (a1),d(a2))
= —(d*@% (@), a2),

which implies that (Dgl(d(al)) = —d*(ogl(al). Therefore, (Dgl is an isomorphism from
(A;ad,d) to (A*; ad*, —d*).
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