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Abstract: In connection with the International Year of Quantum Science and Technology, a
review of joint works of the Lebedev Institute and the Mexican research group at UNAM
is presented, especially related to solving the old problem of the state description, not
only by wave functions but also by conventional probability distributions analogous
to quasiprobability distributions, like the Wigner function. Also, explicit expressions
of tomographic representations describing the quantum states of particles moving in
known potential wells are obtained and briefly discussed. In particular, we present the
examples of the tomographic distributions for the free evolution, finite and infinite potential
wells, and the Morse potential. Additional to this, an extension of the Peres-Horodecki
separability criteria for momentum probability distributions is presented in the case of
bipartite, asymmetrical, real states.

Keywords: tomographic representation; potential wells; Morse potential; probabilistic
representation; Peres-Horodecki criterion; entanglement; separability; momentum
probability distribution

1. Introduction

The United Nations declared 2025 as the International Year of Quantum Science and
Technologies [1]. Given this special celebration, we want to emphasize a history of collabo-
ration between the Lebedev Institute and the research group at UNAM in Mexico. This
collaboration has taken place now for more than 30 years and is an example of the multi-
culturalism in the development of physics and, in particular, quantum science. There are
many various topics discussed in this special collaboration. For example, one can mention
some developments in the study of superpositions of coherent states and the tomographic
representation of quantum systems, along with different geometrical representations of
quantum states. We briefly mention some of the results of this joint research.

Brief Review of Lebedev Institute-Mexico Collaboration

The time-dependent integrals of motion A (dA/dt = 0), together with the quantum
propagator, are very useful tools for studying the time evolution and the quasiprobability
distribution functions of Wigner and Husimi, related to optical quantum systems. For
example, the quantum propagator and the integrals of motion for a quadratic Hamiltonian
in position and momentum can be obtained by solving linear differential equations. By
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using this advantage, the time evolution of the even and odd linear combinations of
correlated states in the two-dimensional generalized oscillator was obtained. This time
evolution models the nonstationary Casimir effect with similar qualitative properties for
the case of the creation of photon and quadrature squeezing in a resonator with moving
boundaries at constant velocity [2].

As an extension of the construction of even and odd coherent states of the electro-
magnetic field oscillator, the states carrying the irreducible representations of cyclic point
groups C, were established. These states are called crystallized Schrodinger cat states, and
their symmetry properties associated with the n-sided polygon are visualized by means of
their Wigner and Husimi functions [3].

The linear time-dependent invariants of quadratics in the position and momentum
Hamiltonians can be obtained by means of a Noetherian symmetry transformation that
follows the classical trajectory of a system. Furthermore, one is able to show that the dynam-
ical symmetry algebra of stationary and nonstationary quantum systems can be obtained
by applying Noether’s theorem to the classical Lagrangian or Hamiltonian formalisms.
The procedure is the following: determine the time-independent symmetry variations of
the coordinates, which suggest the time-dependent infinitesimal transformations, these
yield the constants of the motion. As examples, the pseudo-Coulomb Hamiltonian and the
generalized two-dimensional nonstationary harmonic oscillator were considered [4,5].

To test many of the fundamental concepts of modern quantum optics, the study of ion
traps provides precise measurements in the laboratory. For this reason, the evolution of
Schrodinger cat states in Paul and Penning traps were determined. For an 1%Hg™* ion mov-
ing in a Paul trap, the Hamiltonian can be rewritten as a time-dependent harmonic oscillator,
where the frequency is a function of the static and alternating quadrupole fields [6]. For an
ion moving in an asymmetric Penning trap, the time-dependent Schrédinger equation is
solved by means of their linear time-dependent invariants [7].

The tomographic methods can be used in classical statistical mechanics, which can
be extended to define a new formulation of conventional quantum mechanics based on
the probability distribution function of a quantum state [8]. The probability distribution
for the spin projection in a rotated reference frame is presented as the modulus squared
of the matrix element of the SU(2) group irreducible representation. Various properties
related to this tomographic representation for discrete and continuous variable systems
were also presented. The relationship between the Heisenberg—-Weyl and su(2) algebras in
the limit of high spins can be used to show that the spin tomograms in this limit become
the tomograms of harmonic oscillator states. The explicit expressions for the kernels, which
determine the delta function for the spin tomographic symbols and the star product of the
symbols are determined [9].

A Hamiltonian for N two-level atoms in a cavity interacting with a classical electro-
magnetic field can be written in terms of the linear combination of angular momentum
operators, whose time-dependent constants of motion can be obtained and used to define
the tomographic symbol of the Hamiltonian. This tomogram depends on the projection of
the angular momentum m along the rotated reference frame given by the Euler angles. The
solutions of the time-dependent Schrodinger equation are given in terms of the general-
ized Dicke states. When the classical field is sinusoidal, the Hamiltonian describes Rabi’s
problem. Additionally, the inverse problem, i.e., determine the corresponding Hamiltonian
given a complete set of integrals of motion, is solved in this case. However, the procedure
can also be applied to the quadratic Hamiltonian in multimode field quadratures related to
the Sp(2N, R) symplectic group [10].

For quantum states of light, the photon number probability functions that depend on
a scaling factor and a rotation angle can be obtained for one mode of the electromagnetic
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field, which define the squeezed tomograms. These tomograms can be related to the
Wigner function, the density matrix, and the symplectic tomograms by integral transforms.
Extensions of the approach of squeeze tomography to the multimode case have been shown.
The evolution of squeezed tomograms were explicitly calculated for an oscillator with a
time-dependent frequency and for a damped oscillator [11].

The density matrix of a quantum system of continuous variables can be discretized
by means of a nonlinear positive map. By considering the two-mode electromagnetic
field with a density matrix o(x, y; ¥/, y'), the discretization leads to a density matrix that
depends on two discrete modes. This density matrix is used to calculate the entanglement
between the two modes. We propose the discretization of the density matrix as a nonlinear
positive map for systems with continuous variables. We used this procedure for calculating
the entanglement between two modes through different criteria, such as Tsallis entropy,
von Neumann entropy, and linear entropy, as well as the logarithmic negativity. As an
example, we studied the dynamics of entanglement for the two-mode squeezed vacuum
state in the parametric amplifier and showed good agreement with the analytic results.
Also, we addressed the loss of information on the system state due to the discretization of
the density matrix [12].

The linear time-dependent constants of motion of the parametric amplifier are obtained
to determine the evolution of a general two-mode Gaussian state in the tomographic
probability representation. Some qubit separability criteria can be used to describe the
entanglement of continuous variable systems, such as the discretization procedure that
maps a continuous system to a discrete one. Furthermore, any discrete system can define a
qubit system. This discretization is called the qubit portrait of a continuous system and
defines a 4 x 4 density matrix from the continuous density matrix o(x, y; x’, ’). In general,
this qubit portrait is obtained by dividing each mode’s two-dimensional subspace (x, x’
and y,’) into four non-overlapping regions; then, by integrating the density matrix in
all the 16 combinations of the regions, one obtains a well-defined 4 x 4 discrete density
matrix that contains the separability information of the original continuous state. This
procedure led us to new different inequalities to describe the separability of continuous
variable systems using properties of their qubit portrait [13].

Actually, the experimental studies in quantum optics are closely related to quantum
information theory, e.g., cryptography, teleportation, and dense coding protocols. Having
in mind this motivation, we investigated finite d-dimensional density matrices, which
represent an information system of qudits, together with entropic bounds. An algebraic
method was established to find extremal density matrices for a qudit Hamiltonian system
for pure and mixed states. This procedure mainly used stationary solutions of the von
Neumann equation of motion, orbits of the Hamiltonian, and the positivity conditions of
the density matrix; this can be extended to any Hermitian operator [14,15].

For a given qudit system Hamiltonian, new inequalities connecting the mean value of
the Hamiltonian and the entropy of an arbitrary state were found. These inequalities were
defined using the relative entropy S(§,0) = —Tr(fInp — pInd) between two different
density matrices p and ¢ [16]. By using a similar method, upper and lower bounds for
the subtraction of the relative entropy between two thermal equilibrium states were deter-
mined, whose bounds were given in terms of the expectation values of the Hamiltonian,
number operator, and temperature of the two systems [17]. The analysis of the relative
entropy between two thermal equilibrium states led to the inequality relating the internal
energy U, the entropy S, and the Helmholtz free energy F of the system. Applications of
these inequalities for a qubit and general Gaussian states are given. In particular, these in-
equalities for the thermal light state and parametric amplifiers are investigated for different
temperatures [18].
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Classical probabilities can be used to describe quantum states, in particular, to un-
derstand quantum entanglement. The definition of the three Malevich squares associated
with the probabilities to obtain a 4 1/2 for S, §y, and S, in a spin system and their areas
provides a geometric approach to describe the qudit. This probabilistic construction of
quantum mechanics is used to study the linear entropy 1 — Tr 9 of general qubit and qutrit
systems [19].

A method to study the evolution of an open qubit system is established in terms of a
general unitary transformation in three dimensions, yielding a non-unitary evolution for
the system of qubits. With this procedure, we investigated the phase-damping and sponta-
neous emission quantum channels, addressing their possible experimental realization [20].
An arbitrary qudit state can be represented by a qubit system, which was called the qubit
representation, to study quantum correlations and state reconstruction. This qubit represen-
tation led us to a graphical representation of a d-dimensional qudit quantum state, which
was performed by means of a quorum of Bloch vectors (d (d — 1) /2 qubit states) [21].

This short review helps us as an introduction to present new results in some of the
areas mentioned above. In Section 2, a new tomographic representation of wave functions
related to standard quantum mechanical problems are presented. Also, separability criteria
for bipartite, asymmetrical, real states are then discussed in Section 3, using its momentum
probability distributions. Finally, a summary of the results and some concluding remarks
are given.

2. Tomographic Representation of Common Quantum-Mechanical
Wave Functions

In quantum mechanics and in classical mechanics developed during the last century,
the basic notions of the position and velocity (momentum) of systems like a sole particle
were defined and extensively used; this notion is intuitively different for classical mechanics
and for quantum mechanics, while the notion of time is common for both types of systems.
The development of quantum mechanics during the last century provides the possibility
to employ the basic notion of the particle state—the common idea of the probability
distribution of a particle position and momentum. This idea looked very attractive and
there were many attempts to find this probability, but there were difficulties, like the
Robertson-Schrodinger uncertainty relations of the position and momentum, which were
considered as arguments that forbade the possibility of such an idea.

We discuss some examples to realize this possibility and present a short review of
probability distributions describing states of the particle moving in some potential wells. In
the conventional formulation of quantum mechanics, for the wave function satisfying the
Schrodinger equation [22,23] and the density matrix introduced by Landau [24] and von
Neumann [25], Tombesi et al. showed that both the wave function and the density matrix
can be invertibly mapped [26] onto conventional probability distributions (tomograms)
describing the quantum states, density operators, and density matrices [27,28]. The quasi-
distributions, such as the Wigner function [29] and the Husimi function [30], are also used
to determine quantum tomograms. The pure quantum spin-1/2 states can also be described
by the probability distribution [31]. The probability description of quantum states is useful
for developing quantum technologies and quantum information processing.

The tomographic probability representation can be obtained from a standard wave
function ¥ (x) using the following integral:

2

/ T gy ety (1)

—00

W(X|p,v) =

- 27|
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where the variable X is interpreted as a rotation and rescaling of the phase space variables
(x,p) of a quantum system, i.e., X = px + vp, with 4 = scosf and v = s~ ! sin, where s
and 6 are rescaling and rotation factors, respectively.

The tomographic distribution of a state is a normalized probability distribution, which
provides information about a combination of the position and momentum variables. Addi-
tionally, the tomogram can be used to obtain or reconstruct any quantum system since, in
general, the density matrix is represented by

b= % /’w(xw,v) expli(XT — ut — vp)] dX dy dv. )

Below, we use properties of this definition to study the tomographic representation of
different standard quantum systems.

2.1. Free Motion

Now we discuss the probability representation of the free motion of a particle with
the wave function (), where its evolution is described by the Hamiltonian H = p?/2; we
assume the units with = 1 and m = 1. The wave function of the particle ¢ (t) satisfies the
Schrodinger equation:

. oP(x, N
i #)(8); H_ Hy(x,t), ®3)

where the time evolution of the wave function can be described by the Green function

G(x,x’,t), which is the matrix element of the evolution operator U(t) = exp(—iHt); in the
position representation, it reads [32]

/ . 1 ]
G(x,x',t) = T exp( 5 4)

and one has

P, t) = / Gx,x', )p(x', t = 0) dx. (5)

The initial value of the wave function can be taken as a normalized function satisfying
the condition

/|1/J(x/,t = 0)|2dx’ =1, (6)

and since the evolution operator is a unitary one, the normalization equality is the same for
any value of time t. This means that the density operator py (t),» = §(x,t)p*(x', t) satisfies
the normalization condition Tr gy (t) = 1; due to this, we can calculate the tomographic
probability representation of the particle in view of the following formula:

WX | wv,t) = Tr(py(t) §(XI— pg —vp)), 7)

expressed in terms of the wave function as given by Equation (1). Taking into account
Equation (7), py(t) = U(t)pyp(0)U'(t), and the property of the trace operator where

A A A

Tr(ABC) = Tr(CAB), we arrive at the equality
W(X | v, t) = Tr(p(0) 6 (X — pdp (1) — vpu(t))) = Tr(p(0) 6(XT — pug — (v+ pt)p)), (8)
which means that

WX | v, t) = W(X | (), va(t),t = 0), ©)
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W(X|p,v)

where 157 (t) and vy (t) are parameters determined by the Heisenberg operators 4§ (t) and
pr(t) of the free particle motion:

qu(t) =q+pt,  pu(t)=p. (10)

Thus, we obtain the equality for tomographic evolution; it is

WX | v, t) = W(X | (), va(t),t = 0), (11)

which allows us to predict the tomographic probability distribution for any time ¢ if we take
the tomogram for the free particle W (X | ug(t), vy(t), t = 0) and replace the parameters y
and v by upy(t) = pand vy (t) = v + ut.

Free Evolution of a Wave Packet

In this section, we obtain the tomographic representation of a wave packet that is
freely evolving. As it is known, the unidimensional free particle has the following wave
function:

P(x) = Aexp(ikx) + Bexp(—ikx), k=p/h, (12)

which can be used to define a normalizable wave packet of the form

P(x,t) = \ﬁ/ ik=wh i where ¢(k \ﬁ/ (x,0)e *dx, (13)

with w = fk?/(2m), and ¥(x,0) is the initial envelopment of the wave packet. The
tomographic representation of this wave packet can be obtained using Equation (1) and the
imaginary Gaussian integral [33,34]
o .p2
/ PH(CP=Dx) gy — (14 ) 272 e, C,DeR (14)
Defining C = p/2v and D = (X/v) + k, we arrive at the following general expression
for the tomogram of any wave packet:

= gy [ IR g ) () kb, ! = 1 (2m). (15)

As an example, for a Gaussian wave packet with the initial form ¥ (x,0) = (2;“) /4 g—as?

one has the following <<p(k) =

4

We’kz/ (4”)) time-dependent wave function:

: 2 (m—2iaht
o t) = 2a 1/4 \/m(m — 2iaht) exp(—”%ﬁ,,zhlziz )> (16)
RN V' m?2 + 4a2h*2 '
which defines the following tomographic probability distribution:
2 2
(X, tl,v) = NS <4 0) o(t) = 1= ¢ a(hpt + mv)” (17)

2o (t) 4a m?

In Figure 1, the evolution of a Gaussian wave packet at different times is shown. One
can see the spreading of the packet throughout space as time increases. One can notice
that the time dependence of the variance o(t) is quadratic, implying a linear standard
deviation /o (t) for large t. This is an interesting property since it can help to evaluate
time differences by measuring the standard deviations of the system at different times.
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Figure 1. Tomographic representation of a Gaussian wave packet for the free particle at different

times t = 0,1,2,3. Here, the parameters were a = 1/2, m,h =1, 4 = cos(71/3), and v = sin(7t/3).

2.2. Finite Potential Well

Another example where we can obtain the tomographic representation is the finite
potential well; it is a potential given by the function

-V, -—L L
V(x) = o Thsrs (18)
0, x<—-Lorx>1L,
with Vj being a positive constant. This problem allows one to obtain odd and even solutions
given the symmetry of the potential well. The general solutions are usually obtained for
three regions in the position space: x < —L, —L < x < L, and x > L; they read as

Aehx, x < —L, Al x <,
Poaa(x) = Bsin(kox), —L<x<L, Weven(x) =< Bcos(kpx), —-L<x<L, (19)
—Ae kX x>, Ale kx>,
For all the eigenfunctions, one has the relations k; = 4/ zm‘El and k, = ,/ VO 2m(Vo—|E|) ,
while for odd (even) solutions, one has the parameters k; = —kp cot(kzL) (k1 = kp tan kzL .

Additionally, the normalization constants A, A’, and B are defined as

| ko kL / ky JekiL, ky
A T kL sin(kpL)e"1s, A T kL cos(ky Tkl (20)

To obtain the tomographic representation of the wave functions, we separate the

tomogram integral of Equation (1) in three regions: (—oo, —L], [-L, L], and [—L, o). For
the odd wave functions, one obtains the following integrals:

-L o ix L in .2 X iX
A/ KXo dp =X gy + B/ sin(kpx)e2 ™ X gy _ A/ 2k1x821 -5 dx, (21)
oo -L L
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and an analogous expression is found for the even states. The following integrals can be
obtained for the regions outside of the barrier:

. (XK ) ) (l i) .
R O S (rrv)1/2eim/4 | perfi [ A2 + 3 ) (kv + pL + X)
oo o (2u)1/2 ul/2y1/2 ’

o0 , . i(kpv+ix)? 14 i) (ikyv + uL — X)
—kix %xzf%x _ ﬁ (fy ™ ir/4 : : (2 2
/L e M1¥ea dx = \/;e T (1 +zerf1< MVEmYE , (22)

while inside the barrier, one has the following expressions for the even states:

2iky X { _ ( (% + %) (—kov —uL + X))
e ' <erfi

: 2

3in l(k2V+X)

L i 2 ix mv)V/ 24 T aw
/ cos(kpx)ew™ v ¥dx = (v)

—L

2(2u)1/2 u1/2y172
(1+iy—bv+yL+X) (l+iybv—yL+X)
. 272 . 272
—erfi 172172 } +erfi 72172
. (%+§)(kzv+yL+X)
—erfi 7272 , (23)
and this integral for odd states inside the barrier:
i i(kpv+X 2 :
/L sin(k x)e;lxzfgx dx = — (rv)/2e ™ ( w ) erfi <% i é> v = il + %)
-L ? B 2(2u)1/2 u1/2y172
. (3+4) (kv + L+ X) o (3+5) v+ pL—x)
¢ e u1/2y172 ert ul/2y172
. (%+%)(k2v+yL+X)
—erfi (172172 (24)

Then, using Equations (1), (23), and (24), one can plot the tomographic representation
of the even and odd states of the finite potential well. In Figures 2 and 3, we show the
behaviors of the tomograms for the even and odd solutions of the problem. In these figures,
one can see the combination of the position and momentum probability distributions. These
tomograms have maxima around the well borders, such as in the momentum probability
distribution, and local maxima at the origin and other localized points inside the well, such
as in the position probability distribution.

2.3. Infinite Potential Well

Another interesting example is the non-symmetrical infinite potential well. In this
case, the problem is defined by the potential

oo, x <0,orx >1L,
V(x) = 2
(%) { 0,0<x<L, 25)

which defines the following asymmetrical eigenfunctions of the system:

Pu(x) = \/g sin(n—rer). (26)
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Figure 2. Tomographic representation of the first four eigenfunctions for the finite potential well (odd

solutions) with k2 4 k3 = 150. Here, the parameters were y = cos(7t/3), v = sin(7/3),and L = 1.
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Figure 3. Tomographic representation of the first four eigenfunctions for the finite potential well
(even solutions) with k2 + k3 = 100. Here, the parameters were i = cos(7t/4), v = sin(7r/4), and
L=1
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In view of this expression, we obtain the tomographic representation which, in this
case, can be determined using the following integral:

x o _ 172 (xeion)?
f(b,x0,x1,X) = / "ebrodi = gy = a-i (m) e
X0 2 ]’l

) {erﬁ ( (3+35) by —pxo + X)) L ( (3+35) by —pxy + X)) } -

u1/2)172 u1/2y172

expressed in terms of the imaginary error function. Using Equations (1), (26), and (27), the
result is given by the following equation:

2
. (28)

1 inm inm
W(X|u,v) = 471]1/|L’f<L’0’L’X> —f<—L,O,L,X>

In Figure 4, we show the tomographic representation of the first four wave functions
for the infinite well. One can see that as in the finite potential well discussed above,
there is a combination of the momentum and position probability distributions, where
the momentum probability has maxima at the borders of the potential and the position
probability has maxima at localized points related to the quantum number n. In contrast
with the solutions in the position representation, which should be zero at x = 0, L, the
tomographic representation goes asymptotically to zero as the variable X goes to plus or
minus infinity. This behavior is also due to the momentum contribution of the tomogram.

n=1 n=2
0.15} ' ' ' ' ' ] 0.15} ' ' ' '
= =
= 0.10¢ 11 = 0.10¢
X X
3 0.05¢ 1 3 0.05¢
0.00 0.00
-15-10-5 0 5 10 15 -15-10-5 0 5 10 15
X X
n=3 n=4
0.15} 1 0.15}
= =
3 0.10¢ 11 = 0.10¢
X X
3 0.05¢ 1 3 0.05¢
0.00 0.00
-15-10-5 0 5 10 15 -15-10-5 0 5 10 15
X X

Figure 4. Tomographic representation of the first four eigenfunctions for the infinite potential well.
The parameters used for this representation were y = cos(7t/3), v = sin(7r/3), and L = 1.

2.4. Morse Potential

Our last example is the phenomenological molecular potential given by the Morse
potential. The Morse potential, which reads as [35,36]

V(x) = D(e 2* —2¢7F%), (29)
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where D is the depth of the potential, and f is associated with the range of the potential.
The bound solutions of this potential are given by

_ Ng-v/2,i—0p 2(-0) j_ | 2B(j—0)v! (it 1)e B
lib(y) Nve y v (y)’ NU r(2] —v+ 1)’ y ( ] + )e / (30)
where v < j is a nonnegative integer and j is a positive real number; both numbers are
related to the energy, depth, and range of the potential as follows:

) 8mD | —2mE
2]+1=1/h27‘32, ]_U:“FlT‘Bz, (31)

with m being the reduced mass of a molecule. The tomographic representation of the
solutions of the Morse potential can be numerically found. As an example, we obtained the
tomographic representation of the Morse potential solutions with j =5and v =1,2,3,4.

In Figure 5, the numerical solutions for the tomographic representations of four
eigenfunctions at j = 5 are shown. One can observe the complexity of the tomographic
representation for the states. This complexity was bigger as the parameter v increased. We
point out that the maximum of the tomographic probability distribution is located around
the potential minimum, which coincides with the position probability distribution.

j=5, v=1 j=5, v=2

CO0000
OO NN
SGoUIoUl

WXy, v)
WX|y, v)
coocoo
OO N
oo o

-6-4-20246 8 64202468
X X

j=5, v=3 j=9, v=4

OO=—NN
SIOUIOUT

WXy, v)
olelelalale
WXy, v)
eYoYoRoNa)
o-~NMwh

_6-4-202 468 64202468
X X

Figure 5. Tomographic representation for four different states, with solutions of the Morse potential

for v = 1,2,3,4. In this plot, the parameters used were j = 5, u = cos(71/3), v = sin(7r/3), and
Bp=m=h=1

3. Separability Criteria for Asymmetric Real States

The tomographic representation of quantum mechanics is useful to obtain information
about the system using probabilities. At the same time, other probability distributions for a
quantum system give different information about its behavior. In this section, we study the
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momentum probability representation and its relationship to the separability properties of
specific bipartite systems.
Let us consider an arbitrary n-partite wave function in the position representation

N
Ylxr,xo, ., t) = (%) =N Y cn(t) ) (1)) (02) -+~ p (xn),  (32)
m:1 m m m
where the integers l;,?, i=1,2,...,n, characterize a particular state; \/ is a normalization
constant; and the set of states {¢,,(x)} form an orthogonal basis of functions. It is known
that this state, together with its conjugate, must satisfy the probability conservation equation

% +V =0, p(E 1) = p(F )" (E 1),
- ih . .o . .
= o WEDV (50 — " (B TY(E1), )

where we can express the gradient for a system of unidimensional particles as
d 9 d
= (s—,5—,---,5— ). This probability conservation implies that in the case of
dx1’ dxp dxy
stationary states, the divergence of the probability current is equal to zero:

V-ji=0. (34)

In particular, this stationary probability conservation equation can be satisfied for
quantum systems, where the probability current is equal to zero:

j=o. (35)

For this type of system, one can prove the following theorem for the total momentum
probability distribution p(7) = ¢(F)¢¥*(P) and reduced momentum probability distribu-

ionsp(py) = [§5)9"(5) [T

Theorem 1. For a stationary system with j = 0 and depicted by an asymmetric wave function
Y(X), with the momentum representation written as

o 1 21 ox » n n
BL’(P)—(\/ﬁ)n/‘P(X) P( lgpmﬂﬁ)}gdﬁck,

in a momentum domain (—pym,pm), the total momentum probability distribution

n
o(B) = ¥(P)P*(P) and the reduced momentum probability distributions p(py) = /fp(ﬁ)lﬁ*(ﬁ) [ 1ap

14k
are even functions of the momentum variables. That is, p(—p) = p(P) and p(—px) = p(pk),

k=1,...,n

Proof. To demonstrate the property for a unidimensional system, one first integrates
Equation (35) at the position x, that is,

/jdx =0, with j= % (w(x)dt’b;ix) — w*(x)dw(x)), (36)
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where j can be rewritten with the help of the Dirac notation, and the momentum operator

d
— (x|, namely,

oy d L
properties p|x) = 1ha|x> and (x|p = Zhdx

/jdx

% ] ix (<x|¢> (vlx) — (plx) 2 (o)
— o [ IR (xl) + (yl) (eI, @7)

which, along with the completeness condition / |x)(x|dx = I, allows us to write the

integral of the probability current:

o)
/]dx—W—O, (38)

since the mean value of the momentum operator can be written in an integral form using
the momentum probability distribution p(p) = ¥(p)P*(p) as follows:

L
(p) = LLPP(P)UZP =0, (39)

where p is an antisymmetric function; then, p(p) must be a symmetric function. This shows
the theorem for a unimodal and unidimensional system.

In the n-partite, multidimensional case, one can prove this theorem for each component
of j, which reduces to the unidimensional case. [J

In particular, any asymmetric real wave function f: 0 satisfies the previous theorem,
and therefore, this aspect can be written as the following corollary.

Corollary 1. Any asymmetric real wave function in the position domain has an even probability
distribution in the momentum domain and even reduced momentum probability distributions.

This property can be extended for any real density matrix since, in general, any real §
can be constructed by a convex sum of products of real wave functions as follows:

N
(X|p|x’) = Zmem Jpm(2'), with Y Pu=1, (40)
m=1 m=1

where 9, (X ) is a real function. Then, the density matrix of Equation (40) in the momentum
representation reads

7, 7 1 T 1 71 X
Pufn(P)Fa('), ) = gy [ e EP ) e, (4)

M=z

(Plolp’) =

m=1

with every superposed momentum probability distribution p,, (7 ) = ¥ (7 )y, (7 ) being an
even function of the momentum, as given by Theorem 1. Then, the probability distribution

(Flolp) = ) Prom(P) (42)

M=

m=1

is a convex sum of even functions, which is also an even function. These arguments can be
summarized in the following corollary.
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Corollary 2. Any asymmetric (a state with at least one asymmetrical reduced probability distribu-
tion p(x;)) real density matrix (X|p|X') has an even momentum probability distribution (p |p|P )

L
and even reduced momentum probability densities p(px) = / (Flolg) I [ap
1#k

Stressing the importance of this corollary for our study, we give a more detailed proof
in Appendix A.

Then, the theorem and corollaries above can be used to examine the entanglement of a
bipartite system, which can be described by an asymmetric real density matrix. The idea
behind this is to explore the symmetries in the momentum space of an asymmetric density
matrix under the partial inversion of one of its momentum variables: either p; — —p; or
p2 — —p2. This property can be given as the following theorem.

Theorem 2. A necessary condition of separability for a bipartite asymmetric real density matrix
is whether the probability distribution of the system (P |p|p) is symmetric under both partial
momentum inversions p; — —p1 and pp — —pa. In other words, p(—p1, p2) = p(p1, —p2) =

p(p1, p2)-

Proof. Any real asymmetrical bipartite separable density matrix can be written as a
convex sum:

N

N
(x1,x2|p|x], x5) = Z (x1] 01k | X1 ) (x| 0ok | x5),  with Z P =1, (43)
= k=1

where (x1|p1x|x]) and (x|pok|x}) are real and define at least one asymmetrical reduced
position probability distribution; thus, using the results of Corollary 2, the reduced mo-
mentum probability distributions p(p1) = (p1|p1x/p1) and p(p2) = (p2|p2x|p2) are even
functions. In other words, the transformations

(p1, p2lolp1, va) = (—p1, —p2l0| — p1, —p2) = (=P p2ldl — p1, P2) = (p1, —p2l0lpt, —pa)  (44)

map density matrices into density matrices.

On the other hand, to demonstrate that if a real asymmetrical bipartite density matrix
does not obey the Peres—Horodecki criterion [37-39] for separability, then the bipartite
momentum probability distribution p(p1, p2) may not be symmetrical on at least one
partial momentum inversion (either p; — —p; or po — —p2), we can first take into
account a general entangled state using the harmonic oscillator basis ¢, (x) (without loss
of generality):

[e9)

<x1,x2|p|x’1,x§> = Z Con,mn! ,m’ (Pn(x1)¢m(xZ)q)n’(xll)gbm’(xé)‘ (45)

nn' mm' =0

This leads us to the following bipartite momentum probability distribution:

o

o(pr,p2) = (pLp2dplpLp2) = Y. Cummm Pn(p1)Pum(p2) by (p1) sy (p2),  (46)

n,n' ,m,m’ =0

where the momentum eigenfunctions of the harmonic oscillator are

~ _ (—i)” 2
Pn(p) = We P2H,(p), (47)

and they have the same symmetry properties as the position eigenfunctions:
fu(—p) = (=1)"¢u(p). The Hermitian condition of Equation (45) implies
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Cr ! ! = Cn! ! m,m» and the normalization condition is represented by }°7°,_ cnmnm = 1.
The non-separability of the system can be summarized using the Peres—Horodecki crite-
ria: the partial transpose density matrices (x7, x2[p|x1,x5) and (x1,x5|0|x], x2) may not
represent a well-defined quantum system when the system is non-separable.

Given these properties, the symmetry under the partial inversions p; — —p; and
p2 — —p2 of the bipartite momentum probability can be directly obtained from
Equation (46) as follows:

oo

p(=p )= Y Commn (=1 G (p1) P (p2) @5 (1) Gl (p2),
n,n' ,m,m' =0

ol =P = Y Comu (=) Gu(p1) G (p2) @l (p1) By (p2), (48)

nn' ,m,m' =0

which may be equal to the original probability distribution p(p1, p2) if both

Comt P (P1) @ (P2) @5 (P1) @y (P2) = Covpunt it (— 1) G (p1) P (p2) @3 (1) P (p2)

= Cn,m,n’,m’(71)m+m/$n(p1)§’5m(p2)$:z’ (p1)$fn’(p2); (49)

this may be satisfied if the pairs n and n’ and m and m’ are both even—even and /or odd-odd
numbers always (the system has symmetrical position probability distributions) or when,
given the correspondence ¢ (p) = (—1)"¢u(p), one has

Comun' m' = Cn! mu,m’ = Cn,m! ! mr (50)

which means that the partial transpose operations (x1, x5|p|x], x2) and (x], xp|p|x1, x5)
are bona fide density matrices, and thus, the system is separable (for more details, see
Appendix B), contradicting our initial suppositions of asymmetry and non-separability.
So, we conclude that p(p1, p2) = p(—p1, p2) = p(p1, —p2) holds for a real density matrix
only when the system is separable or when it has a defined symmetry for both subsystems

(p(x1) = p(—x1) and p(x2) = p(=x2)). O

The necessary separability condition given in Theorem 2 is also a sufficient criterion
in the cases where the Peres—Horodecki criterion is a sufficient condition for separability.
These cases include the following conditions: when the sums of the parameters n and n’
have two contributions and m and m’ have two or three elements.

This separability criterion may allow us to detect bipartite entanglement directly using
the momentum probability distribution of the system, and thus, may be more convenient
when working with continuous variable systems. On the other hand, this criterion may
have implications in the probabilistic representation given by the tomogram. As we
have discussed, the tomogram contains information on both the position and momentum
probability distributions.

Example

For a better understanding of our results, we present a specific example of our separa-
bility criteria. Let us suppose a two-mode harmonic oscillator state of the form

1 1 1 1
p = 310,0){0,0] + 310, 1)¢0, 1] + £(10,1)(0,0[ +10,0){0, 1[) + 7|1, 1)(L, 1|, (51)
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which is not a factorizable state but may be separable. One can obtain the reduced
density matrices

oV = 210)(01 + 3101}, p® = 210)0] + 3 11 {1] + £ (0) (1] + ) 0]), (52
where these define a symmetric probability function for mode 1 and an asymmetrical
probability function for mode 2 in the position representation. In other words, this density
matrix is real and asymmetric, as established by Theorem 2.

The momentum probability distribution of this system is then given by the function

2 2
. e P17 P2
(P p2lplpr, p2) = ——(1+2p3 +4pip3), (53)

which a symmetric function of both p; and p;. From this result and Theorem 2, one can
conclude that this system is separable. This can be corroborated, as the system can be
expressed as the following convex sum of product states:

b= 30001 [p) e+ s D@ A+ 00l lp )], 6

with the states |p+) = (|0) £|1))/+/2. Similarly to this example, more complicated states
can be taken into account and their separability information may be obtained by examining
the symmetry of the momentum probability distribution.

4. Summaryand Concluding Remarks

In the present paper, we briefly review our collaboration works between the Lebedev
Institute and the Mexican research group at UNAM. Different contributions related to the
tomographic representation of quantum dynamics, dynamics of superposition of coherent
states, and geometric representations of quantum systems are mentioned.

In this contribution, the construction of probability distributions describing quantum
system states is considered. The states are formally described either by vectors or by density
operators acting in a Hilbert space. It turns out that there exists an invertible map of the
vectors and density operators onto probability representations, which are used in our article
for concrete systems using wave functions describing the state vectors. This idea can be
used for any other quantum system. In particular, we present new results associated with
the tomographic representation of wave functions for different potentials, such as the free
particle, the finite and infinite potential wells, and the Morse potential. We discuss some of
their properties and behavior since the tomographic representation has information on both
the position and momentum probability distributions. In most of the cases, we provide the
explicit expressions for the tomogram of the system.

Finally, we present a discussion of separability in a bipartite asymmetrical real system,
which leads us to provide a new criterion using the symmetry properties of the momen-
tum probability distribution that may be used to distinguish separability in a continuous
variable system. In particular, this new criterion tells us that a necessary condition for
the separability of a real, bipartite system is that the momentum probability distribution
satisfies p(p1, p2) = p(—p1, p2) = p(p1, —p2) and can be applied in the cases where at least
one of the reduced position probability distributions is not symmetrical (o(—x1) # p(x1)
or p(—xp) # p(x2)). This criterion corresponds to the Peres-Horodecki criterion applied to
the momentum probability distribution and it is a sufficient condition in different systems.

We plan to extend our analysis of the probability representation of quantum systems in
the cases where the behavior of wave functions is known. For example, since the quasiclas-
sical approximation of wave functions is well developed, we hope to use the quasiclassical
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expressions for wave functions and obtain the relation of wave functions to tomograms and
find the quasiclassical expression for a symplectic tomogram in all known cases of quasi-
classical solutions for quantum systems. This can provide a new approach for considering
quasiclassical probability distributions known in probability theory. Also, we will propose
how to find corrections to the tomograms corresponding to approximated solutions to the
Schrodinger equation connected with approximated solutions to the equations for quantum
tomograms. We will present such results in future publications.
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Appendix A

To prove Corollary 2 of Theorem 1 for real, asymmetric density matrices, we can use
any complete basis in the position representation. It is convenient to use the harmonic
oscillator basis since its symmetry is known and is conformed by real wave functions ¢, (x).

A general real state can be represented by the density matrix

o)

<x|ﬁ|xl>: Z Cn,m47n(x)¢m(x,)/ (A1)

n,m=0

where the parameter matrix ¢, is real and symmetrical (cy,m € R, ¢pm = cm,n), and the
property Y_o>  cnn = 1 follows from the normalization condition.

Since we take into account only asymmetrical states p(x) # p(—x), this means that
our matrix ¢, ;; cannot be formed by only # and m as both even or both odd; that is,

{n,m} # {2k,2k'} or {n,m} # {2k + 1,2k + 1} (A2)

for any n and m. This property has implications for the momentum representation of the
system, which one can write, following Equation (A1), as
(plolp") = X cnm Gu(p)Pm(p). (A3)

n,m=0

One can separate the asymmetrical state (A3) into parts with different symmetries and
evaluate the momentum probability distribution as follows:

pp) =(plolp) = Y. cum gu(P)fn(p) + 32 cumu(p)r(p)

n,m even n,m odd
+ ) cumPu(P)Pn(p) + Y cnm Pu(p)Pm(p), (A4)
n even n odd

m odd m even



Quantum Rep. 2025, 7, 22 18 of 20

References

which can be reduced to only the even—even plus the odd-odd terms since the even—odd
and odd-even cancel each other as follows:

O P Hy () Hu(p) + X o —= D —e~P iy (p) H(p)

Y. O —ee——— ——
n'even V2t lm! 1 odd V2t lm!

m odd m even
(D" + (=1)m)i+m
= Z Cn,m
n ‘even V2t lml e

m odd

e 7" Hy(p)Hu(p) = 0. (A5)

Thus, finally we conclude that an arbitrary asymmetrical real density matrix of
Equation (A1) has a symmetrical momentum probability distribution expressed by

p(p) = Z Cn,m ‘ﬁn(P)ﬁi(P)‘f‘ Z Cn,m‘?’ﬂ(l’)‘?’fn(?’)- (A6)

n,m even n,m odd

It is important to notice that when the system is symmetric (c;,» has only even—even
and/or odd-odd contributions), then the momentum probability distribution will also be
symmetric. However, only the separability properties of bipartite real and asymmetrical
states can be evaluated using their momentum probability distribution and, because of this
fact, we emphasize the asymmetry of the system.

Appendix B

For the sake of clarity, we explicitly show that the condition of Equation (50) implies
the separability of the state of Equation (45). The state of Equation (45) and its partial
transpositions pP! can be written in the Dirac form as follows:

o0
p = Z Cn,m,n’,m’ |1’[, m> <n/, ml |,
nn',mm’ =0
t ad , oo
pllg = 2 Con,mn! m! |1’l’, Tf’l> <Tl/ m’|, ﬁg = Z S—— |7’l, ml> <1’l,, ml (A7)
nn',mm' =0 ! ! =0

After changing the variables n = I’ and n’ = [ in the expression for p ‘and m = I’ and
m’ = 1 in the expression for ﬁgt, we arrive at

e} [e0]

Apt N
pf = Z Cl’,m,l,m"lrm><l,'m/|/ Pg = Z Cn,l’,n/,l|nrl><n//l/|l (A8)

LI' ym,m’'=0 nn',Ll'=0

which can be changed back using the old indices n = I and n’ = I” in the expression for pft
and m = I and m’ = I’ in the expression for ﬁgt, resulting in

(o) [ee]
Apt APt
pf = Z Cn’,m,n,m/|n/m> <1’Z/, ml|/ Pg = Z Cn,m/,n/,m‘n/ m><n// m/‘} (A9)
nn' m,m' =0 n,n’ mm' =0

thus, if Equation (50) holds, then the partial transpositions are equal to the original state g,
and the system may be separable, as supported by the Peres—-Horodecki criterion.
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