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Introduction

In the past century, two great discoveries revolutionized our understanding of the Universe. The first
was the study of the NGC 3198 galaxy in the 80s [1]. Looking at the rotation velocity of the galaxy
objects with respect to its center, the so-called rotational curve of the galaxy, an anomaly was found.
The rotational curve did not seem to obey the known laws of physics as the velocities of objects far away
from the center of NCG 3198 were too big with respect to any theoretical prediction. The explanation
for these anomalies involves the presence of an additional unknown matter in the galaxies, called dark
matter. An interesting property of dark matter is its interaction nature. Since we have not yet observed
this matter with telescopes but only looked at its effect on galaxies objects, we believe dark matter
interacts with standard matter (baryons, leptons, ...), radiation and neutrinos only gravitationally and
not through electromagnetic interactions. In fact, up to now, dark matter has not been directly observed
with ground detection experiments.

The second discovery came from the observation of type 1A supernovae emissions. Although we
already knew that the Universe was expanding since the beginning of the 20" century [2], at the end
of the millennium, two independent experiments discovered that this expansion was accelerating [3, 4].
Within the theory of General Relativity, the acceleration can not be explained with the known standard
matter, radiation, neutrinos, or even with a different spatial curvature. This contradiction led to the
resolutive hypothesis that a new kind of matter, which throughout the whole history of the Universe
has a constant density achieved with negative pressure, should be considered. This matter is called dark
energy.

These two breakthroughs are the basis of the standard model of cosmology. However, even though
this model has been proven astonishingly accurate in describing the history of the Universe, cosmologists
still struggle with some fundamental questions about dark energy and dark matter. It is important to
stress that both dark matter and dark energy are called "dark” to underline our ignorance about the
fundamental nature of these additional matter types. We should think of them as a way to parametrize
our ignorance about the actual nature of these two hypotheses rather than the solution of the two
problems mentioned before. We know that there should be some matter with specific properties to
explain the two aforementioned observational phenomena, and its inclusion in the theoretical model
leads to satisfactory theory-observation accordance. However, we know nothing about the fundamental
nature of dark matter and dark energy, nor any direct observation has proven their existence. Moreover,
additional fundamental and mathematical questions arise when postulating dark matter and dark energy
in the form proposed in the standard model.

In the decades after these discoveries, we are witnessing two phenomena in theoretical and obser-
vational cosmology. On one hand, experiments are becoming more accurate and precise in detecting
information from the Universe. One of the most recent examples is the Planck experiment [5], whose
space telescope observed the photons coming from a moment in the Universe’s history called recombina-
tion, which happened 13 billions of years ago. At that moment, photons and electrons decoupled, letting
the firsts travel freely and unscattered. This radiation is called Cosmic Microwave Background (CMB).
We can collect these photons with a detector to create a snapshot of the photon intensity distribution
at that time. This distribution is tightly linked with dark matter and dark energy properties, helping
physicists to shed some light on the two dark components. See Figure 1 as an example. In general, the
accuracy of new experiments puts very tight constraints on theoretical models.
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Figure 1: Plot of the Cosmic Microwave Background (CMB) power spectrum from Planck data [5] and
the standard model prediction, here expressed with a normalized C; as a function of the angular distance
between two incoming photons (upper x-axis). We can appreciate the precision of Planck data and the
great accordance between the observation and the theory, which can be achieved only by including dark
energy and dark matter contributions in the theoretical model. Alternative models without dark energy
and dark matter can not fit the data.

On the other hand, many theoretical models have been proposed as alternatives to the standard
model to solve the problems mentioned above. These models modify the General Relativity equations of
motion, the Einstein equations, either replacing the dark matter and dark energy matter contents with
respect to the standard model or modifying the geometry of spacetime. They achieve this by including
additional dynamical quantities or degrees of freedom, whose evolution can explain the accelerated
expansion acceleration or dark matter effects (or both). For instance, a scalar field can be considered
[6], but other models with more complex additional degrees of freedom have been proposed. All these
models are usually called Modified Gravity theories.

In the last few years, most of the modified gravity models have been under scrutiny due to increased
observational data. For instance, the predictions of the CMB shown in Figure 1 might change when
we consider modified gravity models for dark energy or dark matter, putting constraints on the theory
parameters or ruling the model out. The data are becoming accurate enough to put very tight constraints
on the modified gravity models.

Nevertheless, the analysis of the CMB power spectrum or similar observables is not an easy task.
One of the main obstacles in checking the viability of the theoretical models against experimental data
is the complexity of the theoretical study of these crucial observables. No analytical solution of the
equations of motion valid at all times of the Universe’s history can be found. For instance, Figure 1
has been obtained with complex software, called Boltzmann solvers, which computes the evolution of
observables from the end of inflation to today, taking into account a multitude of thermodynamic and
scattering effects that occurred during the Universe life. Moreover, additional degrees of freedom can
increase the complexity of the evaluations for modified gravity models.
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We should also consider that a single evaluation of the Universe’s history is not enough to conclude
anything about the viability of the model. When we compare a theoretical model with experiments, we
should minimize the difference between the predictions and the data, varying the value of the theory
parameters. This procedure usually needs an enormous number of evaluations that require significant
computational power, even with the most efficient Monte Carlo algorithms.

Moreover, especially in the modified gravity context, it is also essential to distinguish the theory
predictivity given by the new proposals’ real physical and mathematical power rather than the simple
addition of new degrees of freedom. It is easier to fit three points with a parabola with respect to a
straight line at the price of adding a new parameter to the theory. However, is it always necessary? In
physics, like in other fields, Occam’s razor principle tells us that the most straightforward theory should
always be preferred. With the introduction of the Bayesian probability, we can perform comparisons
between models to find the ones that fit the data with fewer parameters. But, again, this procedure is
computationally expensive.

Finally, we can ask ourselves if there is a way to parametrize the modified gravity models in a model-
independent way. In other words, does it exist a way to write a general action or Lagrangian which can
include all modified gravity models? The power of such a generalization would be undeniable: we would
be able to compute the equations of motion from one single action and apply it for every modified gravity
model. Such a theory, which we will call Effective Field Theory (EFT) of Gravity, has been developed,
and it works for any theory with an additional degree of freedom with respect to General Relativity.
The major drawback is that the general form of the EFT of Gravity does not provide an immediate
physical interpretation of its Lagrangian terms, and therefore a mapping between a ”standard” modified
gravity theory and its EFT counterpart is always preferred.

Outline

This thesis firstly presents an overview of the General Relativity mathematical tools and some cosmology
concepts, and briefly explains the main Universe periods. We also derive some crucial equations of the
cosmological perturbation theory, which are the basis of the comparison between experimental data
and theoretical models to compute observables like the CMB power spectrum in Figure 1. Moreover,
we review the Arnowitt-Deser—Misner (ADM) theory, which can be thought of as the Hamiltonian
formulation of General Relativity as opposed to the standard Lagrangian formulation.

In the second part, we show some modified gravity models and derive some results using the theo-
retical and numerical methods explained in the previous parts. In particular, we study two models. The
first is the Horndeski class of models, which is the most general way to write a theory with one additional
degree of freedom of General Relativity (a scalar field) retaining second-order derivatives equations of
motion. The latter property is essential to avoid the so-called Ostrogradsky instabilities, which occur
when the equations of motion are of third order in the derivatives, leading to un-physical predictions like
the energy levels not bounded from below. Then we will show some results obtained with the mimetic
class of models, which involves two additional degrees of freedom, one of which acts as a constraint for
the value of the second through a Lagrange multiplier in the action.

The last part is dedicated to the study of the Effective Field Theory of Gravity. Firstly we introduce
the standard Effective Field Theory concepts to compare them with the Effective Field Theory of Gravity.
Then we will study the theory, derive its Lagrangian and the equations of motion. We also present an
ADM formulation of this EFT and provide an example in the context of Horndeski gravity.

Finally, in the Appendix we present some of the numerical algorithms used in the thesis, such as
Bayesian probability software as well as a tensor computer algebra extension of Mathematica called zAct.
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Original results

The original results in the thesis are from [7, 8, 9, 10]. In [7] we discuss the existence of de Sitter
solutions in some modified gravity theories. In particular, in section 5.6 we discuss the presence of de
Sitter solution within the Horndeski gravity theories. We show that these solutions might not exist in
general.

In section 6 we show and expand the discussion of [8, 9]. We firstly study a specific mimetic
gravity, whose non-mimetic scalar field sector is a broken Horndeski to ensure a non-null sound speed
of scalar perturbations, deriving the background and first order perturbation equations. Subsequently
we perform a Bayesian parameter estimation the action parameters using the LIGO/Virgo collaboration
observation of the event GW170817, produced by merger of a binary neutron star system [l1], and
the optical counterpart GRB170817A [12]. In particular, we use the speed of tensor perturbations to
establish the order of magnitude of the action parameters.

In section 10.3 we study a dark matter modified gravity model firstly proposed in [13], whose linear
perturbations numerical analysis has been performed in [10], as an example of the modified gravity
standard approach and the Effective Field Theory introduced in the last part. We also perform an
analysis of the perturbations, showing the presence of instabilities in the model.



Notation and units conventions

Unit of measurement system

The unit of measurement system we will consider has the following properties.

1.

the Newton constant G will be explicitly written, while the speed of light ¢ and the Planck constant
are
c=h=1.

. the scale factor is considered dimensionless and unitary today, i.e. a(ty) = 1, where ¢ = t; is the

time today.

Metric signature

The signature of the metric considered is

Slgn [glﬂf} = (_7 +7 +7 +) .

Symbols
The following symbols convention has been used
1. the Greek indices «, 3,... are used for spacetime indices, while Roman indices i, j,... are used

. the round brakets ”()” and square brakets ”||

for spatial indices;

. the indices can be raised or lowered with the metric tensor. For instance spacetime indices can be

raised/lowered with the covariant metric V, ¢"*¢,, = V* g, = Vi

. the 77 subscript or superscript followed by a tensor index denotes a partial derivative, i.e. if V#

is a vector, V*, =0,V

the ”;” subscript or superscript followed by a tensor index denotes a covariant derivative, i.e. if
VHis a vector, V# =V, VH

7

as subscripts or superscripts respectively denotes
symmetrization and anti-symmetrization operations on the enclosed indices. For instance, if 7T},
is a tensor, T(,y = (T +T,,)/2 and Tiyy) = (T — T,u)/2. The factor at the denominator is the
factorial of the number of indices involved.

Fourier transform

Sometime we will use the Fourier transform of a function f as

£(F) = / PR p()

5
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and the anti-transform as

A3k e
r)= | ——=e""f(k).
Note that this leads to the following derivative conversion

Pl

]:i@f@y

Conversions

For future reference, we also show some common conversions.

1 pc =3 x 10'® m = 3.3 light years.
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Chapter 1

Introduction to General Relativity and
Cosmology

This section introduces some of the key results of General Relativity, the standard theory that accurately
describes gravitational interactions over fifteen orders of magnitude in length, from the smallest scales
to cosmology. We will then focus on the evolution of a homogeneous and isotropic Universe used as a
background to study the largest scales, and provide the relevant equations.

1.1 Summary of General Relativity

The theory of General Relativity is governed by the Einstein-Hilbert action

167TG/ 2/ =G [B(Gpuws OpGpuwrs OsOpGuur) — 2A] + Sar (1.1)

where G is the Newton constant, g,, is the metric tensor, \/—g = /—det(g,,), A is the so called
cosmological constant and R is the Ricci scalar defined from the Riemann tensor R¥, . In fact, if we
define the Ricci tensor

Ry, =R, =T —T0. +T5.1,, —T4T" (1.2)

UV, Mo, poe

we can then define the Ricei scalar
R=g"R,, = ¢"Roo + 9" Rij + 29" Ry, , (1.3)

where the factor 2 in the last term comes from the symmetry of the Ricci tensor R, = R,,, and of the
metric g, = g, Both the Ricci tensor R, and the Ricci scalar R have a dependence on the Christoffel

symbols of the metric*
1

FZV = 590& [gua,u + Grau — g,w,a] . (1.4)

Therefore the Ricci tensor is dependent on the metric and its first and second derivatives, although it is

possible to integrate by parts to reduce the dependence on the metric and its first derivatives only.
The Sy, part of the action contains all the matter sources. In the standard model of cosmology,

the matter species that fill the Universe are baryons', dark matter, photons, neutrinos. Sy, is usually

*In principle, since we have three free spacetime indices, we would have to calculate 64 Christoffel symbols for each metric.
The computation can be simplified exploiting the symmetry

g J— ag
rs, =T,

" This is an improper way of denoting all the standard matter species, including, e.g., also free electrons.
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written from a Lagrangian
Sy = /d4$\/—g£M(gW). (1.5)

Using the variational principle on this action with respect to the metric g,,, we find the Einstein

equations
G+ ANgy = 87GT,, . (1.6)

These equations are covariant: all the quantities involved in the equations are invariant under local

diffeomorphic coordinate transformations (diffeomorphisms). From a physical point of view, this means

that we can freely change local coordinates without changing the experiment result at a given event x*.
The tensor G, is the Finstein tensor defined as

1
Gw/ = R,uu - §g;wR7 (17)

and the tensor 7),, on the right-hand side is called the energy-momentum (or stress-energy) tensor. It
comes from the variation of the Sy, part of the Einstein-Hilbert action, and is defined as

wo— 2 5(\/__9[’1\/1)
e R T (1.8)

where the 0 f/dg,, is the functional derivative of f with respect to the metric g,,. The Einstein tensor
has the important property of being divergenceless

VHG, =G0 = 0. (1.9)

Therefore, from the Einstein equation (1.6) we have that 7}, must be divergenceless too.
The standard form of the equations of motion for a freely falling particle in spacetime (no forces on
the particle) is
dQl-M + H Eﬁ —
d\? P dN dA ’
where I' is the Christoffel symbol (1.4), and A is a parameter that parametrizes the spacetime trajectory
(world-line) z(\). These equations are called geodesic equations. If the parameter A used to parametrize
the trajectory gives the geodesic equations in the form (1.10), A is called an affine parameter.
Finally, the metric can also be written in term of the line element (dz* is the infinitesimal displace-
ment vector)

(1.10)

ds® = g,,, dr"dx” (1.11)

which can be interpreted as the physical (observable) infinitesimal distance between two spacetime events
defined by some fixed values of the spacetime coordinates x*. In fact, we can define the proper time as

/ ds, (1.12)
v(N)

which can be rewritten with a change of variable

dat dzv ] Y?
ds:/ d\ {—g V——] . (1.13)
/yw 70 AN dA

The proper time is the time that would be measured with a clock following the world-line y(\)*. From
this definition, we can revisit the physical meaning of the geodesic as the world-line «(\) which minimizes

¥ More precisely, we need to consider a time-like world-line, i.e. a trajectory which obeys

dzt dx¥

- —— —— . 1.14
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the proper time. In fact, the variation of the proper time (1.12) with respect to the metric g, gives
the geodesic equations (1.10), which are therefore minimizing the physical distance between the starting
and final point of (). Therefore geodesics are usually considered the generalization of straight line
trajectories in a Euclidean space.

1.2 Friedmann equations

The metric which describes an expanding flat, homogeneous and isotropic (smooth) Universe is called
Friedmann—Lemaitre-Robertson—Walker (FLRW). Written as a line element defined in equation (1.11),
it has the following form

2

ds? = —dt + a(t)? 5 + 1% (A6 +sin® 0 dg?) | . (1.15)

1—rr
The function a = a(t) is called the scale factor, and describes the expansion of the Universe from the
value of a(0) = 0 to the present, a conventionally fixed value of a(ty) = 1 (to is the present physical
time, i.e., the age of the Universe). The scale factor is a monotonically increasing function of the proper
time t, and for this reason, it can replace t to describe the evolution of the Universe. The x parameter
is called the curvature and describes the spatial curvature of the Universe. It is null if the Universe is
spatially flat, negative if we have a spatially hyperbolic (open) Universe, and positive in the case of a
spatially spherical (closed) Universe.

The FLRW metric does not contain any function with dependence on the spatial coordinates, and
therefore it is correctly describing a smooth Universe, i.e., whose energy density is homogeneous and
isotropic. This description of the Universe relies on the Cosmological Principle, which states that at
sufficiently large scales (2 100 Mpc), the Universe is smooth. This principle can not be applied on
small scales, where we know the matter clusters. However, for cosmological description purposes, these
inhomogeneities are usually contained enough to be described as perturbations of the homogeneous and
isotropic (background) Universe. In the following Chapters, we will see how this perturbation theory
can be developed by modifying the FRWL metric.

The Einstein equations (1.6) evaluated on the FLRW metric, the so called Friedmann equations, are

e 8G AR
3 3 a?
(1.16)
. 9 4d7CG A

where p = p(t) is the total energy density of all components of the matter, P = P(t) the total pressure
and H = (da/dt)/a = H(t) the Hubble parameter. We denote the derivative with respect to ¢ with the
upper dot, e.g. H = dH /dt. As expected from the form of the Einstein equations, we note that these
differential equations are at most at second order in the time coordinate ¢, being

1 d%a(t) 1 [da(t)]® 1 da(t)
<t)_a(t) d? _a(t)Q{ dt } “a(t) at?

— H(t)2. (1.17)

The Friedmann equations should be solved to find a(t), which depends on the matter components
considered through p and P. Some examples will be shown below.
We can also rewrite the second Friedmann equation as a conservation law
dp

—r +3H (p+P)=0. (1.18)

In cosmology, the fluids considered are usually barotropic, i.e. the pressure is a function of the density
only
P=uwp, (1.19)



12 CHAPTER 1. INTRODUCTION TO GENERAL RELATIVITY AND COSMOLOGY

where the parameter w is the state parameter, and has a constant value for the fluids considered: for
a radiation fluid w = 1/3, while for standard matter w = 0. With this equation of state and the

conservation equation (1.18) we find
3(14w)
t
p(t) _ {&} | (1.20)

Po a(t)
from which we can derive the evolutions for radiation and standard matter fluid energy densities

1 1

pr X — and Pm X — .
a a

(1.21)
The inverse cubic dependence is not unexpected. The physical density must be defined with the physical
volume o« D73 o a2 (ds gives the infinitesimal physical distance, which is proportional to a on the
space coordinates). An additional 1/a is present for the radiation fluid, since the energy in the density
pr is defined as hry = 27h/X\ and the physical wavelength A\ of the photon increases as the Universe
expands, i.e. A o« a, giving an additional scale factor on the denominator. Moreover, from equation
(1.20) we see that an hypothetical component with constant density must have w = —1.

There is another way to write the Friedmann equations. We can rewrite the first Friedmann equation
(1.16) in the form

1P =" (), (1.22)

where the density is given by the sum of the single component densities
p(t) = pm(t) + pr(t) + palt) + pi(t), (1.23)

and
3 K
() = ——— , 1.24
) =~ at (1.24)
A

)= —. 1.25
NOER== (1.25)

The first is the effective energy density given by the spatial curvature, which, depending on the sign
of the curvature parameter x, might be negative. The latter is the effective energy density induced by
the cosmological constant. Since it is constant, it can be interpreted as a matter component with an
equation of state parameter wy = —1.

If we divide (1.22) by H(t)?, we obtain the equation

1 =Q,(t) + Q.(t) + Qa(t) + (1), (1.26)

where () is called the fractional energy density of the i-th matter species and it is defined as

87G pi(t)
Qi(t) = — . 1.27
This can be further rewritten in a more convenient form. Consider (1.22) at time to
8rG 8rG
HE = H(t0)? = " plt) = T . (1.28)

where we define the critical energy density p.. = p(to) to be the energy density today. Thus the fractional
energy densities evaluated today, at t = t, are

00 = Qu(ty) = L) (1.29)

pCT‘
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Using the equation (1.20) for p(t), we obtain the explicit equation for the energy density

Per§22 PerS20 0 Per €20
m(t) = m’ () = 7"7 t:CTQ7 x(l) = Ha 1.30
p ( ) (I(t)3 P ( ) (Z(t)4 pA( ) p A P ( ) Cl(t)2 ( )
and therefore
H2 QO H? QO H? H? QO
0.t =—L —m (1) = =2 r Q)= —2-0%, Q.(t)= -2~ 1.31
O=Hapaey = meran M= mept B0 = Fepag Y

In general, at any time ¢t we can write

L= Y ), (1.32)

species @

Finally, the Friedmann equation with this new notation is

87Gper [ QO Q0 0o
H(t)? = o m r (@ (. 1.33
Q 3 wa+a@f*A+aw2 (1.33)

Therefore, once we have the value of the Hubble parameter at ¢ = ¢y (in the p..; definition) and the
value of all the fractional energy densities today (minus one since one can be found from the others
using (1.32)), we can obtain the value of the Hubble parameter H(t) for any value of the scale factor
a(t). On the contrary, to obtain the value of the scale factor at a given time ¢ we still need to solve the
differential equation. We show the evolution of the fractional densities in Figure 2.5.

Finally, in standard cosmology, the spatial curvature is usually considered flat since the curvature
parameter £ is experimentally compatible with 0 [5].

1.3 Definition of cosmological quantities

The cosmological time ¢, also called proper time, is not the only monotonically increasing or decreasing
function that can be used to label the Universe time evolution. Some of these functions are:

(i)

(i)

(i)

the redshift z, also defined as

l+z==-; (1.34)

SN

the conformal time 1, whose infinitesimal definition is dn = dt/a. With this definition, the metric

is )
dr

1 — kr?
These coordinates (1,7, 0, ¢) are called comoving coordinates. The conformal time 7 is the comoving
distance the light travelled from the beginning of time to some given time ¢. To be more precise,
considering an inflationary model, the definition of the conformal time is usually shifted and starts
from the end of the inflation period, and is given by

0= [ i | (0

e

ds? = a(t)? [—dvf + + 7% (d6* + sin® 0d¢?) | . (1.35)

where ¢, is the proper time at the end of the inflation, and a. = a(t.). For this reason, n(t) is also
called the comoving horizon;

the photon temperature < 1/a.
1o
T=— 1.37
2, (1.37
where Ty = 2.7255 K. This temperature have a very specific physical meaning as we will see in

the next section.
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Figure 1.1: Plot of quantities used as time labels in cosmology. The lines are computed using the CLASS
code with standard ACDM parameters [5].
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Another important quantity is the comoving Hubble radius, which is defined as 1/aH. Consider the
physical space distance of an object from the Earth D = ax, where z is the comoving distance. The
physical velocity of an object with no peculiar velocity dx/dt is given by

D d d d
= * Y~ Hax. (1.38)

R T T I T

Suppose z > 1/Ha, the velocity v of the object receding from us is larger than the speed of light
(in our units of measurement system, ¢ = 1). In this case, not even a photon emitted by this object
can reach us, and therefore the object is not causally connected to us. Note that the conformal time is
not the same as the Hubble radius: the first is a more stringent horizon, since no particle outside the
comoving horizon 7g is or has ever been causally connected to us; the latter tells us about the causal
connection with the object at a given time ¢. In fact, in Figure 1.1 we can see that the comoving Hubble
radius is not a monotonically increasing function, and therefore an object now receding at speed greater
than light might have been causally connected to us. Finally, note that the conformal time (1.36) is the
integral of the Hubble radius with an additional a, and thus it must always be larger than the comoving
Hubble radius.

From the equation of the physical velocity v (1.38) we can write the explicit version of the Hubble

law p
a
= —x=HD. 1.39
V= (1.39)
The physical velocity v of an object is then proportional to the physical distance of this object from
the Earth. The proportionality constant is Hy, the Hubble parameter today, which is obtained from

experiments. The value of Hy in the Planck experiment is [5]°
H(ty) = Hy = (67.4£0.5) km s~! Mpc™' = (100 h £ 0.5) km s> Mpc™*. (1.40)

In Figure 1.1 we plot the quantities defined above as functions of the scale factor. This plot is helpful
to convert the cosmological quantities considered, providing a link with the more intuitive physical
(proper) time t. For future reference, we also show some critical moment in the Universe evolution using
data from the Planck data: the Big Bang nucleosynthesis at a,, the matter-radiation equilibrium at a,
and the recombination period a, (or a,e.). In the following sections, we will briefly present an overview
of these events.

1.4 Scalar-vector-tensor decomposition

In addition to the background, we can perturb the metric allowing for small deviations from background
quantities. At linear order, the most general way is to consider

w o

where gfg,) is the unperturbed metric, and gf}l,) its perturbation metric.

It is common to separate the perturbation contributions as

g = —20, (1.42)
ORI (1.43)
9 = 2y + 2805, (1.44)

¥ The value of Hy from the Planck experiment is not compatible with other experiments at lower redshifts, and therefore
there is a tension between large and small scales observations. Since the problem is still under debate, we choose to
consider the Planck experiment Hj, knowing that this choice might be considered incorrect in the future.
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where ® is computed from the trace of gl(Jl ) and si; is the traceless part of gfjl ), defined as
Lsii ()
1 1

Since we are at linear order, we can not admit terms like ¥? in our expansion, nor crossed terms such
as @V in the associated equations of motion. We consider the (spatially flat) FLRW metric (1.15) for
the background. The full perturbed metric g,, becomes

ds* = —(1 4 20)dt* + wia (do'dt + dtdx’) + a® [(1 + 2®) &;; + 2s;5] da'da? . (1.47)

It can be shown that the only propagating degrees of freedom, which is the number of dynamical
quantities whose evolution defines the system’s physical state, comes from s;;, since ®, ¥ and w; can be
obtained from Einstein equations of the metric (1.47) that do not contain time derivatives [14].

We can further split the contributions from w; and s;;. The first can be rewritten as

w'=w W, (1.48)

where the first term is the longitudinal part, which is curl-free; the second term is the transverse part
of w;, which is divergence-less. In other words

eijkajw”k =0 and dw,"=0, (1.49)
where €% is the Levi-Civita tensor. Thus we can recast these terms respectively as
Wi = O;A and w b= eijkajfk. (1.50)

From this form, we can clearly understand the decomposition of the w?, which is made of one scalar part
(X is a scalar degree of freedom) and a vector part (' is a vector degree of freedom). The scalar field A
represents one degree of freedom, while the vector field ¢ contributes with two (3 — 1 due to the gauge
freedom in the choice of ¢). The same procedure can be applied to the s;; spatial tensor, separating the
contributions as

s9=5" 4557 45,7, (1.51)

Also in this case we have a longitudinal term suij , whose divergence is longitudinal (curl-free), and a trans-
verse term s /; moreover we add a solenoidal term s¢"”, whose divergence is a transverse (divergence-less)
vector. These properties can be written as

ejklajais”"j = O, @@-ssij =0 and aisfj =0. (152)
Therefore we can introduce again some additional fields to make more clear the nature of the degrees

of freedom of s;;

1 1
Suij == 5 (316] — 5513V2) 0 and Sgij == 6@@) s (153)

while the transverse part s L"j can not be decomposed into vector or scalar fields. The longitudinal and
solenoidal part contributes respectively with one scalar degree of freedom and two vector degrees of
freedom; while the transverse part contributes with two tensor degrees of freedom (5 components of the
traceless symmetric tensor s Lij minus 3 from the condition 0;s Lij =0).

Therefore this decomposition separates the contribution into 3 different sectors: scalar, vector, and
tensor. The scalar part is given by ®, ¥, 6, and \; the vector part by & and (;; and the tensor part
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by s,:; 1. Therefore, we obtain a total of 10 degrees of freedom. However, it can be proven that, due
to the gauge freedom (diffeomorphic invariance), each of these sectors actually contributes with only 2

physical degrees of freedom [15]. In other words, the gauge freedom allows to set to zero two out of four
scalar fields ®, ¥, 0, and A, and two components from the vector fields & and ¢.

Another advantage is that, at least at linear order, the three sectors can be studied independently,
i.e., the equations of motion of the scalar sector do not depend on the vector and tensor perturbations,
and similarly for the vector and tensor sectors. This is the so-called decomposition theorem.

In the following, we show some of the common gauge choices in cosmology. We neglect the vector
perturbations as they are in general not interesting in cosmology since they decay rapidly.

1.4.1 Scalar perturbations

Consider only the scalar perturbations. The most general way of writing all the scalar contributions is
. 1 S
ds® = —(1+20)dt* + 20;,\adz’dt + a® {(1 +2) §;; + (820]- — §5ijv2) Q] dx'dx’ . (1.54)

A possible gauge choice is the Newtonian gauge. It consists in considering A = 6 = 0, obtaining
ds® = —[1 +2VU(t, T)] dt* + a®(t) [1 + 2®(t, T)] 6;;da’ da? . (1.55)
Another possible choice is to consider ¥ = A = 0, obtaining the synchronous gauge metric
ds? = —dt* + a*(t) (6;; + bij) da'da? | (1.56)

where b;; contains the contribution from ¢ and 6.

1.4.2 Tensor perturbations

The tensor perturbations are encoded in the spatial tensor s Lij = E%. Since this tensor carries two
degrees of freedom, we can rewrite the general tensor perturbation metric

ds® = —dt* + a*(t) (6,5 + Eyj) da'da’ (1.57)
where recall that E; = 0 and 9;EY = 0, as
ds® = —dt* + a(t)*(1 + Ey)dx* + 2a(t)* Exdxdy + a(t)?(1 — EL)dy* + a(t)*d2>. (1.58)

This gauge choice is called TT-gauge, and it represents gravity waves travelling in the z direction [16].
The E, = E,(t,2) and Ey = Ex(t,z) components are the + and x polarizations of the gravity waves,
ie.,

E (t,z) Ex(t,z) 0
Eij(t,z) = | Ex(t,2) —Ei(t,z) 0] . (1.59)
0 0 0

€ This spatial tensor is usually denoted as h;;, but in the following it will be denoted as Ej; to avoid definition ambiguities
with the ADM induced metric h;; which will be defined in Chapter 3.
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Chapter 2

A brief history of the Universe

In this Chapter, we briefly describe the principal epochs of the history of the Universe. We present an
overview of the events shown in Figure 2.1. The last dark energy domination era is the present epoch,
which began only recently, at about a = 0.7 (or approximately three billion years ago).

Estimated Matter-radiation | | Dark energy - matter | | Dark energy
end of inflation equality equality epoch
Log,o[T/2.73 K]
28 24 20 16 12 8 4 2 1 0
% ‘ ‘ ‘ ‘ ‘ ‘ Y L
é PR ol | | Matter
= Radiation domination 1 ' dommation
| | |
7 ps

—28 —24 -20 ~16 -12 T -8 —4 -2 -1 0
Logyg[a]

Big bang e —
o . Recombination ‘ ‘ Reionization
nucleosynthesis

Figure 2.1: Timeline of the history of the Universe. The red lines are specific point in time defined
by the Planck experiment results [5]. The black lines represent components equality instants, and are
computed with CLASS in a ACDM model with Planck experiment results.

2.1 Inflation epoch

The first epoch in Figure 2.1 is called inflation, which stopped at about a = 1072 (or roughly 1073
s after the Big Bang). The inflation mechanism has not been experimentally proven yet. However,
inflation is widely accepted as the solution to a serious problem about the causality contact of photons
and provides viable initial conditions for the evolution of fluctuations of the cosmic components.

Qualitatively, inflation provides a solution for the large angular distance isotropy problem of the
photon distribution. We observe that all photons coming from the last scattering surface (when the
photons started to freely move in the Universe without interacting with other matter, see Recombination
section below) have the same temperature. If the Universe expanded from a radiation-dominated epoch,
the distance between most of the observed photons when they were last scattered would have been larger
than their comoving horizon at that time. This means that they were never in causal contact before
the observation but still have the same temperature when observed today. A picture of this problem is
shown in Figure 2.2.

The inflation accounts for this problem postulating a comoving Hubble radius 1/Ha larger than
today and a comoving horizon [(1/aH)da/a such that distant photons were in causal contact before
a vast accelerated expansion in a very early period (much earlier than the matter-radiation equality).
Therefore during this expansion, the comoving Hubble radius decreased (while the comoving horizon

19
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increased), destroying the pre-existent causal contact between the photons. This explains why we see
photons with the same temperature: they were in causal contact at very early times. Moreover, this
justifies the definition of 1 as an integral starting from ¢, instead of ¢t = 0: n was prominent at the end of
inflation (due to its large value before the accelerated expansion), and its value would be useless without
this shift.

= Comoving horizon n Last scattering
from A surface

=~ Comoving horizon 7
from B

Figure 2.2: Picture of the large angular distance isotropy problem of the photon distribution. Two
photons coming from opposite parts of the Universe A and B have comoving horizons (dashed circles)
that do not overlap. Therefore, when they arrive on the Earth, they have never been in causal contact.
Still, they have the same observed temperature. Note that dashed line is not the comoving horizon from
the point of view of A and B, but the horizon (1.36) starting at ¢ = ¢,.. instead of ¢t = ., and then all
circles have the same radius.

Quantitatively, in order to have a decreasing comoving Hubble radius 1/aH we need to satisfy the
following condition
d d | dal d*a
—JaH]l = = |la—Z| =—>0 2.1
g A = {adtal e = (2.1)

that is also the condition for an accelerated expansion (positive acceleration of a).

As a very rough model, we can assume the Universe’s expansion after the inflation as only radiation

dominated. In this case, from the Friedman equation (1.33), the Hubble radius is proportional to a2,

and therefore
aoHy ~ Qe

P ac , (2.2)
where the subscript e refers to the end of inflation. From the timeline 2.1, we see that the end of inflation
is estimated to happen at a, = 107 (or 7' = 10*® K 2 10' GeV). From equation (2.2) we can estimate
the Hubble radius to be at least (remember the radiation domination after the inflation assumption)
10% larger now than it was at the end of inflation. Thus to have a larger Hubble radius before inflation
and then a causal contact for objects that are not in contact today, the Hubble radius decreased by at
least a factor of 10%® during inflation.
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One of the most common model for inflation considers a constant Hubble parameter H. Then, using
the definition (da/dt)/a = H we can write a simple time dependence for the scale factor

a(t) = ageflt=te) (2.3)

The question still open is: what is the matter source that makes this accelerated expansion of the
Universe possible? We will see in section 2.4 that to have an acceleration (and then a decreasing Hubble
radius), we need a matter species with an equation of state parameter w < —1/3, or the addition of
a new scalar field ¢ (Modified Gravity Theories). Another way is to use a component with a constant
energy density (w = —1), e.g., the already seen cosmological constant A, which gives precisely the scale
factor’s time dependence in equation (2.3).

2.2 Radiation epoch

The next period in the timeline 2.1 is an epoch of radiation (photons and relativistic neutrinos) domi-
nation in the history of the Universe. The radiation energy density p, value is larger than matter and
dark energy densities in this period. During this epoch, photons are highly coupled with the electrons
due to the Compton scattering, and they constitute with good approximation a unique fluid. In other
words, photons and electrons are in thermodynamic equilibrium.

During this epoch, the Big Bang Nucleosynthesis takes place at a = 107! (or photon temperature
T = 1 MeV, or = 10 s after the Big Bang). Before this event, nuclei were not produced since highly
energetic photons (before nucleosynthesis 7' 2 1 MeV) would have destroyed them; also, neutrons and
protons had the same abundance ensured by weak interactions like p+e~ — n+v, (photons and neutrinos
in this period have approximately the same temperature). As the Universe cooled down near 7' = 1 MeV,
the Universe expanded, and the weak interaction was not efficient anymore, leading to the conversion
of neutrons into protons. Moreover, photons lost energy due to the Universe’s expansion, allowing the
creation of stable nuclei. Initially, protons and neutrons made a fusion reaction into deuterium and “He.
No heavier nuclei are produced in this epoch since the capture of a neutron or a proton in a helium-4
nucleus would have formed nuclei with A = 5, which are not stable. Moreover, deuterium and “He
nuclei were insufficient to make fusion reactions between them possible. This fixed the abundance of

helium to roughly a mass factor of

4n 4He
Y4He -

=0.22 24
e .22, (2.4)

where n 1y, and n, are respectively the number densities of Helium-4 nuclei and baryons (protons and
neutrons), and the factor 4 comes from the fact that Helium-4 is 4 times massive than a proton/neutron.
The other fractional density is made of protons and a tiny part of deuterium, helium-3 and lithium-7.
Since further nucleosynthesis of heavier nuclei stopped until atoms (not nuclei) clustered together to
form stars, Yay, is roughly the same since the end of Big Bang nucleosynthesis. Therefore, since Y g,
is computed only with initial conditions set by the Big Bang, the accordance between this value with
the experiments is valuable proof of the Big Bang existence.

Finally, the radiation epoch ended at a = a/e\q >~ 3 x 107 (or T = 10000K, or about 50000 years
after Big Bang). This moment has an important role in setting the matter energy density fluctuation
from today’s homogeneity. More generally, equating the matter and the radiation densities we find

415 x 1077

Ueqg = N (2.5)

2.3 Matter epoch

After the radiation domination era, the Universe entered an epoch of matter domination. During this
period, two important events happened: recombination and reionization.
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During the recombination at a = 1073 = a, (or T = 3000K, or about 400k years after the Big
Bang), analogously to nucleosynthesis for nuclei, the temperature was low enough to make the creation
of stable atom possible. We define the free electron fraction as

n
X, = =

- e 2.6
e (26)

where ny and n. are the hydrogen atom and electron number density. In Figure 2.3 we show the free
electron fraction near recombination.

Qyec Areio

10°

1073 1072 107!

Figure 2.3: Plot of the free electron fraction X, as a function of the scale factor a. The recombination
point and the function is computed with CLASS with the standard ACDM parameters.

The electron fraction goes to zero after recombination, leading to the decoupling of the photons from
the electron-photon fluid we had in the radiation epoch. The small fraction of electrons nuclei that
have not been captured to form atoms is not enough to keep the electron-photon fluid at equilibrium.
Therefore the photons decouple from electrons and can freely move without Compton scattering with
electrons. This is why the recombination is usually considered coincident with the last scattering of the
photons.” The sphere in the spacetime with radius given by 7, (recombination proper time) is called
last scattering surface and is the surface from where the photons are freely travelling to our observation
equipment. Due to the coupling with electrons, we can only receive photons from the scattering surface,
and therefore before decoupling, the Universe was opaque. The spectrum of the photons coming to us
is called Cosmic Microwave Background (CMB) and has the same form of a spectrum of black body
radiation at T' = 2.73 K. All the photons have approximately the same temperature regardless of the
direction they are coming from. In Figure 2.4 we present the Planck analytical black body radiation
spectrum and the data from the COBE experiment [17]. The analytical spectrum has been obtained

* But, although tightly connected, the two effects (recombination and decoupling of photons) are two different physical
processes.
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with the Planck formula using 7' = 2.7255 K. We also see the peak of the spectrum from which the
CMB takes its name, which is at = 200 GHz, a microwave frequency.
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Figure 2.4: Plot of the Cosmic Microwave Background spectrum with respect to the frequency in the
SI measure system. The error bars are so small (1073 smaller in the scale of this plot) that cannot be
seen. Data are taken from the public archive of the COBE experiment [17].

From Figure 2.3 we note that the free electron fraction X, becomes non-negligible again, in an event
called reionization (at a = 0.1, or T'= 30K, or half a billion years after the Big Bang).

Finally, the matter domination period ended at a = 0.8 (or four billion years ago), followed by the
dark energy epoch.

2.3.1 Dark Matter

During this epoch of matter domination, two main species with zero pressure (w = 0) are contributing.
One is the standard matter composed of baryons, nuclei, atoms, ... The other is dark matter. This
is a matter species that has been introduced in the standard model of cosmology to explain some
observational phenomena that cannot be modelled with ordinary matter. Usually, this dark matter is
considered cold, i.e., the velocity of dark matter is considered much smaller than ¢ = 1. The standard
model of cosmology considering Cold Dark Matter is called the CDM model.

The first evidence of the existence of dark matter came from the rotational curves of the galaxies [1],
but there are now more reasons to believe that there must be non-standard matter, for instance, in the
context of gravitational lensing [18] or galaxy clustering [19].
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2.4 Dark energy epoch

A Universe composed only of matter and radiation would be very different from the one we observe, start-
ing from the experimental evidence of the accelerated expansion of the Universe (the first experiments
are [3, 4]). A way to explain this phenomenon is to add a new component, called dark energy, which
must have particular properties to model this acceleration. Consider the condition for an accelerated
expansion of the Universe

d*a

Pl 0. (2.7)

We can translate this condition into a condition on the pressure. Using the second Friedmann equation
in (1.16), with p containing the cosmological constant as in equation (1.23), we find

dH . da_ 4G

hatunl - T 3P 2.8
from which we have
1
P< —g e, w<-3. (2.9)

Thus an accelerated expansion needs a fluid with negative pressure and the state parameter smaller
than —1/3. Standard matter and radiation cannot fulfil this requirement.

2.4.1 Constant dark energy density

The most immediate first candidate would be something with constant density or, equivalently, an object
with an equation of state parameter w = —1. We already saw a component with constant energy density,
that is, the one having p = p, coming from the cosmological constant A, and appearing the Friedmann
equation (1.33). When the accelerated expansion of the Universe was first observed, considering the
dark energy as a component with constant energy density given by the cosmological constant (pge = pa)
was the first attempt at an explanation of the phenomenon.

In cosmology, ACDM is a model defined to have the dark energy coming only from the cosmological
constant, i.e. pge = pa is constant (wge = —1). Contrarily, the model with no dark energy (pge = 0) is
called sCDM (standard CDM). In Figure 2.5 we present the evolution of the fractional densities with
the sCDM and the ACDM models.

Moreover, there are some models where dark energy has a non-constant state parameter wg(t): this
means that in these models pg.(t) does not have a fixed dependence on a(t), but the exponent of 1/a(t)
in equation (1.20) changes in time.

One of the most compelling evidence of the existence of the dark energy is the discrepancy between
the age of some of the oldest star we can see from Earth and the age of the Universe calculated without
dark energy. We can see this from the Friedmann equation (1.33). In the following derivation we consider
dark energy as a component with constant energy density coming from A. Rewriting this equation we
obtain

1 da Qo Qo Qo 142
_ ¢ m T QO k 2.1
oy~ W L(t)s O a(t)Q] ! (2.10)

and then we find the equation for the age of the Universe

t 1/1d ! (2.11)
0= 5+ a 12" .
Ho J a[%ng—E—FQ?\—i—f—g}
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Figure 2.5: Plot of the fractional densities 2(¢) evolution. The sCMD lines have been computed using
Que(to) = 0 and Q,,(to) = 1, while ACDM have the standard parameters. The recombination scale
factor a, is not the same in the two models, but in the scale of the plot the difference is barely visible.
Note the different radiation-matter equality point a,, closer to a, in the ACDM case.

To make this evaluation we consider the contribution from radiation negligible and a flat Universe with
0% + 0% =1, obtaining the analytical solution

log |:2+2\/1—99n—§29n:|
1 Bn
to = — (0 +0) =1and Q) =Q) =0). (2.12)

Hy 31 —-0Y

The plot of this function is in the Figure 2.6 (blue line).
In a matter dominated Universe today (€% — 1) we have

21
to = S Hy (2.13)
Inserting an experimental value of Hy we would find 8 Gyr < t, < 10 Gyr, while observations of old
stars requires an age larger than 12 Gyr. From Figure 2.6 (blue line), we see that increasing the dark
energy fractional density (decreasing the matter fractional density) the age of the Universe increases:
therefore, dark energy can be the solution for the age of the Universe problem. In fact, if we consider
Q% = 0.3 (and then QY = 0.7), we obtain from (2.12) t, = 13.4 Gyr, a value closer to experiment results.

Also, from the plot in Figure 2.6 (orange line) we see that if we try to solve the problem considering
only curvature density (2% = 0 and Q2, + QY = 1), we obtain 1/H, as the maximum estimation of .
Nevertheless, this estimation of the Universe’s age is smaller than experimental values, removing the
possibility of considering non-negligible spacial curvature as the solution for the problem.

As a reference, we also show the result of Planck 2018 experiment [5]

to = 13.796 £ 0.020 Gyr (age of the Universe from Planck 2018 experiment), (2.14)
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Figure 2.6: Plot of tgHy. The blue line is the plot of equation (2.12) as a function of the fractional matter
density. The orange line is the solution of the integral (2.11) without dark energy and considering the
curvature.

which we will refer to as the age of the Universe.

Note that this value is not the radius of the observable Universe since an object that was 13.8
Gyr distant when it emitted a photon reaching us today is now much further away due to the Universe
expansion. To find the observable Universe radius today we can start from the fact that g,, dz"dz" = 0
for a photon. Thus dt? = a®dz?, and then dx = dt/a. The comoving distance is defined as

X(t)z/ti %:/:d%/—a,;(a,), (2.15)

K3

where t; is the time of the emission of the photon. Note the additional a in the denominator with respect
to the age of the Universe integral (2.11). The result is the physical observable Universe radius

X(to) = 45 billion light-years (observable Universe radius), (2.16)

where we have used the fact that the comoving and the proper distance are the same at t = ty, because
a(ty) = 1.1 This quantity is also useful to make a very rough estimation of the ordinary matter in the
observable Universe. Considering the critical density p, defined in equation (1.28) and using the volume
of a sphere with the observable Universe radius x(to) as radius we find

Mou = 10°Kg (mass of ordinary matter in the observable Universe) . (2.17)

2.4.2 Non-constant dark energy density

Recent measurements of the CMB temperature and polarization anisotropies and their cross-correlations,
in combination with geometrical measurements from Baryon Acoustic Oscillations and Supernovae Type-
Ia luminosity distance measurements, suggest that the equation of state of dark energy is extremely close

T Incidentally, the fact that comoving and proper distances are the same at t = t if ag = 1, is also the reason why a is
conventionally fixed today at ag = 1.
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to the cosmological constant value w = —1. But slight deviations from —1 are still allowed by data [5].
In particular, the 68% confidence level allowed region for the dark energy equation of state is given by

[5]
— 1.0051 < wpg < —0.961, (2.18)

The w < —1 regime is called phantom-like, while w > 1 is called quintessence-like. In both regimes, the
dark energy does not have a constant in time energy density. In the thesis, we will use these observational
values to constraint some extensions of General Relativity.

2.5 Conclusion

In this section, we presented a brief history of the Universe, from which we can define the standard model
of cosmology, called ACDM. Its definition is given in section 2.4, and can be summarised as follows:

e the dark matter is considered to be cold, i.e., only the over-density and the velocity are considered
in the perturbation theory of this component;

e dark energy has a constant energy density and therefore the state parameter (1.19) isw = —1. This
constant energy density comes from the cosmological constant A. Thus the dark energy density
in this model is defined as pge = pa, where py is defined in equation (1.23).

All parameters have been taken from the Planck 2018 experiment [5].
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Chapter 3

Arnowitt—Deser—Misner formulation of
General Relativity

In this Chapter, we present the main features of the Arnowitt—Deser—Misner (ADM) formulation of
General Relativity, also called the Hamiltonian formulation of General Relativity. We derive the main
equations of motions of General Relativity in this formulation, carefully showing some theoretical and
technical passages that are usually neglected in the literature. This formulation will be one of the
main tools to build the Effective Field Theory of Gravity, which will be introduced in Chapter 8.
The discussion is based on the summary article [20] and the book [21], integrating it with additional
explanations and examples.

3.1 Motivation

In General Relativity we consider the Einstein equations (1.6) (where we drop the cosmological constant
contribution)

G,, =8rGT,,, (3.1)

which treat the metric tensor g, as a unique object, ensuring that covariance is preserved. On the other
hand, evaluating each of the Einstein equations we find that

e the time derivatives of the metric components ggg and go; do not appear in the Einstein equations
due to the Riemann tensor symmetries;

e there are no second order time derivatives in the 00 (time-time) and 0i (time-space) equations;
e second order time derivatives of g;; only appear in the ij (space-space) equations.

From these observations, it is clear that the dynamic is encoded only in g;;. The ADM formulation
provides a way to focus on these metric components with a receipt to split the time and space part of
Einstein equations preserving covariance.

3.2 Geometrical tools

Before introducing the ADM formulation, we briefly revisit some geometric definitions and propositions
used in this Chapter.

29
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3.2.1 Congruence of curves

A congruence of curves through a region of spacetime (M, g) (M is a n-dimensional manifold and ¢ the
metric) is a collection of curves such that every point in the region lies on exactly one of the curves.
Every congruence naturally introduces an associated coordinate system (\,¢°) (i =1,...,n—1) on
the region, where A is the parameter such that the vector 0\ = t is tangent to the curve of the congruence
at the point (A,%'). In other words, the coordinates 3" label the curves, and X is the parameter along
the curves.
We can also introduce the vector 7; = 0,:, which are called connecting vectors.

3.2.2 Hypersurfaces

Beyond the splitting of time and space, there is the concept of hypersurfaces, which are defined as n — 1
dimensions manifolds embedded in a n—dimensional ambient manifold, locally defined with a single
implicit function S(z#). To characterize these hypersurfaces, we can introduce some entities.

Let S(x*) be a smooth function of spacetime coordinates z*, and consider a family of hypersurfaces
S(z#) = constant. We define the normal vector to S(z*) as

n* = f(z")g" 9,5 ("), (3.2)

where f(x*) is an arbitrary normalization function. The hypersurface is space-like if the normal vector
is time-like everywhere on it, and vice-versa. Therefore if the hypersurface is space-like we can always
find a normalization function f(2*) such that n,n* = —1 (or n,n* = 1 for time-like hypersurfaces).
Moreover, when n,n* = 0 we have a null hypersurface.

3.2.3 Induced metric on a hypersurface

On any hypersurface ¥, embedded in the spacetime (M, g), we can define an induced metric as
huu = Guv + n,ny , (33)

where the + is considered for space-like hypersurfaces, and the — for time-like ones.

The induced metric h is a restriction of the embedding manifold metric g. In fact, while h is
degenerate on the full tangent space at any point p € X, it is positive definite for space-like 3 on the
sub-space of the tangent space spanned by vectors tangent to curves in X, i.e. vectors v which satisfy
v,nt = 0.

As an example we can consider a family of hypersurfaces given by S(z*) = constant in 3 + 1
Minkowski space with coordinates (¢, Z). Using the definition of the normal vector (3.2) we can compute
n* = (1,0,0,0), and the induced metric will be

By = G + nun,, = diag(—1,1,1,1) + diag(1,0,0,0) = diag(0,1,1,1) . (3.4)

Therefore the induced metric is positive definite on the 3-dimensional flat Euclidean space.

3.3 Time-space coordinates

This section introduces the coordinates we will use to rewrite the Einstein equation in the 3 + 1 form.
We start considering a scalar field S(z#) = t(x*) such that we can define a family of non-intersecting
space-like hypersurfaces 3(t) with ¢ = constant. With this choice, we are considering a family of space-
like hypersurfaces. In the following, we introduce the appropriate coordinates, build the induced metric
and the induced covariant derivative.
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Note that the introduction of a specific time coordinate for the foliation does not impair the general
covariance of the theory under arbitrary coordinate transformations. The classic mechanics Hamiltonian
case can be written in a parametrized form where time and energy can be seen as a conjugate pair
coordinates of a new degree of freedom. Similarly we can think about foliated General Relativity as
an “already-parametrized” theory, which is invariant under an arbitrary change of coordinates as the
mechanics theory is invariant under an arbitrary re-parametrisation [20].

3.3.1 Induced coordinates and metric

We build the coordinates as follows. On each X(t), we introduce the spatial coordinates y*, and we
connect different hypersurfaces with a congruence of curves that intersect these surfaces, using A =
t as the parameter along the curves. Therefore, we are defining a mapping of events on different
hypersurfaces, where 3 are spatial events intersected by the same curve. See Figure 3.1 for a pictorial
representation of these coordinates.

Figure 3.1: Representation of the hypersurfaces and the congruence of curves in the ADM formulation.
The same coordinates 3° represent events intersected by the same curve.

Given the (¢,y%) coordinate system, we can define the following vectors:

e the normal to the hypersurfaces

n, =—NOo,t, (3.5)
where we used the definition (3.2). The N normalization factor is called lapse and it is set to
obtain n,n* = —1. In particular, no = —N and n; = 0;

e the projection tetrad to X(t)
u  Oxt

oyt
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which are tangent to normal vectors, i.e. n el = 0;

e tangent vector to the curves
e 9 (3.7)
oot '
which satisfies t#0,t = 1. We can decompose the tangent vector on the projection tetrad and the
normal vector

th = Nn* 4+ N'el (3.8)
where N? is the shift spatial vector.

From these definitions we can rewrite the dz* using the coordinate transformation z# = z#(t, y)

oxH ozt . ,
dat = Z—dt + ——dy’ = t'dt + el'dy’ =
T ot + oy Y +e;ay
= (Nn" + N'el!) dt + el'dy’ = (Ndt) n* + (dy’ + N'dt) !, (3.9)

from which we can compute the line element
ds* = dx,dx" =
= [(Ndt)n, + (dy’ + N7dt) e;,] [(Ndt)n* + (dy* + N'dt) el'] =
= —N?dt* + (dy' + N'dt) (dy’ + N7dt) e; el . (3.10)

Since the induced spatial coordinates on the hypersurfaces Y(t) are given by 3, the induced metric will
be the term multiplying dy‘dy’. Therefore

hij = guweies = gij - (3.11)
From the results above, we can also obtain the whole form of the metric g,,
goo = —N?+ NN, " =—-N?, (3.12)
9oi = N; ¢" =NN’, (3.13)
Gij = hij g9 =h9 — N2N'N7 . (3.14)

The induced metric h,,. Using (3.3) in the case of space-like hypersurfaces
hyw = gu +npuny (3.15)
we can also write the full version of the induced metric A,
hoo = N'N; ho; = N; hij = gij - (3.16)

It is important to notice that, although h;; is the metric on the 3—space, hoy and hg; are not null because
the non-diagonal terms of g, are in general gy; # 0. These non-zero terms of h,, are leftovers from
the embedding of the hypersurfaces in a generic spacetime and are necessary to cancel out the effects of
non-null gy; in various physical scenarios.

Note that we can raise/lower indices with the induced metric if the vectors are purely spatial. In
fact, consider a vector X, such that n*X, = 0. Applying the induced metric

WX, = (g" +n*n") X, = "' X, = X | (3.17)

Note that this is valid for any purely spatial tensor.

We can also compute the determinant transformation. The term /=g d*x, where g is the determi-
nant of the metric g,,, is a scalar (i.e. it transforms convariantly under a generic smooth coordinate
transformation) and therefore from (3.12)-(3.14) we obtain

V—gdz* = NVhdtdy, (3.18)

where h is the determinant of the induced metric h;;.
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The projection tensor h;. The tensor

hy, =0, +n"n,, (3.19)

where we used the induced metric definition (3.15), acts as a projection tensor onto the hypersurfaces
Y(t). We can prove this starting from a generic vector decomposition

vt = o'nH 4 Uje? : (3.20)
Applying the induced metric
hyot = (5; +n’n,) (VOn* + vjeg) =
= o'n” + v'el — v'n” = v'el. (3.21)

From this result, we note that we can use the tetrad vectors e’ to project covariant tensors directly on
the hypersurface spatial coordinates (spatial indices). Another implication of this proposition is that the
projection tensor maps spatial tensors into spatial tensors: applying the projection tensor to a spatial
tensor X, such that n*X, = 0, we obtain

WX, =X, (3.22)

which is consistent with the raise/lower operations in (3.17).
Finally, we can prove that applying a projection tensor on another projection tensor will simply
generate a new projection tensor

hihy = ((52 + npn“) (5; + n”np) =

=0, +n'n, +n"n, +n’n,n"n, =
=4, +n"'n, =h;, (3.23)

where we used n,n” = —1.

Properties of n*. Finally, we show some useful properties of the normal vector.
(i) From the definition of the projection tensor

hin” = 0. (3.24)

v

(ii) The covariant derivative of the normal vector has the property
n'Vyn, =0, (3.25)
which can be proven starting from the constant normalization of the normal vector
0=V, (n'"n,) =2n"(V,n,), (3.26)
where in the second step we used Vg, = 0.

(iii) From the Frobenius theorem

npVineg = 0. (3.27)
(iv) In our coordinate system, we can rewrite the normal vector as
n,=—Nd6,. (3.28)
or the contravariant form )
n =~ (0 = N") | (3.29)

where we define N* = (0, N?).
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3.3.2 Three-dimensional spatial covariant derivative

In this section we discuss the three-dimensional (3D) spatial derivative, which acts on the hypersurfaces
Y(t). Consider the derivative acting on a vector X, tangent to X(¢), i.e X,n* = 0. The natural
definition of the 3D derivative D, arises from projecting the four-dimensional covariant derivative ¥,
on X(t), using the tensor (3.19), as follows

DX, = WehIV X, . (3.30)
Similarly, we can define the 3D derivative acting on a scalar function f(z*) as
Duf =V, f . (3.31)

From these we can find how D, acts on a contravariant vector. Comnsider the 3D derivative of the
product between two vectors X, and V#, both tangent to ¥(¢) (X,n* =0 and V*#n, = 0). We have

D,(X,V¥)=V'D, X, +X,D,V". (3.32)
The left hand side can be rewritten using the 3D derivative of a scalar (3.31)
eV, (X, V) = VIV, X, + W X, V, VY, (3.33)
while the right hand side can be expanded using the 3D derivative of a covariant vector (3.30)
VDX, + X, D,V =V WV, X, + X, D, V" =V"hV,X, + X,D, V", (3.34)

where we used the fact that, since V#n, =0, VVh = V7. Inserting (3.33) and (3.34) back into (3.32),
and simplifying one of the term appearing on both sides, we almost obtain the result we want

X,DV" =X, V,V". (3.35)

Since X, n” = 0, X, is not a generic vector, we can not simplify X, on this equation. However, we can

always consider X, = hfY,, where Y, is a generic vector. Therefore, simplifying Y,,, we obtain

hoD,V" = hoheN V" (3.36)

Since, by construction, the spatial derivative maps spatial tensors into spatial tensors, the projection
tensor on the left-hand side is redundant. Simplifying this, we obtain the definition

D,V" = hihoN, VP . (3.37)

We can generalize this definition to any tensor, and the general rule is to project all free indices with
the projection operators into X(¢). For instance,

D,Tye = ORIV o Tp, . (3.38)

Finally, similarly to what happens to the four-dimensional metric property V,g,, = 0, we can check
that the induced metric obeys
D,h, =0. (3.39)

To prove this, we apply the definition of spatial derivative

Dyhyw = hShORIN ohg. =
= ORIV o (ggy + ngny) =

= h2hPhIV,, (ngn,) =

p'u'to

= h®h2R) (ngVany +n,Vang) =0, (3.40)

p'u'to

where we used the definition of the induced metric (3.15) and the normal vector property (3.24).
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3.3.3 Lie derivative

Consider the definition of the Lie derivative of a generic tensor T}, with respect to a generic vector field

CM

LT, = CPO, TV, — TP, + TV 8,0 =
= ('Y, T, — TP,V ,CF + TH V(P (3.41)

where the equality can be proven writing the covariant derivative in terms of partial derivatives and
Christoffel symbols, and noting that the Christoffel symbols from the first term cancel exactly with
the ones from the other terms. This is a general property of the Lie derivative: we can always switch
between covariant and partial derivatives (provided we change them all).

In this section we want to prove that, given a purely spatial tensor @, i.e., @ n" = Qun” = 0,
its Lie derivative with respect to the normal vector field can be written equivalently as

£nQ;U/ = % (agtlw - £NQ;W) ) (342)

where the vectors written in coordinates are n* = N7'(1,—N*) and N* = (0, N). In particular, if
the coordinate system has a shift vector with null components, i.e. N* = 0 for all indices p, the Lie
derivative coincides with the time derivative

1 0Q,.

£nQuw = =5,

(N* =0 case) . (3.43)

Proof. Consider the definition of Lie derivative

"€7LQ,UJ/ = npapQ/u/ + quaunp + Qupaunp =
= n"0,Quw + 0, (N Qp) — 10, Qpy + 0y, (N Q) — 0, Qyp =
=n"0,Qu — n°0,Q, —n"0,Q (3.44)

Using the form of the normal vector written in coordinates (3.29) n* = (6 — N*) /N, we obtain
NL,Qu = (0§ — N*)0,Qu — (0§ — N?) 0,Qp — (65 — N*) 0,Q,p - (3.45)

We also note that, for a spatial vector Qo, = h§@Q = N”Q,w, where the first equality comes from a
proposition similar to (3.22), and the second from (3.16). Therefore

an@;w = aOQ/ux - N”@,JQW o au (N”pr) + NpaquV o &, (N”QM)) + NpanVp : (3'46)

Using the Liebnitz rule on the third and fifth terms on the right-hand side, some terms cancel with the
fourth and sixth terms. We are left with

N£nQ/uz - aOC>2,LI,V - NpapQ/uz - quauNp - Qupal/Np . (347)

But in the last terms are exactly the definition of the Lie derivative of the tensor @), with respect to
the N* vector field

£NQ,LLI/ = NpapQ;w + quauNp + Q,upal/Np . (348)

Therefore we obtain the first result. The case N# = 0 can be proven from the previous result noting
that all £x@),, terms contains N# components. O
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3.3.4 Extrinsic curvature

In the previous sections we built the metric and the spatial derivative living on the spatial hypersurfaces
Y(t). The next step is to identify a quantity which gives informations about how these hypersurfaces are
embedded into the four-dimensional spacetime. Intuitively (see also Figure 3.1) we can retrieve these
informations from how the the normal vector to 3(t) varies from one four-dimensional event to another.
This intuition can be formalized with the definition of the extrinsic curvature of %(t)

Ky = —hShVang . (3.49)
Using the projection tensor equation (3.19), and the normal vector property (3.27), we can rewrite
WV ang = (8] +n°n,) Vang = Van, (3.50)

and therefore
Ky, = —h;Van, . (3.51)

Therefore it is necessary to access the normal vector to the hypersurface to build the extrinsic curvature.
In general, it is essential to distinguish between the extrinsic quantities like the extrinsic curvature,
which can not be accessed by observers living on the hypersurface, and the intrinsic quantities such as
the induced metric, which are accessible to inhabitants of the hypersurface. In practice, since we can
access the whole four-dimensional spacetime through experiments, in the ADM theory we will consider
the extrinsic and intrinsic quantities as different tools to characterize the embedding we are using to
rewrite the Einstein equations in a 1 + 3 form.

Properties of K,,. The extrinsic curvature has the following properties.
(i) Using the normal vector property (3.25), we immediately find
K, =n"K,, =0. (3.52)
Therefore we can safely use the induced metric to raise/lower indices as in (3.17).
(ii) Since n; = 0, the contravariant components of the extrinsic curvature are only spatial, i.e.
K" =0. (3.53)
Proof. From the previous property we have
n, K" = ngK"% 4 n; K" = ng K (3.54)

and since nq is not null, we have the property. O

Note that the same trick can not be applied to n*K,, because n’ is in general not null, as can be
seen from the normal vector definition (3.5).

(iii) The extrinsic curvature is symmetric under the exchange of its indices, i.e.

KMV = KV;,L . (355)
Proof. Starting from the definition
Ky = —h,Van, = — (52‘ + nuna) Van, ==V, n, —n,n%*Vyn, . (3.56)

Consider the property of the normal vector (3.27), and the indices par. Writing the property in
a convenient and compact form [pav] = 1/6 (nav + vua + avp — pav — vav — auv) = 0, where
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the last equality holds if these are the indices of the property (3.27). Thus we can rewrite the
equation above as

— K, =V, +n% (—noVyn, —n,V,ne, +n,Vyn, +n,Ven, +n,V,n,) =
= nuvu + nanuvanu = _Ku;u ) (357)

where we repeatedly used the normalization n,n* = —1 and normal vector property (3.25). O

Inverting (3.56) we can rewrite the covariant derivative of the normal vector as

— Vo, =K +n, (nVon,) = K +nua, . (3.58)
From (3.25) n#V,n, = 0, it is immediate to show that the acceleration a, is a spatial vector, i.e.
n”a, = 0. Also note that the acceleration can be written in terms of the lapse as

1
ay = 7 DulN . (3.59)

From the property above, we can rewrite the spatial part of the extrinsic curvature as

Kij = —ij =—N FO

ij )

(3.60)

where the first equality holds since the last part of (3.58) is normal to the hypersurfaces. The
second equality comes from the definition of covariant derivative

ij = 8mj — Ff}na = —F?jno = NF'(L)] y (361)
where we used the definition of normal vector (3.5), namely n; = 0 and ny = —N. With a further
expansion of the Christoffel symbol in this definition, we obtain

1
Ki' = — [DZNJ + D]]\/vZ — 80hij] , (362)

2N

where N, = hiij. Moreover, if we consider a coordinate system where the shift vector has null
components, i.e. N# =0 for all x,

. 1 (")h” 0
ij = —ﬁw (N =0 C&SG) y (363)

among which we can include the other component values
Ky = K" =0 and Ko =K" =0 (N* =0 case) . (3.64)

Therefore when the coordinate system has the property N* = 0, K;; (and not only K%) is purely
spatial, and the non-zero components gives the time derivatives of the induced metric (which, from
(3.16), it’s purely spatial as well).

The extrinsic curvature is linked to the Lie derivative of the intrinsic metric with the relation
Lohy = —2K,, . (3.65)

This result highlights the physical meaning of the extrinsic curvature. Considering the definition
of the Lie derivative, the case £,h,, = 0 means that the intrinsic curvature is independent of the
time coordinate ¢ (the normal vector field in our coordinate system), and therefore h,, will be
the same on all hypersurfaces ¥(¢). Since this also works in a general coordinate system, the Lie
derivative of the induced metric can be considered as the generalization of the time derivative of
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the intrinsic metric. In other words, the normal vector field to these hypersurfaces will only carry
the information about a ”constant in time embedding”. Intuitively, this situation also means that
the extrinsic curvature, being the source of information about the embedding, should be constant
as it can only carry the information about the trivial embedding. In fact, in this case, the normal
vector field is constant in time and therefore, the extrinsic curvature, which is built from the
covariant derivative of the normal vector, is 0. This qualitatively justifies why the Lie derivative
quantifies the deviation from this limit case with the extrinsic curvature.

Proof. This can proved starting from the definition of the Lie derivative of a tensor
Lol = 0N, by 4+ bV n? 4 b, NVon? . (3.66)

Using the intrinsic metric definition (3.15) h,, = ¢, +n,n, and the normal vector property (3.24)
h¥n" = 0, we obtain

Lnhy =0V, (nyny) + 9oV un” + g,,Von =
=n"n,V,n, +nn,V,n, +V,n"+V,nt =
= (00 4 n"n,) Von, + (60 +nPn,) V,n, =
— WOy, + BNy = =K — K,y = —2K,, . (3.67)

3.4 Curvature equations

In this section, we derive the equations which link the curvature tensors of the hypersurface ¥(¢) and
the extrinsic curvature to the tensors of the four-dimensional space.

3.4.1 Gauss—Codazzi equation

Analogously to the four-dimensional definition, we define the three-dimensional (spatial) Riemann ten-
sor, applied to a spatial vector X, as

®R° ..Xo=D,D,X,—D,D,X,. (3.68)
The Gauss—Codazzi equation is
O Rynpo = hERIRIRE Ragys + € (KupKoo — KuoKop) | (3.69)

where

1 for timelike St
e—nun“—{_'_ or timelike %(¢) (3.70)

-1 for spacelike ()

Therefore, it is essential to note that projecting the four-dimensional Riemann tensor is insufficient
to obtain the curvature tensor on the hypersurface. For an inhabitant of the hypersurface, which has
access only to the three-dimensional curvature tensors, it is impossible to obtain information about
the four-dimensional spacetime. On the contrary, a four-dimensional spacetime inhabitant can recover
information about the three-dimensional space curvature once he/she knows how the hypersurfaces have
been embedded (extrinsic curvature).
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Proof. We will prove the Gauss—Codazzi equation in the space-like hypersurfaces 3(t) case. We can
start the proof from the definition of the spatial curvature tensor (3.68). In order to simplify the
notation, exploiting the symmetry of the spatial curvature definition, we define (p <+ o) as the part of
the equation with p and o indices exchanged. Using the spatial derivative definitions (3.30) and (3.38),
we obtain

~-®R,,,.X"=D,D,X, - D,D,X, =
= ORIV o (R3RIN X)) — (p <> 0) =

p'talty

= hOhJh) [h3hIN o Vs X, + Vo (R3R) (Vs X,)] — (p <> 0) . (3.71)

p'ta’v

Using the projection tensor property (3.23) hEhy = hi;, we can simplify some tensors in the first term
on the right hand side

— O Rpe X" = hORLNINV V5 X, + hORERT [V ohI + IV RG] (V5 X,) — (p 4 0) (3.72)

p'Yo' v p'Yo' v
With the projection tensor definition (3.19), since the covariant derivative of the delta is null, we can
simplify the Vh terms
3 ard
— O Ry po X = hORLNIN V5 X+

p'ta' v

+ hShIRY [h3V o (nyn) + KIV o (ngn’)] (VsX,) — (p > 0) =

p'tc' v

= hShShIV V5 X, +

p'ta’ v

+ hShIRY (R (nyVan + n'"Van,) + b (ngVan® +n’Vang)] (VX)) +

p'ta’ v

—(p o). (3.73)

Some of the terms in the square brackets can be simplified with the normal vector property (3.24)
h¥n” = 0. The resulting terms can be rewritten in terms of the extrinsic curvature definition (3.51) and
simplified with the projection tensor property (3.23) hihy = hl

— O R o X" = hERLAIN Vs X, + (RERSAINTV ony + WOV ong) (VsX,) — (p ¢ 0) =

p Yoy p Yo"y p o’ v
= ORIV (Vs Xy + [(—Kp) " + (= Kpe) hin’Vs X, ] (VsXy) — (p > 0) . (3.74)

We can use the symmetry K,, = K,, to simplify the term with K,, with the term coming from the
(p <> o) part

— O R, e X" = hoRSRIN Vs X, — K, hn"VsX, — (p & 0) . (3.75)

p'ta’ v

The vector X, we are considering is fully spatial. Therefore
0=Vs(n"X,) =X,Vsn"+n"V;sX,. (3.76)
Substituting the equation above into (3.75) we obtain

— O R pe X" = hORIRIN W V5 X, + K, XThEV sn, — (p ¢ 0) (3.77)

p'ta! v

Using again the extrinsic curvature definition

— O R X1 = hORLNIN Vs X, + Ky (—Koy) X7 = (p 4 0) (3.78)
= ORIV (Vs Xy — hEhOhIV o Vs Xy — KpyKop X" + Ky Ky X7 (3.79)

We can rearrange the dummy indices and rewrite the equation as

— O R, X" = hoRIRT (Vo Vs X, — VsVa X)) + (Kpy Ky — K Koy) X7

p'Yc! v

= —h2RIR] Ripyas X"+ (Ko K py — K Kopy) X7 (3.80)

p'Yc' v
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This is almost the result we want, because as we previously noted, X, is spatial vector, and therefore
we can not simplify it as it was a generic vector in a covariant expression. But we can always rewrite
X" = htY", where Y" is now a generic four-dimensional vector. We have

— O Ry hlyY P = —hOhLh] Ripas B + (Koy K yyy — Ky Koy) REYP . (3.81)
We can now simplify Y# and relabel some dummy indices
O Rovpohly = WGBSR Raps + (Ko Koy — Koy Kpy) B (3.82)

Since by definition (3.68) (3)R5Vp(, is a purely spatial tensor, we can use the projection tensor hﬁ as a
55. In other words, substituting on the left hand side the projection tensor hﬁ with its definition (3.19),
we obtain ©) ngpg(éﬁ +nf n,,), whose second term is null since the spatial curvature is a purely spatial
tensor. Similarly, the last term on the left hand side can be simplified considering that the extrinsic
curvature has the property (3.52) K,,n” = 0. O

3.4.2 Riemann tensor equations

The Gauss—Codazzi equation links the full projection of the four-dimensional Riemann tensor to ()
with the spatial Riemann tensor and the extrinsic curvature. In other words, in the Gauss-Codazzi
equation, we projected all four indices of the Riemann tensor with projection tensors. In addition to
this, we can also partially project the Riemann tensor, projecting only some indices on %(t) and the
others with the normal vector n*.

The equations we prove are the following

nZhahghe Rywpe = —DaKpy + DpKoy - (3.83)

henhn’ Rapys = £2Kpu + Kg K" + Dyay + aga,, . (3.84)
All other different combinations of three or two projection tensors can be obtained using the symmetries
of the Riemann tensor. Since the Riemann tensor is null if three or four indices are time indices due to
its symmetries, there are no additional equations to prove.

The second equation (3.84) is also shown in the literature in a slightly different way. We can rewrite
the second-last term using the alternative definition of acceleration (3.59)

1 1 1
D,a, =D, (Nle,,N) = —mDuNDuN + ND;LDVN = NDuDVN — a,a, , (3.85)
and therefore the equation (3.84) becomes
1
henPhin® Ragys = £, K + Kg, K + ~DuDuN- (3.86)

Proof of (3.83). We start from the definition of Riemann tensor written in the form
Rpe” =V, Vun, — V,V,n, =V, (—K,, —n,n’Vsn,) — (u < v) (3.87)
where we used (3.58) to substitute V,n,. Applying the remaining projection tensors, we obtain
n7hERGRE Rype = —hERGRY [V Koy + YV, (nun®) Vsn, + n,n’V, Ven,| — (a4 §) =

= —DoKpy — hEh5hY (n°V iy, + 1,V ,n°) (Vsn,) — (o > B) =

= —DoKp, — hEh5hY (Vsn,) n°V,m, — (a > B) =

= —D.Kg, — B (Ven,) n’Kos — (a ¢ ) (3.88)
where we repeatedly used the normal vector property (3.24) h¥n” = 0 and the extrinsic curvature
definition (3.51). We note that the second term on the right hand side is symmetric under the exchange

of o and (3, and therefore that term can be simplified with the same coming from (« <> ) with opposite
sign. Therefore we obtain the result. O
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Proof of (3.84). We start again from

Rypon” =V, Vyn, -V, V,n, =
=V, (—Kl,p — nyn5V5np) -V, (—KW — nun5V5np) =
= =V, (K, + npa,) +V, (K, +nua,) . (3.89)

We can add another normal vector and find

Rypon’n” = —n"V,, (Kyp + nyay) + 0"V, (K + npa,) =
=-n"V,K,,+n"V,K,, —n"a,V,n, —n"n,V,a,+n"a,V,n, +n"n,V,a, =
=-n"V,K,,+n"V,K,, —n"n,V,a, + aya, +n"n,V,a, =
=-n"V,K,,+n"V,K,, + (5; + nﬂn”) Voa, +aya, =
=-n"V,K,, +n"V,K,,+h,V,a,+a.a,. (3.90)

Adding the remaining projection tensors we obtain
Ryvpon”n” Hohly = —hihon"N K, + Bohign”V K., + W hGhi YV a, + ki hgaga, . (3.91)

Since hj, maps spatial tensors into spatial tensors, hghghzvyap = htD,as = Dyag. Moreover hha, =
ota, + n*nya, = a,, where in the last step we used the normal vector property (3.25) n#V,n, = 0 on
nta, = n*n"V,a,. Therefore the equation becomes

Ryvpon’n” hohly = —hLhen"N K, + hohign”V , K, + Daag + aaags . (3.92)

The first term on the right hand side can be rewritten using the Leibnitz rule on the n”K,,, which is
null for the extrinsic curvature property (3.52)

—hhhgn’V K, = —hbhG [V, (n"K,,) + K,,V,n"] =
= hhhG K,V n" = kK, 3V, n" = —K,s K[, (3.93)
where in the second-last step we used again the property nK,, = 0.
The second term of (3.92) can be rewritten using the Lie derivative definition applied on the extrinsic

curvature
LKy =0V Ky + KupVon, + K Vin,, (3.94)

and obtain
Rl K,y = Wb (£,K,, — K,V n" — K,V ,n") . (3.95)
Note also that (again, since n*K,, = 0), we can also rewrite the Lie derivative of the extrinsic curvature
as
LnKop= £y (hﬁthM,) =

= hOhG £, K,y + WK £nhly + WK, £, =

= hhhG £n Ky, + WK, (—2KE) + R K, (—QK/";) =

= hhhG Lo Ky, — 2K,s Kh — 2K, K =

= hhhG £, K, — 4K, KL (3.96)

where we used the Lie derivative of the intrinsic curvature (3.65). Inverting this equation

ARG LIy = £ Ko + 4K 5, K" (3.97)
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Therefore equation (3.95) becomes
hohign'N K,y = £, Kop + 4K5, K7 — hihl (K, V,n" + K,,V,n") =
= £nKa,8 + 4K/37Kg — Ka,ng — K’YﬁKg =
= £,Ko5 + 2K5 K7 (3.98)
Finally, inserting (3.93) and (3.98) in (3.92), we obtain
Ruvpon’n’hohly = —K,g K + £, Kop + 2Kp, K] + Daag + aaas (3.99)

which, after a trivial simplification, is exactly the result. O]

3.4.3 Einstein tensor equations

In the previous sections we computed the ADM formulation equations involving the Riemann tensor.
We can find analogous equations involving the Einstein tensor. The equations we want to prove are

201" G, = —e R + (K? — K, K"™) | (3.100)
n’h’G,, = n’h"R,, = D,K — DK, (3.101)

where we define the spatial Ricci tensor and scalar as

OR=h"OR,, =" R, (3.102)

Proof of (3.100). Consider the equation

PR Rype = ("7 +ntn”) (97 +n"n?) Ryupe =
= (g"" +nMn") (Rup + 10’ Ryppo) =
= R+n"n"R,, +n'n"R,, + n'"n"n"n’ R, =
=R+ 2n"n"R,, =
= —gun'n"R+2n"n"R,, =
=2'n"G,,, (3.103)

where we used the fact that n*n’n"n’ R, ,, = 0 because the Riemann tensor is null if three or four of its
indices are time indices, and the definition of Ricci tensor (1.2), Ricci scalar (1.3), and Einstein tensor
(1.7).

This equation can be combined with the Gauss-Codazzi equation (3.69). In fact, contracting the
indices with the induced metric

WRY O Ry oo = WPR T WGRI NI RS Ragys — WPRY (KK e — Ko K,p) =
= h WP Rogs — (K? — KW K™) | (3.104)

where we used the fact that spatial tensors indices can be raised/lowered with the induced metric, see
(3.17). The first term on the right hand side can be substituted with (3.103) to obtain the result. [

Proof of (3.101). We firstly prove the first equality. From the Einstein tensor definition

1
n“hZGW = n“hZRW — —n'h’g,, R =

9" p
1
= n“hZRW - §n,,hZR =

= n"h’R,,, (3.105)
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because nl,hz =0.
In order to prove the second equality, consider the equation (3.83), and contract two indices with the
induced metric

W BERERST Ry = —h® Do K gy + ™ Dy Koy, (3.106)
WP RERGNS Ryppo = — Do K5 + D3k (3.107)
W50 Ryypo = —DoK§ + DsK (3.108)

(g"? + n#n?) W5n° Ryype = —DoK§ + DgK (3.109)
5% 9" Ry = — Do KK§ + DK | (3.110)

where we repeatedly used the induced metric to raise/lower indices as in (3.17) and the fact that the
Riemann tensor is null if three or four of its indices are time indices. From the last, using the definition
of spatial Ricci tensor, we immediately obtain the result. O

3.4.4 Ricci tensor equations
Finally, we prove some equations involving the Ricci tensor

hoho Ry = @R, + KKy — 2K Ky — £,K,, — N7'D,D,N (3.111)
R=®R+ K, K" - K? -2V, (n"K + a") . (3.112)

We also prove that the latter equation can be re-written as

®R = R+ 2n,n,R" + K, K" — K?. (3.113)

Proof of (3.111). Consider the Gauss—Codazzi equation, and contract two indices with the induced
metric
hve (S)RMVW — WYOReRBRY RS Ropys — W (KpKoy — K0 K,,) | (3.114)

pnvtiplto

Similarly to the proof of the previous equation, we obtain

O Rup = hIhIW Rogrs — KK + K1 K, (3.115)
and therefore
O Rup = hoh) 9% Ragys + ORI’ n’ Ragys — KupK + K/ K, . (3.116)
Substituting the second term on the right-hand side with (3.86) we obtain the result. O
Proof of (3.112). Consider the definition of Riemann tensor applied on the normal vector
Rpen” =V, NVyn, -V, V,n,. (3.117)
Contracting two indices we get
G’ Ryypen’n’ = Ryon'n’ =n" (V,V,n? =V, V,n7) =
=V, (n"V,n%) +V,n"V,n° —=V, (n"V,n°) —V,n"V,n’. (3.118)

Using the extrinsic curvature property (3.58)

- Vun, = K, +nya,, (3.119)
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we can substitute the covariant derivatives of the normal vectors. We obtain

R,;n"n® =V,a° — (K +n,a”) (K] +n,a’) =V, (n"K +n"n,a’) + (K + n,a”) (K + nya”)
=V,a° — K'K? -V, (n"K) + K*
=V, (a" +n'K) — K, K" + K*, (3.120)

where we repeatedly used the fact that n,a" = 0. But we can also write

R = —Rg,n'n" =2(G,, — R,,)n"n" (3.121)

and use (3.100)
201’ Gy, = —e DR + (K? — K, K"™) | (3.122)

to finally obtain
R= YR+ (K>~ K,K") -2V, (a" +n"K) + 2K, K" — 2K”. (3.123)

After some trivial simplifications, we get the first result. The second equation be easily obtained sub-
stituting (3.122) into (3.121). O

3.5 Einstein equations

In the previous sections, we derived the equations that are needed to write the Einstein equations (1.6)
(without cosmological constant, which can be added in the stress-energy tensor)

G = 87GT,, (3.124)

in the ADM formulations, i.e. in the (3 + 1) form, in the presence of matter modelled with the stress-
energy tensor 7). For completeness, although they will not be used in the thesis, we will introduce
these equations and state how they can be solved in practice. The equations we derive are compatible
with (3.15) in the ADM summary paper [20].

3.5.1 Constraint equations

Considering the reasoning in the introduction, we do not expect to find any contribution to the dynamics
in the Einstein equations with at least one time index. In other words, these equations will only involve
the presence of at most first-order time derivatives. Since we also have second-order derivatives in time
in the space-space components, these equations will only act on the first-time derivatives as a constraint
on the initial conditions.

Time-time component. This component can be computed as the projection of both indices of the
Einstein equations (3.124) with the normal vectors. We already computed the left hand side in equation
(3.100). Therefore we obtain

201’ G, = —e R + (K* — K, K") = 167G n*n"T,, , (3.125)

Time-space component. Applying a similar procedure, considering one index projected with the
normal vector and one with the projection tensor, whose resulting equation right hand side is given by
(3.101), we obtain

n’h, Gy, = D,K — D, K, =8rGn"h,T,,. (3.126)

Note that in both equations, the first time derivative is hidden in the definition of the extrinsic
curvature, as can be explicitly seen in equation (3.62).
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3.5.2 Equations of motion

The remaining space-space components are the ones carrying the dynamics. We will prove that the
dynamics can be written in terms of two main equations

(%hij — hoij = —QNKU s (3127)

1
80Kij - £NKij = N(3)RZJ —+ N (KKZ] - QKZT]{?T]) - DZD]N - 167TGh;lh]ﬁ (Ta,é’ - §gaBT) s (3128)

where T'=T2. Note that we decide to substitute the Lie derivative of the normal vector with equation
(3.42)

£nQ;ﬂ/ - % (a§:V - £NQ/w) ) (3.129)

because we want to explicit the time derivative of the dynamical quantities h;; and Kj;.
Proof of (3.127). From equation (3.65)
£nh,u1/ = _2K,uz/7 (3130)

and substituting the Lie derivative of the normal vector with (3.42) we immediately obtain the result.
To get the spatial indices, we can project the equations with e!' and er (see equation (3.21) and its
discussion). O

Proof of (3.128). Consider the left hand side of (3.128). Using (3.42) and (3.111)
hoho Ry = O R, + KKy — 2K Ky, — £,K,, — N"'D,D,N . (3.131)
we can write
N£,Kyu = 0Kij — £xKij = N®R,, + N (KK, —2K{K,,) — DuD,N — hh]R,, . (3.132)

But from the trace of the Einstein equations (3.124)

1
8rGT = g" R, — 59““9;“,1% =—-R, (3.133)

where we used the fact that ¢"”g,, = 4. Therefore, again from the Einstein equations

1 1
R, =87G T, + égWR = &1 (Tw - EQWT) ) (3.134)

Inserting this result in (3.132) we obtain the result with covariant indices. To get the spatial indices, we
can project the equations with e}’ and e¥. ]

3.5.3 Solving procedure
Given the equations just found, the procedure is the following

(i) introduce a foliation of the spacetime, which should be completely arbitrary and contain the four
functions N (z*) and N*(z");

(ii) choose initial values of h;; and K;; consistent with the constraint equations

®OR+ K? - K, K" = 161G n*n"T,,, (3.135)
D,K — D;K} = 8xGnhiT,,; (3.136)
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(iii) evolve the system with the dynamical equations

80hij - £Nhij == —2NKU y (3137)
0Ky — £nKij = NO Ry + N(KK;; — 2K 'k,;) — D;D;N—

1
— 167GhehY (Taﬁ - §QQ5T> . (3.138)

Note that we can entirely and uniquely determine the metric components from the dynamical equations
provided we specify initial conditions compatible with the constraint equations.

Moreover, it is important to note that the Einstein equations in the (3 + 1) form are covariant by
definition but foliation dependent. These equations implicitly depend on the form of the normal vector
field n*(z#), which describes how the spacetime is foliated.

3.6 Action

Another way to obtain the equations of motion is to use the action principle. We can vary the Einstein-
Hilbert action with respect to N, N* and h,,,, and obtain the Einstein equations in the (3 + 1) form we
found in the previous section. In this section, we will provide the action written in a convenient way for
the variation and explore its properties.

Consider the usual Einstein—Hilbert action (without the cosmological constant) (1.1)

B 1
167G

S / d*z\/—gR. (3.139)

We can rewrite it with the previous result (3.112)
R=®R+ K, K" — K? -2V, (n"K + a") . (3.140)

Therefore we can define the ADM action as

1 1
Sapm = —— [ dtd’xr NVh Lapyn — —— [ d*z/—g K +at) =S Seur 3.141
ADM = T / & NVh Lapu S y/—gV, (n"K + a") ADM + Ssurt » ( )
where the ADM Lagrangian is

Lapv = PR+ K, K" — K%, (3.142)

The second term S, is a covariant derivative, and therefore it does not contribute to the equations
of motion once we vary the total action.

The first term Sapum is the main ADM action, which gives the constraint equations (3.135) and
(3.126) when we variate respectively with respect to N and N?; and the dynamical equations (3.137)
and (3.138) when varying with respect to h,,. Note that Sapy is quadratic in the time derivative of the
dynamical variable h,,,, providing proper dynamical equations when we variate with respect to h,,. In
fact, as already mentioned, these time derivatives are hidden in the definition of the extrinsic curvature,
as we can explicitly see in (3.62)

1

R =5N

[D;N; + D;N; — 0ohyj| . (3.143)
From the latter equation, we can find another essential property of this action. The lapse appears
only in the determinant N+v/h factor, and as N~' in the definition of the extrinsic curvature, while
the shift can be found only in the definition of the extrinsic curvature. Moreover none of these two
appears differentiated in time. This fact will be of great importance when we introduce the Hamiltonian
formulation in the next section.
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3.7 Hamiltonian formulation

Finally, we have all the theoretical tools to introduce the Hamiltonian formulation. In this formulation,
even at a Newtonian mechanics level, the Lagrangian coordinates (¢ and ¢ of classical mechanics) are
replaced by the Hamiltonian canonical coordinates (¢ and p of classical mechanics). Moreover, in the
previous section, we introduced the ADM Lagrangian, from which the equations are computed. In this
section, we will compute the analogous function, the ADM Hamiltonian, from which the equations of
motion, the Hamilton equations, are computed.

3.7.1 Legendre transform

Analogously to the canonical momenta p = 0L/0q of classical mechanics, we can define the canonical
momenta for the quantities appearing in our action from the action by means of the Legendre transform.
As we mentioned in the previous section, since N and N’ do not appear in the Lagrangian, the canonical
momenta of N and N*

0 0

8_N [\/__QEADM} and 8]\[1 [\/__QEADM} (3.144)

are identically null, and therefore it is not necessary to define them. Moreover, the equations coming
from the variations of the action with respect of N and N°*

8SADM aSADM
=0 and :
ON ON?
act as constraints, and these two variables do not participate in the real evolution.
The real dynamic is instead given by h;; and the canonical variables of h;; we are about to define.

The canonical momenta of h;; is defined as in classical mechanics as
i 9
8hij

—0 (3.145)

[vV=9LapM] - (3.146)

p

But, as we previously noted, the time derivative of h;; comes only from the extrinsic curvature, and
therefore we can write
0K, 0

 Ohyy 0Ky

ij

[\/ _QEADM] . (3147)
If we rewrite the Lapy as

VAN
160G

N o
_Vh [OR+ W (K Ky — KisKy,)] =

V—=9LapM =

[PR+ KK — K?] =

167G
\/EN S 1,47 ij 1, ST
T [ ®R+ (R*K" — W9 1) K K., ] (3.148)
we can easily compute the canonical momenta as
9K, o y
mmw:%.VMm?{m%Ww%ﬂ%Kﬁz

_ (_%) VAN [2 (hhi" — hih) K,,] =
 VR[(K - WIK)] = o7 (3.149)

where we have computed 0K,/ 6hz~j using the extrinsic curvature equation (3.62). The factors 2 in
the second line comes from the redefinition of dummy indices in the summations. The variables 7%
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are sometime used instead of the extrinsic curvature K% due to their immediate interpretation in the
Hamiltonian formulation (see for instance [20)]).
Note that the K;; implicitly contains the dependence on the canonical variables through

) 167G / .. 1 . 1 1
Kii — _ i i) — i D g 1
7 (p 2ph ) 7 <7r 27rh ) , (3.150)

where p and 7 are respectively the trace of p* and 7%. This can be easily proven starting from (3.149)
and its trace

167G p = 2KVh, (3.151)
and substituting everything to obtain K% .

3.7.2 Hamiltonian
The Hamiltonian density is given by the usual equation
0

oh [v _gﬁADM} hl] — vV —9LApMm = pijhij —vV—9LADM - (3.152)
ij

Hapm =

Again, in principle we should also add the derivatives of the Lagrangian with respect to N and Nt
because N and N are valid action variables. But in this formulation, terms like d(v/=gLapm)/ON" are
null.
We can explicitly compute the ADM Hamiltonian density
167G Hapu = Vh (K — hIK) (2NK;; — D;N; — D;N;) — VAN [ @R 4+ K;; KV — K?] =
=vVh(2NKK;; — 2NK? — 2K D;N; + 2Kh"D;N;) — VAN [ OR + K;; K"V — K?] =
= VhN (Kj;K"7 — K* — @R) — VL [2K" — 20 K] D;N; =
=VhN (K;K7 - K? - ®R) —
—~VhD; [(2K" - 20 K) N;] + VhD; (2K — 20" K) N, (3.153)
where in the first equality we used (3.62) to substitute h;; in terms of the extrinsic curvature, and

exploited several times the symmetry of the extrinsic curvature K;; = Kj. We can neglect the total
derivative term (a total derivative in the three-dimensional hypersurface), and write the Hamiltonian as

Hapum = / Py M = / d*y vh [N (Ky;K7 — K? — ®R) +2D; (KV —h"K)N;] . (3.154)
5 5 167G

From the Hamiltonian theory, we know that we can write the action as

t2 Y
Sy :/ dt{/ d*y phi; — HADM} , (3.155)
t1 by

which is called Hamiltonian action. Our canonical coordinates are h;; and p;;, among with the coordi-
nates NV and N'. Since in the action they only appear linearly in Hapy, N and N* can be considered as
Lagrange multipliers. In fact, although h” seems to have a definite dependence to N given by (3.62),
in applying the variational principle we should interpret h;;(t) as the time derivative of a generic hy;(t)
which is set by the variation procedure.

Before proceeding further, we should make a comment about the coordinate invariance of the Hamil-
tonian density H. In fact, it is known (also in Newtonian mechanics) that the Hamiltonian is not a
scalar, and it does not remain the same if we perform a change of Hamiltonian coordinates. In fact,
consider the Hamiltonian coordinates transformation of the spatial sector, namely h;; and p”, on the
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constant time hypersurface X(¢). A general transformation of our Hamiltonian variables which preserves
the Hamilton equations is in the form

V' =t+c (3.156)
i Ohen
- hk

P —8h;j ™, (3.158)

where ¢ is a constant. The transformation is the natural transformation for a canonical variable p%
given a scalar (on the three-dimensional hypersurface) Lagrangian £apy where the canonical variables
transform as usual

¥ =t+c (3.159)
hi; = hi;(t, hij) (3.160)
o Om..  ON,

h. = —2h . 3.161

97 Bl ™ ot (3.161)

In other words, the latter transformation has the form of a defined total derivative (we can not really
consider it a total derivative because the Lagrangian h;; and hw are independent coordinates). It is
straightforward to show that, under the general coordinate transformation of Hamiltonian coordinates
on the three-dimensional hypersurfaces, the Hamiltonian in the new coordinates will be

ohl. .. Oh;: ..
r_ vy, 1] — vy i
H =H+ 5 P H+ 20 P (3.162)

It can also be proven that the condition (3.162) ensures that the Hamiltonian equations in both the
coordinate systems h;; - p” and hj; - p"/ are the same. The Lagrangian is invariant under such a change
of Lagrangian coordinates.

From this equation, we see that, once the foliation of spacetime is fixed, and therefore we are con-
sidering transformations only on the three-dimensional hypersurfaces, in general, the Hamiltonian will
change on the hypersurface under a change of spatial Hamiltonian coordinates only if the transformation
is time-dependent.

3.7.3 Hamilton equations

In order to find the equations of motion, in the absence of matter, we can proceed varying the action
with respect to the coordinates h;;, p, N and N’. The equations we found are the usual Hamilton
equations

dh;;  dHapwm
_ M — 0 3.163
R (3.163)
dpij 5HADM -
= — = pv .164
dt Shi; ’ (3164)
and the two constraint equations
OH apMm
= = Nl
C SN 0, (3.165)
0 H apm
L= — =0. Nl
C; SN 0 (3.166)

As already mentioned, the latter constraint equations can be found noticing that we can interpret N and
N' as Lagrange multipliers (see equation (3.155) and the discussion below). Again, the dynamics will
be included in P¥ and Q;; equations, while the variations with respect to N and N* provide constraint
equations for the initial conditions.
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C equation. Starting from the definition, we notice again that N only appears as a Lagrange multiplier
(no N is hidden in the definition of Kj;)

_ 0Hapwm
¢= SN

— Kinij —K?— ®R=0, (3.167)
which is exactly the time-time component of the Einstein equations (3.135).

C; equation. Analogously to the previous constraint equation, we obtain

_ 0Hapum

Ci=— 5 =2D; (K} — 6/K) =2D;K] —2D;K =0, (3.168)

which is exactly the time-space component of the Einstein equations (3.126).

Q)i; equation. We omit the lengthy computation which only involves the substitution of K;; and K
respectively with (3.150) and (3.151). We obtain

dhi;
—. 3.169

- 5HADM . 327G

P
2

hij> +2DN;) =

P% equation. Also in this case, we omit the computation, which involves the same substitutions as for
Qi;, among with the substitution of the spatial Ricci scalar with (3.112), to obtain the Einstein tensor
G, We obtain

po = oy i N (e Y s 2 (e 2y
0hi; SN v PP

o . 1 . . N dph
~Vh(D'D'N = h¥D'N,) = ViD, [ —=p’N" ) + 20D, ND = - (3.170)

Vh dt
The latter equations correspond respectively to the Lagrangian equations (3.137) and (3.138). Since
the Hamiltonian variation principle is equivalent to the Lagrangian one, the equations should be the

same, up to the substitution of the appropriate coordinates with the Legendre transformation.

3.8 Conclusion

In this section, we introduced an alternative covariant way to formulate General Relativity which splits
the time and space part of the Einstein equations in an arbitrary spacetime (provided you can foliate
it with space-like hypersurfaces) and rewrote the Einstein equations in a (3 + 1) form. Moreover, the
problem can be rethought with the Hamiltonian formulation, obtaining equivalent equations of motion.
The advantage of this procedure is to have a better picture of what are the dynamical quantities, the
spatial components, and what are just constraints on the initial conditions.

We will apply this formulation on a general theory for modified gravity models with one additional
degree of freedom, the Effective Field Theory, in Chapter 9.
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Chapter 4

Introduction

In this Chapter, we introduce some extensions of the General Relativity action (1.1), which might be
considered to explain some experimental effects at large scales, namely dark energy and dark matter.
We introduce some theoretical problems of the cosmological problem solution of dark energy. Regarding
the dark matter, although its presence is necessary to explain some phenomena (see section 2.3), no
experiment has made a direct observation of it. This justifies the possibility of searching for alternatives
to ACDM also for dark matter.

Finally, we also list some of the necessary mathematical conditions for viable alternative models of
gravity at large scales. We stress that General Relativity at small scales (Solar System scales) is still
the paradigm theory as no deviations from it have been found with experiments.

4.1 Dark Energy

In section 2.4 we have seen some pieces of evidence for the presence of dark energy, namely the age of the
universe and the accelerated expansion problems. The simplest solution is to introduce a cosmological
constant as the source of dark energy (see Chapter 1). In this section, we want to show the limit of this
choice in the context of cosmology.

4.1.1 Fine tuning

In this section we explain the fine-tuning problem as presented by S. Weinberg [22]. Consider the
Einstein equations (1.6), where the stress-energy tensor 7, includes the matter components of the
universe. From Quantum Field Theory (QFT) we know that the vacuum has its own energy, and
contributes to the stress-energy tensor with a constant energy density term

Tvac, pry = —PvacGuv - (41)

The value of the vacuum energy density from QFT is given by the sum over all possible zero-point

energy of the scalar field .
k 2 74
Andk k k
vac — —Vk? 2 y 4.2
P / erp2 VT T 16 (4.2)

where k is the cut-off momentum of the theory, and we consider that large & dominate in the integral.
If the cut-off is at the Planck mass (expected limit of validity of General Relativity), we find pya. = 107
Gev?,

The vacuum part of the stress-energy tensor (4.1) indeed behaves like the cosmological constant A
in the Einstein—Hilbert action, since it is proportional to the metric. If we consider the vacuum energy
density as a contribution to A, we can rewrite the Einstein equations as

G+ Mgy = Gy — Mgy — 8TGTvae, v = 87GT,, (4.3)
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where A is a the bare cosmological constant that does not contains the vacuum energy contribution,
e, A = 87Gpyac — A. We also know that the value of p, is given by (1.30), which if computed with
experimental data is

A 3H?
= = p, 00 = —208 21071 GeV*. 4.4
PA 81G Per®2a 811G © (44)
Therefore the bare constant A should satisfy
PA = Puac — PR = PR — Pvacl =107 GeV?. (4.5)

This means that p; and py.. must cancel with a precision of 121 significant figures. This huge precision
needed in the definition of the cosmological constant is the essence of the fine-tuning problem.

Moreover, we know that the cosmological constant is related to the fractional density with A =
3HZOY. Therefore even a slight modification of A changes not only the cosmic evolution of dark energy
coming from the cosmological constant but also the evolution of the other components (because all the
fractional densities must obey (1.32), i.e., they must sum to 1). This is another face of the fine-tuning
problem: the value of A must be fine-tuned to match the observed cosmic evolution.

4.1.2 Coincidence problem

Another problem arises when we analyse the time when the dark energy starts to be non-negligible.
Consider the matter-dark energy equality condition

PA = Pm- (46)

a(?{]
1.0

0.2

0'—010.0 —7.5 =5.0 —2.5 0.0 2.5 5.0 7.5 10.0

Figure 4.1: Plot of the derivative of 2, with respect to the scale factor a. The spike is at the value of
ae; computed with Q4 = 0.7.

Using the definitions in equation (1.30), and QY = 1—09 since we are neglecting other contributions,
we find the matter-dark energy scale factor

Ji—qu
Qeqg = QOA A . (47)
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If we consider Q3 = 0.7, we obtain a., = 0.75, very close to the value of the scale factor today a = 1.
Also, the derivative of the cosmological constant fractional density with respect to the scale factor a
dQ) A 3&2

da (a3 +1)2’ (48)

is shown in Figure 4.1. We immediately see that today (log(a) = 0) is the only moment where the
derivative has a maximum. This is the essence of the coincidence problem. In fact, if the densities of
the matter and the cosmological constant were different, we would see a different behaviour.

4.2 Extensions of (GGeneral Relativity

For the problems mentioned above, the theory of General Relativity seems not to be the definitive
theory of gravity at large scales. An alternative is to consider some extension theories, which usually
add new degrees of freedom to General Relativity.” However, such theories have a downside: they can
be complicated to solve analytically, as we will see in the following Chapters.

We can generalize the Einstein—Hilbert action (1.1) as

S = /d“x\/_—gf(R, Ry Ryvpo, &, VI, TH L), (4.9)

where ¢, V#* and T* are generic scalar, vector and tensor fields that we add as new degrees of freedom.
Note that this generalization includes not only models with minimally coupled matter, i.e., models where
the matter and gravity sectors of the action are independent, and the matter part depends on gravity
only through the presence of the metric.

In general, we have an infinite arbitrariness in choosing the type and the number of additional degrees
of freedom we can add to a theory. In practice, several constraints should be taken into account. In
this section, we will list some of the main mathematical conditions the modified gravity models should
satisfy to be viable for cosmology, i.e., a theory free of mathematical instabilities.

4.2.1 Ostrogradsky instabilities

The Ostrogradsky instabilities appear when the equations of motions have a differential order higher
than two. We firstly revisit the standard stable second-order differential equations case and then analyse
the third-order case.

Second-order systems. In a general second-order in time physics theory, we consider a Lagrangian
L= L"), ¢ W) | (4.10)

where t is the time coordinate, ¢* and ¢* are the Lagrangian coordinates, and k € [0,n] denotes the
Lagrangian coordinate. The coordinates are independent from each others, i.e., ¢ is not dq(t)/dt at this
point.

Using the variational principle, we can derive the Euler-Lagrange equations

222t g
d;@i quaq (411)
q = de

* Although we will not deal with this problem in the thesis, it is important to stress that the addition of new degrees of
freedom to a theory should always be done carefully. Only quantitative treatments with statistical methods, such as
Bayesian model comparison, can assess if experimental data favour them with respect to General Relativity. In fact,
following Occam’s razor principle, it is pointless to add new degrees of freedom if a theory with less has already the same
accordance with data.
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where we consider for simplicity a system completely described by the Lagrangian £ (i.e. all the
Lagrangian components Qy = 0). We can further expand the first equation and obtain

dg® 0*L dq® 0°L oL

4 9~ 4 9 9% _ (4.12)
dt 0¢°0¢*  dt 0¢s0¢k  Og¢*

from which we should require the invertibility of the 2L£/9¢°0¢" coefficients matrix if we want to isolate

the accelerations. In other words, we should request the non-degeneracy of the Lagrangian (9L£/9¢" # 0
for each k), or analogously

0?L
det | =——= 0. 4.13
(3707)* @19
Provided the condition above is satisfied, also using the second equation, we can rewrite the system of
equations in a normal form
d2 qk qu
— =F(t ¢ — ), 4.14
dt? ( 4 (4.14)

which ensures there are no ambiguities in the results. To solve this differential equation as a Cauchy
problem, the normal form in addition to the 2n (n for ¢* and n for its time derivative) initial conditions
are required to satisfy the Cauchy theorem hypothesis and obtain the existence and uniqueness of the
differential equation’s solution.

We can then use the Legendre transform to obtain the canonical coordinates (Hamilton coordinates)
using

t=t+c
" =q" (4.15)
Pk = %7

where c is a constant. From the last equation, since the Lagrangian is non-degenerate, we can also write
the inverse transform in order to obtain ¢* = ¢*(¢, ¢*, px). Therefore we can write the Hamiltonian as

H(t,q", pr) = prd"(t, ", px) — L(t,¢", ", (t, 4", pr)) . (4.16)

where ¢* = ¢*(t, ¢*, pr) in the canonical space is not a variable any more, but a function of the Hamilton
coordinates. The Jacobi theorem states that the Hamiltonian coincides with the mechanical energy of
the system if and only if it does not explicitly depend on time, i.e. 9H /0t = 0. Another theorem ensures
that a system evolving with the Euler-Lagrange equations, after the Legendre transformation, evolves
with the Hamilton equations

gt _ on

dt — Op

doe o (4.17)
dat — 9k

This system of differential equations is at first order, and each canonical variable should have an initial
condition for a total of 2n initial conditions. Therefore the number of canonical coordinates should be
equal to the number of initial conditions.

Third-order systems. Consider the following Lagrangian'

L=L(tq"(t),d" (), 1) (4.18)

where, with respect to (4.10), we add a dependence to the coordinates ¢*, and update the definition of
non-degeneracy on the higher order coordinate, i.e. dL/9¢" # 0 for each k. As in the previous case, we

T This is a more detailed discussion of [23, 24].
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should consider all the Lagrangian coordinates independent. The Euler-Lagrange equations are

2 9 d oL oL _
di? 9k _k dt 9gF + gk 0
-k __ dg
k _ d%g"

q - dt2

In other words, the equations of motion are in the form

qu d2qk d3qk
FO = F(t, ¢ —, — —— 4.2

which means that the solutions of these differential equations will depend on four initial conditions for
each k, i.e. 4n initial conditions. The number of canonical coordinates should then be 4n, since each of
them generates a first order differential equations and needs an initial condition.

The analogous of the Legendre transformation proposed by Ostrogradsky is

(¢ =t+c

q/k — qk

" =q" (4.21)
| _ oL _ doc

Pk = 3¢ — 4t og*
2 _ or

\pk - aq‘k )

where the last two comes from the definition of canonical momentum once we define ¢’* and ¢’*. For
instance, when the Lagrangian does not depend on ¢*, from the Euler-Lagrange equations (4.19), we
obtain that the conserved quantity is exactly p;.

Moreover, from this transformation we can justify the non-degeneracy condition as 9L/d¢" # 0
for each k. In fact, this is the condition needed to invert the Legendre transformation and obtain
G* = ¢"(t,q"%, 4", pL,p:) as functions of the canonical coordinates from the p? equation above

oL (t,q", ", ¢")
i |

However, the Lagrangian depends only on three Lagrangian coordinates for each k, and therefore also
the inverse function should be a function of only three canonical coordinates. Thus we can remove the
dependence on one conjugate momentum, for instance ¢* = ¢*(t, ¢*, ¢*, p?).

We do not explicitly need 9L/d¢* # 0 in order to find ¢* = ¢*(¢, ¢", ¢*, p}, p?), because we already
have by definition that ¢’* = ¢*. With these we can then write the analogous of Hamiltonian (4.16) as

pi = (4.22)

2
H=> d"Od" ¢" pioi)pk — £ (84", d" i (t,¢" " i, p})) =
=1
= ppd” + P (t, ¢" " i) — £ (6", 4" ¢ (¢, ¢, d", p)) (4.23)

where we removed the dependence of ¢* on one of the conjugate momenta, see discussion around (4.22),
and therefore the Hamiltonian depends only linearly on p¥. In this case ¢* is a canonical variable, while
¢* is a function of 3 out of 4 canonical variables. We can also find the analogous of the Hamilton

equations, similarly to (4.17), i.e. considering

dg* _ o

dt — opi

gt _ on

dt op;,

dp __on (4.24)
dt —  9¢F

dpi _  9H

o= o
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Omitting the ¢* dependence on the canonical variables to simplify the notation, we can evaluate these

equations. The first equation is
d¢*  OH K

the second is

di* 0 g 204 0L AG

i S = _ =77 _ 4.2
the third is . oy 9d  or ored  or
Dk 2 0¢q q
@~ o Pogtor T adof o (4:27)
and the last is . 5 94! 9 or o or
dpp _ _OH 4 204 ¢ _ (4.28)

A T T A
From these equations, it is apparent that the Hamiltonian (4.23) can generate a non-trivial evolution of
all the defined Hamiltonian coordinates. Therefore it might be tempting to use higher order derivative
theories to describe systems that can not be described by second-order differential equations in time.
However, the Hamiltonian (4.23) is linear in one of the conjugate momenta, and this has vast implications
on stability. A linear momentum dependence means no bound on the energy, and the system energy
can indefinitely decrease. This instability is called Ostrogradsky instability, taking the mathematician’s
name who first formalized the Hamiltonian formulation of higher-order derivative theories. The same
procedure can also be applied to higher order systems, obtaining equivalent instabilities. This means
that no theory can be formulated with higher-order derivatives if we want to avoid these instabilities.

It is important to stress that this derivation was carried out starting from the Lagrangian, and there-
fore the Ostrogradsky instabilities appear at the background level. These are different from instabilities
that might appear when we perturb the background as done in AppendixA (in the case of additional de-
grees of freedom, as perturbations in plain General Relativity are stable). We discuss these instabilities
in the next section.

Finally, a comment about the non-degeneracy of the Lagrangian is in order. If the determinant
(4.13) is null, there will be an ambiguity in the results, as the solution is not unique (if it exists). For
instance, this is the case of gauge degrees of freedom, which introduce arbitrary functions of time to the
results and create a mathematical ambiguity. The core of this mathematical ambiguity is that, although
a physical state is uniquely determined given a set of ¢* and p; values, the converse is not true, since
more than one set of values ¢* and pj, represent a given physical state. In other words, the whole set of
canonical coordinates ¢* and conjugate momenta p;, overly describe the physical state: some of these are
redundant in the description of the physical state. Even if taken into account, the lack of non-degeneracy
does not change the general conclusions about the presence of Ostrogradsky instabilities. However, some
theories exploit the gauge freedom which comes from the degeneracy of the Lagrangian to obtain ad-hoc
higher order derivatives equations of motion which circumvent the Ostrogradky instabilities problem
(see for instance Beyond Horndeski in Section 5.7).

4.2.2 Gradient and ghost instabilities

Another category of mathematical instability describes gradient and ghost instabilities. While Ostro-
gradsky’s instabilities are general, the gradient and ghost ones might appear when we compute the
perturbations.

These instabilities are linked to the so-called quadratic action, which is computed perturbing the
action at the quadratic order in perturbations, i.e. retaining all the terms quadratic in the perturbation
quantities. As an example, we consider the perturbations over a FLRW background, with the metric
(1.55) for the scalar perturbations sector and the metric (1.57) for the tensor part. Moreover, we add
a scalar field ¢(t,Z) = @o(t) + 0p(t, ¥) not coupled with the matter (the standard matter part of the



4.2. EXTENSIONS OF GENERAL RELATIVITY 29

action S, remains unmodified), where g is the background value of the scalar field and dp(t, Z) a small
(compared to the background) perturbation. The quadratic action is usually in the form

ey
S :/d4x {Qs(t) @2—68—(2)<1>,k <1>”f+..}
a
[ () y
+ Qr(t) | By EY — Z—inj,kE%’“ + .. }

S
+ Qi |5 -

51 0 + . ] } : (4.29)

where @ is the gravitational potential appearing in the perturbed metric (1.55) in the scalar sector, E;;
is the tensor perturbation matrix defined in (1.57), and . .. denote terms that are not important for this
discussion. For instance, the dots might include terms like dpd¢ which do not affect stability, or the
velocity of the perfect fluid. Moreover, the parts for the velocity of the perfect fluid standard matter are
missing, since we know from General Relativity they are stable. The last part is related to the scalar
field, and therefore if there are more scalar fields or different tensors, this part should be replaced with
the appropriate ones.

The perturbation functions Q,, Q7, ¢, and ¢ are functions of time only. In fact, the quantities ®?
and h? in the quadratic action (4.29) are at second order, and, in the settings we are considering, only
perturbations quantities are carrying space dependencies (for instance the background is 1 + (¢, Z)).
Therefore Q,, Qr, ¢, and ¢ should be only functions of time. Otherwise, any spatial contributions
inside this function would increase the order of the action from the quadratic order.

In the scalar field theories, the scalar field and the gravitational field perturbations can be studied
together using the unitary gauge, which is defined as the gauge where we gauge fix the scalar pertur-
bations dp as null. In this case, the problem is simplified since we can study the standard scalar and
tensor perturbations (® and Ej;; parts) conditions. The unitary gauge will be discussed in details in
section 8.2.1.

The stability is ensured if the quadratic action has

(i) the correct kinetic sign, i.e. the kinetic part of the perturbation denoted with the square of the
time derivative of the perturbation appear with a positive sign. Therefore the (); functions should

be positive, i.e.
Qi(t) >0 vt , (4.30)

where ¢ is an index that goes trough all possible perturbation degrees of freedom. This is similar
to what happen in the Ostrogradsky instabilities case, where the energy of the perturbations is
not bounded from below. If a () function is negative, the instabilities that might occur are called
ghost instabilities;

(ii) the correct sign in the perturbation equations, i.e. a positive sound speed c?
ct)>0  Vt. (4.31)

If the sign is negative, it means that the perturbations equations, which are usually in an harmonic

oscillator like form
k2c?

§p+ 8¢+ =0, (4.32)

a2
are exponentially growing, breaking the perturbation assumption of some of the quantities. In this
case the instabilities are called gradient instabilities.

Therefore, a mathematically stable theory also requires these two sets of conditions.

Note that while the ghost instabilities are hard to tame, the gradient instabilities are sometimes
considered milder. It is possible to create theories that accept negative sound speeds in some epochs
if the period needed for the exponential perturbations to grow is much larger than the time where the
additional degrees of freedom (with respect to General Relativity) are non-negligible.
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4.3 Conclusions

In this Chapter, we presented some problems of the ACDM model, where the dark energy comes from
the cosmological constant, namely the fine-tuning and coincidence problems. We also argued that, since
no experiment has yet found any direct evidence of dark matter presence, it is worthy of exploring
alternatives also for this dark sector.
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Figure 4.2: Plot of the Planck data of the Cosmic Microwave Background (CMB) power spectrum [5]
and the standard model prediction, here expressed with a normalized intensity C, as a function of the
angular distance between two incoming photons (upper x-axis). We can appreciate the precision of
Planck data and the great accordance between the observation and the theory, which can be achieved
only by including dark energy and dark matter contributions in the theoretical model. Alternative
models without dark energy and dark matter can not fit the data.

A general way to extend the current theory of gravity is to modify the Einstein—Hilbert action as

S = /d4x\/_—gf(R, Ry Ruvpos 0, VE,TH L), (4.33)

where we considered a generic function of additional degrees of freedom from different sources. While
this approach can introduce an infinite arbitrariness in the choice of these extensions, we should always
have in mind the mathematical stability conditions in order to avoid background instabilities coming
from the introduction of differential equations of time order bigger than two (Ostrogradsky instabilities),
and perturbation instabilities (ghost and gradient instabilities).

Checking the lack of the instabilities mentioned above does not grant the physical viability of the
model. Both at the background and the perturbations level, there are many data that constraint
the possible models we can propose. For instance, the CMB data from the Planck experiment has
severely constrained the perturbation data [5], as we can see from Figure 4.2. Moreover, this experiment
confirmed the need for dark energy and dark matter once again since the plot in the Figure can fit the
data only if we consider these components.



Chapter 5

Horndeski theory

In this Chapter, we introduce Horndeski gravity. This theory was at first obtained by Horndeski [(],
and recently rediscovered in [25]. In the following, we will also use parametrization of the Horndeski
theories proposed in [26]. In this section is also discussed the original work about de Sitter solutions in
Horndeski gravity [7].

5.1 Action

The Horndeski gravity is a modified general relativity theory with the following action

5
S(Gus ¢ = # d*ev/=g Y Lilgu, 0] + Sulgu); (5.1)
=2

where the four Lagrangian parts £; are defined as

Ly = Gylp, X] (5.2)
Ly = —Gs[¢p, X]Og (5.3)
Ly = Gald, X|R + Gux[¢, X] [(00)* — ¢ 0™ (5.4)
L5 = Gol, X|Cput™ — Gox[6, X] [(06)° ~ 300)0u™ 426,760,504 (55)

The G;[¢, X]| are four arbitrary functions of a scalar field ¢ and X = 0,¢0"¢. Moreover, 0 = V,V#,
while the subscript ¢ or X on the G; functions represent respectively the derivative with respect to ¢
and X, e.g. G;x = 0G,;/0X and G,, = 0G,;/0¢.

The main feature of this Lagrangian is that the equations of motion are second-order differential
equations. This is achieved by a careful cancellation of higher order terms given by the structure of the
action. It can be proved that this is the most general theory of General Relativity with one additional
scalar degree of freedom (with respect to General Relativity) with second-order differential equations [6].
As we explain in section 4.2, this property is essential to avoid the presence of Ostrogradsky instabilities.

The action of General Relativity is obtained considering

2

Galo, X] = —A, G4lo, X] = % and Gs[¢, X| = G;[¢, X] = 0. (ACDM model) (5.6)

Note that in this formulation, there is no coupling in the Horndeski gravity action between the matter
part Sy[g,u] and the scalar field.

61
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5.2 Equations of motion

Varying the action (5.1) and imposing the FLRW metric

ds® = —dt* + a(t)*(dz® + dy* + d2?), (5.7)
we obtain the equations of motion

8tG
H?> = 5.8
i (0 ) (53)

. G

H+H*=— P+ 3P, 5.9
+HE = = (0 g+ 3P+ (59)

where p and P are the energy density and pressure of standard matter, as defined in (1.16), and p, and
P, are the energy density and pressure of the scalar field, defined as

8rG 2H3 X

T,O¢ = _—G2 + 3X (GQX — G3¢> (7G5X -+ 4XG5xx) (510)
+ H2 [1— M7 (1—ap) —4X (Gax — Gsg) — 4X? (2Gaxx — Gsex)]

8rG 2 AH 5

WT b = —G2 - §X (G3p — 2Gapy) + —(b (Gap — 2XGupx + XGspp) — ?%HMEQB (5.11)

3
— SHX Gy <H2 T %) (1-m2)+ 25 ® XGax.
The dot denotes a derivative with respect to the cosmological time ¢. In these definitions, we introduce
some new functions, namely M2 and ap. These are part of a set of functions of time that can specify the
Horndeski gravity model considered, which is equivalent to specify the G; functions at the perturbations
level (not at the action level, because the G; functions are covariant, while the « functions are not).
The « functions are usually used in place of the G; functions to describe the perturbations as they
have an immediate physical interpretation (see the following list), and they allow a simpler form for the
perturbation equations. The complete set is given by:

(i) the cosmological strength of gravity, defined as the normalization of the kinetic term of gravitons.
In the language of the G; functions, this is*

M.QEQ G4—2XG4)(—|—XG5¢—H¢XG5)(] . (512)

Moreover, the time derivative of M?2

dIn M? 1 dIn M?
dlna H dt

is called the Planck-mass run rate. This function is used for large-scale structure computations,

which are sensitive only to variations of the Planck mass.

(5.13)

Ay =

(ii) the kineticity, which is the coefficient of the kinetic term for the scalar field, is defined as

H?MZay = 2X [Gox + 2XGaxx — 2G4 — 2X G3px] (5.14)
+12H¢X [Gsx + XGsxx — 3Gapx — 2X Gupxx]
+12H?X [Gax — Gsp + X (8Gaxx — 5Gspx) + 2X* (2Gsxxx — Gspxx)]
+4H% X [3G5x + TXGsxx +2X*Gsxxx] ;

*The symbol for the cosmological strength of gravity here is different from the standard one. We are considering different
functions to distinguish the constant M2 that will appear in the EFT action (8.81) and the cosmological strength function
M2, as defined in [26].
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iii) the braiding, which is usually interpreted as the strength of a fifth force between massive particles.
g y g
This operator gives rise to a new mixing of the scalar field and metric kinetic terms for the
propagating degree of freedom. It is defined as

HM.QCYB = 2¢ [XGgX - 2G4¢ — 2XG4¢X] -+ 8HX [G4X + 2XG4XX - G5¢ - XG5¢X] (515)
+2H?0X [3Gsx + 2X Gsxx]

(iv) the tensor excess, that is the difference between the speed of light and the propagation speed of
the gravitational waves, i.e. ar =1 — ¢%. Using the G; functions, oz is

M2ar = 4X [Gax — G — 2 [q'é . Hq's} XGsx . (5.16)

We will refer to this set of four functions as the a-functions from now on. Moreover, from (5.6) and the
definitions above we find that the General Relativity theory has the following a functions definitions

M?=1 and ay =ag =ag=ar =0, (ACDM model) (5.17)

together with the evolution of the Hubble parameter H given by the standard Friedmann equations.
We can also define the state parameter w, for the scalar field with the usual definition

Wy = %‘Z. (5.18)

5.3 Linear Perturbations

Since the Horndeski gravity action (5.1) has no coupling between the standard matter term S, and the
scalar field ¢, the standard matter perturbation equations are the same. We consider the perturbed
metric in Newtonian gauge(1.55)

ds* = — [14 2 (t, 7)) d* + a*() [1 + 20 (t, ¥)] 6y’ da’ . (5.19)

The equations to be modified are the ones coming from the Einstein equations because the presence
of another component from ¢ does not change the standard matter stress-energy tensor T"”. Moreover,
since we have a new dynamical degree of freedom given by the scalar field, we need to introduce a
new equation for ¢ perturbations, usually called the perturbation Klein—-Gordon equation. For the
perturbations of the scalar field, we will use the gauge-invariant variable [20]

Vx = —aé—.(é. (520)

¢

The analogous of the ¢t Einstein equation (A.4) is

Ko 3 1 ,
?+§(2—QB)H®—§(6—QK—60&B)H \I/—l—
1 1 k. . 4nGa?
+ 5 (axc + 3ap) Hbx + - |an— — 3Hap +3 <2H + P +]§m>} Huy = %5;), (5.21)
a *

while the analogous of the longitudinal traceless part of the ¢j Einstein equation (A.7) is

E*[U 4+ (1 +ar)® — (e — ar) Hux] = 127Ga*Y, (5.22)
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The equation for the scalar field perturbations vy

. ) d .
—3HOéBCI)+H2OéK1.}X —|—3 |:<2H+ﬁm +ﬁm) - HQOéB (3+C¥M) - E (OéBH) 0]

: k2 k2
+ (ok + 3ap) H*W + 2 (ang — ap) H—® — agH— V-
a a

+13 <2H + fm +ﬁm) — H(20x + 9ag)—
-H (OéK + 3063) — H? (3 + CKM) (OéK + 30&3)] HU+
+ [2Hox + axH + H?ak (3 + aM)} Hix + H*Mvx+

. d /{?2
=+ | — <2H + ﬁm +}5m) -+ 2H? (C(M — OéT) + HQOéB (1 + OéM) + % (OJBH):| EUX =0, (523)

where
H2M? = 3H [H (2 — ) + fm + P — HdB] — 3Hap [H Y HH 3+ aM)] . (5.24)

In addition to the equations of the standard matter density and velocity perturbations, we have the
complete set of equations we can solve to obtain the perturbations functions.

5.4 Stability

In principle, by choosing different forms of GG;, we can create an infinite number of new models. Never-
theless, as explained in section 4.2, we should check that some stability conditions are satisfied to have
stable perturbations. Once computed, using the unitary gauge where the perturbations of the scalar
field are null, the quadratic action has indeed the form (4.29)

. 2(¢ 7 .. 2(t. 7 L
S = / d'z {Qs(t,f) [cDQ - %cﬁ,k <I>”f} +Qr(t, 7) {hzjh” - CT(ag’ 2 hij i h””“} } +..., (5.25)

where we omit the uninteresting terms for stability. Note that with respect to (4.29), the scalar field
part is missing since we are in unitary gauge. The stability functions are defined as

s = 5.26

Q (2—&3)2 ( )
1 H 1 m+ Pn)

CiEﬁl(Q—OéB) (—ﬁ+§a3(1+aT)+aM—aT>—%+FB >O, (527)
M2

Qr=-">0, (5.28)

G =1+ar>0, (5.29)

where p,,, and P,, are respectively the energy density and the pressure of all matter (radiation, baryons,
etc) without the scalar field contribution, and D = ax + 3a%/2.

5.5 Horndeski gravity after GW170817/GRB170817A

In 2017, the LIGO/Virgo collaboration observed the event GW170817, produced by the merger of a
binary neutron star system [11]. Thereafter, several counterparts across the electromagnetic (EM) spec-
trum were observed. In particular, the optical counterpart of the GW170817, the short gamma-ray burst
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event GRB170817A, was observed by the Fermi Gamma-ray Burst Monitor and the Anti-Coincidence
Shield onboard the International Gamma-Ray Astrophysics Laboratory (INTEGRAL) spectrometer [12].
The optical counterpart GRB170817A was detected within a time-delay of 6t = (1.734 4 0.054) s from
GW170817. Most of the time delay is dominated by astrophysical contributions, associated with the
collapse of the hypermassive neutron star formed during the merger, and the final gravitational waves
speed cr is extremely close to the speed of light: ¢ = 1.

This astonishingly simple observation has already placed severe constraints on several theories of
modified gravity: any modified gravity model predicting ¢y # 1 must now be seriously reconsidered,
and several previously viable theories of gravity are now excluded [27, 28, 29, 30, 31] (see [32, 33] for
earlier important work).

In the context of Horndeski gravity, the velocity of gravitational waves is described by the equation
of ar (5.16) as

g =1+ar, (5.30)
where Lx oy
ar = 25 [Gix = Gasl = 15 [925 _ H¢] Grx . (5.31)

Looking at this equation, there are a couple of ways to obtain a ¢2 ~ 1 (or ar ~ 0)

(i) one trivial solution is to consider some of the Horndeski functions in the action (5.1) null, i.e.,
G4 = 0 and G5 = 0. From these functions definitions (5.4) and (5.5), this condition eliminates
all scalar field terms coupling with the Ricci scalar and with the Einstein tensor, in addition to
quadratic and cubic derivative terms in £4 and L5. In particular, the first means that the scalar
field could couple with gravity only minimally. However, we can relax the condition on G4 since
it only appears differentiated by X. Therefore the necessary condition to obtain a ¢ = 1 can be
summarized as

G4X =0 and G5 =0. (532)

Or, in other words, G4 can be only a function of the scalar field ¢ but not of its kinetic term X,

Ga(9, X) = Ga(9).

(ii) another way to approach the problem is to allow for a G4 dependence on X and a non-null Gs.
The condition is
G4X = G5¢ and G5X =0. (533)

(iii) finally, a very large cosmological strength of gravity M2 (5.12) can be considered. But, since
this quantity is modifying effectively the Newton constant, a large M2 might be a very unlikely
scenario.

Therefore, when we consider a Horndeski model, we should always check that at least one of these
conditions is respected if we want to use it for late Universe cosmological applications.

Finally, we note that in principle, one could also imagine models where the dispersion relation of
GWs is modified only outside the experiment conditions. For instance, we can create Horndeksi models
with ¢r = 1 today, but not on other periods. Alternatively, in non-Horndeski models (higher derivative
models), we can propose models with ¢y = 1 only for the range of wavelengths detectable by the
LIGO/Virgo experiment.

5.6 de Sitter solutions

In this Chapter, we will explore the possibility of obtaining de Sitter solutions using the Horndeski
gravity action. The discussion is based on [7].
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5.6.1 Spherically symmetric space

Before considering the de Sitter solutions, we review some essential facts about Spherically Symmetric
Space-times (SSS), of which the D-dimensional Friedmann-Lemaitre-Robertson-Walker space-times are
examples. We follow the discussion in [34, 35].

The generic SSS metric reads

ds?® = g, dxtdx” = Yab (T dzdx® 4+ r?(x)dS?_, 5.34
o D-2

where a,b = 0,1 and r is a scalar quantity, while S%_, is the D — 2 dimensional sphere. Other relevant
scalar quantities on SSS are

X =" 0r.ory, (5.35)
and
w2
¢=Vir, (5.36)
where ng is the two dimensional Laplacian on the two dimensional normal space-time whose metric is

Yab-
For example, in a non-flat FLRW space-time with a metric

dp?
d82 = —dtz + (Z(t)z (1 — ka + PZCZS%)_2> ) k= Oa :l:KOa (537)
we obtain x = (t,p), 7 = a(t)p, Ya = diag[—1,a%/(1 — kp?)]. Therefore the first scalar (5.35) becomes
k
X =900 =1-1% S S =H (5.38)

The other invariant (5.36) reads
®=Vr=—(l+Q)r, Q*=H"+H. (5.39)

Thus J? and Q? are confirmed to be scalar quantities in a generic SSS. Moreover, the Ricci scalar can
be obtained from these two scalar quantities as

R=6[J"+Q% . (5.40)

Another example is the de Sitter (dS) space-time. Besides the static patch
2

2 2,2\ 7,2 2 72
ds® = —(1 - HOT )dt + 1——]{37”2 + r*dS y (541)
where the Hubble parameter H = Hj is a constant, dS space-time admits three FLRW space-times
patches.
The first one is flat FLRW patch with £ = 0,
ds® = —dt* + > (dp® + p*dS3) | (5.42)

where a(t) = efo' and H = Hy. From equation (5.38), we obtain J? = HZ = Q.
The second is the k& > 0 patch. With a set of new coordinates (7', R) it can be written as
2

1~ H2R?

Here, a(T) = cosh HyT, k = HZ and H = Hgsinh HyT/ cosh HyT. We still have J? = H2 = )%, as in
the flat case.
Finally, we have the k& < 0 dS patch. With another set of coordinates (7,0) we obtain,

ds* = —dT? + cosh® H,T ( + R2ds2) : (5.43)

2
1+ Hio?

where a(7) = sinh Hyt, k = —HZ and H = Hjcosh Hyr/sinh Hy7. Again, we have J?> = HZ = Q% In
all dS patches, the Ricci scalar is constant and reads R = 12HZ

ds® = —dr’ + sinh® Hyt < - anSQ) : (5.44)
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5.6.2 Example

In this section, we will investigate only a reduced sector of Horndeski in the vacuum. Consider the
following Horndeski action

S = / d*rv/—g E +aG" 9,¢0,¢ — %@gb@“qﬁ V()| , (5.45)

where G5 = 4rGa¢ and Gy = X + V(¢), and the other G’s are null. Note that, in order to obtain the
same form of the (5.1), we should perform an integration by parts on the G5 term. For simplicity, we
consider 87G = 1 in this section. This model has been studied without the potential in Refs. [13, 10].

The generalized Friedmann equation can be found with xAct using the FLCurved metric option, see
discussion around equation (A.1l). Converting the result with the (5.38) and (5.39) scalar definitions,
we obtain

3J% — 3¢ (J? +2H?) = %gz%? + V(). (5.46)

Similarly, we can obtain the equation of motion associated with ¢,
dr s . av
2 a1 + 6as? ] S Ly
at a*(1+60.%)5] = —a 9
The above equations agree with the non-flat FLRW Hordenski equations in Ref. [36]. Also, note that
we can also obtain the second generalized Friedmann equation. However, this equation simply follows
from the two above equations (5.46) and (5.47).
When the potential is constant, i.e. V' =V, we have
C
a® 1+ 6aJ?]’

(5.47)

¢ = (5.48)
where C' is a constant of integration.

We want to investigate the existence of dS solution. Firstly, we consider the & = 0 case (5.42), and
make the ansatz a(t) = ef°’. The equation of motion of ¢ becomes

) C —3Hopt
- . 5.49
= T bam” (5.49)

Inserting the same ansatz in the modified Friedmann equation (5.46), we obtain

C? 1+ 18aH?
3z =" T OO omt (5.50)

2 (6aHZ +1)
If we consider a constant scalar field, i.e., C' = 0, we can choose Hz = V;/3 and obtain a flat dS-like
solution. On the other hand, if C' # 0, we can still find a solution for equation (5.50), imposing a < 0

and fixing
1 1
2
=— Ww=—. 5.51
°7 18a " 6a (5:51)
Therefore, in the flat case, we can find a dS solution.
Consider the non-flat case with k # 0. In the & > 0 case (5.43), we have the ansatz a(t) = cosh Hyt

and k = HZ. The equation we obtain is
— 6aHZ + (18aHZ + 1) cosh(2Ht)
4 (6aH2 +1)°

3H; = C? ! sech®(Hot) + V.. (5.52)
If C = 0, we obtain again HZ = V;/3, and therefore making the same Hj choice as in the flat case we
have a dS solution. However, in the non-trivial case C' # 0, the situation is more complex, as we can
not find a unique choice of constant Hy and V{ to solve this equation. This means that we can not find
a k > 0 dS solution for this model. A similar analysis can be carried on in the &k < 0 case, obtain a
similar result.
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5.6.3 Conclusion

In this section, we proved that we should be careful if we wish to consider de Sitter solutions within
Horndeski’s theory. As we showed in the example above, it is possible to find at least one case where
the de Sitter solution can not be found for all patches (flat and non-flat patches). In general, the ad-hoc
rule to follow is to check the equations of motion. If we can rewrite them in terms of the scalars J? and
@Q?, it should be possible to find a de Sitter solution of all patches. On the contrary, if there are other
time functions (as an additional H? in the equation of motion (5.46) of the example above), these will
inevitably prevent the de Sitter solution.

Note that this problem is not only related to Horndeski’s theory, since, as we showed in [7], also
other modified gravity models are affected. In general, we should be cautious if the equations of motion
can not be written in terms of the scalars J? and Q2.

5.7 Beyond Horndeski

The Horndeski theory, as already mentioned, is one of the most studied alternatives to General Relativity
since it is the most general theory with one scalar field with second-order differential equations. There-
fore it lacks the Ostrogradsky instabilities presented in section 4.2. However, a new theory has been
recently proposed that, although it posses higher order derivatives, it does not feature Ostrogradsky-like
instabilities [37, 38]. The main feature of this theory is the presence of matter sound speed modifications
even if the matter is minimally coupled to gravity.

As the name suggests, the theory is an extension of Horndeski (5.1), with additional functions in the
Lagrangian. The action is still in the form

1 5
Slows 61 = 15 [ 44993 Ll 6]+ Sl (5.53)
where the four Lagrangian £; are defined as
Ly = Ga[¢, X] (5.54)
Ly = —Gso, X]O¢ (5.55)
L4 = Galg, XIR + Gax[p, X] [(O6)? — dyus™] +
+ F4 [¢7 X]eul/pa6Hll/p/a¢;u¢;u’¢;Vy’¢;pp’ (556)
. 1 .
£5 - G5[¢7 X]G,ul/qb“uy - 6G5X [¢7 X] [(D¢)3 - 3(D¢)¢§#V¢’#V + 2¢;yy¢;ua¢;a#] +
+ F5 [¢7 X]euypgeu/y/p/ol¢;u¢;u’¢;uz/¢;pp’¢;ao’ . (557)

where €,,,, is the totally anti-symmetric Levi-Civita tensor. We can recover the Horndeski limit con-
sidering
Fip,X]=0 and  F5[¢,X] =0 (Horndeski limit) . (5.58)

In general, this theory generates third-order differential equations. Therefore, following the reasoning
of section 4.2, it should be affected by Ostrogradsky instabilities. However, it can be proven that
the theory is free of such instabilities. The crucial point is that, as in General Relativity, the ADM
Lagrangian of the theory is degenerate (contrarily to the assumption we made in the discussion of
Ostrogradky instabilities), i.e., 9L£/d¢" = 0 for some canonical coordinates ¢*, where, for instance, the
¢" in General Relativity are N and the three shift spatial vector components N?. This degeneracy
creates Hamiltonian constraints that reduce the number of degrees of freedom of the theory. Moreover,
the Ostrogradsky instabilities are effectively generated by the presence of additional degrees of freedom
introduced in the Lagrangian (for instance, compare the number of Hamiltonian coordinates in (4.15)
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and (4.21) necessary to have a complete description of the system). The F; and F5 functions are defined
in such a way to generate constraints that reduce the number of scalar degrees of freedom to the ones
of General Relativity, plus only one scalar degree of freedom coming from the addition of a dynamical
scalar field to the theory as in plain Horndeski.! In particular, F; and Fy functions are arranged in a way
to prevent the appearance of N in the Lagrangian, which would promote N to a dynamical variable.
Therefore there is no room for additional degrees of freedom with respect to Horndeski, preventing the
appearance of Ostrogradsky instabilities. Again, we stress that this theory is not a counter-example
of the Ostrogradsky instabilities theorem. While in the discussion we considered a non-degenerate
Lagrangian, in this case, the Lagrangian is degenerate, and the constraints can be used to remove the
additional degrees of freedom coming from the presence of higher-order coordinates in the Lagrangian.

5.8 Conclusion

In this Chapter, we introduced the most general theory with second-order differential equations and
one additional degree of freedom with respect to General Relativity, Horndeski gravity. We defined the
action and showed the equations of motion of the background and the linear perturbations, among their
stability conditions. We also argued that we could rewrite the Horndeski theory on a FLRW space-time
using the (non-covariant) « functions, which are defined in such a way to provide a better physical
understanding of the proposed models. For instance, we can immediately understand from ¢z = 1 + ar
which models modify the speed of gravitational waves to constrain them with the Ligo/Virgo observation
cr ~ 1.

We also showed with a simple example that we should be careful while considering some solutions
in Horndeski gravity, as some models might not support all the de Sitter patches. As a general rule, if
we wish to consider spatially curved de Sitter solutions, we should check that the resulting equations of
motions can be re-casted in terms of the scalars J? = H? 4+ k/a? and Q* = H? + H only, e.g., without
the presence of H? terms that can not be rewritten with other terms as J? or Q2.

Finally, we discuss an extension of Horndeski, called Beyond Horndeski, which admits higher-order
equations of motion without introducing Ostrogradsky instabilities. This is achieved with a careful
definition of extended Horndeski functions, which avoids the appearance of higher-order canonical coor-
dinates in the Lagrangian.

" The appearance of the additional degree of freedom from the scalar field addition can also be interpreted in the ADM
formulation as follows. As already mentioned, in General Relativity the Hamiltonian constraints (3.167) and (3.168) are
generators of gauge transformations, removing two degrees of freedom from the physical degrees of freedom counting
(first-class constraints [39]). However, in second-order theories with one additional degree of freedom (such as Horndeski),
the presence of the scalar field changes the N constraint, which is not a generator of a gauge transformation anymore
(second class constraint). Therefore, it removes only one degree of freedom.
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Chapter 6
Mimetic gravity

In this Chapter, we introduce mimetic gravity, a theory made of two independent scalar fields, one of
which effectively acts as a Lagrange multiplier, generating a constraint on the evolution of the second
scalar field. In particular, we will evaluate a particular model of mimetic gravity based on a ”broken”
Horndeski sector for the constrained scalar field, studying the background evolution and the perturba-
tions equations. Similar to what we did in Horndeski gravity, we compute the velocity of tensor waves,
and we use this result to constraint the action parameter performing a Bayesian estimation. The experi-
mental value used for the Bayesian analysis (likelihood) is the unique GW170817 Ligo/Virgo observation
[11] and its electromagnetic counterpart [12].
This Chapter is based on the original work publications [, 9].

6.1 Introduction

An exciting theory of modified gravity is mimetic gravity, proposed by Chamseddine and Mukhanov [40)].
In the original work, the conformal degree of freedom of gravity was isolated in a covariant way, through
a reparametrization of the physical metric g, in terms of an auxiliary metric g,, and the mimetic scalar

field ¢:

Juv = _guugaﬁaagbaﬁqb . (61)

It is easy to show that, for consistency, the following condition has to be satisfied:
G0, 00,6 = —1. (6.2)

In [10], it was shown that the equations of motion resulting from the reparametrization of (6.1) mimic
a pressure-less fluid on cosmological scales, which can be identified with dark matter. Subsequently, it
was realized that the theory is related to GR via a non-invertible disformal transformation involving
the mimetic field ¢, thus explaining why the dynamics of the theory are modified with respect to GR
[41, 42, 43]. In [44] a simple extension of the original model featuring a potential for the mimetic field,
V(¢), has also been shown to be able to mimic dark energy and provide an early-time inflationary era,
as well as some allowing for bouncing solutions.

A particularly appealing variant of the original mimetic theory starts from a “seed” Horndeski action
rather than the Einstein-Hilbert one. In other words, the mimetic constraint (6.2) is enforced on the
scalar degree of freedom of Horndeski gravity through a Lagrange multiplier term in the action. The
resulting mimetic Horndeski theory has been proposed in [415]. On a cosmological background, the theory
features a fluid mimicking dark matter. However, at the perturbative level, this theory features some
problems. The mimetic constraint removes the wave-like parts of the Horndeski scalar degree of freedom
and removes the theory’s scalar degree of freedom. This implies that the speed of scalar perturbations
(the sound speed c¢,) vanishes. It is worth clarifying that a vanishing sound speed is problematic only
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if one wishes to perform inflation with the mimetic field because the resulting perturbations would
fail in explaining structure formation, as explained in [44]. In fact, if ¢s = 0, perturbations of the
mimetic field do not propagate in space. Quantizing such a field and consequently generating vacuum
quantum fluctuations is problematic for many reasons (for instance, it would be hard to satisfy the
appropriate commutation relation with the conjugate momentum). This in turn hinders the generation
of perturbations which will then grow under gravitational instability to form the large-scale structure,
one of the most important outcomes of successful inflation. Perhaps more importantly, a vanishing sound
speed of the inflaton is also problematic from the observational point of view. In fact, measurements
of the CMB temperature and polarization anisotropies from the Planck satellite (and in particular the
absence of detection of primordial non-Gaussianity) favour a speed of sound for the inflaton ¢, = 1, with
a 95% confidence level lower bound of ¢, > 0.024 [5]. This result excludes ¢, = 0 at high significance.
We wish to stress that a vanishing speed of sound is strictly speaking only a problem if one wishes to
perform inflation with the mimetic field, and not if one is only aiming at describing dark matter (for
which ¢, = 0 is instead quite natural).

At any rate, it is worth considering modifications to the original mimetic scenario, which allow for
a non-vanishing sound speed. An obvious way to address this issue is to break the Horndeski structure
of the theory, thereby removing the special tuning guaranteeing that the equations of motion are at
most of second order. Nonetheless, the presence of the mimetic constraint prevents the appearance of
higher-than-second-order derivatives in the equations of motion, and therefore Ostrogradsky instabilities
as seen in section 4.2. In this Chapter, we shall follow this procedure and consider the mimetic model
proposed in [16], obtained by breaking the Horndeski structure of a starting mimetic Horndeski model,
thus allowing for a non-zero sound speed.

As already discussed in Horndeski theory (section 5.5), the LIGO/Virgo collaboration observation
of the event GW170817, produced by merger of a binary neutron star system [l1], and the optical
counterpart GRB170817A [12], found the gravitational waves speed c¢r to be extremely close to the
speed of light: ¢r &~ 1. In the last part of this Chapter, we will use this result to place constraints on the
action parameters of the mimetic model considered, performing an analysis with Bayesian probability.

6.2 Background equations

We consider the mimetic theory defined by the following action

S = /d4x \/—_g[R(l +2aX) — %(DW v g(vﬂvyw - %(2){ Y1) -V 4+ cm] , (6.3)
where for simplicity we set 167G = 1 (G is Newton’s constant), £,, is the matter part of the action,
that in this model we consider to be made of standard matter and radiation, ¢ is the mimetic field,
V = V/(¢) is a potential for the mimetic field, and X = (1/2)g,, V*¢$V"¢ is the kinetic term of the field.
The Lagrangian multiplier A is introduced to enforce the mimetic constraint (6.2) on the mimetic field,
while «v, 5,y are constant parameters.

The model involves the presence of “broken” Go (5.2) and G4 (5.2) functions: the coefficients of
the terms R X, (O¢)? and (V,V,¢)? are arbitrary and in general different from each others, while the
Horndeski form requires v and 8 to be G4x. In fact when 8 = v = 4a we recover a mimetic Horndeski
model as in (5.1). Breaking of the Horndeski structure of the action is necessary for scalar perturbations
to propagate [16, 17]. However, we will see that, on a Friedmann-Lemaitre-Robertson-Walker (FLRW)
background, the model preserves the solutions of the corresponding mimetic Horndeski Lagrangian up
to a (constant) rescaling of the effective Plank mass of the theory. Note that when f = v = 4a we
recover a mimetic Horndeski model as in (5.1).

The equations of motion of our mimetic model are obtained by varying the action with respect to the
metric, the Lagrange multiplier, and the mimetic field. Varying the action with respect to the metric
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we get

(1+2aX)G, + V0V, (aR — %) - %g,w {§¢;pg¢;p" - %(D@Z - %(2X +1) V| +
B e

+2O‘(QWDX - V#VVX) - 59 [vp(¢;uovV¢) + vp(¢;vovu¢) - Vp(Qb;;wvcr(b)] + B(b;iﬁb;pv +

g - 1
+§ [VV¢VM(D¢) + VM¢VV(D¢> — gw9” Vp(D¢vo¢)] = §TMV7 (6.4)
where in this theory we consider 7}, as the stress-energy tensor of ordinary baryonic matter and radia-
tion. Variation of the action with respect to the field ¢ yields

(A= 20R)(V,.V") + (V,.0)(VEA) — 20(V,.R)(V*6) + B(V, V, V" T¥) -

oV (9)

— (VW VIV, VY6) — o6

0. (6.5)

Finally, variation with respect to the Lagrange multiplier A enforces the mimetic constraint

1
X=—. 6.6
: (6.6)
In this Chapter, we work within a spatially flat FLRW space-time (1.15). Evaluating the mimetic
constraint on this space-time, we can immediately identify the field with the cosmological time (up to a
constant)

p=t. (6.7)

With this identification, from the (0,0) and (1, 1) components of (6.4) we obtain the equations of motion
(=6 + 240)H + (36cc + 9y + 12 — 98)H?* — 2V — 2\ — 2p,, = 0, (6.8)

sp? 4 off — — 2 = 2 (6.9)

4—4a—B+3y’

where p,, and P,, correspond to the usual combined energy density and pressure of radiation and baryonic
matter. The density p,, does not contain dark matter nor dark energy, as the mimetic gravity fields will
mimic them.

The Klein-Gordon equation of the field (6.5), evaluated on the FLRW space-time and taking into
account the mimetic constraint (6.7), becomes

%% [a?’ (A 4 (36 — 240)H? + (37 — 12a)H)} - —% , (6.10)

while the continuity equation V,T*” = 0 for baryonic matter and radiation assumes the standard form
P+ 3H(pm + Pn) =0. (6.11)

Note that when the Horndeski structure for the ¢ sector of the action (6.3) is recovered, i.e. when
v = 4a, the H term in (6.10) disappears, leaving a second order differential equation.

Given the equation of state of the matter fluid (6.11), once the form of the potential V" is chosen, the
system of equations (6.8)-(6.9) can be solved with respect to the scale factor a(t) and the scalar field
A(t). Alternatively, we can use (6.10) with one of (6.8) or (6.9). In the latter case, if we define a dark
fluid energy density pqs, i.e. the energy density of the mimetic gravity scalar field, as

par = A+ V + (38 —24a)H? + (3y — 120)H , (6.12)
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from (6.10) we obtain its evolution

pas(t) = a(%g + a(i)?’/ V(ta(t')H(t)dt', (6.13)

where C' > 0 is an integration constant which sets the amount of mimetic dark matter, as the corre-
sponding contribution to the energy density decays as a=3, as expected for a pressure-less component,
in accordance with (1.20). Defining also a dark fluid pressure as

Py = -V, (6.14)

using equation (6.10), we obtain a continuity equation similar to the one holding for the standard matter
(6.11), namely

pdf+3H<pdf+Pdf) =0. (615)
Rearranging the equations (6.8) and (6.9) we obtain

4
6H2 - m) »
1— 3137 —da (pdt + pm)
4

4— 0643y —4a

—4H — 6H?

(Pag + Pn) - (6.16)

We recognize the above as being Friedmann-like equations, with the Planck mass 1/v/87G rescaled by a
factor (4 — B 4 3y — 4a) /4. The quantity by which the Planck mass is rescaled determines the effective
Newton constant. Enforcing a positive effective Newtonian constant rescaling, we obtain a constraint
on the action parameter

4—F+4+3y—4a>0. (6.17)

Notice that for @ = § = 0 we recover the results of [141], which extended the original mimetic action by
a term proportional to ((J¢)2.

We immediately see that a constant potential V' in (6.12)-(6.14) can be exploited to model dark
matter and dark energy through the corresponding fluid. For more complex potentials, given in the
action as functions of ¢ (and therefore of ¢t due to the mimetic constraint), the dark fluid will model
various types of fluids while leaving the dark matter sector unchanged.

6.3 Perturbations on a FLRW background

As mentioned above, one of the main problems in mimetic gravity is the vanishing sound speed, implying
the non-propagation of scalar perturbations. The problem persists even in mimetic Horndeski gravity.
We have seen that by breaking the Horndeski form of the ¢ sector, we can find a non-vanishing sound
speed [47, 46]. However, this comes at the risk of modifying the speed of gravitational waves ¢y, which
in the original mimetic gravity model is identically equivalent to the speed of light, ¢ = 1. Enforcing
that ¢r remains equal to the speed of light when considering the mimetic model of (6.3), to satisfy the
experimental GW170817/GRB17081A constraint will strongly constrain the Lagrangian parameters.
We will discuss these issues in detail and begin by computing the sound speed ¢, and the gravitational
wave speed cr.

6.3.1 Scalar perturbations

In this section, we derive the scalar perturbations around a flat FLRW line element. We consider the
Newtonian gauge, and therefore the metric form (1.55)

ds® = — [1+ 20(t, D)) dt? + a(t)? [1 + 20(t, )] 6, da’da? . (6.18)
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We perturb the mimetic field and the Lagrange multiplier field as follows
p=t+00(t,T), A= X(t)+ N\ (t,7), (6.19)

where [0¢/t], |\ /A < 1. The mimetic constraint yields

U =§¢, (6.20)
and the i # j components of the perturbed field equations (6.4) give
s g -

(1- )@+ SHI6— (a -5 —1)d6=0. (6.21)

By substituting this result into any of the ¢j components of (6.4) leads to

Cg(pm + Pm)
B -

- . . 02 9 a02
56+ Héh+ |H + ]5¢—a—;v(5¢:—5_37<pm+13m)vm,

(6.22)

where vy, is the matter velocity, and the squared speed of sound

2= 2(8 =)(a—1) : (6.23)
o —p-2)4—4a -+ 37)
Recall that we defined p, and P, to include both the baryonic matter and radiation components,
although, in principle, one could separate them in the above discussion. In fact, the term (py, + pm)vm
should really be considered as a sum over the baryonic matter and radiation contributions. Notice also
that in the limit & = 0,8 = 0 and v — —2v we find the results of [44]. Notice finally that these results
are independent of the choice of the field potential V.
The computation has been carried on with xAct, with the methods explained in Appendix A. The
only additional step is to enforce the mimetic constraint (6.20). This can be done creating a rule with
the MakeRule command, and automatically enforcing the rule with AutomaticRules

MimeticConstraint=MakeRule[{¢h [LI[1],LI[0]], ¢[LI[1], LI[1]11}]
AutomaticRules[¢h,MimeticConstraint]

Note that we should do the same also for the second derivative d¢
MimeticConstraint2=MakeRule[{¢h[LI[1],LI[1]], ¢[LI[1], LI[2]]}]
AutomaticRules[¢h,MimeticConstraint2]

In both cases, for each object, the first LI[1] denotes the order of perturbation, while the second is the
order of the time derivative applied to the object. To substitute the occurrences of the background field
¢, we can proceed the same way or use the Mathematica rule at the end of the computation, i.e., /.
commands.

6.3.2 Tensor perturbations
Consider the tensor perturbations. The line-element we consider is the TT-gauge metric (1.57)
ds® = —dt* + a(t)*(1 + Ey)da* + 2a(t)* Exdzdy + a(t)*(1 — B, )dy* + a(t)?dz* . (6.24)

By inserting this into the Einstein equations and by using the unperturbed equations, we find the
perturbed equation at the first order, where £ = F, or £ = E
2(1 — 1 0°FE

(1=o) ~0. (6.25)
2 —2a+ Ba(t)? 022

E+3HE —
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From the above, we read off the squared gravitational wave speed

2(1 — )

m . (6.26)

=
The gravitational wave speed is, in general, different from the speed of light. Notice furthermore that
the tensor perturbations are not affected by the presence of standard matter.
We see that to satisfy the recent constraint from GW170817 /GRB17081A, which enforces ¢% ~ 1,
we have to consider |3] < 1. In fact, the requirement that ¢z = 1 forces b to be identically 0. We will
consider further implications of these findings in the next sections.

6.3.3 Ghost and gradient instabilities

In this section, we compute the quadratic action (using xAct) to study the possible ghost and gradient
instabilities of the theory. The analysis of the stability is performed following the discussion in section
4.2, As shown, for instance, in [48], a similar mimetic model has unavoidable scalar gradient instabilities
while ghost instabilities disappear in certain areas of the parameter space. Our case, however, is more
complicated because of the non-minimal coupling to the gravity of the kinetic term X, see (6.3). The
effects of the non-minimal coupling can be spotted by inspecting (6.22), where the speed of sound ¢?
is modulated by the factor (8 — «)~!, but only in the matter sector, i.e. an effective sound speed
o = C2/(B =) appears. If 3 =0 and v > 0 we see that ¢ and ¢ 4 have always opposite signs.

To shed further light on the behaviour of perturbations, we consider the action to quadratic order

in both scalar and tensor perturbations. For the scalar sector, we obtain
1.2 1
S =2(1—-a) / d'z a*H? [—g&ﬁ + (0k09) (0%69) + .. } , (6.27)

where ... stands for terms proportional to d¢d¢ and d¢d¢ which are not important for the stability
analysis. For the tensor sector we obtain

E*> 1 (9E\®

& a2\ 0z

From (6.28), one sees that for tensor perturbations to not suffer from instabilities, we must set o < 1, so
that both terms on the right-hand side of the quadratic action for tensor perturbations appear with the
right sign. However, this choice leads, as can be straightforwardly seen from (6.27), to gradient instability
in the scalar sector and, depending on the sign of ¢?, also to ghost instability. When 8 = a = 0, we
recover the same result of [48], up to some irrelevant normalisation factors. Thus, as suggested also
in this work, the only way to avoid ghost instabilities is to choose ¢? < 0*. By combining (6.16) and
(6.23) we see that, for 8 =0, ¢? and v must have opposite signs. Thus, the conditions @ < 1 and 7 > 0
guarantee that the theory is free from ghost instabilities in both the scalar and tensor sectors, although
gradient instabilities are still present in the scalar sector.

However, as discussed above, the instability might be tamed by the fact that ¢ 4 = ¢2/(6 —7) > 0
when ¢? < 0 and v > 0 in the limit where 8 — 0, i.e., the effective sound speed in the presence of matter
non-minimally coupled to gravity might be positive.

S = 2(1 —a) /d4x a . (6.28)

6.4 Late-time cosmological evolution

The main goal of this section is to find solutions mimicking dark matter and/or dark energy in the late
Universe while respecting observational bounds on the speed of scalar and tensor perturbations. To

*In [48] the quantity (2 — 37)/v corresponds to our c; 2.



6.4. LATE-TIME COSMOLOGICAL EVOLUTION 77

simplify the discussion, we will force the gravitational wave speed ¢y to be identically equal to the speed
of light, ¢ = 1: as we have seen previously, this implies setting the Lagrangian parameter 5 to 0. In
other words, a term of the form V#V*¢V,V,¢ is forbidden from appearing in the action, Eq. (6.3).

6.4.1 Vacuum case

We begin by considering the idealized case of vacuum, where no cosmological matter is present. From
the first equation in (6.16), combined with (6.12) and imposing 8 = 0, we get

6H (1)

4 ¢ 3 ' ! N3 ! !
T 1+3y—4a {a(t)?’ + a(f)g/ V(t)a(t) H(t')dt'| . (6.29)

Thus given a specific form for the scale factor a(t), and therefore a specific form for the Hubble parameter
H (t), it is possible to reconstruct from (6.29) the potential V' as a function of ¢ and therefore of ¢.
The equation of state parameter of the dark fluid can be defined similarly to the standard matter
definition (1.19). Using (6.12) and (6.14) we obtain
P -V

Waf ' = — = — . (630)
pat  V + X —24aH? + (37 — 120)H

Since, as we already mentioned earlier, the future evolution of the Universe is expected to be dominated
by dark energy, we consider the far-future evolutionary history where we neglect the contribution of the
dark matter, setting C' = 0 in (6.29). In this scenario, the wqs is the equation of state parameter of
a dark energy-like component, which we can constraint with the Planck experiment observation [5], in
particular with the values in (2.18).

To describe all the three possible regimes of wgs (cosmological constant-like, quintessence-like, and

phantom-like), we will consider the following choices for the scale factor

a(t) = "1 war = —1, (6.31)
2

£\ TFea

a(t) = (—> " war > —1, (6.32)
to
£ ¢\ 5o

alt) = ( ) “ war < —1, (6.33)
t* — 1o

where £, is the present time for which a(ty) = 1, while t*,¢ < ¢* is the time of the Big Rip [19] (which
emerges within phantom cosmologies, but which can be avoided if a de Sitter Universe is asymptoti-
cally reached [50], or in certain modified gravity theories [51]). Furthermore, we note that the Hubble
parameter H in the case w = —1 is a constant.

Potential for wgr = —1

Consider the scale factor (6.31), where H is constant. By choosing the constant potential:
V(t) =2A, (6.34)
where A is the cosmological constant, from (6.29) we obtain:

4

6H> = ———
4+ 3y —da

(27), (6.35)
which is the solution one would expect for a A-dark energy dominated universe (up to the Newton
constant rescaling factor). Notice that from (6.30) a constant A = 24aH? is needed in order to have
War = —1.
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Potentials for —1 < wgr
Consider an equation of state in the quintessence region. Using the quintessence potential

Vi) =i (%) v (%) , (6.36)

where ¢g = ¢(ty) and V; a constant, we recover the scale factor evolution (6.32). The constant V; follows
from (6.29) and reads

2 wqr
Vole = —=—————(4+ 3y — 4a) . 6.37
0%0 3(1 +wdf)2( 37— da) (6.37)
We see that « is positive when wqr < 0. More specifically, the constraint (2.18) leads to:
420 (4 + 3y — 4a) < Vot < 400, (6.38)
where wgqr = —1 corresponds to the limit Vy — +4o00.

Potentials for wgqr < —1

Finally, we consider the case where the equation of state is phantom. Similarly to the previous case, we
can use a potential of the form

Y t*_tﬂ 2_~ ¢*_¢O ?
V(t)_V()(t*—t) _V“(m—as) ’ (6:39)

where ¢. = ¢(t.) and ¢y = ¢(to), in order to find the scale factor evolution (6.33). From (6.29) we find
that the constant V reads

~ 2 war

Volte —t0)* = —m———(4+ 3y — 4a) 6.40
and therefore i

25800 (4 + 37 — 4a) < Vy(t, —t)? < +o0, (6.41)
where we used (2.18) and wqs = —1 corresponds to the limit Vy — +oc.

6.4.2 Adding radiation, baryons, and dark matter

In this section we numerically solve the system of equations given by the continuity equations for the
cosmological matter (6.11) and the dark fluid (6.15), as well as the second Friedmann equation in (6.16),
using the constant potential V' (t) = 2A, as in (6.34). The numerical analysis has been performed with
the software we coded specifically for this model [52]. We consider the action parameter § = 0 for in
order to ensure ¢ = 1 and hence agreement with GW170817/GRB170817A, and we take ov < 1 and
v > 0 (from the requirements on the stability for 5 & 0) as free parameters. We further impose that
the Planck mass is rescaled to a positive quantity, considering the condition (6.17).
We plot the fractional densities defined as

_ 4 pi(t)
4+3y—4a 6H(t)?’

Q,(t) (6.42)
where the index ¢ can correspond to r (radiation), b (baryonic matter) or df (dark fluid), where the
dark fluid will include dark energy and dark matter, since in general C' # 0 in Eq. (6.13). The factor
in front of the density is needed if we require the fractional densities of all the components (radiation,
baryonic matter, and dark fluid) to sum to one at any time ¢. With this definition, we expect the Q’s
to not depend on the action parameters o and 7.
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As initial conditions we set €,.(ty) = 8 x 1075 and Q4(ty) = 0.0486, in agreement with [5], and
compute the remaining dark fluid density through 1 — Q,.(to) — Qu(to). We evolve the system from a
scale factor @ = 107° (radiation era) to a = 1 (present time).

The evolution we obtain is depicted in Figure 6.1. The fractional densities behave exactly like the
ones of ACDM, with the dark fluid corresponding to the cold dark matter and dark energy of ACDM.
As already mentioned, we obtain the same fractional densities for every value of v and a.

1.0
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0.2
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Figure 6.1: Plot of the evolution of the fractional densities 2, defined in equation (6.42), for the cos-
mological matter components (baryionic matter and radiation) and the dark fluid, and the equation of
state parameter wqe, as functions of the scale factor a.

Let us further analyse how varying o and v affects the age of the Universe, which is given by

Y 443y —da [* da
o atl(a) 0 aHyy /1Y, Qu(a)

where Hy = H (ty), and we have written the integral as a function of the fractional densities as they do
not depend on « and ~. Since the factor in front of the integral is 1 if the action parameters satisfy the
condition 4o = 37 (and therefore also in the case of GR o = v = 0), we expect the value of the age of
the Universe to be different from 1 with a dependence on the action parameters given by

4+ 3v — 4o
to =/ —Z tolya=zy =T tolgeese - (6.44)

Notice that the parameter I is always real because of the condition imposed in Eq. (6.17). We show some
results in Tab. 6.1, where we confirm that Eq. (6.44) is consistent with our numerical results from [52].
The conclusion is that, although the evolution of the fractional densities of the dark fluid corresponds
to the one expected in ACDM, the age of the Universe we predict will, in general, be different unless
4o = 3. In addition to the constraint on 8 from the speed of gravitational waves, constraints on the
Universe’s age can, in principle, be used further to constrain a and ~.
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| o | v | tonumerical [Gyr] | r |
0 0 13.818 1
0.75 1 13.818 1
0.075 0.1 13.818 1
0.1 0.1 13.644 0.99 = 13.644/13.818
0.5 0.1 10.478 0.76 = 10.478/13.818
0 1 18.280 1.32 = 18.280/13.818

Table 6.1: Age of the universe, as function of the action parameters o and 7. The factor I' is defined in
equation (6.44).

0.21

0.1

0.0

Figure 6.2: Contour-plot of I' = \/ (44 3y — 4a)/4 in the a-y parameter space, focusing for definiteness
on the region of parameter space where a,v < O(1). The black, red, and blue lines correspond to
contours of constant [I' = 1.009, I' = 1.000, and I' = 0.991. These values approximately correspond to
the 30 upper limit, best fit, and 30 lower limit on I' respectively, given the constraint I' = 1.000 £ 0.003
which we derive from the 0.3% determination of the age of the Universe from Planck [5]. Notice that
the contours lie along lines of constant 4o — 3, as expected given the functional form of I'.

To get a rough feeling for how constraints on the age of the Universe can restrict the viable a-v
parameter space, we note that the ~ 0.3% determination of the age of the Universe from Planck [5]
can in turn be used to constrain I', leading to the approximate requirement I' = 1.000 = 0.003. This
requirement can be used to set bounds on « and . Focusing for definiteness on the region of parameter
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space where o,y < O(1), in Figure 6.2 we show a contour-plot of I' = /(4 + 3y — 4a)/4 as a function
of a and 7, along with the contours corresponding to I' = 1.009, I' = 1.000, and I' = 0.991. These
values approximately correspond to the 3o upper limit, best fit, and 30 lower limit on I' respectively,
arising from the constraint I' = 1.000 = 0.003. These contours lie along lines of constant values of the
linear combination 4o — 3. Moreover, as expected, we see that limits on the age of the Universe do
not constrain the parameters o and v per se, but rather the “orthogonal” linear combination 4a — 3y
(in this sense, the combination 4ac — 3y can be thought of as a principal component of the system), as
is clear from the functional form of T'.

6.5 Parameter estimation

In this section, we study the implications of the GW170817/GRB170817A bound for mimetic gravity
and confirm that in the original setting of the theory, GWs propagate at the speed of light, hence
ensuring agreement with the recent multi-messenger detection. Performing a Bayesian statistical analysis
where we compare the predictions of the higher-order mimetic model for the speed of GWs against the
observational bound from GW170817/GRB170817A, we derive constraints on the three free parameters
of the theory. Imposing the absence of both ghost instabilities and superluminal propagation of scalar and
tensor perturbations, we find very stringent 95% confidence level upper limits of ~ 7 x 1071 and ~ 4 x
107" on the coupling strengths of Lagrangian terms of the form V#V*¢V,V,¢ and (¢)? respectively,
with ¢ the mimetic field. We finally discuss the implications of the obtained bounds for mimetic theories.
This work presents the first-ever robust comparison of a mimetic theory to observational data.

6.5.1 Scalar and tensor perturbations

We recall the results from the perturbation analysis of the previous sections (6.23) and (6.26) which will
be the theoretical predictions to be used in the Bayesian analysis. They are

2 _ 28 =7)(a—=1)

“ T Ca-F-2)4—4da—B+3y) (6.45)
s 2(1-a)

G = —a s (6.46)

Again, from (6.46) it is clear that 5 # 0 is a necessary condition for obtaining ¢y # 1. We see that
bounds on the GW speed from GW170817 will constrain the parameters o and (3, whereas further
information on the sound speed is necessary in order to put constraints on «. Notice also that, when
a = f8=v=0, we recover ¢ = 0 and ¢2 = 1, in agreement with expectations from the original mimetic
gravity model [40], and in full agreement with the GW170817/GRB170817A detection [11].

Moreover, we also found from the quadratic actions (6.27) and (6.28) that the theory is free of ghosts
only when choosing o« < 1 and v > 0. Heretofore, we shall impose these conditions to ensure the
theoretical consistency of the model. In addition to these conditions ensuring the absence of ghosts,
stability arguments impose the conditions 0 < ¢ < 1 and 0 < ¢% < 1. The upper limit of 1 on ¢? and
2 enforces the absence of superluminal propagation of scalar and tensor modes.

The recent near-simultaneous detection of GW170817 [11] and its optical counterpart GRB170817A
[12], has placed very stringent constraints on dcr, the fractional deviation of the GW speed from the
speed of light. As already discussed in section 5.5 for the Horndeski theory, following [29], we will
consider the following bound

|6er] < 5 x 1071, (6.47)

The bound in (6.47) provides a very stringent constraint on deviations of ¢y from the speed of light.
Imagine for a moment to fix the requirement ¢z = 1. In the context of the mimetic model considered
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(6.3), from (6.46) it follows that ¢z = 1 instead imposes the very stringent constraint 5 = 0. This
implies that a term of the form V#V'¢V,V,¢ is prohibited from appearing in the action. In the
remaining part of the work, we will entertain the possibility of a tiny violation of the constraint ¢z = 1,
in accordance with the the bounds on ¢y provided by (6.47), and explore the implications of this bound
on the parameters of the model.

6.5.2 Analysis methodology

We perform a standard Bayesian statistical analysis, explained in Appendix B (in particular, see Ap-
pendix B.5 about the parameter estimation method), to constrain the three parameters of the extended
mimetic model M (with parameters a, 3, and ) in light of the near-simultaneous GW170817/GRB170817A
detection. The constraint on der of (6.47) can only be used to provide bounds on « and 5 (6.46). The
first part of our analysis is therefore concerned with determining the joint and marginalized posterior
probability distributions of a and 3, in light of observational data d given the constraint on dcp of
(6.47).

We begin by considering the parameters 8 = («, ). To proceed, we need to construct the likelihood
L£(0), consisting of the probability of observing the data d given a choice of model parameters 6:
L(60) = P(d|@). Following (6.47), we model the likelihood as an univariate Gaussian in dcr, centered
around depr =0

P(d|0, M) = L(0) = L(«, 8) = exp {—M} : (6.48)

202
where dcr(a, ), following (6.46), is given by

2(1 — )

der(a, B) = 72018

(6.49)

In (6.48), 05., denotes the uncertainty on dcr, which we estimate as os.,, = 5 X 10716 following (6.47).
Note that from this equation we will omit to explicitly write the model M in the probabilities.

Using Bayes theorem (B.22), we construct the joint posterior distribution of o and S as the product
of the likelihood (6.48) and the prior probability distributions we assign to « and /3. The choice of prior
is dictated by a combination of theoretical and phenomenological considerations. Following our previous
discussion, we firstly impose the requirement of subluminality of tensor perturbations: ¢&(c, 3) < 1.

In the action (6.3), the term multiplying the Riemann tensor is 1+ ¢**'V 6V, = 1+2a X = 1—a.
As this term controls the strength of the effective Newton constant, we must impose its non-negativity,
which implies @ < 1. Notice that, as already discussed in section 6.3.3, requiring the absence of ghosts
led to the condition o < 1. In addition, guided by perturbativity arguments, we expect |a] < O(1),
as in general, it could be problematic to embed a coupling constant |a| > O(1) in the context of a
UV-complete theory of gravity. Guided by these considerations, we choose for simplicity to impose a
top-hat (flat) prior on a within the range [—1,1]. We assess a posteriori that our results are only mildly
affected by other choices of flat prior as long as the upper and lower limits are ~ O(1) in modulo.

Concerning (3, we already know that this parameter is required to be < O(1), for the bound in (6.47)
to be satisfied. Moreover, we see from (6.46) that for 3 < 0, one would obtain ¢2 > 1, which violates
the subluminality requirement. Based on these arguments, we impose a top-hat prior on § within the
range [0, 1]. In conclusion, the joint posterior distribution of o and 5 we sample from is given by

[6CT(a7 5)]2
202

der

P(a, Bld) = exp {— } 0(c3)0(1 — 3)0(1 + a)0(1 — )0 (B)O(1 — 3), (6.50)

where O(z) denotes the Heaviside step function.
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In the second part of the analysis, we include the parameter v as well, which requires additional
information to be taken into account beyond the constraint on der of (6.47). Since «y enters in the
expression for the sound speed ¢4 (6.45), we additionally impose the subluminality of scalar perturba-
tions T. In addition, as already discussed in section 6.3.3, requiring the absence of ghosts leads to the
condition v > 0. Therefore, guided by considerations on the absence of ghosts and perturbativity as per
our previous discussion, we impose a top-hat prior on - within the range [0, 1]. We will later anyway
see that data require v < O(1). In this case, the joint posterior distribution of «, 3, and =, given the
data d, is given by

[5CT<aa ﬂ)]Z
2072

der

P(a, 5,7|d) = exp {— }@(1 +a)0(1 —a)0(B)0(1 - £)0(7)0(1 —7)x

x O(c3)0(1 — c3)0(c2)O(1 — 2) . (6.51)

To sample the posterior distributions (6.50) and (6.51), we make use of Markov Chain Monte Carlo
(MCMC) methods, by implementing the Metropolis-Hastings algorithm introduced in Appendix B.6.2.
We use two methods: a novel software we specifically coded for this analysis [54], and the cosmological
MCMC sampler Montepython [55], configured to act as a generic sampler. In the following, since
we confirmed that the two methods give the same results, we will show the Montephyton results. We
monitor the convergence of the MCMC chains using the Gelman and Rubin parameter R — 1, introduced
in Section B.6.3, which we require to be < 0.01 for the chains to be considered converged.

6.5.3 Results

We first sample the joint o~/ posterior distribution given by (6.50). We show the results in the triangular
plot of Fig. 6.3, whose diagonal contains the marginalized probability distributions of the two parameters.

We find o < 0.55 at 95% confidence level (C.L.), while the marginalized posterior of [ is, as expected,
peaked at B = 0 and falls rapidly as 3 increases, indicating 8 < 5.11 x 107! at 95% C.L.. The reason for
these very tight bounds is readily found by inspecting Eq. (6.46). As 8 moves away from 0 (at fixed «),
% rapidly moves away from 1, and hence the probability density of the given point in («, 3) parameter
space decreases.

Although deviations of ¢y from 1 are controlled mainly by 3, the parameter a does nonetheless
play a role. In fact, from the orientation of the joint a-f5 posterior distribution (lower left panel in
Figure 6.3), we see that the two parameters exhibit a mild negative correlation (also referred to as
parameter degeneracy). That is, it is possible to increase/decrease one parameter and correspondingly
decrease/increase the other, and still maintain consistency with the GW170817 bound on ¢p. This
observation can be rigorously shown by Taylor expanding dcy in the limit of small 5/(2 — 2a)

_ 8\ s
5CT — (]. + 5 _ 20{) —1 b_>_>0 —m . (652)

22«

ol

From (6.52), we see that the more § increases, the more ¢y deviates from 1. Moreover, the smaller « is,
the larger the term 4(1 —«) in Eq. (6.52) is, implying that it is consequently possible to “tolerate” larger
values of # and still be consistent with the deviation of ¢y from 1 allowed by GW170817/GRB170817A.
This explains the mild negative correlation between a and S. From our MCMC chains, we estimate the
correlation coefficient between the two parameters to be &~ —0.40.

" There exist upper limits on the sound speed of dark matter from observations of the CMB and large-scale structure,
which suggest ¢2 < 107107 [53]. However, these bounds are not entirely model-independent: the analysis should be
re-performed in our case by solving the relevant Einstein-Boltzmann equations. Moreover, the propagating scalar mode
in our model does not exclusively mimic dark matter, but a combination of dark matter and dark energy (see [8]). To

be conservative, we have decided not to impose these upper limits on cs.
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Figure 6.3: Triangular plot showing joint and marginalized posterior probability distributions of the
parameters a = a and b = 3, in light of the joint GW170817/GRB170817A detection, and imposing
the subluminality of tensor perturbations and absence of ghosts. The blocks along the diagonal (upper
left and lower right) contain the 1D marginalized posterior distributions of « and § (since the quantity
plotted is a mormalizable probability distribution, the overall scale of these plots is irrelevant, which
is the reason why the y-axes are unit-less). The remaining block (lower left) shows the joint 2D -3
posterior distribution, with 68% C.L. and 95% C.L. credible regions corresponding to the light and dark
blue areas respectively.

Next, we sample the joint a-3-vy posterior probability distribution given by (6.51). We show the
results in the triangular plot of Figure 6.4. Quoting all 95% C.L. upper bounds, we find a@ < 0.27,
B < 718 x 1071, and v < 4.68 x 10715, ¥ To explain the results we find, it is useful to consider the
expression for the sound speed squared, Eq. (6.45), and the combinations of the three parameters a, 3,
and v necessary to keep this quantity positive. It is then quite easy to see that, in the limit where § < «
and v > 0, it is possible to keep ¢ > 0 by requiring that v be smaller than 3, i.e. v < 8 ~ O(10719),
while also having 1 — a > O(107%°) (i.e. « is sufficiently far from 1). In this limit, the sound speed is
approximately given by

(8—")
4—4a—B+3y’

(o, B,7) ~ (6.53)

where the condition v < 3 ~ O(1071%) now ensures that the numerator of Eq. (6.53) is positive, while
the condition (1 — ) > O(107'%) ensures that there are no “accidental cancellations” between the
terms 4(1 — «) and 3y — [ in the denominator which might otherwise make it negative, i.e. that the
denominator is approximately given by 4(a— 1) and hence is always positive since o« < 1. This discussion

i Although there appears to be a mild peak in the posterior distribution of 3, we find that the distribution is consistent
with 8 = 0 at ~ 20. Therefore, as is standard practice in the field, we only quote an upper limit for g instead of a
“detection” of non-zero 3. Recall also that we had chosen the upper and lower limits for our priors based on perturbativity
considerations. We have checked that our results, and in particular the upper limits on 5 on +, are only very marginally
affected (within the same order of magnitude) by other choices for the upper and lower limits of the prior, which still
are O(1) in modulo. We, therefore, consider our results relatively robust against the choice of prior.
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Figure 6.4: As in Figure 6.3, with the addition of the parameter ¢ = v and the further imposition of
subluminality of scalar perturbations.

explains why the upper limit on 7 is approximately of the same order as the upper limit on f, i.e., of
order 107% since 7 is required to be positive (to avoid ghosts) but smaller than 3 (to have ¢ > 0).

The above discussion also suggests that we can expect a strong positive correlation between g and
(since increasing «y requires increasing [ to keep the numerator of (6.53) positive). We find a correlation
coefficient of 0.66 between 8 and v, which is stronger than the already strong correlation we previously
found between v and 5. On the other hand, we find a weaker correlation between o and ~, with a
correlation coefficient of —0.28, induced by the mutual correlations of these two parameters with 5. The
negative correlation between v and 7, and the positive one between § and 7, explain why introducing
the parameter v has respectively tightened and loosened the upper limits we previously derived on v and
f when only considering these two parameters (recall that the upper limit shifted from 0.55 to 0.27 for
a, and from 5.11 x 10715 to 7.18 x 10715 for ). We plot a heatmap of the correlation coefficients between
the three parameters in Figure 6.5, where it is clear that the strongest correlation is that between g and
7, for reasons already discussed previously.
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Figure 6.5: Heatmap of the correlation matrix between the 3 parameters (a = o, b = 3, and ¢ = 7) we
are examining. We visually see that the strongest correlation is that between § and ~, resulting from
the necessity of avoiding ghost instabilities (which requires v > 0) while needing ¢ > 0 (which requires
v < (), as discussed in the text.

6.6 Summary

In this Chapter, we have studied a mimetic model constructed in [46] by breaking the Horndeski structure
of a starting mimetic Horndeski model to achieve a non-zero sound speed. We explored the model in light
of the recent near-simultaneous detection of GW170817/GRB170817A, which implies that the speed of
tensor perturbations cr is extremely close to the speed of light. In light of this constraint, we then
showed how the model could closely mimic dark matter and dark energy evolution.

In this first part, we have found that the stringent constraint on the speed of gravitational waves,
equal to the speed of light up to deviations of order 1 part in 10" [12], severely constrains the Lagrangian
parameter (3, which controls the strength of a term of the form V#V*¢V,V,¢ in the action (6.3). In
the limit where we force cr to be identically equal to the speed of light, 8 = 0 is required. We have
found that the other two Lagrangian parameters o and v lead to a constant rescaling of the Planck
mass, where the unscaled Planck mass of GR is recovered for 3v = 4a.

By considering the addition of radiation and baryonic matter, we have numerically solved the mod-
ified Friedmann equation and shown that the system can closely mimic an evolutionary history of the
Universe consistent with the standard ACDM one at the background level: that is, the mimetic model
in question with 5 = 0 (to comply with constraints from G170817/GRB170817A) can mimic, at the
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background level, dark matter and dark energy consistently with observations. We computed the Uni-
verse’s age and found that the ACDM value for this quantity is recovered when 3y = 4« (which leads
to an unscaled Planck mass) as well as for the trivial case where a = 7 = 0. Therefore, we expect the
approximate relation 3y ~ 4« to hold.

A consideration concerning the stability of the theory is necessary. We have shown that to avoid
ghost instabilities, we need a negative squared sound speed ¢? together with v > 0. However, gradient
instabilities are still present in the scalar sector, but these might be mildened because of the matter
field contributions. The stability issue has been studied in many recent papers, see e.g. [56, 48, 57, 58,
59, 60, 61, 62, 63, 64]. While definitive consensus on the matter is yet to be reached, we notice that
these issues are likely to affect our model as well, thus undermining its theoretical viability. Nonetheless,
solutions to these issues have been proposed, involving direct couplings between higher derivatives of
the mimetic field and curvature, for instance of the form f(O¢) or VFVY R, [59, 60, 64]. Of course,
such terms would be expected to modify the prediction for ¢z we derived in (6.26) and could conflict
with the GW170817/GRB170817A detection.

Finally, in the last section, we have examined, performing quantitative analysis, the status of mimetic
gravity in light of the recent near-simultaneous detection of the GW event GW170817 [11] and its optical
counterpart, the short 7-ray burst GRB170817A [12]. Entertaining the possibility of a tiny violation
of the ¢z = 1 constraint, in agreement with experimental constraints from GW170817/GRB170817A
[12], we have performed a Bayesian statistical analysis to derive observational constraints on the three
free parameters of the model. In particular, we have found that 5 and +, the coefficients of the terms
ViV YV, V,¢ and (Op)? in the action respectively (with ¢ the mimetic field), are subject to the very
stringent constraints 0 < 8 < 7.18 x 1071% and 0 < v < 4.68 x 1071 at 95% confidence level. In light
of these very tight limits, it is tempting to conclude that, to avoid incurring fine-tuning and naturalness
issues, both parameters should be 0. In this case, the gravitational wave speed is identically equivalent
to the speed of light, while the sound speed squared is 1/4(1 — «) and always positive as long as a < 1,
which is required to avoid ghost instabilities. We stress that this work is the first that derives that
robust observational constraints are placed on a mimetic theory.

We conclude with a comment on the smallness of the parameter 3, which might lead to a fine-tuning
problem. When integrated by parts, the relevant term in the action, V#V"¢V ,V,¢, leads to a term
proportional to ¢ (0?¢. In [65] (see also [66, 67]), it was argued that such a term appears when considering
1-loop corrections to the cubic Galileon action. While the analysis of [65] is not directly applicable to
our model, the results tempt us to speculate that the smallness of # might be due to the relevant term
being a quantum correction, with the bare parameter being 5 = 0. However, a detailed analysis of the
issue is well beyond the scope of this paper, and hence we defer it to future work.
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Chapter 7

Introduction to the Effective Field
Theories

In this Chapter, we explain the main properties and features of the standard Effective Field Theory. In
the next Chapter, we will use some of the tools developed in this part, in the context of building an
Effective Field Theory of Gravity.

7.1 Definition

A rough but immediate definition of an Effective Field Theory (EFT) is the following.

The Effective Field Theory is a method to study physics at low energies without worrying
about what happens at higher energy scales.

Usually, the low energy regime is called the infrared (IR) regime, while the high energy one is called
the ultra-violet (UV) regime. The latter high energy scale is described by a constant A, i.e. the energy
E of the processes we are interested in satisfies the relation £ < A. This provides a natural expansion
parameter £/, and the physical processes are computed with an expansion in powers of E'/A. Therefore,
provided the energy of the process always satisfies £ < A, higher order terms are increasingly negligible.
Note that the same argument can be rephrased in terms of the length scale L instead of the energy F,
with an expansion in (L)

A more formal explanation involves the path integrals and the degrees of freedom of the theory. If we
have a known UV theory (ideally the complete theory with all possible degrees of freedom, which provides
a description at any energy scale), we might be interested in the behaviour at low energies without having
to solve the complete theory equations (and usually more complicated) of the UV theory. To study the
IR regime, we can thus use the Effective Field Theory, which prescribes to ”integrate out” the heavy
degrees of freedom from the path integral. Formally, if Syv|[¢;, ¥;] is the UV theory action as a function
of the fields ¢; and ¥, respectively the low and heavy degrees of freedom, the EFT action is

piSerTlod _ / [[ D, eisovionss], (7.1)

J

Note that the UV theory can be known (e.g. in the case of electrodynamic, where the UV theory is
the Quantum Electrodynamic), but also unknown as it happens for gravity. In the following sections,
we will consider some examples of how to build an Effective Field Theory using a different approach
with respect to the path integral one.
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7.2 Electromagnetism

As a first example, we consider Electromagnetism in flat space. We will use the convention ¢ = G = 1.
As already mentioned, in this case, the UV theory is Quantum Electrodynamic (QED), which involves
two fields: the Dirac field and the gauge (Maxwell) field A,. The first field is associated with a fermion,
while the second one describes the photons. The fermion we consider is the electron, which has a mass
m. We can use this mass to define an EF'T energy scale. Since we conventionally fixed ¢ = 1, the energy
scale is given by A = m. Therefore, if the energy E of a process satisfies £ < A = m, we can neglect the
presence of the electrons. This is the first step in building an EFT.

The question which immediately arises now is: how can we find the action (and thus the equations
of motion) of such an EFT?

In the case of Electromagnetism, we can start from the standard classical Maxwell term, i.e.

1
SolA,] = /d4:v (_Z WF’“””) where F.=0,A, —0,A,. (7.2)
Performing the variation of this action we obtain the equations of motion at the zeroth order, the

Maxwell equations

0S50

— = 0,F", 7.3

5 AM P ( )
where 0, = 0/0x”. This is not enough if we want to describe the interactions between the photons at low
energies. The scattering of light by light can be introduced by adding terms with an increasing number
of the gauge field A,,. For example, we can add a term (F),, F ’“’)2, which respects the symmetries of the
UV theory (Lorentz invariance, parity). Indeed we want the UV theory to reduce to the EFT theory as
we lower the energy, and therefore the addition of terms with the same symmetries of the UV theory
can be promoted to be the golden rule to build an EFT.

R1. The Effective Field Theory is built with all the terms which respect the symmetries of
the underlying UV theory.

In the case of Electromagnetism, it turns out that another term respects the symmetries mentioned,
leading to the action

1 N
[ / 4z [—ZFWF“”Jra(FWFW)Qan(FWF“”> +] , (7.4)

where F w = €uvpoeEFP7 (€400 1s the totally antisymmetric Levi-Civita symbol).

Some additional questions arise from this expression: how can we choose the value of the coefficients
a and b7 Since in principle the number of terms we can add to the action are infinite, which terms are
dominant?

The first question can be answered considering again the fact that the UV theory should become the
EFT in the limit of low energies. Therefore

R2. The coefficients of the Effective Field Theory should assume a value such that the
Effective Field Theory is a viable limit of the UV theory in the low energy regime.

Performing this computation for this example, we can find the value of the coefficients in terms of the
fine structure constant o = €2 /47, where e is the charge of the electron. They are
a? Ta?
a= and = —.
90m* 360m?*

(7.5)

The second question answer lies in the expansion in terms of E/\ we mentioned in the previous
section. In fact, consider the dimensionality of the objects we have in our theory. Since ¢ = h =1, the
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mass scale is the inverse of a length scale, i.e. L «~ m~!. Therefore the dimensionality of a Lagrangian
1S

L] =L*-E*. (7.6)
This means that
[F]=L"? and therefore [Al=L"". (7.7)
Moreover
(FF)?]=L"* and therefore [a,b] = L*, (7.8)

which is consistent with the values of @ and b in equation (7.5). In general, any object X which contains
p field tensors F),, and n derivatives of F},, (the derivatives have a dimensionality of L™ «~~ m) has a
dimensionality

[(X] = L%, (7.9)
These objects, in order to be added to the action, must be adjusted in their dimensionality with a
coefficient ay such that (the only possible mass scale is given by the electron mass, i.e. A = m)

[ax] = L% cmd=2m (7.10)
Therefore:

R3. The terms with a large number of field tensors and its derivatives, i.e. large p and n,
are suppressed, and they are less important in a E/m expansion.

The last fact we want to prove is that the action (7.2) is the most general EFT action for the order
m~* of the coefficients, in the case of _electromagnetism.

Firstly note that there is no (F,, F #)! term, because F), ,F" is odd under parity, while the QED is
even. In general, any (F),, F 2 FL with no€ N is mcompatlble with the parity symmetry and therefore
cannot be added to the EFT action. However, terms with even exponents, e.g., (F,,F*")? in action
(7.4), can be considered.

Secondly, although they are of order L® (and therefore dominant with respect to the F'F' terms of
order m® we kept), we can neglect terms like 9FOF. In fact these terms can be eliminated by means of
a field redefinition. For instance, consider a candidate term (with the coefficient with the appropriate
dimensionality, i.e. [ adimensional) 4

ﬁ(‘)“Fwﬁpr” . (7.11)
It is possible to redefine the gauge field as

s
Ay =A, — 8”FI;H, (7.12)
where F7,, is the field tensor defined as F,,, but with the redefined field A, instead of A,. Transforming

2
this term we obtain

s

, 55,
SolAl + 50" FuiodF, = Syl A~ b 55

25A

But the last two terms on the right-hand side of the equation cancel exactly due to the equations of
motion (7.3). This is an example of a more general property:

SOt — b LM E 0P, (7.13)

R4. We can eliminate from the Effective Field Theory action all the terms proportional to
the zeroth-order equations of motion with a field redefinition.

The cases discussed include all the possible additions to the action up to the m™* order in the

coefficients. Therefore the action (7.2) with the coefficients defined in equation (7.5) and without
additional terms (”without the dots”) is the most general EFT theory of order m~* in the coefficients.

Finally, note that the rules we have explained in this section are general of any Effective Field Theory
consistent with its underlying UV theory. In the next section, we will apply these rules to another theory
for which we do not know the underlying UV theory: General Relativity.
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7.3 Gravity

In this section, we will consider the gravity theory. In this context, the EFT can be used as a framework
to parametrize possible deviations from General Relativity.

As already mentioned, we have no high energy (UV) theory for gravity. This means that we can not
proceed as in the previous example, where the UV theory was very well known. However, we can still
use the rules derived for the Electromagnetism case: we need to identify a low energy degree of freedom
(and thus an energy scale) and write down the most general Lagrangian which is consistent with the
symmetries we might expect for the theory (R1). It is reasonable to assume diffeomorphism invariance
(covariance) and parity will be the symmetries of the UV theory.

We will also exploit the third rule R3 and write the Lagrangian as an expansion in terms with
increasing mass dimension such that the lower order terms in this expansion are dominant with respect
to the higher ones. This is valid only if we want to describe a system that involves energies smaller than
the UV scale A. For instance, if the aim is to study the gravitational waves, the UV scale can be set to
be A™! 2 1 km. However, the UV scale is usually the Planck mass, i.e. A = M, = 1/87G.

With these rules, we can write the Lagrangian with no matter terms as

M2
SEFT = /d41'\/ —g {Tp (R —2A\) + aR? + bR, R" +cG+...|, (7.14)

where A is a constant, and the dots stand for terms of order (in the curvature tensors) higher than two.
The G is the Gauss-Bonnet term defined as

G = R — 4R, R" + R, R"" . (7.15)

Therefore, the action (7.14) involves the presence of all the curvature tensors, which are covariant and
even under parity. These terms are all the possible terms that can be added that have four derivatives.
Note also that the Weyl tensor can be added to this action with a suitable combination of the terms
in the action, i.e. choosing a, b, and c¢. The zeroth-order equations of motion are given by the Einstein
vacuum equations in the presence of a cosmological constant

R, =Ag . (7.16)

To find the order of the terms in the action in terms of the energy scale \, we can start again from
the dimensionality of the Lagrangian (7.6)

L] =L*. (7.17)
Since by definition the Ricci scalar contains two derivatives (each with dimensionality A), i.e.

[R] = L2, (7.18)
from the first term we can find the metric dimensionality as

(9u] = L°. (7.19)
Moreover, the second order terms in the curvature tensors have

[R*] =L, (7.20)

and therefore the coefficients a,b and ¢ are dimensionless. Terms with three curvature tensors would
have a coefficient energy scale of A=2. We will consider the energy scale A\ = M;.

When A = 0, from the second rule R2, we can eliminate the terms R? and R, R" with a field
redefinition, as they are proportional to the equations of motion. The same cancellation can occur when
A # 0, allowing for a redefinition of the constant and the Planck mass M,,.
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Therefore, the only remaining term at the second order in the curvature tensors is the Gauss—Bonnet
term. But the variation of the Gauss—Bonnet term with respect to the metric

1 6(v/—99)
V=9 9w

and therefore G does not contribute to the equations of motion.

Therefore, with a field redefinition, we can eliminate all terms at second order in the curvature tensor
(terms with four derivatives). Thus the only EFT contribution should come from terms with three
curvature tensors (six derivatives), with a suppression of A72. Is there a way to avoid this conclusion?

One way might be to consider a space-time dimension d > 4, which introduces a new contribution
to the equations of motion coming from the Gauss—Bonnet term. In fact, the Gauss-Bonnet variation
with respect to the metric is a total derivative only for d < 4. Note that, due to the Lovelock theorem,
the equations of motion will still be at 2"¢ order.

Another way in d = 4 is to add matter (which we neglected in the previous discussion), in terms of
a scalar field ¢. The EFT action (up to a field redefinition) is

= total derivative, (7.21)

Sgrr = 52 + 54, (7.22)
2
S, = / dry/=g [%R _X- v<¢>] | (7.23)

5= [ dov=g | 10)x* + 016 . (7.24)

where X = 0"¢0,¢. The actions Sy and S, contain respectively terms with 0 or 2 derivatives and
terms with 4 derivatives. The equations of motion of this theory will be at second order. Note that
the Gauss-Bonnet term, even if we are in d = 4, contributes to the equations of motion due to the
non-constant coupling g(¢).

7.4 Conclusion

The Effective Field Theory is a powerful tool to study the properties of a physical system at a low energy
regime, without considering the high energy effects. The practical rules are summarized here.

R1. The Effective Field Theory is bwilt with all the terms which respect the symmetries of
the underlying UV theory.

R2. The coefficients of the Effective Field Theory should assume a value such that the
Effective Field Theory is a viable limit of the UV theory in the low energy regime.

R3. The terms with a large number of field tensors and their deriwatives, i.e. large p and n,
are suppressed, and they are less important in a FE/m expansion.

R4. We can eliminate from the Effective Field Theory action all the terms proportional to
the zeroth-order equations of motion with a field redefinition.

In the next Chapter, we introduce an Effective Field Theory useful for cosmological applications such
as dark energy and inflation phenomena. We will argue that this effective field theory since it follows
the aforementioned rules.
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Chapter 8

The Effective Field Theory of Gravity

In this Chapter we introduce the Effective Field Theory of Gravity (EFT) using a non-covariant ap-
proach, that consists in breaking the time diffeomorphism of standard general relativity theories. This
procedure allows us to build an effective Lagrangian given a certain energy scale that depends on the
problem (e.g., inflation or late universe evolution). With this theory, we introduce a model-independent
way to describes Modified Gravity deviations from General Relativity in the context of cosmology. This
approach can therefore be efficiently applied for numerical evaluations of linear and non-linear pertur-
bations. You can then map the covariant Modified Gravity model (in the sense of the previous Part)
into the EFT to constraint it, without the need to perform a new analysis.

We firstly introduce the concept of spontaneous symmetry breaking in a simple case using a toy
model. Then, we will build the effective Lagrangian using this tool. The derivation resembles the one
in [68, 69, 70, 71].

8.1 Spontaneous symmetry breaking

In this section we introduce the spontaneous symmetry breaking, starting from an example. We in-
troduce the Lagrangian for a complex scalar field ¢ with the addition of a massless U(1) gauge field
A

o

L=—(0,+1eA,)p" (0" —ieA")p — EFWF’“’ —V(e), (8.1)
where F),, is the standard electromagnetic tensor defined as
F.=0,A,-0,A,, (8.2)
and the potential is the so-called "Mexican hat” potential

V(g) =—p2|g]* + g . (8.3)

Note that for u? < 0, the potential is a standard parabola. From now on we will consider only the case
p? > 0.

In the Lagrangian (8.1), with respect to a photon-free theory (e.g. the Lagrangian £ = —0,¢*0"¢ —
V(p¢*) of a single complex scalar field) the partial derivative seems to be substituted by 0, + ieA,.
This term is usually called the covariant derivative of the gauge theory and has the same function of
counterpart of General Relativity, that is, to eliminate unpleasant terms which arise when we differentiate
the coefficient of a coordinate transformation.

The Lagrangian (8.1) is invariant under U(1) symmetry of both the scalar and the gauge field.
Explicitly, the transformation is

) 1
o — em(@(ﬁ A, — A+ Eﬁua(x) , (8.4)

97



98 CHAPTER 8. THE EFFECTIVE FIELD THEORY OF GRAVITY

where a(z) is a generic function of the spacetime coordinate z*, and therefore this is a local trans-
formation. This symmetry is also a gauge symmetry because applying the transformation we go to
another physical state that is mathematically equivalent to the starting one., i.e. the states connected
by a gauge symmetry are physically the same. This translates into a mathematical redundancy of the
description of the physical reality. This feature of gauge transformations gives us the freedom to fiz the
gauge, in a procedure called gauge firing, where we choose one representative from the set of physically
equivalent states. The definition of the gauge fixing condition becomes part of the theory itself, at the
price of breaking the gauge symmetry in the theory. But, again, since the gauge symmetry is only a
mathematical symmetry, the physical description does not lose generality. Notable examples are the
Coulomb or Lorentz gauges in the theory of electromagnetism. In our example, gauge fixing requires to
specify the transformation function «o(z) in (8.4).

The Mexican hat potential (8.3) has one unstable state for ¢(z) = 0, and a continuous set of stable
states defined by the minimum of the potential, that is at

2

. B
¢¢—ﬁ

Therefore this theory has an infinite number of possible vacuum states, and each of them has the same
probability to be the ground state. This is the core of symmetry breaking: we are forced to a ground
state that does not have the symmetry of ¢(z) = 0.

We can expand the field around the ground state v

o(x) = [r(x) + 0] @) (8.6)

where 0(x) is a scalar field associated to the degree of freedom associated with the rotation of the vacuum
state, that does not require any energy: 7(x) is a scalar field associated to the oscillation around the
vacuum state in the direction orthogonal to the one of 6, which requires energy.

v. (8.5)

V(o)

7/7&]“&\\\§

I
AN

Goldstone mode

Figure 8.1: Plot of the Mexican hat potential (8.3). The Higgs mode is the mode 7 (z) that also climbs
the potential, and therefore its motion requires energy. On the contrary, the #(z) mode has a motion
that does not require energy since is on an equipotential line (the minimum of the hat). Therefore we
expect the first to be a massive mode, and the latter to be massless.
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Substituting this form of the field in the Lagrangian (8.1), we obtain at quadratic order

1
L= _ZFWFW —0%0,00"0 — 0, — A\v*m* + eQUQAZ — 2ev°0,00" T + higher order terms. (8.7)

In this Lagrangian we note that:

e the scalar field 7 appears in the Lagrangian with a mass 2v0v/\ given by the fourth term of £. This
massive boson is usually called Higgs boson;

e the scalar field 6 is a massless field, since in the Lagrangian we have only the kinetic term v29,00"6.
When a symmetry is broken, the Goldstone theorem ensures that a massless boson must always
appear. Because of this, 6 is called Goldstone boson. We will see in a moment that this particle
(in this case) is not physical, and can be removed from the theory fixing the gauge;

e the photon has acquired a mass (fifth term of £), that comes from the interaction between the
photon and the constant part of ¢.

It is worth stressing that the appearance of a mass for the photon is, up to now, only a feature of
the field redefinition. Therefore, a question might arise naturally: how is it possible to give photons a
mass with just a mathematical trick? If the photons were described by a Lagrangian with a scalar field
¢ governed by a Mexican hat potential (8.3), this would be the case. In practice, symmetry breaking is
used to give mass to other gauge fields such as the W* and Z° bosons from electroweak theory. From
the theoretical point of view, we are only redefining the fields and adjusting our physical interpretation
of them. Although we always write about symmetry breaking, a more correct definition would be hidden
symmetry, since the new Lagrangian (8.7) is still invariant under U(1) symmetry (8.4), but the latter is
hidden in the redefinition of the fields.

The next step is to fix the gauge, which shows that the Goldstone boson is non-physical. If we
consider the gauge fixing condition o = —6 we obtain the following gauge fixed transformation

b =) Ay = A, — é@,ﬁ(m) | (8.9)

This is the same as considering 6(z) = 0, as can be easily seen applying the gauge fixed transformation
(8.8) to the field definition (8.6). This gauge, where the Goldstone boson disappears, is usually called
the unitary gauge. It removes the U(1) symmetry from the Lagrangian (8.7), together with the scalar
field 6(z). So, the gauge-fixed Lagrangian is

1
L= _ZFWFW — 9wt — AN + ezvai + higher order terms. (8.9)

The removal of the Goldstone boson, while the massive boson is still present, is called Higgs mecha-
nism. This is the reason why this process is usually explained as the Goldstone boson being ”eaten”
to give the photon a mass. Explicitly, we are converting the scalar degree of freedom of the Goldstone
boson with the new longitudinal degree of freedom of the photon, arising from the appearance of mass.

There is a way to restore the symmetry, that we have removed with the unitary gauge, that is to
force the inverse (8.8) transformation, i.e. by performing the transformation

‘ 1
¢ — €@ Ay = Ay + ~0,0(x) (8.10)

on the Lagrangian (8.9). The Lagrangian symmetry U(1) is restored, and the Goldstone boson 6(x)
reappears. This procedure is called Stueckelberg trick.



100 CHAPTER 8. THE EFFECTIVE FIELD THEORY OF GRAVITY

Another interesting similar case happens when we are dealing with a Lagrangian without a photon,
e.g., L (8.1) without A,
L=-0,0"0"6—V(0). (8.11)

This is invariant only under the global U(1) gauge transformation
¢ — einS, (812)

where w is a constant (compare with the local transformation (8.4), where the exponent is a function of
spacetime position). The minimum of the potential is instead the same of the previous case.
In this case, using the same redefinition of the field ¢ (8.6), we obtain the Lagrangian

L = —0v%9,00"0 — 0,71 — 4 v*1* — 2ev°0,00" T + higher order terms. (8.13)

This Lagrangian is now non-reducible in the sense that we do not have any gauge symmetry to fix to
remove the Goldstone boson. The w is a constant and therefore it can not eliminate 6(x), for every z*,
as happened with the gauge condition a(x) = —6(x) in the previous case. Therefore, the Goldstone
boson in this case is a physical degree of freedom.

From this example, we can appreciate the difference between global and local symmetries. The Higgs
mechanism can occur only in the presence of a local gauge* symmetry.

In Figure 8.2 we show a scheme of the spontaneous symmetry breaking mechanism.

Acmodel

massless photon A,
, and U(1) symmetry:
— i0(x)

¢ = [r(z) +v]e Ay = Ay + Oua(z)
Qb N eza(L)(b

Same L, up to fields
rescaling

Broken U(1) symmetry

Goldstone boson ¢, Goldstone boson ¢ reappears

massive photon A4, and U(1) restored
and massive boson 7

Fix unitary gauge Stueckelberg trick
A, — A, — éaﬂﬂ(:c) A, — A+ %auﬁ(x)
¢ — pe0) Massive boson 7 and ¢ — o

massive photon A,
(no U(1) symmetry)

Figure 8.2: Scheme of the spontaneous symmetry breaking mechanism. The field rescaling we are
considering is the inverse procedure needed to go from the Lagrangian (8.7) to (8.1).

8.2 Towards an Effective Field Theory of Gravity

In this section, we proceed towards the definition of the action of the non-covariant Effective Field Theory
of Gravity. We call it non-covariant because we spontaneously break the space-time diffeomorphism in
the time sector only, leaving the space diffeomorphism unbroken. With this procedure, we generate a

*The gauge adjective for a local symmetry is redundant. To be physically viable, local symmetries must always be gauge
symmetries. This can be easily seen considering a generic action: if we perform a local symmetry far from the extremal
points, the path (field) connecting these points changes, and the field that extremized the action might not be the one
that extremized the transformed one. But, if the local symmetry is a gauge symmetry, we are connecting fields that are
physically the same, and therefore all the transformed fields will extremize the action, retaining the determinism of the
theory. This does not happen with global symmetries, because in that case the whole field is shifted, and therefore also
the extremal points.
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theory where we can isolate the terms preserving the remaining spatial translation symmetry, which are
relevant in the description of linear and higher order perturbations. Then, we can then apply an EFT
approach (using the rules of the previous section 7) to build the Lagrangian of the theory as a series of
terms whose order is proportional to their importance at small scales.

We proceed differently with respect to the previous section 8.1. Consider the scheme 8.3, starting
from the upper Lqg: we firstly build the already broken action L.g, considering all the terms that preserve
the space translation symmetry using the ADM formalism, and then provide the ”top-down” procedure
to go from a covariant action £ to the effective one. Then we apply the Stueckelberg trick to restore
time diffeomorphism and work with the Goldstone boson.

Effective Lagrangian »Top-down” approach

Lot 6 = g0+ 00
Stueckelberg trick with broken time diffeomorphism replaced by
t—=t+m(z) and no Goldstone boson w t=1t(¢) or ¢ =0
(broken time
diffeomorphism)
Effective Lagrangian Covariant action
Lot (not functionally equivalent) L ‘
with Goldstone boson m as functional form (model action)
and time diffeomorphism restored might be different

or terms effectively neglected

Figure 8.3: Scheme of the procedure we adopt to build the effective action.

8.2.1 Breaking time shift symmetry

Before building the action, we break time shift-invariance (or time diffeomorphism). We start from
analysing a scalar degree of freedom (that might be the scalar field of a scalar-tensor theory). We
usually perturb the background solution of a scalar field ¢g(t), to let it describe inhomogeneities and
anisotropies, as

Under time diffeomorphism

t—t+£ 7)), (8.15)

the scalar field perturbation d¢ transforms as

59(t, %) — 56 (t,7) — £D,d0(t). (8.16)

Proof. Consider the definition (we omit to write the & dependence to simplify the notation)

5p(t + &%) = d(t + &%) — ot + &) = o(t) — do(t) — 0o = 6(t) — D4y, (8.17)

where in the second equality we use the fact that ¢ is a scalar and we stop at first order since we are
considering an infinitesimal transformation. O

Therefore, d¢ is not a scalar under time diffeomorphism. But we can choose the gauge where d¢ = 0
for every space-time point, that is, ¢(¢,Z) = ¢o(t). This procedure is very similar to the example in the
previous section, where we set the Goldstone boson to be null (unitary gauge). Therefore, we call this
gauge where d¢ = 0 the unitary gauge. The whole analogy is summarized in Table 8.1.
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Section 8.1 Gravity
Symmetry U(1) t—t+¢Y
Gauge fixing condition alr) = —0(x) do(t) = £°0,¢
Goldstone boson 0(z) dp(t, X)
”Photon” A, G

Table 8.1: Table showing the analogy between the model considered in the previous section and the one
we are building for Gravity.

But, how can we say if a theory is spontaneously broken? In the previous section, we had a sponta-
neously broken symmetry only with a certain potential. Similarly, in our case, we need to find theories
where we can break the time diffeomorphism. We know that every symmetry of the metric g, in curved
space-time (remember that g,, is analogous to the photon in the previous case) is generated by a Killing
vector, which gives the direction of the symmetry. More precisely, we are interested in time-like Killing
vectors, to have a physically walkable direction. With a coordinate transformation, we can rotate this
Killing vector in the time direction, and exploit the symmetry breaking mechanism. Notable examples
are FRW and de Sitter, which are not time translation invariant but leaves space translations untouched.

Therefore, with the unitary gauge we set to zero the perturbation of one scalar field, and we are left
with ¢(7,t) = ¢o(t) = ¢(t). We can build a slicing of spacetime with hypersurfaces ¥: ¢(t) = constant.
But, since ¢ is now only a function of time, we can consider a more simple 3: ¢ = constant = t(¢).
Thus, using this slicing with the gauge d¢ = 0, we can build an action where the only fluctuations are
the ones of the metric g,,. In other words, we build an action where the only degrees of freedom left is
given by the metric. In the next section, we will build this Lagrangian.

8.2.2 Which frame?

A question still under debate in cosmology (not only for the Effective Field Theory action) is whether
we should use the Jordan Frame (JF) or the Einstein Frame (EF) to write the action. A possible
explanation on why we might prefer the JF can be found in [72], and we briefly summarize here the
discussion.
We define the JF to be the one in the form

_ / " { f(9)
SJ — d :C\/__g —R+ F(¢7 g;w) + Sm [gw/] ) (818)

167G
where ¢ is a scalar field, f is a generic function of ¢, while F' is a function also of the metric, and
can contain its derivatives. The matter part of the action .S, couples only to the metric g,,. We can
find a transformation of the metric from JF to EF. This transformation is usually conformal, i.e. a
transformation g,, — G = (¢)%g,, which preserves causality (e.g. if the vector is timelike, after the
conformal transformation it is still timelike). The EF is defined as the frame with an action in the form

1 - - -
Sp = / d*z/—g [WRJFF(@@W) + S [0, G (8.19)

where the ~ quantities are in EF; F is still a function of the scalar field and the EF metric, but does
not contain the Ricci scalar, i.e., we separate the R/16wG of standard General Relativity from the other
parts of the action. This feature of EF can greatly simplify the computation of the equation of motion,
because the standard General Relativity term gives always the Einstein tensor G, when we vary the
action with respect to g. Note that due to the transformation from JF to EF, the matter action might
acquire a ¢ dependence.

The latter difference with respect to JF is crucial in describing the matter components. In the EF
the matter fields couple with the scalar field, and their equations of motion will not be independent to
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¢. This is the reason why the JF is usually considered the physical one: the matter in JF is only coupled
with the metric and evolves independently to ¢.

As an example in cosmology [72], consider the standard metric as the one in Einstein frame ds® =
—dt? + a(t)?di*. We can go to JF with a conformal transformation g, — g, = Q(4)?g,. Therefore,
the new metric is given by ds* = —dt* + a(t)*dx?, where a(t) = Q(¢p)a(t). Therefore, also the Hubble
constant H = 1/ada/dt will be different in the EF. In the JF, photons are not coupled with the scalar
field ¢, and therefore we expect the usual redshift definition 1+ z = 1/a to hold only with the scale
factor of JF. Therefore, we must confront the result of experiments with z computed in JF. Similarly,
the Hubble constant we must compare with experiments is the one computed in JF.

For the reasons above, we will use the JF as the physical frame during the construction of the effective
action. This means that in general there will be a function of time (instead of a function of the field,
because ¢ = ¢(t) in unitary gauge) in front of the Ricci scalar. However, it is important to note that, at
least at the classical non-quantum level, if the EF to JF transformation (and vice versa) is conformal,
the two frames must describe the system equivalently.

8.3 Building the Effective Lagrangian

In this section, we build an action with broken time diffeomorphism, i.e., the L.g in the top middle of the
scheme in Figure 8.3. We can add to the Lagrangian all quantities that are invariant under the unbroken
symmetries, that are the spatial diffeomorphisms. Firstly, we study the background action (at zero and
first order in perturbations) adding all the terms which are not redundant, i.e., that cannot be written
in terms of other quantities. Then we add higher order terms in the fluctuations of the quantities from
the background.

The background part of a tensor T is written as its value evaluated on the background 7, and the
perturbation part (out of its background value) as 6T, i.e. T = T©® + §T. A general rule, given the
contraction of two generic tensors G and T’

TG = (T 4+ 6T) (G +6G) =
=TOGO 4 7OSG + GOST 4 5GOT =
= TGO +6G) + GOTO +6T) + 676G — TOGO =
= TG + TG + TGO — TOGO) (8.20)

8.3.1 Background

Action

We start with the background of a flat FRW cosmology, and write the more general time shift (not
necessarily constant) broken action. Some background values are the following

g0 =1, (8.21)
R =2H"h,, — (H* + H)(3n,n, — huw) (8.22)
RO =6 (20 + H) , (8.23)
K = —Hhy, . (8.24)

Due to the symmetries of the FRW metric, every background tensor can be written in terms of the
induced metric h,,,, the normal vector n, and ¢.

To build the action, we consider the following arguments.
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(i) In general, every four-dimensional diffeomorphism invariant quantity is by definition invariant
under spatial diffeomorphism (R, R,.,, R*,,,, gv). This means we can always add spacetime
tensors to the action. Moreover, since any function of time is by definition invariant under space
diffeomorphism, we can add functions of time in front of any part of the action. The simplest
part we can add is a Ricci scalar multiplied by a function of time (see the previous discussion
on Jordan-Einstein frames to know why this function is needed). A trivial observation is that,
since we are building a scalar, we must avoid free indices, and thus we need these tensors to be
contracted with themselves.

(ii) We can also add terms that are the purely time components of four-dimensional tensors. In fact,
we can define a vector normal to the S(a*) = constant hypersurfaces at any spatial point, defined

as usual as (3.2)
n, = —N0,S(z").

When we choose the unitary gauge, and we slice the spacetime with ¢t = constant (i.e. S(z¥) =t =
constant) hypersurfaces, the normal vector becomes

—~
(0.¢]

25

~—

n, =———= = (8.26)

3

Therefore we can always multiply four-dimensional tensors with n, to project the four-dimensional
tensors into their time components. For instance, the metric can be written as n,n,g" = g°.
Since we are building a scalar, the action, we contract every free index with the normal vector and
transform it to a 0 index.

We also recall the definition of the induced metric (3.15) on the three-dimensional hypersurfaces
hyw = g +npn (8.27)
and the fact that h;; = g;.

(iii) Other spatial diffeomorphism invariant quantities are the ADM tensors that we defined in Chapter
3. Among these, there is the extrinsic curvature (3.51)

K,, = —h3V,n, . (8.28)

Any contraction of K, with the normal vector n, is null due to the extrinsic curvature property
(3.52). Therefore it is unnecessary to add n,n, K*” terms to the action. Moreover, the trace of
the extrinsic curvature’

K=K, =—-¢"h}Von, =—g" (6] +nm7)Ven, = =V’n,, (8.29)

is also redundant. We can prove this from the integral
/d4x\/—gf(t)K = —/d4x\/—gf(t)v,,n”
_ /d4x —gn 0, f(t) — /d4:c\/_—g\/—g00 of(t)., (8.30)

where in the second equality we integrate by parts, and in he last equality we use the definition
of n# (8.26). Then we can expand the square root of g% in terms of the perturbation of the
metric from the FRW background value g% = 1 + ¢°°, and thus we can include the K term in a
non-background term.

TIn the derivation, we have used the fact that he, = 67 +nyn® and n*Ven, = 0.
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(iv)

Another ADM tensor which is purely spatial is the 3-dimensional Riemann tensor, i.e. the curva-
ture tensor defined on the constant time hypersurfaces (3.68)

- ®g  X,=D,D,X,—D,D,X,, (8.31)

puv

where D,, is the three-dimension covariant derivative defined in (3.30). If X, in the definition
above is a purely spatial tensor, i.e. X, n* = X#n, = 0, it can be shown that we can rewrite the
three-dimensional derivative in the three-dimensional hypersurface ¥ (and thus using only spatial
indices) as

DiX; = 0;X; — OTt Xy, (8.32)

where the three-dimensional Christoffel symbols are defined using the induced metric on the three-
dimensional hypersurface X, h;;, instead of g,,, i.e.,

1 S
BTk = §h’f (Oihsj + Ojhis — Oshij) - (8.33)

However, we can substitute the three-dimensional Riemann tensor with the Gauss-Codazzi equa-
tion (3.69)
O Rypo = B0 B WG Ry pror + 1 (Kpp Koo — Ko Kop) (8.34)

with tensors that we already discussed.

We might want to include R,,,R**°, R, R" or R? terms to the background action. However
we can re-write the contribution of the first term using the Gauss-Bonnet invariant

G =R?>—4R,,R" + R,,c R"" . (8.35)
Another way is to substitute R,,,, with the Weyl tensor, which has the useful property to be null

at the background.
We are left with terms like R, R* and R?. The first can be rewritten using the rule (8.20)

Ry R™ = 6R,, 6 R + 2RO R — RO RO, (8.36)

The first term is manifestly at second order in perturbation quantities, and therefore it should not
appear in the background action. The last term can be rewritten using the background value of
the Ricci tensor (8.22)

ROROm — 12 <3H4 +H? + 3H2H> : (8.37)

and therefore it will contribute as a function of time, that will appear in the action, not multiplied
by any tensor. The second term of (8.36) is given by, using again (8.22),

ROR™ = 2Hh,, R™ — (H* + H)(3n,m, — hy,)R™

= 2H2(9/w + nny ) R — (H2 + H)Qnu”l/ — G ) R
= —2Hn,n,R" + (3H* + H)R. (8.38)

The last term contributes to the function in front of the Ricci scalar. The first term can be

rearranged using the equation (3.120)

ROO
_ 900

= R"n,n, = V,(Kn" +a") — K, K" + K*. (8.39)



106 CHAPTER 8. THE EFFECTIVE FIELD THEORY OF GRAVITY

The first two terms can be integrated by parts to give
/d4x\/—gf(t)VM(Kn”) = —/d4x\/—gauf(t)Kn“, (8.40)
/d4x\/ —g9f(t)V,at = —/d4$\/—gaﬂf(t)a“ =0, (8.41)

where in the last equation we use n,a* = 0 and 0, f(t) «x n, (being f(t) a purely spatial function).
But we previously showed that the trace can be transformed into a term proportional to d¢°°; and
the term K, K" can be rewritten using the rule (8.20)

KuWK" = 0K, 0 K" + 2K ) K" — KO KO (8.42)

Again, the first term is at second order, and using (8.24) we find that the last term can be included
in a function of time. The term in the middle is given by Kﬁ?,)K“” = —a’Hh,, K" = —a’HK,
that is proportional to the trace K.

The last term to consider is R?, and using the rule (8.20) it is trivial to find that
R?=6R?+2RYR — RORO), (8.43)

Due to (8.23), the last term goes into a function of time; §R? is at second order; and R R is an
additional contribution to the function of time in front of the Ricci scalar.

Finally, note that R is also a redundant term, because of (8.39).
Combining all the arguments above, we write the background action as

]‘53 FIOR = ML) — c(t)g®| + Son, (8.44)

SO — / d*z/—g [

where M, is a constant’. The function A(t) also includes all the terms coming from 77T© terms (e.g.
RORO) . The additional S,, contains all the standard matter fields, which, since we are in Jordan
frame, are independent from the scalar field ¢.

Note that this action is not at zero order in the perturbed quantities, because g% contains also the
first order 6¢g°° term. However, the discussion above proves that this is the most general action at zero
and first order in the perturbed quantities.

Variation of the action

We want to obtain an expression for the functions ¢ and A on a FLRW background. Therefore, when
needed, we will use the background values of the quantities considered. We start varying the action
with respect to the metric ¢g"”. In order to do this computation, consider for notation simplicity the
following Lagrangian from S

L= Agff(t)R —A(t) —c(t)g™| + L . (8.45)

During the computation we will also use

V=9 _ V=g, (8.46)

Sgrv 2

Y This constant does not necessarily need to be the reduced Planck mass \/hc/(87G) at this point. Also note that this
quantity is not the strength of gravity in the o parametrization of Horndeski theories [26].
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The functional derivative of £ with respect to the metric is

51V=9L) _ 6y {%

Sghv S 2

FOR — Alt) c(t)gm] T

M 0 [V=9Lm]
VT | fOR = A0 cla)g®| + 2t (8.47)
and therefore
2 oC M? R

=~ | S HOR - AD  0”] — 2e00 4 MO T (849

Evaluating the last uncomputed term we find

R -
MO = MO o P =
)

= Mf(t)Ry + M2 f(t)g” 5 o [Roo] - (8.49)

The last term of (8.49) can be re-written using a standard General Relativity result.
9" R = 9" 9" [09uoiup — 0Guwiop) - (8.50)
Thus the second term of (8.49) is

M*zf(t)gpaéRpa = M*Qf(t>gw/gpg [5gl/a;up - 5guu;0p]
= —MZ2f(t) [59'/0;”0 — gW(Sg“”?”p} , (8.51)

where we used the relations ¢"*¢?d9,0,,, = —09"°,, and g,,0g"" = —g"’6g,,. Remember that the
Lagrangian is integrated, and therefore we can make an integration by parts and obtain
vV —4 o vV—4 v; vo vV —4 vo ;
TM*Qf(t)gp 5Rpa = TMEf(t) [gw/(sgu ,pp - 59 ;ya} — _TMECSQ [f;ua - guafmp] . (852)

Setting 0L/0g" = 0 and merging the results (8.48), (8.49) and (8.52) we obtain the equations of motion
(fGu = VuVuf 4 gu0f) M2+ (cg™ + A) g — 2666, = T, . (8.53)

We can find the equations for ¢ and A by taking the 00 component of (8.53). We consider the standard
results

Go =3H?, R=-GY=12H*+6H, V,V,f=0,0,f-T%F Of =—f—3Hf. (8.54)
The last two equations are obtained from the background quantities as follows

Of =¢"V, V. f =¢"V,0,f
= glwaual/f - gMVFZuaaf

= _f - gijrgjf
= —f— a_2(5fa2Hf
— j-3mHf. (8.55)

It is also possible to see that V,V,f = 0,0, f — F?W f. Moreover, we define T,, to be the perfect fluid
energy tensor defined as

Ty = (pm + Pn) vy, + Prgu with u, = (1,0,0,0), (8.56)
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that is equivalent to say 7)) = diag(—pm, Pm, P, Py). Since we are in Jordan frame, we also have the
continuity equation
Pm + 3H (pm + Pp) = 0. (8.57)

Using these results we find respectively the 00 component and the trace of the equations of motion (8.53)

302 <H2f+Hf>—c—A:pm, (8.58)
M2 (—3f—9Hf—6fH—12H2f) —2c+ 4N = —p,, + 3P, (8.59)
where we use gff = 0k = 4, ¢"0,0) = g = —1. By solving the first equation (8.58) for A and

substituting the result into the second equation (8.59), and by doing the same solving (8.58) for ¢, we
obtain respectively

=y -ty ((f - fha) (50
A=yt (304 o). 861

Equations of motion of the scalar fluid

We can also recast (8.60) and (8.61) into two Friedmann like equations

2= %M%f [pm et A- 3M3fH} : (8.62)
H:_EMgf [pm+Pm+20+M*2 (f—fH)] 1,. (8.63)

The first can be obtained from (8.61) substituting P, obtained from (8.60), the second using only (8.60).
Making the comparison with the standard Friedmann equations

: 1
H2:§p and H:—g(p%—P), (8.64)

we can define the density and the pressure of the scalar fluid as

pa=c+A—3MfH, (8.65)
Py=—A+M(f+2fH) +ec, (8.66)
and obtain the Friemann equations
1 1
H? == :
1 1
= ——— P, Py . :

The scalar field fluid, as defined in equations (8.65) and (8.66), does not satisfy an homogeneous conti-
nuity equation as the standard matter fluid. Starting from the definitions (8.65) and (8.66), substituting
c and A with the equations (8.60) and (8.61), and eliminating the standard matter density and pressure
with equation (8.57), we indeed find that the left hand side of the following equation is given by

pa+3H (pa+ Py) = 3M?H*f . (8.69)
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Finally, we can rewrite ¢ and A with pg and Py

e = S(pat Pa) + M2~ + ), (3.70)
A= S(pa— i) + g M2(F +57H) (8.71)

and therefore the functions of time ¢ and A are fixed, up to the function f(¢) and its derivatives.
Another possibility is to consider an alternative definition of the energy density and pressure of the
scalar field such that the continuity equation is homogeneous. In fact, if we consider

pa=c+AN—3M2fH +3H*M?(1— f), (8.72)
Pi=c— A+ M(f+2fH)— M*(2H + 3H*)(1 - f), (8.73)
we can write the Friedmann-like equations as

11

2 _

H” = gm([)m+ﬁd)7 (8.74)
. 11

H=—- P P . |

and we can verify that the continuity equation is indeed
pa+3H(pa+ Pa) =0. (8.76)

Moreover ¢ and A with this definitions are

e = (pat P + S M2~ + 1) (8.77)
A= 2 (pu— P+ 5M2(J +57H). (8.78)

The f at the denominator vanishes in equations (8.74) and (8.75), with respect to the equations (8.67)
and (8.68) where we consider the alternative definition of the energy density and pressure of the scalar
field. Finally, if not otherwise stated, we will use these latter definitions for the energy density and
pressure of the scalar field.

8.3.2 Higher order action

The next part in the construction of an effective action is to include higher order terms with an expansion
in perturbation quantities. These quantities are summarized in Table 8.2.

Perturbation quantity 67 ‘ Background value T
5g™ ~1
OR 6(2H? + H)
6[(’[“, _Hh,uu
0K —3H
R =GR 0

Table 8.2: Table of the perturbation quantities introduced in the action at higher order with respect to
the background. The definition of a perturbation quantity is 67 =T — T,

We will consider 3-dimensional quantities because they do not contain higher time derivatives. We
can always transform 4-dimensional quantities into 3-dimensional quantities using the Gauss-Codazzi
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equation (8.34). Moreover, the 3-dimensional Ricci scalar )R is null for the background, and thus it
is already a perturbation quantity.
We can then write the general second-order action as

S — / d*/—gF® [6g™, 6K, 0K, ®R,t] (8.79)

where F® is a function at second order in perturbation quantities that is usually written as

4 3
F(2) — M2 (t) ((5900)2 . m32(t> (SK(SQOO _ mi(t)(éKZ _ 5[(#1/5[(1/“)_’_
~9 — \
+ _m42(5> G R3g™ — m3(t)d K> + —mz(t) GROK + —A;’f) ®IR. (8.80)

8.3.3 Summary

Finally, we explicitly write the total effective action we have constructed in the previous sections as

M ()R - A0 — clt)g+

S=85n+ /d4x\/—g [
M, (¢)
2 —
T5(t A(t
— mi(t)5 K> + —mz( ) 0 psi 4 # G R? + m3(t)h* 9,9°°0, 9"+

2

St t
+ (69°) — —m32( JSK5g% — mi(t)(6 — SK*,0K",) + —m42( ) &) psg

+ higher order terms ] , (8.81)

where ¢ and A are respectively in equations (8.60) and (8.61).

The first line gives the background of the theory, that evolves with the background equations (8.67)
and (8.68). The scalar fluid (e.g. the one describing dark energy at late times) is defined with the
equations for its density (8.65) and pressure (8.66). The second and third lines do not contribute to the
background, but only to the linear perturbations. The third line contains higher order spatial derivatives
with respect to the first and the second line, and, as we will see, contributes with terms proportional
to k?, introducing higher order deviations from the standard linear w = c;k. Note that, if m? # m3,
higher order derivatives can also appear from the second line with terms like k20,. The additional terms
of higher order give higher order perturbations.

The action is sometimes also written in another form, where some terms are collected with a newly
defined function of time (the number of functions of time must be the same)

2
S =Sy + / d'zv/—g [‘]\g FO)R = A(t) = c(t)g™+
M4 ¢ M3 t _ _ M2 t
n 22( )(5900)2 _ 12( )5[((5900 — M3(t)6K* — M3 (t)6K" 6K", + # @ R5g"+

ms(t) Alt)
2

+ 2 G RIK + G R? + m%(t)huyaugooavg00+

+ higher order terms } : (8.82)

Different models (i.e., with different starting covariant actions) are defined by different functions of
time f(t), Mg (¢), ...
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8.4 Top-down construction

Up to now, we built the effective action in the form of (8.82). We must show how to find the functions
of time appearing in the effective Lagrangian. In other words, we want to find how we can specify the
functions of time given a standard covariant action, that is, the right part of the scheme in Figure 8.3.

The key of the procedure is to use the time shift breaking equations. We set do(t, ) = 0 (unitary
gauge), and the time coordinate to be the a function of the field ¢. In this way, we have that only the
metric degrees of freedom must appear in the action. The procedure consists in:

e writing the explicit dependence on the metric of the terms in the covariant action L;
e considering ¢ as a function of time only ¢(¢) (unitary gauge);
e expanding the terms in the perturbations of the quantities appearing.

A trivial example is the kinetic term of a Quintessence field. The procedure consists in

— SOuO(") 0°0(a") = =30 Bun(t) Ducult) = —39%Dudo(t) Dnlt) = —e(0g,  (8.83)

where in the first expression we consider ¢(z") = ¢o(t) + dp(t, ¥), and with the right arrow we go to
the unitary gauge. The function ¢(¢) is only one possible contribution to the ¢(t) function appearing in
the action (8.82). Moreover, g"° might be expanded in its fluctuations using ¢g"° = —1 + §¢°°. Another
example can be the coupling between the Ricci tensor and the kinetic term of a scalar field ¢, that under
this procedure becomes as follow

Du(2”) 9" P2 )R — g" Do (t) Dupo(t) R = g™ O (1) R
= (—=1+69")5(1)(R? 4 6R)
= 32 [-R” — 6R + 6g"5R© + 5¢"3 R)
=3 [-R+06g"6R + R + ¢"RO)] | (8.84)

where: the $2g”R© term also contributes to ¢(t); $2R© to A(t); ¢? = f(t); and $20¢g°°dR is a second
order term. Other examples will be discussed in the next sections.

8.5 Stueckelberg trick

In order to restore the time diffeomorphism and be able to write the equation of motion for the per-
turbation part of the scalar degree of freedom (here called 7), we can use the Stueckelberg trick (see
the left part of the scheme in Figure 8.3). As in section 8.1, we need to force the action to go under
the inverse transformation with respect to the gauge fixing. In our case, we want to force the following
transformation

t—t=t+n(z") =T =a", (8.85)

which can be written in a more compact form
ot — Tt = ot 4 o (x). (8.86)
Under this transformation, a generic function of time transforms as

ft) = ft+m(x) = ft)+oft)n(z)+.... (8.87)
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On the contrary, a scalar quantity (e.g. Ricci scalar R) does not change under this transformation. For
a generic tensor G we apply the usual transformations rule

7 o
ozt oz

G = G = S G = (5;;’ v 5g’au7r> (5;{ n 56’/8,,#) e (8.88)
~ Ozt Oz v
G = G = 5o 5= G = (8% — 840um) (55 — 050,m) G (8.89)

For example, the transformed metric at first order is

g = g = (8 + 8 0um) (87 + 65 o) g =

= gM'V’ + 5g’gau’8a7r + 56/’gau’aa7r7 (8.90)
G = Gurv = (55' - 558;/”) (0, = 00 0uT) g =
= guv — 901/5;/77 - go,u’az/ﬂ' . (891)

The partial derivatives transforms with the following rule

o 917 9
oz 017 dx°

Dyt = = (89, — 65 0im) % : (8.92)

In particular, from equations (8.90)-(8.92) we obtain the transformations

9% = g% +29*°0um, (8.93)
97 =g, (8.94)
9ij = 9ij — 90;0im — goi Oy (8.95)
gio = gio — ioOo™ — GooOiT (8.96)
0o — (1= Gom) O , (8.97)
0; = (67 — 600i) 05 = 0; — (Oim) o - (8.98)

The hypersurfaces quantities (e.g. K,,) do not change covariantly under this transformation. If we
change the time coordinate, we should adjust the foliation of space-time accordingly, and the hypersur-
faces where these quantities are defined change. This means that the transformations of K, and GR
do not obey respectively the tensor transformation (8.89) and the scalar transformations rules, but we
need to derive their form explicitly.

8.5.1 Transformations

We can apply these transformations to the quantities we have in our theory.

Ricci scalar. Consider the Ricci scalar. Since it is a scalar, it does not change under the trans-
formation, i.e. R(t) — R(t) = R(t). But its fluctuation 0R(t) does transform non-trivially. In fact,
consider

SR(t) = 6R(t +7) = R(t + 1) — RO(t + 1) = R(t) — RO(t) — 70,R(t) = 6R(t) — mRO(t), (8.99)

where we have used (8.87) on R in the second equality.
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Extrinsic Curvature. The extrinsic curvature K, does not transform covariantly, and therefore we
must compute the transformed K, explicitly. We begin from the extrinsic curvature property (3.58)

- V,n, =K, +na,, (8.100)

i.e., the covariant derivative of the normal vector to the hypersurfaces ¥ can be decomposed into a part
which is tangential to ¥ (the K, term, because n*K,, = 0) and a part normal to ¥ (given by n,a,,
since n*n,a, = —a,). Therefore

1 o

where we have used the definition of the normal vector (8.26). But

KU = —Vm] = _81713 + ngno = - (8101>

1 1 1
= =3V —g" (gij,o — gio,j — gjO,i) ) (8-102)

\/W gy 2\/@9 (g’to’,] + g]a,z gzg,o) 2

where the second equality comes from the fact that terms like ¢%%g,;. ; are at second order, because the
metric is diagonal and does not depend on space coordinates on the background. From (8.93)-(8.98) we
have

1
Ki; —>§ \/—900 — 29200, [(1 — 9om) Oo(gij — 9o — goi0ym)+
— (05 = (9;m)) (gio — gioOom — goo0im) — (9; — (8im)D) (gjo — gjodo™ — goody)] . (8.103)

Since we want an expression at first order, knowing that ¢° and 7 are small quantities (e.g., in the sum
g0, the only term at first order is g°°0y7), we can expand the square root at first order

V=% = /=% — 29900, ~ \/—gP\/1 +20p7 = /—g% (1 +7) (8.104)

and simplify the expression

—_

Kij = 5V =g" (1 +7) [(1 = 7) Dogij — 05 (gio — Goo0im) — 0; (gjo — Goo0jm)| =

2
- %\/j(l +7) [(1 = 7) Qogis — (93910 + 0;0;m) — (Digjo + 0:0;m)] =
= %\/j[ﬁogij — 0;9i0 — 0igjo] — 0i0;m =
= K;; — 0;0;~, (8.105)
where in the first equality we use the fact that ¢°0 = —1 at first order, while in the second equality we

commute the partial derivatives.
The trace K can be computed tracing the transformed extrinsic curvature (8.105). We obtain

- . 1
K =gk — K — ¢79,0;m = K — — &, (8.106)
a

where we consider (8.94), defined 9> = 9'0;. In the last equality we use the background value g(®%
instead of the complete value of g = ¢g(©% + §¢* because 7 is already at first order. We will repeatedly
use this trick in the next computations, omitting to specify its use every time. Using the transformation
of the Hubble parameter

H(t) = H(t+nr)=H(t)+ H(t)r, (8.107)
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computed using equation (8.87), we can find the transformation of the extrinsic curvature tensor Kj;
0K (1) = Kiy(t) — K$(8) = Kiy(t) + H()hyy — Kyt + ) + H(t +7m)hy
= Kl](t) — 8i8j7r + H(t)hl] + Hﬂ'hl‘j

where we also use the fact that at first order the h;; = g;; transforms in itself, as we can see from equation
(8.95). Similarly to what we did for the Ricci scalar fluctuations in (8.99), the extrinsic curvature trace
fluctuations transform as

SK(t)=K(t) — KO —» Kt +n) — KO +7)
= K(t+n)— KO®%) — 78, KO (t)

= K(t) - KO() — %8%? +3rH
a
1 .
= 0K(t) — 98% +37H . (8.109)

Normal vector. Consider the normal vector general definition (8.25),

0,5(x")

n, = — , (8.110)
V' =970,5(2")0,5 (a)
where we explicitly write the normalization term N. The normal vector transforms as
9,8(z" ox”
My = iy = LS = (1 —7) — 9,1 (8.111)

V9S50
where we used the equations (8.87) (for S(z¥) = S(t) =t), (8.90) and (8.92). The result is the same as
in [73].

Three-dimensional Ricci scalar. Consider (3.113) for the three-dimensional Ricci scalar
®R =R+ 2R"n,n, + K"K,, — K*. (8.112)

The quantities on the right hand side of the equation already have known transformations. The Ricci

scalar R transforms into itself
R— R, (8.113)

as it is a scalar quantity. The second terms transformation at first order is given by
2R"n,n, — 2R" [n,(1 —7) — O,m| [n,(1 — ) — O] =
=2R"n,n, (1 —27) — 2R"n,0,m — 2R"'n,0,m =
= 2R"n,n, — 4R nognert — 4ARPngi =
=2R"n,n, . (8.114)
Therefore this term does not change under the transformation at first order. The third and fourth terms
of equation (8.112) transform with (8.105) and (8.106). In particular, the third term have the following
transformation
K"K, = Kinij = girgjsKrsKij — g7y’ (Krs — 0,05m) (K5 — 0;0;m) =
= KYK;; — 29" ¢g"* K" 0,0,
= Kinij — 2(5"(5”@*4 (—Hhrs) 81»8j7r

iy H
= KZ]Kij + 2—28271' s (8115)
a
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where we recall the definition 92 = 9,0°. The fourth term transformation is
1 1 K H
K? — (K - —2827r) (K - —2827r> = K? - 20’1 = K* 4+ 2—58n. (8.116)
a a a a
Using all the results above, we obtain the final transformation

H
R OR4+ 4¥82w : (8.117)

8.5.2 Summary of the transformations.

Using the Stueckelberg trick transformation
zt — T = ot + ofm(x), (8.118)

we can restore the time diffeomorphism in the action, i.e., we go from the unitary gauge, where no
Goldstone boson appears, to a gauge where this appears explicitly. The Goldstone boson is the 7
appearing in the transformation, which is different from the scalar field ¢ of the covariant action (see
note below).

The important quantities transform under this transformation (at first order) as follows

f=f+fr (8.119)

d" = ¢" 4290, (8.120)

6R — 6R — nR© (8.121)

(SKij — (5sz + Hﬂ'hij — &-ajﬂ (8122)

1 .

§K — 0K — ﬁa%r +37H (8.123)
H

®R— OR+4=50°r (8.124)
a

(3)Rij — (3)Rij + H(aza]ﬂ' + 5ij827r) s (8125)

where 9% = 0;0'. The last transformation has not been derived, and is added for completeness even if
is not strictly necessary, as this terms does not appear in the EFT action (8.81). Starting again from a
convenient form of the Gauss-Codazzi equation, its derivation is similar to the previous ones.

The functional inequality in the scheme in Figure 8.3 is given by the fact that going from the covariant
action to the unitary gauge Lagrangian we are neglecting higher order terms in the fluctuations 67" of
the quantities we consider. This means that, even if we restore the symmetry by abandoning the unitary
gauge, we are only transforming the low order parts of the action. In principle, the covariant action and
the non-unitary gauge effective Lagrangian would be the same if we consider all the higher order terms
(up to the infinite order), but this is unnecessary if we aim to build an effective theory. This is similar
to what happens for standard Effective Field Theories in Chapter 7, where the effective action only
capture the small energy regime of the UV complete theory (rule R3), and in principle, the equivalence
can be restored only considering the infinite terms in the expansion.

8.6 Perturbation equations

Once we have all the Stueckelberg transformations, we can find the perturbation equations for a general
effective Lagrangian. Since the computation is lengthy but straightforward, we omit the computations
and show only the results. We will follow the procedure of [70]. Before stating the procedure, we define

¥ A complete derivation of the perturbation equations for the other matter components (standard matter, radiation,
neutrinos) can instead be found in [74].
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the perturbed line element. If we consider four scalar fields ®, ¥, B and E we can write the most general
perturbed line element at first order as

ds® = — (14 2®)dt* — 20,B dtdx’ + a(t) [(1 — 2W)dy; + 2xi;] dv'da’ . (8.126)

Here y;; is traceless quantity which can be rewritten in terms of the scalar field E as x;; = (0,0; —
%5”»82)E. We can also write the extrinsic curvature and the three-dimensional Ricci tensor on this
equal-time hypersurfaces as

Kij = e™*(H = W)hi; + x5 — 0,0, B, (8.127)
ORij = 0:0;¥ + 6,0°V + 20,00 x;} — 0°xij - (8.128)

These quantities are two geometrical objects different from the K;; and (3)Rz-j defined in unitary gauge
since when we abandon the unitary gauge with the Stueckelberg trick we are restoring the time diffeo-
morphism invariance of the action, obtaining new equal-time hypersurfaces.

Another definition we need is the one related to the perturbation of the stress-energy tensor. We
define

T% = —(pm + 6pm) (8.129)
T°% = (pm + pm)Ov = —a*T", , (8.130)
) . ) 1.

Remember that p,, and p,, are the background energy density and pressure of the standard matter
components. In these definitions we also introduce dp,, and dp,, as their perturbations, v as the (three
dimensional) velocity and o as the scalar anisotropic stress.

The procedure that leads to the perturbation equations consists in rewriting the effective action
(8.81) using the Stueckelberg transformed quantities (8.119)-(8.125). Then we vary the resultant action
with respect to the scalar fields available (7w, ¥, ® B and F). We write the result for the simple case
A = ms = m2 = m2 = 0, that are the terms which make appear derivatives with order higher than two
(see discussion near equation (8.81) about its third line). This case is interesting when we consider the
Horndeski Lagrangian as the covariant action. In Newtonian gauge (i.e. with B = E = 0), we obtain
the following equations (named as the correspondent Einstein equations components):

(i) 00-component

2 . . 2 . .
M? { —2f (%\P +3HV + 3H2c1>) +f (%w +3H?m — 3H(® — 7) — 3(¥ + Hcp)) + 3Hf7r]
. k2 ) .
—(e+ N7+ (2c +4My + 3Hm3) (& — 7) + (m — 4Hm?) —5T+ 3(H® +7H + \p)}
k2
- 4;7%?1(\11 + H7) = 6pp, . (8.132)

(ii) Oi-component:

M2[(Hf — fym + f(® —7) + 2f(H® + W)] — 2em — m3 (& — ) + 4m3(H® + W + Hr)
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(iii) ij-trace component:

Mf{zf {—éz—z@ —U) + (3H% 4+ 2H)® + H(P + 3¥) + \If}

2

[ 2k . .
+f {—§—27T+2HCI>+2H((I>—7%)—(3H2+2H)7r+2\11+<1>—7'%}
a

+ f[-2H7 +2(® — 7)] — f<3>7r} + (A — &)1 +2¢(P — 7)

2
L @ )+ (H () ) 7+ mi]

+A(Hm3) 7+ 4miH7 — [(m3) + 3Hm3] (& — 71) — m3(® — 7)
+4 [H(mi) + 3H*mj + Hmi} O+ 4(m2) VU 4+ 4m2HBHr + ® + 30) + 4m2T = p,,, . (8.134)
(iv) ij-traceless component:
M2 [f(cb —0) 4 fw] +2 [m2 + m2Hnr + (m2) 7] + 2m2(® — i) = 0 | (8.135)

(v) Generalized Poisson equation:

2 . . . .
[(2fM3 +4m)W — (fM? —m3 + 4Hm? — 4Hmi)n] + (6MZ?H?f —6Hc— ¢ — A+ 3miH)T

a?

— (24 AMH7 — (BM2H f — 2¢ — AMD)® — 3M2fT + 3m3(V + HD) = ppdy, - (8.136)

The general version (without considering any EFT functions null) of the first-order perturbation equa-
tions can be found in [70].

8.7 Conclusion

In this Chapter, we derived some general results of the non-covariant EFT of Gravity. The most
important feature of this EFT is its model-independence, namely the fact that, once we apply the ”top-
down” procedure on any covariant theory (with one additional degree of freedom with respect to General
Relativity) and we have the EFT functions appearing in the action (8.81), we can immediately write
the background equations of motion among with the perturbation equations in a model-independent
formalism, ready to be solved with a Boltzmann solver software.

The resulting theory is an Effective theory, in the sense of Chapter 7. To obtain the action, we ex-
panded the action with all the terms which respect the (unbroken) symmetries (rule R1) and considered
the lower energy terms (i.e. lower order in the perturbation) as dominant (rule R3). The higher order
perturbations are non-negligible in the small scales regime (higher energies). Moreover, with the ”top-
down” approach, the coefficients of this expansion come from the underlying UV theory, the covariant
UV complete theory (rule R2). But, again, the EFT of Gravity has an underlying UV complete theory
given by the covariant theory, while the standard EFT for gravity as seen in Chapter 7 is considered a
low energy effective theory of an unknown UV complete theory of gravity (as Maxwell theory is a low
energy regime of Quantum Electrodynamics). In a sense, the EFT of Gravity introduced in this Chapter
should be interpreted as an expansion in perturbations because, as we have seen, it is a useful tool to
extract the perturbations from a covariant theory in a model-independent formalism.

There are indeed some questions left to be answered: how can we be sure that the perturbations are
stable? How can we obtain the EFT functions starting from a covariant action in practice? In the next
Chapters, we will answer the first question through the study of the second-order action using the ADM
formulation. Then we will partially answer the second question with an example in the framework of
the Horndeski theory.
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Chapter 9

Arnowitt—Deser—Misner formulation of the
EFT of Gravity

In this Chapter, we exploit the Hamiltonian (ADM) formulation to obtain the velocity of scalar and
tensor waves in unitary gauge, with the stability conditions for the first order perturbations. The analysis
of the stability is performed following the discussion in section 4.2. The derivation is a more detailed
version of [71].

9.1 Scalar waves velocity - Background action

In this section we want to analyse the background action (8.44) using the ADM formalism and, in
particular, the Hamiltonian formulation of this theory. The metric is the usual ADM metric (3.10)

ds®> = —N2dt* + hij(dazi + N'dt)(da’ + N’dt), (9.1)
where h;; = g;;. We also consider the following form of h;;
hij = az(t)e%éij s (92)

that is, we consider ¢ = ((z") as the field that parametrize h;; scalar perturbations. Our aim is to find
the second order action for this field, in order to study the stability of the models given their action
functions f(t), ... We stress that we should raise and lower indices with h;; and not with d,;, since they
are metric related to two different manifolds.

In the following sections, we follow a derivation similar to the Hamiltonian ADM formulation Section
3.7. We start from the background action and firstly derive the Hamiltonian of this theory, and use it to
find some constraints equations. We use these equations to obtain the value of the velocity of the scalar
perturbations of . Once the procedure has been discussed, we cite the results for the non-background
action (with higher order terms in the effective Lagrangian).

9.1.1 Background action

Consider the background action (8.44) without matter

M2
50 = [[doy=g |2 r0OR - A0 - o)) (93)
We start from the equation (3.112)
R= (S)R + K;},VKMV _ Kl;jKllj _ QVM (Kn:“ + nVV,/n“) , (9.4)

119
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and insert it into the action (9.3). The last term of equation (9.4) can be integrated by parts

M2
2

/ d4x\/_ ( )WV, [Kn* +n"V,n] =2 / d*zV, [\/—_
=2 / d*z\/—g Mf
= /d4x\/_

= 2/d4x\/EN%*2f(t)Ki -

(t )} [Kn# + n'V,nt] =

[0, f()] [Knt +n"V, | =

F@) [KEn® +n"V,n°] =

2 N
2 / d*zvh MT*Qf(t)K, (9.5)

where in the first line we perform an integration by parts; in the second equation we use the fact that
the covariant derivative of the metric is null; in the fourth line we consider n® = 1/N and the normal
vector property (3.25), i.e., n,n"V,n* = 0, from which we obtain that n”V,n* can not have a time
component, i.e. n*V,n’ = 0.

Using this result we can rewrite (9.3) as

SO /d4x\/_N{

where we use g°° = —1/N?. This action can be rewritten as a pure spatial action using K, K" = K;; K"
because K% = 0 for all u. Moreover, the extrinsic curvature is defined in equation (3.51), and can be
rewritten as (3.62)

K
GCR K JKM - K? 2i_
+ + N

—A()+ c(t)%} S (99)

Kij:2§V<DN~|—DN h), (9.7)

where D; is the three-dimensional derivative defined in (3.30), and N and N7 are defined respectively
n (3.5) and (3.8). The action using the ADM formalism becomes

M2
SO = / d%:\/EN{ 5

E/d4$\/—_g£ADM. (98)

K 1
®OR+ KK — K? + 2f— —A(t) + c(t)—} =

fN N2

In this action, we have that h;; appears also with time derivatives through the presence of the extrinsic
curvature (9.7), while time derivatives of N and N* are not present.

9.1.2 Legendre transformation

The canonical momenta of h;; is defined as (3.146)

pl‘7 = aT |:\/ —gcADM} . (99)
]

Again, the time derivative of h;; comes only from the extrinsic curvature, and therefore we can write
(3.147)
aKrs

@h aKrs

ij _

[vV/=9LapM] - (9.10)
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If we rewrite the Lapy as

2 r .
]\g* fl®R+K,;K7 - K*+ 2%5

V—9Lapy = VAN {

AW +c(t)%} -

2 [ o e
— VhN { My | @R 4 1w (KK — KoK + 2280

2 FN

CA() + c(t)%} -

M2l . g F R,
= VhN { “f | R+ (WW™ — W90 Ky K, + of M Hy

2 N

_ AW +c(t)%} C(9.11)

we can easily compute the canonical momenta as

;0K 0 M2 | e i fRIK,

i .mn N * WRIT _ RURSTY KK 2L ] —

p ah‘,\/ﬁaKmn 2f(hh hh)merrfN
ij

o 1 \/ENfM*Q 1S 1T 17 1, ST Kv f hij .
. \/Efo ij ij Jéhij
_——2 [(K —h K)—i-?—N] ) (9-12)

where we computed 0K,/ 81% using the extrinsic curvature equation (9.7). The factors 2 in the second
line comes from the redefinition of dummy indices in the summations.

9.1.3 Hamiltonian action

We now derive the explicit form of the Hamiltonian action, and use the variational principle to derive
the equations of motion. From the definition (3.152), the Hamiltonian is

Hapm = pijhij —+v=9LapMm =

= w [(K@'ﬂ' — hK) + ;%] (2NK;; — D;N; — D;N;) +
-~ \/EN{Aff O R+ K K" —K2+2§% —A+c%} =
= M (2NKYK,;; — 2NK* — 2K" D;N; + 2Kh" D;N;) +
+ %% (2NK,; — D,N, — D;N;) + VhN (A - %) +
— w OR+ K,;K7 - K + 2%%] =
= w (KK — K* — ®R) + VAN (A — %) - %f'hijl)i]\ffr
- M 2K — 2hY K| D;N; =
— w (KK — K2 — ®R) + ViN (A - %) - %JéhﬁDiNﬁ

M? iy iy M? iy iy
— VhD; f2 = (2KY — 2h7K) Nj] +VhD; [fQ = (2KY — 2}#%)} N;, (9.13)
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where we have used several times the symmetry of the extrinsic curvature K;; = Kj;;. We can neglect
the total derivative term (is a total derivative in the three-dimensional hypersurface), and write the
Hamiltonian as

2
HADME/d3yHADM:/d3y\/E{Nf2M (K Kz] K2_ (3)R) (A——)—I—
by b

N2

+D; {ﬂ;@ (2K — thjK)] Nj — wafhijDiNj} : (9.14)

The extrinsic curvature [K;; implicitly contains the dependence on the canonical variables (and N)
through

\/_f : K” [pz‘j _ %phij \/_]]\\[/[2 h”] (9.15)

as can be easily proved by inserting this into the RHS of the p¥ definition (9.12), and find that is indeed
equal to p¥.
From the Hamiltonian theory, we know that we can write the action as

t2 C..
SH = / dt {/ dgyp”hij — HADM} s (916)
t1 by

which is called Hamiltonian action. Our canonical coordinates are h;; and p;;, among with the coordi-
nates N and N°.

Varying the action (9.16) with respect to these four coordinates, we find the Hamilton equations
(3.163)-(3.166)

o
C= M;‘;\];M =0, O = 5§I]f‘vﬁM =0. (9.18)
The first constraint equation is given by
¢= MZ\?M f];p (KK = K2 = OR)+ (A + 55 ) + fN2M2 sy (B = K5) +
— \/_Mde {thijDiNj + f[KY — K] DiNj} : (9.19)
But
% = _hijgf];\ﬂ : (9.20)
K5 (;f) S 021)
%(KUKU) = K”% + KU% = —KNL;f , (9.22)
5(5[;2) QK% K ;f -, (9.23)
and therefore
fN2M2 N (KiyyK" — K?) = KfTM2 (9.24)
_\FM"?&N %f’hiﬂ'DiNj + f[KY — hK] D;N;| =0. (9.25)
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Thus, the result for the variation of N is

_ 6HADM . fM2 i 2 3) f *
O = SN L (KK - K= OR) + (A4 ) + NK (9.26)
The variation with respect to N7 only requires an additional step
M2
f Fh9D;N; = —V/hD; { }+\/_D { ]N (9.27)

and therefore, neglecting the total derivative term and lowering the index j, we obtain

fMz

Again, we stress that even if K;; depends on N* by definition (9.7), in the Hamiltonian formulation Kj;
must be considered as a function of the Hamiltonian variables as in equation (9.15). Therefore, we do
not need to derive K;; with respect to N*.

The final constraint equations are

-fM2 % 2 3) f *
C =155 (KK = K2 = OR) + (A4 ) + NK—O (9.29)
2 . .
Cj = Di | fM (K} = 0K) + == ]} =0. (9.30)

Again, these equations are considered as constraints. In fact, they do not add any evolution information
to N and N' since they do not depend on the time derivatives of these two quantities. They only act
as constraints on the values of A% and p¥, in particular for their initial conditions.

The form of P¥ and Q% is more complex and can be computed using the same procedure as for the
computation of C, i.e. it is necessary to explicitly write p and h" dependences of K;; as in equation
(9.15). Since these results are not required for future discussions, we omit their equations.

Finally, you can recover the General Relativity results of Section 3.7 setting f(¢) = 1 and A(t) =

c(t) =0.

9.1.4 Quadratic action of (

We can also derive the quadratic action for the scalar perturbations introduced with the function ( as
hi; = a*(t)e*d;;. We expand N and N° at first order as

N=14+0N, N; = 0;¢ + Nr,; where D;NL =0. (9.31)

The first definition is natural, since in the case of a t = constant hypersurface, N = 1/1/—¢", that is
1 at first order. The second definition is an expansion of N into two quantities at first order, a scalar
¢ part and a transverse part N, which means that D; Nt = 0. Note that Nj is a purely spatial vector,
and therefore we want Ny = 0, and this means that n9, oc 9y = 0.
We can rewrite the extrinsic curvature tensor and the three-dimensional Ricci tensor using these
definitions. The fist can be computed starting from the equation of the extrinsic curvature (9.7)
K= — (DN+DN h) (9.32)
YT ON ’ '
and evaluate the term in the square brackets. We substitute the three-dimensional metric (9.2),

hij = a*(t)e* 5y, (9.33)
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and the last term of the extrinsic curvature becomes
— iy = — (200 +20%C) X5y = — (2H +20) by (9.34)
The first two terms can be rewritten using the definitions of N and N* in equation (9.31), and we obtain
D;N; 4+ D;N; = D;0;9 + D;0;%) + D;Nr; + DjNrp,; . (9.35)
Using the definition of the three-dimensional covariant derivative (8.32)
Didjp = 9,05 — O3 040, (9.36)

where we used the fact that 0,1 is purely spatial. The three-dimensional Christoffel symbols are given
by

1 S
BTl = Sh* (Oihss + Ojhis — Ouhiy) =

1
= §hksc1262C (20;50;C + 20;50;,C — 20;;05C) =

1
= §hk$ (thsajC + ths@ic - thjasg) -

By substituting this result into (9.36), we obtain

Dzajw = aza]w - 8z¢3JC - @z/x?lg + hijasi/)aSC = Dgaﬂb , (938)
and therefore
1 .
Kij — ﬁ <D1N] + l)]]VZ — hzg)
1 . 1
= {_ <H + C) hij + (0:0;9 — 0100;¢ — 0;90,C + hyj0s100°C) + 3 (D;Nrj+ D;Nr;)| . (9.39)

Moreover, we have
NK} = NW*K;, =
= —h’* (H + C) his + % (DiN{. + D' Nr;) +
+ 17 (0040 — 01pDC — Db + hisDtp D' C) =
= 8 (H+ &= 0,00C) + 5 (DN} + DINy) -
— (PPOC + ) + 0,07, (9.40)
where we have used the fact that D;h;, = 0, and therefore

NK = NK} = —3(H + ¢) + 90'C + D;Ni + 8;0") . (9.41)

In principle the same method can be used to compute the three-dimensional Ricci tensor (3)Rij in
terms of (. Instead, we want to use an alternative method based on the conformal transformations,
using equation (D.8) of [75]

R, =R, — (n—2)V,V,InQ — g,,6"V,V,In Q4+
+(n—=2)(V,InQ)(V, InQ) — (n —2)g,,9" (V,InQ)(V,1InQ). (9.42)
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This formula provides the conformal transformed E’W, i.e. the Ricci tensor built with the conformal
transformed metric g, = Q(2)2g,,, where Q(a*) is the conformal factor; and n is the dimension of the
manifold. Note that the covariant derivatives are built with the connections of the manifold paired with
the metric g,,. In our case, the induced metric form (9.33) can be seen as a conformal transformation
in the three-dimensional hypersurface (n = 3) of the form h;; = Q(2%)%n;;, where the metric n;; = §;;
(restriction of the Minkowski metric) and the conformal factor is Q(z*) = a(t)e€@"). Since we consider
hypersurfaces with ¢ = constant, a(t) is also a constant in the considerations that follow. Therefore,
using the intermediate results

V:InQ =V, In [a(t)e«xk)} = Vi[lna(t) + ¢ = Vi¢ = d,C, (9.43)

where we use the fact that the Christoffel symbols evaluated with 7;; = d;; are null. Since the Ricci
scalar built with a metric n;; = ;; is null, we obtain the result

(S)Rij = —0,0;¢ — 5¢j5kasz + 0;C0;¢ — 5ijakC6kCa (9.45)

and thus

Both the results for the extrinsic curvature (9.39) and the three-dimensional Ricci tensor (9.45) are exact
results.

The next step is to find the relation between 6N, Nk and (. To obtain these relations, we start
from the constraints of the Hamiltonian formulations (9.29) and (9.30). From the second equation, by
substituting the results above (we also use the fact that N = 1+ 6N, or 1/(1 +IN) = 1 —0N), we
obtain the first order expression

9 . 4 M? . .
C; = D; [fM* (K} = 6K) + fé;.] =

2 ; : . M2 i i i s
— D, | M <2 FE—2fHSN — f6N> 0+ 15+ (D;Np + DNy, = 26,D,N;) +
+fM?(9;0') — 6:0,0"¢)] = 0. (9.47)

Consider the last term. The three-dimensional covariant derivative acts with the three-dimensional
Christoffel symbols (9.37), which are first-order quantities since they are proportional to ¢. Therefore,
when we compute the three-dimensional covariant derivatives of quantities that are at first order, if we
want a result at first order, we can simply substitute D; with the partial derivative 0;. Thus, the last
term is

D; [0;0°0 — 6:0,0"¢)] = 8; (0,00 — 510*) = 0, (9.48)

where we have used the commutative property of the partial derivatives. Therefore we are left with the
first line of C}, i.e. the second line of equation (9.47), which satisfies the constraint if we consider

¢
H+

and  NL=0. (9.49)

_ ¢
SN = i

S

These conditions are derived considering the fact that we want independent conditions for our (small
valued) variables N, N} and 1, in terms of . Note again that these conditions are valid only at first
order.

Substituting the results for the three-dimensional Ricci scalar (9.46), the extrinsic curvature (9.39)-
(9.41) (some terms in the KYK;; — K? cancel), and using the conditions just derived, we can rewrite
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the action (9.8) at second order in ¢. The action becomes

SO — / d*z \/E{ <1 + Ai> [—M? fa2e76" (20,0;¢ + 9,¢0;¢) — A] +
0

+ (1+A£0> ) [—3]\/./*2]’ (H+¢)2 —3M2f (H+g') +c] , (9.50)

where we substituted N =1+ 0N =1+ ¢ /Ao. We want to obtain a quadratic action, and therefore
we should expand the term (1 + (/Ag)~" in powers of (/Ay, which is a small quantity, up to the second
order. We obtain

(1 + é/AO) e A% + (/%)2 . (9.51)

We rewrite the action collecting the terms with A%, obtaining

So = /d4x a®e® {—Mffa_Qe_%(Vj (20,0,¢ + 0;€0;C) (1 + Ai) +
0
+ (—A _3M2FH? — 3MZfH + c> +
+ (—A — ¢+ 3M2fH? 4+ 3M?fH — 6 M2 fHA, — 3M? fAO) A£+
0
. 2
+ (—3M3 fA2+6M2fHA)+3M2fAy—3M2fH?* —3M2fH + c) <A£> . (9.52)
0

The term proportional to (¢/A4g)? is

—3M2fA2+6M2fHAy+3M?fAy—3M2fH?* —3M?fH + ¢ =

. 2 .
= —3M2f <H+%> + 3M? <2fH+f> <H+%> — 3M2fH? —3M?*fH + ¢ =
3 L f?
= ZMff7 +c. (9.53)

The other terms can be simplified using the background equations (8.58) and (8.59) (without matter,
since we are using the background action without the matter content), rewritten in the form

302 [H2f+Hf} M2 —¢—A=0, (9.54)

M2 [f'—H2f+2f'H] — 2, (9.55)

where the second equation can be easily obtained substituting A from (8.58) into (8.59). Thus, the term
proportional to ((/Ag)! is, using equation (9.54),

—A—c+3M2fH? + 3M?*fH — 6M2fHAy — 3M?fAy = —6M>fHA, — 3M>2f A, . (9.56)
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We can integrate by parts the last two terms of equation (9.56)

—/d4a;a3 (3¢e3<) M2 <2fH+f> - —/d%cﬁ% (%) M2 (2fH+f') =
/d%éé‘Mﬁj [ 3 <2fH+f)} F bt =
= /d4xe3<a3Mf <6fH2 +5Hf'+2Hf+f> + bt =
- / dz ¥ a3 <6M3 FH? + 6M2Hf — 2c) +hit., (9.57)

where b.t. is a negligible boundary term in the action, and in the last equality we use the background
equation (9.55). We are left with the term proportional to ((/Ag)", i.e., the second line of equation
(9.52) plus the new terms coming from the integration by parts that are now terms at zero order in (/A

— A —3M?fH? —3M?*fH 4+ ¢+ 6M?>fH? + 6M?Hf —2c =0, (9.58)

where the equality comes from the use of the background equation (9.54). After these simplifications,
the action (9.52) becomes

. . . 2
So = /d‘*m 3¢ { — M2 fa 2 %6 (20,0, + 0,C9;0) <1 + A%) + (ZMEJ; +c> (A%) . (9.59)

We analyse the first term
Y = —/d4:r;a e* M2 fa 2 26" (20,0,¢ + 0:¢0;C) (1 + i) =

0

¢

—/d%aMffé” 20;0;C + 2¢0;0;¢ + 9,C0;¢ + 2—— 83&]

-~ / d'w aM? 6 |20,0,C — DCO;C + 2

¢

~0i0¢ (9.60)

where were we neglect higher order terms. In the last equality we integrate by parts the second term
and obtain 2¢0,0;¢ — —20,;¢0;¢ (f and a do not depend on space coordinates). For a similar reason, the
first term 20,0,( is a negligible spatial total derivative term in the action. Moreover, we can evaluate
the last term integrating by parts, in the following way

2M*2/d4xaf ¢ §79;0;¢ = 2Mf/d4xaf5ij8i <A£> 0;¢ =

_ 1 afajc
_2M3/d4 5Ja<dt< A )

= 2M3/d4 wig <aHfajg+afajg+afajg'— i—zafajc> . (9.61)
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Since 6% is symmetric, this implies that

—2Mf/d4a: afiaijaiajg = 2M3/d4x aféio, <i> 9;¢ =
A(] AO
= —Mf/d4x 5ii %6 (aHfajC +afo;¢ — @afajg> . (9.62)
AO AO
Therefore we have
6499;,C0;¢ f .
Y = —/d4a: a3M3fa2—A%J (HAO — A+ ?Ao — A0> =
090,00;,¢ (3f*  Hf |
_ 4. 32 J ) -
= /da:aM*f A2 <4f2+2f i H
090:60;C (3 > f?
_ 4 3 J “aAg2d
= /dxa 247 <4M*f—i—c , (9.63)

where in the last equality we used the background equation (9.55).
Finally, using the results (9.59) and (9.63) above, we can rewrite the background action, quadratic
in the scalar metric perturbation ¢, as

Sy = /d4x a3Ai3 (ZME‘]% + c> {(2 — %&Jaigajg] . (9.64)

The form of the action is similar to the one in section 4.2 where we discuss the stability conditions
for the perturbations. The scalar perturbation speed ¢? = 1, which is the standard General Relativity
result for scalar perturbations in the empty space. This is the reason why, even if the action S© in
equation (9.3) is not at first order in the corrections (it also contains a term proportional to ¢°°), we
call it background equation.

9.2 Scalar waves velocity - Quadratic action

We can now analyse the contribution to ¢? from higher order terms in the action (8.81). In addition to
the background action, we firstly consider the following terms of the action

4 3
S =504 / day/—g [M2T(”(5900)2 — mST(t)éKchOO—
~ 2
—m2(1)(5K? — 6K",5K,) + m4T(t) ®) Rgg™| | (9.65)

where S is the background action. We will see that these terms do not generate spatial derivatives
with orders higher than two. This means that these terms do not introduce corrections with k™, where
n > 2, to the quadratic action of (.

In principle, to find the value of the ¢, we should make the same computation carried above: find
the Hamiltonian action, derive the constraints and the conditions, and in the end, write the action in
terms of (. In practice, we can evaluate only the new terms, since the background terms do not change
their contribution, and find the analogue of the C; constraint (the derivative of the Hamiltonian with
respect to N'), as the sum of a background part and the new part from the new quadratic operators.
After this, we can find the action in the same way as we did for the background action.
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To find the Hamiltonian action we have to compute the canonical momentum p“ for the action
(9.65). We can rewrite the action, using the background values of the operators shown in Table 8.2, as

M (t 3 n2(t
S =504 /d4x\/—g {%(5900)2 + §m§(t)H5900 — 6m2(t)H? + m4T() G R —
- Emg(t)Kijh”(Sgoo +m3(t)(hSh" — RIR K K, — 4mZ(t)HKijh”} : (9.66)

The second line contains the terms that contribute to the canonical momentum. Indeed, using the
definition of p” available in equation (9.9), we obtain

-~ OK 1
pd = pOu 4 0 mn N 4 {——mg(t)K,,qhmagOO +m2(t) (WP hT — WPV Ky Koy — 4mi(t)HK,,qhm}

8hij 8l(mn 2
_ p(())zg . \/T— [_ (%5900 . 4m421H> R 4 Qmi (K” _ h”K)} ) (9.67)

Therefore the action can be computed using the Hamiltonian definition (3.152), as
Haow = Hipy—

3
_Vh { {— <%5900 - 4m§H) hY +2m} (K" — hin)} (2NK;; — D;N; — D;N;) +

2 2
My (t 3 na(t
+ —22( >(5900)2 + §m§(t)HégOO — 6m2(t)H? + _m42( ) G R¢%—
—img(t)Kijh”ngO +mi ) (k" — IR K i Ky — 4mi(t)HKijh”} . (9.68)

Considering that K;; is a function of the Hamiltonian variables p”, h*¥ and N, but not N*, we can
write the constraint

_ OHapm (0) mg 00 2 i 2 (10 i
C; = =C" + D; 76g +4miH 5j+2m4 (Kj—de) =0. (9.69)

ONJ J
We can also rewrite the fluctuation of the 00 component of the metric in terms of N using

o 1 1

9 S TNTT A LoNe >~ —1+20N,  from which we have  dg” = 20N . (9.70)
Therefore
Cj = O + D; [(m3SN +4m2H) 6% + 2m? (K! — 01K)]
= C\ + D; [m3oNS: + 2m? (5K} — 616K)] . (9.71)

From the first line we see that the term 4m?2H (5;- is a background term that does not contribute to
the first order conditions analogous of equations (9.49). The first term and the last term are only
additions to the already evaluated terms in equation (9.47), e.g. the term proportional to 0 N becomes
—(2fH+ f)0N — —(2fH + f — m3)dN and similarly for the term proportional to KJ’: — 5§K. Therefore
we obtain the condition

FM2 —m3
(fM242m3)

6N:% where A:H+2

(9.72)

After this derivation, we can rewrite the total action in terms of { in the previous section after equation
(9.50). We omit the computation since is the same as above, with the addition of new terms in the
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action. Note that Ay must be replaced with A, and therefore some steps for S are not the same as
above, in particular when we substitute for the explicit form of A. We obtain

S = / d*za® [aéz — %ﬂ 5@61.(8)-(] , (9.73)
where

3 (Mff—m§>2

1 4
1 d [2(M2f +2m3)a
ﬁ=—M3f+%E[ ( 1 ) } (9.75)

We can see from the quadratic action that there are no terms with spatial derivatives with order higher
than 2, leaving the dispersion relation in the form w? = ¢2k?, where ¢ = 8/a. A simplified expression
can be obtained using the background equations in addition to the condition m? = 0 = m2, that is

o B _ e §MEPP/f — qmy/(MES) + 5 (i + Hm3) - (0.76)

Tooa e 2MP 4 M2 fR/f — Smidf/ f 4+ dmS/ (M2 f)

As a final note, as expected the ¢? does not depend on the scale, i.e. is independent of k. Adding terms
in the third line of the action (8.81) we can add dependence on the scale since these terms contain higher
order space derivatives.

9.2.1 Redundant operator

In writing the action (9.65), we omitted a possible operator that does not contains spatial derivatives
with order higher than 2, which is

A(t) ( ®R,, K" — % <3>R§K) : (9.77)

This omission does not change the result for the action (9.73), since it can be rewritten at quadratic
order as the operator A ® R§¢g° up to a proportionality factor and some boundary terms.
In order to show this, we will start proving that

A A
/ d*z/—g | AR, K" — 5 GRK + N ®R| =0. (9.78)
The last two terms can be rewritten using the fact that K = -V, n*, as

A A
:/d4x\/_—g 5(3)Rvun“+—(3)R

A A
A pr_ N e
5 RK R oI

— | d*r/=
/xg IN

_ /d4x¢_—g v, (i <3>R) . % O p

b.t.
5 +

Y -_”M_W‘ @p_ A oug ® L (3)
—/dx\/_g 31 DR =T, DR+ = @R 4 b,
) A A
e A ep_ Ay B A ® bt
/ TN/ —g 5N R 5™ V, "R+ 5N R| +

A
= — / d*z\/—g [inﬂvﬂ <3>R} +b.t. (9.79)
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where in the fourth equality we have considered n*V, A = —Ng%*9,\ = —Ng"dyA = dp\/N, where
n* = —Ng°%. Therefore equation (9.78) becomes

AOpK 4+ A OR

4 — 12
/d T =g | AR, K 5 N

1
= / d*z/—g\ {RWK“” LAY “”R} . (9.80)

Since (again) K*° = 0, we can replace K* in the action with K% defined in equation (9.7). Equation
(9.80) becomes

1
/ d*z/—g\ [RWKW LAl C”R} =
4 (3) i ATJ 1. rj 1,8t N? Op (3)
= [ d*zvVhA | OR,; [ D'N = Shesh™ 0 ) + =gV, DR (9.81)

The last term is
N? N?Z .
9"V, DR ="¢"9 OR+ —¢"0, ®R

2 2
1 . N!

where we have used the fact that D; ® R = 9; ® R. Using this, we can rewrite (9.81) as

2

2

1. o 1. N?
/d%\/ﬁk [ (3)Rij <DZN] _ Ehrshmhsz) -5 GR 4+ 7Di (3)3} . (9.83)
But
4 (3) i NTJ Ni (3) _
d*zvhr | OR,;DIN7 + - DiVR| =
S 1
=— / d*zvVhAN? D! {@RU = 5his (S)R} +bt=ht, (9.84)

since the continuity equation for the Einstein tensor must be valid also on the three-dimensional hyper-
surfaces. The only two terms left from (9.83) are

A . L .
- / d4x\/E§ [(3)Rijh,.sh”h“+ <3>R} . (9.85)
The terms in the square brackets are
O Riheh B+ O R = O Ruh h7R 4+ @R + DR = OR Y (9.86)

where the last step comes from 0 = d/dt(8!) = d/dt(h**hy;) = h**hg;+h**h,;, that gives b/ = —h, h5h"7.
Finally we can write the last remaining term

N.
— /d4$\/ﬁ§Rijhw = 0, (987)
which is null (up to a boundary term) since Rijhij can be written as a covariant derivative of a three-

vector J', i.e. Rjh" = D, J".
With this proof we have shown that

A ( R, K0 - L <3>Raf<) = 2 @R, (9.8)

where the conversion from the equation (9.78) (where we had K and Kj;) to this equation (where we
have § K and 0K;;) can be obtained using the definition of 6 X' and considering only the quadratic order.
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9.3 Tensor wave velocity
To compute the tensor wave velocity, we use the TT-gauge for the tensor part (1.58)
ds® = —dt* + a(t)’e* [(1 + Ey)dz” + 2By dady + (1 — EL)dy® + d2*] . (9.89)

The two functions F, and FE, satisfy the usual conditions for gravitational (tensor) waves: they are
components of the traceless, divergenceless and symmetric tensor E;;

1+E. E, 0
hij = a(t)?e® (0;; + Eij) = a(t)’e* | E. 1-E, 0], (9.90)
0 0 1

which means E;; = 0 and 0,E;; = 0. Since we are interested in the second order action, we must add a
second order term to following matrix and write

1
hij = a<t>2€2< ((5” + Eij -+ _EikEkj)

2
., 1+ E, + 3 (B3 + E2) E, 0
= a(t)*e* By 1-E,+3(Ef+E2) 0] . (9.91)
0 0 1

Moreover, the decomposition theorem ensures that the scalar and the tensor perturbations decouple in
the action, and therefore we can set ( = 0 and work only with the F, (with a = 4, x) functions.

We proceed computing the quantities in the second order action without higher order spatial deriva-
tives, i.e., the background action (9.8) (in the ADM formulation) plus the terms written in (9.65). The
metric component g% is not modified by tensor waves (see the line element above), and therefore we
can set 6g” = 0 (and N = 1) for this computation. The remaining terms are the following

S:/d4x\/ﬁ{MT”‘2f

Note that if ¢* = —1, n,, = —4). We can compute the terms of the action above using their definitions.
At second order in small quantities (h,) we find

i f v
R+ KKV — K? + 2? — A+ c—mi(6K* —SK",6K") p . (9.92)

K, =-V,n,—n"n,V,n,, (9.93)
K = ¢"K,, = —3H, (9.94)

GR = g™ O R, = WhIhP Rypoa — KK — KIK,, = —53 [(0.E4)* + (0.B4)*] , (9.95)
1r1. .
KK = K2 = ~6H? 4 [Ei + Ei} . (9.96)

Inserting these results in the action we obtain, up to some irrelevant background terms, the following
second-order action

Sp = /d4x\/ﬁj\ﬁ‘2f {(1 + ;Zi) (Ei + Ei) - % [(0.E.)% + (aZEX)z]} . (9.97)

Therefore, the speed of tensor waves is given by

1

= e (9.98)

1+W
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This result shows that the only contribution to the tensor waves linear dispersion relation is given by
the terms m3.

This result has a great physical meaning. As it should be clear from the derivation, the ¢ is the
velocity (squared) of the tensor waves, which include the gravitational waves. We know that they must
travel at the speed of light in General Relativity, and this is consistent since m? is always null for the
standard Einstein-Hilbert action. Therefore if the model admits a m? term different from 0 at some

times, the velocity of gravitational waves will be affected and different from the speed of light.

9.4 Stability

A brief comment about stability is necessary. In this Chapter, we derived the second-order action for
both scalar and tensor waves. From (9.73) and (9.97) we can also derive the stability conditions that
the functions of time in the action must satisfy to have a theory that is ghost and gradient instabilities
free. Following the discussion in section 4.2, the stability conditions are

3 (Mff - m%)Z

Qs—% C+2M'§+Z VEF T am? >0, (9.99)
cgzé{—Mff%—%% {2(M3f;{2m‘2*)“” >0, (9.100)
Qr = MT*Qf (1 + ;g?) >0, (9.101)
2 = (1 + jg‘z* )_1 >0, (9.102)

where - \
A=H+ (J;]\fp 17;;3) . (9.103)

We stress that the previous derivation has been performed neglecting the matter contribution, as you
can see from the initial action (9.3). In particular, as it happens in Horndeski theory, the ¢? of the scalar
field might be affected by the standard matter, in the form of its energy density and pressure p,, and
P,,. In the Horndeski gravity case m2(t) = ms(t) = M(t) = m2 = 0, and m2(t) = m2(t) at every time,
we obtain the following equation for the c?

o 1 {_sz 1d {2(M3f+2ﬁﬁ)a”_ (pm + D) (MZ f + 2m)
(

Cy = —~— " - ;
Q. 2a dt A 2c + 4M3)(M2f + 2m?) + 3(mj — M2f)?

, (9.104)

while the other three stability conditions do not change. This equation has been computed using the
equation for the ¢? in Horndeski theory (5.27), and exploiting the map between the Horndeski theory
functions and the EFT functions. For more details about the derivation, see Chapter 10, and the
discussion around equation (10.31).

Finally, as already noted in section 4.2, we should always distinguish the instabilities that might arise
from the eventual negativity of the functions above and the ones coming from the presence of higher
order derivatives in the Lagrangian. The former is related to the first-order perturbation functions and
might arise even if the Lagrangian is at second order in the derivatives, while the latter instabilities
affect also the background evolution and appear accordingly to the Ostrogradski theorem [23, 24].
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Chapter 10

Horndeski theory with the EFT of Gravity

In the previous Chapters we have explored the left-hand side of the scheme in Figure 8.3 (the parts
related to the effective Lagrangians), and briefly mentioned the top-down procedure to go from the
covariant Lagrangian to the effective one (see section 8.4). In this Chapter we present a practical
example, considering the Horndeski theory action as our covariant action.

We start showing the main general mapping result between the Horndeski covariant theory functions
and the EFT of gravity functions. Then we discuss an original example, providing results both in the
covariant and the effective theory and comparing them: we expect the results to be the same up to
the difference based on the different numerical approaches used to solve the equations in the two cases.
Finally we study the instabilities of the model following the original work discussion in [10].

10.1 Horndeski gravity

We briefly recall the main equations from Chapter 5. The Horndeski gravity action is

5
Slown 8) = 5 [ A4v=5 Y Ll 6] + Sulg. (10.1)
1=2

where the four Lagrangian £; are defined as
£2 = G2[¢7 X] )
£3 = _G3[¢7 X]D(ba
£4 = G4[¢7 X]R + G4X [¢7 X] [(D¢)2 - ¢;uu¢;“y] )
SV 1 i3 14 (0%
Ls = Gso, X|Gu o™ — cGsx[o, X] [(00)° = 3(0¢) ™ + 20,0, 0.."]
where G;[¢, X| are four arbitrary functions of a scalar field ¢ and X = 0,00"¢".
By varying the action (10.1) and imposing the flat FLRW metric, we obtain the energy density and

pressure of the scalar field (we define it with the ¢ subscript in order to distinguish it from the one
defined in a general EFT, with the subscript d)

871G 1 2 2H3X
—py = —gGQ + §X (Gox — G3g) — :_;b (7Gs5x +4XGsxx) (10.6)

3
—+ H2 [1 — ]\4.2 (1 — OéB) —4X <G4X - G5¢) - 4X2 (2G4XX - GSd)X)} )

* We should be careful about the definition of X. In many articles, X is differently defined, i.e. with a minus sign and/or
a 1/2 factor. Moreover, some differences might come from the convention on the signs of the metric, the definition of the
time variable (cosmological t/conformal 7)), since these choices change the explicit expression of 0,¢0"¢ = g%0? (when
¢ = ¢(t/n) is a function of time only), and the definition of the extrinsic curvature (8.28). Our convention is to use the
cosmological time ¢, g°° < 0 and a minus sign in the definition of the extrinsic curvature.

135
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%P(ﬁ = %GQ - gx (Gl3p — 2Glagg) + %Q% (Gap — 2X Gapx + XGspg) — B%HMEaB (10.7)
_ §H2X2G5¢X - <H2 + ?) (1—M2)+ 2}:{)%)(05;( :
We recall the a-functions
(i) the cosmological strength of gravity
M2 =2 [G4 — 92X Gy + Xy — H¢XG5X] . (10.8)

and its derivative
_dlnM?  1dln M

M="Imae H dt

(10.9)
(i) the kineticity

H?MZay = 2X [Gox + 2XGaxx — 2G4 — 2X G3px] (10.10)
+12H¢X [Gsx + XGsxx — 3Gapx — 2X Gupxx|
+ 12H?X [Gax — Gsp + X (8Gaxx — 5Gspx) + 2X* (2G4xxx — Gspxx)]
+AH%OX [3Gsx + TXGsxx + 2X2Gsxxx] ;

(iii) the braiding

HM?(IB = 2¢ [XGgX — 2G4¢ - 2XG4¢X] + 8HX [G4X + 2XG4XX - G5¢ - XG5¢X] (1011)
+2H?0X [3Gsx + 2X Gsxx]

(iv) the tensor excess

M2ar = 4X [Gax — Gsg) — 2 [g'z; — ng}} X Gy . (10.12)

We can also define the state parameter wy for the scalar field with the usual definition

P
_ P 10.1
“o =, (10.13)
10.1.1 Stability
The stability conditions are
2M2D
= — 10.14
Q B —apf (10.14)
1 H 1 m+ Pn)
CiEﬁl(Z—QB) <—ﬁ+§OZB(1+OéT)+OéM—OéT>—%+FB >0, (1015)
M2
Qr = 8. >0, (10.16)
=1l+ar>0, (10.17)

where p,,, and P,, are respectively the energy density and the pressure of all matter (radiation, baryons,
etc) without the scalar field contribution, and D = ay + 3a%/2.
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10.2 Top-down construction

In the previous section, we defined the Horndeski theory covariant action, in the sense of the scheme in
Figure 8.3. In this section, we show the top-down approach to find the expression of the EFT functions
appearing in the action (8.81) in terms of the functions appearing in the covariant action (10.1), i.e. the
G, and the a functions. After defining the mapping, we are able to write the effective Lagrangian.

Mapping with G; functions

The derivation of the mapping is a standard exercise that can be found in several articles [70, 76], thus
we only show the main results. The EFT functions are given by

M?f = 2G, — Gss0* 4 2G5x 9%, (10.18)
A = XGox — G+ ¢*(d+3H)Gsx + Fu/2 + 3HXGyx — 18H?Gyx ¢
+6HGapx® + 12H>Guxxd* + F5/2 + 3M2H? f5 + 3M?H f5/2
—6H*G5y0° — THG5x¢° + 3H?Gspxd* + 2H?Gsxxd° (10.19)
c = XGox+ ¢2(—¢ + 3H¢)G3X + <152G3¢ — Fi/2 + 3HXGyx
—6H*Gyx¢® + 6HG x> + 12H?Guxxd* — Fs/2 + 3M?H f5/2
—3H?G530* — 3H?G5x° + 3H*Gsyxd* + 2H Gsxx 8, (10.20)
M} = X%Goxx + (64 3Hd)Gsx9?/2 — 3HGsxx¢° — Gagxd*/2
+Fi/4 —3HXGyx /2 4+ 6HGuyx* + 18H?Gux x¢* — 6HG14x x 8"
—12H?Gyxxx9® + Fs/4 — 3M2H f5/4 — 3H*G5x¢° /2

F6H?*Gsyx ¢ + 6H Gsxx° — 3H*Gpxx ¢ — 2HGsx xx ¢, (10.21)
mi = 2G3x¢ +2XGyx — SHG x4 4Gupx & + 16 HG yx x ¢*
+M2fs — 4HG540° — 6H?Gsxd® + AHG5px¢* + 4H?Gsxx ¢, (10.22)
m2 =m? = 2Gux¢* + Gss0* + HGsx¢* — G5x %0, (10.23)
where

Fi = 2XGux — 8HGxd?, (10.24)

Fs = 2M2Hfs+ M2fs — 2HG540° — 2H?G5x¢° (10.25)

M fs = —Gs¢” +2G5x0°0. (10.26)

All the other functions are null. Once we solve the Klein-Gordon equation for the field ¢(t) = ¢o(t)
(in unitary gauge 0¢(t,Z) = 0), we have all the ingredient we need to write all the EFT functions.
Since the link between the EFT Lagrangians with and without the Goldstone boson 7 is known and
functionally independent of the form of the covariant action (see Figure 8.3), we also have the expression
of the perturbation equations for the scalar degree of freedom. The perturbation equations are shown
in section 8.6.

Mapping with the a-functions

T

The (inverse) mapping with the a functions is given by the following prescriptions [77, 38]

M2 = M?f +2m3, (10.27)
M2 f 4 213

= 10.28

O TR 1 2m?) (10.28)
mj — M2 f

_ 10.29
BT HMf + 2m2) (10.29)
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2c + 4My
= 10.30
O] + ) e
2m?
= 10.31
IS VEY s (1031)

Using this mapping, we can rewrite the term of the ¢ equation in Horndeski theory (10.15) that contains
matter (the one proportional to p,, + F,,) in terms of the EFT functions. Adding this result to the EFT
¢? without matter in equation (9.100), we obtain the ¢? written with the EFT functions containing the
matter contribution, equation (9.104).

10.3 An example with dark matter

In this part, we consider a specific sector of Horndeski gravity as an example. The model was studied
for its useful properties in modeling neutron stars [78, 79]. Recently an analysis on the background level
was carried on by M. Rinaldi [13], showing the possibility in this theory for the scalar field ¢ to mimic
the dark matter. Unfortunately, we will show that the model is unavoidably unstable in the first-order
perturbations sector [10]. However, we can still use this model as a simple example (as we will see, an
analytical solution for the evolution of the scalar field is available) for the background compatibility of
the effective Lagrangian and the covariant one. Moreover, since this model mimics dark matter instead
of dark energy, we can appreciate the versatility of the effective field theory for describing different
phenomena. We will compare the EFT results with the covariant results, computed with the Boltzmann
solver hi_class [80], a modification of CLASS [81, 82] which includes also the possibility to solve for the
evolution of a Horndeski model.

10.3.1 Action and analytical results

The action of the model considered is
4 / Mlg’l 1 “w v
S[g;wa ¢] = d'x —9g T(R - 2A) - §(agw/ - SGMV)V ¢V ¢ + Sm[g;w] ) (1032)

where o and ¢ are the two parameters of the theory, and the reduced Planck mass is M3, = 1/87G. In
the article [13], the £ is defined as . We consider ¢ as the field which mimics dark matter. The dark
energy is therefore a term independent of the scalar field ¢, and we include it in the Sy, part of the
action in the form of the cosmological constant A. Note that the Lagrangian is independent from the
scalar field ¢(t), but not on its derivative. Therefore the model is shift-symmetric, i.e., it is invariant
under any transformation ¢(z#) — ¢(2#)+ constant. Numerically this means that the value of the
initial condition for ¢ does not influence the evolution.
The equations of motion obtained varying this action are

1

G/“, + Agl“’ + Hl“/ = M_IEITNV N (1033)

which are the Einstein equations of the General Relativity with an additional term H,,. Without going
into the details of the form of H,,, which is explicited in [13], we note that H,, must depend only on
the derivatives of ¢ since the model is shift-symmetric.

From the equations of motion (10.33) we find an analytical result for the evolution of the field

q

O=VE Slat s

i (10.34)
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where ¢ is an integration constant. We can neglect the value of ¢, since the model is shift symmetric.
We can also find the equation for the fractional density

1 ¢*(a + 9EH?)

0, = .
® 7 6M2, H2a5(a + 3¢H?)?

(10.35)
Finally, we define a new parameter
B =E&N. (10.36)
This is the parameter we will consider in the numerical evaluations since is on the order of 1 when we
want to model dark matter with the scalar field ¢.
G; functions

Some steps are required to find the G function from the action (10.32). In fact, we want the G, term
in our action in a form similar to the one in the Horndeski action (10.1). This can be done integrating
by parts the term as follows

[ 0356670970 = - [ ateo(996) 56V [V - [ doy=g5€6G,(97V )

=~ [ de6(v0) ;G — [ oV STV 1G
- / B0y~ E6G, (V" V¥0)
—_ / d4$\/—_g%£¢GW(V”V“¢). (10.37)

where in the first equality we neglect the border term because the action is defined up to a constant
(the equations of motion are obtained varying the action), and in the second equality we consider the
fact that the metric and the Einstein tensor are divergence free.

Finally, comparing the definition of the Horndeski gravity action (10.1), our model action (10.32)
and the last result (10.37), we can find the G; functions

_aL X _ _1 _ &0
G2[¢7 X] =—-A+ MP%I ) G3[¢7X] - O? G4[¢7 X] - 9 G5[¢7 X] - QMI%I : (1038)
« functions

Using the G; functions (10.38) and the equations for the o functions (10.8)-(10.12), we also show the «
functions for our model

M?=1- % (10.39)
o=~ (1\24?}% ) (10.40)
ag = 2)2( ((;2; igf;; : (10.41)
ap = % : (10.42)
ar 26X Loy, (10.43)

TOME —EX 2
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10.3.2 Top-down construction

In this section we will derive all the useful quantities we will need, using the mapping procedure. Using
equations (10.18)-(10.26), among with the definition of the G; functions for our model (10.38), we obtain
the EFT functions which depends only on the scale factor a, the field 1) and their derivatives

2
MIf = %1%1 (10.44)
B f r . . . .

=2 _(3H2 - QH) W — Habh — i — ﬂ , (10.45)

B f r . . . .
A= _(2H + 9H2) W2 TH + i) + wﬂ , (10.46)
ME = 4]@%1 :(sz + 1&) b+ 202 + W] , (10.47)
m3 = M%w (2Hw + 1&) , (10.48)
m2 =m2 = —25]\121 : (10.49)

It is straightforward to compute the energy density and the pressure of the scalar field using equations
(8.72) and (8.73), obtaining

_ PP (a+95H?)
(a —2tH — 3§H2> W2 — AEHp)
P, = , 10.51
¢ 2M2, (10.51)
v (a o — 3§H2) _4EHD
=t = T ToEE . (10.52)

Moreover, using the EFT functions expressions and the scalar field evolution equation for this model
(10.34), we can also write the expression for the stability functions

P? (2Mg) — §9°) [BEH? (2Mg) + 36Y°) + o (2M3, — €4°)]

s — y 10.53
< QM2 H? (2M2) — 3¢42)° (10.53)
1 o[
0= — 2 —2M3)" | H (2M3, — 36?) + M3\ (pm + Pn) | +
QsC; 2MZ H? (2M2, — 3607 {(f¢ P) [ (2Mp, — 3607) pi(p )]
—9¢ Hyu) (AMh + AMEEY® — 3¢%0") + 422" (3¢u® — 2M3) } | (10.54)
1y
-~ _ 10.55
@r=y 8M2,’ (10.55)
2
A =1+ 2Kq , (10.56)
2MEab (o + 3EH?)” — £¢?
and the form of the fractional density of the scalar field
2 9 H2

T patpm  B3HEMZ  6MZaSH? (a+ 3EH?)
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10.3.3 Time evolution

Before computing the background evolution, we must solve two problems. The first is related to the
Hubble parameter evolution, while the second concerns the value of the integration constant ¢ which
appears in the analytical solution of the (background) scalar field (10.34).

Hubble parameter evolution

To obtain the time evolution of the functions above (pg, Py, ¢2, ...), i.e. to write these quantities as

functions of the scale factor only, we need the value of the Hubble parameter and its derivative as
functions of the scale factor. In principle, also the evolution of the background field (from a Klein—
Gordon-like equation) is needed. In this case, we have an analytical form for the scalar field, which
depends on the Hubble parameter. Therefore, once we find the Hubble parameter evolution, we also
obtain the evolution of the scalar field as a function of the scale factor only.

To find the value of the Hubble parameter we can proceed without the need to solve any differential
equation. We consider the Friedmann equation (8.74)

11
H? = =—— [pm(a) + paa, H)] , 10.58

3M§1[0 (a) + pa(a, H)] (10.58)
where py is in equation (10.50), we write explicitly the dependencies of the functions to the scale factor
and the Hubble parameter, and we fix the value of the constant M? = M3,. From this point, we consider
standard matter (baryionic matter and radiation), among with the contribution coming from the dark
energy. The energy density and the pressure of the standard matter are

2 2 Ql? QO 0
Pm = 3M2,H? (5 +—f+ QA) : (10.59)
2 2 1 Qg 0
P = 3MEHG (55 =94 ) - (10.60)
10"
1013
1011
o
=
T 107
10°
10°
10!
—20.0 —17.5 —15.0 —12.5 —10.0 —7.5 —=5.0 —2.5 0.0
N =In(a)

Figure 10.1: Plot of the Hubble parameter H as a function of N =In(a), for « = 1 and = 1. The units
are set with Hy = 1 and M3, = 1. The value of ¢ is computed following the prescription explained in
the next section.

For numerical computations, we consider Q2 = 8 x 107°, Q) = 0.2589 and Q} = 0.6911. Therefore,
substituting every occurrence of 1) with equation (10.34), the equation can be solved analytically. We
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find a very complex expression (that we do not write explicitly) which depends only on the scale factor
and the constants of the theory. We plot the result for « = 1 and § =1 in Figure 10.1.

Moreover, once we have an analytical form of the Hubble parameter, we can also obtain its derivative
simply differentiating the H(a) result with respect to the time coordinate t, and substituting every
occurrence of a with the H result previously found. Another possibility is to use the procedure above
again, considering the second Friedmann equation

. 1 1 .
H = ———= |pm(a) + Py(a) + pa(a, H) + Py(a, H, H)] : (10.61)
2 M§,
and solving it in order to find H = H(a). The plot of the (absolute value of the) result found with the
latter procedure is in Figure 10.2.

10-3()
10’26

— 10"

N)

~—

E 1014

101()

109

—20.0 —17.5 —15.0 —12.5 —10.0 —T. —3.0 —2.5 0.0

N =In(a)

Ut

Figure 10.2: Plot of the absolute value of the derivative of the Hubble parameter H (H < 0 VN in the
range considered) as a function of N =In(a), for « = 1 and § = 1. The units are set with Hy = 1 and
MZ = 1. The value of g is computed following the prescription explained in the next section.

Integration constant value

The analytical result for the scalar field (10.34) contains an integration constant. This comes from
solving the Klein—-Gordon equation without fixing the initial condition, i.e. the value of the field at some
time. We can exploit this freedom on the choice of ¢, i.e. the freedom to choose the initial condition of
a Cauchy problem, to find the initial value of the field which gives the density today predicted by the
ACDM model.

This procedure can be implemented numerically solving the equation (as a function of the unknown
variable q)

Qila=ao=1)= Q5= Q% (ACDM), (10.62)
where the numerical value we will use for our numerical analysis is Q2; = 1-0Q%—00 -0 = 0.2589. Note

that, in principle an analytical solution of the equation above in order to find ¢ might be computable.
In practice, the high order of ¢ appearing in the equation make the computation of a solution a very
complex procedure.

In Figure 10.3 we show the plot of equation (10.62) as a function of the integration constant g. The

values of ¢ we are searching are the ones that makes Q3 = Q2 i.e. the zeros of the function plotted.
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Figure 10.3: Plot of Q5—Q%, as a function of the integration constant ¢, for a = 1 and 8 = 1. The zeros

of this function give the desired ¢ in order to mimic dark matter with the Horndeski model considered.

10.3.4 Results

We can finally compute the evolution (in terms of the scale factor) of the interesting quantities shown
above. We compare them with the results found solving numerically the Horndeski theory in its covariant
form using the hi_class software.

Lol — Qa (EFT) s
[ — Qs (hi class) B
Q,
081 —— W
R Q‘\
06
z
" 04
0.2
0.0
1
— EFT
2 Y hi class
3
120.0 —-17.5 —15.0 —12.5 —10.0 —7.5 —5.0 —2.5 0.0

N =1n (a)

Figure 10.4: Plot of fractional densities €2 of the main components of the matter and the equation of
state parameter for the scalar field, in the case @« = f = 1. The continuous lines are the results from
the EF'T, while the dashed lines come from the equations of motion of the covariant theory. The latter
results have been computed using hi_class.

The first results are the energy densities evolutions, which we plot in the form of fractional densities
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Qi = pi/pros = pi/3H?M3,. We plot both the result from EFT (continuous lines) and the result from
the equations of motion in the covariant theory (dashed lines). In Figure 10.4 we show the results for
a=1and g=1.

Especially at the matter-radiation equality epoch, there is a discrepancy between the two approaches.
This is not unexpected if we consider that our analytical model only considers radiation, baryonic matter,
and dark energy (in addition to the scalar field contribution we are computing), while hi_class is a full
Boltzmann solver which for instance also considers the presence of neutrinos, increasing the radiation
energy density. Despite these differences, we obtain a very close match between the results computed
with the two different approaches.

We can also plot the stability conditions, which, as already mentioned, determine the stability of
a model in the perturbation sector. In Figure 10.5 we plot the functions Q, Q7 and c%. They are
all always positive, which means at least the tensor sector is stable (free from ghost and gradient
instabilities) at first order in the perturbations. The scalar sector, from the fact that @, > 0, is free
from ghost instabilities.
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—20 —15

— EFT - hi class

Figure 10.5: Plot of the Q,, Q7 and ¢ stability functions. We can see the concordance between the
EFT and the covariant approach, with the exception of some discrepancy that might arise from the fact
that we used two different numerical methods (in the EFT case we have solved almost all analytically,
with the exception of the value of ¢).

However, the plot in Figure 10.6 shows a negative ¢? at some times. As discussed in 4.2, this might
be a source of gradient instabilities. A complete study of the instabilities that might arise from the
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negative ¢? is performed in the next section.

— EFT
------- hi class

—14 —12 —10 -8 —6 —4 -2 0
N =In(a)

Figure 10.6: Plot of the ¢? stability function. Since the ¢? depends on p,, + P, in both the EFT and the
covariant approaches, the reason for the discrepancy is the same as for the previous plots (see discussion
around Figure 10.4).

10.3.5 Instabilities

In this section, we study the scalar gradient instabilities appearing in the model, following the discussion
in [10]. In the following, we will consider not only the case when the scalar field simulates the cosmological
dark matter fluid but also the case when it is sub-dominant at the background level. All the numerical
evaluations are performed with the Boltzmann solver hi_class, and the results are checked against
another Boltzmann solver EFTCAMB [33] (a modified version of CAMB [84] which includes EFT equations
of motion) to confirm the equivalence of the results also the linear perturbations level.

2

¢ analysis. From Figure 10.6, we note that the ¢? in negative at very early times and near N = (.

We firstly analyse the more problematic instability at early times. By expanding ¢; near a = 0 (or
N — —o0) we find

1 494368 + a0Y)? 50025
2 @ A 2 A 4 5
= —= — a*+ O =
©s 3 95(99)2(96 + aQﬁ)\)a 6,699 (a )

1 204 ¢* o 5aQy

3" rEA Q0B 6pa”

+0(a%) (10.63)

where for simplicity we consider only radiation as matter content, i.e., H = Hy\/Q,/a*. The second

equality is computed substituting €2, with the fractional density equation (10.35). We readily see that

c? is negative at a = 0, and therefore it does not satisfy the Horndeski stability condition (10.15) at all

S
times.
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In principle, carefully choosing the parameters of (10.63), we can push the negative ¢ values in time,
until the model is no longer valid as the Universe is in the inflationary phase. As we can see in (10.63),
to make the sound speed positive at the beginning of our post-inflationary computation (numerically,
we set aggare = 1071*) we need the condition a2, ,¢*/H3 2 1, that is

B < ¢*107%. (10.64)

The integration constant ¢? is usually small because it is directly related to the value of the scalar field
at Gstart, which cannot be too large (otherwise ¢ becomes dominant at agar). Therefore we would need
a very small 3 to have a positive ¢? and cancel the instability. But § small means that the action (10.32)
becomes a Quintessence action with a null potential. This is potentially a problem because the state
parameter in a Quintessence model with null potential leads to a w, equal to 1 from the beginning of
the evolution. This means that the scalar field would be either dominant or, if ¢ is small enough, the
scalar field would be not dominant but still have a non-physical value of wy if we want to mimic dark
matter.

We will further investigate the implications of these results in the next sections. Finally, there is a
second instability at recent times (near N = 1). As we will see below, this instability can also cause
instabilities in the perturbations.

Note that the violation of condition (5.27) does not automatically means that the model will be
affected by instabilities since the perturbation differential equations stability conditions depend also on
other terms, as we will see in equation (10.65).

CMD and matter power spectrum analysis. In the following we show the results of the numerical
evaluation. Consider the following situations:

(i) the scalar field accounts for dark matter energy density entirely, i.e. o = § = 1. From Figure 10.7,
we note that the instability in the matter power spectrum of the matter at almost every scale k
of interest.

107

— a=1,=
a=1,=04
— a=0,=
106 — a=-1,=1
******* A\CDM

10°

P(k) [Mpc?)

10*

103

10? - :
10~* 1073 1072 107! 10°
k [Mpc™!]

Figure 10.7: Plot of the matter power spectrum in the case (i). The parameters are on the order of the
unity, i.e. values for which the scalar field mimics dark matter at the background level.
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(i) « =1, 8 =107 and ACDM dark matter with Q.g,,h*> = 0.1197. In this case, the effects of the
scalar field should be negligible at the perturbation level. As previously mentioned in the analysis
of ¢?, when f3 is small, also v = 107! should be on the same order of magnitude, otherwise the
scalar field will dominate the other components from the beginning. Nevertheless, although the

scalar field is sub-dominant, it is enough to cause divergences in the perturbations, as one can see
in Figure 10.8 and, to a lesser extent, in Figure 10.9.
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Figure 10.8: Plot of the matter power spectrum in the case (ii) where a = 1, 8 = 1071%, Q.4,,h? = 0.1197
and ¢ modelling dark energy. In this plot the divergence at small scales (large k) is clearly evident.
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Figure 10.9: Plot of the CMB in the case (ii) where a = 1, § = 107, Q.4,,h* = 0.1197 and ¢ is
modelling dark energy. We plot the non-lensed €. In this plot the divergence is not evident, but you
can see the slightly difference of the model with respect to ACDM at small scales (large ¢).
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(iii) the case @ = 1 and § = 1, but with the addition of some cold dark matter. For instance, we
consider Q0, = 0.1. In other words, we assume that the scalar field contributes only partially to
the dark matter content of the Universe. The background evolution is shown in Fig. 10.10. Also

in this case divergences appear at small scales, see Fig. 10.11.
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Figure 10.10: Plot of the background in the case (iii) where 22, = 0.1. The dashed lines are the ACDM

cdm

densities. Since the state parameter w, = 0, the scalar field behaves like the dark matter in the matter
domination period, but has smaller fractional densities values with respect to the Q2, = 0 case, Figure

10.4, due to the presence of a cold dark matter fraction QY, = 0.1.
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Figure 10.11: Plot of matter power spectrum in the case (iii) where Q°, = 0.1.
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Analysis of divergences. The instabilities can be partly explained by the fact that the sound speed

2

c; is negative at early times. Consider the differential equation for the scalar field perturbations (A.18)

of [80]. In synchronous gauge, it reads

202H? [ Ak? As
0 At 2 —4— =F 10.65
vx + UX+2—043 <a2H2 D>UX ; ( )
where the o functions of the models are (10.39)—(10.43), the ¢? is defined in equation (10.15), k is the
perturbation mode wavenumber, D = ag + 3a%/2, and vx = d¢/¢. The functions A and F' depend on
the o functions, but the exact form is irrelevant for our purposes. The function \g is given by (A.27) of
[80], namely

Ao 3dg 1 H 9apP,
d=—2(D=3x+"2)+=-(2— 3\ — D — -
T3 < 2 aH) +3(2-as) [< 2= D) FE ~ Samene
D 2H D
— 22— 4 kel . 10.6
8( ag) +aM+aH2+aHD] (10.66)

The differential equation (10.65) has harmonic oscillator solutions if the coefficient of the vx term is
positive. Conversely, if the coefficient is negative, we obtain an exponential behaviour. Therefore, the
condition ¢? > 0 is not sufficient to obtain oscillatory solutions. Rather, we must require the whole
coefficient of vx to be positive. We define the coefficient as

1 C§k2 )\8
Cox = 3" (a2H2 - 45) , (10.67)

and rewrite the condition as C,, > 0. Analogously to the sound speed, we can expand C,, near a = 0,
assuming again a radiation dominated Universe. We find

(15Q¢(35+a99\)2 _20Q0k2

B(98+aQy) Hg ) 2 4
a+ O (a 10.68
12 (Q0)? («") ( )

500 ¢ — 48K 2 4
QAFHE(C0)? a*+ O (a*).

Cpp =—1+

=1+

For small a, C,, is negative and this leads to an exponential growth of vx. To confirm the analysis we
plot C,, in Figure 10.12. Note that the series truncated at the second order (dashed lines) in a is not
enough to approximate C,, (continuous lines) after a = 1075.

We can try to fix the instability choosing ¢ and 3 such that the term proportional to a? in the
expansion (10.68) is equal or bigger than 1, i.e.

500¢% — 46002
L >1. 10.
UFMF)? = (10.65)

We can translate this into a condition on 3

5 < 5¢*Q%
~ 24a-ZHZ(Q0)? 1 4k20

(10.70)

Consider again the first case (i) where the scalar field mimics the dark matter (a similar analysis
can be carried on in the other two cases (ii) and (iii)). Computing the initial value of the scalar field
with hi_class, we can compute the maximum value of § allowed in order to avoid instabilities from the
condition (10.70). Since the condition explicitly depends on the wavenumbers and on time, in Figure
10.13 we show the results for different k, as a function of the scale factor a.
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—15
—201 —— k=1Mpc!
k=0.1 Mpc™!
—— k=0.01 Mpc™!

10710 1079 108 1077 107° 107° ' 1074 1073

Figure 10.12: Plot of C,, in the @« = 1 and 8 = 1 case. The continuous lines are the numerical result
for C,,, and the dashed lines are the series truncated at the second order in a®. We can see that the

truncated analytical series is good only for a < 107°. Above the black dashed line, C,, > 0 and the
scalar field perturbations differential equation (10.65) has an oscillatory behaviour.

10°
10!
B=1
1073
S
B
2107
g
E
£
% 10~1
=
1075 -1
— k=1 Mpc
k=0.1 Mpc!
10-19 — k= 10*:2 Mpc™!
—— k=103 Mpc™!
—— k=10"* Mpc™!
1074 10712 10710 1078 10°6 10~ 1072 10°

Figure 10.13: Plot of the maximum value of 5 allowed to avoid large deviations in the CMB and in the
matter power spectrum, with « =1 and g = 1.



10.3. AN EXAMPLE WITH DARK MATTER 151

To better understand Figure 10.13, we should consider the computation scheme of CLASS. The time
at which the computation of the perturbations starts depends on the wavenumber k. For large scales
(typically ¥ < 1072 Mpc™1), the computation starts at a conformal time n = 5 x 10? Mpc, that is
a = 1075, For smaller scales, the computation starts earlier with the earlier time being n = 10> Mpc,
that is a = 1077,

Therefore, for large scales, the 8 condition (10.70) is not met for a short interval of time. Later on,

these scales will inevitably fall in the regime where the condition is satisfied. On the contrary, small
scales never satisfy the condition and therefore show exponential growth during the epoch where the
scalar field dominates, causing the large deviations that we see in the matter power spectrum in Figure
10.7. Further confirmation of this analysis is the divergence of the matter power spectrum at k > 1073
Mpc—t.
Note that the condition (10.70), and therefore our previous considerations, is only an approximation
of the real condition after equality. We computed the condition on  assuming H dominated only by
radiation, and this is not true at late times. Moreover, the value of a is not small at late times and
therefore higher orders in the series might become non-negligible. This can also be seen in Figure 10.12,
where we plotted the truncated analytical series at second order in a from which we have computed
the condition on 3. In fact, after a = 107 the truncated analytical series (dashed lines) is not a good
approximation of C,, (continuous lines).

Finally, if we plot the entire numerical evolution of C,,, up to today, where the condition for 5 (10.70)
is not valid any more, we see that modes fall again in the exponential regime (where C,, < 0). If the
period where C,, < 0 is long enough, this might introduce additional instabilities even at large scales
(small k), and produce divergences at all scales. The period where C,, < 0 depends on the parameter
B chosen. This is explicitly shown in Figure 10.14 for two wave-numbers.
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Figure 10.14: Plot of C,, in the a = 1 and 3 = 1 case, for two modes. Above the black dashed line,
Cyy > 0 and the scalar field perturbations differential equation (10.65) solutions have an oscillatory
behaviour. The two modes have a second period where C,, < 0 near today. Since this instabilities are
well inside the period where hi_class evaluates the perturbations, they can be source of instabilities in
the perturbation functions.
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Finally, note that all the computations performed with hi_class have been checked against EFTCAMB
results, confirming once again the equivalence between the covariant and EFT approaches.

10.3.6 Conclusion

In this section, we studied a Horndeski model that mimics dark matter at the background level. In
particular, we show the match between the EFT and the covariant approaches. They describe equiva-
lently the evolution of a single scalar degree of freedom, being it dark matter or dark energy (or both if
described by a single scalar field).

Moreover, we analyse the stability of the model. The negative ¢? creates gradient instabilities that
are confirmed with the computation of the CMB and matter power spectra for different values of the
action parameters.



Conclusion

In the thesis, we studied some theoretical and numerical methods in the context of General Relativity
and alternative models. Some unknown phenomena, namely dark energy and dark matter, are still
under investigation, and additional models might be needed to describe them. Moreover, the increasing
amount of data and computational power in the last decades open a new realm of possibilities in the
field, from statistical analysis to large numerical simulations.

In the first Part, we briefly introduced some aspects of cosmology and the open questions in General
Relativity. A Chapter is dedicated to the Hamiltonian formulation (Arnowitt—Deser—Misner formulation)
of General Relativity, which is explained from the basic concepts to the derivation of the equations of
motion. The ADM formulation is especially relevant for numerical applications since it effectively split
the time contribution from the Einstein equation from the dynamically relevant spatial coordinates.
Therefore we can consider time as a label for evolution, similar to the classical Newtonian gravity. This
feature can also be exploited in some spacetimes such as FLRW to create an Effective Field Theory for
early and late times cosmology, which is the topic of the fourth Part of the thesis.

The second Part is dedicated to the Modified Gravity (MG) models. In the first Chapter we argue
that alternative models of gravity might be a solution to dark energy and dark matter effects, and provide
some mathematical conditions that should be respected when we propose MG models to avoid solutions’
instabilities. In the second Chapter, we consider one of the most famous MG models: Horndeski gravity.
Its second-order differential equations are necessary to avoid the mathematical instabilities mentioned
above, and it provides an additional degree of freedom that can be used to model dark energy and
dark matter. We discuss the constraints on this model coming from the recent observation of the speed
of gravitational waves; its possible de Sitter solutions; and an extension of Horndeski which possesses
higher order differential equations without creating Ostrogradski instabilities. The last Chapter of this
Part is a discussion of a particular mimetic gravity model. We build it from a broken Horndeski gravity
action adding a mimetic field, which effectively acts as a Lagrange multiplier on the first Horndeski
scalar field. This model perfectly mimics the standard model dark matter effects. We also perform a
Bayesian parameter estimation on the action parameters, showing that the model can also be compatible
with the gravitational waves speed constraint.

The third Part is about a recently proposed Effective Field Theory (EFT) for cosmological appli-
cations. After listing the main EFT rules in the first Chapter, we build the effective Lagrangian in
the second Chapter through a time diffeomorphism symmetry breaking, and the main equations. This
theory allows for the treatment of perturbations in a model-independent way, since its form is the most
general way to write a theory with one additional degree of freedom. Once we analyse and constraint the
EFT parameters, we can link any covariant model (such as Horndeski gravity) into the EFT. Therefore,
we can efficiently constraint any model with one additional degree of freedom without performing a new
computation of the perturbation equations. We also provide the ADM formulation version of this EFT,
which is used to compute the stability functions mentioned in the third Part. Finally, we provide an
example with Horndeski gravity to show the accordance between the results from EFT and the standard
covariant approach.

Finally, in the Appendix we present two numerical methods that are used throughout the thesis.
The first is a tensor computer algebra software, xAct. Especially in the context of Modified Gravity,
where the theoretical models might be complicated, this Mathematica add-on is essential to quickly
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compute not only the full equations of motions written in abstract index notation but also to re-write
them in any coordinate system. Moreover, it computes the perturbation equations at any order with a
few lines of code. The second Chapter is about Bayesian probability, an alternative to the frequentist
approach to statistics. In cosmology, we usually deal with a small amount of data (and we can make
experiments only on one possible random realization of the Universe from the predicted power spectrum
of the inflationary epoch), and therefore a frequentist approach is not suited for experimental data
statistical analysis. On the contrary, the Bayes theorem allows for a careful estimation of theoretical
model parameters even with just one data, as we explain in the mimetic gravity example in the second
part. This does not mean we obtained the final result, but that we were able to compute a meaningful
parameter value estimation while we wait for additional observational data.
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Appendix A

Tensor Computer Algebra: xAct

In this chapter we introduce the tensor computer algebra Mathematica add-on xAct [85], which is freely
available on the official website [36] (where the instruction for its installation are also available).

We will show the power of this add-on with an example of great importance in cosmology, the
derivation of the equations for linear perturbations in General Relativity, creating an original notebook
[87]. In particular, we will use xPand [88], an add-on of xAct, to find the perturbation equations with
standard cosmological metrics. We will confront the results obtained in the Dodelson book [16], and
in the Ma—Bertschinger review [74]. Finally, we will sketch the introduction of an additional degree of
freedom, with quintessence (scalar field kinetic term and potential) as an example.

Note that the number of available commands of xAct is far more vast than the limited subset we
will use in this section. In fact, it is possible to show a list of all available commands of an addon with
the following Mathematica command. For instance, consider the list of xTensor commands.

?xAct ‘xTensor ¢ *

A.1 Preliminary definitions

Firstly we need to run the add-on in Mathematica. We will start running xPand, an add-on of xAct to
find the perturbation equations with standard cosmological metrics.

In[3:= <<xAct‘xPand‘

We can now define the main quantities we need for running xPand. Firstly we define the manifold
M with DefManifold. It requires the name of the manifold, the number of dimensions of the manifold
(although it is possible to use an unfixed number of dimensions), and the name of the covariant indices.

In4]:= DefManifold([M,4,{a,b,c,d,e}];

Then we can define a generic metric with DefMetric. The first input is the time-time metric
component convention, -1 for negative time. We also need to specify the name of the metric, with the
correct indices which have been defined in DefManifold. Note the convention on the indices, writing a
— we are considering covariant (lower indices), the contrary if we do not write the — (it is not necessary
to write + to specify contravariant indices). The other inputs are: the name of the covariant derivative
and, within curly brackets, how we want it to be printed in the output. The last optional PrintAs
can be used to choose how to print the defined object in the output and can be added to almost every
defined object in xAct.

In[s]:= DefMetric[-1,gl[-a,-b],CD,{";" ,ﬁ},PrintAs—)g] ;
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Since xPand is based on ADM decomposition, we should set the slicing based on the metric g we
previously defined. This will internally generate all the ADM quantities needed for the computation,
in particular the normal vector n (3.5) and the induced metric on the hypersurfaces h (3.15). From
Chapter 3 we know that this is sufficient to determine the foliation of spacetime. We should also define
a covariant derivative cd on the hypersurfaces, i.e., (3.30) for a vector. Finally we should specify the
metric we want to use. For instance, FLFlat for flat FLWR (FLRW metric (1.15) with null spatial
curvature k)

ds® = —dt* + a(t)?8;;dx"da’ . (A.1)

Other options available in xPand are Anisotropic, BianchiB, BianchiA, BianchiI, FLCurved and
Minkowski. Note also that, since this add-on is based on ADM formulation, only spacetimes that admit
a space-like hypersurfaces foliation can be used. For other metrics, the more general package xPert can
be used.

inje]:= SetSlicing[g,n,h,cd,{"|",D},"FLFlat"];

We also need to specify the metric g perturbed field dg based on the foliation given by h. Similarly,
if we also consider matter, we can define its 4-velocity u and perturbation du. The latter function will
also create the matter energy density p and pressure P, and its perturbations, which can be used to
specify the matter content.

In[7):= DefMetricFields[g,dg,h];
DefMatterFields[u,du,h];

Some functions are also usually defined to simplify the call of xPand functions and obtain more
readable outputs. For instance

In[s]:= MakeBoxes [€,StandardForm] :=
StyleBox [ToString[$PerturbationParameter] ,FontColor—RGBColor[0.0, 0.0, 1]]
MyToxPand [expr_,gauge_,order_]:=ToxPand[expr, dg, u, du, h, gauge, order]
orglexpr_] :=NoScalar@Collect [ContractMetric[expr],
PerturbationParameter, ToCanonicall

A.2 Metric and Gauge Definitions

We now want to set up the perturbations we want to consider. By default, all perturbations (scalar,
vector, tensor) are computed. With the following flags, exploiting the perturbation decomposition
theorem, we can reduce to the single sectors. We might also want to use cosmological time ¢ instead of
conformal time 7. With $ConformalTime = True all the quantities will be written in terms of conformal
time quantities. For instance, if we choose the conformal time the Hubble factor will be H = a~! da/dr
instead of H = a~'da/dt.

In[9]:= $FirstOrderVectorPerturbations=False;
$FirstOrderTensorPerturbations=False;
$ConformalTime=False;

Note that we can convert the time of already computed equations with the two xPand functions
ToCosmicTime and ToConformalTime.

Up to now, we have not specified the gauge we would like to use for computing the perturbations.
There are several options, which can be listed with the following function.

In[10]:= ?$List0fGauges
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The complete list of gauges is AnyGauge, FluidComovingGauge, ScalarFieldComovingGauge, FlatGauge,
IsoDensityGauge, NewtonGauge and SynchronousGauge. In our derivation we will use the Newtonian
Gauge, given by (1.55)

ds® = —[1 4 2U(t, D) dt* + a?() [1 + 20(t, )] §;;da’da? . (A.2)

This is the standard convention for writing the gravitational potential ® and ¥ in the Newtonian gauge,
the Dodelson convention [16] (while in the Ma-Bertschinger review [74] there is a minus sign in front of
®). However, if we check how the metric is used in xPand we find a different convention. To show this,
we can use a function we defined at the end of the previous section, MyToxPand. To call this function, we
should specify the tensor we want to expand, in our example the metric g, the gauge, and the expansion
order of perturbation.

In[11:= MyToxPand[g[-b,-c],"NewtonGauge",1]

The output will be written in terms of ADM quantities. In our coordinate system, the normal vector is
exactly (3.28) n* = ¢f, and therefore the nyn. parts identify the time-time component of the metric g
+ dg (the metric with its perturbation at first order). Moreover h;; = g;; from (3.16), and therefore the
hye are the space-space components of the metric. The order of perturbations is given by powers of e,
e.g., all quantities multiplied by €' will be at linear order.

2 - 2 - - 2 - - (1) 2 - (1)
@ hbc~@ nb nct€[-23 np nc[ ¢)—2a hbc[ ‘”))

But we can also use VisualizeTensor to write it in a more readable form, where the induced metric
h is a necessary input to specify in which coordinates the tensor should be written. Note that the % in
Mathematica corresponds to a reference to the previous output (not necessarily on the same cell).

In[12]:= MyToxPand[g[-b,-c],"NewtonGauge",1]
VisualizeTensor[%,h]

The output is more readable, and the block of the matrix is easily comparable with the perturbed
FLRW metric (A.2). We see that ¢ and 1 are inverted in xPand, and there is an additional minus in
the definition of the gravitational potential in the spatial part.

n h
(1)
n —1—26( d)) 0]
_ _ (1)
h (0] a2 hbc—2€az hbc ( d/)

To avoid any confusion, we provide Table A.1 to transform from xPand results, our convention in [16]
as in (A.2), and the Ma—Bertschinger review [74] one. The Mathematica output will use the xPand
convention, while the results will be written with (A.2) convention.

xPand Dodelson [10] Ma—Bertschinger [74]
(& - ¢
¢ v Y

Table A.1: Table for comparison of gravitational potential conventions in xPand, [16] and [74].
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A.3 Matter Definitions

The last definitions we need before we can compute the perturbations equations are the stress-energy
tensor ones. Although we previously defined the energy density p, the matter pressure P and the 4-
velocity u, using DefMatterFields, we should specify how matter is introduced in our theory. We start
defining a standard generic xAct tensor which we call Tmunu, using the DefTensor function. Since we
are defining a generic covariant tensor, a xAct tensor rather than a xPand tensor, it only needs its name
(with its indices) and the manifold on which it is defined.

In[13):= DefTensor [Tmunul[-b,-c], M]

Unfortunately the default xPand definition does not contain contributions from the anisotropic stress
Yij, 1.e. the traceless part of the spatial part of the stress-energy tensor. Therefore we define, with
DefTensor, another tensor Tstress which contains the anisotropic stress contribution. Moreover, as
we do with xPert, we should define the perturbation of the second tensor with the xAct function
DefTensorPerturbation. In the second function, we need to specify the name of the perturbation
tensor Tstressu, which will be the perturbation of Tstress. In defining Tstressu we also need to
add a LI[order], which will be filled by xAct with the correct perturbation order when we make
computations with this tensor.

In[14]:= DefTensor[Tstress[-b,-c],M,PrintAs—"X"]
DefTensorPerturbation[Tstressu[LI[order],-b,-c], Tstress[-b,-c]l, M,
PrintAs—"X¥"]

But we also know that the second tensor does not make any contribution to the background. There-
fore we define, with DefProjectedTensor, a xPand spatial tensor which can be decomposed with the
xPand convention. In other words, we need a tensor written in coordinates to associate the covariant
tensor component with. We know that it’s symmetric and traceless, so we can include that in the
definition instead of correcting the final results.

In[15]:= DefProjectedTensor [Tstressuij[-b,-c],h,
TensorProperties—{"SymmetricTensor","Traceless"},PrintAs—"X"]

Then we have to define a set of Mathematica rules which tells xPand how to split the Tstress
perturbations. The background order is set to 0, while the first order (denoted by LI[1]) is a purely
spatial tensor, which was defined with DefProjectedTensor.

in[16]:= FieldGauge={Tstress[b_,c_]:—0,
Tstressu[LI[1],a_,b_l:—Tstressuij[LI[1],a,b]l}

{ZE =0, Zl@ - Zlab}

Note that this procedure (DefTensor — DefProjectedTensor — definition of splitting rules) can be
used to define any new tensor you want to add to the theory. For instance, you can use this procedure
to add a scalar or tensor field.

Finally, we define the stress-energy tensor of a perfect fluid stress-energy tensor using IndexSet.
This function tells xPand how to replace occurrences of the stress-energy tensor with functions already
defined. We also added a $Dust parameter to consider dust (pressure-less matter) if it is set to True.
In our case we want to consider it general, so we will set it False. The final command prints the Tmunu
tensor, which is written in the standard perfect fluid form with an eventual perturbation anisotropic
stress part.
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In[17]:= $Dust=False;
IndexSet [Tmunulb_,c_], (p[u] [J+If[$Dust,0,P[ul [1])*ulb]l*ulc]
+If [$Dust,0,P[u] [1]*glb,c]+Tstress[b,c]];
Tmunu[-b,-c]

gbc Pu+ ZbC + Ub UC (Pu+pu)

A.4 Einstein equations

We can now define the Einstein equations we can perturb to get the perturbation equations. If we want
to keep track of the units, we can define the Newton constant as a constant symbol. It is important to
define all objects that are going to be used in the Einstein equations, to tell xAct how to treat them.

In[18]:= DefConstantSymbol [G]

The FEinstein equations can now be defined. When we defined the metric with DefMetric, xAct
already defined the curvature tensors and the Einstein tensor. To distinguish curvature tensors defined
with different covariant derivatives, xAct appends the name of the covariant derivative to the tensor
name. In our case, we need the full four-dimensional Einstein tensor, and therefore we need to add
EinsteinCD. Similarly we can add to any expression the Ricci tensor and scalar respectively as RicciCD
and RicciScalarCD, and the Riemann tensor as RiemannCD.

In[19]:)= EinsteinEquation=8*Pi*G*Tmunu[-a,-b]-EinsteinCD[-a,-b]

Note in the output that xAct substituted the stress-energy tensor with the definition we gave with
IndexSet.

_G[v]ab+86ﬂ<gab Pu + 2iap * Ua Uy (PU+,OU>)

A.5 Scalar perturbations

We can perturb the Einstein equations with the function MyToxPand at first order. The org function
collects all the terms with the same power of e.If for instance we requested the second order, a new term
with €2 would be collected. Note that also the background equations is computed.

In[20):= pertEinstein=MyToxPand[EinsteinEquation, "NewtonGauge",1]//org

The superscript (1) on the perturbation quantities, which denotes the perturbation of the quantity. This
does not substitute the role of €, and it is useful when we consider higher order perturbations.

32 [ H v22% |, A-3a? K [ [, +8Gra’ |, PU+8Gra’ 5, +8Gra’ o, pp oU+

(1
€

(1) ) (1) . (1)
8Gra? Hab( Pu)+867ra2 sty +86Gra’ o, ﬁb( pu]—Ga2 hab Hz[ <17]—4a2 HabH[ ¢)+

5 - (1 9 - (1) . 5 - 5 ((1 5 - . ((1) 5 - (1)

16 Grra Na nb DU( (]5) -2a hab H( (7,5] -6a hab H ( l//) -4a hab H[ ZI/) -16Grra hab PU[ ZI/] -
5 - (1) . DY (1) . 5 - 1)-- 5 NG 5 —_ (1

6a habH( z//)+6a H n, nb[ z,//]—Za hab( 11/]+867ra nb Pu (Da Vu]+8Gﬂa nb PU [Da Vu)Jr
_ — (1) _ — (1). 2 — (1) 2 — (1 _ — (1

2aH (Da ¢)+2anb (Da z//)+867ra na Pu [Db Vu)+86na na PU (Db Vu]+2aHna (Db q>)+

.y — — (1)  _ _ B . B (D o (= —c ()
w]+DbDa ¢ - Dy D, w—hab[DcD ¢)+hab[DcD w)—znanb(oco w)]

2a I;Ia [ﬁb
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In the output above, ¥ is a term of the background equation, i.e. there is a term Y not multiplied
by €. To avoid this, we should tell xPand to enforce our perturbation splitting rules (given by the
previously defined FieldGauge) using the SplitPerturbation function. This function needs as input
the equations to apply the rules to, a set of rules and the metric h which is used for the split.

In[21]:= pertEinstein=SplitPerturbations[pertEinstein,FieldGauge,h]
The output is now correct, and the Y background contribution is deleted.

32 [, H w22 | A-3a2H [, [, +8Gra? [, Pu+8Gral n, np OU+

(1)

(1) (1 (1) (1) .
e(senaz r‘]ab( Pu)+8ena2[ zab]+8Gﬂa2 f ;,b( pu]—6a2 P‘,asz( ¢)-4a2 HabH[ ¢]+

16Gra? ;, pp oU ["l ¢>) ~2a® |, H ( l‘¢>) ~6a” [y H’ (rlw) ~4a® |, H [’l‘w] ~16Gra? p,p Pu ("l‘w] }

(1) (1) (1)~ 1)

. . _ —_ (1 — (
GaZHabH( w)+6a2H,;a r’,b[ w]-zaz hab{ w)+8Gna2,Z]bPu(Da vU]+sena2 ,gbpu[oa VU)+

(

1) — 1). 1) — (1 — (1)
2aH (Da' ¢>)+2a;]b (Dar 11/)+867ra2 na Pu [Db Vu)+867raz na PU (Db Vu]+2aHr']a (Db ¢>)+
D

(1) (1

- _ (1). _ _ _ — —c (1) _ — —c (1) o —c (1)
Zana[Db w]mboa ¢ -Dp D, w—hab[DcD ¢)+hab[oco w]-zna nb(co w)]

This first step was necessary to compute all the components of the perturbed Einstein equations.
We can then extract the single components with ExtractComponents. We start with the time-time
equation.

In[22]:= pertEinsteinEquationTT=ExtractComponents[pertEinstein,h,{"Time","Time"}]
2 0.0y

2 (1) (1) (1) .
-3H +8Grmpu+e 8Grr[ pu)+l6Gﬂpu( ¢]+6H( w)— 3

a

From which we can also immediately obtain the background equation (the term not multiplied by the

perturbation factor €)

87
H? = TP» (A.3)

which is indeed the first Friedmann equation (1.16). But we can also extract the first order only with
ExtractOrder.

In[23:= ExtractOrder [pertEinsteinEquationTT,1]
— (1)
2 (Dc D w]

(1
SGF( )pu)+166npu 2

1) (1) .
(b] +6H ( L//) -
a
This equation is compatible: with (5.26) of [16] up to a substitution of pu with the background equation
(A.3), and the convention in Table A.1; and with [74] up to a conversion to conformal time. In fact,
using the definition of the ADM spatial covariant derivative, it can be proved that the D D¢ term we
have in the xAct equation is exactly the 9;0°. Therefore, going into Fourier space, we obtain the usual
equation

k2 .
0+ 3H (@ - H@) — 472G 8p, (A.4)

where dp is the perturbation of the energy density defined with the stress-energy tensor, i.e., the total
energy density p(t) 4+ dp(t, Z) is given by two contributions from the background and the perturbations,
the latter given by pu with a superscript (1) in xPand notation. Similarly we can define the pressure
perturbation as dP. A similar procedure can be applied to compute the time-space and space-space
components. For instance, the space-space component can be computed as follows.
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In[24]:= pertEinsteinEquationSS=ExtractComponents[pertEinstein,h,{"Space", "Space"}]

32 | H +2a? |, He8Gra? [, Pu+

€

8Gra? . [ Puls8Gra? [ n,]-6a2 oy W[ o] maa2 L0 ( e -
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2a% [ H (( d)] ~6a% |, H (( )d/] -4a% |, H (( )z,//] -16Gra’ |, Pu (( )w] -

(1) .

- _ (
632 habH( L[/]—2a2 hab(

. o ) _ ) . 1 _ — .~ (1)
0] +PsDa 0 -DsDs w= iy (DD 6+ oy (DD U

From which we can immediately identify the background and the perturbation equation, and eventually
extract them with ExtractOrder.

Another equation that is usually computed is the traceless part of the space-space component.
This can be achieved by a combination of two commands. The first is Projectorh (similarly to the
covariant derivative, every time a slicing is defined with DefSlicing, a Projector operator is defined
with the name of the induced metric appended to the projector name), which project the result into
the hypersurface. With STFPart, which requires to specify the induced metric, we obtain the traceless
part. It is easy to see that the trace of the output is null.

In[25]:= pertTracelessScalar=STFPart[Projectorh[MyToxPand[EinsteinEquation,
"NewtonGauge",1]1],h]//org;
SplitPerturbations[%,FieldGauge,h];
ExtractOrder[%, 1]

(1

5 ) — — (1) — — (1) 1 — (1) 1 = —c (1
8Grra ( zab)+DbDa ¢ - Dy D, zz/—g hab (DCD ¢)+§ hab [DCD z[x)

Since all terms giving the trace has been removed from the space-space Einstein equation in the previous
step, we can apply to the last output a projection operator to also obtain the longitudinal trace-less
equation

NV 2
(mﬂ - 55”) [87Ga’S;; — kikj(U + @)] = 87Ga’S — ng(xp + @), (A.5)

where

An 1 ...
Y= <I{ZZ]€J — 552j> Zij . (AG)

Therefore the final equation is

E* (® + ¥) = 127Ga*YS, (A7)
which is compatible with both [16] and [74].

A.6 Tensor perturbations

The tensor perturbations can be computed using the same procedure as for scalar perturbations. Unfor-
tunately, there is no way to cancel scalar perturbations setting one flat as we did for tensor and vector
perturbations in the previous section. However, we can enable tensor perturbations with the following
commands, and using the decomposition theorem we can simply subtract the scalar perturbations re-
sult. A fully equivalent treatment would be to eliminate terms of the scalar perturbation quantities (the
gravitational potential & and W) but, since we already have the scalar perturbation results, it requires
fewer commands to subtract them from the tensor perturbation results.
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In[26]:= $FirstOrderTensorPerturbations=True;
We can also visualize the tensor as we did for the scalar perturbations.

In27]:=  MyToxPand[g[-b,-c],"NewtonGauge",1];
VisualizeTensor [%,h]

The output corresponds to the metric
ds® = —dt* + (6;; + 2E;;) dv'da? (A.8)

where F;; is the tensor perturbation metric.

n h
1)
nf-1-2¢ qb) 0
_ (1) _ (1)
I ]

Using the same procedure carried on for scalar perturbations, we can find the tensor perturbation
longitudinal trace-less equation. Note that in the first command we also subtracted the scalar pertur-
bations result.

In[28]:= pertTracelessScalarTensor=STFPart [Projectorh[MyToxPand[EinsteinEquation,
"NewtonGauge",1]] ,h]-pertTracelessScalar//org;
SplitPerturbations[}%,FieldGauge,h];
pertTracelessScalarTensorl=ExtractOrder[%,1]

(1) *° (1) - (1) (1) . (1) — — (1)
2 Eab) ~322 [ Eab) H+6a2 ( Eab) H? + 4 a2 ( Eab) f+16Gra? [ Eab) Pu+D. D E,p

-a

This result can be simplified using the space-space background Einstein equation. We already computed
it in the previous section, and we can access it with ExtractOrder.

In[29]:= bkgEinsteinSS=ExtractOrder [pertEinsteinEquationSS,0]/. 1_131, —1

332H2+232H+8GJT32PU

Finally, solving the background equation for P using the Mathematica function Solve, substituting
the result in the perturbation equation and dividing by a? we obtain the usual result for tensor per-
turbations. Note that we divided by ah[] and not a, because as other aforementioned quantities, the
scale factor is defined for each slicing, and therefore the name of the induced metric is appended to
a. Moreover, a was defined as an index with DefManifold, and trying to divide by it would produce
meaningless results.

In[30]:= Solve[bkgEinsteinSS==0, Pu] [[1,1]]
-pertTracelessScalarTensorl/ah[]"2/.%//org//Simplify
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“3H’-2H
Pus— 7
8Gr
— — (1)
(1) (1) - Dc D Eab
Eab+3( Eab] H-
a2

Therefore, in Fourier space, we obtain the tensor perturbations equation

2

Eij + ?)HEz] —+ ?Ez] = O, (AQ)

which is compatible with [16] and [74] results. Note that there is an additional factor 2 in xPand
definition of £j;. Our result is obviously not affected by this factor, but it is important to keep track
of these conventions when we compute higher order perturbations equations, where scalar and tensor
perturbations are usually mixed.

A.7 Time derivative

We might want to derive one of the perturbation equations with respect to the time, to find the second
order in time differential equations. This cannot be achieved with a simple Derivative of the results with
respect to t. The correct way is to exploit once again the fact that xPand uses the ADM formulation. In
fact, the Lie derivative with respect to the normal vector n*, at least in FLWR metrics where the shift
vector N* has null components, always coincides with the derivative with respect to time, as in (3.43).

Consider the following example. We want to obtain the derivative of the time perturbed Einstein
equation. Consider only scalar perturbations for simplicity.

In[31]:= $FirstOrderTensorPerturbations=False;
In[32]:= pertEinsteinEquationTT
LieD[n[al]@%//org
— —c (1)
2 [Dc b w)
2 (1) (1) (1) .
-3H +8Grmpu+e |8GrT ( pu) +16 Grtpu ( d)) +6H ( z,//) B —
a

. . (1) . .
-6aHH+8Grapu+e SGzra[ pu) +16 Grapu

(1)
ds) +

(1) . L[ (1) .
lGGJrapu( <b)+6aH[ z//)+6aH

(l)..
l/f)+ - +

(1)
8Gn( pu) (Lr;e) +16 G pu

As you can see also Lie derivatives of the perturbation parameter € appear. You can solve it by
substituting it with zero, or work on each order as follows.

In[33):= LieD[n[a]]@ExtractOrder [pertEinsteinEquationTT,0]//org
LieD[n[a]l]@ExtractOrder [pertEinsteinEquationTT,1]//org
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L//)+6aH( L[/)+ -

Note that it is not necessary to apply the Lie derivative if we want to consider a single object. In
fact, all the quantities defined by xPand carry several indices. For instance consider the gravitational
potential

¢h[LI[1],LI[1]]

The first LI[1] denotes the order of the perturbation (the superscript (1) we can see for instance in
the previous output), while the second is the order of the time derivative. For instance, this is the first
time derivative of the gravitational potential. To obtain the second time derivative of the gravitational
potential we can simply write

oh[LI[1],LI[2]]

Finally note that, since the gravitational potentials are defined for each slicing we introduce, we should
append the name of the induced metric to the gravitational potential similarly to what we did for the
Projector function.

A.8 Additional degrees of freedom

If we want to add additional degrees of freedom, the first equations we usually want to compute are
the modified Einstein equations. This can be performed with xPert package of xAct. We will find
the equations of motion in a covariant form, without specifying any coordinate system. The FLRW
coordinates will be introduced when we will use the equations of motion in xPand.

A.8.1 Equations of motion

Firstly, before switching to another xAct package, it is always important to quit the Mathematica kernel
to avoid any definition clashing. This can be done in the Mathematica Kernel settings or using the
following Mathematica command.

In[34]:= Quit[]
As in the xPand case, we should call the add-on and define the manifold and the metric.
In[3:= <<xAct‘xPert®

Inl4]:= DefManifold[M,4,{a,b,c,d,e,f,h,i,j,k,1}]
DefMetric[-1,g[-a,-b],CD]

When we use xPert, we can define a general metric perturbation, which is used for the action variation,
with the DefMetricPerturbation function. It needs the name of the metric we want to perturb, the
name of the perturbation we want to create, and the name of the perturbation parameter (similarly to €
in xPand). With the second line, we show an alternative method to call PrintAs on the already defined

gpert.
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Inj5]:= DefMetricPerturbationl[g,gpert,e];
PrintAs[gpert] = "h";

To obtain a more readable result, where the perturbation index is shown in the output with a different
color (blue in the command below), we can do the following. Note that IndexForm is a function protected
from changes in xAct, and it should be unprotected before we can modify it. If you use Unprotect,
remember to protect it after the changes to avoid unwanted changes to core functions.

Infe:=  Unprotect [IndexForm] ;
IndexForm[LI[x_]]:=ColorString[ToStringl[x],RGBColor[0,0,1]];
Protect [IndexForm] ;

In this example we want to add a new degree of freedom to the action. Consider the addition of a
scalar field (the same procedure can be extended to higher order tensors). Since the scalar field we are
considering is a scalar function, i.e. a (0,0)-rank tensor, we define it with DefTensor, which requires the
name of the tensor we want to define and the manifold where to define it. In general, every degree of
freedom, i.e. every quantity we want to perform the action variation with, should be defined as tensors.
Moreover, similarly to the metric, we should define the perturbation of this new tensor, similarly to
what we did for Tmunu.

In[7]:= DefTensor [Phi[],M,PrintAs—"¢"]
DefTensorPerturbation[PertPhi [LI[order]],Phi[],M,PrintAs—"dp"]

We consider the simplest scalar field dynamic addition to the action, called quintessence. Its action part
is given by

1 )
Sy = _590;0904) - V(p), (A.10)

where the first part is the kinetic energy of the scalar field, and the second a generic potential. We can
define a generic function of any tensor with

Injs]:)= DefScalarFunction[V]

Note that if we need coupling constants, we can define them with DefConstantSymbol as we did for
the Newton constant. For instance consider the following command for defining a constant alpha which
will be printed as « in the outputs.

Injo]:= DefConstantSymbol [alpha, PrintAs—'"a'"]

In the quintessence case, we do not need to define a coupling constant, therefore we will not use this
definition.

We can finally define the Lagrangian, which should contain the determinant. The determinant Det
is another object which is defined every time we define a metric, and the name of the metric is appended
to it.

In[10]:= L=Sqrt [-Detg[]] (1/(16%Pi*G)RicciScalarCD[]-1/2*CD[-b] [Phi []]*CD[b] [Phi []]
~V[Phi[11)

~ [ R[V]
16Gr

1
“Viel -2 (Vb ¢) (wa))

To obtain the perturbation of the Lagrangian we can use a sequence of commands: Perturbation
compute the perturbation at linear order (as a second input we can specify the order of the expansion
in the perturbation); ExpandPerturbation gives the equation where all the quantities are expanded
in terms of the metric perturbations; ContractMetric contracts all possible indices with the metric;
ToCanonical is one of the most useful functions of xAct, which simplifies and canonically reorganizes
all the tensors, according to the tensors symmetries and the position of dummy indices.
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In[11]:= Lpert=ToCanonical@ContractMetric@ExpandPerturbation@Perturbation@L

1b
- + -—1\-£2 h Vip] - + -
16 Gt 326G 2 VB o] 16 Gt 16 Gt

V-8 h*® R(VIpe V- K™, RV _ V-2 "2, V-g n,

“& (Vo 9) 501P+ — =g h'y, (V0) () - 2 V-8 h'7, (Th0) (Vo) - y-g se! V]

The final step is the variation with VarD. The syntax requires the perturbation quantity with respect
to which we are making the variation, the covariant derivative, and as another input the quantity to
perform the variation on. For instance the variation of Lpert with respect to the metric g is given by

VarD[gpert [LI[1],a,b],CD] [Lpert]

In practice, we can simplify the result deleting the determinant and a spurious perturbation indices
delta, and transforming the Ricci tensors to Einstein tensor with the following commands.

In[12]:= 0==-2%(VarD[gpert [LI[1],a,b],CD] [Lpert]/Sqrt[-Detgl]]
/.deltal[-LI[1],LI[1]]—1//Simplify//RicciToEinstein)//Expand//ContractMetric
//ToCanonical

G[vJab 1 c
0 = * Bap VIO = (Va0) (Vo 0) + 2 Bap (Ve ®) (v€ o)

A similar procedure can be applied for the Klein—-Gordon equation, i.e. the equation computed from the
variation of the Lagrangian with respect to the scalar field.

In[13):=  0==(VarD[PertPhi[LI[1]],CD] [Lpert]/Sqrt[-Detgll]
/.deltal[-LI[1],LI[1]1]1—1//Simplify)

0=VaV?p-Vip]

A.8.2 Perturbations

We can use again xPand to compute the perturbation equations. The generalization of the General
Relativity procedure for a theory with an additional degree of freedom is straightforward. In fact, xPand
automatically create a scalar field ¢ [] that can be added directly in the Einstein equations. For instance,
consider again the quintessence example.

The modified Einstein equations of quintessence found with xPert

G — P + %gw P’ + gV (@) = 8nGTy (A.11)
can be implemented in xPand following the same procedure we used for standard General Relativity. As
first step, remember to quit the kernel. Then include the new definitions: for instance V in the case of
quintessence. Again, for quintessence is not necessary to add a new scalar field definition because one,
called ¢[], is already automatically defined by xPand. Then we can replace the EinsteinEquation,
copying the xPert result above, substituting the field definition Phi[] with ¢ [] and adding the stress-
energy tensor.
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EinsteinEquation=Tmunu[-a,-b]-EinsteinCD[-a, -b]/(8*Pix*G)
-gl-a,-b] V[pl[l] +(CD[-al [p[1]) (CD[-b] [p[1]1)
-1/2 gl-a,-b] (CD[-c][p[11)(CD[c] [p[1])//SeparateMetriclg]

Then following the General Relativity procedure we can obtain the perturbations equations for quintessence.
The same can be applied to the Klein—-Gordon equation to find the perturbed Klein—Gordon equation.

If there are additional tensor degrees of freedom, we can proceed in defining them with the procedure
used to define the anisotropic stress.

A.9 Conclusion

In this section, we showed a simple example of the application of xAct on a very well-known cosmology
problem. In particular, we used xPand to compute the linear perturbations with matter described by
a perfect fluid stress-energy tensor with the addition of anisotropic stress. We also introduced the
possibility of adding a new degree of freedom.

Note that in this derivation we neglected the nature of matter included in the stress-energy tensor,
using a generic perfect fluid description. In practice, we should consider not only the matter terms coming
from the single matter components (baryons, radiation, dark matter, dark energy, ultra-relativistic
particles, etc..) but also their eventual interaction. For instance, standard baryonic matter and radiation
can exchange momenta, at least before recombination, due to Compton scattering. We neglect the full
discussion about these collisional terms: the complete details about the matter part of the perturbation
equations can be found for instance in [16, 74].

Finally, it is important to note that the perturbations in General Relativity are known to be math-
ematically stable. However, when we compute the perturbations in the presence of additional degrees
of freedom (for instance a scalar field as we did in section A.8), it is also important to check the math-
ematical stability of the perturbation quantities. We defer the discussion of this problem to Chapter 4
dedicated to modified gravity theories.
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Appendix B
Bayesian probability

In this Chapter, we introduce the Bayesian probability, and then describe the process of parameter
estimation to obtain constraints using observational data, which is applied in Chapter 6. The first
introduction section is based on [89]. The discussion is based on several courses notes, e.g., [90, 91].

B.1 Why Bayesian probability?

The Bayesian probability is an alternative way to study statistics. It is usually compared with the
frequentist probability, which has the following definition for the probability of an event.

The probability of an event is the quotient of the number of times the event occurs and the
total number of trials, in the limit of a large set of repetitions with the same probability.

The first evident problem with this definition is its circularity. The definition of an event relies on the
definition of equiprobability, which is based on the notion of probability itself, which is the entity we are
trying to define. Besides this technical issue, we can also see two practical limitations of this approach.

(i) The number of repetitions required by the definition should be large. In practice, it is very
common, also in cosmology, to deal with a small number of experimental data. Moreover, there is
no prescription on how large the set should be to comply with the definition.

(ii) Unique propositions can not be handled. A question like What was the probability of rain in Rome
yesterday? can not be formulated, as the answer would require infinite (> 1) repetitions. The
same issue can be translated into cosmology. When we estimate an observable, we can make an
experiment on only one possible realization of the Universe.

The Bayesian approach is based on a different probability (of an event) definition.
The probability of an event is the measurement of the degree of belief about a proposition.

In addition to the obvious advantage of being able to assign a probability to unique events, the Bayesian
probability can be preferred for other reasons:

(i) it deals with nuisance parameters with easily and with small (also numerical) efforts. These
parameters are all the quantities that influence the data but are not interesting in describing the
physical process we are studying. For instance, the noise affecting some data. There might be
some parameters that describe the noise, which we do not need to estimate. In Bayesian analysis,
we can simply integrate the probability over all possible values of these parameters to marginalize
over it. On the contrary, the frequentist approach does not have a simple prescription to deal with
nuisance parameters;
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(ii) it can integrate prior informations. For instance, we can enforce the constraint of a mass to be
positive, while in the frequentist approach the best-fit value might be a meaningless negative one;

(iii) while in the frequentist approach we usually deal with the probability distribution of data that
are not obtained, the Bayesian probability can be considered only with available data;

(iv) it can recover the classical statistics in the cases when the proposition in the frequentist approach
can be formulated. This limit can be achieved when the number of available data is large enough.
Therefore the Bayesian probability can account for frequentist results, plus all the additional cases
we mentioned above.

We should note that, even though these motivations seem to prefer the Bayesian approach in all
applications, the debate between statisticians is still open. However, as physicists, we should prefer the
approach which can be used for more applications and provides more efficient prescriptions to deal with
data. We will see in the next Chapters that the Bayesian approach, in some cosmological applications,
is the only possible way to infer physical properties from data.

B.2 Definition

The formal definition of the probability of an event in Bayesian statistics is the following.

The probability P(A|B) is the degree of which the truth of a logical proposition B implies that
a logical proposition A is also true.

This definition should be accompanied by an explanation of the term degree, which should calibrate
the probability scale in order to define the value of true and false events, and order the probabilities
based on their likeliness to be true. In fact, we can clarify the meaning of degree using the conventional
probabilities

(i) 0 <P(A|B) <1 for all A and B;
(i) if P(A|B) = 0 and B is true, then A is false;
(iii) if P(A|B) =1 and B is true, then A is true;
(iv) if 0 < P(A|B) < 1 and B is true, then A might be true;
(v) if B is true, then the probability that A is not true is 1—P(A|B);

(vi) if P(A|B) >P(C|B) and B is true, then it is more likely that A will be true than C. In particular,
the ratio P(A|B)/P(C|B) is the factor of which A is more likely to be true than C, provided that
P(C|B) > 0. If P(C|B) = 0, then A is infinitely more likely to be true.

Another feature of this definition is that any probabilistic statement is conditioned to other infor-
mation. Therefore, in the context of Bayesian analysis, it is meaningless to write P(A) if it is not
conditioned to other statements. Moreover, it is important to stress that P(A|B) is defined only if the
statements A and B are related. For instance, we can not define P(A|B) where A is The dice result is 2
and B is It rained in Rome yesterday. However, it might be possible to obtain P(A|B, C;), the proba-
bility of A conditioned to B and to additional statements C; which provide a possible model connecting
the dice result and the weather (if any).
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B.3 Bayesian inference

After the definition of P(A|B), we want to find the relation between P(A|B) and P(B|A), i.e. establish
an inference method. We can obtain the link between these two probabilities by taking a step back. We
introduce some self-consistency relations, called Coz’s axioms.

(i) Comparability: the probability of any two propositions must be representable mathematically
in such a way they can be ordered (and therefore compared).

(ii) Negation: the probability that a proposition is true must have some deterministic relationship
to the probability that it is not true.

(iii) Conmsistency: if the probability that a proposition is true can be derived in different ways, their
results must be numerically the same.

The Coz’s theorem states that the introduction of these axioms leads to the definition of a mathematically
founded probability theory. We already introduced the implications of the first two axioms in the
previous section. In particular, comparability implies we can write (i), where we assign a real number
to any probability; negation implies that we can write the probability of A not true starting from
(ii) and (iii) (where we assigned the probability of a true statement to 1, and 0 if false), obtaining
P(A|B) = 1-P(A|B).

The last axiom has less obvious implications. Consider three propositions A, B and C', not necessarily
related, and a set of background information I that is informative enough to specify P(A|I), P(B|I)
and P(C|I), without the need for each of these probabilities to reference to the other two.

Consider the joint probability that both A and B are true conditioned to I, P(A, B|I). It must
depend on both the probability of A being true, P(A|I) and B being true given A is true, P(B|A, ).
Therefore, there should exist a function f(z,y) such that

P(A, B|I) = f[P(A[I),P(B|A, )] . (B.1)
But the same reasoning can be applied to obtain a similar result
P(A, BII) = f[P(BII),P(A|B, )] (B.2)

The LHS should be false if one of the propositions A or B is false, i.e. f(0,y) = 0; but it should be
false also if the probability of A given B (or the contrary) is false. ie. f(z,0) = 0. Moreover, if A
or B are true, we expect the probability of both A and B being true to only depend on P(B|A,I) (or
the contrary), i.e. f(1,y) = y, and similarly, f(z,1) = x. Obviously, this does not uniquely define the
function f.

We can extend the joint probability with three statements A, B and C. With a similar argument we
can obtain

P(A, B,C|I) = f[P(A, B|I),P(C|A, B,I)] =
= fAFP(A), P(BIA, 1)), P(C|A, B, 1)} (B.3)

but also

P(A, B,C|I) = f [P(A[I),P(B,C|A,I)] =
= fAP(AD), fF[P(B|A, 1), P(C|A, B, I)]} . (B.4)

Enforcing the consistency axiom, since the two quantities in both previous equations are the same, we
obtain

FAFIPCALD), P(BIA, 1)}, P(CIA, B, 1)} = f{P(A|D), f [P(B|A, I),P(C|A, B, )]} . (B.5)
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In other words, we want to find the function f(z,y) which satisfies the border conditions f(z,0) =
f(0,y) =0, f(x,1) =z and f(1,y) =y, and the equation

U y), 2] = flz, fy,2)] (B.6)

with 0 < z,y,z < 1. It can be proved (Cox, 1946) that there is no unique choice of f; however, they are
all equivalent to define

f(z,y) ==y, (B.7)
up to the definition of a new scale, e.g., the square of the probabilities x and y.
Therefore, the consistency axiom leads to the inference result

P(A, B|I) = P(A|I)P(B|A,I) = P(B|I)P(A|B, ). (B.8)

Although this is a standard result in probability, we proved it using probabilistic implications, without
the need for countability arguments or the notion of frequencies.

B.4 Bayes theorem

From the previous result (B.8), we can derive the fundamental tool of Bayesian probability, the Bayes
theorem
P(A|I)P(B|A,I)
P(BI|I)

The key feature of this theorem is that we can invert the probabilities P(A|B, I) and P(B|A, I). However,
the probability P(A|B, I) does not depend only on P(B|A, I), but also on P(A|I) and on the background
informations I. The latter dependence is crucial because it permits a correct definition of all the
probabilities in the Bayes theorem, even in the case when A and B are not related and P(A|B) can not
be defined.

Note that the theorem can also be formulated in the case of probabilities for continuous random
variables, in terms of probability density functions. In that case, if z and y are two continuous random
variables, we obtain the relation

P(A|B,I) =

(B.9)

x| )P (y|z, I)
P(y[I)

P(zly,I) = i (B.10)

B.4.1 Normalization

It is implicit in the definition of any discrete and continuous variable that the sum/integral of the
probability over all possible values should be unity. Consider a set of N ezhaustive propositions {S;} =
{S1,...,9n}, i.e. one of them should be true and they are mutually exclusive. Therefore, when we sum
all the probabilities of the statements from this set conditioned to a proposition B and the background
informations I, we have the requirement

N

> P(S|B.I)=1. (B.11)

i=1

Applying the Bayes theorem (B.9), we obtain
N
> P(S[I)P(B|S;, 1) = P(B|I). (B.12)
i=1

Therefore the Bayes theorem can be rewritten as
P(SiT)P(B|A, )
>0 P(S;I1)P(B]S;. 1)

P(S:|B, 1) = (B.13)
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In the case of continuous variables, it can be proved that the sum should be replaced by an integral.
For instance, if the continuous random variable x can have any real value, its probability density function
conditioned to B is

P(z|)P(B|z, I)
= da' P(2'|I)P(B|a’, 1)

P(z|B,I) = (B.14)

B.4.2 Change of variables

We might be interested in the change of variables transformation of a known continuous probability
density distribution P(x,I) from the random variable x to a (related) deterministic quantity y = y(z).
We do not restrict the discussion to the case where y(z) is bijective (and therefore invertible), but we
allow the existence of more x; for which y(z;) has the same value. The joint probability is

P(x,y[l) = P(z|[)P(y|x,I) =
= P(z|1)é[y — y(z)], (B.15)

where ¢ is the Dirac delta distribution. A useful property of this distribution is

Sz — x;)
B.16
Z dg/dals]’ (B.16)

where z; are all values of = such that g(z) = 0.
Therefore, the probability distribution of y can be rewritten as the marginalization of the x random
variable, as

P(y|l) = /_OO dx P(z,y|I) =
_ /w dz P(2|)P(ylz, I) =
— /OO dx P(z|1)dly — y(z)] =

& Pyl
- ; |dy/dz|osy| (B.17)

where {x;(y)} are all the values of = such that y(z) = y. In the case y(x) is a bijective function of z, we
should have only one z(y) such that y(x) = y, and therefore the equation simplifies to

__Pl@)])
Py|I) = et (B.18)

Finally, if there is no z;, i.e. no z such that y(z) = y, the result is P(y|I) = 0.

B.4.3 Data analysis

The most common application of Bayes’s theorem in physics is the use of informations gathered about
the world, the data, to obtain a picture of reality, the model, using pre-existing knowledge, the prior,
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and an overall paradigm, the context. With this picture, we can re-cast the Bayes’s theorem (B.9) as

P(model|context) P(data|model,context)
P(data|context)

P(model|data,context) = ) (B.19)

where
(i) P(model|data,context) is the posterior probability, for the model considered and using the data;

(ii) P(model|context) is the prior probability. It includes the informations about the model and does
not depend on data;

(iii) P(data|model,context) is the likelihood. It is also denoted as L(data), implicitly containing the
model and context informations;

(iv) P(data|context) is the prior probability of the data. It can also be seen as a normalization factor,
as discussed near equation (B.9). In fact, it can be interpreted as the prior probability of the data
averaged over all considered models. 1t is also called marginal likelihood or Bayesian evidence.

We can rewrite the Bayes’s theorem (B.19) in a formal way.

P(0|1)P(d|6, ])

P@|d,I) = B.20
where d = dy,ds, . .., dy is the set of data, with N the number of available informations gathered about
the world; @ = 61,0,,...,0y, is the set of model parameters, with /N, the number of parameters in the

model considered; I is the context, a set of assumptions on which the inference problem is conditional.

We can interpret the quantities on the RHS as the input of the inference problem, while the LHS
represents the output. We are using Bayes’s theorem to incorporate new data and update the picture
of the world given by the posterior. In this sense, the Bayesian analysis process is a learning algorithm.

It is important to note that in the Bayes’s theorem (B.20), the data are available only on the
likelihood and the marginal likelihood. However, as we previously discussed, the second is only a factor
that ensures the normalization of the posterior probability. Therefore, data can affect the posterior
probability only through the likelihood. On the contrary, the posterior must be independent from any
data. 'This constraint on the data dependence in the Bayes’s theorem is usually called likelihood
principle, although it is just a consequence of the application of Cox’s axioms to obtain the theorem.

B.4.4 Subjectivity?

When we consider Bayes’s theorem (B.20), the choice of the prior probability might seem arbitrary.
However, one key feature of Bayes’s theorem is that we can use it repeatedly as new data are available.
With the following example we want to show that in the limit of a large number of data, the posterior
becomes independent of the prior.

Consider a Gaussian (normal) probability density distribution of a random variable 6*

2mo? 2 o2

N(0: 1,0%) = —— exp {—1M], (B.21)

where 11 is the mean value of the normal distribution and o2 is the variance of the normal distribution.
In this example we choose to draw some data from a normal distribution, as in Figure B.1.

*The probability density distribution is related to the probability of obtaining a quantity X with a value between x and
0+ df, drawing X from a normal distribution with mean value of the distribution p and variance o2, through the relation

P(f < X <6 + df|lmean = p, variance = o, normal) = N (6; u, 0%) df .
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Figure B.1: Plot of the probability density distribution with zo = 1 and oy = /3 from which we draw
the data shown in the (normalized) histogram.

Moreover, consider two different priors, e.g., the case where two scientists have two different context
information I; and I, which lead them to two different prior probabilities P(8|/;) and P(8|/2). We plot

the two priors considered in Figure B.2.
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Figure B.2: Plot of the prior probabilities. In this example, we set them to be normal probabilities,
respectively with 1 = 0.5 and o; = 0.5 and ps = 3 and oy = V5.

We can use Bayes’s theorem (B.20) to compute the two posteriors for the different priors. We consider
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the first data drawn from the normal distribution in Figure B.1 and compute the likelihood, which is
also a normal distribution centered on this data with variance given by oy. The posterior probabilities
1 and 2, respectively computed with the priors 1 and 2 in Figure B.2, are available in Figure B.3a.
The same procedure can be applied several times, eventually leading to the same posterior distribution
independently of the choice of the prior, as we can see in Figure B.3d after the application of Bayes’s
theorem 180 times.
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Figure B.3: Plot of the posterior probabilities 1 and 2, respectively computed with the priors 1 and 2,
in Figure B.2. The number of data refers to the number of applications of the Bayes’s theorem.

Therefore, although two scientists might have different context information I, and therefore consider
two different priors, in the limit of a large number of data they will eventually agree on the same value
of the parameter.

B.5 Parameter estimation

One of the interesting application of the Bayes’s theorem in physics is the estimation of the parameters
0 of a theoretical model M, using the experimental data d. The picture is the same of the data analysis
case (B.20)
P(0|M)P(d|6, M)
P(O|d, M) = ) B.22

(6l ) [ d6'P(6'|M)P(d|6', M) ( )
where the context I is replaced by the model M, and we explicitly write the denominator P(d|M) as
the normalization factor. The key result is indeed the posterior P(6|d, M), which gives the constraint
on the parameters conditioned to the experimental data d and the model M. Note that the likelihood is
also defined in the literature as P(d|@, M) = L(0), which contains information on the model parameter
0, and implicitly on the model M.
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B.5.1 Marginalization

As mentioned in the introduction, one of the key features of Bayesian probability is that we can isolate
the conditional probability distribution of only some interesting variables from a distribution that might
have many other nuisance parameters. This process is called marginalization, and it consists on simply
summing/integrating the probability over all possible values of the nuisance parameters. A common ex-
ample in physics might be the presence of an uninteresting noise governed by some nuisance parameters,
that we want to factor out from the probability distribution of 6.

For instance, consider a model M with parameters @ = {0;,05,05}, where 6 and 3 are nuisance
parameters. We can obtain the posterior distribution of the #; parameter only, integrating the total
posterior distribution over the other parameters as

Polar) = [ a, [ do (6,056, M), (B.23)

B.5.2 Posterior sampling

The analytical form of the posterior P(8|d, M), both normalized and unnormalized, might be difficult
to obtain. And even if we are just interested in the peaks of the posterior, they can be hard to find too.

An alternative solution for computing the posterior is to use the sampling method. We generate N
samples {0;} from the posterior distribution, which can summed to obtain an approximate version of
the posterior

P(6]d, M) = % > a6 -6, (B.24)

where 9 is the Dirac delta and we assume for simplicity that the samples are equally-weighted. Although
the posterior is not usually a series of peaks, but a smooth function of the parameters, this approximated
version is useful to estimate derived quantities or binned/smoothed versions of the posterior itself. For
instance, the integral of a function f = f(0) weighted with the posterior, can be computed from the
sampling using

/ 46’ (6" Pr(6'|d, M) = % > 1) (B.25)

B.5.3 Incomplete representations of the posterior

The posterior distribution P(8|d, M) is the full result of the application of the Bayes’s theorem for the
parameter estimation, while any reduced form (or incomplete representation), such as the marginalized
posterior, loses information. But, as already mentioned, the analytical form of the posterior distribution
can not always be found.

Another approach is to describe the posterior distribution using just a few numbers, or some plots.
The obvious limit of such incomplete representations will be the fact that they can not fully represent
an arbitrary density in even one parameter. However, in most cases they can give a good representation
of the posterior distribution. In the following, we cite some of the most common incomplete posterior
representations.

Maximum a posteriori probability. The Mazimum a Posteriori Probability (MAP) is the value 8
of @ for which we have the maximum of P(8|d, M)

Oriap = arg maxg P(8|d, M). (B.26)

This value can be useful to obtain the best possible value of the parameters conditioned to the data and
the model. However, it might fail if the posterior is flat or it has more maximums, leading to a choice
that might be very far from most of the posterior.
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Posterior mean. The posterior mean is defined as
Brenn — / 460/ P(0/|d, M) (B.27)

From the definition, 0, con is moTE global than O AP, but it might not exist if the integral is not defined
(e.g. if the tails of the posterior distributions are not negligible). Moreover, depending on the posterior
distribution form, it might happen that P(0. ...|d, M) =0

Credible regions. We can complement the single number representations with measurements of the
width of the posterior distribution. This approach consists in defining some credible regions that include
a specific fraction f of the posterior probability, usually multiple of the normal distribution o (1o for
f=68%, 20 for f =95%, ...). However note that this definition is ambiguous, because there are infinite
ways to create regions enclosing the fraction f of the posterior probability.

For instance, in the case of a single parameter posterior distribution (or the marginalized posterior
with one parameter left), any interval 6, < 0 < 0., that satisfies

emax
F = P(Ouin < 0 < Ouna|d, M) = / o' P(0'|d, M) , (B.28)
omin
is valid.
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Figure B.4: Plot of the 2018 data analysis results of the Planck experiment (courtesy of [5]). Different
colors corresponds to different datasets, and the parameters on the axes are standard model cosmolog-
ical parameters. The different credible regions are computed from the posterior with the HPD region
definition (B.29). The regions of 1o and 20 have respectively darker and lighter versions of datasets
colors.

The most common region choice is the Highest Posterior Density (HPD) region, which is usually
uniquely defined. The region is defined as the collection of the parameter values of the posterior which

satisfy P(6|d, M) > p, where p is the value defining the region. In other words, the region is defined by

f= /d&’P(9’|d,M)®[P(9’|d,M) — . (B.29)
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where O(x) is the Heaviside theta step function. Another interesting fact is that all the parameter
values on the boundary of the HPD region are equiprobable, and therefore all the models with those
parameters are equally probable. Moreover, since all the parameter values inside the HPD region are
more probable than points outside the region, the HPD regions are the smallest definable regions with
a fraction f. An example from cosmology is shown in Figure B.4.

B.6 Numerical sampling

In the previous sections, we discussed how to use data to update the description of the world we have
employing Bayes’s theorem. The missing step to obtain a quantitative solution is to find a way to
generate the aforementioned sampling of the posterior. In the following, we introduce one possible
sampling method based on Markov Chain Monte Carlo (MCMC) and the Metropolis-Hastings (MH)
algorithm.

B.6.1 Markov Chains

A Markov Chain is an ordered sequence of points {65} = {64,605, ...,0n,} (Vs is the number of sampling

points in the chain), where the position of any point 65 depends only on 651 and not on other points

of the chain. In other words, any point @, (except the first) is drawn from a distribution P(6,]0,_1).
The algorithm is the following:

(i) compute the first sample 6,1, which in general is chosen randomly. Usually more chains are com-
puted in order to check if the result is robust against the change of this initial parameter values;

(ii) for all other Ny — 1 points in the chain, starting from 6, we draw a trial point Oy, from a
proposal distribution P(6,|0,_1, trial), which should depend only on the previous samples 6,_;.
The trial denotes the proposal algorithm we consider, whose form is usually chosen to increase the
efficiency of the algorithm, i.e. to minimize the number of points needed to obtain a reasonably
good sampling;

(iii) accept the trial point Oy, with an acceptance probability P(accept|@ia, s—1). Also a careful
choice of the acceptance probability can boost the efficiency of the algorithm;

(iv) if the trial point is accepted, then we set @5 = Oya1, otherwise 8, = 0, 1. It is crucial not to
discard the points even if 8, = 0,_1, but to save them in the Markov chain;

(v) the steps above are repeated for a sufficient amount of iterations until we reach convergence, whose
definition generally depends on the application.

The choice of the proposal and acceptance probabilities are what define a particular MCMC algorithm.
These probabilities can also be condensed into a single probability distribution P(68,|0s_1). We can show
this starting from the conditional distribution of @,

P(05|etriah 03—1) = P(accept|0trial> 05—1)5(03 - Htrial) + [1 - P(accept|etria17 03—1)] 5(08 - 03—1) . (B3O)
Then, marginalizing over ., we obtain
P<08‘95*1) = /def’,rial P<0€ria1’05*17 trlal) P(OS‘Oériab 05*1) =
= P(6,]0,_1, trial) P(accept |6, O 1)+

+6(0;— 0, 1) {1 — /dG’P(0'|05_1,trial) P(accept|6’,0,_1)] . (B.31)
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This form of the probability P(64|0;-1) does not necessarily produce samples from a target distribution
p(0). In fact, no dependence on any p has been introduced. However, there is a rule we can exploit to
find acceptable forms of the proposal and acceptance distributions which generates a MCMC algorithm
that samples a given target distribution p. The starting point is that, at least in the limit of large N,
if 51 has been drawn from p, we want P(6s) = p(0). Consider the probability

P(6.) = [ d6. b6, )P(6.l6, ) -
:/d@’ 1 p(0._,) {P(6,]0._,, trial) P(accept|6;, 0, _; )+
+0(0s —06._) |:1—/d9/ (0|6, _,, trial) P(accept|@’, 6, 1)}} =

)+ / 48/, p(6,_)P(8,]6)_,, trial) P(accept|6,, 6! _,)—

/d P(6']0,, trial) P(accept|6’, 8,) =
) + /d@’ P(6,]0', trial) P(accept|0s, 0") —
p(0,) P(0'|0, trial) P(accept|0’, ;)] . (B.32)

Therefore, if we want P(6;) = p(6s), we should impose that the integral in the equation above is null,
i.e. the proposal and acceptance probabilities satisfies

P(6,]6,, trial)P(accept|61,0;)  p(62)
P(6,]6s, trial)P(accept|6,,01)  p(6,)

VY pairs 61, 6, (B.33)
which is known as the detailed balance equation.

B.6.2 Metropolis—Hastings algorithm

The Metropolis-Hastings algorithm (MH) is one of most used class of MCMC algorithm. The full
algorithm is the following:

(i) compute the first sample 8y, which in general is chosen randomly;

(ii) for all other Ny — 1 points in the chain, starting from 6, we draw a trial point Oy, from a
proposal distribution P(6,|6;_1,trial). The form of the proposal distribution is not fixed in the
MH algorithm, and can be chosen case by case in order to obtain the most efficient sampling;

(iii) accept the trial point Oy, with an acceptance probability

0 ria
P(accept|Biyial, @5_1) = min {p((; )1),1} min {e P(Beria)]—In[p(65)] 1} (B.34)
P\Us

This probability is unity if the trial point is more probable than the previous one, and it is null
only if p(Byyiar) is null. The second form might be useful when the numerical precision is not enough
to use the first expression. Note also that this probability satisfies the detailed balance equation
(B.33), and therefore the MH algorithm correctly samples the target distribution p(0);

(iv) if the trial point is accepted, then we set 85 = Oy, otherwise 8, = 6_1;

(v) the steps above are repeated for a sufficient amount of iterations until we reach convergence.
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In any MH algorithm, we have the freedom to choose the proposal distribution, which can affect the
efficiency of the algorithm. For instance, consider the two extreme cases:

(i) if the proposal distribution is very concentrated with respect to the scales of the target den-
sity variations, for all @i, we have p(Oyi.) = p(@). The acceptance probability is therefore
P(accept|Biyial, @5—1) = 1 for all trial points, and therefore almost all trial points are accepted,
slowing down the sampling process. An analogy would be a cosmologist studying the large scale
galaxy distribution probing the space with steps of uPc;

(ii) if the proposal distribution is too much broader with respect to the scales of the target density
variations, we have the opposite behaviour. For instance, if p(6,_1) is big, such a proposal distri-
bution will likely propose a 0y, far away from the high density region of the target distribution,
for which P(accept|@yia, @5—1) = 0. Therefore almost all steps are rejected, leading to a very
inefficient sampling and a chain of a huge number of equal points. On the same analogy of the
previous case, it would be a cosmologist probing the space with steps of YPc.

Therefore it is good practice to choose a proposal distribution with an intermediate acceptance ratio,
in general between 30%-40%. Obviously these figures depend on the problem. The most used proposal
distribution is a multi-variate normal distribution

P(Os\es_l, trlal) = N(etrial; 087 E) =

1 1 _
= (27T)Ndet(2) €xXp _§<0trial - es)T b ! (etrial - 03) ’ (B35)

where N is the number of parameters {6;} and ¥ is the covariance matrix (the generalization of the
uni-variate normal distribution variance o2 for the multi-variate normal distribution).

If we do not have any information about the parameters, it is common to start with the assumption
of no correlation between the parameters, i.e. with a diagonal covariant matrix 3. To increase the
efficiency of the algorithm, once we finish a chain, we can start another one from scratch using the
informations of the first. The mean value over the samples for these additional chains is

N W0, .
Op.mean = Z N s=l SRS (B.36)
Do W
while the covariance matrix is
ZNS W ( - ép mean> (0;0’,5 - ép’,mean)
Yy = , (B.37)

> W

where W are the weights associated to the samples {6}, which can be neglected if we choose to weight
all samples the same. It is important to start the computation of new chains from scratch, because for
the detailed balance equation (B.33) we can not combine different proposal distributions to compute
the same chain if we want to probe the same target distribution. Finally note that the equations for
the mean value (B.36) and the covariance matrix (B.37) are general, and can be used also in the case of
non-normal distributions.

B.6.3 Chain convergence

In the algorithms above, in particular in the steps (v), we did not quantitatively specify what is a
sufficient amount of iterations we should perform before reaching convergence. There is no defined rule
on how to choose the stopping step of an iteration, but there are some heuristic convergence tests that
can be applied. The main reason of the heuristic nature of these tests is that they can point out some
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problems in the sampling, but even if passed they do not guarantee that the the sampling has been
effective.

The Gelman and Rubin test [92] is one of the most used. It is based on the idea that different inde-
pendent chains (computed from scratch independently to the others), and the incomplete representation
quantities, should converge to the same distribution. If they do not, it might be a symptom that the
sampling is not good enough, e.g. different chains are sampling different regions of the parameter space.
The test algorithm, performed on N, chains with equal length N, with elements {6, }, is the following

(i) compute the mean of each chain

i Oc,s ; (B.38)

(ii) compute the variance of each chain

o= 1 2(005—9})2 (B.39)

(iii) compute the mean of all chains, which is the best estimate for the mean of the distribution we can
obtain from the combined data from all chains

ézNic iZQC,s:N%ZéC; (B.40)

(iv) compute the average of the individual chains variances
Cham = Z O3 (B41)

(v) compute the variance of the chains means
1
Omean = ﬁ Z 0 - 9 (B42)

€ =1

(vi) compute the Gelman-Rubin ratio

A 1 1 1
R = \/% Kl - ﬁc) O ain T N, ~ Ohean | i (B.43)

(vii) assess the converge with the ratio R. 1If the chains are sampling the same regions, we expect the
variances computed from the individual chains and from the chains means to be approximately the
same, i.e., 02, = 0% . and therefore R = 1. On the contrary, if 02, < 02.,, (the broadness
of each chain is smaller than the combined one, and therefore the individual chains are probing

different regions), then R > 1. The usual choice for convergence is R < 1.2.

Note that the test should be performed on all different parameters 6 of the model M.

B.6.4 Post-processing operations

Once we compute the Markov chain (with any MCMC algorithm), to assess the correctness and the
robustness of the results, it might be necessary to perform some operations and checks on the resulting
chains.
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Acceptance ratio If we save the number of accepted steps during the sampling (or more inefficiently
we compute it on the final chain looking at the number of equal sample points), we can compute the
acceptance ratio. We expect this value to be nor too small nor close to 1.

For instance, to avoid long runs and/or inefficient samplings using the MH algorithm, we expect the
acceptance ratio to be around 40%. If this is not the case, the proposal distribution might be not suited
for the problem, e.g., in the case of a normal multi-variate proposal distribution (B.35), the covariance
matrix entries might be the culprits.

Burn-in As explained in the first step (i) of the algorithms, the first sample is taken randomly.
This might introduce a problem since this point might start a sampling of a region with low density
which would have never been probed if the initial point was chosen differently. The most common
procedure, called burn-in, is to discard the first part of the final chain. Although there is no general
rigorous algorithm for choosing how long the discarded chain should be, some heuristic rules have been
formulated. A simple rule is based on the fact that any sample which has an appreciable probability
(with respect to the peak probability sampled) might have been a plausible first sample if it were possible
to draw it from the target distribution. Under the assumption that the chain has eventually reached the
region(s) of high probability, the samples that are generated after it has first reached this high region
are acceptable.

Correlation Some MCMC algorithms might introduce correlation within samples. This is not neces-
sarily a problem, as the chains can be post-processed. The standard way to quantify the correlation is
to compute the auto-correlation function defined for lags A =0,1,... Ny — 1 (N4 being the number of
samples) and for each parameter 6,

Nea (9, — 6 0, sn—0

N 1 ( D,S p,mean) ( p,s+A p,mean)

Coa = g ~ B.44
- NS s=1 Cg,p ’ ( )

where the mean value ép,mean is defined in equation (B.36), and the covariance CA’g’p in equation (B.37).

For A = 0 we obtain C,, = 1 since the numerator is exactly éip. For bigger values of the lag, if the
samples in the chain are uncorrelated we expect Cp oo = 0 for all A > 0. Usually this is not the case,
and the auto-correlation starts near unity and drops to 0 increasing the lag. The worst case is when
Cp.a is not null for all lags, which implies a high correlation between the samples. An example of the
auto-correlation function behaviour is available in Figure B.5.

To remove the correlation between data, we preserve only one sample every A samples, where A is
the lag for which C) A is less than a certain threshold value. This procedure is called thinning. Note that,
in the case of more parameters, we should evaluate the auto-correlation function for each of them; then
we should apply the thinning procedure using the bigger A among the ones computed for each parameter
auto-correlation function. This procedure creates a loss of information because the new chains will be
N/ A long. However, the thinning can greatly simplify the statistical properties of the new chains.

B.6.5 Parameters correlation

Once we obtain a certain sampling of a target distribution, we can perform some operations on the
results in order to obtain informations about the parameters of the model M considered. One test is
based on the Person coefficients p,,» between two parameters 6, and 60,,, is defined as

(B.45)

Ppp =
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1.0
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Figure B.5: Plot of the auto-correlation function of a model M with parameters a, b and c¢. Two
proposal distributions are considered, one is the normal (Gaussian) multi-variate distribution, the other
is a flat (constant) distribution. Beside the differences between the two proposal distributions, we can
appreciate the strong correlation between the samples for the b parameter. In this case, if we choose the
Ch.a threshold for thinning to be 0.1, the new approximately uncorrelated chain can be build from the
original one taking one point every = 200.

A value of |p,,| < 0.3 usually denotes a small correlation between the two parameters, while bigger
values denote a strong correlation. The value of p can be positive, for which we have linear correlation,
ie. 0, = cf, with ¢ > 0); or negative in the case of inverse linear correlation, i.e. 8, = —c6,, with ¢ > 0.
Therefore the Pearson coefficients can be useful to assess the correlation of the parameters of a model
M that becomes apparent once we add data into the inference problem to compute the posterior.

B.7 Conclusion

In this Chapter we introduce some aspects of the Bayesian probability. Its main tool is the Bayes’s

theorem (B.9)

P(A|I)P(B|A,I)
P(B|I)

which links the statistics statements A and B by means of a mathematically well-defined probability

(Cox’s axioms). A more useful form of the Bayesian theorem in the context of data analysis is given by
(B.22)

P(A|B,I) = (B.46)

P(8|M)P(d|6, M)

P(6ld, M) = [do'P(O'|M)P(d|6', M)’ (B-47)
which updates the values of the parameters 8 of a model M, using the data d coming from the likelihood
P(d|8, M), to obtain the posterior probability of the parameters conditioned to the data P(0|d, M).

This Bayes’s theorem is especially useful to estimate the parameters of a model M using the data
from experiments. However, although the Bayes’s theorem is apparently simple, it might be difficult
to obtain an analytical form of the posterior distribution P(8|d, M). This justifies the introduction of
the Markov Chain Monte Carlo (MCMC) methods, which provides a numerical approximation of the
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posterior. In particular, in this section, we focused on the Metropolis—Hastings algorithm. Finally, we
also defined some diagnostic tests, such as the Gelman-Rubin test, for chain convergence conditions.
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