ALBERT-LUDWIGS-UNIVERSITAT FREIBURG

FAKULTAT FUR MATHEMATIK UND PHYSIK

BURG

-2-
SE&

Some topics on Dirac-harmonic
maps and the Yang-Mills flow

Dissertation zur Erlangung des Doktorgrades der Fakultat Mathematik und

Physik der Albert-Ludwigs-Universitat Freiburg im Breisgau

vorgelegt von B. Sc. Zhengxiang Chen
betreut durch Prof. Dr. Guofang Wang
April 2013



Dekan: Prof. Dr. Michael Ruzicka

1. Gutachter: Prof. Dr. Guofang Wang
2. Gutachter: Prof. Dr. Jiirgen Jost

Datum der miindlichen Priifung: 17. Juli 2013



Acknowledgments

First of all I would like to thank my advisor Professor Guofang Wang for his contin-
uous guidance and helpful discussions. As my advisor he not only supported me by
offering direction and encouragement, but also taught me how to do mathematical
research. Besides mathematics, I also learned a lot from him in life.

Second, I would like to thank Professor Weiping Zhang, who was my advisor
when I studied in Chern Institute of Mathematics, Nankai University. He showed me
the beauty of mathematics and recommended me to study with Professor Guofang
Wang in Germany.

I would also like to express many thanks to Professors Deliang Xu and Yongbing
Zhang for many useful discussinons, as well as their cooperations.

Further I wish to thank Professors Ernst Kuwert, Miles Simon, Yuxin Ge, Yux-
iang Li, Fei Han, Xiaojun Cui, Dr. Jie Wu for many useful discussions, encourage-
ment and moral surpport during these years. Many thanks to my colleagues Doctors
Roberta Alessandroni, Yann Bernard, André Ludwig, Annibale Magni, Elena Méader
and Johannes Schygulla.

Thanks a lot to Lu Wang, she and Professor Guofang Wang invite me to their
home every year, this is important for me; and special thanks are due to my best
friends Chong Liu, Yong Luo, Chao Xia, they make me feel like home in Freiburg.
Chao is now a postdoctor in MPI Leipzig, and Chong is now a master student in
ETH Ziirich.

I would like to express many thanks to my family, my mother Muxiang Zhang, my
father Yanqing Chen, my brother Weigiang, my sister Weibo and all close relatives
for their unwavering love and support.

Finally, I would like to thank my girlfriend Aisin-Gioro Gold Jade for her patience
and encouragement.

il



v



Contents

Abstract vii
Introduction 1
0.1 Motivation to thiswork . . . . . . . ... ... ... .. .. ..., 1
0.1.1 Dirac-harmonic maps . . . . . . . . . .. ... 1

0.1.2 The Yang-Mills flow . . . . . .. ... ... .. ... ..... 4

0.2 Summary of the thesis . . . . . ... . ... .. ... ... .. 6

I Dirac-harmonic maps with a Ricci type spinor poten-

tial 10
1 Regularity for Dirac-harmonic maps 11
1.1 Harmonic maps . . . . . . . . . . . . e 11
1.2 Dirac-harmonic maps . . . . . . . .. .. ..o 13
1.3 weakly Dirac-harmonic maps and the regularity . . . . ... ... .. 15

2 Regularity for Dirac-harmonic map with a Ricci type spinor po-

tential 18
2.1 Euler-Lagrange equation for L) (u, ¥) via moving frames . . . . . .. 18
2.2 Regularity for Dirac-harmonic map with a Ricci type spinor potential 27
2.3 Approximate compactness . . . . ... ... 39

3 The boundary value problem for Dirac-harmonic maps with a Ricci

type spinor potential 47
3.1 Free boundary problem for Dirac-harmonic maps . . . . .. .. ... 47
3.1.1  Chirality boundary conditions for the Dirac operator @ . . . . 47

3.1.2  Chirality condition for the Dirac operator D along a map u . . 49
3.1.3  Free boundary condition for Dirac-harmonic maps with a Ricci

type spinor potential . . . . .. .. ..o o1
3.1.4  Weakly Dirac-harmonic maps with a Ricci type spinor poten-
tial and a free boundaryon & . . . . .. ..o oL 55



3.2 The reflection construction . . . . . . . . . . . ... 57
3.3 Continuity and higher regularity . . . . . . . .. ... ... ... ... 66

IT An entropy formula and a stability notion in the Yang-

Mills flow 69
4 An entropy formula and a stability notion in the Yang-Mills flow 70
4.1 Preliminaries . . . . . . . ... 70
4.2  F-functional and an entropy . . . . . .. ... 73
4.3 A stability for solitons . . . . . ... 79
Bibliography 87

vi



Abstract

This thesis contains two parts.

In the first part, we study the Dirac-harmonic map with a Ricci type spinor
potential, which is a critical point (u,1) of the corresponding functional, where u
is a map from a Riemannian spin surface (M2, g;;) to (N™, hap) and ¢ is a section
of M ®@ u 'TN. First, we consider the case that M is a compact Riemann surface
without boundary. We show that a Dirac-harmonic map with a Ricci type spinor
potential is smooth. Furthermore, we obtain a convergence theorem of approximate
Dirac-harmonic maps with a Ricci type spinor potential. Then we consider the case
that M is a compact Riemannian spin surface with non-empty boundary oM. We
study a free boundary value problem for the Dirac-harmonic maps with a Ricci type
spinor potential. For a closed submanifold S of NV, we show that a Dirac-harmonic
map with a Ricci type spinor potential and free boundary on § is Holder continuous.
If in addition, we assume that S is a closed, totally geodesic submanifold of N, then
we can get a higher regularity of (u, v).

In the second part, we explore homothetically shrinking solitons of the Yang-
Mills flow. We show that the Yang-Mills flow in dimension four cannot develop
any type I singularity. Then motivated by the work of Colding-Minicozzi [CM12]
on mean curvature flow, we introduce a notion of F-stability for weakly self-similar
solutions. We show that the F-stability can be characterized by the semi-positive
definiteness of the Jacobi operator acting on a subspace of variation fields.
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Introduction

0.1 Motivation to this work

0.1.1 Dirac-harmonic maps

Harmonic maps are solutions to a natural geometrical variational problem. Many
other canonical or natural maps turn out to be harmonic, such as geodesics, minimal
surfaces and harmonic functions. The key questions of harmonic maps between given
manifolds are existence, uniqueness and regularity of the harmonic maps.

The harmonic functions on an open subset (2 of R™ are solutions of the Laplace
equation

Af = O7 h A= NGE
f where ; (8m1)2

(= (a', -, 2™) €Q),
which are critical points of the Dirichlet functional

Pa(f)i= 5 [ 1l de

The harmonic maps between manifolds are defined in a similar way. A smooth
map u from (M™, g;;) to another compact manifold (N, h,g) is called a harmonic
map if it is a critical point ( extremal) of the energy functional

1
E(u):= - / \du|? dv,,
2 Ju
which satisfies the following equations in local coordinates

o i e ouf our
Agu +9g ! Fﬁ'y(“(’r)) % % = 07
where ' are the Christoffel symbols of V.
By Nash’s famous embedding theorem [Nab6], (N, h,z) can be isometrically

embedded into the Euclidean space RE. We define the Sobolev space
H' (M, N)={ue H (M, R¥)| u(z)€ NaexeM}.
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In this Sobolev space, the energy functional F(u) is still well defined and we can
look for critical points of E(u) in H'(M, N), which are called the weakly harmonic
maps.

For m = dim M > 3, Riviere [Ri95] constructed everywhere discontinuous
weakly Harmonic maps with finite energy, taking values in the sphere S?. One
needs to pose a stationary condition to get partial regularity for a harmonic map,
for instance [Be93, Ri95, Ev91]. And for m = dim M = 1, it is easy to show that
every weakly harmonic map is smooth.

We focus on m = dimM = 2, ie. we assume that (M, g;;) is a compact
Riemannian surface. Many results were obtained for the regularity of the weakly
harmonic maps, for instance [Mo48, Gr81, Sch84|. The general proof is due to Hélein
in [He90, He91, He02], a crucial idea of Hélein’s proof is to use the enlargement
argument, which allows us to replace the target manifold N by another Riemannian
manifold N such that, there exists a global orthonormal frame on N. Furthermore,
this global orthonormal frame can be chosen as a Coulomb frame adapted to the
map u. The regularity to the case of weakly harmonic maps on a surface M with
nonempty boundary was proved by Jie Qing [Qi93]. The harmonic maps with a free
boundary have also been studied by several authors, for instance [GJ87, Sch06]

Since a compact Riemann surface is a spin manifold, hence there exists a spin
structure on (M?, g;;) that allows us to define the associated spinor bundle ZM,
which is a complex vector bundle with structure group Spin(2). We consider a
compact Riemann surface (M?, g;;) with a given spin structure, then the Dirac
operator @ : I'(XM) — T'(XM), which is a differential operator that is a formal
square root of the Laplacian, can be defined on the spinor bundle M. More
precisely, @ := ;- V., where {v;},_, , is a local orthonormal frame on M, and -
denotes the Clifford multiplication, which maps TM ® XM to XM, and V denotes
the connection on ¥ M which induced from the Livi-Civita connection on M. For
more information, see [Fr00, LM89].

Let (M, g) be an oriented, compact Riemannian surface with a given spin struc-
ture and (N h) a compact Riemannian manifold of dimension n > 2. Let u be a
smooth map from M™ to N™ which induces a pull-back vector bundle v 'T'N. We
have a natural connection on the bundle v *T'N. A section ¢ on (XM @ u~'TN)
locally can be expressed as:

0

Y(x) :wa®8y_a

(u()),

where ¢® is a spinor and {&} is a local basis of N. The Dirac operator D

a=1



along the map wu is defined by

Dy = P E gt E Vag
= () © 5 (0(o) + Tu(e)) V(o) (- 07(0) 8 5 ule),

where I') ; are Christoffel symbols of N.
Chen-Jost-Li-Wang [CJLWO05, CJLWO06] first introduced the following Dirac-

harmonic energy functional

L )= 5 [ [l + (0. DW)] doy,

which is arisen from the supersymmetric nonlinear sigma model [De99]. The critical
points of L(u, ¥) are called Dirac-harmonic maps.
The Euler-Lagrange equations for L are

{T(u) = R(u,)
Dy = 0,

where 7(u) is the tension field and R(u,) € ['(u"'TN) defined by

1 0
R(U, 77[]) = 5 Rl&ﬁ(“) <¢av vuﬁ : ¢5> a_y,y(u)

Definition 0.1. For uw € H'(M, N), the set of sections ¢ € T'(XM @ u™'TN) is
defined to be all p = (Y1, Y2, -+, &) € (D(SM)™ with the property that ¢(x) is

along the map u, namely
K
ZU"W =0, for any normal vector v = (vq, Vg, -+ , Vi) at u(x).
=1

We say that ¢ = (', ¢?, -+, %) € W5 (D(SM @ u™'TN)) if dip € L5 (M) and
Yt e LA(M) forall1 <i< K.

A pair of map (u,v)) € H' (M, N) x Wb (D(SM ® u~'TN)) is called a weakly
Dirac-harmonic map, if it is a critical point of L(-, -) in the Sobolev space
HY(M, N) x Wb (D(SM @ u"*TN)).

There are series of papers studying some analytic aspects of the Dirac-harmonic
maps, such as [CJW07, CJWO08, WX09, Zh07]. For explicit examples of Dirac-
harmonic maps, see [JMZ09]. And for a free boundary value problem for Dirac-
harmonic maps, see [CTWZ].

The goal of the first part of this thesis is to study the Dirac-harmonic maps with
a Ricci type spinor potential. We consider the following functional L (u, 1)

3



Ly(u, ¢) := /M {% [|du|2 + (v, D@Dﬂ + ARup(u) <¢a, ¢ﬁ>} duvy.

A pair of map (u, ) € HY(M, N) x Wh5 (I'(SM @ u'TN)) is called a weakly
Dirac-harmonic map with a Ricci type spinor potential, if it is a critical point of
Lx(+, -) in the Sobolev space H'(M, N) x W3 (I(SM @ u~'TN)).

The Euler-Lagrange equation for Ly (u, v) is

() = =AW Rae TG, ({0, ¢7) + (07, ¥7))
+% (¥, Vu' - %) RY g5+ AR Rag y (9%, 47) (0.1a)
Dy = —2XAR§(u) ¢’ (0.1b)

or

{Tv(u) = 1 (g, Vil F) R+ N Ry, (0, 47 0.2)

DY = “2ARS(u) P,

where R,s,, denotes the covariant derivative of the Ricci curvature tensor R,z with
respect to %.

We first study the regularity of the Dirac-harmonic maps with a Ricci type spinor
potential from a compact Riemann surface M; then we consider M as a compact
Riemannian spin surface with nonempty boundary M, and study a free boundary
value problem for the Dirac-harmonic maps with a Ricci type spinor potential.

0.1.2 The Yang-Mills flow

The Yang-Mills theory is a fundamental ingredient in particle physics. Mathemati-
cally, Yang-Mills theory is a nonlinear generalization of the Hodge theory. In partic-
ular, the solutions of the Yang-Mills equations are precisely those connections whose
curvature tensors are ”"harmonic”. Such connections and their curvatures are called
Yang-Mills connections and Yang-Mills fields respectively.

Let (M, g) be a closed n-dimensional Riemannian manifold. Let G be a compact
Lie group and P(M,G) a principle bundle over M with the structure group G. We
now fix a G-vector bundle £ = P(M,G) x, R", associated with P(M,G) via a
faithful representation p : G — SO(r).

Let g denote the Lie algebra of G. A connection on E is locally a g-valued 1-
form. Using Latin letters for the manifold indices, one may write a connection A in
the form of

A= Ayda',
where A; € so(r). Using Greek letters for the bundle indices, one may also write

4



The curvature of the connection A is locally a g-valued 2-form

1 : 1 A A
F= §Ejde Ndx! = ZFjzdx’ N dx?.

2 1,
Here
Fij = 0iA; — 0;A; + [Ai, Aj],
and
Fig = @A?g — @Agﬂ + A%A;ﬁ — A%AZB.
Let

’FP = gikgﬂFgﬁFkDfﬁ-

The Yang-Mills functional, defined on the space of connections, is then given by

YM(A) = 1/ |F|2dpug. (0.3)
2 Jm

Let V denote the covariant differentiation on I'(F) associated with the connection

A, and also the covariant differentiation on g-valued p-forms induced by A and the

Levi-Civita connection of (M, g). A critical point A of the Yang-Mills functional is

called a Yang-Mills connection, which satisfies

VPES, = 0.

In order to prove the existence of Yang-Mills connections, one can deform the
connections by the negative gradient of the Yang-Mills functional, i.e. the Yang-
Mills flow.

%AJO-‘B = VPE 5. (0.4)

This approach was first suggested for the Yang-Mills functional by Atiyah-Bott
[AB83]. Donaldson [Do85, Do87] used the Hermitian Yang-Mills flow to establish
the existence of Hermitian-Einstein metrics on stable holomorphic vector bundles
over algebraic manifolds. Over a compact Riemannian manifold of dimension two
or three, Rade [Ra92] proved that the Yang-Mills flow exists for all time and con-
verges to a Yang-Mills connection. However if the base manifold has dimension five
or above, Naito [Na94] showed that there exists a Yang-Mills flow which develops

singularity in finite time, see also [GrO1].

Definition 0.2. Assume A(z,t) is a smooth solution to the Yang-Mills flow for
0<t<T and ast— T the curvature blows up, i.e. imsup, ,, maxen |F(x,t)] =
0o. One says that the Yang-Mills flow develops a Type-I singularity, or a rapidly
forming singularity, if there exists a positive constant C' such that

C
Flat) < 7. 05)



Otherwise one says that the Yang-Mills flow develops a Type-11 singularity. If (0.5)
is satisfied and xo is a point such that limsup,_ ., |F(xg,t)| = oo, we call (xo,T) a
Type-1 singularity.

It is unknown that whether the Yang-Mills flow over a four-dimensional manifold
develops a singularity in finite time. For partial results in this dimension, see for
instance [St94, SST98, HT04]. In [We04], by using a monotonicity formula from
[Ha93] Weikove shows that rapidly forming singularities in Yang-Mills flow converge,
modulo the gauge group, to a nontrivial homothetically shrinking soliton.

Definition 0.3. A solution A(y,s) to the Yang-Mills flow, defined on the trivial
bundle over R™ x (—00,0), is called a homothetically shrinking soliton if it satisfies

Aiaﬁ <y7 S)

1 Y
= AZ( —1)
8 )
Visl 7 /sl
for any y € R™ and s < 0, see [Wel4].

The limiting Yang-Mills flow g(y, s) is actually a homothetically shrinking soli-
ton. For a limiting Yang-Mills flow A(y, s) which is obtained by Weikove [We04]
and any (xg,tp) € R" x (0, +00), if we set

~ r—x9 t—1
Al ) = Ayl )da? = A==t ==

then A(z,t) is a solution of the Yang-Mills flow defined on R™ x [0, ¢() satisfying

)da?, (0.6)

1

vap](x? t) — m

(x — )P F,j(x,t) = 0. (0.7)

The goal of the second part of the thesis is that, by Weinkove’s blowup analysis
for type I singularity of the Yang-Mills flow [We04] and a simple identity for four
dimensional Yang-Mills solitons, the Yang-Mills flow in dimension four cannot de-
velop any type I singularity, see for instance Proposition 4.9. Then motivated by
the work of Colding-Minicozzi [CM12] on mean curvature flow, we will introduce
the notion of F-stability for weakly self-similar solutions. The F-stability can be
characterized by the semi-positive definiteness of the Jacobi operator acting on a
subspace of variation fields.

0.2 Summary of the thesis

This work is split into two parts. In the following, we will briefly introduce each of
these parts.



In chapter 1, we will introduce the Dirac-harmonic maps and the regularity result
of the weakly Dirac-harmonic maps.

In chapter 2, we will study the Dirac-harmonic maps with a Ricci type spinor
potential. In §2.1, we first calculate the Euler-Lagrange equation for the functional
Ly(u, v) via moving frames. Second, let f: (N, h) — (N, h) be a totally geodesic,
isometric embedding map. If the pair (u, ¢) is a Dirac-harmonic map with a Ricci
type spinor potential, then for u = f(u) : M — N and J = f.(v) e T(EM ®
TN ), we verify that the pair (u, iZ;) is also a Dirac-harmonic map with a Ricci
type spinor potential. Therefore, we can follow Hélein’s enlargement argument,
without loss of generality, we can assume that N supports a global orthonormal
frame. Furthermore, this global orthonormal frame can be chosen as a Coulomb
frame {e,}._, adapted to the map wu.

In §2.2, we prove the regularity for weakly Dirac-harmonic maps with a Ricci
type spinor potential. We show that a weakly Dirac-harmonic maps with a Ricci
type spinor potential is smooth. Under the Coulomb frame, we rewrite the equation
(0.1a) of Dirac-harmonic maps with a Ricci type spinor potential into the form

—d (<du7 6C¥>TN> = Z (@aﬁ> © <du7 6,3>TN + F)fv(u7 ¢>’ (08>
B

where © = (0,5) € L* (B,(z), so(n) ® A'R?) satisfies |(O,5)]> < C (|Vaul* + [4]*);
o denotes the inner product of the 1-forms; and F)(u, ¥) denotes the Ricci type
spinor potential terms in (0.1a), which satisfies |F)(u, 1)| < C [¢)]*. Then we mod-
ify the technique by Rivieve [Ri07] and Rivieve-Struwe [RS08] to obtain a decay
estimate in the Morrey space, which implies an e-regularity result by Morrey’s de-
cay lemma, namely, u is Holder continuous. The higher regularity then follows from
modifying the proof of Lemma 2.5 and Theorem 2.4 in [CJLWO05] by a slight change
of analysis caused by the Ricci type spinor potential terms in equations (0.1a) and
(0.1b).

In §2.3, we obtain a convergence theorem of weakly convergent sequence of ap-
proximate Dirac-harmonic maps with a Ricci type spinor potential. This is a byprod-
uct of the rewriting equation (0.1a) of Dirac-harmonic maps with a Ricci type spinor
potential into the form (0.8), we modify the proof of [Ri07, Thm. 1.5] to get a proof.

This part of the work in chapter 2 is a joint work with Deliang Xu [XC13].

In chapter 3, we study a free boundary value problem for the Dirac-harmonic
maps with a Ricci type spinor potential. In §3.1.1, we introduce the chirality bound-
ary condition for the usual Dirac operator @, which exists on any spin manifold. This
type boundary condition has been considered in [GHHP83, HMR02, Bu93, CJWZ]
etc. In §3.1.2, we introduce the chirality boundary condition for the Dirac operator
D along a map u, which has been considered in [CJWZ] for Dirac-harmonic naps.
In §3.1.3, we introduce the free boundary condition for Dirac-harmonic maps with a



Ricci type spinor potential. After a variational calculation, we obtain the equations
in Lemma 3.7. In §3.1.4, we first define the weakly Dirac-harmonic maps with a
Ricci type spinor potential and free boundary &, where S is a closed submanifold of
the target manifold N. Second, if the pair (u, ©) is a Dirac-harmonic map with a
Ricci type spinor potential and free boundary on §. Then similar to Chapter 2, for
U= f(u): M — N,¢=f.(¢) e [(EM@u 'TN),and S = f(8S), we can show that
the pair (u, J) is a weakly Dirac-harmonic map with a Ricci type spinor potential
and free boundary on S. Hence we can follow Hélein’s enlargement argument as in
chapter 2.

In §3.2, we first prove a lemma , which is analogous to Lemma 3.1 in [CJWZ] and
Lemma 3.1 in [Sch06], shows that the image of u over a sufficiently small neighbor-
hood of a boundary point is contained in a tubular neighborhood of the supporting
submanifold §. Therefore, if we restrict to a sufficiently small domain, one can
use the geodesic reflection o to reflect the pair (u, 1) across S. Then by using the
geodesic reflection o, we can extend the metric i on the pull-back bundle u= TN
to some metric h on the bundle u TN (here u is the extended map, which we still
denote by u) with the extended map u, furthermore, we have the extended Rieman-
nian curvature, Ricci curvature, and the extended Christolffel symbols etc. Finally,
we will prove that the extended pair (u, 1) satisfies some equations (Theorem 3.15),
from which we will prove the continuity of the extended pair (u, ©) in the next
section.

In §3.3, we prove the regularity for weakly Dirac-harmonic maps with a Ricci
type spinor potential and free boundary on S. In fact, applying Theorem 3.15 and
under the Coulomb frame, we can rewrite the equation of Dirac-harmonic maps with
a Ricci type spinor potential with free boundary on § into the form

—d" ((du, o)) = > (@aﬁ) o (du, es) + F2(u, v). (0.9)
B

Comparing with (0.8), following the same schedule as the proof in §2.2, we obtain
the Holder continuous of the extended pair (u, ¥). The theorem is following:

Theorem 0.4. Let (M, g;5) be a compact Riemannian spin surface with non-empty
boundary OM, (N, hag) any compact Riemannian manifold of dimension n > 2, and
S a closed submanifold of N. Let (u, ¥) be a weakly Dirac-harmonic map with a
Ricci type spinor potential and free boundary on S. Then for any a € (0, 1), we
have

u € C™*(M, N).

Furthermore, if in addition we assume that S is a closed, totally geodesic sub-
manifold of N, then it follows from [CJWZ, Prop. 3.11] that for any 1 < 3, §, n <n
and vy € (0, 1), the extended Christoffel symbol fgé(u) is Holder continuous. Finally,
as in §2.2, we can get the following higher regularity:

8



Theorem 0.5. Let (M, g;;) be a compact Riemannian spin surface with non-empty
boundary OM, (N, hag) any compact Riemannian manifold of dimension n > 2,
and S a closed, totally geodesic submanifold of N. Let (u, ©) be a weakly Dirac-
harmonic map with a Ricci type spinor potential and free boundary on S and suppose
that u € C%“(M, N) for any a € (0, 1). Then there exists some v € (0, 1) such
that

ueCh'(M, N), »eC""(SM®u 'TN).

In §4.1, we will give a background and a notation about Yang-Mills flow, which
we will use in the following sections.
In §4.2, we define the F-functional with respect to (zg, to) on R"™ x [0, ¢y) by

|z —=q|?

Faoto(A) = 15 |F’2(47Tt0)7%€_ T dux.
Rn

We calculate the first variation of the F-functional and after a calculation we show
that

Proposition 0.6. In dimension four, the Yang-Mills flow can not develop a singu-
larity of type 1.

The entropy of a connection A on the G-vector bundle £ over R" is defined as
follows:

Definition 0.7. Let A be a connection on the G-vector bundle E over R™. The
entropy is defined by
AMA) = sup  Fupu(4). (0.10)

zo€ER" tr>0
we show that, along a Yang-Mills flow on E, the entropy is non-increasing.
In §4.3, we calculate the second variation of the F-functional at a critical point
and characterize the F-stability by the semi-positive definiteness of the Jacobi op-

erator acting on a subspace of variation fields. As a byproduct we have a rigidity
result as follows:

Theorem 0.8. Let A be a self-similar solution with blows up at to = 1,29 = 0, If
|[F'| < 3, then the G-vector bundle (E, A) is flat.

This part of the work in chapter 4 is a joint work with Yongbing Zhang [CZ].



Part 1

Dirac-harmonic maps with a Ricci
type spinor potential
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Chapter 1

Regularity for Dirac-harmonic
maps

1.1 Harmonic maps

In this subsection, we introduce the harmonic maps and the tension field.

Let (M™, g;j), (N™, ha ) be Riemannian manifolds, and let u be a smooth map
from M™ to N™, which induces a pull-back vector bundle = *T'N. We have a natural
connection on the bundle ©~'T'N, inherited from the Levi-Civita connection on T'N.

By using u, we have the induced map between tangent bundles u, : TM — T'N,
and there is a pull-back 2-tensor u*h, which is symmetric and semi-positive. For
any X,Y € I'(T'M), one has

uh(X,Y) = h(u X, 1Y) = (u X, uY) .
Let du € T (T*M ®@ u™'TN) be defined as

du(X) == uw, X, VX el(TM).
The energy density of u at a point x € M is defined as

1
e(u) = 5 |dul” .

We will use Latin letters for the manifold indices of M, and Greek letters for
the manifold indices of the target manifold N. In local coordinates ' and y® of
M and N at z and u(z), whose tangent vectors of the coordinates are a?ci and 8?%,
respectively, where 1 =1, 2 --- ., mand o =1, 2 --- | n. Then the energy density is

given by

()_lijauaa_uﬁ
AN =59 5 s 1P

11



In this work we use the Einstein summation.
We define the energy functional F(u) by

E(u) = /M e(u) dv,.

Definition 1.1. The critical points of the energy functional E in the space of maps
are called harmonic maps.

The second fundamental form of u is defined by
Bxy(u) = (Vxdu) (Y) e (u'TN), VX,Y eI (TM),

where V is the induced connection on the vector bundle T*M @ u~*T'N. For con-
venience, since there is no confusion, we will use the same notation V to denote
different connections on different bundles.

Definition 1.2. A smooth map u : M — N s called a totally geodesic map if the
second fundamental form B(u) = Vdu = 0.

We define the tension field 7(u) by taking the trace of the second fundamental
form Byxy

8zt 9z

7(u) :=g¢"B.o o (u).

A direct calculation shows that

ou® 8u7) 0

7(u) = (Agua +97 ng(u(l’)) ozt Oz ) dye’

where I'. denote the Christoffel symbols of N.
Consider the harmonic maps as extremals of the energy functional E(u), one has
the Euler-Lagrange equation of E:

7(u) = 0.
Hence we have the following lemma:

Lemma 1.3. A smooth map u : M — N is a harmonic map if and only if T(u) = 0.

For more properties of the harmonic maps, see [He02], [Xi96] and [SY97].
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1.2 Dirac-harmonic maps

Let (M, g) be an oriented, compact Riemannian surface and Psozy — M its ori-
ented orthonormal frame bundle, which is a SO(2)-principal bundle over M. A spin
structure on M is an equivariant lift of Pgo) — M with respect to the double
covering Spin(2) — SO(2), i. e. there exists a Principal Spin-bundle Pgyiy2) — M
such that there is a bundle map

PSpin(Q) PSO(2)

~ 7

M

The standard spin representation p : Spin(2) — U(C?) allows us to consider
the associated complex vector bundle

XM = PSpin(2) Xp C27

YM is a complex vector bundle over M with an Hermitian metric (-, -), which is
called the spinor bundle for the given spin structure.

There exists a Clifford multiplication TM ® XM — ¥, denoted by v ® 1 — v -1,
which satisfies the Clifford relations

vew-h+w-v-h =—=2g(v,w)Y

for all v,w € I'(T'M) and v € I'(XM). The Clifford multiplication is skew-
symmetric in the following way

(v-9, 8 == (b, v-§)

for any v € I'(T'M) and ¢, £ € I'(XM)

Let V be the Levi-Civita connection on (M, g), then there is a connection (still
denoted by V) on XM compatible with the Hermitian metric (-, -). In local co-
ordinates, let {71, 72} be a orthonormal basis of T'M, then the Dirac operator
P I(EM)—TI'(EM) is expressed by @ :=1; - V..

There is a standard decomposition

SM=SMTaSM,

where the two direct summands are respectively the +1-eigenspaces of the Clifford
multiplication iy, - .

The Dirac operator is a first order elliptic differential operator, it interchanges
the subbundles ¥M™, and it is a symmetric operator with respect to the L2-product.

13



Lemma 1.4. Let 1, & € T'(XM) be spinor fields. Then

[ twvea= [ wope.

Useful references for spin manifolds, Clifford multiplication and the Dirac oper-
ators are [Fr00] and [LM89].

Now Let u be a smooth map from (M, g) to another Riemannian manifold (N h)
of dimension n > 2. On XM ® u~'TN, there is a metric and a natural connection
induced from those on M and v~'TN. In local coordinates, a section ¢ € ['(XM ®
u 'TN) can be expressed by

. )
V() = ¢*(z) ® a—ya(U(w)),

where 9® is a spinor and { %} is a local basis of T'N.
The induced connection V on XM ® u~'TN can be expressed by

9, 0

e () + Tl (@) Ve (2) 07 () © 5 (u)),

Vi(a) = V() @ 5

where Flﬁ denote the Christoffel symbols of N.
We define the Dirac operator D along the map u by

0 0

Dy (x) :@1/1“(:10)@a—w(u(x))+Flﬁ(u(x))V,yiua(x) (vi-iﬂﬁ(x))@a—w(U(x)), (1.1)

where 1, 79 is a local orthonormal basis of M.
As the usual Dirac operator @, the Dirac operator D along the map u is a
symmetric operator with respect to the L?-product.

Lemma 1.5. Let ¢, ¢ € T(XM @ u™'TN), then

| wova= [ wopg.

The Dirac-harmonic energy functional was first introduced by Chen-Jost-Li-
Wang in [CJLWO05] and [CJLWO06]:

2

The critical points of L(u, 1) are called Dirac-harmonic maps.
The Dirac-harmonic maps are natural extensions of harmonic maps and harmonic
spinors. In fact, when ¢ = 0, L(u, 0) is the energy functional F(u), and its critical

L(u, v) := l/M [|du|2 + (¥, DY)] du,. (1.2)
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points are harmonic maps. On the other hand, when u is a constant map, then
L(constant, 1) is the Dirac functional, and its critical points are harmonic spinors.
Harmonic spinors also have been well understood (see [LM89], [Hi74], [Ba96] and
[BS92] for relevant references).

Calculating the Euler-Lagrange equations of L, one has:

Proposition 1.6. [CJLW06]  The Euler-Lagrange equations for L are

7(u) = R(u,v); (1.3)
Dy = 0, (1.4)

where T(u) is the tension field and R(u,v) € T(u='TN) defined by

R(u,v) = %le(u) <¢o‘, vV’ - ¢6> aim(u) (1.5)

Here R)55(u) = h"" Raspy(u) are the components of the Riemannian curvature ten-
sor of h.

Throughout this thesis we use the following notations:

g 0 o 0
- N(_ ~* 2 |\ =z _Z
RO&B(S"/ — <R (ayON ayﬁ) ay(;a ay,y >TN ’

for a local basis {i} of TN.

oy™

1.3 weakly Dirac-harmonic maps and the regular-
ity
Let (M, g) be an oriented, compact Riemannian surface with a given spin structure
and (N, h) a Riemannian manifold of dimension n > 2.
First, we will define the natural Sobolev space in which the functional L(-, -)

is well defined. By Nash’s embedding theorem, we may assume that (N, h) is
isometrically embedded into the Euclidean space R¥ for sufficiently large K.

Definition 1.7. The Sobolev space H' (M, N) is defined by
H' (M, N)={ue H (M, R*)| u(z) € Na.ex € M}.

Definition 1.8. For uw € H'(M, N), the set of sections ¢ € T'(XM @ u'TN) is
defined to be all p = (Y, Y2, -+, &) € (D(SM)™ with the property that ¢(x) is
along the map u, namely

K
Zvﬂbi =0, for any normal vector v = (v, v, - -+ , vg) at u(x).
i=1
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We say that ¢ = (', ¢?, -+, %) € W5 (D(SM @ u™'TN)) if dip € L5 (M) and
e LY (M) foralll1 <i< K.

Definition 1.9. A pair of map (u,v)) € H' (M, N) x Wb (D(SM ®@ u=*TN)) is
called a weakly Dirac-harmonic map, if it is a critical point of L(-, -) over the Sobolev
space H' (M, N) x W3 (I(SM @ u~'TN)).

Since M is a compact Riemannian surface, we denote by 75, > 0 the injectivity
radius of M. For r € (0, i57), we denote by B,.(x) the geodesic ball in M with center
x € M and radius r. Then we have the following regularity of the Dirac-harmonic
maps.

Theorem 1.10. (e-regularity)  There exists €g > 0 depending only on (M, g) and
(N, h)such that if (u,1)) € H' (M, N)x Wb (I(SM @ uw*TN)) is a weakly Dirac-

harmonic map, for some xqg € M and 0 < ro < iy such that

[ Dk <@
B?"()(-IO)

then

[ullee +[¢llex < € </B - [ldul® + |¢I4}> :

where the norm on the left hand is on B%O(I()) and the constant C' depends only on
k and the geometry of N.

Theorem 1.11. Let (u,¢)) € H' (M, N) x Wts (I(SM ® u'TN)) be a weakly
Dirac-harmonic map. Then (u,v) € C*(M, N) x C= (I'(EXM @ v 'TN))

Theorem 1.11 was first proved by Chen-Jost-Li-Wang in [CJLWO05] for the target
manifold N = SK-1 ¢ RX and then by Zhu in [Zh09] for hypersurfaces N C R¥,
the general result was independently proved by Wang-Xu [WX09] and Chen-Jost-
Wang-Zhu [CJWZ].

In [WXO09], Wang-Xu also proved a convergence theorem of weakly convergent
sequences of approximate Dirac-harmonic maps, which extends a corresponding con-
vergence of approximate harmonic maps from surfaces due to Bethuel [Be93]. The
theorem is following:

Theorem 1.12. [WX09]  Let (u,,,) € H*(M, N) x Whs (T(EM @ u'TN)) be
a sequence of weakly solutions to the approximate Dirac-harmonic map equation

7(u) = R(u,¥) + Sy (1.6)
Dy = B, (1.7)



Assume that S, — 0 strongly in H—(M) and B, — 0 weakly in L3 (SM @ u *TN).
[fuy, — uin H(M, N) and ¢, — ¢ in W55 (D(EM @ u"'TN)), then (u, ) €
HY(M, N) x Wb5 (D(SM @ w*TN)) is a weakly Dirac-harmonic map.
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Chapter 2

Regularity for Dirac-harmonic
map with a Ricci type spinor
potential

2.1 Euler-Lagrange equation for L)(u, 1) via mov-
ing frames

Let (M, g) be an oriented, compact Riemannian surface with a given spin structure
and (N, h) a Riemannian manifold of dimension n > 2. For a pair of map (u, ) €
HY(M, N) x Wb (D(SM @ u='TN)), we consider the following functional

La(w0) = [ {5 auf + 0, D0+ ARt (90, %)}

Remark 2.1. (i)  Since dim M = 2, it follows from the Sobolev’s embedding the-
orem that 1 € L* (D(SM ®@ u*TN)) provide ¢y € W3 (I(SM @ u'TN)). Thus,
by Hélder’s inequality one has

\ [t Do duy| <l 19915 < C ol [l g -+ lauls o1] < oo,

Hence Ly(u, ¥) is well defined on HY(M, N) x W3 (I'(SM @ u"'TN)).
(13) It follows from Lemma 1.5 that

| wpi= [ o= [ wow.

which implies
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/M (), DY) € R. (2.1)

(i11) [y Rap(u) (v, ¢¥7) dv, € R.
In fact, we have

/M R () (0%, 07 dv, = /M Ria(u) (0%, 0 dv, = /M R () [0, 0P) dv,

First, we will deduce the Dirac-harmonic equations with a Ricci type poten-
tial in local coordinates, which will be essentially depended on the choice of local
coordinates of the target manifold V.

The Euler-Lagrange equation for Ly(u, 1) can be calculated in a similar way as
in [CJLWO06] and [CIJWO07].

In local coordinates, one can write the metric h as follows

h = hocﬁdya & dyﬂa

then ¢ can be expressed by

U(z) = ¢ () ® a—ya(u(w)),
and D1 can be expressed by
Dy = (Du)" (1) © o (ula)) = DV(z) ® = (u(a)).

oy~
Define

A= % dul*, B = %haﬁ(u) (v, DY), C = ARap(u) (¥, ¥7).  (22)

Then
Ly(u, ) ::/ (A+ B+ C) du,.
M

Similar to in [CJLWO06], we have

o [ B = 5 [ 1w Do)+ (v, Do)
= 5] 16w, Du)+ (D, 5o
~ | Retsos, Du)
= /M Re [hag(u) (3,0, DY?)], (2.3)
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where Re(z) denotes the real part of z € C. And we calculate 0,C as

0yC = ARag(u )(<5w¢a V) + (U7, 67))
= 2\ Re [Rop(u) (650%, ¥7)]. (2.4)

Combining (2.3) and ( 2.4), we have
SoLa(u, 6) = [ Re [has(u) (3,07, DY) + 27 Ras(u) (507, %)) dy,

hence
hap(u) DY 4 2ARop(u) 9P = 0,

which implies that

Dy = —2AR5(u) v’ (2.5)
where we have used the notation
R5 = h™" Rg,.
Now we deduce the u-variation {u,} in the direction du = d“f ‘ oo = vand ug = u,

we have

dL)\(Ut, '@Z))
dt -0
0 0 0
= B d 2.
/ (8tA+3t +80) vgt:0 (2.6)
It was known that (see e.g., [Jo02], [CJLWO06] or [CTWOT])
0
/ —Ady, :—/ P T () V", (2.7)
ot o M
and
0 1
[ Zpan] = L[ (e pe) ot o) v
u Ot o 2 Ju
1
+—/ (%, VU’ - ") Ryspa0", (2.8)
2 Jm

where we denote by 7%(u) the tension field of the map wu, and Fgm the Christoffel
symbols of N.

20



By an easy computation for the Ricci type spinor potential term, we have

0
—(C'dv
[, mos

Using (2.5), we have

=\ R, e, BY m,
- /M B, <¢ (G > v

(V% DY) v T hss = —2ARI (Y%, 4°) v" 5, he,
= —2ARs (y*, ¢°) v"T%,.

Combining (2.6)-(2.10), we obtain

dL(ug, 1)
dt

t=0

= /M {—ha,7 T%(u) — ARy an (<¢aa W} + <7/}6’ wa>)

1
+5 (0% VU 97) Ryssa + AMRag g (07, 07) } 0" dug.

Therefore, we get the Euler-Lagrange equation for Ly(u, 1)

TV(u) = =AW Rge TS, ({02, 7)) + (7, ¢°))
+5 (0%, VP R] s + AW Rog o (90, 4°)
DyY = —2X\R§(u) "

Note that

—h7" Rge %, ({0, 7)) + (47, ¥*)) + B7" Rag,y (¥, 97)

= W (Rapg = Ty e = TS, Ra) (0%, )
= h" Raﬁ;n <¢a7 ¢B>>

(2.9)

(2.10)

(2.11)

(2.12)

where R,3., denotes the covariant derivative of the Ricci curvature tensor R,z with

respect to %.
Hence, we can write the Euler-Lagrange equation for Ly (u, ¢) as

T (u) = % <¢°‘, AVZTR ¢ﬁ> Rzm + AR Rog. <1p0‘, @Z)5>
{ DyY = —2XR§(u) .

(2.13)

Unfortunately, the above extrinsic version of the Euler-Lagrange equation for
Ly (u, ¥) is not so convenient for us to handle the right hand term globally, because

we could not directly extend the local basis {%} to RX. In the sequel of this
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section, we will prefer to use the moving frame, which was initially used by Hélein
[He91] to prove his famous regularity result for harmonic maps from a surface and
then used by many other authors [Be93, Wa05] for the study of regularities of elliptic
and parabolic systems.

To derive the Euler-Lagrange equation for Ly (u, 1) which we call Dirac-harmonic
maps with a Ricci type spinor potential, we first assume that N is parallizable. In
this case, there exists a global orthonormal frame {é,}._,, n = dim N. Hence

ea = éa(u(z)), 1 <a<mn,

forms an orthonormal frame on v~ '(T'N). Using this moving frame, we can write
the spinor field ¢ along the map u as follows:

Y =9¢%Qea,
where ¥* € '(XM), a =1,2, -+, n.
For simplicity, we also assume %, 1 <17 <2, is a local orthonormal coordinate

frame on M.
Recall that the tension field 7 of u : M — N is defined by

rl) =97 (¥ . 0) (50

Ox;
and
T (u) = (7(u), €a)y-rirny . for 1 <a<n,
is the a-component of 7(u) with respect to the frame {e,}.
The Dirac operator along the map u with respect to the frame {e,} is given by

9 o
DY = gy Ve W)

0
_ a o o
= PV @eat Ty <vaiiU7 €6>u1(TN) (8:}5,- v ) Qe

where I') ; are the Christoffel symbols of N with respect to the frame {e,}.
Denoting

Dy = (Dy)" = (D, ev)u,l(TN) , for 1 <~ <n.

Then we have

0
Dy = (Dy)T =y + T <Vaiu €B>u—1(TN) <0x- -W) ' 214

The Ricci type spinor potential term can be expressed by

Raﬁ(u) <¢0z’ ¢B> = RiC(U)(Ga, 65) <77Z)aa ¢B> :

Under these notations, we have:
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Lemma 2.2. Suppose thatu: M — N and+ € T (XM @ u=TN) is a pair of weakly
Dirac-harmonic map with a Ricci type spinor potential. Then the Fuler-Lagrange
equation can be expressed under the frame {e,} by

where {2

Z RN

DY = —2) Ric(u)(eq, 5) Y7, (2.15)

1

0
B b
2 (€, &3, €a; ) <Va%u, €6>u1(TN) <¢ " Ox; v >EM

+A Rop,+(u) <@/J“, ¢B> — 2\ Ric(u)(eg, es) Ffw (Re <1/)O‘, @Z)‘5>) ,

(2.16)

3a0 9og ) 08 a local orthonormal coordinate frame on M and Re(z) denotes

the real part of z € C.

Proof. We just center on calculating the second equation (2.16) and the curvature
term variational equation. We consider a variation {u;} of u such that

—D
dt ¥

Hence

duy
dt

=n=n"e,, and uy = u.
t=0

m(a Voo (w@ea))

dt a‘rl oz,

0 o 9

ami~vazi¢ ®V%6a+axi'¢ ®V%V62iea
0 o

oz, -Vagiiﬁ ®V%€a

o (d D
+axzw ®(vac;)%v;lt€a+R <E7 8—'%)604)

) . 0 .. afd 0
8:@ . Vairi <¢ @ V%€a> * &v, . 1/) ® I (dt’ 8:171) Ca
o .o d )
DV%QzJ + axl . ﬁj QR (U* (E) , Uy (a—xl)> Co- (217)

23



& [ won = [ [(viu00)+ (0.0v,0)]

Noting that

— Y
- ’f] 6’)’7
t=0

U (ai) = (Vg es)es

and

Vit = Vi@ ®c,)
= (?/)O‘@V%ea)
= 77’}/ F'g,y’lpa®eﬂ.

Hence finally we obtain

d
G [ wpey = [ (e put) + (ot o) i,
M M

0
oL ) (g et

(2.19)
On the other hand, similar to in [CJWO07], we have
) D = Sy, D ,Dé
o[ won] = [ oo+ [ oo
= [ b Dun + @u s, 20)
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and 0,C can be calculated as

bo| [ Rictwten, e o 0%)
= /M Ric(u)(eq, €p) [<5wwa,wﬁ> + <w°‘,(5¢w5>} . (2.21)

Combining (2.20) and (2.21), we have

Oy La(u, ) = / Re ({6,4°, DY®) + 2X Ric(u)(ea, e5) (6,0%,97)) ,
M
where Re(z) denotes the real part for z € C. Hence

DY 42X Ric(u)(eq, e5) ¢’ =0, (2.22)

which implies (2.15).
Plugging (2.22) into (2.19), we obtain

o) = [ [0 = ARictu)en )T, [0, ) + (08, 0] 0

+§/M <¢B’ ox; 'wa> <a—;i, 65> <RN (ey, €5) €a, €6> n
b [ MR 02 7
M

and this implies (2.16)

]

Now we modify Hélein’s enlargement argument to N so that the assumption on
the existence of global orthonormal frame can be achieved. To start it, we assume
that (N, h) is another Riemannian manifold without boundary such that there exists
a totally geodesic, isometric embedding map f : (N, h) — (N, h). Given a pair
(u, ¥) with w : (M, g) = (N, h) and ¢p € T (XM @ u'TN), we can consider the

following map:

= fou:(M,g)— (N, h),
= fip =¢°® fi(ea) € T (EM @@ 'TN).
Denote by 7(@) and D the tension field of @ : (M, g) — (N, h) and the Dirac

operator along the map @ on XM ®a TN respectively. Then we have the following
proposition.

RS
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Proposition 2.3. Let f : (N, h) — (N, h) be a totally geodesic, isometric em-
bedding map. Suppose (u,v)) € H (M, N) x Whs (I(SM ® u"'TN)) is a pair
of weakly Dirac-harmonic map with a Ricci type spinor potential. Then (u, ) €
HY (M, N) x Whs (F(ZM ® &_1TN)> is also a pair of weakly Dirac-harmonic map

with a Ricci type spinor potential from (M, g) to (N, h).

Proof. By the chain rule of the tension field (See [Xi96, Chapter 1, (1.4.1)]), one has

(@) = tr[(Vdf)(Vu, Vu)] + fu(7(u))
= [fulr(u))
0

1
— §f* RN(eﬂ/, €5y €y €3) <V8%u, 66>u1(TN) <¢ﬁ7 3. .¢a>ZM 67:|
+A fi {Rag,q,(u) <w°‘, 1/15> ey — 2Ric(u)(eg, es) [Re <z/1a, w‘sﬂ Ffm 67} ,

where we have used the fact Vdf = 0 (see Definition 1.2).
We set

er(u) = fu(u)(ey), for 1 <a<n.

«

Since f is an isometric embedding, we conclude that {e},(%)},,, forms an or-
thonormal frame on G 'TN, where N := f(N) is a totally geodesic submanifold of
(N, h). 3 L .

Denote by I the Christoffel symbols of (N, h), then I') () = I'S_ (a(x)) for
x € M. Hence we have

0
N B ch
P {R (€1, €5, €as €3) <Va%u’ 66>u1(TN) <¢ " O v >ZM 67}

0
= RN(ew €5, €a, 65) <V%u, 65> 1y <¢B7 or: wa> f*(e'y>
i u 1 XM

0 a *
o0x; v >EM “

= RY er,es, e e <V U, e*> h
( v “6 Fa 6) o é ﬂ—l(TN) ¢

and
Fo{ R (w) (4%, 07) €3 = 2Ric(u)(es, e5) [Re (47, %) Tq, e}
= RN, (@) (v, ") €5 = 2RicV (@) (¢, e;) [Re (v, ¢°)] T2, e,

where we have used the Gauss-Codazzi equation and the the totally geodesic iso-
metric embedding of f to guarantee the validity of the above two equations.
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Hence we have
+)\< af3, 'y( )<¢a WB> ZRZC ( )(eﬁv 66 |:R€ <¢a wéﬂ ary :)

This implies that @ satisfies the second equation (2.16) of the Dirac-harmonic map
with a Ricci type spinor potential.

To verify that ¢ satisfies the first equation (2.15), we compute, as in Chen-Jost-
Li-Wang [CJLWO05, (2.6)], as follows

- o
Dy = f*(D¢)+<Va%“’ 65>u1(TN> di;

= —2\f. (Ric(u)(ea, es) P ® ea)
— 2RV (@)(el, ) P @ e,

where we also have used the fact V(df) = 0.
This proves the assertion.

P ® V(df)(eg, 67)

]

With the help of the above proposition, now we can follow the enlargement
construction to replace N by another Riemannian manifold N such that on the
neighborhood of the image of the map @ there is a global orthonormal frame. Thus,
without loss of generality, we assume that N supports a global orthonormal frame
{eatr_,. Moreover, as in Hélein [He91, He02], we may assume that {e,}._, is a
Coulomb frame with the following properties:

d* ((deq, e5)) =0, 1 <a<n, (2.23)

n
-1TN 2
E ’V“ Cor
a=1 M

where d* is the conjugate operator of d.

dv, < C/ Vul® du, (2.24)
M

2.2 Regularity for Dirac-harmonic map with a Ricci
type spinor potential

In this section we will prove the regularity for Dirac-harmonic map with a Ricci type
spinor potential. The theorem is following:

Theorem 2.4. Let (M, g) be an oriented, compact Riemannian surface with a given
spin structure, and (N, h) another Riemannian manifold of dimension n > 2. Sup-
pose that (u, ) € H' (M, N) x Wh3 (I(SM @ u'TN)) is a pair of weakly Dirac-
harmonic map with a Ricci type spinor potential, then (u,1) must be smooth.
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To prove theorem 2.4, we will first prove an e-regularity theorem. We define an
n X n 1-form valued matrix €2 as follows:

2
1 .
Q’w - Z |:§ RN(e’Ya €5, Ca, eﬁ) <wﬁ7 aax : wa> :| d:L’l, for 1 < "}/7(5 < n.
¢ M

i=1
Then we have the following fact.

Proposition 2.5. For the above defined matriz Q = {€0,5}, the following properties
hold:

(1), Q25 is real 1-form valued for any 1 < ~,0 < n,

(2), Q is skew-symmetric

Qs = —Q,.

Proof. (1). We just need to observe that the skew-symmetry of the Clifford multi-
plication and the properties of the Hermitian metric (-, -)s.;,. We have

0 0
B . e — Cah® B
<¢ " O v >ZM <837i v Y >EM

_ e 9 6>
<w78$i v EM'

Therefore, using the anti-symmetric property of the Riemannian curvature R

RN(ev, es, €5, €a) = —RN (e, €5, €a, €p),
we can easily conclude that L
Qs = Q.
This proves (1).
(2) follows directly from the anti-symmetric property of the Riemannian curva-

ture RY with respect to its first two-components.
O

Under these notations, it is not hard to see that the second equation (2.16) of
the Dirac-harmonic map with a Ricci type spinor potential can be written as

n

T(u) = Z (y5) o (du, €s)py + A Rap,(u) <¢a7 ¢6>

6=1

—ARic(u)(es, e5) T0, ((v%, °) + (¥°, ¥*)), (2.25)
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where o denotes the inner product of the 1-forms for distinguishing the Clifford
multiplication, and

(du, es)py = <V%u, 65> da’.

TN
Note that for any given 1 < a < n, this equation yields another form of the
second equation of the Dirac-harmonic map with a Ricci type spinor potential:

—d" ({du, ea)y) = (T(u), €a)py + (du, dea)ry

= 7%u)+ <du, > e, dea)py €6>

6

= Z [Qas + (es, dea)ry] © (du, es)py
é

FF (u, 1h). (2.26)
For simplicity, here and in the sequel, we will denote
F{(u, ) = A Ryp,a(u) (07, %) = A Ric(u)(es, e5) a, (07, 0°) + (¢°, 07)) .

(2.27)
To prove the theorems, we need a useful lemma of Riviere [Ri07, Lemma A.3].

Lemma 2.6. There exist e(n) > 0 and C(n) such that, for every 2 = {Q

75}1§%S5Sn
in L? (By, so(n) @ A'R?) satisfying

[ 19 vy < el
By

there exist £ € W2 (By, so(n) ® A°R?) and P € W12 (By, SO(n)) such that :
)

PP+ P QP =d*¢  in By, (2.28)

i)
E=0 ondBby, (2.29)

i)
1€llwi2gm,y + 1 Pllwres,y < C0) (192, - (2.30)

where so(n) denotes the Lie algebra of SO(n), or the space of all the skew-symmetric
matrices, and By C R? is the unit ball.

Now we are going to prove the regularity of the weakly Dirac-harmonic map with
a Ricci type spinor potential.

Since the regularity is a local property, without loss of generality, we may assume
for simplicity that (M, g) = (By, go), where gy = dz? + dy? is the standard metric
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on R?. Note that in this case, the spinor bundle XM is trivial and hence we can
choose a coordinate system such that M = C? and the Dirac operator on ¥ M can
be identified by the 9 operator as follows. The Clifford multiplication of a% and a%
on spinor fields can be identified by the multiplication with matrices

/(01 (0 i
=10 )27 0G0 )

Ify = ( z; ) : By — C? is a spinor field, then the Dirac operator D acts on 9

is given by
_ 0 1 Dby 0 ¢ §¢1)_ <%¢2)
W_(—l 0)(%%)*(@' 0)<%¢2 =2 _"’%wl . (2.31)

where
o _1(o 90Ny 90 _1/0 .0
0z 2\ox Oy) 0z 2\0x oy)’

To prove Theorem 2.4, we first prove the following e-regularity theorem.

Theorem 2.7. (e-reqularity)  There exists eg > 0 such that if
(u, ¥) € H(By, N) x W3 (By, C2®u 'TN)

1s a pair of weakly Dirac-harmonic map with a Ricci type spinor potential satisfying

[l + o < & 232
By
then

lellos + éllen < © ( [+ W]) |

where the norm on the left hand is on B% and the constant C depends only on k and
the geometry of N.

Proof. Denoting
© = (Oas) = (Qas + (€a, deg)) ,

then it follows from Proposition 2.5 and the fact ({(e,, deg)) is skew-symmetric,
we know that © = (O,4) is skew-symmetric, or in other words, © = (O,5) €
L? (By, so(n) ® A'R?).

On the other hand, we rewrite the second equation (2.16) of the Dirac-harmonic
map with a Ricci type spinor potential (also (2.26)) as:
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—d* ({du, ea)ry) =D (Oup) 0 (du, eg)yp + Fi(u, ¥), (2.33)
B

where F{(u, ) is defined in (2.27).
It is obvious from the definition of (6,4) that

/ (©up) < O / Vul + C, / e (2.34)
B1 B1 B1

where we have used the property (2.24) of the Coulomb frame.
First from (2.34), we know that there exists 9, 0 < ro < 1 such that

/B (©us)I? < e(n),

0

then we can handle the regularity problem in B,, with 7 fixed, (or rescaling by
z— =, and let U(z) = u(5), ¥(z) = \/%fow(%), then (2.33) could be reduced to a
similar manner but with a varied term r3 F2(U, ¥)).

Hence Without loss of generality, by (2.34) we can always assume that [, |0° =
fBl Ous)]> < €(n), where €(n) is the same constant as in Lemma 2.6. Applying
Lemma 2.6, we can find reversible matrix valued map P € W2 (B, SO(n)) and
£ € Wh2(By, so(n) @ A’R?) related to (O,p) satisfying the three properties as in
Lemma 2.6.

Applying the gauge transformation P~ to ((du, e4)py) and observing the iden-
tity dP~! = —P~1dPP~!, from (2.33) we obtain the following equation
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(du, eq)

—div | P!
(du, ey)
<du7 €1> <du7 €1>
= P 'dPP "o : + P! (O4p) 0
(du, ep) (du, ey)
Fy(u, ©)
+p!
F (u, ¥)
(du, e7)
= (P7'dP+P'OP)o P!
(du, e,)
Fy(u, )
+p!
F(u, )
<du7 61> F)}(uv w)
= d*¢o P! - + P! : : (2.35)
(du, en) Y (u, )
The components of (2.35) can be written as
—div (p;ﬂl (du, eﬁ>) = d*ﬁaﬂopg (du, 67)—1—]7;5 Ff(u, V), a=1,2,---,n in By,

(2.36)
where P~1 = (p;l%)

For clarifying the estimates, we can assume that u € Hi(By, N). Otherwise, we
can modify u by multiplying a cut-off function and reduce (2.35) in a similar manner
but with extra term which will not cause difficulties for the following estimates. For
the detail technique we refer to Riviere-Struwe [RS08].
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Now for 0 < R < 1, by the Hodge decomposition, we have

pob (du, eg) = dfo+ dgo +hoy 0 =1,2, - 1,

where f, € H}(Bgr) and g, € H'(Bg, A°R?) with vanishing boundary value on

OBg, and h, € L*(Bg, A'R?) is a harmonic 1-form. For the Hodge decomposition

of forms in Sobolev spaces, we refer to Iwaniec-Martin [IMO1, Cor. 10.5.1, p.236].
It follows from (2.36) that

~Afo = —div (p} (du, eg)) = d*éag o py) (du, e,) +poh FY(u, v),  (2.37)

and

—Agy, = —d (p;ﬁl <du7 65>)
= —dpys A ((du, eg)) — poy ((dey, e)) A ((du, eg)), (2:38)

where a =1, 2, --- | n.
First, we estimate g,. In this case, we need to interpret that the target manifold
N is isometrically embedded into R¥, so we can write equation (2.38) as

—Aga = —dpys N ((du, e5)) — pgy ((dey, e5)) A ((du, e5))
- (R ) A (g s (7))
_pgvl (<V%ew, 65> dx + <Va%ey, eg> dy> A
A (<V%u, 65> dx + <Va%u, €6> dy)

- (agié <Va%u, 65> 85; <Vau 65>) dx N\ dy

oLy . . Opls ..
— _< Pos Uy, € — Pap uée%) dx A dy
Do ((ey)i eyul eé - (ev); eul, e%) dx A dy, (2.39)

where P~' = (p31) , (e ); = (V o €7> and (-)" denote realizing the embedding into
RK. )
Fix a number 1 < p < 2 and let ¢ > 2 be the conjugate exponent of p (i.e.

% + % = 1). Since g, € H'(Bg, A*R?) with vanishing boundary value on 9Bg, by

duality we have
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lgally <C sup /<de, dg) . (2.40)
ldol,, <1 Jma

@ € Wy"(Br)
For R < 1, the Sobolev embedding theorem implies Wy (Bg) < ' (Bgr) and
for ¢ € Wy %(Bg), there holds

2

||<PHL0<>(BR) < CR'"a ||V90||Lq(BR)v

and by Holder’s inequality, there holds

_2
HVSOHB(BR) <CR'4 HVSOHLq(BR)‘

For such ¢ then we can estimate
/ (dga, dp) = =—/ PA ga
Bpr Br
op-t  opt .
—- aB g _ aB g %
- /BR<83U Uy By Uy | €5¥

[ pd (1) e = ) i) ¢
R

= I+1I. (2.41)

For v € L'(Bg), we denote by Up, the average value of v on Bp, that is,

_ 1
UBp - V.

’ 7TR2 Bgr

Integrating by parts, we have

_ / Opas O(ehp)  Opas O(eh ) (u = >
B \ O Oy oy  Ox Br

—1 i —1 i
- ox Jy dy ox W) BMO(Br)
< C ”dP||L2(BR) <H90||Loo(BR) ||V€6”L2(BR) + HdSOHLQ(BR)) HUHBMO(BR)
2
< CeRv! ||u||BMO(BR)’ (2.42)
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where we have used the duality of the Hardy space ‘H and the BM O space, the fact
lep]| 0o < 1 and % —i—é = 1.
In a similar way, we can estimate

1= = [ (e e = (e i) ¢
Br

Oet . Ot . o

_ Y ,.7 Y, -1 i J
= - —L ! — —Luy ehe
/BR(&U Yooy x)p” A

:/ (3623(p;$€%€é90)_%NPWM@))(2- )
Br

Ox oy Ay Ox 4T WBn

_ ||oeh 2 (ps b en ) 0e O (P ceh ) Il
— || Oz oy dy ox BMO(Br)
H(BR)
< CUVeglln (1ol ey V€8l 22y + 10l iy 12PN 2 + el 2y )
X HUHBMO(BR)
2

< Ce Ry ||U||BMO(BR)= (2.43)

where we have used the fact Hpa H § C, since (pm) € SO(n). And we also have

used that [|[Ve,||,. < C||dul| . (See (2.24)).
Hence we conclude

2
Hganl,p(BR) <CeRr! ||uHBMO(BR)' (2.44)

Now we proceed to estimate Hfa||wlyp(BR) in a similar way.
It follows from equation (2.37) that

—Afa = d*&agops (du, e,) +pag FY(u, )

- ( 8526’ aaf;ﬁ) Pan (<Vau ev> <Va%u7 ev>>

+pay FY (u, ¥)
Oap af _
— ;xﬁpﬁi <Viu, 67> ;yﬁ 6*1 <Vau €7>+p 1F”( W)
a (6% — 1 1 « — 1 1
= i~ S e, v O ), 249

where we have used the same notations as in (2.39).
For clarifying the estimates for f,, we can decompose f, as fo, = fa1 + fa2, such
that
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_ OB —1 i i Oap , —1, i i
—Afar = oz PpyUy€y — Tay PpyUazCy
fa1|aBR = 07

and .
{ _AfaQ = p;'y F)’\y<u7 W
fa2’aBR = 0.
By duality we have

Hfal”Wl,p(BR) S C sup / <dfa17 d§0>7 (246>
ldell, <1 7Bz
¢ € Wy *(Bg)

and we estimate

/ <dfa17 d90> = _/ @Afal
Br Br
8§a,3 -1 i 3 afaﬁ -1 i i
- /BR ¥ (Wpﬂvuyev_ 8_ypﬁ'yu:v6“/

_ _/ 0tas 0 (05, 9 €) s 0 (Psy 2€3) (ul _Wis )
Br "’

o Ay dy O
o ||%as D05y 0¢5)  Bas D (05 £5) lull
Ox dy dy O H(BR) oG
< CIVE |V 05 22 1ullprromg
< Ce Re! el prrocsy) - (2.47)

Hence, it follows from (2.47) that
2 1 2_1
Hfaluvvl,p(BR) <OVl Ry HUHBMO(BR) < CeRv H“HBMO(BR)- (2.48)
To estimate f,2, we just use the standard estimates for elliptic equation

ool 2,y < C IEAt W)l 2y

which means

||f042||W17P(BT) < Cre ||F(u, ¢)||L2(BR) . (2.49)

From the classic Campanato estimates for harmonic functions, as in Giaguinta
[Gi83, Proof of the Theorem 2.2, p.84], which yields for any 0 < r < R and the
harmonic function A,
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/T hal? < C (%)2 /BR Il (2.50)

Thus, from (2.44), (2.48), (2.49) and (2.50), we can proceed the estimate for u
as follows:

« (e

/ Va’ < Csup / hal” + C sup / (dfal” + dgal?)

n
N\ 2

< Cow(5) [ Ml s [ (i + ol
a Br a JB,

o (L) [ v cdr |
R . u €0 BMO(BR)

+Cr? [ 2 (u, w)Hzi2(BR) . (2.51)

IN

For 1 < p <2, the Morrey space MPP(Bg) is defined by

M98y 2= Lo € 1,(Ba) < [ollyogy < 0}

1
—2 p\”
V|| asp, = | sup <P / v }) )
| HMPP(BR) (T<R{ BR| |

It easy to see that M*?(Br) = L? (Bgr) and MP?(Bpg) behaves like L? from the view
of scallions. We also note that

where

||u||BMO(BR) <C HV““MM(BR) : (2.52)
Now as in [RS08], for z( € B%, and 0 <r < %, we set
Bao, ) = [ [P,
Br (o)
and for 0 < R < %, we define
VU(R) = sup O (xg, 7).
To € By

O0<r<R

Then by (2.52), we have

Sup HUH%MO(BR(xO)) < CU(R).

roEB,
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Thus, it follows from (2.51) that, there is a universal constant C; > 0 such that

for any xg € B% and 0

O(xg, ) <

IN

IN

<T<R§%,wehave

¢ (2 @, R)+ O (%)H B(zo, R)

+Cr? “F/\HL2 (Br)

() (1 () ) v iR,

o (7 (1 (7) " @) wm i

where we have used the fact HF)\HiQ(BR) <C ||ZZJHi4(BR) (see (2.27)).

Now for any given o € (0,1), fixing % = 6 such that 2C, o7~ < 1 (without
loss of generality, we assume 2C; > 1) , and choose €y > 0 such that ¢} = 62, then
for any Ry < % and 0 < R < Ry, we have

(I)(.I'(), 90

R) Cl 9 (1 + 60 60) \IJ(R) + Cl (eoR)p €
05 U(R) + C1 05 R

05" U(Ro) + C1 0572 R,

VAN VAN VAN

Taking supremum with respect to xy and R < Ry, we have

1
(6 Ry) < 05 W(Ry)+ CLOP™ RP Y0 < Ry < =.

2

(2.53)

(2.54)

(2.55)

Then for any r € (0, 6], choosing k¥ € N such that §f™ < r < 6% and iterating

(2.55), we obtain

w(r)

Using the fact that & < klosb 1 o (ktllogfo

< WO <O wOET) + Crop oY
k—1

< OFFw(1) + O e ept YN gt
j 0

pka pk+2 919 —1
00 ( ) + Cl W
0

k(o

_ G
207 —1
< O (W) +C ).

0pko¢+2

< (1) 4

, we have

— logr logr

orre < '3
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It follows from ( 2.56) that
U(r) < r'2 (BA)+C), Vre (0, by). (2.57)

This implies that u is Holder continuous in B% by using the well-known Morrey’s
decay Lemma, c.f. [Gi83].

By this C%© continuous in hand, the rest of the proof of the regularity of (u, 1)) is
standard by using a similar argument of Chen-Jost-Li-Wang [CJLWO05], practically
we just need to modify the proof of Lemma 2.5 and Theorem 2.4 in [CJLWO05] by a
slight change of analysis caused by the Ricci type spinor potential terms in equations
(2.15) and (2.16) in Lemma 2.2. The higher order estimates of (u, 1) follows from
a bootstrap argument.

O

Proof of Theorem 2.4
Theorem 2.4 directly follows from the e- regularity theorem, since the regularity
is a local property.

2.3 Approximate compactness

In this section we study the approximate compactness of Dirac-harmonic maps with
a Ricci type spinor potential. The theorem is as follows:

Theorem 2.8. Let (uy,10,) € HY(M, N) x Wh3 (I(SM @ u"'TN)) be a sequence
of weak solutions to the approrimate Dirac-harmonic map equation with a Ricci type
spinor potential

{ Tup) =5 (05, Vi U) Bogs A Ragey (U5, 050 +5) g oy

DY) = —2ARS(u,) vl + B

from a compact Riemannian surface (M, g;;) to another compact Riemannian man-
ifold (N, hag) of dimension n = 2. Assume that |[up| g, [[¥pl 14 are uniformly

bounded, S, = (S;“) strongly converges to 0 in H~! (M, RK) and B, strongly con-
verges to 0 in L3 (SM ® u,'TN). Then there exists a subsequence (up,,vy,) of

(tp, ¥p), such that (uy, , 1y, ) weakly converges in H' (M, N)xW 3 (D(SM @ u'TN))
to a pair (u, ), which is a weakly Dirac-harmonic map with a Ricci type spinor po-
tential. i.e. (u,1)) satisfies the equations

{ T (u) = 5 (V% VU - P) R4+ AW Ragey (0%, 07)

Dy = —2ARS(u) P (2.59)
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Proof. Since (uy,1,) are uniformly bounded in H'(M, N) x W3, we can always
assume that the sequence pair (u,, ¥,) weakly converges to some pair (u, ¢) in
HY(M, N) x Wh5 (D(SM @ u™*TN)).

Observing that we can modify the argument of Proposition 2.3, we may assume
that there exists a global orthonormal frame {(e,),} . As in [He91, He02], we may
assume that {(e,),}._, is a Coulomb moving frame with properties (2.23) and (2.24).

Then the equation (2.58) under the orthonormal frame {(e,),} can be written as

Dy = —2X Ric(up)((eq)p, (€5)p) Vs + B, (2.60)
) = 5 R (€ (o (€2),) (Vo () ) (05, -
TUp) =g Ey)ps \€5)ps \€a)p, (€8)p 22U \C)p T
+)\ Raﬁ,’y(“p) <¢g7 ¢5> - 2)\ RiC(U)((eg)p, (65)P> Fg'y (R€ <,l/}zl7 ¢g>)
+5]
1 0
= SR s ol () (7 g sl (Ve )
+FY (up, 1p) + 57, (2.61)
where {8%1, 3%2} is a local orthonormal coordinate frame on M and Re(z) denotes

the real part of 2 € C, and we have used the notations B} = (B, (ea)p), S) =
(Sps (€9)p)-

For every « € M we assign 7, , such that [, (@) 0,° = €(n) or r,, = o0
T, p

in case [, 10,> < e(n), where €(n) is the constant as in Lemma 2.6 and ©, are
indicated in (2.33) related to (u,, 1,). Hence { B,,  (z)} realizes a covering of M. By
the compactness of M, we extract a Vitali covering from {Brw(x)} which ensures
that every point of M is covered by a number of balls bounded by a universal number.
Since [}, |©,|? is uniformly bounded, the number of balls in such Vitali covering for
each p, and after extraction of a subsequence (we still denote by (u,, 1)), we can
assume that it is fixed and equals to J independent of p. Let {Bri,p(xiap)}izl o g
be this covering. After extracting a subsequence, we still denote it by (u,, w;,); we
can always assume that each sequence {z; ,} converges to a limit z; in M, and that
each sequence {r; ,} converges to a non-negative number r; ( of course r; could be
0),i=1,2 --,.J.

We claim that (u, 1)) satisfies the equations (2.15) and (2.16) on each ball B, (x;),
hence satisfies (2.59) on each ball B,, (z;).

Let P, , and &; , be given by Lemma 2.6 in Ball B,,(z;) for ©; ,. Then we have
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<dup7 (61)p>
—div pr1
<dup’ (6n)p>
(it (€1, ) F )
= dG,0F;, | +F, | +Ep S
<du, (en)p> E3 (up, 1p)
(2.62)

or equivalently

—div ((p;;)aﬂ <duq, <€B)q>>

= d (gi,q)a/g ° (pi_,;)m <duqa (6'7)(1) + (pi_,;)aﬂ Ff(uqv @Z)q) + (p;é)a,g Sf
(2.63)

fora=1,2,---,n, and
D%? = —2A Ric(uy)((€a)p, (€5)p) ng + B,? (2.64)
in B,,(x;). Where P, , and §; ,, satisfy

PrpdPry+ Py ©ip Py = d'Gi
We can extract a subsequence which still denoted by (u,, 1,) such that each
of its related moving frame{(e,),} and the couples P; , , & , weakly converge in
Wh? to some limit {e,} and P, & respectively and strongly in L? in every ball
B, (x;); here the moving frame {(e,),} — {€a} in W2 hence we have {e,} is an
orthonormal frame along the map wu.
First we note that since B, — 0 strongly in L%, it is easy to see that

Dy + 2A Ric(uy)((ey)ps (€8)p) 7/}5

v ~ o . a . B (265)
=PV + T <Va%u, eg>u1(TN) (em WP > + 2X Ric(u)(eq, €s) 9

in D'(B,,(z;)). Hence we have
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DY + 2 Ric(u) (e, e5) ¥’ = 0.
On the other hand, in every ball B,,(z;) we have

<dup, (el>p> (du, e;)
P, : — P! : in D' (B,,(z;)), (2.66)
<dup, (en)p> (du, en)
and
P ydP;,+ POy, Py — d'6, — PP+ PO, P — d*¢; (2.67)
in D' (B,,(x;)). Obviously we have

|P F(up, wp)| <C Wp’Q-

Hence
F)}(um Zbp) F/\1<u7 ¢)
Pl : — P! : in D' (B,,(z;)) . (2.68)

EX (up, p) Y (u, 9)

We also need to get the weak convergence of the term

<dup’ (61)p>

d*gzpopl ' ;

(du. <én>p> ,

or its components

@ (€ (ih) 5, (dugs (€),) @ =12+ n.
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For any ¢ € C§° (B,,(z;)), we have
/B”m) T (iadas © (Pi)s, <<du‘“ (e”)q>> i
= [ s (), () ¢
s (i), g ) ¢

+/B o d* (fz’,q)ag © (pi_,é)m <<duq, (ev)q> — (duy, ey>> ©
= I+11+11I1. (269)

As a same calculation of (2.41) and (2.45), we can write down the three terms
in the following:

he /B (1) A" (€0)ap © (177) 5, ({dta: €4)
8(5i7Q)a5 a(ﬁi,q)aﬂ 1
- /Brv(a:i) <_ oy = Ox (), <<va%“q’ 67>’ <Va%“q» 67>> ©
J (&’q)aﬁ 9 (£i,q)aﬂ B
- /Br.@i) ( e Vel g, Vau | ), ¢

9 (é-l)aﬁ d (gl)aﬁ —1
/Bri(xi) ( g Va%uv— —8y Vaeiuw) (pi )57 2

- / 76 0 P ((du, ea) 0. (2.70)
Bm(itl)

where we have used the fact that

9 (fi,q)aﬁ 9 (fi,q)ag 9 (£i>a6 8( i)aﬁ
(T Vata = g, Vald| 7 ( o VT "oy V“)

in D' (B,,(x;)), which could be proved by the so called Div-Curl Lemma. In fact,

0 (&i.0)a 0 (&i.0)a
("5 g G ) e nimie

Thus we have on (B, (z;))
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oz oy dy oz ox dy dy oz

<8(§¢,q)a5 V. ug B a(gi,q)ag v, ug> N (a(fi)aﬁ Vooul — M V s u7)

weakly in H (B,,(x;)).
Combing this with the fact that (p;l)m ¢ € BMO (B,,(z;)), we get (2.70).
For the convergence of I1, we use the Hodge decomposition theorem again( cf.
Iwaniec-Martin [IMO01]), such that

(pijtlz),g,y (<duq7 e'y>) = dffp -+ d*gfp’ B=1,2,---,n,
and f; p, gi,p satisfy

Hfi,pHm + Hgi,pHL‘z <C HvupH]ﬂ )

where the norm is on the ball B,,(z;).

We may assume that f; , — f; and ¢; , — ¢g; weakly in W2, Tt follows from
(2.66) that

(07"),, (du, e)) =df) +d°g], B=1,2,---,n

Therefore we have

1 = " (&iq) aB © (pz P ) ({dug, €7>) pdu,

Bri(%)
/ Gadag o (A, — df +d'gl, — d'g7) v,
By, (z:)
/ “(&i.q) 50 (d*gZ » ) @ dvg
B?" (731)
_/ d” (fi,q)afjo (ffp_flﬂ> dp dv,
BTi(xi)
— / (SZ q) ( gz , D d*glﬁ) @dvg
Bri(zz)

— / pdv asp— oo, (2.71)
By (i)

where dv = .\ a;0z;, Ais an at most countable set, a; € R, 7; € By, (),
and > .\ [a;| < oo. Here we have used a compensated compactness result [Wa05,
Lemma 3.4], which was first developed by Freire-Miiller-Struwe [FMS97] in the con-
text of wave maps research.

The convergence of 111 can be treated in a similar way as above, we can calculate
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ITT = "b; 65, (2.72)
jEA
where we use the same index set A, since it is also at most countable, and > jeA b;] <

0.
Combining (2.66)-(2.72) and the fact

PJPISP —0 in D'(B,,(z;)),

we then have

—div ((p;l)aﬁ (du, 66>> = & (&)ago (07) 4, (dus &) + (0771) 5 FX (u, ¥)
+Z (aj + b]) 5jj,

JEA

and
Dy = —2\ Ric(u)(eq, eg) 9’

in B,,(x;). On the other hand, we know that §, € W12 + L' so we conclude that
aj +b; =0, for j € A. Which implies that the pair (u, 1) satisfies the equations
(2.15) and (2.16) in the ball B, (x;).

The claim is proved.

Now we complete the proof of the theorem by modifying an argument arising by
Riviere in [Ri07] for proving approximate compactness for nonlinear systems which
share an anti-symmetric structure. It is clearly that every point of M is in the
closure of the union of the balls B, (x;). Let + € M be a point which belongs to
none of the balls B, (x;). Then it must be seat on the circle, the boundary of one of
the balls B,,(z;). Because of the convexity of the circle and the balls , it has to seat
at the boundary of at least two different circles. Two different circles can intersect at
only finitely many points( 0, 1 or 2 points), since there are finitely many circles, only
finitely many points in M can be outside of the union of the balls B,,(z;). Thus the

distribution —div ((pi_l)aﬂ (du, 65>> —d* (fz-)aﬁo(p;l)ﬂ7 (du, 67)—(]?;1)0[6 FP (u, )
is supported at most finitely many points. Since —div ((pi_l)aﬁ (du, €5>> —d* (&) 450
(pi_l)ﬁv (du, ey) — (pi_l)aﬁ FP(u, ) € Wh2 4 L', so it is identically zero on M.

This completes the proof.
]

Remark 2.9. From the proof of the main theorems, it is easy to see that one can also
study and prove the same kind of results for nonlinear coupled elliptic system in two
dimension, such as Dirac-harmonic maps with other kind of nonlinear potential, when
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one assumes that the potential forcing term satisfies: |Fy(u, ¥)| < C[|°, for 0 <
p < 4. However, we could not prove the reqularity result for solution of FEuler-
Lagrange systems of the functional L., which was proposed in [CIWO07] related with
a general curvature potential term.
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Chapter 3

The boundary value problem for
Dirac-harmonic maps with a Ricci
type spinor potential

In Chen-Jost-Wang-Zhu [CJWZ], boundary conditions that of the type of the D-
branes of superstring theory have been studied. After a geometric derivation of the
boundary conditions, Chen-Jost-Wang-Zhu provided analytic regularity theory for
the Dirac-harmonic maps at such a boundary. In this chapter, we will study the
boundary value problem for Dirac-harmonic maps with a Ricci type spinor potential.

3.1 Free boundary problem for Dirac-harmonic
maps

In this section, we will introduce the free boundary problem for Dirac-harmonic
maps. For more details, see [CJWZ].

3.1.1 Chirality boundary conditions for the Dirac operator
7

In this subsection, we will recall the chirality boundary conditions for the usual
Dirac operator @ (see [HMRO02]).

Let M be a compact Riemannian spin surface M with non-empty boundary OM.
Then M admits a chirality operator, the Clifford multiplication G = 7 - 2, where
{71,72} is an orthonormal frame on M. G : ¥M — ¥ M is an endomorphism of the
spinor bundle XM satisfying:
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G'=1 (G, Gp) =, p), (3.1)
Vx(Gy)=GVxy, X -Gi=-G(X-v)

for all X € I'(T'M) and ¢, € I'(XM). Here I denotes the identity endomorphism
of ¥ M, and V denotes the induced connection by the Levi-Civita connection V on
TM.

Denote by

S(OM) = $M|,,,

the restricted spinor bundle with induced Hermitian product.

Let 7 be the outward unit normal vector field on OM, then the fibre preserving
endomorphism 7G : I'(S(OM)) — TI'(S(OM)) is self-adjoint with respect to the
pointwise Hermitian product, whose square is the identity /. That is,

(MGY, @) = (¥,1Gyp) (3.3)
(7G)* = 1. (3.4)

Hence it has two eigenvalues +1 and —1, and we have the decomposition
SOM)=VtaV-,

where V¥ is the eigensubbundle corresponding to the eigenvalue £1.
Now we define the boundary condition as follows:

B*: L*(S(0M)) — L*(V¥) (3.5)
1
(I 3 (I £7G) Y, (3.6)
that is, the orthonormal projection onto the eigensubbundle V*. B¥ is indeed a

local elliptic boundary condition for the Dirac operator @ ( see [HMRO02]).
We say that a spinor ¢ € W5 satisfies the boundary condition B if

B*y|,,, = 0. (3.7)

This type of (local) boundary condition has already been considered by many au-
thors, for instance, [GHHP83, HMR02, Bu93, CJWZ] etc..
We have the following proposition, see [HMRO02, p. 384] or [CJWZ, Prop. 3.1]

for a proof.
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Proposition 3.1. If iy, ¢ € Whs satisfy the boundary condition B*, then

(-, ) =0, on IM. (3.8)

In particular, one has
| v =o (39
oM

3.1.2 Chirality condition for the Dirac operator D along a
map u

For a Riemannian spin surface with non-empty boundary, the Dirac operator D along
a map is in general not formally self-adjoint. We have the following proposition.

Proposition 3.2.

/Mww, o) =/M<w,2>so>+/w (7, @) (3.10)
for all,p € T (XM @ u™'TN).

Now we extend the chirality boundary condition to the Dirac operator D along
amap u : M — N.

Definition 3.3. Given a submanifold S of N, we say a (1, 1) tensor R on S is
compatible, if the following properties hold

(R(y)V, R(y)W) = (R(y)V, R(y)W) VV,W eT,N,yeS,

and

R(y)R(y)V =V VYV eT,N yeS.

Such a compatible (1, 1) tensor on S always exists. For example, the identity
map ¢d of T'N, i.e.
id : T,N - T,N, VyeS.

Let S be a closed submanifold of N with a compatible (1, 1) tensor R and we
consider a map u € C*°(M, N) such that u(OM) C S.
We denote by

S(OM), == (XM @ u'TN)|,,,

the restricted spinor bundle with the induced metric.
Let {en} be a local orthonormal frame of N, then a section ¢ € I'(S(0M),) can
be expressed as
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Y =9 ® eq.

Denote by Id the identity map acting on I' (u 'TN|,,,), and we define the
endomorphism 7G ® R : I'(S(OM),) — I'(S(OM),) by

(MG R R)Y =GP @ Rey, Y =9 ®e, € T(S(OM),). (3.11)
Then one has

(MG R)Y, ) = (¥, (MG R)yp), (3.12)
(AG®R)? = I®]Id, (3.13)

that is, 7G ® R is self-adjoint and its square is the identity map. Hence we have the

decomposition
S(OM), =Vre V.,

where V= is the eigensubbundle corresponding to the eigenvalue +1 of 7G ® R. As
in Section 3.1.1, the orthonormal projection onto the eigensubbundle V*:

BE :T(S(0M),) — T(S(OM),)
Y %(I@IdiﬁG@R)z/;

defines an elliptic boundary condition for the Dirac operator D along the map u.
We say that a spinor field ¢ € T' (XM ®@ u'TN) along a map u satisfies the
boundary condition B if
Bf Ylan =0. (3.14)

Furthermore, we have the following proposition [CJWZ, Prop. 3.3]:

Proposition 3.4. If 1, ¢ € I' (XM @ u™'TN) satisfy the chirality boundary condi-
tion B, then

(-, 9) =0, onIM. (3.15)

In particular, one has

/{)M (7, @) = 0. (3.16)
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3.1.3 Free boundary condition for Dirac-harmonic maps with
a Ricci type spinor potential

Let S be a closed s-dimensional submanifold of (N™, h). First, we will introduce a
natural (1, 1) tensor R which is compatible with respect to S.

We consider a tubular neighborhood Us := {y € N| dy(y, S) <0} of S in N,
where ¢ is a small enough constant such that for any y € Uy, there exists only one
minimal geodesic connecting y and some 3 € S which attains the distance from y
to the closed submanifold §. Then on Us, we can define the geodesic reflection o as
follows:

o:Us — Us
y :==exp,yv = o(y) = exp,(-v),

where v € T/ N is uniquely determined by y. It is clear that 0% =id : Us — Us,
hence for ¢ small enough, o is a diffeomorphism. Thus, we can define a (1, 1) tensor

R on S by

R(y) :=do(y), VyeS,

and since o|g = id, hence R(y) € TyN ® T,N is indeed a (1, 1) tensor on S. R
satisfies the following properties:

i) R is compatible;

i) R(Z)|Tys = id, R(ZNT;S = —id, VyeSs,

where id denotes the identity endomorphism and TyLS denotes the subspace of
T, N that is normal to T},S.

For a given s-dimensional closed submanifold S of N, in the sequel, we will always
associate with it the compatible (1, 1) tensor R constructed via the reflection o for
S.

Assume u € C*°(M, N) satisfies the boundary condition that u(0M) C S and
let v € T (XM ®@u'TN). We impose the free boundary condition for 1) as the
chirality boundary condition corresponding to S, that is,

B ¢],, = 0.
For more details and an example for M = R?, see [CJTWZ].
We define
X (M, N;S) = {(u,¥)|ue C®M, N), udM)C S,

Y el (M @u 'TN), By ¢y, =0}.
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Definition 3.5. A pair (u, ) € x (M, N; S) is called a Dirac-harmonic map from
M to N with a Ricci type spinor potential and free boundary on S if it is a critical
point of L(+, -) in x (M, N; S).

Recall the definition of Ly(-, -) in section 2.1,

Lot o) = [ {5 [l + (0, D) 4 Aas(w) (92, %)}

Now Let (u, ) € x (M, N; S) be a pair of Dirac-harmonic map with a Ricci
type spinor potential and free boundary on &, we will calculate the Euler-lagrange
equation of the the functional Ly (u, ).

First, we consider a family of (u, 1) with %’ o = n and ¥y = . Then we
calculate

dL/\ (ua wt)
dt

/M %(% Dity) tO+A/M Rap(u) %@?‘, v
/M [(n, DY) + (4, Dn)]
+A/M Rag(u) [(n*, ¢7) + (4%, n")]
_ %/M[@,Dwﬂ%,m]—%/w (7
+)\/M Rag(u) [(n®, v7) + (%, )]
_ /M Re (has (1%, DY) + 2 \Rag(u) (1%, 4°))

_%/(BM (7, ) | (3.17)

1
t=0 2 t=0

1

2

!

where we have used Proposition 3.2, and Re(z) denotes the real part of z € C.
Since v, 7 satisfy the boundary condition B, hence it follows from Proposition

3.4 that [, (7-¢,n) =0.
Thus, it follows from (3.17) that

Dy = —2 AR (u) v’ (3.18)
Now we deduce the u-variation {u;} in the direction %| o = U with up = w.
We choose a local basis {%} of N, then v = vaa% and ¥ =Y ® 6yi0‘7 we compute
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dL/\(Ut, 1/]>
dt

t=0

1 d
+§/M E@/%DW

1
_/ i|dut|2
2 Jy dt =0

d
+)\ a aﬁ(u) <wa7

t=0
1 d

e [, |G o) (o 52
A Fogsf) (07, 0%) 00
—/M(T(u),v>—|—§/M<w°‘, DyP) VT2 hss

1 . 0
A fenleoni)

1
+§/J\4 <,(/)oz7 vu5¢ﬁ> Rnéﬁavn+AA4 06,377 <77/}Oé wﬁ>v77
+/3M <Uﬁ, U>
= [t o5 [ 1% D) (DU, 0)] 01T b

M M

1
+5/M<¢a, vu’ - F) Rn(sgoﬂin—l-)\/ agn(w) (P, PPy o"

. 0

+/ <umv>_/6M< OV Gy >
/ (o 77(0) = AT, (47, 07) + (05, 0)
+§ <¢a7 v’ ¢ﬁ> Rysga + ARag,n <7/’a’ ¢6> b "
by 2= 1 G ) D) o
/ {—hm] 7(u) +% (¥*, VU’ - ) Ryspa

M

+ )‘Raﬁ;n <¢a7 @/Jﬁ>} V"
+/ hoy (2, — Rt (7 -9, 1/)B> Fgg Pas) V", (3.19)
oM

t=0

t=0

where an are the Christoffel symbols of N, uz = 2%, and R,g., denotes the covariant

on’

derivative of the Ricci curvature tensor R,z with respect to %; and we have used

the fact Dy~

—2 ARG (u) P

53



duy

Since v = i | i—o

is arbitrary, hence we have

1
7 (u) = 3 (¢, vl - e Rl g5 + AR Rag.y (y*, ) (3.20)
and
20— 106 (it 4 ) T has) 2 LS 3.21
(uﬁ_ <”¢a¢>g§ a&)a_y,y . ( )
Let A(:, -) be the second fundamental form of the closed submanifold S in N.
And for £ € THN, let Ps(&; -) be the shape operator of S in N, then one has

(Ps(&; X),Y) = (A(X,Y), £). After a calculation, we have the following proposi-
tion [CJWZ, Prop. 3.4]:

Proposition 3.6. The condition (3.21) is equivalent to

)
@) = Py(it - 7).

on
In particular, if S is a totally geodesic submanifold of N, this reads
ou
— 18S.
on

Therefore, from the above calculations and Proposition 3.6 , we obtain the follow-
ing equivalent definition of Dirac-harmonic maps with a Ricci type spinor potential
and free boundary on S.

Lemma 3.7. A pair (u, ¥) € x (M, N; S) is a Dirac-harmonic map with a Ricci
type spinor potential from M to N and free boundary on S if and only if (u, ¥)
satisfies the equations

Dy* = —2AR5(u) v’ (3.22)
™(u) = %wa, Vu' - 9”) Rl g5+ A" Ragy (0%, 7)) (3.23)

and satisfies the following free boundary conditions:

i)

du ' S LT
(55) = et vts (3:24)

ii)

BE 1]y = 0. (3.25)
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3.1.4 Weakly Dirac-harmonic maps with a Ricci type spinor
potential and a free boundary on &

In this section, we will define the free boundary conditions for weakly Dirac-harmonic
maps with a Ricci type spinor potential. By Nash’s embedding theorem, we may
assume that (N, h) is isometrically embedded into the Euclidean space R¥. By
using the orthonormal decomposition R = T,N & T;*N, for any y € N, we can
consider the bundles XM ®@u TN and S(OM), = XM ® u*T'N|,,, as subbundles
of XM @ u™'RX and XM ® u‘lRK‘aM respectively.

Let V5N be a tubular neighborhood of N in R¥ with the projection P : Vs — N
(see [He02]). We define

R(y) :==d(oo P)(y), Vy€S.
Since (0 o P)|g = id, hence R(y) € T;R* ® T,R¥ is a (1, 1) tensor on S. One can

verify that R is compatible (for more details see [CJWZ]).
Denote

L2 (S(OM),) = {%M ’w e Wi (SM @ u'TN) }
Then we can define an endomorphism

G ® R : L* (S(OM),) — L* (S(OM).,),

which is self-adjoint and its square is the identity map. Moreover, we have the
decomposition S(OM), = V,F @V, and we can define an elliptic boundary condition

B : L2 (S(OM),) — L* (V)

for the Dirac operator D along the map wu.
For convenience, we will still denote BZ by BZ.
In analogy to the case of smooth sections in Proposition 3.4, we have:

Proposition 3.8. For u € H' (M, N), if 1, ¢ € W3 (XM @ u™'TN) satisfy the
chirality boundary condition BE, then

(-1, p) =0, ondM, (3.26)

i particular, one has

/ (1i -1, ¢) =0. (3.27)
oM
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Now we define the class "7 (M, N; S) of the pair (u, 1)) with free boundary as

13
follows:

Xis (M, N; 8) = {(u,9) [u€ H' (M,N),u(dM) C S;
Y eWLE (SM @ u ' TN), BE ¢, = o} ,

where u(0M) C S means that u|,,, maps almost all of M into S and BE ¢|,,, =0
means that BE ¢|,,, vanish on almost all of OM.

Definition 3.9. A pair (u, ¢) € Xiz (M, N; S) is called a weakly Dirac-harmonic
'3

map with a Ricci type spinor potential and free boundary on S if it is a critical point
of the functional Ly(-, -) in Xiz (M, N; S).
'3

Similar to Proposition 2.3, we have the following proposition:

Proposition 3.10. Let f : (N, h) — (N, h) be a totally geodesic, isometric em-
bedding map. Suppose (u,) € Xi’i (M, N; S) is a pair of weakly Dirac-harmonic

73 -
map with a Ricci type spinor potential with free boundary on S. Then (u, 1) €
X
potential from (M, g) to (N, h) with free boundary on S, where & = fowu, 1 = u)
and S = f(S).

(M, N; g) 18 also a pair of weakly Dirac-harmonic map with a Ricci type spinor

With the help of the above proposition, now we can follow Hélein’s enlargement
construction to replace N by another Riemannian manifold NV such that there is a
global orthonormal frame on the neighborhood of the image of the map @. Thus,
without loss of generality, we assume that N supports a global orthonormal frame
{ea}"_,, which is a Coulomb frame with the properties (2.23) and (2.24). Under
this orthonormal frame {e,}._,, a spinor field ¢ along the map u can be expressed
as P = Y R eg,.

Now we can rewrite Lemma 2.2 as follows:

Proposition 3.11. Suppose that (u, ) € H* (M, N) @ Wh5 (SM @ u"'TN) is a
weakly Dirac-harmonic map with a Ricci type spinor potential. Then

/M (4, DE) + 22 /M Ric(u) (e, ¢s) (4, €%) =0,

_/ du-VV = / {%RN(en, €5, €as €8) (Us(Vi), €5) =107y <wﬁ’ ~; - wa>2M
M M
+ ARagn (V7 07) = AR T,y (07, 9°) + (¢, 4%)) } V7
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for all compactly supported & € Wlan L (XM @ u™'T'N) and for all compactly
supported V € H'NL® (M, u'TN). Here {1, Y2} is a local orthonormal coordinate
frame on M.

Similarly, we have the following proposition for Dirac-harmonic maps with a
Ricci type spinor potential and free boundary on S.
Proposition 3.12. Suppose that (u,)) € X12 (M, N; S) is a pair of weakly Dirac-

4
harmonic map with a Ricci type spinor poten%z’al and free boundary on S. Then

/M (4, DE) + 2 /M Ric(u)(ea, e5) (47, €°) =0,

1
—/ du-VV = / {§RN(€»7, €5, ar €3) (Ue(V), €5)y1rny (U7, % 0o
M M
+ ARag,y (0% %) = ARse TS, (0%, %) + (¢°, ¢*)) } V"

for all £ € Whisn L (M ®u™'TN) such that BE €|,,, = 0 and for all V €
H'NL>® (M, v 'TN) such that V(z) € TS for a.e. x € OM. Here {71, 72} is a
local orthonormal coordinate frame on M.

3.2 The reflection construction

Since the goal of this chapter is to study the regularity of the weakly Dirac-harmonic
maps with a Ricci type spinor potential and free boundary on S, and since the
regularity is a local property, without loss of generality, we may assume for simplicity
that (M, g) = (By, go), where B = {(x1, 23) e R?|2? + 23 <1, 25 >0} and
go = dx? + dz3 is the standard metric on R?, and the free boundary portion I :=
{(z1, 0) |-1 < x; < 1}. Moreover, we identify 6%1 with 7, ¢ = 1,2, then the outward
unit normal vector field 7 = —~,, hence G = —i 7.

In this section, we first prove a lemma , which is analogous to Lemma 3.1 in
[CJWZ] and Lemma 3.1 in [Sch06]. We show that the image of u over a sufficiently
small neighborhood of a boundary point is contained in a tubular neighborhood of
the supporting submanifold S. Hence if we restrict to a sufficiently small domain,
one can use the geodesic reflection o to reflect the pair (u, 1) across S. Then by
using the geodesic reflection o, we can extend the metric h on the pull-back bundle
u 'TN — Bj to some metric i on the bundle w 'TN — By with the extended
map u. Finally, we will prove that the extended pair (u, 1) satisfies some equations
which are similar to the equations in Proposition 3.11 and Proposition 3.12. These
equations will be used to show the regularity of the weakly Dirac-harmonic maps
with a Ricci type spinor potential and free boundary on S in the next section.

First, we have the following lemma.

57



Lemma 3.13. Let (N, h) be a compact Riemannian manifold of dimension n > 2,

isometrically embedded in R and S a closed submanifold of N. Then there is an

€0 = €(N) such that for all weakly Dirac-harmonic maps (u,) € x;% (M, N; S)
3

with a Ricci type spinor potential and free boundary on S satisfying

[ G+ pol') <

1

Then it holds dp, (u(z), ) < Cey for all xz € Bf“/4 with a constant C = C(N).
Moreover, there is a Q € S such that u(x) € B, (Q) for all x € Bf/4 with a
constant C' = C(N).

Proof. Since we have the e-regularity for Dirac-harmonic maps with a Ricci type
spinor potential ( Theorem 2.7 ), the proof of Lemma 3.13 is quite similar to the
proof of [CJWZ, Lemma 3.1], we omit it. ]

The above lemma shows that if the energy [+ (|alu|2 + |¢|4) is small enough,
then
u(31+/4) CU; ={yeN :dy(y,S) <3}

for some § > 0.
Denote

Y(x):=do (u(z)), Vze Bf/4.
and we define a morphism
T+ Wb (z:1.t31+/4 ® u—lTN) LW (2334 ® (0 0u)™" TN) by
T =4+ip 3.
By definition, we have the equivalent boundary condition

B 9|, = 0 if and only if T5 ¢|; = £ 9|, (3.28)

for all ¢ € Whs (EB;FM ® uilTN), where I := 8Bfr/4 = {(xl, 0) |—}1 <r < }1}
In the following, we will only consider the case of (B;, T.'), since the case of
(B, T})) is similar. For simplicity, we will denote (B;, T.') by (B, T.)
Now we extend the pair (u, 1) to the lower half disk

B;/4 = {(.ZCl, xz) € RQ

1

For = (x4, x2), denote z* = (z1, —x2). We define
u(@®) = o(u(z)), z*€ B,
() = Tuy(z), 2" € B,
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It follows from (3.28) that the extension for (u, 1) is well defined.

Now using the extended map u, one can extend 3(x) to Byy (still denote by
¥(z)), which satisfies X7} (z) = X(z*). Moreover, one can extend T, to some
morphism (still denote by T,)

T, : W5 (£Bys @ u"'TN) = W5 (£By, @ (7 ou) ' TN).
For any @ € Whs (EB1js ® u™'TN), it can be expressed as

77[](37) = ¢a($) ® ea(x)v T e Bl/4-
By definition, one has
() = Tu(2)P(x) = in - P (2) @ X(x)ea(x), 2" € By,

Since {e,} is an orthonormal basis of IV, so is ¥(x)es(x). Hence for x € By 4, there
exists A(z*) € O(n) such that

Y(z)er(r) ex(z”)
= A(z") ,
Y(r)en(x) en(7")
Y(2)ea(r) = A (x%)es(z*), a=1,---, n.

This implies that *(z*) = AS(z) (i1 - ¢¥°(z)), & € Byyy. Similarly, we have i7; -
(x) = AL (2" )9 (2%), © € Biya.

Furthermore, one can calculate that T, (z) Ty(z*) ¢ (2z*) = ¢(2*) . For more
details, see [CJTWZ].

Now using the geodesic reflection o, we are able to extend the metric A on the
bundle v 'TN — B;L/4 to some metric A on the bundle v TN — B4 with the
extended map u as follows:

(V(x), W(z)),, v € By,
(V(x), W(x)); = { (S(2) V(z), S(x) W(z)), , x € B1_;4

for all V(z), W(z) € T (Bis, w 'TN). Similarly, we have the extended metrics
(with respect to h) on ¥Byq @ u 'T'N, TByjy @ u TN and T*Y By ® u 'TN
respectively. B

Moreover, we have the extended covariant V with respect to h defined as follows

VX(x) V(ZL‘)
,: { Vi (x@) V(@) z € Bf),
Z(ZB*)V(UOU)*(X(@) (Z(:E)V(l‘)) = Z(x*)vz(x)u*(x(x)) (Z(ZE)V(ZE)) x € Bl_/4’
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where X € I(T'By4) and V' € I'(By 4, u 'T'N).
And the extended Riemannian curvature tensor R is defined by

R(u) (V(2), W(x)) U(x)
{ R(u) (V(z), W(z)) U(x) v € By,
X(z")R(u) (B(2)V(z), B(z)W(2)) (E(2)U(z)) @€ By,

where U, V,W € I'(By4, u 'T'N).
We define N ~
Raﬂy&(u) = <R(U) <€C¥7 eﬂ) 677 €6>ﬁ7

then the extended Ricci curvature E@'/cag (u) can be expressed as follows:

Ricap(u(x))
= Russplu(a) = (B(u) (ea, e5)es, c5).
_ { Ricap(u(x)) v € B,
(R(u) (X(r)eq, B(x)es) (B(x)es), Blw)eg), =€ By
_ { Ricap(u(x) x € B,
AL (z)Af (") (R(u) (ey(2"), es(z”)) (es(x™)) , ey(2*) ), x € By
_ { Ricap(u(z)) T € B;’M
Ay (x*) A (z*) Ricy, (u(r*)) = € By,

The extended Christoffel symbol fz s(u) can be expressed as

= Flﬂ(u(@")) x € BIF/4
Fasltle)) = { (Vs ). (o)) € By,
_ { Fgﬁ<u(‘r)) T € B1/4
(E@)E ) Tsaen (S@)es), Swes), o€ By
_ I75(u(z)) T € B;L/4
AL (@) A5 (a7 AL (27) ( Veyary (ee(a) s eg(a7)), o € By
_ I 5(u(r)) x € Bf/4
A () A () AT(a*) T (u(a)) = € By,

Finally, recall that the Dirac operator along the map u can be expressed as:

D=9@RId+ v @V,
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and we can define the Dirac operator along the extended map u with respect to the
extended metric h by

D:=§RId+~ V..,
We have the following relation between D and D:

Lemma 3.14. i) For, ¢ € Wha (£B1/s @ w'TN), we have

(W(@)(x), (), = (Tu(@)y(2)(x), Tu(x)p(x)), Ve By,

i)  For any € € Wh3 (EBijs @ u™'TN), denote £*(z) := T,(z*)&(z*), Vo €
B4, then we have

D, £(a*) = Tou(2) Do€*(x), Vo € By,
Proof. See [CJWZ, Lemma 3.2] and [CJWZ, Lemma 3.3]. O

For the equations of the extended pair (u, ), in analogy to Proposition 3.11 and
Proposition 3.12, we have the following theorem.

Theorem 3.15. Suppose (u, 1) € X}Q (Bf, N; S) 15 a weakly Dirac-harmonic map

4

3
with a Ricci type spinor potential and free boundary on S. We extend the pair (u1))
to the whole disk By,4 as before. Then

~ 1~
_/ d/u/ 5 vv = / {ER(GTI, €s, Ca, eﬂ) <u*(77,)7 66>}~1 <w67 Yi - ¢a>
By)a By

+ By (6% 07) = XRse T, (07, 47) + (w7, 7)) | V7,

/31/4 <¢, 5§>E + 2\ /31/4 /}%(u)(em es) <¢0c7 §ﬁ> —0

for all compactly supported V € H'NL> (31/4, u_lTN) and all compactly supported
£E€WLS NL® (B @ u'TN).

Proof. we modify the proof of Theorem 3.1 in [CJWZ]. For a compactly supported
V€ H' N L*® (Bys, u'TN), we decompose the vector field as in [Sch06] into the
equivariant and the antiequivariant part with respect to the geodesic reflection o.i.e.
V =V, +V,. Then for x € By, we have

V(a) = 5 V(@) + SV ()], Valr) =

DN | —
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It follows from X(z) ¥(2*) = Id(u(x)) : Tu@N — Ty N that
Ve(?) =X(2) Ve(w),  Va(z") = =3(x) Va(2).

By the definition of ¥(z) and o|g = id, we have for zo € I

V(o) = 5 (Vi) + 5(0)V(w0)] € T

Hence it follows from proposition 3.12 that

- 1~
—/ du-VV, = / {iR(em €5, €ay €8) (ux(71), 65>u*1(TN) <1/’B7 Vi ¢a>
BD4 Bb4

Moy (% 07) = MRse T, (0% 47) + (uf, ) | V7.

As in [CJWZ, Thm. 3.1] or [Sch06, Lemma 3.2], we have

J

duﬁve:/ du - VV,,
B

- +
1/4 1/4
/ duﬁva:—/ du - VV,,
1/4 1/4

and

2

Moreover, we claim that the following four identities hold:
o R Y= [ R (07, 07
Bia Bya
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(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)



/_ Naﬁ,n <wa’ wﬁ> VZ] = _/+ Raﬁ,r] <¢a7 ¢ﬁ> V:znu (335>

31/4 B1/4

| RscT () ) Ve = [ RS, (o) (0 0) V.

1/4 1/4
(3.36)

/ Rty (" 07} 4 (P V2 = = [ Ry (00 + 050 V2

(3.37)
If the claim is true, then from (3.29)-(3.37), we have

_/ du ﬁv - / {%E(em €s, €a, 65) <u* 7Z <1/} Vi wa>
Bia Bi/a
# ABagy (%, 07) = Mg TS, (0%, 9%) + (0, 6)) } V7,

which proves the first equation of Theorem 3.15.
Now we are going to prove the claim.
The proof of (3.34):
Let z € B1/4, then z* € By, Recall that ¢(z*) = iy - ¢%(z) ® E(z)eq()
)

with D(e)ea(r) = AL(x)es(x") and 42 (2%) = AY(@) (i1 - *(2)), where (45(x)),
(A%(z*)) € O(n). We calculate
Ragonlu(a®)) (v°, %) (@ >

= Vi(z%) <ch(e . €3) ou) <@/)°‘ P (z* )
= AL@)A5 (@) (B(@)Ve(@)) (ch<ea, eg) ou) (im0 (@), im - ¢°(x)))
(2)A%(2) (Va()) (Ric (ea, e5) ouo o) (47(2), v(2)))

(2) A (2)AS (2) A (@) (V@) (Ric (e, ) 0 u) (87(2), v ()
(2)) (Ric (e e5) o u) (¥7(2), ¥/(2))
apa(u(@)) (°(2), ¥7(2))) V(@)

Similarly, by using the fact V,(z*) = —X(z) V,(x), one checks (2.35).
The proof of (3.36):

= A

Il
2

o= 0=

[
&=
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We calculate

Rig (u(a™)) TS, (u(@)) (07, 9°) (27) + (¢, %) (7)) V(a")

= (A AALALALALAT ) (@) R (u()) T, (u(@)) { (i - 0" (@), i - 07 (2))
+ (i - 97 (@), i -0 (@)) b (Velz®), e

= AY() Rac (u(@)) TS, (u()) {(0%(2), ¥ (@) + (02(2), v ()}
X (DS (@)Vele), Dlat)eq()),

= Rae (u(x)) TS, (u(e)) {(0%(2), ¥°())) + (@(2), 6 (@)))} V(@)

Similarly, by using the fact V,(z*) = —X(z) V,(z), one checks (2.38).
This completes the proof of the claim.

Now we are going to prove the second equation of Theorem 3.15.

For any compactly supported £ € WbsnLe (281/4 ® u‘lTN), we have

f. (o Pe)= [, @ua= [(ow v,

1/4
where we have used the fact 7 = —7, and Proposition 3.2.
By using Lemma 3.14, we calculate

[ enteeen), = [ (e T Dete)

1/4

- / W) D)

+
131/4

/meB

(D(), £(x)) - / () - (), £(2)).

+
1/4 I

Hence we obtain

/31/4 <¢’ D5>z:/3+ (DY, £+¢67) —/<(—72)-w, E+¢7. (3.38)

1/4 I
As in [CJWZ, Thm. 3.1}, we have
/I<(—'yz) 1, £+ &%) = 0. (3.39)

Finally, recall that Dy® = —2) Ric(u) (eq, €5) ¥°, we have
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/B+ (Dy, &) = —2)\/+ Ric(u) (eq, €p) <zp5, £ﬁ>, (3.40)

1/4 B1/4

and

[ o). ew)

1/4

[ (Do) Tl

z*e€By

_ / (Tu(e") Tu(2)Di(z), Tu(2*)é(") )
CE*EBI/4
/*  (Tu(@)D
x€B1/4

b(x), &(=7) )y,

_ o / () (Biew) (e e5) v ) (2). £a") )

1/4

= [ Rl () 0 © B@eala). 6

1/4

= / (AR @) Ry (ue ) (@) B 0), €7 )

1/4

= [ R (V) @ ). €0,

1/4

= —2>\/ Rap (u) (47, €2, (3.41)

B1/4

where we have used the fact that iy, - % (x) = Af(x*)H(z*).
Hence, combining (3.38)-(3.41), one gets

/B <¢, §£>E + 2\ ji’\zz(u)(ea, es) <¢a7 §B> —0
1/4

B4
This completes the proof.

From Theorem 3.15, we have the following corollary.

Corollary 3.16. Assumption and notations as above, then the extended fields (u, )
satisfy in B4

DY® =Py + fgv(u) (@uﬁ) (v - ) = —2A /R\Zz(u)(ea, es) WP oa=1,2, -, m,
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A = —T7,(u) (9u®) (9u” )+%§(ew €5, €ar €5) (Vouu, e5)7 (07, ;- ™)
HA R, () (4%, %) — 2\ Ric(u)(eg, es) T2, (Re (¢, 7)),

where vy =1,2, -+, n and 0; := =1, 2.

8“

3.3 Continuity and higher regularity

In this section we will use Theorem 3.15 to modify the proof of the regularity the-
orems in Chapter 2 to show the Holder continuity for weakly Dirac-harmonic maps
with a Ricci type spinor potential and free boundary on §. Furthermore, we show
that if S is a closed, totally geodesic submanifold of N, then we have higher regu-
larity for the pair (u, ).

We define an n x n 1-form valued matrix 2 as follows:

2

~ 1 ~ ‘

Qs = Z {5 R(e,, €5, €as e5) (¥, ;- wo‘ﬂ dz', for 1 <~,5 < n.
i=1

Similar to Proposition 2.5, we have the following proposition:

Proposition 3.17. For the above defined matrix Q= {@75}, the following proper-

ties hold:
(1). Qs is real 1-form valued for any 1 <, <n,
(2). Q is skew-symmetric

Qs = —Qs,.

Under this notation, the first equation in Theorem 3.15 can be written as

1~

_/Bl/4 du I %V = /31/4 {§R(6777 €5, €a, 65) <U* rYz <¢ Y - >
Moy (0% 07) = ARsc TS, (6, 0%) + (', %) | V7

- /B {Z (0s) © (du, es)s + B (u, w} v,

where ﬁ;n(u, V) = )\Ea/g,n (=, PPy — )\R(sg (<@/Ja Y0) + (¢°, ¢¥)) and o de-
notes the inner product of the 1-forms.
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For any ¢ € C§°(Byj4), and for any fixed 1 < o < n, we take V = ge, in
Theorem 3.15, then we have

/ {Xn: <§a5> © <du’ €5>7L + /F\;a(u7 Qp)} SO
Bija s

=1

— _/ du-g%(goea)
By

= —/ (du, eq)5 0 dp —/ <65, 6€a>~ o (du, e5); ¢
31/4 Bl/4 h

Since p € C§°(B14) is arbitrary, we obtain

—d* (du, eq.); = (ﬁag + <€ea, €5>_ﬁ> o (du, es); + ﬁa(u, V). (3.42)

5= (8u) = (A + (T ).

Define

then one has

—d* (du, e,); = (@aﬁ> o (du, eg); + ﬁa(u, ). (3.43)
8=1

Comparing with (2.33), and following the same schedule as the proof of Theorem
2.7, we obtain the Holder continuous of the extended pair (u, ¢). More precisely,
we have

Theorem 3.18. Let (M, g;;) be a compact Riemannian spin surface with non-empty
boundary OM , (N, hag) any compact Riemannian manifold of dimension n > 2, and
S a closed submanifold of N. Let (u, v) be a weakly Dirac-harmonic map with a
Ricci type spinor potential and free boundary on S. Then for any o € (0, 1), we
have

u € C"*(M, N).

Now let (u, 1) be a weakly Dirac-harmonic map with a Ricci type spinor poten-
tial and free boundary on & C N, and we assume that u € C%%(Bf", N) for any
a € (0, 1). If in addition we assume that S is a closed, totally geodesic submanifold
of N, then it follows from [CJWZ, Prop. 3.11] that for any 1 < 3, 4§, n < n and

7 € (0, 1), the extended Christoffel symbol I'j;(u) is Holder continuous, namely

[s(w) € C%7 (Byy) . (3.44)
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With (3.44) and Theorem 3.15, one can choose the adapted coordinates in some
neighborhood of the point u(0) € S as in [CJWZ], these coordinates are also called
Fermi coordinates(see [Gr04] for more details). Then by using a similar argument
as in Chen-Jost-Li-Wang [CJLWO05], practically we just need to modify the proof of
Lemma 2.5 and Theorem 2.4 in [CJLWO05] by a slight change of the analysis caused
by the Ricci type spinor potential terms in the equations in Theorem 3.15. Then
we get the following higher regularity:

Theorem 3.19. Let (M, g;;) be a compact Riemannian spin surface with non-empty
boundary OM, (N, hap) any compact Riemannian manifold of dimension n > 2, and
S a closed, totally geodesic submanifold of N. Let (u, ©) be a weakly Dirac-harmonic
map with a Ricci type spinor potential and free boundary on S and suppose that
ue C%(M, N) for any a € (0, 1). Then there exists some v € (0, 1) such that

uwe OV (M, N), ¢e€C"(SM@u'TN).

Remark 3.20. From the proof, one can see that we can also study and prove the
same kind of results for nonlinear coupled elliptic system in two dimension, such as
Dirac-harmonic maps with other kind of nonlinear potential, when one assumes that
the potential forcing term satisfies: |F(u, ¥)| < C [¢|?, for 0 < p < 4.
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Part 11

An entropy formula and a stability
notion in the Yang-Mills flow
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Chapter 4

An entropy formula and a stability
notion in the Yang-Mills flow

In this chapter we shall explore homothetically shrinking solitons of the Yang-Mills
flow.

4.1 Preliminaries

Let (M,g) be a closed n-dimensional Riemannian manifold. Let G be a compact
Lie group and P(M, G) a principle bundle over M with the structure group G. We
now fix a G-vector bundle £ = P(M, G) x, R", which is associated with P(M, G)
via a faithful representation p : G — SO(r).

Let g denote the Lie algebra of G. A connection on FE is locally a g-valued
1-form.

In this chapter, we will use Latin letters for the manifold indices. One may write
a connection A in the form of

A= Aldfl,

where A; € so(r). And we will use Greek letters for the bundle indices. One may
also write

The curvature of the connection A is locally a g-valued 2-form
1 i i Lo o j
F= §Fijdx Ndx? = §Fijﬁdl’ A da?.

Here
F1ij = &AJ — @Az + [Al, AJ]
and
Fgﬂ = 8,~Aj°-‘5 — @A% + A* AT, — A?‘ Al

w8 v B
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Let o
[F|> = g™ ¢ F{ 3 F s

)

The Yang-Mills functional, defined on the space of connections, is then given by

YM(A) = 1/ |F12d . (4.1)
2 Jum

Let V denote the covariant differentiation on I'(E) associated with the connection

A, and also the covariant differentiation on g-valued p-forms induced by A and the

Levi-Civita connection of (M, g). A critical point A of the Yang-Mills functional is

called a Yang-Mills connection, which satisfies

VPED s = 0.
In normal coordinates of (M, g), we have

VPES

p]ﬁ:apro.;B“i_AaF’y _Fa A'Y

Py~ pip iy pB*
As the L?-gradient flow of the Yang-Mills functional, the Yang-Mills flow is

defined by

0
58 = Vit
Assume A(z,t) is a smooth solution to the Yang-Mills flow for 0 <t < T and as
t — T the curvature blows up, i.e. limsup, ., max,en |[F(z,t)| = co. If there exists

a positive constant C' such that

(4.2)

C
‘F(x7t)’ < m7 (43)
one says that the Yang-Mills flow develops a Type-I singularity, or a rapidly forming
singularity. Otherwise one says that the Yang-Mills flow develops a Type-II singu-
larity. We call (29, 7T) a Type-I singularity, if (4.3) is satisfied and x, is a point such
that limsup, ., |F(xg,t)] = 0.

Let A(x,t) = Ay(x,t)daP be a smooth solution to the Yang-Mills flow and (x¢, T')
be a Type-I singularity. We now follow [We04] introducing the blowup procedure
around (zo,7"). Let B,(xy) be a small geodesic ball of radius r centered at x, such
that over which F is trivial. For simplicity one can identify B, (z¢) with the ball
B,(0) in R™. Let A; be a sequence of positive numbers tending to zero. For each i,
one gets a Yang-Mills flow A®(y, s) by setting

AO(y, 5) = AP (y, s)dy” = XAy (g, T+ Als)dy?, y € Byya,(0),s € [=A7°T,0).
(4.4)
Note that by the assumption (4.3), the curvature of A® satisfies

[FO(y, )| = X|F(x,0)] = [s| (T = O] F(z,8)] < Cls| ™
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Let h = hg be a gauge transformation which acts on connections by
'V =h"'oVoh,
or equivalently,
h*A = h"'dh+ h ' Ah.
Note that gauge transformations preserve Yang-Mills flows. Hence h*A®(y, s) de-
fines a solution to the Yang-Mills flow.
Using a monotonicity formula for the Yang-Mills flow [CS94, Ha93, Na94] and a

theorem of Uhlenbeck [Uh82] to improve the regularity of the connections, Weinkove
[We04] proved the following theorem.

Theorem 4.1. Let A(xz,t) be a smooth solution of the Yang-Mills flow on M for
0 <t < T with a Type-I singularity (xo,T). Then there exists a sequence of blowups
AW (y, s) defined by (4.4) and a sequence of gauge transformations h; such that
hi A (y, s) converges smoothly on any compact set to a flow A(y,s). Here A(y,s),
defined on R™ x (—00,0), is a solution of the Yang-Mills flow, which has non-zero
curvature and satisfies

~ o~ 1 ~
Vprj — mprpj = 0 (45)

In Theorem 4.1, h; are chosen as suitable Coulomb gauge transformations so that
for any s < 0 and k > 1, || A®D(y, s)||cx is uniformly bounded. The bounds do not
depend on i. Hence for any s < 0 and k > 1, ||A(y, s)||cx is uniformly bounded.

A solution A(y,s) to the Yang-Mills flow, defined on the trivial bundle over
R™ x (—00,0), is called a homothetically shrinking soliton if it satisfies

1 Yy
Sy, s) = AS ,—1
zﬁ(y ) /—|8| 5( /—|S| )

for any y € R" and s < 0, see [We04]. The limiting Yang-Mills flow g(y, s) is actually
a homothetically shrinking soliton. Choosing an exponential gauge for A(y,s), in
which y? A%; = 0, it was proved in [We04] that

o 1 e/ ¥

iﬁ<y78) = Azﬁ( 7_1)

Visl 7 V1]
For a limiting Yang-Mills flow g(y, s) obtained in Theorem 4.1 and any (zo, ty) €

R™ x (0, 400), if we set

~ T — X t— to

Az, t) = A, (x, t)dx? = A, (———,

(@.0) = Ayl da? = A, (=20

then A(z,t) is a solution of the Yang-Mills flow defined on R™ X [0, ¢() satisfying

)dz?, (4.6)

VPE,;(x,t) — (x — )P F,j(x,t) = 0. (4.7)

2(to — )
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4.2 F-functional and an entropy

In this section we define the F-functional and entropy for connections on a G-vector
bundle £ over R™. The definitions of F-functional and entropy are closely related
to the monotonicity formula [CS94, Ha93, Na94].

Let A(z,t) be a solution to the Yang-Mills flow defined on R™ x [0,T"). For any
to > 0 and t € [0, ), define

(I)woﬂfo(t) = (tO - t)2 |F(:c,t)\2Gx0,t0(x,t)d:c,

Rr
here
Gt (@, t) = [4m(to — t)]—%@*%.
The monotonicity formula of the Yang-Mills flow is

d

E (I - xo)prJ"QGwo,to (Q?, t) dx

Do to (t) = —4(to— t)2 o ‘VPFPJ o m

Denote two g-valued 1-forms J and K respectively by

Jidr! = VPF,d?,  K;da' = (z — xg)P Fyda’.
Here, and in the sequel, (x — )P denotes the p-th component of (x — ) € R™.
Definition 4.2. A Yang-Mills flow of connections A(x,t) on the bundle E is called

a self-similar solution blows up at (xg,to) if it satisfies

J(z,t) — K(z,t)=0. (4.8)

2ty — 1)

Definition 4.3. A smooth connection A(zx) on a G-vector bundle E over R™ is
called a (Yang-Mills) soliton blows up at (xg,to) if it satisfies

1
J(z) — —K(x) = 0. (4.9)
2%
Let )
|z —aq|
YMy(A) = | |F|% %o da.
]Rn

A(x) is a soliton blows up at (xg,to) if and only if it is a critical point of Y M,,.

Definition 4.4. The F-functional with respect to (xq,to) is defined by

|z —xq|?

Faoao(A) =15 [ |F|*(dnte)"2e” T du.

R
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From now on for simplicity, we assume all the C*-norms of the connection A(z)
under our consideration are bounded by polynomials in |z|. We now compute the
first variation of the F-functional. Consider a differentiable family (xy, ¢, As). Let

‘I*Is|2

G(z) = (4nty) " 2e ats

and

Proposition 4.5. The first variation of the F-functional is given by

a, 1 A
GFaa) = [ LGS e aPRPGL (s
+/ 515 < i x—xs > |F’Gy(x)da
K
—/ 42 < J — —,0 > Gy(v)dx
- 2t

Proof. Note that

0 nty tlr—x? <dgr—1,>
9 ) = (e el
Bs 21, 412 21,

and 9
g’Fslz = 2F535(Vib55 — V;05),

we then have

d

S Fun(A) = / ot 4| Fu PG (2)da

+ /R 22F5(Vibly — V055 Go(x)dx

st ijp

nty tyr—x]? <igr—2,>
+/n t?’F3’2<—§E + 4t2 + 2f}s )Gs<l‘>dl‘

— / 2t5is]Fs\2G5(x)da:—l—/ A2 FVi05,Go(x)dn

nty  tlr—a,]®> <igr— 24>
+/ t?lFs!2<—§t—+ TR 5 )Gy(z)dz.
n S S S
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By integration by parts, we get

d .
L FnlA) = / ot 4| FA G (2)da
+ /n [—4t2V F 507 + 2t (@ — x,) Ff3055]Go(x)da

nty tyr—x,]? <igr—1,>
+/n tg’FsP(—EE + 472 + 2t5 )Gs(l')dl'

.4 — 1
= / ts(Tnts—{—Z|$—x3|2)|FS|2GS(:v)d:U

1
+/ §ts < iy, — 1, > |F*Gy(x)dr

K
—/ 42 < J — 50> G,(z)dx.

s

From Proposition 4.5, we see the following:

Proposition 4.6. A connection A(x) is a critical point of Fy, .+, if and only if A(z)
is a soliton blows up at (g, to).

We shall check that (A(x), xo, o) is a critical point of the F-functional if and only
if A(z) is a soliton blows up at (z, ). To check this we will need some identities
on solitons; we also need such identities to compute the second variation of the
F-functional in next section. Denote

2
_ lz—=gl

G(x) = (4mtg)"2e” o

Lemma 4.7. Let A(z) be a soliton blows up at (xo,t9) and p = ¢P0, a vector field
on R™ such that || is a polynomial in |z — x¢|. Then we have

/ (e = o |FIG a)ds = /R 2000, ()| FI? — 8100 iy i )G o)
In particular,
(@) [unlo — 202 FEG(2)da = [, 2(n — 4)to| F PG (x)d;
() [ (x — 20)| FI2G(x)dz = 0:
(€) fi o = 20l FPG () = fo [4(n — 2)(n — )RIFT? — 646311}

(d) fRn |z — 20 < V,z — 20 > |F|?G(2)dx = 0;
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(6) fR” < T — Zog, V >2 |F|2Gdflf = fRn(2t0\V\2|F|2 — 8ty < Viﬂj, Vprj >)Gd;€

Proof. By the assumption on the growth rate of |A(z)|ck(p,), we are free in doing
integration by parts for those vector fields ¢ under consideration.

/ P (x — x0)P|F|*G(z)dz = / — 20" | F[0,G (x)dx
= [ 200, (NIFP + @0, FPIG ).
On the other hand
| e Fr TG = [ St I0UFgsFy) - Vil
= /Rn —8toFp;Fijs[0i” — (SB;—t:O)iSOP]de
+ [ At (ViFg s + Vi Fg )G,

It then follows from the Bianchi identity that

a  Ja o o (.CL' — xo)i
/n 8top? FpjpJipGd = /Rn —Sto Py iplO” — —5 —¢f|Gdw
—|—/ —4to PV b sGda
o o (‘KL' _ xo)i
Rn 0

—l—/ —2t0?0,(|F|?)Gdz.
Thus we get
/ PPz — o) |F PG (z)dz = / 2600y (") |F'* + "0, (| F )| G () de

_ / 240, ()| FI2G () dx — / Sto? F2 %G
n Rn

(x — )"

P1Gd
o, ©PlGdx

= [ 10, ()FP ~ $tadig? Fiyy P )G )
(6% (6% 1 (6%
_/n 8toy” Fjs(Ji — %4, ja)Gda.
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Therefore, for a soliton blows up at (xg, to)
/ (e = a0 | FIG(a)d = /R 2600, FI? — 80010 Ffy FG51G ). (4.10)
Taking ¢P = (z — x¢)?, by (4.10) we get
& — | FI2C(x)dx = / 2 — A)to| FI2G (x)da.
Rn n

Taking ¢” = 0%, by (4.10) we get for any k
/ (z — 20)*[FI2G(x)dz = 0.
Taking ¢f = |z — xo|*(z — x0)?, using (4.10) we compute that
/ |z — || F|*G (x)dx
R
_ / 2t0(n + )|z — 02| FI? — Stolx — wof2| FI? — 16t K |Gl
_ / [4(n — 2)(n — DE|F[2 — 6463| T 2| G
Taking P = |z — z0|*V?, by (4.10) we get
. |z — 20| < V,z — 20 > |F|’G(2)dw
= / —32t5 < J;, VPE,; > Gdx.
On the other hand, if we take p? =<V 2z — 29 > (x — x¢)? and by (b) we get
s |z — 202 < V,z — 30 > |F*G(7)dx
= / —16t5 < J;, V'F;; > Gda.
Thus

|z — 20|* < V,z — 20 > |F|’G(2)dw = / —32t3 < J;, VPF,; > Gdx = 0.

n

R
Taking ¢ =< V,z — xy > VP, by (4.10) we get

/ <x—x0,V > |F|*?Gdr = / (2t|V?|F|? — 8ty < V'E;, VPF,; >)Gdx.
R™ Rn
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By the first variation formula and (a), (b) in Lemma 4.7 we get the following
proposition.

Proposition 4.8. (A(z), xo, to) is a critical point of the F-functional if and only if
A(z) is a soliton blows up at (xg,to).

By Weinkove’s result (Theorem 4.1), at a type I singularity of a Yang-Mills flow
one obtains a soliton on the trivial bundle over R", i.e. A(z,0) in (4.6), whose
curvature is uniformly bounded on R™ and non-zero. However in dimension four, by
Lemma 4.7 (a), such a soliton must have vanishing curvature.

Proposition 4.9. In dimension four, the Yang-Mills flow cannot develop a singu-
larity of type 1.

We end this section by introducing the entropy of a connection A(x) on the
G-vector bundle E over R". Along a Yang-Mills flow on FE, the entropy is non-
increasing.

Definition 4.10. Let A(x) be a connection on the G-vector bundle E over R"™. The
entropy is defined by
AMA) = sup  Fupu(4). (4.11)

zoER™ tr>0

Proposition 4.11. Let A(z,t) be a solution on R™ x [0,T) to the Yang-Mills flow
with uniformly bounded Yang-Mills functional. Then the entropy N(A(z,t)) is non-
mcereasing i t.

Proof. Let t; < to < T. For any given positive number ¢, there exists (zg,%y) such
that
Faoto (AT, 12)) = A(A(z,12)) — €.

It follows from the monotonicity formula that for any § € (0, )
Do toita (AT, 1)) < Doy toita (A, t3 — ).
Note that
Do tor2 (AT, 12)) = Fao o (A2, 12)), g ot (AT, 12— 0)) = Fagto+5(Alz, t2—0)).

Hence we get
fﬂ?o,t0<"4(‘r7 t2)) < Fmo,to-‘,-(i(A(«x,tQ — 5))

Taking 0 =ty — t1, it implies that

*'rﬂﬁoﬂfo (A(x7t2)) < ‘Fxo,to-i-tz—h (A($7t1)) < A(A(xatl))
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4.3 A stability for solitons

We now compute the second variation of the F-functional at a soliton A(z) on the
G-vector bundle E over R". Let

Zfs‘s:O =4q, xs‘s:O = ‘/7 03 = %Am
and
d2
‘F.;}/() to (q7 V7 9) = _|5:0‘Fxs¢s (A3>

ds?
Proposition 4.12. Let A(z) be a soliton on the G-vector bundle E over R™. Then

1
f;'o w0(0,V,0) = / < LO—2¢q] -V - -F0>Gdx —/ (P J]* + 5|v - FI)Gdz,
n R’I’L
(4.12)
here '
and
L=1t[D*D+R+i1 Dl
2tg
Proof. Note that
d 1 i
— - F
FFenld) = [ GG e - n PIEFG. ()

ty < T, T xs>|F]G()

/Rn
- [

By using the assumption that A(z) is a soliton blows up at (z¢,%y) and (a), (b) in
Lemma 4.7 ,

»-l> wlr—~

0>G( )dx.

4 — 1 1
FL o V,0) = /[q( nq—§<x—x0,V>)+2to<V —V >||FGda
2 1 a 2
t0—|— |37—$C(]’ )+§t0 < V,QZ—;CQ >]£‘FS‘ Gdx
1 9 1 5 0
t0—|— ]a:—x()] )+§t0<V,x—xo >]|F‘ $G3d$
8 K
4 —(J — — .
/ t2 < 8 2t8),¢9>Gda:
Note that

a 2 e} a a o o
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0 nty tlr—x? <dgr—1,>
0 & =V, V00 —V, V0% + 0" F Fe 07
Hg I8 T Y YPUis T Vp 38 T VpyLpip = £pjylps
8 1 « q k o 1 k o 1 k « a
Thus we get
., 4-n 1 1 )
‘F:vo,to(Q7V70) = H[Q( 9 q—§<$—$oav>)+§to<v,—v >]|F| Gdx

4—n 1
o [ e 0 gl

1
+§t0 <V,x—ux >} 4E?BVZQJOC5Gdl'

- /n 4t3[vp(vp ?B - vj SB) + engzjjﬁ — Fp0; ] ?Bde

iV’ pB

1
o 4t2 1 . kFa' —VkFa-
/n {2 5 (w = 70) s 2ty kb
1

— (2 — 20)* (Vb5 — vje;jﬂ)} 05,Gdx

2o
4—n 1 1
+/ [Q( 9 t0+1|$—$0’2)+§t0<v,$—x0>]|F‘2
nqg qlx—xl® <Vix—mxo>
X (=5 Gda.
( 2ty A2 + 2o )Gdx

Integrating by parts, we get

4 — 1 1
/ [q( nto + z_l‘x —x0)?) + =to < V,z — 20 >|4FVi05Gdr

> 2
= / _4g(t=n

1 7 1 ) a po
_/ 4[§q(1' — .’L'o) + §t0V ]EjﬁejﬁGdl'
Rn

1 1 |

t0+—|x—x0|2) + —to < V,x — x9 >] <J- —K,Q > Gdx
1 > 2%

_ / (=2q(z — z0)" — 2oV F2,0% Gz,
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Thus,

4- 1 1
Foo 0@V, 0) = /[( nq—§<x—xo,v>)+2to<v —V S||F)PGdx
+

n

/ —2q(x — x0)" — 2tV F}305,Gdx

R

/ 45 = Vi0s) + 05, Fpip — Fyj Oppl0is G

n

Ee)

/ [2q(z — x0)" 4 2tV F}5055Gdx

n

=

—|—/ 2t0 T — l’o V;ﬁ]ﬁ Vﬂk )9 ﬁGdl’
R’ﬂ

1 1
/ t0+4|$—1'0|2)+§t0<v,$—l’0 >]|F’|2
nqg qlx—z)* <Vix—mxo>
— 5 Gdzx.
=315 422 TR
So we get
'F;IO to(Q7V7 9) = \/Rn 4 vj pﬁ) egfng]B F;;,yegﬂ]e ,Bde

+

n

=

/ q(z — x0)" + 4t0V’]F]69°‘5Gd:)3

+/"

=

1
V>)+ 2t0 <V,-V >||F]*Gdx

]Rn
1
/ t0+ |I—I0|)+§t0<v,l‘—l'0 >]|F|2
nqg qlv—xl* <V,r—mx9>
-5 Gdz.
(=24, At2 TR

Now let D denote the covariant exterior differentiation on g-valued 1-form and
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D* the adjoint operator of D. Then

.F/ !

z0,t0

(%Vﬁ)::‘/ 42 < D*DO; + [Fyj, 60:),6; > Gda

R™ 2t

4 — 1 1
+/ [q( 2nq_§<$—$0,V>)+§to<V,—V>]|F|2Gd:13
Rn

4 —n 1 1
+/ a0 + gl — 7o) + 0 < Vi — a0 > FP
Rn

2 4
nqg qx—xl?* <Vix—x9>
- Gdzx. 4.13
< 2 1o 442 2ty )Gz (4.13)

By using Lemma 4.7, one can compute

4 — 1 1
| a0+l = a) + to < Vi = a0 > P

2 2
nq qlz—x> <V,x—1x0>
- Gdzx.
(=37, 422 T
4 2(2 —
- —/ uq2yp|2c:d;c+/ M\x—xo|2|F\2Gd:c

9 _ 2
12 =1 ) ]F|2Gd:z:+/ Lo — ol |F)PGda

/Ln 2 o 1622
q 2 2 <V,x—a:0>2 2
+/ — |z — xo|* (V, 2 — 1) |F| Gda:—i—/ " |F|°Gdx
o 4 . 1
4 2(2 —
- —/ MQQ]F]QdeJr/ CC=0) o0 sy, |FRGAs
e 4 . Al

2
+/ # {4(n = 2)(n — DE|F — 6483 J2} G
0

1 .
+/ (to|VP|F|? — 4ty < V'Fy;, VPE,; >) Gdx
Rn

2
*(n—4 t
= [ T epGars [ Bvpiprcas
1
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Combining (4.13) and (4.14), we obtain

f/,

Now let

then we have

1
Aty

roto( @ V5 0) = / Aty < D*DY; + [F,0)],0; > Gdx

n 2tg
—/ 4ty < 2qJ] + Viﬂj,ej > Gdx
1
—4t0/ (@*|T)* + §|Vprj|2)de.
Rn

R(O)(X) = [F(8;, X),0.], (V- F)(9;) =V'Fy,
L=t[D'D+R+i1(,pDl,

230 (z—z0

Frow@,V,0) = / <IH—2¢] -V -F6>Gdz

1
—/ (| J|* + 5|v - F|*)Gdzx.

]

Now we are going to consider the F-stability for weakly self-similar solutions
which blows up at (xg, o). Without loss of generality, we may assume to = 1,29 = 0,
then the operator L in Proposition 4.12 corresponds to

L=D"D+R +izD.

Definition 4.13. A self-similar solution A with blow up at to = 1,x9 = 0 is called
F-stable if for any X € W22 there exist a real number q and a constant vector field
V on R™ such that F (q,V,X) > 0, where

W2? = {X el (goA'R")

/ (X + DX+ |LX[") G dr < oo} .

Proposition 4.14. Let A be a self-similar solution with blow up at (xg = 0,ty = 1).

That is J = %K.

Then we have

1
~L]=J —LV-F)=VF
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Proof. Note that

and

—L=-D'D—-—R— i%D.
In fact, we have
1
_LJj = vapjj - vpijp - [ijv Jp} - §(DJ)(xp8p’ 8]‘)
1
= vapjj - vajjp - [ij7 Jp} - §xP(Vij - ijp)-

Now 1 1 1
Vpdj = Vp(§quqj) = §ij + §xqvaqj-

Then
1
ViVl = VI + §quprqu

1
= VpFy + éxqvp(_qujp - Vjqu)

1 1
= Vprj - §xq(quijP + quFjp - Fijpq) - éxqvpijpq

1 1
= Ji+ §xqquj + [Jpa Fjp] - Equijqu

and
11,
VpVid, = vp(_§ pj+§x Vily)

1 1
= _§Vprj + équijqu

We now compute that

1 1 1
SVl = SV dy) = 5 J;
1 1 1
= SVila5athy) = 5 J;
1
- —§Jj
Hence we get
—LJ=J.
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_L(Vquj) = vap(quqj) - vaj(quqp)

1
_[ija quqp] - §xp[vp(Vquj) - Vj(Vqup)]-

Now
VoV, (V) = VIV,Y,E,

= VIV — ViEy)
= VY, Fy + FyFy = Fahy) = VIV, ;8
= VIV (Ga ) + VI, Fyl 4 VIV, Fy,

hence

SL(VIFy) = VIV, (5aFy) — et lV(VIE,) — V,(VIE,)

= %Vquj + %xpVQ(Vquj + V,F;,) + ViFy,)
_ Ly,

]

From Proposition 4.14, one knows that if J and V- F are in the space W22, then
J and V - I are eigenvector fields of L with respect to the eigenvalues —1 and —%
respectively( if they are not identically zero). The F-stability can be characterized

by the eigenvector fields space as follows:

Theorem 4.15. Let A be a self-similar solution with blow up at tg = 1,29 = 0
such that J and V - F are in the space W2?. Then A is F-stable if and only if the

eigenvector field space satisfies the following properties:
(1) Xy ={RJ},
(2) X_.1={V-F VeR"},

(3) Xy ={0}, for each A\ <0 and X\ # -1, —3.

|

Proof. Let X be a g-value 1-form in W?? and of the form

X=qJ+Vo-F+X; geRandVyeR"
such that

/<J, X1>de:/ (V-F, X;)Gdz =0 VYV €R".
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Then it follows from Proposition 4.12 and Proposition 4.14 that

1 /!
Zlf(o,l)(Q7 V, X)

1
= / (LX —2qJ -V - F, X)de—/ <q2!J|2+§\V-F!2)GdfC

n

1
= / <—qOJ—§V0'F+LX1, QQJ+%F+X1>Gd$

1
—/ (q2|J|2+§|V-F|2>Gda:
1

Let ¢ = —qp, v = —vp, one has the equivalence. O
As a byproduct, we also have the following rigidity theorem.

Theorem 4.16. Let A be a self-similar solution with blows up at to = 1,29 =0, If
|[F| < L, then the G-vector bundle (E, A) is flat.

Proof. Since |F| is bounded, and J; = aPF,; = V,F,;, one can integrate by parts
/ <D*DJ—|-Z%DJ, J)Gdx = D J|” G dx.
n R’ﬂ

On the other hand, one computes

n

(D*DJ + iz DJ, J)Gde :/ (L] —RJ, J)G dx

R?’L

- |J|2de—/ ([Fy, Ji], J;) G dx

Rn

< [ @r-yytad,
Rn

where we have used the fact that |[([F;, J;], J;)| < 2|F||J|*.
Hence we have

D JJPGdr < / 2|F| - 1) |7 G da.

n

]Rn
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Using the assumption that [F| < 3, one has

DJ =0.

Therefore, J is parallel and |J| is a constant.
Notice that Jyda' = 2P Fjdx’, we have J(z) = j(0) = 0. Hence we finally obtain
that, the curvature F' vanishes and the vector bundle is flat. O
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