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A B S T R A C T 

The Photometric objects Around Cosmic webs (PAC) method integrates cosmological photometric and spectroscopic surv e ys, 
of fering v aluable insights into galaxy formation. PAC measures the excess surface density of photometric objects, n̄ 2 w p , with 

specific physical properties around spectroscopic tracers. In this study, we impro v e the PAC method to make it more rigorous 
and eliminate the need for redshift bins. We apply the enhanced PAC method to the DESI Y1 BGS Bright spectroscopic sample 
and the deep Dark Energy Camera Le gac y Surv e y (DECaLS) photometric sample, obtaining n̄ 2 w p measurements across the 
complete stellar mass range, from 10 

5 . 3 to 10 

11 . 5 M � for blue galaxies, and from 10 

6 . 3 to 10 

11 . 9 M � for red galaxies. We combine 
n̄ 2 w p with w p measurements from the BGS sample, which is not necessarily complete in stellar mass. Assuming that galaxy 

bias is primarily determined by stellar mass and colour, we derive the galaxy stellar mass functions (GSMFs) down to 10 

5 . 3 M �
for blue galaxies and 10 

6 . 3 M � for red galaxies, while also setting lower limits for smaller masses. The blue and red GSMFs 
are well described by single and double Schechter functions, respectively, with low-mass end slopes of αblue = −1 . 54 

+ 0 . 02 
−0 . 02 and 

αred = −2 . 50 

+ 0 . 08 
−0 . 08 , resulting in the dominance of red galaxies below 10 

7 . 6 M �. Stage-IV cosmological photometric surv e ys, 
capable of reaching 2–3 mag deeper than DECaLS, present an opportunity to explore the entire galaxy population in the local 
universe with PAC. This advancement allows us to address critical questions regarding the nature of dark matter, the physics of 
reionization, and the formation of dwarf galaxies. 

Key words: methods: data analysis – galaxies: abundances – galaxies: dwarf. 
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 I N T RO D U C T I O N  

ver the past two decades, both cosmological spectroscopic surveys 
York et al. 2000 ; Colless et al. 2001 ; Jones et al. 2004 ; Le F ̀evre
t al. 2005 ; Driver et al. 2011 ; Newman et al. 2013 ; Garilli et al.
014 ) and photometric surv e ys (York et al. 2000 ; The Dark Energy
urv e y Collaboration 2005 ; Heymans et al. 2012 ; de Jong et al.
015 ; Aihara et al. 2018a ; Dey et al. 2019 ) have significantly
ontributed to shaping our understanding of galaxy formation and 
osmology. These two types of surv e ys possess unique advantages 
nd disadvantages. Spectroscopic surv e ys can offer precise redshift 
easurements for studying 3D galaxy clustering and assessing 

alaxy properties. Ho we v er, the y still focus on bright and selected
racers, leading to complex selection effects. Photometric surveys are 
ignificantly deeper and more complete than spectroscopic surv e ys, 
nd the gap is expected to widen further in the future. Photometric
urv e ys can also provide spatially resolved galaxy properties such 
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s morphology and shape. None the less, obtaining precise redshift 
easurements from photometric surv e ys remains a challenging task 

Newman & Gruen 2022 ). Moreo v er, due to their distinct character-
stics, spectroscopic and photometric surv e ys are often aligned with
ifferent scientific objectiv es. F or instance, photometric surv e ys are
ypically driven by weak lensing measurements (Kaiser & Squires 
993 ; Bartelmann & Schneider 2001 ), whereas spectroscopic surv e ys 
re primarily pursued to study baryon acoustic oscillations (Seo & 

isenstein 2003 ) and redshift space distortions (RSD; Kaiser 1987 ).
If we can integrate these two types of surv e ys and make full use of

heir respective strengths, we can generate a wealth of information 
o advance our understanding of galaxy formation and cosmology. 
o fully leverage the deep photometric surveys, as both photometric 
nd spectroscopic objects trace the comic web, it is theoretically 
ossible to statistically assign redshifts by cross-correlating them 

ith spectroscopic tracers, eliminating the use of photometric red- 
hift (photo- z ). Ho we ver, in practice, a well-thoughtout design is
ssential to achieve this goal. Various existing approaches, such as 
he clustering- z method in weak lensing (Newman 2008 ; M ́enard
t al. 2013 ), have made attempts in this direction, but they still rely
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n certain assumptions, such as those related to galaxy bias (Schmidt
t al. 2013 ; Rahman et al. 2015 ). 

To achieve this, building upon the work of Wang et al. ( 2011 ),
e introduced the Photometric objects Around Cosmic webs (PAC)
ethod in Xu, Zheng & Jing ( 2022a , hereafter Paper I ). The

AC method estimates the excess surface density, n̄ 2 w p , of pho-
ometric objects with specific physical properties, such as stellar

ass, luminosity, rest-frame colour, and star formation rate, around
pectroscopic tracers. Utilizing Stage-III cosmological spectroscopic
nd photometric surv e ys such as the Sloan Digital Sky Survey (SDSS,
ork et al. 2000 ; Dawson et al. 2013 ), the Hyper Suprime-Cam
ubaru Strategic Program (HSC-SSP, Aihara et al. 2018a ), and the
ark Energy Camera Le gac y Surv e y (DECaLS, De y et al. 2019 ),
e have conducted a series of investigations using the PAC method.
hese studies have yielded innov ati ve measurements and results in
arious aspects of galaxy formation, including precise measurements
f the galaxy stellar mass function (GSMF; Xu, Jing & Gao 2022b ,
ereafter Paper III ) and the stellar mass–halo mass relation (SHMR;
u et al. 2023a , hereafter Paper IV ) down to stellar mass 10 8 . 0 M �,

s well as their evolution up to redshift 0.7. Additionally, we have
nvestig ated g alaxy assembly bias (Xu & Jing 2022 ), environmental
uenching (Zheng et al. 2024 , 2025 ), and the quasar–halo connection
Gui et al. 2024 ). In Paper IV , we also developed accurate galaxy–
alo connections for the SDSS spectroscopic CMASS and LOWZ
amples, which have been applied to study the intrinsic alignment of
assive galaxies (Xu, Jing & Gao 2023b ) and gravitational lensing
agnification around them (Xu et al. 2024 ). Furthermore, many other

tudies utilized a concept similar to the PAC method, with a focus
n studying the distribution of satellite galaxies (Hansen et al. 2009 ;
uo et al. 2011 , 2012 ; Jiang, Jing & Li 2012 ; Wang & White 2012 ;
ang et al. 2014a , 2021 , 2025 ; Lan, M ́enard & Mo 2016 ; Tinker

t al. 2021 ). These studies underscore the well-established status
f the PAC method and have already contributed to enhancing our
nderstanding of galaxy formation. 
We are now entering the Stage-IV era, with various next-

eneration cosmological spectroscopic and photometric surv e ys
ither commencing or planning to release their data in the next few
ears, including the Dark Energy Spectroscopic Instrument (DESI;
ESI Collaboration 2016a ), the Subaru Prime Focus Spectrograph

Takada et al. 2014 ), the Le gac y Surv e y of Space and Time (LSST;
vezi ́c et al. 2019 ), Euclid (Laureijs et al. 2011 ), the Chinese Space
tation Optical Surv e y (CSS-OS; Gong et al. 2019 ), and surv e ys
onducted with the Nancy Grace Roman Space Telescope ( Roman ;
pergel et al. 2015 ). DESI aims to provide more than 40 million
pectroscopic tracers up to z ∼ 3 . 5, which is approximately 40 times
reater than the number available in SDSS. LSST, Euclid , CSS-OS,
nd Roman will provide large area multiband galaxy images ranging
rom near -ultra violet to near -infrared to unparalleled depth, reaching
pproximately r ∼ 27 or even deeper, which is 2 − 3 mag deeper
han DECaLS we utilized in previous studies. The Stage-IV surv e ys
resent promising opportunities for us to employ the PAC method
n exploring fainter sources and earlier cosmic epochs and obtaining

ore precise measurements. These innov ati ve measurements can
ontribute to addressing fundamental questions regarding the nature
f dark matter and dark energy, the epoch of reionization, structure
ormation in the universe, and the formation of galaxies. 

In this paper, as the first application of the PAC method in
he Stage-IV era, we focus on measuring the local GSMF down
o much lower mass limits than previously achieved. The GSMF
s a crucial measurement for understanding galaxy evolution. The
mplitude and shape of the GSMF encode vital information about
alaxy star formation and quenching mechanisms. Consequently, it
NRAS 540, 1635–1667 (2025) 
as been utilized to infer and constrain galaxy formation models in
umerous studies ranging from simple empirical models to numerical
imulations (Peng et al. 2010 ; Behroozi, Wechsler & Conroy 2013 ;
enriques et al. 2015 ; Schaye et al. 2015 , 2023 ; Pillepich et al. 2018 ;
av ́e et al. 2019 ). In previous works, large flux-limited spectroscopic

urv e ys, particularly the Two Degree Field Galaxy Spectroscopic
urv e y (2dF-GRS; Colless et al. 2001 ), SDSS, and Galaxy and Mass
ssembly (GAMA; Driver et al. 2011 ), are commonly employed to

nvestigate the local GSMF (Cole et al. 2001 ; Baldry, Glazebrook &
river 2008 ; Li & White 2009 ; Driver et al. 2022 ). However, due

o depth limitations, accurate and reliable measurements of the local
SMF from spectroscopic surv e ys remain constrained to relatively
igh masses. At lower masses, measurements are typically refined
o the local volume, which lies within or around the Local Void
LV, Tully et al. 2008 ; Peebles & Nusser 2010 ; McConnachie 2012 ;
arachentse v & Makarov a 2019 ; B ̈ohringer, Chon & Collins 2020 ),
ften leading to underestimation of the GSMF. Using the ELUCID
imulation (Wang et al. 2014b , 2016b ), which was run based on
he reconstructed initial density field of the nearby universe, Chen
t al. ( 2019 ) quantified the underestimation of the GSMF by galaxy
urv e ys with various magnitude limits. They identified significant
nderestimation at the low-mass end in current surv e ys, starting at
tellar mass 10 8 . 0 − 10 9 . 0 M �. Therefore, measuring the low-mass
nd of the GSMF using spectroscopic surv e ys alone remains highly
hallenging. 

To reach lower stellar masses, we employ the PAC method in
ombination with deeper photometric surv e ys, rather than relying
olely on spectroscopic data, as have been achieved in Paper III .
otably, comparing to the stellar mass limits of 10 8 . 2 M � reached

n Paper III , we enhance various aspects of the previous PAC
ethod and take a significant step into the 10 6 . 0 M � frontier with the
ESI Y1 Bright Galaxy Surv e y (BGS) Bright sample and DECaLS
hotometric sample. This advance is facilitated by leveraging numer-
us low-redshift tracers available in BGS, enabling accurate n̄ 2 w p 

easurements at lower redshifts. Furthermore, we derive the GSMF
or blue and red galaxy samples separately, offering deeper insights
nto the galaxy population. Our results mark significant progress in
he measurement of the local GSMF and have the potential to impact
ur understanding of dark matter and reionization. Specifically, the
umber density of galaxies with stellar masses around 10 6 . 0 M �
ecomes sensitive to dark matter particle mass (Col ́ın, Avila-Reese &
alenzuela 2000 ; Bode, Ostriker & Turok 2001 ; Viel et al. 2005 ;
o v ell et al. 2012 ; Macci ̀o et al. 2013 ; Horiuchi et al. 2016 ; Bose et al.
017 ) and to the epoch and physics of reionization (Efstathiou 1992 ;
oeb & Barkana 2001 ; Okamoto, Gao & Theuns 2008 ; Ben ́ıtez-
lambay et al. 2017 ; Bose, Deason & Frenk 2018 ). Additionally, our
ndings can also contribute to advancing the understanding of dwarf
alaxy formation. 

We introduce the DESI and DECaLS data in Section 2 . Section 3
rovides a detailed description of the PAC method, including various
mpro v ements made to enhance it. The measurements and the
esulting GSMF are presented in Section 4 . In Section 5 , we provide a
oncise summary. We adopt the cosmology with �m 

= 0 . 268, �� 

=
 . 732, and H 0 = 71 km s −1 Mpc −1 throughout the paper (Hinshaw
t al. 2013 ). 

 DATA  

n this section, we briefly introduce the DESI Y1 BGS spectroscopic
amples and DECaLS photometric sample. 
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Figure 1. Distributions of redshift and stellar mass for the DESI Y1 BGS 
Bright sample that o v erlaps with the DECaLS footprint. 

Figure 2. V max -weighted rest-frame g − r colour versus stellar mass dis- 
tribution for BGS with z < 0 . 2. The distribution is further normalized 
within each stellar mass bin for clearer visualization. The line g − r = 

0 . 04 log 10 ( M ∗/ M �) + 0 . 2 is used to separate the blue and red populations. 
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.1 DESI Y1 BGS 

ESI is a prominent Stage-IV dark energy surv e y with the goal of
btaining spectra for approximately 40 million extragalactic objects 
 v er a fiv e-year period (Levi et al. 2013 ; DESI Collaboration 2016a ,
 , 2022 , 2024a , b ). Co v ering more than 14 000 deg 2 , the surv e y is
onducted using a multi-object fibre-fed spectrograph mounted on 
he prime focus panel of the 4-m Mayall Telescope at Kitt Peak
ational Observatory (DESI Collaboration 2022 ). The spectrometer 
perates in the wavelength range of 3600 − 9800 Å and can allocate 
bres to 5000 objects during a visit (DESI Collaboration 2016b ; 
ilber et al. 2023 ; Miller et al. 2024 ; Poppett et al. 2024 ). Additional
ipelines supporting the DESI experiment are detailed in Guy et al. 
 2023 ), Myers et al. ( 2023 ), Schlafly et al. ( 2023 ), Bailey et al.
in preparation), and Raichoor et al. (in preparation). The parent 
atalogue used for DESI target selections is constructed from Data 
elease 9 of the DESI Le gac y Imaging Surv e ys (Zou et al. 2017 ; Dey
t al. 2019 ). The photometric data contains three optical bands grz 

rom the DECaLS (Dey et al. 2019 ), the Dark Energy Surv e y (DES;
he Dark Energy Surv e y Collaboration 2005 ), the Beijing–Arizona 
k y Surv e y (Zou et al. 2017 ), and the Mayall z-band Le gac y Surv e y.
As part of its core observations, DESI is conducting the BGS

Hahn et al. 2023 ). BGS spans 14 000 deg 2 footprint and includes
ow-redshift galaxies with z < 0 . 6 that can be observed during bright
ime, when the night sky is approximately 2 . 5 × brighter than nominal
ark conditions. BGS provides two galaxy samples: the BGS Bright 
ample, an r < 19 . 5 magnitude-limited sample of approximately 10
illion galaxies, and the BGS Faint sample, a fainter 19 . 5 < r <

0 . 175 sample of approximately 5 million galaxies selected based 
n surface brightness and colour. The selection and completeness of 
he BGS samples are detailed in Hahn et al. ( 2023 ). 

We use the DESI Y1 BGS Bright sample in this study, co v ering
300 and 2173 deg 2 in the Northern and Southern Galactic caps 
NGC and SGC), with an average completeness of 0.656. Our 
nalysis focuses on the BGS Bright sample o v erlapped with the
ECaLS footprint, restricted to Dec . < 32 ◦, leading to a reduced

otal area of 5349 deg 2 . Each BGS source is assigned a weight 

 tot = w comp w zfail , (1) 

here w comp corrects for fibre-assignment incompleteness, and w zfail 

djusts for changes in the relative redshift success rates (Ross et al.
025 ). 
In Fig. 1 , we present the redshift and stellar mass distributions

f the BGS Bright sample within the DECaLS region. We compute 
heir physical properties by applying the spectral energy distribution 
SED) fitting code CIGALE (Boquien et al. 2019 ), utilizing the grz-
and fluxes from DECaLS and redshifts from DESI spectra. The 
alculations are based on the stellar population synthesis models 
y Bruzual & Charlot ( 2003 ), which employ a Chabrier ( 2003 )
nitial mass function and a star formation history characterized by 
 delayed exponential function φ( t) ≈ t exp ( −t/τ ) . We consider 
hree metallicities, specifically Z/Z � = 0 . 4 , 1 , and 2 . 5, where Z �
epresents the metallicity of the Sun. Additionally, we incorporate 
he Calzetti et al. ( 2000 ) e xtinction la w to account for dust reddening,
ithin the range of 0 < E( B − V ) < 0 . 5. 
Since we aim to study the blue and red populations separately, 

ig. 2 presents the rest-frame g − r colour versus stellar mass
istributions, weighted by 1/ V max , where V max corresponds to z max ,
he maximum redshift at which a galaxy can still meet our sample
election criteria. The V max values are taken from Wang et al. 
 2024 ). We apply the colour cut g − r = 0 . 04 log 10 ( M ∗/ M �) + 0 . 2
o separate the blue and red populations. This cut is chosen to closely
atch the one used in Zheng et al. ( 2024 ), where they studied
nvironmental quenching using PAC and SDSS data. Their colour 
ut, based on u − r , could not be directly used because DECaLS
oes not include u -band measurements. Instead, we used g − r and
etermined the cut based on the relationship between the u and g 
ands from SDSS data. 
To calculate the correlation functions, we use a random catalogue 

rovided by DESI (Ross et al. 2025 ), which matches the footprint
nd redshift distribution of the BGS sample used in our analysis. 

.2 DECaLS 

e utilize the photometric catalogue from DECaLS in Data Release 
 of the DESI Le gac y Imaging Surv e ys (De y et al. 2019 ). This
MNRAS 540, 1635–1667 (2025) 
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atalogue co v ers approximately 9000 de g 2 in the NGC and SGC
ith Dec . < 32 ◦. Observations were conducted in the g, r , and z
ands, with median 5 σ point source depths of 24.9, 24.2, and 23.3,
espectively. DECaLS also includes data from DES, which covers an
dditional 5000 deg 2 in the SGC. 

Image processing was performed using Tractor (Lang, Hogg &
ykytyn 2016 ) to extract sources. These sources are modelled using

arametric profiles convolved with specific point spread functions
PSFs), including a delta function for point sources, an exponential
rofile, a de Vaucouleurs profile, and a S ́ersic profile. The best-fitting
odel magnitudes are used as the default photometry, with correction

or Galactic extinction (Schlegel, Finkbeiner & Davis 1998 ). 
We restrict our analysis to the footprint that has been observed at

east once in all three bands. We also apply bright star masks and bad
ixel masks using the MASKBITS 

1 provided by the Le gac y Surv e y.
dditional masks are applied to match the final DESI footprint using

he in desi flag, resulting in a final co v erage of 10 324 deg 2 . We
xclude all the sources with PSF morphology to reject stars, and
dopt a conserv ati ve magnitude cut r < 23 . 5 to save computation
ime. This results in a DECaLS photometric sample of 0.56 billion
ources. While we calculate the physical properties for the entire
ample to prepare for future studies, our current focus in this study
s e xclusiv ely on the DESI Y1 BGS Bright sample. Therefore, the
ootprint is further restricted to 5349 deg 2 during the measurement
f the excess surface density n̄ 2 w p . 
To calculate the correlation functions, we use a random catalogue

ro vided by DESI Le gac y Imaging Surv e ys, which matches the
ootprint of the DECaLS sample used in our analysis. 

 IMPROV ING  T H E  PAC  M E T H O D  

n this section, we introduce impro v ements in the PAC method, in-
luding impro v ements to the calculation of physical properties, a new
orrelation function estimator, colour cuts to exclude background
ources, and a new method to determine at what stellar mass limits
ECaLS is complete. We also validate the approximations used in

he calculation. 

.1 Ov er view of the previous PAC method 

uppose we aim to investigate two distinct populations of galaxies:
ne, denoted as pop 1 , is drawn from a spectroscopic catalogue,
hile the other, referred to as pop 2 , is sourced from a photometric

atalogue. These populations are characterized within a relatively
arrow-redshift range. In our prior work Paper I , we introduced a
ethod called PAC, which enables the accurate measurement of the

xcess surface density, n̄ 2 w p ( r p ), of objects with selected physical
roperties from pop 2 around objects from pop 1 . It is based on 

¯ 2 w p ( r p ) ≈ S̄ 2 

r 2 1 

ω 12 , w ( θ ) , (2) 

here ̄n 2 and S̄ 2 represent the mean number density and mean angular
urface density of pop 2 , respectively. The parameter r 1 denotes the
omoving distance to pop 1 and w p ( r p ) and ω 12 , w ( θ ) are, respectively,
he projected cross-correlation function and the weighted angular
ross-correlation function (ACCF) between pop 1 and pop 2 , where
 p = r 1 sin θ . Using PAC, we can statistically determine the rest-
rame physical properties of pop 2 without requiring redshift infor-
ation for this population; this enables us to make full use of the
NRAS 540, 1635–1667 (2025) 
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s  

C  

r

eep photometric surv e ys. The ke y steps involv ed in the previous
AC method are outlined below: 

(i) Di vide pop 1 into narro wer redshift bins to limit the range of r 1 
n each bin. 

(ii) Under the false assumption that all galaxies in pop 2 share
he same redshift as the mean redshift of a particular redshift bin,
alculate the physical properties of pop 2 using techniques such as
ED fitting. In this way, for each redshift bin in pop 1 , a catalogue of
hysical properties for pop 2 is created. 
(iii) Within each redshift bin, select pop 2 objects with specific

hysical properties and compute n̄ 2 w p ( r p ) using equation ( 2 ). The
oreground and background objects with incorrect physical proper-
ies are uncorrelated with pop 1 and so do not contribute to the ACCF.
hus, the measured ACCF depends only on the objects at the same

edshift as pop 1 and these have the correct physical properties. 
(iv) Combine the results from different redshift bins by averaging

ith appropriate weights. 

For more details, see Paper I . 
With this method, n̄ 2 w p is calculated in each redshift bin and then

ombined, potentially introducing two sources of error. First, the
roperties of pop 2 are all computed using the mean redshift of the bin,
hile they are correlated with pop 1 objects spanning the full width
f the redshift bin. This can lead to inaccuracies in the properties due
o differences in luminosity distances and the rest-frame wavelength
o v ered by the photometric bands. Moreo v er, the measured ω 12 , w ( θ )
s multiplied by the same S̄ 2 /r 2 1 factor, even though it should vary
or each source in pop 1 . Although, as demonstrated in Paper I , these
pproximations are found to be acceptable at high redshift, they
ecome less accurate at lower redshifts ( z < 0 . 1) due to the much
ore significant fractional variation in r 1 . Hence, we now present

n impro v ed PAC method that operates without the need for redshift
ins. 
We impro v e various aspects of the PAC method. To obtain accurate

hysical properties for pop 2 , we present a method to infer the physical
roperties for the entire photometric sample across the entire redshift
ange in Section 3.2 . To eliminate the need for redshift bins and
ccount for the variation in S̄ 2 /r 2 1 , we introduce a new estimator for
he PAC method in Section 3.3 . In Section 3.4 , we employ colour cuts
o exclude foreground and background galaxies from the photometric
ample, enhancing the accuracy of our measurements. We use a
ew method in Section 3.5 to determine the stellar mass limits
chie v able with DECaLS, allowing us to fully exploit the available
ata. In Section 3.6 , we assess the accuracy of the impro v ed PAC
ethod. 

.2 Properties of photometric objects across the entire redshift 
ange 

o solve the first source of error, it is necessary to determine the
roperties of each source in pop 2 at all assumed redshifts. This can
e achieved by defining a set of reference redshifts, determining the
hysical properties of each object assuming it is at each reference
edshift and then interpolating these properties to any required
ntermediate redshift. Given the 0.56 billion sources, it is crucial to

inimize the number of reference redshifts. To assess the accuracy
f the interpolation and establish the required reference redshifts, we
andomly select 1 per cent of the sources from the entire DECaLS
ample. We compute their physical properties using the SED code
IGALE and the same template described in Section 2.1 for each
eference redshift. 

https://www.legacysurvey.org/dr9/bitmasks/
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Figure 3. Mean errors and 1 σ scatter in interpolated stellar mass � log 10 M ∗
at 241 redshifts interpolated from the values at 44 reference redshifts within 
the range of 0 . 001 < z < 1. For these reference redshifts, 31 of them are 
chosen with an equal interval of � log 10 (1 + z) = 0 . 01, while the other 13 
indicated by dotted lines are included to account for the rapid changes in 
stellar mass with a given redshift due to specific structures in the galaxy 
spectrum. 
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We perform SED fitting to the 1 per cent subsample at 241
edshifts equally spaced in � log 10 (1 + z) within the redshift range
f 0 . 001 < z < 1. As demonstrated in Fig. 3 , our results indicate
hat employing 31 reference redshifts with spacing � log 10 (1 + z) =
 . 01, in combination with an extra 13 redshifts linked to specific
eatures in galaxy spectra, enables accurate interpolation of the stellar 
asses for all sources throughout the entire redshift range. The need 

or the 13 extra redshifts can be illustrated by considering the case of
 ∼ 0 . 13 where the D 4000 feature begins to enter the g band. Here,
any galaxies that at a lower assumed redshift would be classified as

ed are suddenly classified as blue. This results in the inferred stellar
ass varying rapidly with redshift, necessitating the inclusion of 

dditional reference redshifts to maintain the same level of accuracy 
t these specific redshifts. Using these 44 reference redshifts, we 
erform the interpolation under the assumption that log 10 ( M ∗) varies 
inearly with log 10 ( D L ), where D L denotes the luminosity distance. 
his approach achieves an accuracy of � log 10 M ∗ < 0 . 02, validated
y comparing interpolated M ∗ values with those directly calculated 
n a finer grid, as shown in Fig. 3 . 
Subsequently, we perform SED fitting for the entire DECaLS 

ample at the 44 reference redshifts. While it is possible to obtain the
roperties at the redshift of each pop 1 source, such an approach 
s unrealistic and unnecessary. Instead, we opt for interpolating 
nd saving the stellar masses at 634 redshifts within the range of
 . 001 < z < 1. The mean change in stellar mass between adjacent
edshifts in this interpolated data set is smaller than � log 10 M ∗ =
 . 01, which provides a level of accuracy that is sufficient for our
nalysis. F or e xample, if 2 adjacent reference redshifts among the
4 identified abo v e show a mean � log 10 M ∗ = 0 . 1, we insert 9
dditional redshifts in between, ensuring a consistent spacing of 
 log 10 M ∗ values through interpolation. For each pop 1 source, 
e utilize the physical properties of pop 2 at the nearest available 

edshift. 
Although the abo v e approach is illustrated using stellar mass as

n example, it can be applied to any other physical properties under
nv estigation. We hav e tested the precision of the interpolation for
est-frame g- and r-band luminosities and found similar accuracy. 
onsequently, we expect that the precision for the rest-frame g − r 

olour is also sufficient for our analysis. 
.3 A new estimator for the PAC method 

o address the second source of error and enable flexible data
ombinations without the necessity of redshift bins, we introduce 
 new estimator for the PAC method. 

In the previous PAC method, for each redshift bin, we first compute 
 12 , w using the Landy–Szalay estimator (Landy & Szalay 1993 ) with

wo corresponding random samples 

 12 , w ( θ ) = 

D 1 D 2 ( θ ) − D 1 R 2 ( θ ) − R 1 D 2 ( θ ) + R 1 R 2 ( θ ) 

R 1 R 2 ( θ ) 
, (3) 

here D D , D R , and R R are the data–data, data–random, and
andom–random pair counts. The angle θ varies for different pairs 
f D 1 and R 1 and is defined as θ = arcsin ( r p /r 1 ) . Subsequently,

¯ 2 w p ( r p ) is obtained using equation ( 2 ) by multiplying it with S̄ 2 /r 2 1 ,
hich is calculated using the mean redshift of each bin. 
Instead, we now incorporate S̄ 2 and r 2 1 as weights of pop 2 and pop 1 

ources. First, we calculate S̄ 2 for galaxies with varying properties at 
he sav ed redshifts. F or instance, if we want to calculate ̄n 2 w p for pop 2 
ithin N stellar mass bins at z < 0 . 2 across 478 saved redshifts. This

esults in a total of 478 × N S̄ 2 measurements. Then, we compute
 

2 
1 for each source and random point of pop 1 . The weighted pairs are
efined as: 

D 1 , w D 2 , w = D 2 ̄S 2 D 1 /r 
2 
1 , 

D 1 , w R 2 , w = R 2 ̄S 2 D 1 /r 
2 
1 , 

R 1 , w D 2 , w = D 2 ̄S 2 R 1 /r 
2 
1 , 

R 1 , w R 2 , w = R 2 ̄S 2 R 1 /r 
2 
1 , 

here S̄ 2 is chosen as the value corresponding to pop 2 with the 
ele v ant properties of interest at the nearest redshift of each pop 1 
ource or random point. Furthermore, the abo v e formula does not
nclude the weights from the spectroscopic catalogues as outlined in 
ection 2.1 . These can be incorporated by simply multiplying them
ith D 1 , w , R 1 , w , and R 1 . Finally, we introduce the new estimator 

¯ 2 w p ( r p ) = 

D 1 , w D 2 , w − D 1 , w R 2 , w − R 1 , w D 2 , w + R 1 , w R 2 , w 

R 1 R 2 
, (4) 

here the pairs are counted in the bin around θ = arcsin ( r p /r 1 ) .
 ith this estimator , we can flexibly combine the measurements for

op 1 as long as the evolution of n̄ 2 w p is sufficiently small to allow
or statistical combination. 

.4 Excluding for egr ound and backgr ound galaxies with colour
uts 

eep magnitude-limited photometric samples typically encompass 
ources spanning a broad range of redshifts, with only a small fraction
f them being correlated with pop 1 . Therefore, we implement con- 
erv ati ve colour cuts to exclude as many foreground and background
alaxies as possible, while retaining all galaxies within the redshift 
anges of interest. This strategy helps minimize noise and enhances 
he precision of our measurements. 

As an example, in this paper, we focus on the redshift range of
nterest at z < 0 . 2. In Fig. 4 , we plot the DESI Y1 BGS galaxies
n two narrower redshift bins z < 0 . 1 and 0 . 1 < z < 0 . 2 on the g −
 versus r − z colour–colour diagram. According to their colour 
istribution, we derived colour cuts for these two redshift ranges. 
or z < 0 . 1, { −0 . 2 < g − r < 1 . 2 , 

r − z < 

11 
14 ( g − r) + 

9 
35 . 

(5) 
MNRAS 540, 1635–1667 (2025) 
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M

Figure 4. The observed g − r versus r − z colour diagrams for DESI BGS for two redshift bins. The solid lines represent the colour cuts used to exclude 
background galaxies in DECaLS for PAC measurements at each redshift bin. 
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or 0 . 1 < z < 0 . 2, ⎧ ⎪ ⎨ 

⎪ ⎩ 

0 < g − r < 1 . 5 , 

r − z < 1 . 1 , 

r − z < 

8 
11 ( g − r) + 

3 
10 . 

The g − r colour-cut range we used is sufficiently wide compared
o the colour distribution of BGS in Fig. 2 , ensuring that all low-
edshift sources are retained. These colour cuts result in a reduction of
ore than half the galaxies in DECaLS. Additionally, it is important

o note that S̄ 2 should also be calculated using the sample after
pplying the colour cut, rather than the entire sample. This approach
an be extended to higher redshifts with an appropriate reference
ample, which will be explored in future studies. 

.5 Determining stellar mass limits 

hile it is evident that DECaLS can extend to fainter magnitude
nd lower mass limits, determining these values is essential for fully
xploiting the data set. Ho we ver, this task is not straightforward as
e are reaching unexplored territory, with limited knowledge about

hese faint galaxies. In our previous studies ( Paper III , Paper IV ),
e first determined the r- or z-band galaxy depths of DECaLS.
hen, we created apparent magnitude versus stellar mass diagrams
sing GAMA DR4 data (Driver et al. 2022 ) with V max correction
or galaxies at z < 0 . 2 and using DES deep field data (Hartley et al.
022 ) with photo- z for galaxies at 0 . 2 < z < 0 . 7. Subsequently, we
etermined the stellar mass for which DECaLS achieves 95 per cent
ompleteness at each redshift with the galaxy depths we obtained.
hese results are sensitive to the determination of galaxy depths, as
ell as to corrections for incompleteness, cosmic variance in GAMA,

nd photo- z errors in DES. Additionally, both GAMA and DESI
truggle to measure enough galaxies with M ∗ < 10 8 . 0 M �, making
his method impractical for the lower mass end. 

To address this issue, we present a straightforward method based
nly on DECaLS itself to establish the stellar mass limit in the
AC method. We show an example for z = 0 . 025 in Fig. 5 . We
elect sources from the deepest regions where the r-band 10 σ PSF
epth exceeds 23.8 and compare the angular surface density of
alaxies as a function of stellar mass, assuming all galaxies are
NRAS 540, 1635–1667 (2025) 
t z = 0 . 025, between these deep regions and the entire DECaLS
ample. According to the cosmological principle, the angular surface
ensity of DECaLS should be identical to that of the deeper regions
or the complete mass range and should begin to drop once it reaches
he stellar mass limit. We define the stellar mass at which the angular
urface density of DECaLS decreases to 95 per cent of that in the
eeper sample as the stellar mass limit. As an example, we present
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Figure 6. Top: stellar mass limits obtained using the method demonstrated 
in Fig. 5 out to z < 0 . 2. Separate limits are shown for the complete population 
and for red and blue subsets. These are compared to the limits for the complete 
population previously used in Paper III that combined DECaLS and GAMA. 
Bottom: the ef fecti ve volume as a function of stellar mass, calculated as 
the volume between a lower limit of z = 0.01 and the redshift to which the 
sample is complete. The area is set to 5349 deg 2 , corresponding to the overlap 
between the DECaLS and DESI Y1 BGS footprints. 
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he results for the entire population at z = 0 . 025 in Fig. 5 , where we
nd that the stellar mass limit in DECaLS is 10 7 . 2 M �. 
We repeat the process at various redshifts for z < 0 . 2 for the entire,

lue, and red populations. We present the results in the top panel of
ig. 6 and also plot the results for the entire population from Paper
II based on GAMA data for comparison. The results are discrete 
ecause we measure the angular surface density in stellar mass bins
ith an interval of � log 10 ( M ∗/ M �) = 0 . 2. The stellar mass limits

re nearly identical for the red and entire populations but are lower
or blue galaxies. This is because red galaxies have higher mass-
o-light ratios than blue ones, making them fainter at fixed stellar

asses. As a result, the stellar mass limits for the entire population
re primarily determined by the red galaxies. Compared to Paper III ,
e find that the stellar mass limits derived from GAMA are overly
ptimistic. This may suggest that GAMA does not fully sample the 
ntire colour space of low-mass galaxies, potentially missing red 
nes. In the bottom panel, we further display the ef fecti ve volume
alculated using the maximum complete redshift, as well as with a 
edshift cut-off of z > 0 . 01, for various stellar masses. Our results
ndicate the potential to investig ate g alaxies with stellar masses of
0 6 M � within a sufficiently large volume using the PAC method 
ith BGS and DECaLS. 

.6 Testing the approximation in the PAC method for z < 0 . 1 

hen utilizing low-redshift data, it becomes necessary to re- 
 v aluate the approximation in equation ( 2 ). Wang et al. ( 2011 ) have
emonstrated an accuracy of 3 per cent even at r p = 30 h 

−1 Mpc for
arious r-band absolute magnitude bins at z = 0 . 07. We intend to
xpand the analysis to lower redshifts, encompass a broader range of
alaxy populations, and incorporate additional sources of error that 
ere not considered in Wang et al. ( 2011 ). 
The first error arises from the different definitions of w p ( r p ) and
 12 ( θ ) that was comprehensively addressed in Wang et al. ( 2011 ).
ssuming we have a pop 1 sample at a specific redshift, by definition,
e have 

 12 ( θ ) = 

∫ ∞ 

0 � n̄ 2 ( r 2 ) r 2 2 ξ ( r 12 )d r 2 
�S̄ 2 

, (6) 

here � is the total sk y co v erage, r 2 denotes the comoving distance
o pop 2 , ξ is the cross-correlation between pop 1 and pop 2 and 

 12 = 

√ 

r 2 1 + r 2 2 − 2 r 1 r 2 cos θ . (7) 

f we consider volume-limited samples with constant mean densities 
s in this paper, we have n̄ 2 ( r 2 ) = n̄ 2 and 

 12 ( θ ) = 

n̄ 2 

S̄ 2 

∫ ∞ 

0 
r 2 2 ξ ( r 12 )d r 2 . (8) 

hile, for w p ( r p ), we have 

 p ( r p ) = 

∫ ∞ 

0 
ξ ( r 12 )d r 2 , (9) 

here r p = r 1 sin θ is used to obtain the best match. We can define
he ratio between ω 12 ( θ ) and w p ( r p ) as 

true = 

n̄ 2 
∫ ∞ 

0 r 2 2 ξ ( r 12 )d r 2 
S̄ 2 

∫ ∞ 

0 ξ ( r 12 )d r 2 
, (10) 

hile the approximated ratio according to equation ( 2 ) is 

approx = 

n̄ 2 r 
2 
1 

S̄ 2 
. (11) 

herefore, we can test the accuracy of this approximation by 
alculating �η/ηtrue = | ηtrue − ηapprox | /ηtrue . It is evident that if r 1 
s significantly larger than the correlation length, we have ∫ ∞ 

0 
r 2 2 ξ ( r 12 )d r 2 ≈ r 2 1 

∫ ∞ 

0 
ξ ( r 12 )d r 2 (12) 

nd �η/ηtrue ≈ 0, since r 2 2 changes much more slowly than ξ ( r 12 ). 
Ho we ver, there is another source of error that has not been

onsidered in Wang et al. ( 2011 ). Suppose we are interested in
btaining measurements for pop 2 within a specific stellar mass bin 
 M min , M max ] and the stellar masses of pop 2 are calculated at the
edshift of pop 1 as described in Section 3.2 . When we compute
he angular correlation, pop 1 is correlated with some galaxies with 
 ∗ > M max at r 2 > r 1 and M ∗ < M min at r 2 < r 1 because the masses

f correlated galaxies are either underestimated or o v erestimated 
ue to the inaccurate redshift assumed. This effect can impact the
easurements because both n̄ 2 and ξ ( r 12 ) depend on stellar mass,
hich is also negligible when r 1 is significantly larger than the

orrelation length. To investigate this effect, we re-write the ω 12 ( θ )
e measured as 

 12 ( θ ) = 

1 

S̄ 2 

∫ ∞ 

0 

∫ M max 

M min 

� 

(
M ∗

r 2 2 , L 

r 2 1 , L 

)
ξ

(
r 12 , M ∗

r 2 2 , L 

r 2 1 , L 

)
r 2 2 d M ∗d r 2 , 

(13)

here r 1 , L and r 2 , L are the luminosity distances to pop 1 and pop 2 and
 is the stellar mass function. The abo v e equation is derived under

he assumption that the stellar mass of pop 2 scales solely with the
MNRAS 540, 1635–1667 (2025) 
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quare of the luminosity distances within the correlation length, and
hat pop 2 is complete in stellar mass, allowing n̄ 2 to be replaced by
he stellar mass function � . Hence, the ratio can be reformulated as 

true = 

∫ ∞ 

0 

∫ M max 

M min 
� 

(
M ∗

r 2 2 , L 

r 2 1 , L 

)
ξ

(
r 12 , M ∗

r 2 2 , L 

r 2 1 , L 

)
r 2 2 d M ∗d r 2 

S̄ 2 
∫ ∞ 

0 ξ ( r 12 )d r 2 
. (14) 

To estimate the accuracy of the approximation �η/ηtrue for various
edshifts and stellar mass bins, we employ the precise SHMR from
aper IV and the CosmicGrowth N -body simulation (Jing 2019 )
ith a subhalo catalogue constructed using HBT + (Han et al. 2012 ,
016 ). The CosmicGrowth simulation has a mass resolution of 5 ×
0 8 h 

−1 M � and a box size of 600 h 

−1 Mpc , which is appropriate for
tudying the distribution of galaxies with M ∗ > 10 8 M � according
o Paper IV . We derive ξ ( r, M ∗) and � ( M ∗) using the SHMR and
imulation data, and then estimate �η/ηtrue across different redshifts
nd for varying stellar masses of pop 1 and pop 2 . Fig. 7 presents
he results at 2 characteristic scales, r p = 1 . 25 and 12 . 5 h 

−1 Mpc ,
cross 5 redshifts z = 0 . 01 , 0 . 025 , 0 . 075, and 0.1, and within 18
tellar mass bins for pop 1 and pop 2 , spanning the range from 10 8 . 0 

o 10 11 . 6 M �. We find that �η/ηtrue is smaller for smaller scales,
ower pop 2 mass, and higher redshift, with its dependence on the

ass of pop 1 being nearly negligible. There are indications that
η/ηtrue begins to increase when M pop 2 < 10 9 . 0 M �. This behaviour

s attributed to the fact that within these mass bins, pop 1 starts to
orrelate with some galaxies having M pop 2 < 10 8 . 0 M �, whose host
aloes or subhaloes are unresolved by the simulation. In general, we
an maintain an accuracy of better than 3 per cent for almost all the
tellar mass bins at z = 0 . 05 within a scale of up to 12 . 5 h 

−1 Mpc . It
s worth noting that the measurements become less accurate in the

ost massive pop 2 bins at lower redshifts. However, these redshifts
re primarily intended for the study of low-mass galaxies and have
e wer massi ve galaxies. The PAC method remains highly accurate for
 pop 2 < 10 9 . 0 M � even at z = 0 . 01, and we anticipate that this level

f accurac y e xtends to lower mass galaxies. Although the test abo v e
as conducted for the entire sample, we expect that the conclusion

lso holds for the red and blue subsamples. This demonstrates the
otential of the PAC method for exploring the unknown region of
aint galaxies. 

 FIRST  APPLICATION  WITH  DESI  Y 1  B G S  

n this section, we present the first application of the impro v ed PAC
ethod using the DESI Y1 BGS and DECaLS samples. We derive

¯ 2 w p for blue and red pop 2 galaxies down to stellar masses of 10 5 . 3 

nd 10 6 . 3 M �, respectiv ely. F ollowing the approach of Paper III , we
btain measurements of the GSMFs for blue and red galaxies at these
ass thresholds by combining n̄ 2 w p with w p from the BGS data set.
e then combine these to obtain the total GSMF. 

.1 Methodology for measuring GSMF 

aper III proposed a method to directly derive the galaxy GSMF by
ombining n̄ 2 w p from the PAC method with w p from spectroscopic
urv e ys, which may not be complete in stellar mass. In this approach,
o match pop 2 from the photometric sample, the corresponding pop s 2 
s selected from the spectroscopic sample within the same stellar

ass bin and cross-correlated with pop 1 to obtain w p . The GSMF is
hen estimated by comparing n̄ 2 w p with w p within each stellar mass
in. This method is straightforward and relies on the key assumption
hat galaxy bias is primarily determined by stellar mass, such that
op s 2 and pop 2 hav e similar biases, ev en if pop s 2 is highly incomplete.
NRAS 540, 1635–1667 (2025) 
n this paper, we use a similar approach with several improvements
nd extensions. 

Although w p is primarily determined by stellar mass, residual
catter has been observed in numerous studies, which has been shown
o depend on secondary properties such as colour and morphology
Li et al. 2006 ; Wang, Li & Jing 2016a ; Gao et al. 2022 ; Xu &
ing 2022 ). For example, massive red central galaxies are found in
ore massive haloes compared to massive blue ones, resulting in

tronger clustering (Wang et al. 2016a ; Xu & Jing 2022 ). Moreo v er,
ed galaxies have a higher satellite fraction than blue galaxies (Gao
t al. 2022 ). These red satellites reside in more massive haloes, which
nhances the clustering of red galaxies at small scales (1-halo term)
nd slightly increases it at large scales (2-halo term). Consequently,
t a fixed stellar mass, red galaxies exhibit higher clustering than
lue galaxies, with the difference becoming more pronounced on
maller scales (Li et al. 2006 ). Therefore, the method used in Paper
II may o v erestimate the GSMF, as red galaxies, with their higher
ass-to-light ratios, are often among the first to be excluded when

he sample becomes incomplete. This bias skews the sample toward
 higher fraction of blue galaxies, leading to lower observed w p . 

To mitigate this bias, we further divide pop 2 into red and blue
amples within each stellar mass bin. Next, we select pop s 2 to match
oth stellar mass and colour in order to estimate the corresponding
 p . The GSMFs for blue and red galaxies are then derived separately.
inally, the total GSMF is obtained by combining these two compo-
ents. This approach can be considered a more refined treatment of
alaxy bias, accounting for the fact that galaxy bias depends on both
tellar mass and colour, rather than just stellar mass. In principle,
his method could be extended by incorporating additional galaxy
roperties or subdividing the sample into finer colour bins instead of
ust blue and red. Ho we ver, we find that the current approach provides
atisfactory results, and thus, we do not pursue further refinements. 

Additionally, we also di vide pop 1 into dif ferent stellar mass bins
ollowing Paper III . For a given pop 2 sample, the value of n̄ 2 from
ach pop 1 sample should be consistent, as the method is independent
f the properties of pop 1 . Therefore, comparing results from pop 1 
cross different stellar mass bins serves as a robust test of our method.
dditionally, refining pop 1 into smaller stellar mass bins makes the

¯ 2 w p and w p measurements easier to interpret. 

.2 Measurements of n̄ 2 w p 

et A ≡ n̄ 2 w p for a more concise representation. We assume that
 is calculated in N s sky regions, such as DECaLS NGC and
ECaLS SGC in this work. Each sky region is further divided into
 sub subregions for error estimation using jack-knife resampling.
e calculate A i,j according to equation ( 4 ) in the ith sk y re gion and

th jack-knife subsample. To combine measurements from different
k y re gions, we weight them by the respectiv e re gion areas w s , i as
ollows: 

 j = 

∑ N s 
i= 1 A i,j w s , i ∑ N s 

i= 1 w s , i 

. (15) 

Subsequently, we estimate the mean values and the covariance
atrices of the mean values using N sub subsamples: 

 = 

∑ N sub 
j= 1 A j 

N sub 
, (16) 

 A ,ab = 

N sub − 1 

N sub 

N sub ∑ 

j= 1 

( A j ( r 
a 
p ) − A ( r a p ))( A j ( r 

b 
p ) − A ( r b p )) , (17) 

here a and b denotes the ath and bth radial bins. 
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Figure 7. The accuracy �η/ηtrue of the PAC method for various pop 1 and pop 2 stellar mass bins and different redshifts at two typical scales, r p = 1 . 25 and 
12 . 5 h −1 Mpc . 
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We measure n̄ 2 w p for pop 2 from DECaLS o v er a wide stel-
ar mass range of [10 6 . 3 M �, 10 11 . 9 M �] for red galaxies and
10 5 . 3 M �, 10 11 . 9 M �] for blue galaxies, using a bin width of
 log 10 ( M ∗/ M �) = 0 . 2, cross-correlated with pop 1 from DESI BGS

n 11 stellar mass bins within [10 6 . 5 M �, 10 12 . 0 M �] and with a bin
idth of � log 10 ( M ∗/ M �) = 0 . 5. The calculation is done across the

edshift ranges where pop is complete, according to the results in 
2 
ig. 6 . The completeness of stellar mass for pop 1 is not considered,
s the results are independent of the properties of pop 1 , as mentioned
n Section 4.1 . Our analysis co v ers spatial scales ranging from
 . 01 h 

−1 Mpc to 25 h 

−1 Mpc , sho wcasing an additional adv antage of
he PAC method as it remains unaffected by fibre incompleteness, 
hich is a main challenge for small scale measurements in spectro-

copic surv e ys. 
MNRAS 540, 1635–1667 (2025) 
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Figure 8. Comparison of w p for blue pop s 2 across various stellar mass bins with M ∗ < 10 10 . 0 M �. Each panel presents the comparison for one of the 11 pop 1 
stellar mass bins. The dotted vertical lines indicate a scale of 0.05 ◦ at z = 0 . 2, where w p may be affected by fibre incompleteness. Plots are slightly shifted 
horizontally for better visualization. 
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.3 Measurements of w p 

he cross-correlation functions ξ ( r p , π ) are estimated using the
andy–Szalay estimator (Landy & Szalay 1993 ) within the corre-
ponding r p bins and 40 π bins, ranging from 0 to 40 h 

−1 Mpc in
qual linear intervals, computed with Corrfunc (Sinha & Garrison
020 ). The projected correlation functions w p are then calculated as: 

 p ( r p ) = 2 
∫ πmax 

0 
ξ ( r p , π )d π , (18) 

here we set πmax = 40 h 

−1 Mpc . We also tested πmax = 80 h 

−1 Mpc
nd found only a slight impact on the final GSMF results, well within
he statistical error. The covariance matrices are estimated through
ack-knife resampling, employing the same subregions as those used
or n̄ 2 w p . 

For n̄ 2 w p in each pop 2 and pop 1 mass bin, we select pop s 2 from
GS and cross-correlate it with pop 1 to obtain the corresponding
 p . We find that we can measure w p for pop s 2 down to 10 6 . 3 M �

or blue galaxies and 10 8 . 1 M � for red galaxies. At lower masses,
o we ver, there are too few galaxies in BGS to deri ve w p . Ho we ver,
s discussed in Section 4.4 , we have n̄ 2 w p measurements down to
0 5 . 3 M � for blue galaxies and 10 6 . 3 M � for red galaxies. To utilize
he ̄n 2 w p measurements and extend GSMF estimates to lower masses,
e develop methods to estimate w p at these lower masses. 
For blue galaxies, we present the measurements of w p for pop s 2 

cross stellar mass bins ranging from 10 6 . 8 to 10 10 . 0 M � in Fig. 8 .
ach panel shows the results for one of the 11 pop 1 stellar mass
ins. To illustrate the scale at which w p may be impacted by fibre
ncompleteness, we include a dotted line at 0 . 05 ◦ for z = 0 . 2.
s shown in Fig. 1 , low-mass galaxies may be found at lower

edshifts, allowing for w p measurements at smaller r p . The angle
 . 05 ◦ is selected as the patrol diameter of the fibre positioners
NRAS 540, 1635–1667 (2025) 
xtends up to ∼ 0 . 0495 ◦. This choice is validated by tests in Smith
t al. ( 2019 ). We find that blue galaxies have nearly identical w p 

alues at M ∗ < 10 10 . 0 M �. This can be explained by the fact that
lue galaxies are predominantly central galaxies (Gao et al. 2022 ,
023 ). Their correlation functions are largely driven by halo–halo
orrelation, with subhalo contributions being minimal. It is well
stablished that halo bias remains nearly constant for low-mass
aloes ( M h < 10 12 . 0 h 

−1 M �) (Jing 1998 ; Tinker et al. 2010 ), which
ould explain why low-mass blue galaxies show nearly the same
orrelation functions. To extend the GSMF for blue galaxies to
 ∗ < 10 6 . 3 M �, for these mass bins, we measure the w p from all

he blue pop s 2 with M ∗ < 10 9 . 0 M �, and assume that it is the w p of
op 2 . To validate this approximation, we also apply it to pop 2 with
0 6 . 3 M � < M ∗ < 10 9 . 1 M � and compare the resulting GSMF with
he fiducial results. 

For red galaxies, we present their w p measurements across several
tellar mass bins ranging from 10 8 . 4 to 10 10 . 8 M � in Fig. 9 . In contrast
o blue galaxies, we observe a clear dependence of w p on stellar mass,
ith a steeper slope at lower masses. This could be attributed to the

act that a significant fraction of low-mass red galaxies are satellites,
nd their fraction, host halo mass, and radial distribution may vary
ith stellar mass. As shown in Fig. 9 , lower mass red galaxies appear

o have a higher satellite fraction, which contributes to the steeper
 p slope. Despite this stellar mass dependence, we find that w p 

alues for different stellar mass bins are similar at r p ∼ 10 h 

−1 Mpc .
his consistency is expected. At 8 h 

−1 Mpc , w p is dominated by the
wo-halo term, meaning its amplitude is primarily determined by the
ean host halo bias of the red galaxies. Halo bias changes slightly

or M h < 10 12 h 

−1 M � (0.6–0.8) and even up to M h < 10 13 h 

−1 M �
 ∼ 1 . 0; Jing 1998 ; Tinker et al. 2010 ). As long as most low-mass
alaxies reside in haloes with M h < 10 13 h 

−1 M �, w p at 8 h 

−1 Mpc
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Figure 9. Comparison of w p for red pop s 2 across various stellar mass bins at M ∗ < 10 10 . 8 M �. Each panel shows the comparison for one of the 11 pop 1 stellar 
mass bins. The dotted vertical lines indicate a scale of 0.05 ◦ at z = 0 . 2, where w p may be impacted by fibre incompleteness. Plots are slightly shifted horizontally 
for better visualization. 
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hould remain relatively constant across different stellar masses. 
his holds true for two reasons: (1) if they are centrals, they must
e hosted by low-mass haloes. (2) For satellites, the number density 
f haloes with M h > 10 13 h 

−1 M � decreases exponentially, so most
atellites are expected to reside in relatively lower mass host haloes. 
o estimate w p for red galaxies with M ∗ < 10 8 . 1 M �, we assume that

heir w p at 8 h 

−1 Mpc is consistent with the w p of all red pop s 2 galaxies
ith M ∗ < 10 10 . 8 M �. Additionally, we assume that the correlation

unction follows a power-law form, ξ = ( r/r 0 ) −γ , which implies that
 p also follows a power law: 

 p ( r p ) = r p 

(
r p 

r 0 

)−γ

� 

(
1 

2 

)
� 

(
γ − 1 

2 

)/
� 

(γ

2 

)
, (19) 

here � represents the Gamma function. The assumption of a power- 
aw form for w p is validated by the n̄ 2 w p measurements for these
tellar mass bins. With these assumptions, there is ef fecti vely only
ne degree of freedom left for w p . To derive the GSMF for lower
ass bins, we simultaneously fit n̄ 2 w p in each stellar mass bin and
 p at 8 h 

−1 Mpc from all the red pop s 2 galaxies with M ∗ < 10 10 . 8 M �
sing equation ( 19 ). This allows us to constrain both n̄ 2 and γ . To
etter illustrate the impact of these assumptions, Fig. 10 presents w p 

t 8 h 

−1 Mpc for pop s 2 across different stellar mass bins. We observe
 slight increase in w p starting from 10 9 . 0 M � toward lower masses,
ollowed by a decrease at 10 8 . 4 M �. The assumption holds reasonably
ell for pop 1 with M ∗ < 10 8 . 5 M �, but shows larger deviations for
op 1 with higher masses and for pop 2 at 10 8 . 6 and 10 8 . 8 M �. To
alidate this method, we apply it to stellar mass bins up to 10 10 . 8 M �
nd compare the results in mass bins where w p can be directly
btained from BGS. 
Additionally, in a companion paper, we plan to derive the GSMF

or the entire sample by modelling their n̄ 2 w p using the subhalo 
bundance matching method within numerical simulations, as devel- 
ped in Paper IV . This approach will further validate our results, as
t does not rely on assumptions about w p and is solely based on the
¯ 2 w p measurements. 

.4 Obtaining n̄ 2 

ith these measurements, we can calculate n̄ 2 by simply dividing 
¯ 2 w p by w p . Ho we v er, similar to P aper III , instead of employing error
ropagation, we estimate n̄ 2 in each subregion and then combine 
hem to get the final results: 

 2 ,j ( r p ) = A j ( r p ) /w p , j ( r p ) , (20) 

 2 ( r p ) = 

N sub ∑ 

j= 1 

n 2 ,j ( r p ) /N sub , (21) 

 n 2 ,ab = 

N sub − 1 

N sub 

N sub ∑ 

j= 1 

( n 2 ,j ( r 
a 
p ) − n 2 ( r 

a 
p ))( n 2 ,j ( r 

b 
p ) − n 2 ( r 

b 
p )) . (22) 

o estimate n̄ 2 , we define the χ2 as 
2 = ( n 2 − n̄ 2 ) 

T C 

−1 
n 2 

( n 2 − n̄ 2 ) , (23) 

here C 

−1 
n 2 

is the inverse of C n 2 , and T denotes matrix transposition.
oreo v er, as mentioned in Section 4.1 . For each stellar mass bin,

op 2 have 11 n̄ 2 w p measurements from pop 1 in different stellar mass
ins. They are combined to get the final constraints: 

2 
f = 

11 ∑ 

m = 1 

χ2 
m 

, (24) 

here χ2 
m 

is the χ2 for the m th stellar mass bin of pop 1 . We use
he Markov chain Monte Carlo sampler EMCEE (F oreman-Macke y 
MNRAS 540, 1635–1667 (2025) 
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Figure 10. Comparison of w p at 8 h −1 Mpc for red pop s 2 across various stellar mass bins. Each panel corresponds to one of the 11 pop 1 stellar mass bins. The 
solid lines with shaded regions represent the results from the w p of all pop s 2 with M ∗ < 10 10 . 8 M �. For comparison, the projected matter correlations w 

mm 

p at 
redshifts 0 (dashed lines) and 0.1 (dotted lines) calculated using CAMB (Lewis, Challinor & Lasenby 2000 ) are also shown. 
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t al. 2013 ) to perform maximum-likelihood analyses of { ̄n 2 } for
ach stellar mass bin of pop 2 . 

For blue galaxies at lower masses using w p from pop s 2 with M ∗ <

0 9 . 0 M �, the procedure follows similarly to the steps outlined abo v e.
o we ver, for red galaxies where n̄ 2 w p needs to be fitted, we redefine

he χ2 as follows: 

2 = ( A 

PAC − A 

mod ) T C 

−1 
A 

( A 

PAC − A 

mod ) 

+ 

( w 

obs 
p ( r p = 8 h 

−1 Mpc ) − w 

mod 
p ( r p = 8 h 

−1 Mpc )) 2 

σ 2 
w p 

( r p = 8 h 

−1 Mpc ) 
. (25) 

esults from different stellar mass bins of pop 1 are then combined to
ompute the total χ2 

f . In this process, we define a distinct parameter
for each pop 1 stellar mass bin, while only one { ̄n 2 } is shared among

hem. 
To a v oid scales where w p is influenced by fibre incompleteness,

or each stellar mass bin, we identify two redshifts, z lim , 1 and z lim , 2 ,
ithin which BGS contains 95 per cent of the pop 1 and pop s 2 galaxies

ccording to Fig. 1 . The minimum value for r p is then set at the
cale corresponding to an angular separation of 0 . 05 ◦ at max( z lim , 1 ,
 lim , 2 ). We present the fits in Appendix A by comparing n̄ 2 w p / ̄n 

best 
2 

ith w p , where n̄ best 
2 represents the best-fitting value of n̄ 2 . Results

or blue galaxies with corresponding w p measurements are shown
n Figs A1 and A2 . Blue galaxies with fixed w p derived from
 ∗ < 10 9 . 0 M � are presented in Figs A3 and A4 . For red galaxies
ith corresponding w p measurements, results are shown in Figs
5 and A6 , while red galaxies with modelled w p are displayed

n Figs A7 and A8 . The fits are o v erall good for all stellar mass
ins. 
NRAS 540, 1635–1667 (2025) 
.5 Lower limits for smaller stellar masses 

lthough we can only obtain n̄ 2 for blue and red galaxies at M ∗ >

0 5 . 3 and > 10 6 . 3 M �, respectively, due to the depth of DECaLS, we
re still able to acquire incomplete n̄ 2 w p measurements for stellar
asses below these limits and place constraints on the lower limits

f n̄ 2 for these masses. 
To achieve this, we first apply an r-band magnitude cut of 23.0

o the DECaLS data, a limit reached by o v er 90 per cent of the
egions in DECaLS (see Paper III ). This ensures a uniform sample
or calculating n̄ 2 w p in the incomplete stellar mass bins. We then
ompute n̄ 2 w p for blue and red galaxies down to 10 3 . 7 and 10 5 . 5 M �,
espectively, by cross-correlating DECaLS with the DESI BGS
ample within the redshift range z < 0 . 02. Our analysis shows that
e successfully obtain n̄ 2 w p measurements for these stellar mass
ins. To determine the lower limits of ̄n 2 for these bins, we apply fixed
 p and w p fitting methods for blue and red galaxies, respectively. The
ts for blue and red galaxies are shown in Figs A9 and A10 . 

.6 The GSMF and potential systematics 

fter obtaining n̄ 2 for different stellar mass bins, we derive the
SMFs across a wide range of stellar masses for blue, red, and the
hole samples. The GSMFs are shown in Fig. 11 with also the tabular

orm presented in Table B1 . 
Comparing the results for blue galaxies using corresponding w p 

easurements (blue dots) with those using a fixed w p derived from
 ∗ < 10 9 . 0 M � (blue squares), we find good agreement in the o v er-

apping stellar mass range 10 6 . 4 M � ≤ M ∗ ≤ 10 9 . 0 M �, validating
ur method for extending the blue GSMF. At M ∗ < 10 8 . 0 M �, we
nd that the fixed w p results are more stable. The reason might be
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Figure 11. GSMFs for blue, red, and the entire samples before masking regions within 2 R e of massive galaxies. Red and blue dots with error bars represent 
the fiducial results by combining n̄ 2 w p and w p for red and blue galaxies, respectively. Blue squares indicate the results where w p is derived from all blue pop s 2 
galaxies with M ∗ > 10 9 . 0 M �, while red squares correspond to results where w p comes from model fitting. Blue and red arrows denote the lower limits due to 
incomplete samples, and black dots and arrows represent the GSMF and lower limits for the whole galaxy sample. 
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hat, although w p measurements for blue galaxies at M ∗ < 10 8 . 0 M �
an be measured, they are based on a small number of galaxies in
 limited local volume. Therefore, we adopt the fixed w p results as
he GSMF for blue galaxies in this mass range. For red galaxies,
e find good agreement between the results using corresponding 
 p measurements (red dots) and those from fitting w p in the 
 v erlapping stellar mass range 10 8 . 2 M � ≤ M ∗ ≤ 10 10 . 8 M � (red
quares), validating our method for extending the red GSMF. For 
 ∗ < 10 8 . 2 M �, we adopt the results from fitting w p for red galaxies.
s a result, leveraging the deep DECaLS data, we measure the GSMF 

own to 10 5 . 2 M � for blue galaxies and 10 6 . 4 M � for red galaxies,
hile setting lower limits down to 10 3 . 8 and 10 5 . 6 M �, respectively. 
While it is exciting to obtain measurements down to 10 5 . 4 M � and

ower limits of 10 3 . 8 M � for blue galaxies, caution is warranted, as
xtended objects in DECaLS are not guaranteed to be galaxies. For
 xample, star-forming re gions and spiral arms may be deblended 
nto separate pieces. It is challenge to differentiate between mul- 
iple o v erlapping galaxies and a single structured galaxy (Beard,

acGillivray & Thanisch 1990 ; Dawson et al. 2016 ; Aihara et al.
018b ). If the density of fragmented sources is significant, it could
ead to an o v erestimation of the GSMF at the low-mass end, partic-
larly for blue galaxies. To quantify and correct for these spurious
ources, we mask regions in DECaLS within 2 R e of massive BGS
alaxies and subsequently recalculate n̄ 2 w p , where R e is the ef fecti ve
adius of the galaxy. Since 2 R e encompasses most of the galaxy’s
ight, this masking should ef fecti vely eliminate f ak e structures
hile minimizing impact on genuine neighbouring galaxies. We test 

hree different mass thresholds: M 

mask 
∗ = 10 10 . 0 , 10 9 . 0 , and 10 8 . 0 M �.

egions around BGS galaxies with M ∗ > M 

mask 
∗ are masked in 

ECaLS. Using M 

mask = 10 8 . 0 M � results in the masking of regions
∗ F  
round most BGS galaxies. We recalculate n̄ 2 w p only for pop 2 with 
 ∗ < M 

mask 
∗ , as the host galaxies are expected to be significantly

ore massive than any deblended substructures. 
In Fig. 12 , we compare the n̄ 2 w p measurements for blue galaxies

efore and after masking regions around massive BGS galaxies. For 
ach stellar mass bin of pop 2 , we select one pop 1 mass bin and show
he results from the lowest M 

mask 
∗ . We observe that n̄ 2 w p consistently

ecreases after masking, suggesting that substructures within blue 
alaxies are indeed being fragmented into independent objects. The 
hanges in n̄ 2 w p are minor for M ∗ > 10 5 . 0 M �, but become more
ronounced at lower masses. To quantify the fraction of fragmented 
alaxies, F frag , in the sample, we compute the ratio of n̄ 2 w p after
asking to before masking, following the same method used to 

btain n̄ 2 in Section 4.4 . Ho we v er, since DESI Y1 observ es only a
raction f com 

= 0 . 656 of BGS within the Y1 footprint, we mask only
 com 

of the substructures in DECaLS. This partial masking is then
orrected to determine the true F frag : 

 frag = 

[
1 − ( ̄n 2 w p ) after 

( ̄n 2 w p ) before 

]
/f com 

. (26) 

he F frag for blue and red galaxies across various stellar mass bins
nd using different M 

mask 
∗ thresholds is shown in Fig. 13 . We observe

hat a lower M 

mask 
∗ leads to a higher F frag , which is expected since

ore galaxies are masked. Red galaxies generally have a lower F frag 

han blue galaxies, peaking at only 2 − 3 per cent in the highest
ases and remaining below 1 per cent in most instances. This is likely
ecause most red galaxies are regular elliptical galaxies with fewer 
ubstructures, while blue galaxies typically exhibit spiral arms and 
lumpy star formation regions. Although blue galaxies show a higher 
 frag , it remains under 5 per cent for M ∗ > 10 5 . 0 M �, suggesting that
MNRAS 540, 1635–1667 (2025) 
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Figure 12. Comparison of ̄n 2 w p measurements before (blue) and after (orange) masking regions around massive BGS galaxies for each blue pop 2 stellar mass bin. 
Results from one selected pop 1 stellar mass bin are shown for each pop 2 stellar mass bin. The masking thresholds are set as follows: M 

mask ∗ = 10 8 . 0 M � for pop 2 
with M ∗ < 10 8 . 0 M � and M 

mask ∗ = 10 9 . 0 M � for pop 2 with 10 8 . 0 M � < M ∗ < 10 9 . 0 M �, and M 

mask ∗ = 10 10 . 0 M � for pop 2 with 10 9 . 0 M � < M ∗ < 10 10 . 0 M �. 

Figure 13. The fraction of objects that are galaxy fragments rather than complete galaxies in DECaLS, plotted as a function of stellar mass for blue and red 
objects separately. Results are shown for different mass thresholds M 

mask ∗ of BGS galaxies, around which DECaLS regions are masked. 
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Figure 14. GSMFs for blue, red, and the entire samples, after masking regions within 2 R e of massive galaxies, are presented. The best fits for each GSMF, 
using Schechter functions, are also shown. 

Table 1. The best-fitting parameters and their corresponding 1 σ uncertainties for the Schechter function fits to the GSMFs. 

Sample log 10 ( M c / M �) log 10 ( φ1 / Mpc −3 ) α1 log 10 ( φ2 / Mpc −3 ) α2 log 10 ( φ3 / Mpc −3 ) α3 

Blue 10 . 45 + 0 . 04 
−0 . 04 −3 . 14 + 0 . 05 

−0 . 05 −1 . 54 + 0 . 02 
−0 . 02 

Red 10 . 74 + 0 . 02 
−0 . 02 −2 . 51 + 0 . 02 

−0 . 02 −0 . 62 + 0 . 03 
−0 . 03 −6 . 27 + 0 . 25 

−0 . 26 −2 . 50 + 0 . 08 
−0 . 08 

All 10 . 84 + 0 . 02 
−0 . 03 −2 . 59 + 0 . 03 

−0 . 03 −0 . 94 + 0 . 06 
−0 . 05 −4 . 11 + 0 . 29 

−0 . 27 −1 . 85 + 0 . 08 
−0 . 08 −6 . 81 + 0 . 29 

−0 . 27 −2 . 56 + 0 . 70 
−0 . 62 
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ost objects are still actual galaxies. Ho we ver, for M ∗ < 10 5 . 0 M �,
e find a significant rise in F frag , reaching 40 per cent, with a peak

t 10 4 . 4 M �. This likely indicates that many star-forming regions fall
ithin the stellar mass range of 10 4 . 0 to 10 5 . 0 M �. 
It is important to note that we may underestimate F frag due to

nsuf ficient masking. As sho wn in Fig. 6 , we can still obtain n̄ 2 w p 

easurements for pop 2 galaxies around 10 7 . 0 M � at redshifts beyond 
 = 0 . 05. Ho we ver, the BGS sample becomes significantly incom-
lete for galaxies with 10 8 . 0 M � at these redshifts. This suggests that
ome structures measured by PAC may not be fully masked due to
he limitations of BGS co v erage. Although the deblending issue may
e less significant at higher redshifts as the substructures become 
nresolv ed, the e xact impact is difficult to quantify . Additionally ,
lue galaxies smaller than 10 8 . 0 M � could still contain substructures 
own to 10 4 . 0 M �, which cannot be adequately studied with BGS.
hile we observe relatively small changes in F frag when reducing 
 

mask 
∗ from 10 9 . 0 to 10 8 . 0 M �, compared to the more substantial

hanges between 10 10 . 0 and 10 9 . 0 M �, the contamination from even 
maller galaxies remains unquantified. Impro v ed data or methods 
ill be necessary to address the remaining issues ef fecti vely. With

he constraints on F frag , we can adjust for the contribution of spurious
ources in the GSMF. For each stellar mass bin of pop 2 , we apply
he F frag value derived from the lowest M 

mask 
∗ to correct the GSMF

ccordingly. 

p  
The corrected GSMFs are presented in Fig. 14 . We find that the
lue, red, and o v erall GSMFs can be described by single, double,
nd triple Schechter functions, respectively: 

blue ( M ∗)d M ∗ = e −M ∗/M c φ1 

(
M ∗
M c 

)α1 dM ∗
M c 

, (27) 

red ( M ∗)d M ∗ = e −M ∗/M c 

[
φ1 

(
M ∗
M c 

)α1 

+ φ2 

(
M ∗
M c 

)α2 
]

dM ∗
M c 

, 

(28) 

all ( M ∗)d M ∗ = e −M ∗/M c 

[
φ1 

(
M ∗
M c 

)α1 

+ φ2 

(
M ∗
M c 

)α2 

+ φ3 

(
M ∗
M c 

)α3 
]

dM ∗
M c 

. (29) 

ere, φ( M ∗)d M ∗ represents the number density of galaxies with
asses between M ∗ and M ∗ + d M ∗. The number density � that we

ypically measure is expressed in equal logarithmic intervals, which 
elates to φ as follows: 

 ( M ∗) = ln (10) M ∗φ( M ∗) . (30) 

he constraints of the parameters are shown in Table 1 . 
From Fig. 14 , we observe that red galaxies dominate the high-mass

nd at M ∗ > 10 10 . 6 M �, while blue galaxies become increasingly
rominent at lower masses, o v ertaking red galaxies at around
MNRAS 540, 1635–1667 (2025) 
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M

Figure 15. Comparison to previous GSMFs measured in the nearby universe. The GSMF of the full sample (black dots) is compared to results from Paper III , 
obtained using the old PAC method applied to SDSS data (blue diamonds) at z < 0 . 2, GAMA DR4 results (orange stars; Driver et al. 2022 ) at z < 0 . 1, and 
the DESI BGS Bright sample analysed with the V max method (green dots) at z < 0 . 2 (Moore, in preparation). Systematic errors in stellar mass for the GAMA 

results have been corrected using the relationship shown in Fig. 16 . Additionally, DESI BGS results after correcting for the LV bias are shown (purple dots). 
This correction is based on Chen et al. ( 2019 ), leveraging the ELUCID simulation (Wang et al. 2014b , 2016b ), which uses the reconstructed initial density field 
of the nearby universe. The GSMF from (Driver et al. 2022 ) for Local Group galaxies (brown triangles; McConnachie 2012 ) is also reproduced using the same 
stellar mass calibration as applied to GAMA. 
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0 9 . 8 M �. Ho we ver, the density of red galaxies rises sharply below
0 8 . 6 M �, once again dominating at M ∗ < 10 7 . 6 M �. This increasing
rend persists down to the stellar mass limit of 10 6 . 4 M � for red
alaxies. If this trend holds beyond our observational limits, dwarf
alaxies would predominantly be red. Peng et al. ( 2010 ) provided
 physical explanation for the red GSMF, where galaxies with
 ∗ > M c are primarily influenced by ‘mass quenching’ in central

alaxies, and those with M ∗ < M c are driven by ‘environmental
uenching’ in satellite galaxies. Ho we ver, while their model pre-
icted a slight upturn in the red GSMF around 10 9 . 0 M �, it is not
early as steep as what we observe. This discrepancy suggests that
he quenching mechanism for red dwarf galaxies might differ from
ur current understanding. Investigating this further is an interesting
nd important problem for future studies. 

.7 Comparison with previous nearby GSMFs 

n Fig. 15 , we compare the GSMF of the entire sample with the results
rom Paper III (blue diamonds), which used the old PAC method on
DSS main sample (Abazajian et al. 2009 ). The results in Paper III
ere obtained by controlling only for stellar mass when selecting
op s 2 to derive w p , as described in Section 4.1 . We observe that their
SMF is higher than ours for M ∗ < 10 10 . 6 M �. This discrepancy,

s explained in Section 4.1 , arises because the SDSS main sample
sed in Paper III is incomplete for stellar masses below 10 10 . 6 M �,
esulting in a higher fraction of blue galaxies and consequently lower
 p . This highlights the importance of controlling for both stellar mass

nd colour, as developed in this study. 
NRAS 540, 1635–1667 (2025) 
We also compare our results with those from GAMA DR4 at
 < 0 . 1 (Driver et al. 2022 ). To ensure a meaningful comparison,
t is crucial to account for systematic errors in stellar mass, as
e utilize different SED templates and photometry compared to
AMA. Therefore, we match GAMA galaxies used in (Driver et al.
022 ) to DECaLS and recompute their stellar masses using our SED
emplate and DECaLS photometry. A comparison between the two
tellar mass estimates is shown in the left panel of Fig. 16 . We
nd that our stellar mass calculations are slightly lower than those
rom GAMA, with the difference increasing toward lower stellar
asses. This trend follows a power law: log 10 ( M 

CIGALE 
∗ / 10 10 M �) =

 . 072 log 10 ( M 

GAMA 
∗ / 10 10 M �) − 0 . 237. The increasing discrepancy

t the low-mass end is expected, as most SED templates are calibrated
t high masses. Recently, de los Reyes et al. ( 2024 ) highlighted that
tellar mass estimates for low-mass galaxies are sensitive to the
ssumed star formation history in the template, which can lead to
ifferences of up to 0.4 dex. Despite this stellar mass discrepancy, we
an still make a reasonable comparison after calibrating the GAMA
tellar mass using the relation in Fig. 16 . We adjust the GSMF from
river et al. ( 2022 ) accordingly and present the comparison with
ur results in Fig. 15 . Additionally, since many studies utilize the
river et al. ( 2022 ) stellar mass function, we also present our GSMFs

alibrated to the Driver et al. ( 2022 ) stellar mass in Appendix B ,
llowing for easier comparison with other studies. 

We find that our results are in good agreement with Driver et al.
 2022 ) for stellar masses in the range 10 9 . 0 M � < M ∗ < 10 11 . 0 M �.
o we v er, we observ e slight discrepancies for M ∗ > 10 11 . 0 M � and an

ncreasing di vergence belo w 10 9 . 0 M �. Both discrepancies are likely
ttributed to cosmic variance. At the high-mass end, the limited
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Figure 16. Left: comparing the stellar mass M 

GAMA ∗ obtained from GAMA DR4 (Driver et al. 2022 ) with those derived using our CIGALE SED template 
(described in Section 2.1 ) based on DECaLS grz bands photometry ( M 

CIGALE ∗ ). The relationship between the two can be ef fecti vely characterized by a power 
law: log 10 ( M 

CIGALE ∗ / 10 10 M �) = 1 . 072 log 10 ( M 

GAMA ∗ / 10 10 M �) − 0 . 237 (solid line). Right: comparing the stellar mass M 

GAMA ∗ obtained from COSMOS2020 
(Weaver et al. 2023 ) with those derived using our CIGALE SED template based on HSC grz bands photometry at 0 . 2 < z p < 0 . 8. Dots with error bars 
represent the mean relation with the 1 σ scatter. The relationship between the two can be ef fecti vely characterized by a power law: log 10 ( M 

CIGALE ∗ / 10 10 M �) = 

0 . 948 log 10 ( M 

COSMOS ∗ / 10 10 M �) − 0 . 012. 
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urv e y area of GAMA, which co v ers only about 250 deg 2 , results in
 scarcity of massive galaxies at z < 0 . 1 available for calculating the
SMF, leading to significant uncertainties. In contrast, as shown as 
reen dots in Fig. 15 , when we compare our GSMF with that from the
uch larger DESI Y1 BGS Bright sample at z < 0 . 2 using the same
ED template and V max method (Moore, in preparation), we find 
trong consistency up to 10 11 . 8 M �. This indicates that the discrep-
ncies with GAMA for massive galaxies might be primarily due to 
ts small sample size. Another possible factor could be differences in 
catter in the estimated stellar masses, which could affect the GSMF
t the steep, high-mass end. At the low-mass end, the depth of GAMA
s only r KiDS ∼ 19 . 65, which is much shallower than DECaLS with
 ∼ 23 . 0. As a result, most low-mass galaxies in GAMA are found
n the local volume surrounding the Milky Way. It is well known that
he Milky Way resides in an LV (Tully et al. 2008 ; Peebles & Nusser
010 ; B ̈ohringer et al. 2020 ). Consequently, using the local volume
o study the GSMF is likely to yield underestimated results. This
iscrepancy at M ∗ < 10 9 . 0 M � is also found when comparing to the
GS V max results, which has the depth of r = 19 . 5. Moreo v er, Driv er
t al. ( 2022 ) found that the GSMF from GAMA is broadly consistent
ith those from the local volume (Karachentsev & Makarova 2019 ) 

nd the Local Group (McConnachie 2012 ) in the stellar mass range
0 8 . 0 M � < M ∗ < 10 10 . 0 M �. We reproduce their measurements in
he Local Group in Fig. 15 (brown triangles), applying the same 
tellar mass calibration in Fig. 16 used for GAMA, under the 
ssumption that Driver et al. ( 2022 ) made a consistent comparison. 

To quantify the bias from the LV, Chen et al. ( 2019 ) provide a
omprehensive correction approach using the ELUCID simulation 
Wang et al. 2014b , 2016b ). This simulation was conducted using
he reconstructed initial density field of the nearby universe within 
 box size of 500 h 

−1 Mpc . They observed a rapid decrease in halo
nd galaxy densities toward lower redshifts, beginning from z = 

 . 03. The y deriv ed the correction for the SDSS GSMF ( r < 17 . 6) by
omparing the GSMF from the simulated SDSS region to those across 
he entire simulation box. Additionally, they examined corrections 
or samples with r-band magnitude limits ranging from 16 to 20.
ecently, Wang et al. ( 2024 ) found that the corrected low-mass end of

he SDSS GSMF aligns well with results from their deeper r = 19 . 5
ample, which combines DESI Y1 BGS and DESI Le gac y Imaging
urv e ys samples. This indicates that the cosmic variance correction
rom Chen et al. ( 2019 ) is highly ef fecti ve. Additionally, Wang et al.
 2024 ) applied the correction for r = 19 . 5 from Chen et al. ( 2019 )
o their GSMF, resulting in a much steeper increase at lower masses.

e adopt the correction f 2 from Wang et al. ( 2024 ) and apply it to
he BGS V max results. The LV bias corrected BGS V max GSMF is also
hown in Fig. 15 . We find that it now aligns well with our GSMF
own to 10 7 . 6 M �.We note that the correction from Chen et al. ( 2019 )
as performed within the SDSS footprint, which does not exactly 
atch the DESI Y1 BGS sample. Additionally, as the GSMF from
AMA shows good agreement with the BGS V max results, despite 

o v ering different sky regions, this suggests that the bias related to the
V may depend primarily on redshift rather than specific sky areas.
his factor was not fully explored by Chen et al. ( 2019 ) and warrants

urther inv estigation. Moreo v er, Chen et al. ( 2019 ) did not provide
orrections of the LV bias for lower masses due to the resolution
imits of the ELUCID simulation. Thus, whether the discrepancies 
bserved at lower masses can be fully attributed to cosmic variance
equires further investigation. 

We acknowledge that GAMA has applied an LSS correction using 
he DFTOOLS method described in Obreschkow et al. ( 2018 ). How-
ver, this approach is based on a simplified assumption. Specifically, 
t uses more massive galaxies – which are observable o v er a larger
olume – to estimate density variance. It then assumes that this 
ariance applies equally to low-mass galaxies, adjusting their number 
ensities accordingly. This assumption o v erlooks ke y comple xities. It
elies on the notion of linear galaxy bias, where galaxy o v erdensity
MNRAS 540, 1635–1667 (2025) 
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s assumed to respond linearly to the matter o v erdensity. This is
nly valid when comparing galaxy samples in very large volumes
ith little mass variation δg 
 1. The local volume is not large

nough and involves numerous non-linear processes. For instance,
g. 9 of Chen et al. ( 2019 ) shows, using a constrained simulation,

he halo and galaxy number density change below z < 0 . 03 differs
ignificantly across mass bins. We would expect an even more
omplex behaviour when considering how galaxy colour responds
o environmental density. Furthermore, the DFTOOLS LSS correction
equires normalization to determine the absolute correction factor. In
AMA’s case, this was done by fixing the total stellar mass within

he surv e y volume at z < 0.08 (Dri ver et al. 2022 ). Ho we ver, since the
egion at z < 0.03 is underdense, this approach likely underestimates
he true correction. 

If the GSMF from BGS in the local volume and our PAC method
or the cosmic average in Fig. 15 are both accurate, the dominance
f blue galaxies in the local volume and red galaxies in the cosmic
verage at M ∗ < 10 7 . 6 M � may suggest a significant dependence of
ow-mass galaxy colour on the environment. In other words, the
iscrepancy between the local volume and the cosmic average may
rimarily be due to the absence of low-mass red galaxies in the local
olume. This is supported by our finding that the GSMF for blue
alaxies in the cosmic average in Fig. 14 closely resembles the total
SMF from BGS in the local volume in Fig. 15 . We plan to further

nvestigate this using constrained simulations with a semi-analytical
odel in the future. 
The comparison of our results with GAMA and BGS highlights

he significant advantages of the PAC method in obtaining robust
easurements of the GSMF, particularly at lower masses. 

.8 Comparison with COSMOS GSMFs at higher redshifts 

ince the LV correction from Chen et al. ( 2019 ) is highly model-
ependent, we further validate our results by comparing our GSMF
t z < 0 . 2 with measurements from COSMOS-Web (Shuntov et al.
025 ) at photometric redshifts 0 . 2 < z p < 0 . 5 and 0 . 5 < z p < 0 . 8.
OSMOS-Web (Casey et al. 2023 ) combines deep ground- and

pace-based photometric data across 33 bands in the Cosmic Evo-
ution Surv e y (COSMOS, Sco ville et al. 2007 ), including recent
bservations from JWST (Gardner et al. 2006 ), and provides photo-
etric redshifts and physical properties for galaxies o v er an area of

pproximately 0.431 de g 2 (Shunto v et al. 2025 ). This region currently
ffers the only reliable constraints on the GSMF at M ∗ < 10 9 . 0 M �
eyond the local universe. To ensure a fair comparison, we calibrate
he COSMOS-Web stellar masses to our scale. As the COSMOS-

eb catalogue has not yet been published, we instead use the
OSMOS2020 catalogue (Weaver et al. 2022 ), given the consistency
f the COSMOS data reduction pipelines. We select all galaxies
n COSMOS2020 with photometric redshifts 0 . 2 < z p < 0 . 8 and
ompute their stellar masses using our CIGALE SED templates
Section 2.1 ), based solely on HSC grz photometry for optimal
onsistency. These results are then compared to the COSMOS2020
tellar masses derived with LEPHARE , as shown in the right panel
f Fig. 16 . We find that our stellar masses are quite consistent
ith those from COSMOS2020, and their relation can be described
y log 10 ( M 

CIGALE 
∗ / 10 10 M �) = 0 . 948 log 10 ( M 

COSMOS 
∗ / 10 10 M �) −

 . 012. The comparison of GSMFs is presented in Fig. 17 . We find that
ur GSMF agrees well with the COSMOS-Web measurements down
o 10 7 . 6 M � at the two higher redshifts, within the uncertainties. This
urther indicate a potential higher number density of dwarf galaxies
han reported in the local volume. Shuntov et al. ( 2025 ) did not
rovide separate GSMFs for blue and red galaxies, but the sharp
NRAS 540, 1635–1667 (2025) 
ise in the red GSMF at M ∗ < 10 8 . 5 M � is evident ( α2 ∼ −2) in the
OSMOS2020 results (Weaver et al. 2023 ) for z < 0 . 8. We plan

o explore this further once the full COSMOS-Web catalogues are
eleased. 

In Fig. 17 , we also reproduce the GSMF from G10-COSMOS by
right et al. ( 2017 , see also Driver et al. 2018 ; Wright, Driver &

obotham 2018 ), based on a combination of spectroscopic and
hotometric redshifts at z p < 0 . 1 (green triangles). The stellar masses
re calibrated using the relation for GAMA, under the assumption
hat Wright et al. ( 2017 ) applied a consistent methodology to G10-
OSMOS as was used for GAMA, as detailed in Driver et al.
 2018 ). The results from G10-COSMOS appear to lie between those
rom GAMA and COSMOS-Web/our work. Ho we ver, caution is
arranted when using photometric redshifts at such low redshifts. 
In the bottom panel of Fig. 17 , we also show the galaxy stellar
ass density (GSMD) in each stellar mass bin. Our results suggest

hat the upturn in the GSMF leads to a relatively constant or slightly
ncreasing GSMD at M ∗ < 10 8 . 0 M �, in contrast to previous findings
here the GSMD continues to decline toward lower stellar masses. 

 C O N C L U S I O N S  A N D  PROSPECTS  

n this paper, we impro v e the PAC method originally developed in
aper I by introducing several enhancements to make it more rigorous
nd to eliminate the need for redshift bins. 

As a first application, we use the DECaLS photometric sample
nd the BGS Bright spectroscopic sample from DESI Y1 to measure

¯ 2 w p across various stellar mass bins, ranging from 10 5 . 3 to 10 11 . 5 M �
or blue galaxies and 10 6 . 3 to 10 11 . 9 M � for red galaxies, all of
hich are complete in stellar mass. Additionally, we measure several

ncomplete bins down to 10 3 . 7 M � for blue galaxies and 10 5 . 5 M �
or red galaxies. F ollowing P aper III with some extensions, we
ombine these ̄n 2 w p results with the corresponding w p measurements
rom the BGS sample, which may not be fully complete in stellar
ass. Assuming that galaxy bias is primarily determined by stellar
ass and colour, we then calculate n̄ 2 for these mass bins. This

pproach enables us to derive the GSMF down to 10 5 . 3 M � for blue
alaxies and 10 6 . 3 M � for red galaxies, with lower limits extending
own to 10 3 . 7 and 10 5 . 5 M �, respectively. We also examine the
nfluence of fragmented sources in the DECaLS samples on our
SMF measurements, which could be misidentified features like

ragmented spiral arms or star-forming regions. The impact on red
alaxies is negligible. Ho we ver, for blue galaxies, the f ak e fraction
 frag is notably higher at M ∗ < 10 9 . 0 M �, though it remains below
 per cent for M ∗ > 10 5 . 0 M �. For M ∗ < 10 5 . 0 M �, F frag becomes
ignificant, reaching 40 per cent at 10 4 . 6 M �. These f ak e sources
ave been corrected for in our GSMF. 
We find that the GSMFs for blue, red, and the entire galaxy

opulations can be well described by single, double, and triple
chechter functions. The power-law indices at the low-mass ends
re −1 . 54 + 0 . 02 

−0 . 02 for blue galaxies and −2 . 50 + 0 . 02 
−0 . 02 for red galaxies,

esulting in an index ranging between −1 . 85 and −2 . 56 for the
ntire GSMF. The slope of our GSMF at the low-mass end is
ignificantly steeper than that of GAMA (Driver et al. 2022 ) and
GS Bright, whose index is closer to that of our blue GSMF. This
iscrepancy is reconciled after applying the correction for the local
olume, as provided by Chen et al. ( 2019 ), to the BGS V max GSMF.
dditionally, the steep rise in the GSMF at lower masses has not
een successfully reproduced by current galaxy formation models,
uggesting an incomplete understanding of the physics go v erning
alaxy formation. 
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Figure 17. Top: comparison with GSMFs from the COSMOS field at higher redshifts. The GSMF of the full sample (black dots) is compared with results from 

COSMOS-Web (Shuntov et al. 2025 ) at 0 . 2 < z p < 0 . 5 (blue dots) and 0 . 5 < z p < 0 . 8 (pink dots). Stellar masses from COSMOS-Web have been calibrated to 
match our scale using the right panel of Fig. 16 . GSMFs from G10-COSMOS (Wright et al. 2017 ) at z p < 1 are also shown (green triangles) with stellar mass 
calibrated with the relation for GAMA. Bottom: stellar mass density within each stellar mass interval. 
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Our measurements of the GSMF, extending to the 10 6 . 0 M � range, 
old the potential to provide valuable constraints on various aspects, 
ncluding the nature of dark matter (Col ́ın et al. 2000 ; Bode et al.
001 ; Viel et al. 2005 ; Lo v ell et al. 2012 ; Macci ̀o et al. 2013 ; Horiuchi
t al. 2016 ; Bose et al. 2017 ), the epoch of reionization (Efstathiou
992 ; Loeb & Barkana 2001 ; Okamoto et al. 2008 ; Ben ́ıtez-Llambay
t al. 2017 ; Bose et al. 2018 ), and the physics of galaxy formation.
or instance, warm dark matter models predict a cut-off at high k 

n the power spectrum, leading to the suppression of both the halo
nd stellar mass functions at low masses (Bose et al. 2017 ). The
teep rise we observe in our GSMF at the low-mass end may place
trong constraints on the mass of dark matter particles. Furthermore, 
pcoming cosmological photometric surv e ys, such as LSST, Euclid , 
SS-OS, and Roman , are expected to probe depths 2–3 mag fainter

han DECaLS. By applying the PAC method, we have the potential 
o thoroughly explore the full range of the galaxy population in the
ocal universe and address these fundamental questions. 
In addition to its rele v ance for dwarf galaxy studies in the
ocal universe, the PAC method offers many other applications. By 
e veraging the di verse spectroscopic samples from DESI, including 
GS, luminous red galaxy (LRG), emission line galaxy (ELG), and 
uasar (QSO), which together map the universe up to z ∼ 2, we can
onsistently investigate the evolution of various galaxy properties. 
oreo v er, we can establish highly accurate galaxy–halo connec- 

ions for spectroscopic tracers, thanks to the e xtensiv e information
vailable on their spatial distribution in relation to different types of
alaxies, as developed in Paper IV . This enables precise modelling
f small-scale measurements based on these tracers, such as galaxy–
alaxy lensing and RSDs (Li et al. 2012 ; Yuan et al. 2022 ; Zhai et al.
023 ; Xu et al. 2024 ), leading to stringent constraints on the structure
ormation of the universe. 

W ith this paper , we begin applying the PAC method to Stage-IV
osmological surv e ys, aiming to obtain new measurements that we
ope will significantly advance our understanding of the Universe. 
MNRAS 540, 1635–1667 (2025) 
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PPENDI X  A :  MEASUREMENTS  A N D  

I TTI NGS  

n this section, we present the fits used to determine n̄ 2 by comparing
¯ 2 w p / ̄n 

best 
2 with w p , where n̄ best 

2 represents the best-fitting value of
¯ 2 . Results for blue galaxies with corresponding w p measurements 
re shown in Figs A1 and A2 . For blue galaxies with w p derived from
 ∗ < 10 9 . 0 M �, the results are presented in Figs A3 and A4 . Red

alaxy results with corresponding w p measurements are shown in 
igs A5 and A6 , while red galaxies with modelled w p are displayed in
igs A7 and A8 . The fits used to establish lower limits for incomplete
tellar mass bins are presented in Figs A9 and A10 . Overall, the fits
re satisfactory across all stellar mass bins. 
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M

Figure A1. Comparison of A / ̄n best 
2 (blue) with w p (orange) for blue galaxies. Each row presents the results for one pop 2 stellar mass bin, and each column 

corresponds to one pop 1 stellar mass bin. For clarity, only 5 out of the 11 pop 1 bins are shown. Shaded regions indicate areas where w p is affected by fibre 
incompleteness. The continuation of this figure is provided in Fig. A2 . 
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Figure A2. The continuation of Fig. A1 . 
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M

Figure A3. Similar to Fig. A1 for blue galaxies, but here w p is derived from all blue pop s 2 galaxies with M ∗ < 10 9 . 0 M �. The continuation of this figure is 
provided in Fig. A4 . 
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Figure A4. The continuation of Fig. A3 . 
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M

Figure A5. Comparison of A / ̄n best 
2 (blue) with w p (orange) for red galaxies. Each row presents the results for one pop 2 stellar mass bin, and each column 

corresponds to one pop 1 stellar mass bin. Similar to the blue galaxy case, only 5 out of the 11 pop 1 bins are shown, but we select different mass bins than those 
used for blue galaxies. Shaded regions indicate areas where w p is affected by fibre incompleteness. The continuation of this figure is provided in Fig. A6 . 
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Figure A6. The continuation of Fig. A5 . 
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M

Figure A7. Similar to Fig. A5 for red galaxies, but here w p represents the best-fitting model, assuming a power law with a constraint at 8 h −1 Mpc from all red 
pop s 2 galaxies with M ∗ < 10 10 . 8 M �. The continuation of this figure is provided in Fig. A8 . 
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Figure A8. The continuation of Fig. A7 . 
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M

Figure A9. Similar to Fig. A3 for blue galaxies with fixed w p , but for incomplete stellar mass bins ranging from 10 3 . 8 to 10 5 . 2 M �. 
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Figure A10. Similar to Fig. A10 for red galaxies with w p from model fitting, but for incomplete stellar mass bins ranging from 10 5 . 6 to 10 6 . 2 M �. 
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PPEN D IX  B:  T H E  GSMF  IN  TA BU LA R  F O R M  

N D  C A L I B R AT I O N  TO  G A M A  STELLAR  MASS  

n this section, we show the tabular form of the GSMFs presented in
ig. 14 in Table B1 . Additionally, we also show the GSMFs calibrated

o GAMA stellar mass function in Table B1 . 
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Table B1. Tabular form of the GSMF log 10 ( �/ Mpc −3 dex −1 ) for each stellar mass bin log 10 ( M ∗/ M �) as presented in Fig. 14 . Results calibrated to the 
GAMA stellar mass are also included. 

log 10 ( M ∗) log 10 ( � blue ) log 10 ( � red ) log 10 ( � all ) log 10 ( M 

GAMA ∗ ) log 10 ( � 

GAMA 
blue ) log 10 ( � 

GAMA 
red ) log 10 ( � 

GAMA 
all ) 

3.8 −1 . 366 + 0 . 079 
−0 . 104 4 .44 −1 . 465 + 0 . 085 

−0 . 112 

4.0 −1 . 092 + 0 . 079 
−0 . 089 4 .62 −1 . 171 + 0 . 085 

−0 . 096 

4.2 −0 . 996 + 0 . 048 
−0 . 058 4 .81 −1 . 068 + 0 . 051 

−0 . 062 

4.4 −1 . 148 + 0 . 033 
−0 . 042 5 .00 −1 . 231 + 0 . 036 

−0 . 045 

4.6 −1 . 135 + 0 . 040 
−0 . 035 5 .18 −1 . 218 + 0 . 043 

−0 . 037 

4.8 −1 . 005 + 0 . 062 
−0 . 072 5 .37 −1 . 078 + 0 . 066 

−0 . 077 

5.0 −0 . 772 + 0 . 104 
−0 . 208 5 .55 −0 . 828 + 0 . 112 

−0 . 223 

5.2 −0 . 584 + 0 . 129 
−0 . 298 5 .74 −0 . 626 + 0 . 138 

−0 . 319 

5.4 0 . 095 + 0 . 121 
−0 . 199 5 .93 0 . 102 + 0 . 129 

−0 . 213 

5.6 −0 . 101 + 0 . 094 
−0 . 112 −1 . 355 + 0 . 173 

−0 . 273 −0 . 074 + 0 . 087 
−0 . 109 6 .11 −0 . 108 + 0 . 101 

−0 . 120 −1 . 453 + 0 . 186 
−0 . 258 −0 . 079 + 0 . 094 

−0 . 117 

5.8 −0 . 192 + 0 . 068 
−0 . 096 −0 . 348 + 0 . 059 

−0 . 167 0 . 015 + 0 . 072 
−0 . 060 6 .30 −0 . 206 + 0 . 072 

−0 . 103 −0 . 373 + 0 . 063 
−0 . 180 0 . 016 + 0 . 077 

−0 . 064 

6.0 −0 . 197 + 0 . 056 
−0 . 081 0 . 187 + 0 . 045 

−0 . 121 0 . 328 + 0 . 050 
−0 . 061 6 .49 −0 . 211 + 0 . 060 

−0 . 087 0 . 201 + 0 . 049 
−0 . 129 0 . 352 + 0 . 054 

−0 . 066 

6.2 −0 . 328 + 0 . 055 
−0 . 091 0 . 328 + 0 . 032 

−0 . 080 0 . 408 + 0 . 034 
−0 . 057 6 .67 −0 . 352 + 0 . 059 

−0 . 098 0 . 352 + 0 . 034 
−0 . 086 0 . 438 + 0 . 036 

−0 . 061 

6.4 −0 . 494 + 0 . 067 
−0 . 087 0 . 543 + 0 . 084 

−0 . 078 0 . 583 + 0 . 069 
−0 . 070 6 .86 −0 . 529 + 0 . 072 

−0 . 094 0 . 582 + 0 . 090 
−0 . 084 0 . 625 + 0 . 074 

−0 . 075 

6.6 −0 . 771 + 0 . 028 
−0 . 050 0 . 126 + 0 . 039 

−0 . 101 0 . 169 + 0 . 045 
−0 . 068 7 .05 −0 . 827 + 0 . 030 

−0 . 054 0 . 135 + 0 . 042 
−0 . 108 0 . 181 + 0 . 049 

−0 . 073 

6.8 −0 . 791 + 0 . 027 
−0 . 033 0 . 282 + 0 . 024 

−0 . 033 0 . 320 + 0 . 021 
−0 . 029 7 .23 −0 . 848 + 0 . 029 

−0 . 036 0 . 303 + 0 . 026 
−0 . 036 0 . 343 + 0 . 022 

−0 . 031 

7.0 −0 . 938 + 0 . 024 
−0 . 030 −0 . 254 + 0 . 023 

−0 . 056 −0 . 181 + 0 . 031 
−0 . 031 7 .42 −1 . 006 + 0 . 026 

−0 . 032 −0 . 273 + 0 . 025 
−0 . 060 −0 . 194 + 0 . 033 

−0 . 033 

7.2 −0 . 986 + 0 . 019 
−0 . 020 −0 . 521 + 0 . 072 

−0 . 086 −0 . 389 + 0 . 058 
−0 . 062 7 .61 −1 . 058 + 0 . 021 

−0 . 021 −0 . 559 + 0 . 077 
−0 . 093 −0 . 417 + 0 . 062 

−0 . 066 

7.4 −1 . 090 + 0 . 014 
−0 . 014 −0 . 797 + 0 . 107 

−0 . 142 −0 . 624 + 0 . 085 
−0 . 083 7 .79 −1 . 169 + 0 . 015 

−0 . 015 −0 . 855 + 0 . 115 
−0 . 153 −0 . 669 + 0 . 091 

−0 . 089 

7.6 −1 . 204 + 0 . 011 
−0 . 012 −1 . 269 + 0 . 050 

−0 . 057 −0 . 932 + 0 . 024 
−0 . 027 7 .98 −1 . 291 + 0 . 012 

−0 . 013 −1 . 360 + 0 . 054 
−0 . 061 −1 . 000 + 0 . 025 

−0 . 029 

7.8 −1 . 316 + 0 . 011 
−0 . 011 −1 . 336 + 0 . 025 

−0 . 035 −1 . 023 + 0 . 014 
−0 . 015 8 .17 −1 . 411 + 0 . 012 

−0 . 012 −1 . 432 + 0 . 027 
−0 . 037 −1 . 097 + 0 . 015 

−0 . 017 

8.0 −1 . 449 + 0 . 016 
−0 . 016 −1 . 591 + 0 . 016 

−0 . 037 −1 . 216 + 0 . 015 
−0 . 014 8 .35 −1 . 554 + 0 . 018 

−0 . 017 −1 . 706 + 0 . 017 
−0 . 040 −1 . 304 + 0 . 016 

−0 . 015 

8.2 −1 . 597 + 0 . 015 
−0 . 013 −1 . 926 + 0 . 053 

−0 . 079 −1 . 429 + 0 . 022 
−0 . 022 8 .54 −1 . 713 + 0 . 016 

−0 . 014 −2 . 065 + 0 . 057 
−0 . 085 −1 . 532 + 0 . 024 

−0 . 023 

8.4 −1 . 716 + 0 . 010 
−0 . 014 −2 . 221 + 0 . 021 

−0 . 029 −1 . 598 + 0 . 010 
−0 . 011 8 .73 −1 . 840 + 0 . 011 

−0 . 015 −2 . 381 + 0 . 023 
−0 . 031 −1 . 714 + 0 . 010 

−0 . 012 

8.6 −1 . 775 + 0 . 008 
−0 . 009 −2 . 557 + 0 . 024 

−0 . 025 −1 . 709 + 0 . 009 
−0 . 008 8 .91 −1 . 903 + 0 . 009 

−0 . 010 −2 . 742 + 0 . 026 
−0 . 027 −1 . 833 + 0 . 009 

−0 . 008 

8.8 −1 . 887 + 0 . 008 
−0 . 009 −2 . 638 + 0 . 016 

−0 . 021 −1 . 816 + 0 . 007 
−0 . 009 9 .10 −2 . 024 + 0 . 009 

−0 . 010 −2 . 829 + 0 . 017 
−0 . 023 −1 . 948 + 0 . 007 

−0 . 009 

9.0 −2 . 014 + 0 . 005 
−0 . 009 −2 . 621 + 0 . 009 

−0 . 017 −1 . 920 + 0 . 006 
−0 . 006 9 .28 −2 . 159 + 0 . 006 

−0 . 010 −2 . 811 + 0 . 010 
−0 . 018 −2 . 059 + 0 . 007 

−0 . 006 

9.2 −2 . 137 + 0 . 007 
−0 . 006 −2 . 675 + 0 . 007 

−0 . 013 −2 . 027 + 0 . 007 
−0 . 005 9 .47 −2 . 291 + 0 . 007 

−0 . 007 −2 . 869 + 0 . 008 
−0 . 014 −2 . 174 + 0 . 007 

−0 . 005 

9.4 −2 . 241 + 0 . 005 
−0 . 006 −2 . 703 + 0 . 009 

−0 . 009 −2 . 113 + 0 . 005 
−0 . 005 9 .66 −2 . 403 + 0 . 006 

−0 . 007 −2 . 899 + 0 . 010 
−0 . 010 −2 . 266 + 0 . 006 

−0 . 005 

9.6 −2 . 382 + 0 . 007 
−0 . 005 −2 . 632 + 0 . 005 

−0 . 009 −2 . 187 + 0 . 005 
−0 . 005 9 .84 −2 . 554 + 0 . 007 

−0 . 005 −2 . 823 + 0 . 005 
−0 . 010 −2 . 346 + 0 . 005 

−0 . 005 

9.8 −2 . 529 + 0 . 004 
−0 . 005 −2 . 557 + 0 . 005 

−0 . 007 −2 . 242 + 0 . 004 
−0 . 004 10 .03 −2 . 712 + 0 . 005 

−0 . 006 −2 . 742 + 0 . 005 
−0 . 007 −2 . 404 + 0 . 004 

−0 . 004 

10.0 −2 . 672 + 0 . 004 
−0 . 006 −2 . 475 + 0 . 007 

−0 . 006 −2 . 260 + 0 . 003 
−0 . 003 10 .22 −2 . 866 + 0 . 005 

−0 . 006 −2 . 655 + 0 . 007 
−0 . 006 −2 . 423 + 0 . 003 

−0 . 004 

10.2 −2 . 868 + 0 . 006 
−0 . 006 −2 . 432 + 0 . 005 

−0 . 004 −2 . 296 + 0 . 003 
−0 . 004 10 .40 −3 . 075 + 0 . 006 

−0 . 006 −2 . 608 + 0 . 005 
−0 . 005 −2 . 462 + 0 . 003 

−0 . 005 

10.4 −3 . 137 + 0 . 008 
−0 . 008 −2 . 444 + 0 . 004 

−0 . 004 −2 . 364 + 0 . 003 
−0 . 003 10 .59 −3 . 364 + 0 . 008 

−0 . 009 −2 . 621 + 0 . 004 
−0 . 004 −2 . 535 + 0 . 003 

−0 . 004 

10.6 −3 . 503 + 0 . 014 
−0 . 012 −2 . 500 + 0 . 003 

−0 . 005 −2 . 459 + 0 . 003 
−0 . 004 10 .78 −3 . 756 + 0 . 015 

−0 . 013 −2 . 681 + 0 . 003 
−0 . 005 −2 . 637 + 0 . 003 

−0 . 004 

10.8 −3 . 968 + 0 . 031 
−0 . 028 −2 . 632 + 0 . 003 

−0 . 004 −2 . 612 + 0 . 003 
−0 . 004 10 .96 −4 . 256 + 0 . 033 

−0 . 030 −2 . 822 + 0 . 004 
−0 . 004 −2 . 801 + 0 . 003 

−0 . 004 

11.0 −4 . 531 + 0 . 048 
−0 . 046 −2 . 867 + 0 . 003 

−0 . 005 −2 . 860 + 0 . 005 
−0 . 004 11 .15 −4 . 859 + 0 . 051 

−0 . 050 −3 . 074 + 0 . 004 
−0 . 006 −3 . 067 + 0 . 005 

−0 . 004 

11.2 −5 . 924 + 0 . 373 
−1 . 000 −3 . 228 + 0 . 004 

−0 . 007 −3 . 221 + 0 . 006 
−0 . 007 11 .34 −6 . 352 + 0 . 400 

−1 . 000 −3 . 462 + 0 . 005 
−0 . 007 −3 . 454 + 0 . 006 

−0 . 008 

11.4 −6 . 509 + 0 . 482 
−1 . 000 −3 . 791 + 0 . 010 

−0 . 008 −3 . 779 + 0 . 012 
−0 . 010 11 .52 −6 . 980 + 0 . 517 

−1 . 000 −4 . 065 + 0 . 010 
−0 . 009 −4 . 052 + 0 . 012 

−0 . 010 

11.6 −4 . 532 + 0 . 025 
−0 . 024 −4 . 532 + 0 . 025 

−0 . 024 11 .71 −4 . 860 + 0 . 026 
−0 . 026 −4 . 860 + 0 . 026 

−0 . 026 

11.8 −5 . 738 + 0 . 094 
−0 . 164 −5 . 738 + 0 . 094 

−0 . 164 11 .90 −6 . 153 + 0 . 101 
−0 . 176 −6 . 153 + 0 . 101 

−0 . 176 
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