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Abstract
Holography beyond AdS/CFT
by
Nicholas S Salzetta
Doctor of Philosophy in Physics
University of California, Berkeley

Professor Yasunori Nomura, Chair

Physicists have long sought to fully understand how gravity can be fully formulated within
a quantum mechanical framework. A promising avenue of research in this direction was
born from the idea of holography - that gravitational physics can be recast as a different
theory living in fewer dimensions. Evidence of this phenomena was first observed in the
arena of black hole physics, where the entropy of a black hole was calculated to scale with its
area, not its volume. The advent of the Anti-de Sitter/Conformal Field Theory (AdS/CFT)
correspondence provided an explicit realization of holography for gravitational theories in
AdS space. This brought a flurry of activity dedicated to dissecting this correspondence.
Ultimately, however, it will be necessary to move beyond the confines of AdS/CFT in order
to understand our universe, as we live in a de Sitter type universe. The research presented
in this dissertation attempts to broaden the scope of holgraphic theories to include more
phenomenologically relevant universes. To do so, we utilize a top-down approach and take
results from AdS/CFT that appear to be general holographic results and see how they can
be applied in spacetimes other than AdS. In particular, we take the Ryu-Takayanagi (RT)
formula, along with its related results, and investigate what we can learn by applying it
to general spacetimes. Doing so naturally forces us to utilize holographic screens, as these
are the largest such surfaces where the RT formula can be self-consistently applied. This
approach allows us to examine properties of the purported boundary theory for general
spacetimes, including the entanglement structure and propagation speeds of excitations dual
to bulk excitations. This is done in chapters 2 and 3. In chapters 4 and 5, we use this lens
of generalized holography to elucidate the nature of the relationship between entanglement
and emergent geometry. Finally, in chapter 6, we revisit one the important underlying
assumption that the RT formula is general and demonstrate the validity of this assumption.
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Various FRW universes, I, II, II1, - - - . have the same boundary area A, at different
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moments belong to Hilbert space H, specified by the value of the boundary area.|
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Chapter 1

Introduction

Both quantum mechanics and general relativity have enjoyed astounding empirical success
since their theoretical foundations were laid in the early 1900s. Despite this, physicists
have yet to fully understand how these two theories are reconciled with one another. A
naive approach to address this problem is to directly quantize the Einstein-Hilbert action
of general relativity, and treat it as a quantum field theory. However, this fails to give a
complete picture of quantum gravity because the action is nonrenormalizable. This does
not prohibit us from utilizing such an effective theory, however it indicates that there exists
a high-energy scale at which the theory breaks down and one must find a creative way of
describing phenomena at this scale [1], 2, 3].

The most promising theory to describe physics at this scale, which naturally includes
gravitational interactions is string theory. String theory is wildly successful in that it has
the capability to describe an extremely wide range of phenomena with minimal assumptions,
while simultaneously including gravity [4, [5]. Despite this, string theory best describes per-
turbative interactions, for example the scattering between strings in various states. Unfor-
tunately, classical spacetimes are described by an impossibly large number of interacting
strings, and string theory in its current form is an unwieldy tool to address physics at this
scale. Analogously, no one would try to calculate the pressure of air in a box by utilizing a
fully quantum mechanical description of all ~10%® particles interacting with one another.

To tackle questions in the regime of classical spacetime dynamics, one needs a different
approach. Luckily, just as one can apply thermodynamic principles to address questions like
calculating the pressure of gases, one can attempt to formulate thermodynamic principles
of spacetime. This approach will aid in our understanding of the emergence of gravity from
quantum mechanical systems. This direction of research began with the investigation of black
hole evaporation and entropy by Bekenstein and Hawking [6, 7, |8, [9]. The revelation that
black holes radiated and have temperature suggested that taking a thermodynamic approach
to quantum gravity would be fruitful [10, [11]. Since then an understanding has developed
that gravity and spacetime emerge from the complex interactions of massive numbers of
quantum mechanical degrees of freedom [12|. Continuing the analogy, Einstein’s equations
of general relativity are like the ideal gas law - both formulas describe physics in a certain
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regime, and both emerge from the interaction of many degrees of freedom.

One of the most astonishing results from this research direction is that the entropy of
black holes is proportional to its area, rather than its volume [8]. This is in stark contrast to
any theory with local degrees of freedom, which necessitates a volume law scaling of entropy.
This suggests that a theory describing black hole dynamics requires one fewer dimension than
that of the ambient spacetime. Additionally, this area law behavior provides an upper bound
for the entropy of a region of spacetime - if one tried to violate this by adding more and
more matter to a subregion of space then eventually the matter would collapse into a black
hole, which has its entropy bounded by its area. This spurred the concept of holography -
gravitational theories have an alternate formulation in one fewer dimension [13].

Hawking’s calculation of black hole entropy merely alluded to the existence of an alternate
theory in fewer dimensions, however, an explicit holographic correspondence was discovered
in the late 90s. This correspondence is dubbed AdS/CFT, as it relates gravitational physics
in an anti-de Sitter (AdS) spacetime of d + 1 dimensions to a special conformal field theory
(CFT) in d dimensions which “lives” at the conformal boundary of AdS [14, |15]. This
correspondence has provided physicists with a playground to learn about quantum gravity.
AdS/CFT tells us that any observable on the gravity side of the theory can be translated into
observables in the CFT. Physicists have since been filling out entries in this “dictionary”,
relating CFT quantities to AdS ones. One of the most interesting dictionary entries is the
Ryu-Takayanagi (RT) formula [16]. This relates entanglement entropy in the CFT to the
area of geometric surfaces in AdS - a profound connection between quantum information and
geometry. However, while AdS/CFT has immensely aided our understanding of quantum
gravity, it is far from the whole story. The Hubble constant has been consistently measured
to be positive [17, (18} 19, [20], which tells us that we do not live in an anti-de Sitter space,
but rather a de Sitter (dS) space.

AdS has a number of properties that make it easier to deal with holographically compared
to dS. For one, AdS has a natural timelike conformal boundary. This makes it easier to
understand and visualize how time evolution in the bulk is related to time evolution in the
boundary. Additionally, the volume of a region within AdS actually scales with the area of
said region, due to the hyperbolic nature of the spacetime - this makes the existence of a
holographic theory more palatable. Unfortunately, de Sitter and other spacetimes resembling
the universe we live in do not have these nice properties. However, intuition from black hole
entropy still suggests a holographic formulation should be possible.

Headway was made in addressing holographic principles in general spacetimes with the
covariant entropy conjecture [21]. This introduced a holographic entropy bound that applies
in all spacetimes. In particular, it provides a codimension-1 surface in all spacetimes that
effectively bounds the entropy to the interior of the surface. Additionally, this surface, the
holographic screen, has a unique foliation into “time-slices”, dubbed leaves. Hence, we have a
surface in all spacetimes that provides a holographic entropy bound and also has a preferred
time direction. The holographic screen gives us a platform for investigating holography in
general spacetimes [22].

This brings us to the focus of this thesis. To address holography in general spacetimes,
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one could take a bottom up approach and attempt to find a new string-theoretic formulation
of holography and go from there. Alternatively, one can work top-down, and attempt to
extrapolate results and draw connections between established work in an effort to under-
stand holography in general spacetimes. We will take the latter approach. In particular, we
extract results from AdS/CFT that seem to be general holographic results as opposed to
AdS/CFT specific, and understand how they should work in general spacetimes with holo-
graphic screens. One of these general results is the RT formula - indeed, one of the most
intriguing aspects of the RT formula is that it seems to be unconcerned with the particulari-
ties of AdS/CFT. The proof of RT does not need the gravitational bulk to be AdS, nor does
it need the boundary theory to be a CFT [23]. Additionally, a similar relationship between
entanglement and geometry is observed in tensor networks |24} 25, 26|, a completely different
framework! Our work begins by assuming the RT formula (and related results |27, 28| 29])
should hold in general spacetimes, and we investigate the consequences. Interestingly, this
naturally forces us to consider holographic screens. This is because the largest surface that
one can anchor extremal surfaces to in a manner consistent with the RT formula is a leaf
of a holographic screen [30, 31]. By then applying the RT formula to holographic screens,
we can understand properties of the hypothetical boundary theory that lives on said screen.
We can also “test” our assumptions by checking if our results pass a number of nontrivial
self-consistency checks. By taking this top-down approach we can develop intuition as to
how holography should work in all spacetimes, and from there try to find an underlying
theory that matches our results.

This thesis presents a collection of papers that investigate holography in general space-
times through this top-down perspective. The chapters are organized as follows,

e Chapter 2 introduces the general framework we adopt and shares key results and un-
derstandings. In particular, we explain how we apply the RT formula to holographic
screens and calculate the entanglement entropy for theories dual to FRW and dS space-
times. We also address the possible Hilbert space structure that houses the holographic
states [32].

e Chapter 3 builds on the work in chapter 2 and investigates how boundary operators
dual to bulk excitations evolve. This allows us to understand the dynamics of the
boundary theory, as opposed to just the kinematics [33].

e Chapter 4 investigates how entanglement is related to emergent spacetime. We consider
a number of spacetimes and examine their entanglement structure in relation to “how
much” spacetime is present. We find the interesting result that spacetime emerges
once a deviation from maximal entanglement occurs. This also helps to deepen our
understanding of how holographic states may be organized within one Hilbert space.
We further discuss possible candidates for boundary theories of FRW spacetimes [34].

e Chapter 5 uses our previously developed understanding of how regions of spacetime are
holographically encoded in the boundary to explain how a coarse-graining procedure
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of the boundary theory is related to a unique bulk surface. This helps us understand
how and where different regions of the bulk are encoded in the boundary [31].

e Chapter 6 takes a step back and works to address one of the fundamental underlying
assumptions used throughout. Namely, that the RT formula holds beyond AdS/CFT.
We clarify some work and argue for the validity of the relationship in at least one
theory beyond AdS/CFT. This bolsters all of our previous work [35].

This work, taken together, provides a new framework for thinking about quantum gravity
in cosmological spacetimes. This is all begins by applying some of the most interesting results
from AdS/CFT to settings outside of where they were discovered. Namely, by using the
RT formula (and related discoveries) in general spacetimes we can investigate how quantum
gravity manifests in general spacetimes. As argued in Chapter 6, the proof for the RT formula
is independent of AdS/CFT’s specifics, and as demonstrated in the preceding chapters (and
proven in |30]) these results can be applied self-consistently in cosmological spacetimes. This
lets us use general relativity calculations to peer behind the curtain of quantum gravity.

Most notably, we find that formulating a theory which lives on a holographic screen is
most natural because this surface is the limiting point at where the RT formula can be
applied consistently. Based on the entanglement structure for this supposed theory, we can
deduce it must have long-range interactions. Further, based on how bulk excitations must be
encoded, we find that the theory is not Lorentz invariant (i.e. excitations propagate faster
than the speed of light). Our investigations extended beyond just characterizing this putative
holographic theory to understanding more general aspects of holography. We use the same
tools and intuition to show that spacetime emerges from a holographic theory only when
considering states with sub-maximal entanglement. We also discover a new geometric object,
the holographic slice, and explain how it naturally represents entanglement renormalization.

The natural continuation of this work is to try to develop the boundary holographic
theory from a more fundamental direction. Recent investigations of 71" deformed CFTs
have yielded promising results from this direction [36]. Specifically, by performing this
special deformation (7'T") to a holographic CFT, one can effectively pull the boundary in
to the bulk of the emergent spacetime. By continuing this deformation, one can continue
to pull the boundary deeper and deeper into the bulk, until the remaining spacetime is no
longer AdS, but effectively flat. This remarkably provides us an explicit boundary theory
that has a bulk dual that is not strictly AdS. By investigating 77T deformed theories, one
can hope to connect the results of this thesis with a more bottom-up approach.

There are two “big picture” implications of the work presented in this thesis. For one, we
are inching towards a holographic theory that can describe cosmological spacetimes like the
one in which we live. Discovering and understanding the quantum gravitational theory that
governs our universe will help illuminate fundamental questions related to the birth and fate
of our universe, dark energy, and perhaps even alternative explanations of dark matter. Si-
multaneously, at its core our work attempts to find mathematical dualities between different
theories, a quantum mechanical theory and a gravitational one. Finding these connections
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translates difficult, often intractable calculations in one theory into simple calculations in
the other. Perhaps the most promising area in which this avenue of work can be applied is in
understanding condensed matter systems. These systems comprise of complex interactions
between many, many constituents. The ability to recast the physics of this system as a more
simple, gravitational theory can help make some calculations feasible and ultimately illumi-
nate characteristics of the system at hand. This could hopefully be used to better discover
and understand new materials. By investigating holography in general spacetimes we will
both further understand our place in the universe and help discover useful mathematical
relationships between seemingly disparate theories.



Chapter 2

Toward holography for general
spacetimes

This chapter is a replication of Nomura et al. “Toward a Holographic Theory for General
Spacetimes”, in Phys. Rev. D95.8 (2017), p. 086002, and is reproduced here in its original
form.

2.1 Introduction

As with any other classical object, spacetime is expected to consist of a large number of
quantum degrees of freedom. The first explicit hint of this came from the discovery that
empty spacetime can carry entropy [9} 8,10, (7, 6, |11]. What theory describes these degrees
of freedom as well as the excitations on them, i.e. matter?

Part of the difficulty in finding such a theory is the large redundancies present in the
description of gravitational spacetime. The holographic principle |37, 13, 22| suggests that
the natural space in which the microscopic degrees of freedom for spacetime (and matter) live
is a non-dynamical spacetime whose dimension is one less than that in the original description
(as demonstrated in the special case of the AdS/CFT correspondence [14]). This represents
a huge redundancy in the original gravitational description beyond that associated with
general coordinate transformations. For general spacetimes, causality plays a central role in
fixing this redundancy [38, [21]. A similar idea also plays an important role in addressing
problems in the semiclassical descriptions of black holes [39] and cosmology [40, 41].

In this paper, we explore a holographic theory for general spacetimes. We follow a
“bottom-up” approach given the lack of a useful description in known frameworks, such
as AdS/CFT and string theory in asymptotically Minkowski space. We assume that our
holographic theory is formulated on a holographic screen [42], a codimension-1 surface on
which the information about the original spacetime can be encoded. This construction can
be extended beyond the semiclassical regime by considering all possible states on all possible
slices—called leaves—of holographic screens [40, 43|, where the nonuniqueness of erecting a



CHAPTER 2. TOWARD HOLOGRAPHY FOR GENERAL SPACETIMES 7

holographic screen is interpreted as the freedom in fixing the redundancy associated with
holography. The resulting picture is consistent with the recently discovered area theorem
applicable to the holographic screens [44] 45, 46].

To study the structure of the theory, we use conjectured relationships between space-
time in the gravitational description and quantum entanglement in the holographic theory.
Recently, it has become increasingly clear that quantum entanglement among holographic
degrees of freedom plays an important role in the emergence of classical spacetime |16, |47,
481149, 50, 23, 51} 30, 52, |53} |54} [55]. In particular, Ref. [30] showed that the areas of the ex-
tremal surfaces anchored to the boundaries of regions on a leaf of a holographic screen satisfy
relations obeyed by entanglement entropies, so that they can indeed be identified as the en-
tanglement entropies associated with the corresponding regions in the holographic space. We
analyze properties of these surfaces and discuss their implications for a holographic theory
of general spacetimes.

We lay down our general framework in Section We then study the behavior of
extremal surfaces in cosmological Friedmann-Robertson-Walker (FRW) spacetimes in Sec-
tion [3.3] Here we focus on initially expanding flat and open universes, in which the area of
the leaves monotonically increases. We first consider universes dominated by a single com-
ponent in the Friedmann equation, and we identify how screen entanglement entropies—the
entanglement entropies among the degrees of freedom in the holographic space—encode in-
formation about the spacetimes. We discuss next how the screen entanglement entropies
behave in a transition period in which the dominant component of the universe changes.
We find an interesting theorem when the holographic screen is spacelike: the change of a
screen entanglement entropy is always monotonic. The proof of this theorem is given in
Appendix If the holographic screen is timelike, no such theorem holds.

In Section [2.4] we study the structure of the holographic theory for general spacetimes,
building on the results obtained earlier. In particular, we discuss how the holographic en-
tanglement entropies for general spacetimes differ from those in AdS/CFT and how, nev-
ertheless, the former reduce to the latter in an appropriate limit. We emphasize that the
holographic entanglement entropies for cosmological spacetimes obey a volume law, rather
than an area law, implying that the relevant holographic states are not ground states of local
field theories. This is the case despite the fact that the dynamics of the holographic theory
respects some sense of locality, indicated by the fact that the area of a leaf increases in a
local manner on a holographic screen.

The Hilbert space of the theory is analyzed in Section under two assumptions:

(i) The holographic theory has (effectively) a qubit degree of freedom per each volume
of 4In2 in Planck units. These degrees of freedom appear local at lengthscales larger
than a microscopic cutoff ..

(ii) If a holographic state represents a semiclassical spacetime, the area of an extremal
surface anchored to the boundary of a region I' on a leaf ¢ and contained in the causal
region associated with o represents the entanglement entropy of I' in the holographic
theory.
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We find that these two assumptions strongly constrain the structure of the Hilbert space,
although they do not determine it uniquely. There are essentially two possibilities:

Direct sum structure — Holographic states representing different semiclassical space-
times M live in different Hilbert spaces H ., even if these spacetimes have the same
boundary space (or leaf) B

HB:@HM- (2.1)
M

In each Hilbert space H 4, the states representing the semiclassical spacetime comprise
only a tiny subset of all the states—the vast majority of the states in H s do not allow
for a semiclassical interpretation, which we call “firewall” states borrowing the termi-
nology in Refs. [56| 57, 58]. In fact, the states allowing for a semiclassical spacetime
interpretation do not even form a vector space—their superposition may lead to a fire-
wall state if it involves a large number of terms, of order a positive power of dim H .
This is because a superposition involving such a large number of terms significantly
alters the entanglement entropy structure, so under assumption (ii) above we cannot
interpret the resulting state as a semiclassical state representing M. In this picture,
small excitations over spacetime M can be represented by standard linear operators
acting on the (suitably extended) Hilbert space H q, which can be trivially promoted
to linear operators in Hp.

Spacetime equals entanglement — Holographic states that represent different semi-
classical spacetimes but have same boundary space B are all elements of a single Hilbert
space Hp. And yet, the number of independent microstates representing each of these
spacetimes, M, M', M" ... is the dimension of Hp:

MY, €’y dy i = 1, dimHE, (2.2)

which implies that the microstates representing different spacetimes are not indepen-
dent. This picture arises if we require the converse of assumption (ii) and is called
“spacetime equals entanglement” [54]: if a holographic state has the form of entangle-
ment entropies corresponding to a certain spacetime, then the state indeed represents
that spacetime. The structure of Eq. is then obtained because arbitrary unitary
transformations acting in each cutoff size cell in B do not change the entanglement en-
tropies, implying that the number of microstates for any geometry is dim Hpg (so they
span a basis of Hp). Despite the intricate structure of the states, this picture admits
the standard many worlds interpretation for classical spacetimes, as shown in Ref. [54].
Small excitations over spacetime are represented by non-linear/state-dependent op-
erators, along the lines of Ref. [59] (see also [60, [61, [62]), since a superposition of
background spacetimes may lead to another spacetime, so that operators representing
excitations must know the entire quantum state they act on.

We note that a dichotomy similar to the one described above was discussed earlier in
Ref. [59], but the interpretation and the context in which it appears here are distinct. First,
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the state-dependence of the operators representing excitations in the second scenario (as
well as that of the time evolution operator) becomes relevant when the boundary space is
involved in the dynamics as in the case of cosmological spacetimes. Hence, this particular
state-dependence need not persist in the AdS/CFEFT limit. This does not imply anything
about the description of the interior a black hole in the CFT. It is possible that the CFT
does not provide a semiclassical description of the black hole interior, i.e. it gives only
a distant description. Alternatively, there may be a way of obtaining a state-dependent
semiclassical description of the black hole interior within a CFT, as envisioned in Ref. [59].
We are agnostic about this issue.

Second, Ref. [59] describes the dichotomy as state-dependence vs. firewalls. Our pic-
ture, on the other hand, does not have a relation with firewalls because the following two
statements apply to both the direct sum and spacetime equals entanglement pictures:

e Most of the states in the Hilbert space, e.g. in the Haar measure, are firewalls in the
sense that they do not represent smooth semiclassical spacetimes, which require special
entanglement structures among the holographic degrees of freedom.

e The fact that most of the states are firewalls does not mean that these states are
realized as a result of standard time evolution, in which the volume of the boundary
space increases in time. In fact, the direct sum picture even has a built-in mechanism
of eliminating firewalls through time evolution, as we will see in Section [2.4][

Rather, the real tension is between the linearity/state-independence of operators representing
observables (including the time evolution operator) and the spacetime equals entanglement
hypothesis, i.e. the hypothesis that if a holographic state has entanglement entropies corre-
sponding to a semiclassical spacetime, then the state indeed represents that spacetime. If
we insist on the linearity of observables, we are forced to take the direct sum picture; if we
adopt the spacetime equals entanglement hypothesis, then we must give up linearity.

Our analysis in Section also includes the following. In Section we discuss bulk
reconstruction from a holographic state, which suggests that the framework provides a dis-
tant description for a dynamical black hole. In Section we consider how the theory
encodes information about spacetime outside the causal region of a leaf, which is needed for
autonomous time evolution. Our analysis suggests a strengthened covariant entropy bound:
the entropy on the union of two light sheets (future-directed ingoing and past-directed out-
going) of a leaf is bounded by the area of the leaf divided by 4. This bound is stronger than
the original bound in Ref. [21], which says that the entropy on each of the two light sheets is
bounded by the area divided by 4. In Section [2.4] we analyze properties of time evolution,
in particular a built-in mechanics of eliminating firewalls in the direct sum picture and the
required non-linearity of the time evolution operator in the spacetime equals entanglement

IThis is natural because any dynamics leading to classicalization selects only a very special set of states
as the result of time evolution: states interpreted as a superposition of a small number of classical worlds,
where small means a number (exponentially) smaller than the dimension of the full microscopic Hilbert
space.
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picture. In Sections and we discuss how our framework may reduce to AdS/CFT
and string theory in an asymptotically Minkowski background in the appropriate limits. We
argue that the dynamics of these theories (in which the boundaries are sent to infinity) de-
scribe that of the general holographic theory modded out by “vacuum degeneracies” relevant
for the dynamics of the boundaries and the exteriors.

In Section we devote our final discussion to the issue of selecting a state. In general,
specifying a system requires selection conditions on a state in addition to determining the
theory. To address this issue in quantum gravity, we need to study the problem of time [63,
64]. We discuss possible signals from a past singularity or past null infinity, closed universes
and “fine-tuning” of states, and selection conditions for the string theory landscape [65,
66, 67, 68|, especially the scenario called the “static quantum multiverse” [69]. While our
discussion in this section is schematic, it allows us to develop intuition about how quantum
gravity might work at the fundamental level when applied to the real world.

Throughout the paper, we adopt the Schrodinger picture of quantum mechanics and
take the Planck length to be unity, I[p = 1. When the semiclassical picture is applicable, we
assume the null and causal energy conditions to be satisfied. These impose the conditions
p > —p and |p| > |p|, respectively, on the energy density p and pressure p of an ideal fluid
component. The equation of state parameter w = p/p, therefore, takes a value in the range
lw| < 1.

2.2 Holography and Quantum Gravity

The holographic principle states that quantum mechanics of a system with gravity can be
formulated as a non-gravitational theory in spacetime with dimension one less than that
in the gravitational description. The covariant entropy bound, or Bousso bound, [21] sug-
gests that this holographically reduced—or “boundary”—spacetime may be identified as a
hypersurface in the original gravitational spacetime determined by a collection of light rays.
Specifically, it implies that the entropy on a null hypersurface generated by a congruence of
light rays terminating at a caustic or singularity is bounded by its largest cross sectional area
A; in particular, the entropy on each side of the largest cross sectional surface is bounded
by A/4 in Planck units It is therefore natural to consider that, for a fixed gravitational
spacetime, the holographic theory lives on a hypersurface—called the holographic screen—on
which null hypersurfaces foliating the spacetime have the largest cross sectional areas [42].
This procedure of erecting a holographic screen has a large ambiguity, presumably re-
flecting a large freedom in fixing the redundancy of the gravitational description associated
with the holographic principle. A particularly useful choice advocated in Refs. [40, 43, 70] is
to adopt an “observer centric reference frame.” Let the origin of the reference frame follow
a timelike curve p(7) which passes through a fixed spacetime point py at 7 = 0, and consider

2We will conjecture a stronger bound in Section
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Figure 2.1: For a fixed semiclassical spacetime, the holographic screen is a hypersurface obtained
as the collection of codimension-2 surfaces (labeled by 7) on which the expansion of the light
rays emanating from a timelike curve p(7) vanishes, § = 0. This way of erecting the holographic
screen automatically deals with the redundancy associated with complementarity. The ambiguity
of choosing p(7) reflects a large freedom in fixing the redundancy associated with holography.

the congruence of past-directed light rays emanating from p0E| The expansion of the light
rays 6 satisfies

00 1

oy T <0, (2.3)
where X is the affine parameter associated with the light rays. This implies that the light
rays emitted from p, focus toward the past (starting from 6 = 400 at A = 0, ), and we may
identify the apparent horizon, i.e. the codimension-2 surface with

=0, (2.4)

to be an equal-time hypersurface—called a leaf—of a holographic screen. Repeating the
procedure for all 7, we obtain a specific holographic screen, with the leaves parameterized
by 7, corresponding to foliating the spacetime region accessible to the observer at p(7);
see Fig. Such a foliation is consonant with the complementarity hypothesis [39], which
asserts that a complete description of a system is obtained by referring only to the spacetime
region that can be accessed by a single observer.

With this construction, we can view a quantum state of the holographic theory as living
on a leaf of the holographic screen obtained in the above observer centric manner. We can
then consider the collection of all possible quantum states on all possible leaves, obtained by

3In Refs. [40} |43, |70], p(7) was chosen to be a timelike geodesic with 7 being the proper time measured
at p(7). We suspect that this simplifies the time evolution operator in the holographic theory.
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considering all timelike curves in all spacetimes. We take the view that a state of quantum
gravity lives in the Hilbert space spanned by all of these states (together with other states
that do not admit a full spacetime interpretation) [40, 43]. It is often convenient to consider
a Hilbert space Hp spanned by the holographic states that live on the “same” boundary
space B ﬁ The relevant Hilbert space can then be written as

H=> M (2.5)

where the sum of Hilbert spaces is defined by
H1+,H2:{’U1+1)2‘U1 67‘[1,112 67‘[2}. (26)

This formulation is not restricted to descriptions based on fixed semiclassical spacetime back-
grounds. For example, we may consider a state in which macroscopically different spacetimes
are superposed; in particular, this picture describes the eternally inflating multiverse as a
state in which macroscopically different universes are superposed [40, |69]. The space in
Eq. is called the covariant Hilbert space with observer centric gauge fixing.

Recently, Bousso and Engelhardt have identified two special classes of holographic screens |44,
45]: if a portion of a holographic screen is foliated by marginally anti-trapped (trapped) sur-
faces, then that portion is called a past (future) holographic screen. Specifically, denoting
the two future-directed null vector fields orthogonal to a portion of a leaf by k* and (%,
with £ being tangent to light rays emanating from p(7), the expansion of the null geodesic
congruence generated by [ satisfies #; > 0 and < 0 for past and future holographic screens,
respectively. They proved, building on earlier works |71, 72, [73] |74, that the area of leaves
A(7) monotonically increases (decreases) for a past (future) holographic screen:

b =0 d o

see Fig. In many regular circumstances, including expanding FRW universes, the holo-
graphic screen is a past holographic screen, so that the area of the leaves monotonically
increases, dA(7)/dr > 0. In this paper we mostly focus on this case, and we interpret the
area theorem in terms of the second law of thermodynamics applied to the Hilbert space of

4The exact way in which the boundary spaces are grouped into different B’s is unimportant. For example,
one can regard the boundary spaces having the same area A within some precision J.A to be in the same
B, or one can discriminate them further by their induced metrics. This ambiguity does not affect any of
the results, unless one takes 6.4 to be exponentially small in A or discriminates induced metrics with the
accuracy of order the Planck length (which corresponds to resolving microstates of the spacetime).

SUnlike Ref. |43, here we do not assume specific relations between Hp’s; for example, Hp, and Hp,
for different boundary spaces By and B may not be orthogonal. Also, we have included in the sum over B
the cases in which B is outside the semiclassical regime, i.e. the cases in which the holographic space does
not correspond to a leaf of a holographic screen in a semiclassical regime. These issues will be discussed in

Section
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p()'

Figure 2.2: The congruence of past-directed light rays emanating from pg (the origin of the reference
frame) has the largest cross sectional area on a leaf o, where the holographic theory lives. At any
point on o, there are two future-directed null vectors orthogonal to the leaf: k% and [*. For a given
region I' of the leaf, we can find a codimension-2 extremal surface E(I") anchored to the boundary
OT" of T, which is fully contained in the causal region D, associated with o.

Eq. (2.5). Moreover, in Ref. [46] it was proved that this area theorem holds locally on the
holographic screen: the area of any fixed spatial portion of the holographic screen, deter-
mined by a vector field tangent to the holographic screen and normal to its leaves, increases
monotonically in time. This implies that the dynamics of the holographic theory respects
some notion of locality.

What is the structure of the holographic theory and how can we explore it? Recently, a
conjecture has been made in Ref. [30] which relates geometries of general spacetimes in the
gravitational description to the entanglement entropies of states in the holographic theory.
This extends the analogous theorem/conjecture in the AdS/CFT context [16, 47, 48| to
more general cases, allowing us to probe the holographic description of general spacetimes,
including those that do not have an obvious spacetime boundary on which the holographic
theory can live. In particular, Ref. [30] proved that for a given region I' of a leaf o, a
codimension-2 extremal surface E(I') anchored to the boundary OI' of I' is fully contained
in the causal region D, of o:

D, : the domain of dependence of an interior achronal hypersurface whose only boundary is o,
(2.8)

where the concept of the interior is defined so that a vector on ¢ pointing toward the interior

takes the form c1 k% — cyl* with ¢1,co > 0 (see Fig. . This implies that the normalized
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area of the extremal surface F(I)
1
S(0) = LIED), (2.9

satisfies expected properties of entanglement entropy, such as strong subadditivity, so that
it can be identified with the entanglement entropy of the region I' in the holographic theory.
Here, ||z|| represents the area of x. If there are multiple extremal surfaces in D, for a given
I', then we must take the one with the minimal area.

In the rest of the paper, we study the holographic theory of quantum gravity for gen-
eral spacetimes, adopting the framework described in this section. We first analyze FRW
spacetimes and then discuss lessons learned from that analysis later.

2.3 Holographic Description of FRW Universes
In this section, we study the putative holographic description of (3 4 1)-dimensional FRW
cosmological spacetimes:

2

+ 72 (dp? + sin*p de?) | (2.10)

2 2 2
ds® = —dt* + a*(t) {1—/{7"2

where a(t) is the scale factor, and k < 0, = 0 and > 0 for open, flat and closed universes,
respectively. The Friedmann equation is given by

A 8
- 2=, 2.11
(&) + 5= (2.11)
where the dot represents ¢ derivative. Here, we include the energy density from the cosmo-
logical constant as a component in p having the equation of state parameter w = —1.

As discussed in the previous section, we describe the system as viewed from a reference
frame whose origin follows a timelike curve p(7), which we choose to be at » = 0. The
holographic theory then lives on the holographic screen, an equal-time slice of which is an
apparent horizon: a codimension-2 surface on which the expansion of the light rays emanating
from p(7) for a fixed 7 vanishes. Under generic conditions, this horizon is always at a finite
distance 1

r AR ran(ts) < oo, (2.12)
where ¢, is the FRW time on the horizon. Note that the symmetry of the setup makes
the FRW time the same everywhere on the apparent horizon, and for an open universe,
a(ty) —k is satisfied for values of 7 before p(7) hits the big crunch. For flat and open
universes, we find that this surface is always marginally anti-trapped, i.e. a leaf of a past
holographic screen, as long as the universe is initially expanding. On the other hand, for a

closed universe the surface can change from marginally anti-trapped to marginally trapped
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as 7 increases, implying that the holographic screen may be a past holographic screen only
until certain time 7. In this section, we focus our attention on initially expanding flat and
open universes. Closed universes will be discussed in Section

Below, we study entanglement entropies for subregions in the holographic theory—screen
entanglement entropies—adopting the conjecture of Ref. [30]. Here we focus on studying the
properties of these entropies, leaving their detailed interpretation for later. We first discuss
“stationary” aspects of screen entanglement entropies, concentrating on states representing
spacetime in which the expansion of the universe is dominated by a single component in the
Friedmann equation. We study how screen entanglement entropies encode the information
about the spacetime the state represents. We then analyze dynamics of screen entanglement
entropies during a transition period in which the dominant component changes. Implications
of these results in the broader context of the holographic description of quantum gravity will
be discussed in the next section.

Holographic dictionary for FRW universes

Consider a Hilbert space H g spanned by a set of quantum states living in the same codimension-
2 boundary surface B. As mentioned in footnote |4 the definition of the boundary surface
being the same has an ambiguity. For our analysis of states representing FRW spacetimes,
we take the boundary B to be specified by its area Ap (within some precision 6.4 that
is not exponentially small in Ag). In this subsection, we focus on a single Hilbert space
H. € {Hp} specified by a fixed (though arbitrary) boundary area .A,.

Consider FRW universes with x < 0 having vacuum energy p, and filled with varying
ideal fluid componentsf| For every universe with

3

R (2.13)

oA <

there is an FRW time ¢, at which the area of the leaf of the past holographic screen is A.,; see
Fig. This is because the area of the leaf of the past holographic screen is monotonically
increasing [44], and the final (asymptotic) value of the area is given by

3
3
Ay = { 0 or >0, (2.14)

+o00, for pp <0.

Any quantum state representing the system at any such moment is an element of H,. A
question is what features of the holographic state encode information about the universe it
represents.

To study this problem, we perform the following analysis. First, given an FRW universe
specified by the history of the energy density of the universe, p(t), we determine the FRW

6The pa here represents the energy density of a (local) minimum of the potential near which fields in
the FRW universe in question take values. In fact, string theory suggests that there is no absolutely stable
de Sitter vacuum in full quantum gravity; it must decay, at least, before the Poincaré recurrence time [66).
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Figure 2.3: Various FRW universes, I,II,III,---, have the same boundary area A, at different
times, t4(I), t.(II), £, (III), - - - . Quantum states representing universes at these moments belong to

Hilbert space H, specified by the value of the boundary area.

time ¢, at which the apparent horizon o,, identified as a leaf of the past holographic screen,

has the area A,:
p(t)
{ Joo ot (2.15)

where we assume Eq. (2.13)). We then consider a spherical cap region of the leaf o, specified
by an angle v (0 <y < 7):
L(y): t=t.,, r=rau(ty), 01 <~, (2.16)

where 7y (t,) is given by Eq. (see Fig.[2.4), and determine the extremal surface E(7)
which is codimension-2 in spacetime, anchored on the boundary of L(+y), and fully contained
inside the causal region D, associated with o.. According to Ref. [30], we interpret the
quantity

S0 = 1B, (217)

to represent von Neumann entropy of the holographic state representing the region L(7),
obtained after tracing out the complementary region on o,.
To determine the extremal surface E(7), it is useful to introduce cylindrical coordinates

& =rsiny, Z =rcos. (2.18)

We find that the isometry of the FRW metric, Eq. (2.10)), allows us to move the boundary
on which the extremal surface is anchored, dL(7y), on the z = 0 plane:

OL(vy): t=t. E=rau(ty)siny=E&mnu, z=0. (2.19)
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L(v)
E(v)

Figure 2.4: A region L(7v) of the leaf o, is parameterized by an angle v : [0,7]. The extremal
surface E(v) anchored to its boundary, dL(7), is also depicted schematically. (In fact, E(v) bulges
into the time direction.)

The surface to be extremized is then parameterized by functions ¢(£) and z(§) with the
boundary conditions

t(6am) = b, 2(&am) =0, (2.20)

and the area functional to be extremized is given by

o TR IR e S
(2.21)

In all the examples we study (in this and next subsections), we find that the extremal surface
does not bulge into the z direction. In this case, we can set z = 0 in Eq. (2.21]) and find

B raf(t«)siny dt 2 &Q(t)
IEM) = ext 27r/0 a(t)f\/—<E) e (2.22)

The analysis described above is greatly simplified if the expansion of the universe is
determined by a single component in the Friedmann equation, i.e. a single fluid component
with the equation of state parameter w or negative spacetime curvature. We thus focus
on the case in which the expansion is dominated by a single component in (most of) the
region probed by the extremal surfaces. In realistic FRW universes this holds for almost all
t, except for a few Hubble times around when the dominant component changes from one
to another. Discussion about a transition period in which the dominant component changes
will be given in the next subsection.
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A flat FRW universe filled with a single fluid component

Suppose the expansion of the universe is determined dominantly by a single ideal fluid
component with w. The scale factor is then given by

alt) = et (2.23)
where ¢ is a constant, and the metric in the region r < ray takes the form
ds? = —dt* + 2 ¢5TFw [dr? + r?(dy? + sin®y d¢?)] | (2.24)

where we have used the fact that |k r3y| < 1. In this case, we find that the A, dependence
of screen entanglement entropy Sr for an arbitrarily shaped region I' on o,—specified as a
region on the ¥-¢ plane—is given by

Sr = SpA., (2.25)

where Sr does not depend on A,. This can be seen in the following way.

Consider the causal region D,,, associated with o,. For certain values of w (i.e. w > 1/3),
D,, hits the big bang singularity. It is thus more convenient to discuss the “upper half” of
the region:

D} ={pe D,

t(p) > t.}. (2.26)

In an expanding universe, the extremal surface anchored on the boundary of a region I" on o,
is fully contained in this region. Now, by performing ¢,-dependent coordinate transformation

p= Lct: St T, (2.27)
3(1 4+ w)
2 £ 3
“+w
=— || — —1 2.28
TZ30 1 w) (t) ] (2:28)
the region D} is mapped into
0<n<1l, 0<p<1—mn, (2.29)
and the metric in D} is given by
2 A (143w T 2 2 20712 | cinn2 2
ds®| py = - 5+l [—dn” + dp® + p*(di® + sin’y d¢?)] (2.30)
where
A, = 9m(1 + w)?t2. (2.31)

Since A, appears only as an overall factor of the metric in Eqgs. (2.29] , we conclude
that the A, dependence of Sr o ||Er| is only through an overall proportionality factor, as

in Eq. (2.25).
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Due to the scaling in Eq. (2.25)), it is useful to consider an object obtained by dividing Sr
by a quantity that is also proportional to A,. We find it convenient to define the quantity

Sr

QFEMa

(2.32)
where V7 is the (2-dimensional) “volume” of the region I or its complement I' on the bound-
ary surface o,, whichever is smaller. This quantity is independent of A,, and hence ¢,. For
the spherical region of Eq. (2.16)), we find

Sty [[EMI
O =T Ve 25
where
V(y) = %{1 — sgn(g — fy) cos Py}A*- (2.34)

An explicit expression for () is given by

B 1 siny o | 2 \2odf\?
QO = 1 —sgn(§ —)cosy %ﬂ% [/o "/ \/1 (1—|—3w> (daz) dx] ’ (2.35)

where the extremization with respect to function f(z) is performed with the boundary
condition

f(siny) =1, (2.36)
and we have used the fact that the extremal surface does not bulge into the z direction in
the cylindrical coordinates of Eq. . From the point of view of the holographic theory,
Qr represents the amount of entanglement entropy per degree of freedom as viewed from
the smaller of T" and I'. As we will discuss in Section , the fact that this is a physically
significant quantity has important implications for the structure of the holographic theory.

In Fig. [2.5, we plot Q(7) as a function of v (0 < vy < 7/2) for various values of w: —1
(vacuum energy), —0.98, —0.8, 0 (matter), 1/3 (radiation), and 1. The value of Q(v) for
/2 <~ <misgiven by Q(v) = Q(m — ). We find the following features:

e In the limit of a small boundary region, v < 1, the value of Q(v) approaches unity
regardless of the value of w:
Qu(y) =5 1. (2.37)

This implies that for a small boundary region, the entanglement entropy of the region
is given by its volume in the holographic theory in Planck units:

Sul) 1% V() (2.38)

For larger v (< 7/2), Q(y) becomes monotonically small as v increases:

&y w1 <0 (2.39)
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Figure 2.5: The value of Q(v) as a function of v (0 < v < 7/2) for w = —1 (vacuum energy),
—0.98, —0.8, 0 (matter), 1/3 (radiation), and 1. The dotted line indicates the lower bound given
by the flat space geometry, which can be realized in a curvature dominated open FRW universe.

The deviation of Q(v) from 1 near v = 0 is given by

Qu(m) = 1= c(l+wpy' +--- (2.40)
where ¢ > 0 is a constant that does not depend on w.

e For any fixed boundary region, v, the value of Q)(7) decreases monotonically in w:

d

—Qw < 0. 2.41

Q) (2.41)
In particular, when w approaches —1 (from above), Q() becomes unity:

lim Q,(v) = 1. (2.42)

w——1

This implies that in the limit of de Sitter FRW (w — —1), the state in the holographic
theory becomes “randomly entangled” (i.e. saturates the Page curve [75]){]

1
lim S, =-V(v). 2.43
Jdim Sy(v) =7V () (2.43)
"In the case of an exactly single component with w = —1, the expansion of light rays emanating from po,

i.e. B, becomes 0 only at infinite affine parameter A\. We view this as a result of mathematical idealization.
A realistic de Sitter FRW universe is obtained by introducing an infinitesimally small amount of matter in
addition to the w = —1 component, which avoids the above issue. The results obtained in this way agree
with those by first taking w > —1 and then the limit w — —1.
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Figure 2.6: The value of Q(7/2) as a function of w.

Note that V() is the smaller of the volume of L(7y) and that of its complement on the
leaf. The value of Q(7/2) (the case in which L(7) is a half of the leaf) is plotted as a
function of w in Fig.

We will discuss further implications of these findings in Section [2.4]

We note that there are simple geometric bounds on the values of @, (y). This can be
seen by adopting the maximin construction [30} 76]: the extremal surface is the one having
the maximal area among all possible codimension-2 surfaces each of which is anchored on
OL(7) and has minimal area on some interior achronal hypersurface bounded by o. This
implies that the area of the extremal surface, ||E(7)]||, cannot be larger than the boundary
volume V' (7), giving Q() < 1. Also, the extremal surface cannot have a smaller area than
the codimension-2 surface that has the minimal area on a constant time hypersurface t = t,:
I|E()|| > m{a(t.)rau(t.)siny}?. Together, we obtain

sin%y
< Quly) < 1. 2.44
2{1 —sgn(3 — ) cosv} < Qu() ( )

The lower edge of this range is depicted by the dashed line in Fig. 2.5l We find that the
upper bound of Eq. can be saturated with w — —1, while the lower bound cannot
with |w| < 1. If we formally take w — 400, the lower bound can be reached. A fluid with
w > 1, however, does not satisfy the causal energy condition (although it satisfies the null
energy condition), so we do not consider such a component.

As a final remark, we show in Fig. the shape of the extremal surface for v = /2 for
the same values of w as in Fig. —1, —0.98, —0.8, 0, 1/3, and 1. The horizontal axis is
the cylindrical radial coordinate normalized by the apparent horizon radius, £/, and the
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Figure 2.7: The shape of the extremal surfaces E(w/2) for w = —1, —0.98, —0.8, 0, 1/3, and 1.
The horizontal axis is the cylindrical radial coordinate normalized by the apparent horizon radius,
&/éan, and the vertical axis is the Hubble time, ty.

vertical axis is taken to be the Hubble time defined by

[, 2t
tH_/t* a(t)dt_3<1+w>l o (2.45)

which reduces in the w — —1 limit to the usual Hubble time ty = H(t — t,), where H =
a/a. We find that the extremal surface bulges into the future direction for any w. In fact,
this occurs generally in an expanding universe and can be understood from the maximin
construction: the scale factor increases toward the future, so that the area of the minimal
area surface on an achronal hypersurface increases when the hypersurface bulges into the
future direction in time. The amount of the bulge is ty ~ O(1), except when w ~ —1. For
w — —1, the extremal surface probes ty — +00 as £/éan — +0, but its area is still finite,
|E(7/2)|] = A./2, as the surface becomes almost null in this limit.

An open FRW universe dominated by curvature

We now consider an open FRW universe dominated by curvature, i.e. the case in which the
expansion of the universe is determined by the second term in the left-hand side of Eq. .
This implies that the distance to the apparent horizon is much larger than the curvature
length scale

—K 8
> —p(t) <= rau(t) > =

1
- rcurv-
a?(t) 3 V=K
(Note that k < 0 for an open universe.) As seen in Eqs. (2.11} [2.12)), the value of ray(t) is
determined by p(t), which gives only a minor contribution to the expansion of the universe.

(2.46)
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The scale factor is given by
a(t) =v—kt. (2.47)

The extremal surface can be found easily by noticing that the universe in this limit is a
hyperbolic foliation of a portion of the Minkowski space: the coordinate transformation

i=t/1+(V=rr)", (2.48)
F=+—ktr, (2.49)

leads to the Minkowski metric ds? = —dt? + di? +72(di)? +sin*y dp?). The extremal surface
is thus a plane on a constant ¢ hypersurface, which in the FRW (cylindrical) coordinates is

given by
1

§/Ean

where Eag = ran(ty)sin-y, and ty is the Hubble time

C[tat) ot
m_lgaﬁ_ma (2.51)

(0 <E&/éam < 1), (2.50)

tH%ID

The resulting Q(v) is
sin?y
Qy) = - :
2{1 —sgn(f — ) cosv}
This, in fact, saturates the lower bound in Eq. (2.44)), plotted as the dashed line in Fig. [2.5]

(2.52)

Dynamics of screen entanglement entropies in a transition

Let us consider the evolution of an FRW universe. From the holographic theory point of
view, it is described by a time-dependent state |¥(7)) living on o(7). Because of the area
theorem of Refs. |44} |45], we can take 7 to be a monotonic function of the leaf area, leading
to

d
A7) >0, (2.53)

where A(7) = ||o(7)||. This evolution involves a change in the number of (effective) degrees
of freedom, A(7)/4, as well as that of the structure of entanglement on the boundary, Qr (7).
For the latter, we mostly consider (v, ) associated with a spherical cap region I' = L(7).
A natural question is if a statement similar to Eq. applies for screen entanglement

entropies:
d ?

—S 0. 2.54
Z5(y,7) (2.54)

Here,

(2.55)
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with

Viy,7) = %{1 — sgn(% — 7) Cos 7},4(7'), (2.56)

being the smaller of the boundary volumes of L(y) and its complement.

There are some cases in which we can show that the relation in Eq. is indeed
satisfied. Consider, for example, a flat FRW universe filled with various fluid components
having differing equations of states: w; (i = 1,2,---). As time passes, the dominant compo-
nent of the universe changes from one having larger w to one having smaller w successively.
This implies that Q(v, 7) monotonically increases in time, so that Eq. indeed implies
Eq. in this case. Another interesting case is when the holographic screen is spacelike.
In this case, we can prove that the time dependence of S(7, 7) is monotonic; see Appendix .
In particular, if we have a spacelike past holographic screen (which occurs for w > 1/3 in a
single-component dominated flat FRW universe), then the screen entanglement entropy for
an arbitrary region increases in time: dSr(7)/dr > 0.

What happens if the holographic screen is timelike? One might think that there is an
obvious argument against the inequality in Eq. . Suppose the expansion of the early
universe is dominated by a fluid component with w. Suppose at some FRW time ¢y this
component is converted into another fluid component having a different equation of state
parameter w’, e.g. by reheating associated with the decay of a scalar condensate. If w’ > w,
then the @) value after the transition is smaller than that before

Qu(7) — Qu(v) <0. (2.57)

One may think that this can easily overpower the increase of S(7,7) from the increase of
the area: dA(v,7)/dr > 0 [46]. In particular, if w is close to —1, then the increase of the
area before the transition is very slow, so that the effect of Eq. would win over that
of the area increase. However, as depicted in Fig. 2.7, when w ~ —1 the extremal surface
bulges into larger ¢ by many Hubble times. Hence the time between the moments in which
Eq. can be used before and after the transition becomes long, opening the possibility
that the relevant area increase is non-negligible.

To make the above discussion more explicit, let us compare the values of the screen
entanglement entropy S() corresponding to two extremal surfaces depicted in Fig. the
“latest” extremal surface that is fully contained in the w region and the “earliest” extremal
surface fully contained in the w’ region, each anchored to the leaves at FRW times ¢, and tg.
This provides the most stringent test of the inequality in Eq. that can be performed
using the expression of Eq. for fixed w’s. The ratio of the entanglement entropies is
given by
Rw’w('Y) Safter(ﬁ)/) _ Qw’ (7) ﬁ _ Qw’ (7) 63(1+w)tH’“’, (258)

Sbefore(ﬁ)/) QUJ('-Y) tf Qw(,-)/)
where 41, is the Hubble time between ¢, and ¢y, given by Eq. with ¢ — to. In Fig. ,
we plot R, = Ri,(7/2); setting w’ = 1 minimizes the ratio. We find that this ratio can
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p(T)

Figure 2.8: An FRW universe whose dominant component changes from w to w’ at time to. Two
surfaces depicted by orange lines are the latest extremal surface fully contained in the w region
(bottom) and the earliest extremal surface fully contained in the w’ region (top), each anchored to
the leaves at ¢, and tg.

be smaller than 1 for w &~ —1. In fact, for w — —1 we find the value obtained naively by
assuming that the area does not change before the transition:

Ql(z) ™
R, =12/ Q1<—>, (2.59)
Q-1(3) 2
although for w = —1 there is no such thing as the latest extremal surface that is fully

contained in the region before the transition (since tg_; = +00).

This analysis suggests that screen entanglement entropies can in fact drop if the system
experiences a rapid transition induced by some dynamicsﬁ although the instantaneous tran-
sition approximation adopted above is not fully realistic. Of course, such a drop is expected
to be only a temporary phenomenon—because of the area increase after the transition, the
entropy generally returns back to the value before the transition in a characteristic dynamical
timescale and then continues to increase afterward. We expect that the relation in Eq.
is valid in a coarse-grained sense

_ _ 1 T+Tc
LS50, S(yr) =~ / S(y, ) dr, (2.60)
dr Te J;

but not “microscopically” in general. Here, 7. must be taken sufficiently larger than the
characteristic dynamical timescale, the Hubble time for an FRW universe.

8This does not mean that the second law of thermodynamics is violated. The entropy discussed here is
the von Neumann entropy of a significant portion (half) of the whole system, which can deviate from the
thermodynamic entropy of the region when the system experiences a rapid change.
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Figure 2.9: The ratio of the screen entanglement entropies, R,, = R1,(7/2), before and after the
transition from a universe with the equation of state parameter w to that with w’ = 1, obtained
from Figs. and using Eq. (2.58). The dot at w = —1 represents R_1 = Rj_1(mw/2) obtained

in Eq. .

For further illustration, we perform numerical calculations for how the area of a leaf
hemisphere, ||L(7/2,t)||, and the associated screen entanglement entropy, calculated using
S(m/2,t) = |E(7/2,t)||/4, evolve in time during transitions from a w = —1 to a w’ = 0 flat
FRW universe. Here, we take the FRW time ¢ as the time parameter. For this purpose, we
consider a scalar field ¢ having a potential V' (¢) that has a flat portion and a well, with
the initial value of ¢ being in the flat portion. We first note that a transformation of the
potential of the form

V(p) = V'(¢) = €V (9), (2.61)

leads to rescalings of the scalar field, ¢(t), and the scale factor, a(t), obtained as the solutions
to the equations of motion:

&) = dlet),  d(t) = alet). (2.62)

Plugging these in Eq. (2.22), we find that the area functionals before and after the transfor-
mation Eq. (2.61) are related by simple rescaling t — t/e and £ — /e, so that

1 Tt
25 0)|=2l2G )l 2
H 2’ €2 27 € (2.63)

These scaling properties imply that the leaf hemisphere area and the screen entanglement
entropy for the transformed potential are read off from those for the untransformed one by

[rGOl=alGL IsGAl=alsGIl e




CHAPTER 2. TOWARD HOLOGRAPHY FOR GENERAL SPACETIMES 27

We therefore need to be concerned only with the shape of the potential, not its overall scale.
In particular, we can always be in the semiclassical regime by performing a transformation
with e < 1.

In Fig. [2.10] we show the results of our calculations for “steep” and “broad” potentials.
The explicit forms of the potentials are given by

V() = 1— 079" 4 5(¢ — go) tanh(p(¢ — ¢)), (2.65)

with
Steep: k=5000, s=0.01, p=20, ¢ =0.045, (2.66)
Broad: k=25, s=0.01, p=2, ¢y=0.5, (2.67)

although their detailed forms are unimportant. For the steep potential, plotted in Fig. (a),
we show the time evolutions of ¢(¢), || L(7/2,t)||, and S(7/2,t) in Figs. 2.10(b)—(d) for the
initial conditions of ¢(0) = ¢(0) = 0 and a(0) = 0.01. The same are shown for the broad
potential, Fig. M(e), in Figs. M(f)—(h) for the initial conditions of ¢(0) = ¢(0) = 0 and
a(0) = 10711, In either cases, the leaf hemisphere area increases monotonically while the
screen entanglement entropy experiences drops as the field oscillates around the minimum.
The fractional drops from the first, second, and third peaks are ~ 1.3%, 0.9%, and 0.6%,
respectively, for the steep potential and ~ 2.5%, 1.6%, and 1.2%, respectively, for the broad
potential.

We thus find that screen entanglement entropies may decrease in a transition period.
The interpretation of this result, however, needs care. Since the system is far from being in a
“vacuum” during a transition, true entanglement entropies for subregions in the holographic
theory may have contributions beyond that captured by the simple formula of Eq. (2.17).
This would require corrections of the formula, possibly along the lines of Refs. [28, |29, [77],
and with such corrections the drop of the entanglement entropy we have found here might
disappear. We leave a detailed study of this issue to future work.

2.4 Interpretation: Beyond AdS/CFT

The entanglement entropies in the holographic theory of FRW universes seen so far show
features different from those in CFTs of the AdS/CFT correspondence. Here we highlight
these differences and see how properties characteristic to local CFTs are reproduced when
bulk spacetime becomes asymptotically AdS. We also discuss implications of our findings for
the structure of the holographic theory. In particular, we discuss the structure of the Hilbert
space for quantum gravity applicable to general spacetimes. While we cannot determine
the structure uniquely, we can classify possibilities under certain general assumptions. The
issues discussed include bulk reconstruction, the interior and exterior regions of the leaf, and
time evolution in the holographic theory.
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(a) Steep potential.

(b) ¢(t) for the steep potential.
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(c) |[L(m/2,t)| for the steep potential.
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(d) S(m/2,t) for the steep potential.
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(e) Broad potential.
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(f) ¢(t) for the broad potential.
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(h) S(m/2,t) for the broad potential.

Figure 2.10: A steep potential (a) leading to the time evolution of the scalar field (b), the area of a
leaf hemisphere (c), and the screen entanglement entropy (d). The same for a broad potential (e)—

(h).
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Volume/area law for screen entanglement entropies

One can immediately see that holographic entanglement entropies for FRW universes have
two features that are distinct from those in AdS/CFT. First, unlike entanglement entropies
in CFTs, the holographic entanglement entropies for FRW universes are finite for a finite
value of A,. Second, as seen in Section 2.3} e.g. Eq. (2.25), these entropies obey a volume law,
rather than an area lawﬂ (Note that A, is a volume from the viewpoint of the holographic
theory.) In particular, in the limit that the region I' in the holographic theory becomes
small, the entanglement entropy St becomes proportional to the volume Vi with a universal
coefficient, which we identified as 1/4 to match the conventional results in Refs. |9} 8, 10, 7,
6, 11]. (For a small enough subsystem, we expect that the entanglement entropy agrees with
the thermal entropy.) From the bulk point of view, this is because the extremal surface Er
approaches I itself, so that ||Er| — Vr.

What do these features mean for the holographic theory? The finiteness of the entan-
glement entropies implies that the cutoff length of the holographic theory is finite, i.e. the
number of degrees of freedom in the holographic theory is finite, at least effectively. In
particular, our identification implies that the holographic theory effectively has a qubit de-
gree of freedom per volume of 41n2 (in Planck units), although it does not mean that the
cutoff length of the theory is necessarily ~ v/41In2. It is possible that the cutoff length is
lc > V4In2 and that each cutoff size cell has N = [?/4In2 (> 1) degrees of freedom. In
fact, since the string length [y and the Planck length are related as I2 ~ n, where n is the
number of species in the low energy theory (including the moduli fields parameterizing the
extra dimensions) [79], it seems natural to identify I. and N as [5 and n, respectively.

The volume law of the entangled entropies implies that a holographic state corresponding
to an FRW universe is not a ground state of local field theory, which is known to satisfy
an area law [80, [81]. This does not necessarily mean that the holographic theory for FRW
universes must be nonlocal at lengthscales larger than the cutoff [.; it might simply be that
the relevant states are highly excited ones. In fact, the dynamics of the holographic theory is
expected to respect some aspects of locality as suggested by the fact that the area theorem
applies locally on a holographic screen [46]. Of course, it is also possible that the holographic
states for FRW universes are states of some special class of nonlocal theories.

The features of screen entangled entropies described here are not specific to FRW uni-
verses but appear in more general “cosmological” spacetimes, spacetimes in which the holo-
graphic screen is at finite distances and the gravitational dynamics is not frozen there. If
the interior region of the holographic screen is (asymptotically) AdS, these features change.
In this case, the same procedure as in Section puts the holographic screen at spatial
infinity (the AdS boundary), and the AdS geometry makes the area of the extremal surface
anchored to the boundary OI' of a small region I" on a leaf proportional to the area of o'
with a diverging coefficient: ||Er|| ~ ||0T'||/e (¢ — 0). This makes the screen entanglement
entropies obey an area law, so that the holographic theory can now be a ground state of a

9A similar property was argued for holographic entropies for Euclidean flat spacetime in Ref. [78].
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local field theory. In fact, the theory is a CFT [14, 82| |15], consistent with the fact that we
could take the cutoff length to zero, [. ~ € — 0.

The structure of holographic Hilbert space

We now discuss implications of our analysis for the structure of the Hilbert space of quantum
gravity for general spacetimes. We work in the framework of Section [2.2] in particular, we
assume that when a holographic state represents a semiclassical spacetime, the area of the
extremal surface contained in D, and anchored to the boundary of a region I' on a leaf
represents the entanglement entropy of the region I' in the holographic theory, Eq. . Note
that this does not necessarily mean that the converse is true; there may be a holographic state
in which entanglement entropies for subregions do not correspond to the areas of extremal
surfaces in a semiclassical spacetime.

Consider a holographic state representing an FRW spacetime. The fact that for a small
enough region I' the area of the extremal surface anchored to its boundary approaches the
volume of the region on the leaf, ||Er| — Vi, implies that the degrees of freedom in the
holographic theory are localized and that their density is, at least effectively, one qubit per
41n 2 (although the cutoff length of the theory may be larger than v/41n2). We take these
for granted as anticipated in the original holographic picture |37, |13]. This suggests that the
number of holographic degrees of freedom which comprise FRW states on the leaf o, with
area A, is A, /4 for any value of w.

Given these assumptions, there are still a few possibilities for the structure of the Hilbert
space of the holographic theory. Below we enumerate these possibilities and discuss their
salient features.

Direct sum structure

Let us first assume that state vectors representing FRW universes with different w’s are
independent of each other, as indicated in the left portion of Fig. This implies that
the Hilbert space H. € {Hp}, which contains holographic states for FRW universes at times
when the leaf area is A,, has a direct sum structure

Mo =EPHow (2.68)

Here, we regard universes with the equation of state parameters falling in a range dw < 1
to be macroscopically identical, where dw is a small number that does not scale with A*Ey]
This is the structure envisioned originally in Ref. [43].

What is the structure of H,,,? A natural possibility is that each of these subspaces has
dimension

./4*

I.

10Tf we consider FRW universes with multiple fluid components, the corresponding spaces must be added
in the right-hand side of Eq. w

Indim 7., = (2.69)
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Figure 2.11: Possible structures of the Hilbert space H, for a fixed boundary space B. In the direct
sum structure (left), each semiclassical spacetime in D,, has its own Hilbert space H, .. The
Russian doll structure (right) corresponds to the scenario of “spacetime equals entanglement,” i.e.
the entanglement entropies of the holographic degrees of freedom determine spacetime in D, . This
implies that a superposition of exponentially many semiclassical spacetimes can lead to a different
semiclassical spacetime.

This is motivated by the fact that arbitrary unitary transformations acting in each cutoff size
cell do not change the structure of screen entanglement entropies, and they can lead to e+/4
independent holographic states that have the screen entanglement entropies corresponding
to the FRW universe with the equation of state parameter w. If we regard all of these states
as microstates for the FRW universe with w, then we obtain Eq. (2.69)). This, however, does
not mean that the holographic states representing the FRW universe with w comprise the
Hilbert space H.,,. Since these states form a basis of H, ,, their superposition can lead to
a state which has entanglement entropies far from those corresponding to the FRW universe
with w. In fact, we can even form a state in which degrees of freedom in different cells
are not entangled at all. This is a manifestation of the fact that entanglement cannot be
represented by a linear operator.

This implies that states representing the semiclassical FRW universe are “preferred basis
states” in H,,, and their arbitrary linear combinations may lead to states that do not
admit a semiclassical interpretation. We expect that these preferred axes are “fat”: we have
to superpose a large number of basis states, in fact exponentially many in A, to obtain
a state that is not semiclassical (because we need that many states to appreciably change
the entanglement structure, as illustrated in a toy qubit model in Appendix . It is,
however, true that most of the states in H.,, including those having the entanglement
entropy structure corresponding to a universe with another w, are states that do not admit
a semiclassical spacetime interpretation. Drawing an analogy with the work in Refs. [56)
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57, 58], we may call them “firewall” states. In Section we argue that these states are
unlikely to be produced by standard semiclassical time evolution.
The dimension of H, is given by

IndimH, = ane% ~ o — Indw ~ o

2.
: 3 (2.70)

as expected from the covariant entropy bound (unless dw is exponentially small in A,
which we assume not to be the case). Small excitations over the FRW universes may be
represented in suitably extended spaces H., ,,. Since entropies associated with the excitations
are typically subdominant in A, [37, 83|, they have only minor effects on the overall picture,
e.g. Eq. . (Note that the excitations here do not contain the degrees of freedom
attributed to gravitational, e.g. Gibbons-Hawking, radiation. These degrees of freedom are
identified as the microscopic degrees of freedom of spacetimes, i.e. the vacuum degrees of
freedom [84} [85] [36], which are already included in Eq. (2.69).) The operators representing
the excitations can be standard linear operators acting on the Hilbert space H,, at least in
principle.

We also mention the possibility that the logarithm of the number of independent states
N,, representing the FRW universe with w is smaller than A, /4. For example, it might be
given approximately by twice the entanglement entropy for a leaf hemisphere S, (7/2) =
Qu(m/2)A,/8:

A*

In N, ~ Qu (g) = (2.71)

The basic picture in this case is not much different from that discussed above; for example,
the difference of the values of Indim H, is higher order in 1/A, (although this possibility
makes the issue of the equivalence condition for the boundary space label B nontrivial). We
will not consider this case separately below.

Russian doll structure: spacetime equals entanglement

In the picture described above, the structures of H, ,’s are all very similar. Each of these
spaces has the dimension of A, /4 and has e**/* independent states that represent the FRW
universe with a fixed value of w. An arbitrary linear combination of these states, however,
is not necessarily a state representing the FRW universe with w. In the previous picture, we
identified all such states as the firewall (or unphysical) states, but is it possible that some
of these states, in fact, represent other FRW universes? In particular, is it possible that all
the H.., spaces are actually the same space, i.e. H yy, = Haw, for all wy # wy?

A motivation to consider this possibility comes from the fact that if w does not by
itself provide an independent label for states, then the e*/* independent microstates for
the FRW universe with a fixed w can form a basis for the configuration space of the A, /4
holographic degrees of freedom. This implies that we can superpose these states to obtain
many—in fact e”*/*—independent states that have the entanglement entropies corresponding
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to the FRW universe with any w’ # w, which we can identify as the states representing
the FRW universe with w’ E In essence, this amounts to saying that the converse of the
statement made at the beginning of this subsection is true: when a holographic state has the
form of entanglement entropies corresponding to a certain spacetime, then the state indeed
represents that spacetime. This scenario was proposed in Ref. [54] and called “spacetime
equals entanglement.” It is depicted in the right portion of Fig. [2.11]

One might think that the scenario does not make sense, since it implies that a superpo-
sition of classical universes can lead to a different classical universe. Wouldn’t it make any
reasonable many worlds interpretation of spacetime impossible? In Ref. [54], it was argued
that this is not the case. First, for a given FRW universe, we expect that the space of its
microstates is “fat”; namely, a superposition of less than e®(®*4<) microstates representing
a classical universe leads only to another microstate representing the same universe. This
implies that the e*/* microstates of a classical universe generate an “effective vector space,”
unless we consider a superposition of an exponentially large, > e©©®A) number of states.

What about a superposition of different classical universes? In particular, if states repre-
senting universes with w; and wy (# wy) are superposed, then how does the theory know that
the resulting state represents a superposition of two classical universes, and not another—
perhaps even non-classical—universe? A key point is that the Hilbert space we consider has
a special basis, determined by the A, /4 local degrees of freedom in the holographic space

1, = (C2)2%. (2.72)

From the result in Section 2.3, we know that a state representing the FRW universe with w, is
more entangled than that representing the FRW universe with ws (> wy). This implies that
when expanded in the natural basis {|¥;)} for the structure of Eq. (2.72), i.e. the product
state basis for the A, /4 local holographic degrees of freedom, then a state |¥,,, ) representing
the universe with w; effectively has exponentially more terms than a state |¥,,,) representing
the universe with wy. Namely, we expect that

o () 4

W)~ > a;| W), (2.73)

i=1

where f(w) is a monotonically decreasing function of w taking values of O(1), and a; are
coefficients taking generic random values. The normalization condition for |¥,,) then implies

la;| ~ O(e_f(w)%), (2.74)

The same argument applies to the FRW universes with multiple fluid components, so that the states
representing these universes also live in the same Hilbert space as the single component universes.

12For simplicity, here we have assumed that the degrees of freedom are qubits, but the subsequent argu-
ment persists as long as the number of independent states for each degree of freedom does not scale with A,.
In particular, it persists if the correct structure of H, appears as (CV )®A*/ I as discussed in Section
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i.e. the size of the coefficients in product basis expansion is exponentially different for states
with different w’s. This, in particular, leads to

(W, [W,) S O (e Ul Tluab 5y (2.75)

i.e. microstates for different universes are orthogonal up to exponentially suppressed correc-
tions.
Now consider a superposition state

(W) = 1 W) + o V), (2.76)

where |¢;|? + |e2)?> = 1 up to the correction from exponentially small overlap (¥, [¥,,,). We
are interested in the reduced density matrix for a subregion I' in the holographic theory

pr = Trp [W)(¥, (2.77)

where I" occupies less than a half of the leaf volume. The property of Eq. (2.75)) then ensures
that
1
pr=leifpr” + leal*pr?, (2.78)

up to corrections exponentially suppressed in A,. Here, ,o(Fl) (p(F)) are the reduced density

matrices we would obtain if the state were genuinely |W,,,) (|Wy,)). The matrix pr thus takes
the form of an incoherent classical mixture for the two universes. Similarly, the entanglement
entropy for the region I is also incoherently added

Sp = ler 251 + Jca2S1 + St i (2.79)
where S§1’2) are the entanglement entropies obtained if the state were |¥,, ,), and
Stmix = —lei[* Infer? — [eaf* Infeaf, (2.80)

is the entropy of mixing (classical Shannon entropy), suppressed by factors of O(A,) com-
pared with S (12 The features in Eqs. |: indicate that unless |ci| or |cp| is sup-
pressed exponentially in A, the state |¥) admlts the usual interpretation of a superposition
of macroscopically different universes with w; .

In fact, unless a superposition involves exponentially many microstates, we find

pr =X el
W) = cilVey,) = ! (2.81)
z@': o Se =i 1alSY + Stmix;
with exponential accuracy. Here, Spmix = — >, |¢;|* In|¢;|* and is suppressed by a factor of
O(A,) compared with the first term in Sp. This indicates that the standard many worlds
interpretation applies to classical spacetimes under any reasonable measurements (only) in
the limit that e~ is regarded as zero, i.e. unless a superposition involves exponentially
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many terms or an exponentially small coefficient. This is consonant with the observation
that classical spacetime has an intrinsically thermodynamic nature [12], supporting the idea
that it consists of a large number of degrees of freedom. In Ref. [54], the features described
above were discussed using a qubit model in which the states representing the FRW universes
exhibit a “Russian doll” structure as illustrated in Fig We summarize this model in
Appendix for completeness.
We conclude that the states representing FRW universes with a leaf area A, can all be
elements of a single Hilbert space H, with dimension
A

IndimH, = 4*. (2.82)

Any such universe has e”*/* independent microstates, which form a basis of . This implies

that matter and spacetime must have a sort of unified origin in this picture, since a super-
position that changes the spacetime geometry must also change the matter content filling
the universe. How could this be the case?

Consider, as discussed in Section [2.4], that the cutoff length of the holographic theory is
of order Iy ~ y/n, where n (> 1) is the number of species at energies below 1/l5. This implies
that the A, /4 degrees of freedom can be decomposed as

A, A,

s T

(2.83)

representing n fields living in the holographic space of cutoff length ;. Now, to obtain the
e+/* microstates for an FRW universe we need to consider rotations for all the n degrees of
freedom in each cutoff size cell. This may suggest that the identity of a matter species at the
fundamental level may not be as adamant as in low energy semiclassical field theories. The
reason why all the n degrees of freedom can be involved could be because the “local effective
temperature,” defined analogously to de Sitter space, diverges at the holographic screen.
Finally, we expect that small excitations over FRW universes in this picture are repre-
sented by non-linear/state-dependent operators in the (suitably extended) H, space, along
the lines of Ref. [59] (see Refs. |60, |61} |62] for earlier work). This is because a superposi-
tion of background spacetimes may lead to another background spacetime, so that operators
representing excitations should know the entire quantum state they are acting on.

Bulk reconstruction from holographic states

We have seen that the entanglement entropies of the A,/4 local holographic degrees of
freedom in the holographic space o, encode information about spacetime in the causal region
D,,. Here we discuss in more detail how this encoding may work in general.

While we have focused on the case in which the future-directed ingoing light rays em-
anating orthogonally from o, (i.e. in the k* directions in Fig. meet at a point py, our
discussion can be naturally extended to the case in which the light rays encounter a space-
time singularity before reaching a caustic. This may occur, for example, if a black hole
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Figure 2.12: If a black hole forms inside the holographic screen, future-directed ingoing light rays
emanating orthogonally from the leaf o, at an intermediate time may hit the singularity before
reaching a caustic. While the diagram here assumes spherical symmetry for simplicity, the phe-
nomenon can occur more generally.

forms in a universe as depicted in Fig. where we have assumed spherical symmetry for
collapsing matter and taken p(7) to follow its center. We see that at intermediate times, the
future-directed ingoing light rays emanating from leaves encounter the black hole singularity
before reaching a caustic[] Our interpretation in this case is similar to the case without
a singularity. The entanglement entropies of the holographic degrees of freedom encode
information about D,,.

In what sense does a holographic state on o, contain information about D, 7 We assume
that the theory allows for the reconstruction of D,, from the data in the state on o,. On
the other hand, it is not the case that the collection of extremal surfaces for all possible
subregions on o, probes the entire D, . This suggests that the full reconstruction of D,
may need bulk time evolution.

There is, however, no a priori guarantee that the operation corresponding to bulk time
evolution is complete within H,. This means that there may be no arrangement of operators
defined in H, that represents certain operators in D, . For these subsets of D, , bulk
reconstruction would involve operators defined on other boundary spaces. In other words,
the operators supported purely in H, may allow for a direct spacetime interpretation only for
a portion of D, , e.g. the outside of the black hole horizon in the example of Fig. [5.4| (in which
case some of the operators would represent the stretched horizon degrees of freedom). Our

13At these times, the specific construction of the holographic screen in Section cannot be applied
exactly. This is not a problem as the fundamental object is the state in the holographic space, and not
p(7). The purpose of the discussion in Section is to illustrate our observer centric choice of fixing the
holographic redundancy in formulating the holographic theory.
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ka

Figure 2.13: To determine a state in the future, we need information on the “exterior” light sheet,
the light sheet generated by light rays emanating from o, in the —k® directions, in addition to that
on the “interior” light sheet, i.e. the one generated by light rays emanating in the +k® directions.

assumption merely says that the operators in H, acting on the state contain data equivalent
to specifying the system on a Cauchy surface for D, .

The consideration above implies that the information in a holographic state on o,, when
interpreted through operators in H,, may only be partly semiclassical. We expect that this
becomes important when the spacetime has a horizon. In particular, for the w = —1 FRW
universe, the leaf o, is formally beyond the stretched de Sitter horizon as viewed from p(7).
This may mean that some of the degrees of freedom represented by operators defined in H,
can only be viewed as non-semiclassical stretched horizon degrees of freedom.

Information about the “exterior” region

The information about D, , contained in the screen entanglement entropies, is not sufficient
to determine future states obtained by time evolution. This information corresponds to that
on the “interior” light sheet, i.e. the light sheet generated by light rays emanating in the
+k® directions from o, E However, even barring the possibility of information sent into the
system from a past singularity or past null infinity (which we will discuss in Section ,
determining a future state requires information about the “exterior” light sheet, i.e. the
one generated by light rays emanating in the —k® directions; see Fig. E How is this

14Tf the light sheet encounters a singularity before reaching a caustic, then the information about the
singularity may also be contained.

15This light sheet is terminated at a singularity or a caustic. Note that the information beyond a caustic
is not needed to specify the state [70], since it is timelike related with the information on the interior light
sheet [87] so that the two do not provide independent information.
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information encoded in the holographic state? Does it require additional holographic degrees
of freedom beyond the A, /4 degrees of freedom considered so far?

The simplest possibility is that the e**/4 microstates for each interior geometry (i.e. a
fixed screen entanglement entropy structure) contain all the information associated with
both the interior and exterior light sheets. If this is indeed the case, then we do not need
any other degrees of freedom in the holographic space o, beyond the A, /4 ones discussed
earlier. It also implies the following properties for the holographic theory:

e Autonomous time evolution — Assuming the absence of a signal sent in from a
past singularity or past null infinity (see Section [3.4), the evolution of the state is
autonomous. In particular, an initial pure state evolves into a pure state.

e S-matrix description for a dynamical black hole — As a special case, a pure
state representing initial collapsing matter to form a black hole will evolve into a
pure state representing final Hawking radiation, even if p(7) hits the singularity at an
intermediate stage (at least if the leaf stays outside the black hole); see Fig. .

e Strengthened covariant entropy bound — According to the original proposal of
the covariant entropy bound [21} 22|, the entropy on each of the interior and exterior
light sheets is bounded by A./4, implying that

A, A

Indi =2 ,
ndimH X 1 5

(2.84)

where H, is the Hilbert space associated with o,. The present picture instead says

IndimH, = %, (2.85)
implying that the entropy on the wunion of the interior and exterior light sheets is
bounded by A. /4 Note that the bound does not say that the entropy on each
of the interior and exterior light sheets is separately bounded by .A./8, and so is
profoundly holographic. This bound is consistent with the fact that in any known
realistic examples the covariant entropy bound is saturated only in one side of a leaf [88].

The picture described here is, of course, a conjecture, which needs to be tested. For example,
if a realistic case is found in which the A, /4 bound is violated by the contributions from
both the interior and exterior light sheets, then we would have to modify the framework,
e.g., by adding an extra A, /4 degrees of freedom on the holographic space. It is interesting
that there is no known system that requires such a modification.

We finally discuss the connection with AdS/CFT. In the limit that the spacetime becomes
asymptotically AdS, the location of the holographic screen is sent to spatial infinity, so that
A, — oco. This implies that there are N, = e*/* — oo microstates for any spacetime

16This bound was anticipated earlier [83] based on more phenomenological considerations.
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configuration in D,, for a leaf o,, including the case that it is a portion of the empty AdS
space. Wouldn’t this contradict the statement that the vacuum of a CF'T is unique?

As we will discuss in Section the degrees of freedom associated with N, correspond to
a freedom of sending information into the system at a later stage of time evolution, i.e. that
of inserting operators at locations other than the point x_., corresponding to 7 = —oo on the
conformally compactified AdS boundary. It is with this freedom that the CFT corresponds
to the AdS limit of our theory including the N, degrees of freedom:

CFT <= lim T, (2.86)
M—asymptotic AdS
where M is the spacetime inside the holographic screen, and 7T represents the theory under
consideration. Here, we have taken the holographic screen to stay outside the cutoff surface
(corresponding to the ultraviolet cutoff of the CFT) which is also sent to infinity.

This implies that if we want to consider a setup in which the evolution of the state is
“autonomous” within the bulk, then we need to fix a configuration of operators at = # x_,
i.e. we need to fully fix a boundary condition at the AdS boundary. The correspondence to
our theory in this case is written as

autonomous CFT <= lim T/N*. (2.87)
M—asymptotic AdS

The conventional vacuum state of the CFT corresponds to a special configuration of the N,
degrees of freedom that does not send in any signal to the system at later times (the simple
reflective boundary conditions at the AdS boundary). Given the correspondence between the
N, degrees of freedom and boundary operators, we expect that this configuration is unique.
The state corresponding to the CFT vacuum in our theory is then unique: the vacuum state
of the theory 7 /N, with the configuration of the N, degrees of freedom chosen uniquely as
discussed above.

Time evolution

Another feature of the holographic theory of general spacetimes beyond AdS/CFT is that
the boundary space changes in time. This implies that we need to consider the theory in
a large Hilbert space containing states living in different boundary spaces, Eq. . For
states representing FRW universes, the relevant space can be written as

H=> Ma, (2.88)
A

where A is the area of the leaf, and the sum of the Hilbert spaces is defined by Eq. (2.6)
While the microscopic theory involving time evolution is not yet available, we can derive its

"More precisely, H_4 contains states whose leaf areas fall in the range between A and A + §A. The
precise choice of §.A is unimportant unless it is exponentially small in A. For example, the dimension of H 4
is eA/45 A, so that the entropy associated with it is A/4 4 In§.A, which is .A/4 at the leading order in 1/A4
expansion.
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salient features by assuming that it reproduces the semiclassical time evolution in appropriate
regimes. Here we discuss this issue for both direct sum and Russian doll structures. In
particular, we consider a semiclassical time evolution in which a state having the leaf area
A, evolves into that having the leaf area A; (> A;).

Direct sum structure

In this case there is a priori no need to introduce non-linearity in the algebra of observables,
so we may assume that time evolution is described by a standard unitary operator acting on
‘H. In particular, time evolution of a state in H 4, into that in H 4, is given by a linear map
from elements of H 4, to those in H 4,.

Consider microstates |[U%) (i = 1,-- -, e“1/4) representing the FRW universe with w when
the leaf area is Ay, |U¥) € Haw C Ha,; see Eq. (2.68). Assuming that all these states

follow the standard semiclassical time evolutionm their evolution is given by
[W77) = [2F), (2.89)

where {|®¥)} is a subset of the microstates |®¥) (j = 1,--- ,e#?/*) representing the FRW
universe with w when the leaf area is Ay, |®¥) € Hapw C Ha,. This has an important
implication. Suppose that the initial state of the universe is given by

W) = Zaiww (2.90)

As we discussed before, if the effective number of terms in the sum is of order e4'/*, namely

if there are e/4 nonzero a;’s with size |a;| ~ e™41/8, then the state |¥) is not semiclassical,
i.e. a firewall state (because a superposition of that many microstates changes the structure
of the entanglement entropies). After the time evolution, however, this state becomes

W) = [®) = Zailqﬁ”), (2.91)

where the number of terms in the sum is e1/* because of the linearity of the map. This
implies that the state |®) is not a firewall state, since the number of terms is much (exponen-
tially) smaller than the dimensionality of H 4,.: e1/* < e#2/4. In particular, the state |®)
represents the standard semiclassical FRW universe with the equation of state parameter w.

This shows that this picture has a “built-in” mechanism of eliminating firewalls through
time evolution, at least when the leaf area increases in time as we focus on here. This
process happens very quickly—any macroscopic increase of the leaf area makes the state
semiclassical regardless of the initial state.

8Here we ignore the possibility that the equation of state changes between the two times, e.g., by a
conversion of the matter content or vacuum decay. This does not affect our discussion below.
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Spacetime equals entanglement

In this case, time evolution from states in H 4, to those in H 4, is expected to be non-linear.
Consider microstates |[¥¥) (i = 1,--- ,e?/?) representing the FRW universe with w when
the leaf area is Ay, |U¥) € H4,. As before, requiring the standard semiclassical evolution

for all the microstates, we obtain
(W) = [2F), (2.92)

where {|®})} is a subset of the microstates |®}) (j = 1,-- ,e”2/%) representing the FRW
universe with w when the leaf area is Ay, |®Y) € H4,. Suppose the initial state

) = al¥y) = [v), (2.93)

%

represents the FRW universe with w’ < w. This is possible if the effective number of terms

in the sum is of order e”1/4, i.e. if there are e'/4 nonzero a;’s with size |a;| ~ e=*1/%. Now,
if the time evolution map were linear, then this state would evolve into
[T = ) = > ai| DY), (2.94)

(2

This state, however, is not a state representing the FRW universe with w’, since the effective
number of terms in the sum, e/, is exponentially smaller than e*2/*, the required number
to obtain a state with w’ from the microstates |®%). To avoid this problem, the map from
H4, into H4, must be non-linear so that |[¥™') evolves into |®*') containing e”2/* terms
when expanded in terms of |®¥).

Here we make two comments. First, the non-linearity of the map described above does
not necessarily mean that the time evolution of semiclassical degrees of freedom (given as
excitations on the background states considered here) is non-linear, since the definition of
these degrees of freedom would also be non-linear at the fundamental level. In fact, from
observation this evolution must be linear, at least with high accuracy. This requirement
gives a strong constraint on the structure of the theory. Second, the non-linearity seen
above arises when the area of the boundary space changes, A; — Ay # A;. Since the
area of the boundary is fixed in the AdS/CFT limit (with the standard regularization and
renormalization procedure), this non-linearity does not show up in the CFT time evolution,
generated by the dilatation operator with respect to the t = —oo point in the compactified
Euclidean space["]

We finally discuss relations between different Hp’s. While we do not know how they
are related, for example they could simply exist as a direct sum in the full Hilbert space
H = @y Hp, an interesting possibility is that their structure is analogous to the Russian

19This does not mean that the interior of a black hole is described by state-independent operators in the
CFT. It is possible that the CFT does not provide a description of the black hole interior; see discussion in

Section
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doll structure within a single Hpg. Specifically, let us introduce the notation to represent the
Russian doll structure as

{jwe)} < {|o¥)} for w' < w, (2.95)

meaning that the left-hand side is a measure zero subset of the closure of the right-hand
side. We may imagine that states |V g) representing spacetimes with boundary B and states
|Wp/) representing those with boundary B’ are related similarly as

{IWs)} < A{l¥p)} for |B| <|B (2.96)

(The relation may be more complicated; for example, some of the |Ug)’s are related with
|Wp)’s and some with |[Up»)’s with B” # B’.) Ultimately, all states in realistic (cosmological)
spacetimes may be related with those in asymptotically Minkowski space as

s} < {|¥p)}- < {|WMinkowski) } (2.97)

since the boundary area for asymptotically Minkowski space is infinity, Anfinkowski = OO-
Does string theory formulated in an asymptotically Minkowski background (using S-matrix
elements) correspond to the present theory as

String theory <= lim T? (2.98)

M—asymptotic Minkowski

Here, the 7 /Nyinkowski portion is described by the scattering dynamics, and the Nypinkowski
degrees of freedom are responsible for the initial conditions, where Nypinkowski = eAMinkowski /4
see the next section. If this is indeed the case, then it would be difficult to obtain a use-
ful description of cosmological spacetimes directly in that formulation, since they would
correspond to a special measure zero subset of the possible asymptotic states.

2.5 Discussion

In this final section, we discuss some of the issues that have not been addressed in the
construction so far. This includes the possibility of sending signals from a past singularity or
past null infinity (in the course of time evolution) and the interpretation of a closed universe
in which the area of the leaf changes from increasing to decreasing once the scale factor at
the leaf starts decreasing. We argue that these issues are related to that of “selecting a
state”—even if the theory is specified we still need to provide selection conditions on a state,
usually given in the form of boundary conditions (e.g. initial conditions). Our discussion
here is schematic, but it allows us to develop intuition about how quantum gravity in general
spacetimes might work at the fundamental level.
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Figure 2.14: In a universe beginning with a big bang, obtaining a future state requires a specification
of signals from the big bang singularity, in addition to the information contained in the original
state. In an FRW universe this is done by imposing spatial homogeneity and isotropy, which
corresponds to selecting a fine-tuned state from the viewpoint of the big bang universe.

Signals from a past singularity or past null infinity

As mentioned in Section [2.4] the evolution of a state in the present framework is not fully
autonomous. Consistent with the covariant entropy bound, we may view a holographic state
to carry the information on the two (future-directed ingoing and past-directed outgoing)
light sheets associated with the leaf it represents. However, this is not enough to determine
a future state because there may be signals sent into the system from a past singularity or
past null infinity (signals originating from the lower right direction between the two 45° lines
in Fig. [2.13).

To be specific, let us consider a (not necessarily FRW) universe beginning with a big bang.
As shown in Fig. , obtaining a future state (represented by the upper 45° line) in general
requires a specification of signals from the big bang singularity, in addition to the information
contained in the original state (the lower 45° line). We usually avoid this issue by requiring
the “cosmological principle,” i.e. spatial homogeneity and isotropy, which determines what
conditions one must put at the singularity—with this requirement, the state of the universe is
determined by the energy density content in the universe at a time. Imposing this principle,
however, corresponds to choosing a very special state. This is because there is no reason to
expect that signals sent from the singularity at different times 7 (defined holographically)
are correlated in such a way that the system appears as homogeneous and isotropic in some
time slicing. In fact, this was one of the original motivations for inflationary cosmology [89,
90, 91].

In some cases, appropriate conditions can be obtained by assuming that the spacetime
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under consideration is a portion of larger spacetime. For example, if the universe is dominated
by negative curvature at an early stage, it may arise from bubble nucleation [92], in which case
the homogeneity and isotropy would result from the dynamics of the bubble nucleation [93].
Even in this case, however, we would still need to specify similar conditions in the ambient
space in which our bubble forms, and so on. More generally, the analysis here says that to
obtain a future state, we need to specify the information coming from the directions tangent
to the past-directed light rays. This, however, is morally the same as the usual situation in
physics in which we need to specify boundary (e.g. initial) conditions beyond the dynamical
laws the system obeys.

The situation is essentially the same in the limit of AdS/CFT; we only need to consider
the AdS boundary instead of the big bang singularity. To obtain future states, it is not
enough to specify the initial state, given by a local operator inserted at the point x_.
corresponding to 7 = —oo on the conformally compactified AdS boundary. We also have to
specify other (possible) boundary operators inserted at points other than x_..

String theory formulated in terms of the S-matrix deals with this issue by adopting an
asymptotically Minkowski time slice in which all the necessary information is viewed as being
in the initial state. This, however, does not change the amount of information needed to
specify the state, which is infinite in asymptotically Minkowski space (because one can in
principle send an infinite amount of information into the system from past null infinity).

Closed universes—time in quantum gravity

Consider a closed universe in which the vacuum energy is negligible throughout its history.
In such a universe, the area of the leaf changes from increasing to decreasing in the middle
of its evolution. On the other hand, we expect that the area of the leaf for a “generic” state
increases monotonically, since the number of independent states representing spacetime with
the leaf area A goes as e/*. What does this imply?

We interpret that states representing universes like these are “fine-tuned,” so that they
do not obey the usual second law of thermodynamics as applied to the Hilbert space of
quantum gravity. This does not mean that they are meaningless states to consider. Rather,
it means that we need to scrutinize carefully the concept of time in quantum gravity.

There are at least three different views of time in quantum gravity; see, e.g., Ref. [94].
First, since time parameterization in quantum gravity is nothing other than a gauge choice,
the state |¥) of the full system—whatever its interpretation—satisfies the constraint |63, 64]

H|W) =0, (2.99)

where H is the time evolution operator, in our context the generator of a shift in 7. In this
sense, the concept of time evolution does not apply to the full state |\I/> However, this of

20Reference [63] states that Eq. (2.99) need not apply in an infinite world; for example, the state of the
system |¥ ) may depend on time in asymptotically Minkowski space. We view that Eq. (2.99) still applies
in this case by interpreting |¥) to represent the full system, including the “exterior” degrees of freedom
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course does not mean that physical time we perceive is nonexistent. Time we observe can
be defined as correlations between subsystems (e.g. between an object playing the role of a
clock and the rest) [63, 95], at least in some branch of |¥). Another way to define time is
through probability flow in |¥). Suppose |¥) is expanded in a set of states |¥;) each of which
represents a well-defined semiclassical spacetime when such an interpretation is applicable:

) = Zciyxm. (2.100)

According to the discussion in Section @, |W;)’s are approximately orthogonal in the ap-
propriate limit, and the constraint in Eq. (2.99) implies

ZCJUU = Gy, Uij = <\Iji’€7iH57"I/j>, (2101)
J

where Uj; is (effectively) unitary
D UsUs = Uil = bi. (2.102)
J J

Multiplying Eq. (2.101]) with its conjugate and using Eq. (2.102), we obtain

0=—lel*> Uil + > le;P|Us17

J# J#
J#i J#i JkF

i#k

In the regime where the WKB approximation is applicable, the terms in the second line are
negligible compared with those in the first line because of a rapid oscillation of the phases

of ¢j1’s, so that
el U2 =D 1o P03, (2.104)
J#i J#i
implying that the “current of probability” is conserved. We may regard this current as time
flow. The time defined in this way—which we call current time—need not be the same as
the physical time defined through correlations, although in many cases the former agrees
approximately with the latter or the negative of it (up to a trivial shift and rescaling).
In a closed universe (with a negligible vacuum energy), it is customary to impose the

boundary condition
¢;=0 for {|¥;)|a=0}, (2.105)

discussed in Section (the degrees of freedom corresponding to Nyinkowski below Eq. (2.98) as well as
the “interior” degrees of freedom represented by |¥..). The time evolution of |¥,) is then understood as
correlations between the interior and exterior degrees of freedom, as described below.
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i.e. the wavefunction vanishes when the scale factor goes to zero [63]. With this boundary
condition, current time 7 flows in a closed circuit. The direction of the flow agrees with that
of physical time in the branches where da/dr > 0, while the two are exactly the opposite
in the branches where da/dr < 0. (The latter statement follows, e.g., from the analysis
in Ref. [96], which shows that given a lower entropy final condition the most likely history
of a system is the C'PT conjugate of the standard time evolution.) Our time evolution in
earlier sections concerns the flow of current time. The (apparent) violation of the second
law of thermodynamics then arises because the condition of Eq. selects a special,
“standing wave” solution from the viewpoint of the current time flow. This is, however, not
a fine-tuning from the point of view of the quantum theory in a similar way as the electron
energy levels of the hydrogen atom are not regarded as fine-tuned states.

The fact that current time flows toward lower entropy states does not mean that a physical
observer living in the da/dr < 0 phase sees a violation of the second law of thermodynamics.
Since the whole system evolves as time reversal of a standard entropy increasing process,
including memory states of the observer, a physical observer always finds the evolution of the
system to be the standard one [43,96]; in particular, he/she always finds that the universe
is expanding.

Static quantum multiverse—selecting the state in the landscape

The analysis of string theory suggests that the theory has a multitude of metastable vacua
each of which leads to a distinct low energy effective theory [65, |66, 67, |68]. Combining
this with the fact that many of these vacua lead to inflation (which is future eternal at the
semiclassical level) leads to the picture of the inflationary multiverse [97] 98, |99, 100]. The
picture suggests that our universe is one of many bubble universes, and it cannot be a closed
universe that will eventually collapse as the one discussed above. How is the state of the
multiverse selected then?

A naive semiclassical picture implies that the state of the multiverse evolves asymptoti-
cally into a superposition of supersymmetric Minkowski worlds and (possibly) “singularity
worlds” resulting from the big crunches of AdS bubble universes [43]. This is because any
other universe is expected to decay eventually. There are basically two possibilities for the
situation in a full quantum theory.

The first possibility is that the multiverse is in a “scattering state.” This essentially
preserves the semiclassical intuition. From the viewpoint of the current time flow, the mul-
tiverse begins as an asymptotic state, experiences nontrivial cosmology at an intermediate
stage, and then dissipates again into the asymptotic Minkowski and singularity worlds. In
the earlier stage of the evolution in which the coarse-grained entropy decreases in 7, the di-
rections of current and physical time flows are opposite, while in the later stage of increasing
entropy, the flows of the two times are in the same direction. The resulting picture is similar
to that of Ref. [101]: the multiverse evolves asymptotically into both forward and backward
in (current) time. This, however, does not mean that a physical observer, who is a part of
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the system, sees an entropy decreasing universe; the observer always finds that his/her world
obeys the second law of thermodynamics.

A problem with this possibility is that specifying the theory of quantum gravity, e.g. the
structure of the Hilbert space and Hamiltonian, is not enough to obtain the state of the
multiverse and hence make predictions. We would need a separate theory to specify initial
conditions. Furthermore, having a lower course-grained entropy at the turn-around point
(the point at which the coarse-grained entropy changes from decreasing to increasing in the
current time evolution) requires a more carefully chosen initial condition. This leads to the
issue of understanding why we are “ordinary observers,” carrying course-grained entropies
(much) smaller than that needed to have any consciousness—a variant of the well-known
Boltzmann brain problem [102, 103, 104] (the argument applied to space of initial conditions,
rather than to a thermal system).

The alternative, and perhaps more attractive, possibility is that the multiverse is in a
“bound state” [69]. Specifically, the multiverse is in a normalizable state satisfying the
constraint of Eq. (2.99) (as well as any other constraints):

B) =) il W); Z lei|? < 0. (2.106)

)

This is a normalization condition in spacetime, rather than in space as in usual quantum
mechanics, and it allows us to determine, in principle, the state of the multiverse once the
theory is given.@ As in the case of a collapsing closed universe, current time flows in a closed
circuit(s) to the extent that this concept is applicable. This suggests that the multiverse does
not probe an asymptotic supersymmetric Minkowski region or the big crunch singularity of
an AdS bubble. The origin of this phenomenon must be intrinsically quantum mechanical as
it contradicts the naive semiclassical picture. In fact, such a situation is not new in physics.
As is well known, the hydrogen atom cannot be correctly described using classical mechanics:
any orbit of the electron is unstable with respect to the emission of synchrotron radiation.
The situation in the quantum multiverse may be similar—quantum mechanics is responsible
for the very existence of the system.

Once the state of the multiverse is determined, we should be able to use it to give
predictions or explanations. This requires us to develop a prescription for extracting answers
to physical questions about the state. The prescription would certainly involve coarse-
graining (as one cannot even store the information of all possible microstates of the multiverse
within the multiverse), and it should reproduce the standard Born rule giving probabilistic
predictions in the appropriate regime. Perhaps, the normalization condition of Eq.
is required in order for this prescription to be well-defined.

21If there are multiple solutions |\i/ 1), it is natural to assume that the multiverse is in the maximally

mixed state p = & Zﬁvzl |¥;)(F¥;| (in the absence of more information). Here, we have taken |¥)’s to be
orthonormal.
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2.6 Appendix

Spacelike Monotonicity Theorem

Let H be a past holographic screen, foliated by compact marginally anti-trapped surfaces i.e.
leaves, {o,.}. Here, r is a (non-unique) real parameter taken to be a monotonically increasing
function of the leaf area. For each leaf we can construct the two future-directed null vector
fields (up to overall normalization) and denote them k% and [*, which satisfy

Now let h® a leaf-orthogonal vector field tangent to H and normalized by the condition
h*0,r = 1. Note that h* must point in the direction of increasing area. We can always put
h® = al®+ Sk for some smooth real-valued functions a and 5 on H. The Bousso-Engelhardt
area theorem implies that o > 0 everywhere. There is no restriction on the sign of g: it can
even have indefinite sign on a single leaf.

Let A, be a d — 2 dimensional region in a leaf o, and let 0A, denote its boundary, where
d is the spacetime dimension. This region can be transported to a region A,. in a nearby
leaf o, by following the integral curves of the leaf-orthogonal vector field h®. While Ref. [46]
pointed out that ||A4,| is an increasing function of r, this by itself does not guarantee that
S(A,) monotonically increases. Nonetheless, we now show that S(A,) indeed monotonically
increases if h* is spacelike.

Theorem 1. Suppose that H is a past holographic screen foliated by leaves {o,} and assume
that the parameter r is oriented to increase as leaf area increases. Assume that H is spacelike
on some particular leaf which we take to be o by shifting r if necessary. Let Ay be a subregion
of o9 and define A, C o, by transporting points in Ay along the integral curves of the leaf-
orthogonal vector field in H. Then, S(A,) is a monotonically increasing function of r.

Proof. Let h® be the leaf-orthogonal vector field tangent to H with h*9,r = 1 and note that
h“‘ao is spacelike. The compactness of og now allows us to find rq > 0 such that hA®

is spacelike. Here we have introduced the convenient notation

’ H[—ro,r0]

Hlrrl= | J o (2.108)

r1<r<ra

In what follows, we will assume that the extremal surface F(A,) anchored to 0A, deforms
smoothly as a function of » at » = 0. If this is not the case, a phase transition occurs at
r = 0 which will give rise to a discontinuity in the derivative of S(A,). However, we can
then note that our theorem applies at r slightly greater than zero (where H is still spacelike
and where no phase transition occurs) and also at r slightly smaller than zero. This implies
that S(A,) is monotonically increasing at r = 0 even if E(A,) “jumps” at r = 0 so that the
derivative of ||E(A,)|| has a discontinuity.
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The maximin construction of F(Ag) ensures that there exists ¥ € C,, such that E(Ag) =
min(Ag, ¥o). Here, C, denotes the collection of all complete codimension-1 achronal surfaces
lying in D, that are anchored to o, and min(A, ) denote the d — 2 dimensional surface of
minimal area lying in X that is homologous to A. If 0 < € < 1y, let

Y = S UHID, €] (2.109)

We claim that . € C,, for small e. First we check that Y. is achronal. Since ¥, and
HJ[0,¢€] are achronal independently, we focus on their intersection at og. The definition
of Cy, requires that X lies in D, so that a vector pointing from oy to Xy has the form
c1k® — col® with ¢1, ¢ > 0. Meanwhile, a vector pointing from o to H|0, €] is proportional to
h“‘ao = |a|l* — | 5|k*. Here we have made use of the fact that a > 0 and 8 < 0 for a spacelike
past holographic screen. We see now that >y lies “inside” oy while h® points toward the
“outside.” This ensures that X, is achronal for sufficiently small e. All that is left to check
is that X, lies inside of D, . But this is clear because a vector pointing from o, toward . is
proportional to —h“!a = —|a|l® + |B|k* which is indeed directed into D, . That ¥, € C,, is
now clear for small e.

We now construct an e-dependent family of d — 2 dimensional surfaces lying on ¥, that
are anchored to 0Ag, which we will denote by =.. Begin by fixing a small € with 0 < € < rg
and defining a projection function 7, : H[0, €] — o in the natural way: if p € H[0, €], follow
the integral curves of h®, starting from p, until a point in oq is reached. The result is 7.(p).
We can now define =,:

=, = (min(Ae, 20N 20) Uﬂe(min(AE, ) N HD, e]>. (2.110)

If € is sufficiently small, the fact that H[0, €] has a positive definite metric, along with the
fact that E(Ag) is not tangent to oy anywhere, ensures that |7 (min(A., ) N H[0,€])|| <
|lmin(A,, X.) N H[0,¢€]|. From this it follows that

[Zell < [[min(Ae, Ze) . (2.111)

On the other hand, because m.(0A.) = 0Ap, we know that =, is a codimension-2 surface
anchored to 0A, that lies only on Y. Thus,

45(Ap) = ||min(Ag, Xo)|| < ||Zc]|- (2.112)
Noting that the maximin construction of F(A,.) requires
|min(A,, X.)|| < 4S(A.), (2.113)

we find S(Ap) < S(A,). O
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Qubit Model

Model and applications to quantum gravity

Here we describe a toy model for holographic states representing FRW universes, presented
originally in Ref. [54]. We consider a Hilbert space for N (3> 1) qubits H = (C?)®V. Let A
(< N) be a nonnegative integer and consider a typical superposition of 22 product states

2A

T) = a; |2iah - aly), (2.114)

=1

where {a;} is a normalized complex vector, and z} .y € {0,1}. Given an integer n with
1 <n < N, we can break the Hilbert space into a subsystem I" for the first n qubits and its
complement I'. We are interested in computing the entanglement entropy Sr of I'.

Suppose n < N/2. If A > n, then i in Eq. runs over an index that takes many
more values than the dimension of the Hilbert space for I', so that Page’s argument [75] tells
us that I' has maximal entanglement entropy: Sr = n1n2. On the other hand, if A < n then
the number of terms in Eq. is much less than both the dimension of the Hilbert space
of I and that of I', which limits the entanglement entropy: Sp = Aln2. We therefore obtain

n n<A
Sr = - 2.115
: {A n > A, ( )
for A < N/2, while
Sr = mn, (2.116)

for A > N/2. Here and below, we drop the irrelevant factor of In2. The value of Sr for
n > N/2 is obtained from Sp = Sf since |¥) is pure.

The behavior of Sr in Egs. (2.115] [2.116) models that of S(vy) in Section . The
correspondence is given by

no T
RN (2.117)
A 1 T

for A < N/2[?| The identification of Eq. is natural if we regard the N = A, /4 qubits
as distributing over a leaf o, with each qubit occupying a volume of 4 in Planck units. The
quantity A controls what universe a state represents. For fixed A, different choices of the
product states |zia% - - x%;) and the coefficients a; give eV independent microstates for the
FRW universe with w = f(A/N). The function f is determined by Eq. (2.118)); in particular,
f=-1(>-1)for A/N =1/2 (< 1/2).

22Gtates with A > N/2 cannot be discriminated from those with A = N/2 using Sr alone. Below, we
only consider the states with N/4 < A < N/2.
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This model can be used to argue for features of the holographic theories discussed in
Section We consider two cases:

Direct sum structure — In this case, each of the subspaces H, ,, is modeled by the
N qubit system described here. Consider H,, with a fixed w. States representing
the FRW universe with w then encompass ¢” independent microstates in this space.
These microstates form “effective vector space” in that a superposition involving less
than e?@N) of them leads only to another microstate representing the same FRW
universe with w. (We say that these states comprise “fat” preferred axes.) Most of
the states in H.,,,, containing more than e?®“N) of the w microstates, are regarded as
non-semiclassical, i.e. firewall or unphysical, states.

Russian doll structure — In this case, the entire H, space is modeled by the N
qubits, and the states representing various FRW universes are all elements of this single
Hilbert space of dimension e”. An important point is that the set of states with any
fixed A,, provide a complete basis for the whole Hilbert space, where A, = N f~1(w).
This implies that we can obtain a state with any w’ < w by superposing e« ~v states
with A,,, and we can also obtain a state with w’ > w as a superposition of carefully
chosen e®* states with A,. We call this the “Russian doll” structure, which is depicted
schematically in Fig. [2.11]

Effective incoherence of superpositions

We now focus on the latter case and consider a normalized superposition
(W) = c1W1) + co| W), (2.119)

of two states

Z a; |[ziah - - aly) (Z la;|* = ) (2.120)
Wy) = Zb Y195 Yiv) (Z!b ? = ) (2.121)

with Al # AQ and

N
Anlz < o (2.122)

Here, the coefficients a; and b; are random, as are the binary values z . y and y} . v, and
le1]? + |ca]? = 1 up to an exponentially suppressed correction arising from (¥;|Wy) # 0 <
O(271817421/2) We are interested in the reduced density matrix

Pl..m = Trn+1...N P, (2123)



CHAPTER 2. TOWARD HOLOGRAPHY FOR GENERAL SPACETIMES 52

obtained by performing a partial trace on
p =N = [er P10 (0] + [eaf*[To) (To| + 165 T1) (Ws| + cact[Ta) (T, (2.124)

over the subsystem consisting of the first n qubits. We will only consider the case where
n < N/2.
We begin our analysis by considering Tr,, 1. x|W1)(Wy|. It is convenient to write

241 2481

(U)W = Y Jaif* |2 i) at - aly + Y @idf oy aly) (e ooyl (2125)
i=1 i,j=1
i#J

Upon performing the partial trace over |Wq) (W], the first sum gives a diagonal contribution
to the reduced density matrix

2481

Dy =3 |af? o} - ) (- . (2.126)
=1

The second sum gives a correction

2481

Dy = Z aay |y - ay) (w2l 5x;+17a:i;+1 O (2.127)
=
Zi]#i

We now consider two cases:

Because 241 > 2" it is clear that Dy is a 2" x 2" diagonal matrix with every diagonal
entry approximately given by

2A1 2 —-n
2—n<|ai\ y=2"" (2.128)

(Note that (Ja;|?) = 2721 because |¥;) is normalized and random.) Thus, Dy; is a
fully mixed state. Now observe that D consists of almost all zeros. In fact, looking
at Eq. we see that there are 2221~N+" nonzero entries of average absolute value
221, Given that Ay < N /2, we conclude that DH has exponentially fewer nonzero
entries than D;;, and that each nonzero entry has exponentially smaller size than the
entries of Dq;.

In this case, Dy is a diagonal matrix having 22 nonzero entries of order 2=21. The
number of nonzero entries in Dy, is, again, 2221-N+7 each having the average absolute
value 2721, The effect of Dy is highly suppressed because its number of nonzero entries
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is exponentially smaller than that of Dy;. In fact, for the number of nonzero entries in
D11 to compete with that in Dy, we would need 2A; — N +n > Ay, which, however,
mean

N

a contradiction.

Summarizing, Tr, 1.5 V1) (V1| = D1y + Dy, is a diagonal matrix having 2™"{212} nonzero

entries of order 2~ ™A1} yp to exponentially suppressed effects. The same analysis obvi-
ously applies to Tl"n+1...N|\I/2><\I/2| = Doy + Doy with Al — AQ. _
We now turn our attention to the matrix Tr, 1.5 |¥1)(Ws|, which we denote as Dis:

281 2482

Dip =% aib i@yl yhloy o G (2.130)

i=1 j=1

We argue, along similar lines to the above, that [)12 is exponentially smaller than |c;|>?Dy; +
|ca|? Dag, unless |c1| or |co| is exponentially suppressed. Once again, we have several cases:

(i) Ay, Ay <.

In this case, |12 D11 + |ca|* Doy is a diagonal matrix having 22! nonzero entries of order
2741 and 242 nonzero entries of order 2722, Considering Eq. , D5 consists of
zeros except for 2817827 N+7 nonzero entries with the average absolute value <|aib;‘~|> =
2= (A1+42)/2  The number of these entries, however, is exponentially smaller than 221,
since having Ay + Ay — N +n > A; would require Ay > N —n > N/2; similarly,
it is also exponentially smaller than 222. Moreover the changes of the exponentially
rare eigenvalues affected are at most of O(1). We conclude that the effect of Diy is
exponentially suppressed.

(11) Al, AQ > n.
In this case, the condition that |c1]? + |c2* = 1 ensures that |ci|*Dyy + |ca?Das is a
2" % 2" unit matrix multiplied by 27". Meanwhile, D;, consists of zeros except for
281+ 82 =N+4n - 9" nongzero entries of size 27 (A1142)/2 « 277,

(111) Al <n< Ag.
In this case, Dqs is a 2" x 2" unit matrix multiplied by 27" while D, is a diagonal
matrix having 22! nonzero entries of order 2721, Once again, the number of nonzero
entries in Dy is exponentially smaller than 221, since Ay + Ay — N 4+ n > A; would
require Ay > N —n > N/2, and the fractional corrections to eigenvalues from these
entries are of order 2-(22=") This implies that the effect of Dy is negligible. The same
argument also applies to the case that Ay < n < A;.
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We conclude that for n < N/2, we find

241 242
= e’ Diy + [ea* Do = Y |aif* |} - - |+ Z 0 191 - v (w1 - il
=1

(2.131)
up to effects exponentially suppressed in N &~ O(.A,). This implies that the reduced density
matrix for the state |¥) takes the form of an incoherent classical mixture

pron = e 2o, + e, (2.132)

where pgk)n = Tryp 15| Vk)(Wk| (k= 1,2) are the reduced density matrices we would obtain

if the state were |¥y).
The form of Eq. (2.131) also implies that the entanglement entropy

St = =T (prom I pr.p), (2.133)

obeys a similar linear relation
= |ea]2S1Y, + eS8, + O(1), (2.134)
unless |¢q] or |co] is exponentially small. Here, ka) = —Tr;.. n(pg )n In p(k) ). This can be

seen by considering the same three cases as above. If Ay, Ay < n, p1.., is a diagonal matrix
having 22! nonzero entries with average value |c;|?272! and 222 nonzero entries with average
value |cy|22722. In this case,

je1f? |ca|”
St = _|Cl|21n2T1 — |02]21n2T2 = |e1PA1In2 + |e2|* Az In 2 + O(1), (2.135)

while we have S}k)n = AgIn2. The O(1) correction from linearity is the entropy of mixing,
given by
Stommix = —|ei]* Iner|* — |e2)® In|ca . (2.136)

If Ay, Ay > n, then p;..,, is a unit matrix multiplied by 27". From this it follows that S;..., =
nln2 = |¢[*nln2 + |c;/*nIn 2, which is desirable given that ka)n = nln2 for A, > nf*
Finally, if A1 < n < As, pgl)n has 221 nonzero entries of mean value 2~2! while ,052)” is a
unit matrix multiplied by 27". Because 272! > 27" the total density matrix p;..,, given by
Eq. is diagonal and has 221 entries of size |c; 22721 and 2" entries of size |cp|?27™.
We thus find that S1.., = |c1[2A1In2 + |ea2nIn 2 + Sponmix = |c1|280 + 2252 + 0O(1).
(This expression is valid for A; =n < Ay as well.)

23The absence of the mixing contribution in this case is an artifact of the specific qubit model considered
here, arising from the fact that two universes cannot be discriminated unless n is larger than one of Aj o;
see Eq. . In realistic cases, the mixing contribution should always exist for any macroscopic region in
the holographic space as two different universes can be discriminated in that region; see, e.g., Fig.
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Chapter 3

Butterfly Velocities for Holographic
Theories of General Spacetimes

This chapter is a replication of Nomura and Salzetta, “Butterfly Velocities for Holographic
Theories of General Spacetimes”, in JHEP 10 (2017), p. 187, and is reproduced here in its
original form.

3.1 Introduction

The quantum theory of gravity is expected to be formulated in a non-gravitational spacetime
whose dimension is less than that of the bulk gravitational spacetime [37, [13, 22]. The
holographic theories for general spacetimes are not explicitly known, but we expect that they
are strongly coupled based on the known holographic correspondence between conformal field
theories (CFT) and quantum gravity in asymptotically anti-de Sitter (AdS) spacetimes [14].
If cosmological spacetimes do indeed admit holographic descriptions, it is critical to find
the appropriate dual theories in order to understand the quantum nature of gravity in our
universe. In an effort to find such theories, we take a bottom-up approach and calculate
quantities that can help identify them.

A particular quantity that characterizes a strongly coupled system is the butterfly veloc-
ity [105, 106, |107], which can be viewed as the effective speed of the spread of information
relevant for an ensemble of states. Recently, Qi and Yang [108] generalized the concept to
general subspaces of a Hilbert space, including a code subspace of a holographic theory [109,
110]. They then discussed its relationship to the causal structure of an emergent bulk theory.

In this paper, we investigate butterfly velocities in holographic theories of general space-
times, described in Refs. [32, 111]. In particular, we calculate butterfly velocities for bulk
local operators in the holographic theory of cosmological flat Friedmann-Robertson-Walker
(FRW) spacetimes and analyze their properties. We find that they admit a certain universal
scaling, independent of the fluid component and the dimension of the bulk spacetime. This
emerges in the limit that the boundary region representing a bulk operator becomes small,
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where we expect that the butterfly velocity reflects properties of the underlying theory.

We also provide an extension of the prescription of Ref. [108] for computing the butterfly
velocity to include more general operators in the bulk. This generalization allows us to
calculate the butterfly velocities of bulk local operators in some entanglement shadow regions.

Together with the monotonicity property of the change of the volume of the holographic
space [44, |45, |46] and the behavior of the entanglement entropies of subregions of a holo-
graphic space [32, 30|, our results provide important data for finding explicit holographic
theories of general spacetimes. In particular, our results seem to indicate a certain relation
between spatial and temporal scaling in the holographic theory of flat FRW spacetimes.

The organization of the paper is as follows. In Section we define the butterfly velocity
in holographic theories and discuss (extended) prescriptions of calculating it using the bulk
effective theory. In Section [3.3] we compute butterfly velocities in the holographic theory
of flat FRW universes and analyze their properties. In Section [3.4] we discuss possible
implications of our results.

Throughout the paper, we take units where the bulk Planck length is unity. We assume
that the bulk spacetime satisfies the null and causal energy conditions. These impose the
conditions p > —p and |p| > |p|, respectively, on the energy density p and pressure p of an
ideal fluid component, so that the equation of state parameter, w = p/p, satisfies |w| < 1.

3.2 Definition of the Butterfly Velocity in
Holographic Theories of General Spacetimes

We are interested in the spread of information in holographic theories of general spacetimes.
The butterfly velocity is a quantity that characterizes the spread of correlations of operators
acting within a certain subspace of a Hilbert space. In particular, we can restrict our
attention to a code subspace of states in which observables correspond to operators acting
within the bulk effective theory.

We work within the framework described in Ref. [32]. The theory is defined on the
holographic spacetime, which for a fixed semiclassical bulk spacetime corresponds to a holo-
graphic screen [42], a special codimension-1 surface in the bulk. The holographic screen is
uniquely foliated by surfaces called leaves; this corresponds to a fixed time slicing of the
holographic theory. We study how the support of an operator dual to a bulk local operator
spreads in time. In Section we follow Ref. [108] and define the butterfly velocity in this
context. We then describe how to calculate it using the bulk effective theory. We also discuss
conceptual issues associated with this procedure. In Section [3.2, we extend the definition to
include bulk operators in entanglement shadows.

Butterfly velocities on holographic screens

We are interested in how the support of a holographic representation of a bulk local operator,
O, changes in time in the holographic theory.
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This analysis is complicated by the fact that each bulk local operator can be represented
in multiple ways in the holographic space (which we may loosely refer to as the boundary,
borrowing from AdS/CFT language) [112, (113} [114]. For example, suppose the operator is
represented over the whole boundary, as in the global representation in AdS/CFT. There
is then no concept of the operator spreading in time. Following Ref. [108], we avoid this
issue by representing a bulk operator at a point p such that p is on the Hubeny-Rangamani-
Takayanagi (HRT) surface [48] of a subregion of the boundary. Specifically, we consider a
subregion A on a leaf oy (not of an arbitrary spatial section of the holographic screen) and
represent a bulk local operator O located on the HRT surface, v4, of A. Based on intuition
arising from analyzing tensor network models |[110,115], we expect that such a representation
is unique. We denote the operator in the boundary theory represented in this way on A as
Oa.

We want to know the spatial region B on the leaf o 4;, which is in the future of oy by
time At, such that every operator B supported on B satisfies

(Wil[Oa, B][¥;) = 0. (3.1)

Here, |¥;) and |¥;) are arbitrary states in the code subspace. Recall that there is a natural
way of relating regions on different leaves of a holographic screen [46]. The spatial coordinates
on op; can be defined from those on oy by following the integral curves of a vector field
orthogonal to every leaf on the holographic screen. We can then define the region A’ on o4,
corresponding to A on o( by following such curves. This allows us to define the distance,
Ad, of the operator spread for each point ¢ on the boundary, 9A’, of A" as the distance from
q to the region B in the direction orthogonal to 0A’.

For an arbitrary operator in A, there is no reason that the distance Ad is independent
of the location on 0A’. The butterfly velocity can then be defined using the largest of Ad
along 0A" [108]: A

d
vg = m@c;mxt, (3.2)
where {6;} are the coordinates of ¢ on 0A'.

We now discuss how to calculate vg using the bulk effective theory. For this, we must
understand how time evolved operators in the bulk are represented in the boundary theory.
More specifically, given a particular representation, O4, of O in the holographic Hilbert
space, what representation of the time evolved bulk operator (within the light cone of p)
does the time evolution of O4 corresponds to? Without an explicit boundary theory it is
not possible to answer this question, but we can still make some headway using intuition.
First, we may expect that the region B on o, (defined above) fully excludes A’. This is the
statement that the support of the operator does not shrink in any direction. Second, we want
the “minimal necessary extension” of the leaf subregion A. For instance, it seems unphysical
that a bulk operator represented on subregion A should immediately time evolve into the
full boundary representation of the future bulk operator. We thus seek the correspondingly
“maximal” region B whose entanglement wedge does not contain the interior of light cone
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of p. Excluding the light cone ensures that no information can be sent in the bulk which
would compromise the commutativity between O and B within the code subspace.

From these considerations, we come up with two possible procedures for calculating the
butterfly velocity of a bulk operator at a point p:

1. Maximize the volume of subregion B’ subject to the constraint that A’N B’ = () and
that the entanglement wedge of B’ does not contain the interior of the light cone of p.
The resulting subregion then gives B.

2. Find the subregion B with the distance from 9B to A’ being both minimal and inde-
pendent of the location on dB, again subject to the constraint that the entanglement
wedge of B does not contain the light cone of p.

One can certainly consider other possibilities as well, but these are the two most intuitively
obvious candidates. However, we find that the first possibility leads to discontinuous behavior
of B as p moves across the tip of the HRT surface of a spherical cap region. We therefore
focus on the second possibility, which aligns with Ref. [108][]

Essentially, this possibility postulates that the support of the operator O4 spreads uni-
formly:

dAd
o5 =" (3.3)

We assume that this is indeed the case. The prescription of calculating the butterfly velocity
can then be given explicitly as follows. We first consider a region B'(A\) on o 4; which is (i)
AN away from A’| i.e. the distance from any point on JA" to B’(A\) is AX in the direction
orthogonal to A" and (ii) the entanglement wedge of B'(A\) does not contain the interior
of the light cone of p. The butterfly velocity of O4 is then obtained by finding B'(A\) with
the smallest A\

AN
vp = min—. (3.4)

Note that the resulting vz depends on how the bulk operator O is represented initially, i.e.
A and the location of O on ~4.

If the assumption of Eq. is not valid in general, then our results for the “off-center”
operators, f # 0, in Section (as well as any related results in Ref. [108]) would have to
be reinterpreted as representing something other than vz defined in Eq. (3.2]). However, our
results for the operators at the tip of the HRT surface, f = 0, are still correct in this case,
since Eq. is guaranteed by the symmetry of the setup.

Tt is possible that the validity of these procedures may be analyzed by explicitly calculating the boundary
dual of bulk local operators located on an HRT surface by using recently proposed methods of entanglement
wedge reconstruction [116} 117].
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Bulk operators in entanglement shadows

In the prescription given in the previous subsection, the bulk operator O was on the HRT
surface of a subregion A on a leaf. Motivated by the idea that a bulk local operator can
be represented in the holographic theory not only at an intersection of HRT surfaces but
also at an intersection of the edge of the entanglement wedges (associated with subregions
of leaves) 111} [L18], we expect that we can similarly calculate the butterfly velocity for
an operator O4 corresponding to a bulk operator at a point p on the boundary of the
entanglement wedge of A, EW (A).

There is no obstacle in using either of the prescriptions detailed in the previous subsection,
except now we take p to be on the edge of the entanglement wedge. In this case, we must
be careful to exclude the entire light cone of p when finding B. We find that the behavior
of vp is qualitatively different depending on whether p is on the future or past boundary of
EW(A).

Suppose p is on the past boundary of EW(A). In this case, EW (B) is not limited by
excluding the part of p’s light cone infinitesimally close to p (as is the case when p is on v4),
but by the part of the light cone that is just to the future of v4. Aside from this, there is
no other new aspect compared with the case in which p is on 4. In particular, A’ is forced
to spread relative to A in both prescriptions.

There is, however, a subtlety when p is on the future boundary of EW(A). This arises
because EW (A’) automatically excludes the light cone of points located on the future bound-
ary of EW(A). Here, A’ is the complement of A’ on o, A direct application of the first
prescription from the previous subsection would then result in a butterfly velocity of 0 for
bulk operators at all points on the future boundary of EW (A). This is due to the constraint
that A’ N B = (), forcing vp > 0. This constant vz = 0 behavior may encourage us to
abandon the constraint, but doing so leads to severely discontinuous behavior of B. Namely,
the resulting region B on o ,; is independent of the original region A on oy, because B will
always find the same global maximum.

The second prescription has more interesting behavior so long as we allow for the distance
from OB to 0A’ to be negative. Doing so, we see that B is now constrained by excluding the
past light cone of p, and for the resulting B, A’ N B # (), so that vg < 0. This is interesting
because as we move forward in the boundary time, we are actually tracking the past time
evolution of a bulk local operator. The shrinking support of O4 could indicate that this is
a finely tuned boundary operator.

This generalization to the boundary of entanglement wedges allows us to calculate the
butterfly velocity of operator O,4 representing a bulk local operator in an entanglement
shadow, i.e. a spacetime region in which HRT surfaces do not probe.
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3.3 Butterfly Velocities for the Holographic Theory
of FRW Universes

In this section, we compute butterfly velocities for the holographic theory of (3+1)-dimensional
flat Friedmann-Robertson-Walker (FRW) universes:

ds* = a*(n) [—dn® + dr® + r*(dy* + sin®y d¢?)], (3.5)

where a(n) is the scale factor with n being the conformal time. We mainly focus on the case
in which a universe is dominated by a single ideal fluid component with the equation of state
parameter w = p/p with |w| < 1.

In Section [3.3 we derive an analytic expression for the butterfly velocity of a bulk local
operator near the holographic screen. In Section we numerically calculate the butterfly
velocity for a bulk operator located at the tip of an HRT surface with an arbitrary depth.
In Section we extend the result of Section |3.3| to arbitrary spacetime dimensions.

Local operators near the holographic screen

Consider a spherical cap region

[:0<4 <y, (3.6)
on the leaf at a time 7,, which is located at
r= w =7, (3.7)
a(n) |,—,.

Following Ref. [32], we go to cylindrical coordinates:
£ =rsiny, 2 =1TCoSY — T, Ccos7, (3.8)
in which the boundary of I', 9I'; is located at
E=rysiny =&, z=0. (3.9)

In the case that v < 1, i.e. & < ry, the HRT surface anchored to OI' can be expressed
in a power series form. Denoting the surface by 1 and z as functions of £, we find

(&) =n, +n@ ) + () + -, (3.10)
2(€) =0, (3.11)

where
12(E) = (€8 — €7, (312)

H0(E) = - (€ — ) {47 — ai(3€ - )}, (313)
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Figure 3.1: A local operator at p, represented by the dot, is on the HRT surface anchored to the
boundary of a spherical cap region, 0 < 1 < «, on the leaf at time 7, located at » = r,. Note that
the figure suppresses the time direction; for example, the operator is not at the same time as the
leaf.

with
da(n) . _ d*a(n)
|y, di?
We consider a bulk local operator on this surface.
We parameterize the location, p, of the operator by a single number f (0 < f < 1)
representing how much fractionally the operator is “off the center,” i.e. the operator is

located on the surface

(3.14)

a= a(n*)7 a=

V= [, (3.15)

with 1 and r determined by the condition that it is also on the HRT surface of Eq. ;
see Fig. 3.1} (The value of ¢ is arbitrary because of the symmetry of the problem; below
we take ¢ = 0 without loss of generality.) In cylindrical coordinates, this implies that the
location of the operator, (1,¢, z) = (nB,¢B, 2B), is given by

I =+ (€ — ) - (@ — G {4¢ a3 - &)}, (10
_tan(fv)

] —me (3.17)

25 =0, (3.18)

where we have ignored the terms higher order than n®(¢) in Eq. (3.10), which are not
relevant for our leading order calculation. The future light cone associated with p is then
given by

n=np++(x — )%+ 2 + 22, (3.19)
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where we have introduced the coordinates x = £ cos ¢ and y = £ sin ¢.
In order to derive the butterfly velocity for the operator at p, we need to find the smallest
spherical cap region on the leaf at n = n, + dn

I':0< <+ 6y, (3.20)

so that the entanglement wedge associated with the complement of I on the leaf does not
contain the interior of the future light cone of p, Eq. (3.19). This occurs for the value of §v
at which the HRT surface anchored to oI

1) =0, + 5 (8 =€) = 155 (€ — €){40°€2 — aid(362 — £}
.2 .
o - i(l—%)(&f—é)én

2a?
2606 — 15 {20267 - €) — (367 - 267) 6.6, (3:21)
2(&) = (1 — %) cosy on — %sinvév, (3.22)

is tangent to the light cone. Here,
0&, = <1 - ?—Z) siny dn + 2cos757, (3.23)
a a
and we have suppressed (some of) the terms that do not contribute to the leading order

result.
The conditions for the tangency are given byﬂ

n(z) =ng+ v/ (x — €)% + 42 + 2(2)2, (3.24)

dn(x) _ r—&p
dr /(= &)+ 12+ 2(2)? (3:29)
y =0, (3.26)

where the functions n(z) and z(x) are given by Egs. (3.21)) and (3.22)). These yield the
relation between o7 and §~

52
51 = (362 - 263)6.67, (3.27)

as well as the location in which the HRT surface touches the light cone

2We would like to thank Yiming Chen, Xiao-Liang Qi, and Zhao Yang for correcting the wrong tangency
condition in a previous version. The results now agree with the monotonicity statement in Ref. [108], which
we believed did not apply to our setup.
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3
VBY
4,

Figure 3.2: Butterfly velocity vp multiplied by 7> as a function of f. Here, v is the angular size of
the leaf region, and f is the fractional displacement of the bulk local operator from the tip of the

HRT surface; see Eq. .
Using Eq. (3.17)), Eq. (3.27) becomes

oy 4da 1 1
on  a 3—2f2~3
where we have used &, = va/a; see Egs. (3.7) and (3.9). Representing the butterfly velocity

vp in terms of the coordinate distance along the holographic space, A = r,07v, and the
conformal time, we finally obtain

(3.29)

o\ 4 1
v = 5p =3 228 (3.30)
There are several features one can see in Eq. . First, the butterfly velocity is non-
negative, vg > 0, as expected. Second, for v < 1, which we are focusing on here, the
butterfly velocity is much faster than the speed of light. In fact, it diverges as v — 0 with
the specific power of v3. When the operator is at the tip of the HRT surface, i.e. f = 0,
the butterfly velocity takes the particularly simple form

41
393

UBlsz = (331)
In Fig. , we plot vpy? as a function of f. We find that the butterfly velocity increases as
the operator moves closer to the holographic screen:

dUB B 16f

1
df — (3—2f2)243

> 0. (3.32)
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This is consistent with the monotonicity result in Ref. [108].

It is interesting that the scale factor has completely dropped out from the final expression
of Eq. . This implies that regardless of the content of the universe, the short distance
behavior of the butterfly velocity is universal in the holographic theory of flat FRW space-
times. As we will see in the next subsection, the butterfly velocity’s dependence on the scale
factor appears as we move away from the v < 1 limit. This suggests that the details of the
FRW bulk physics are related with long distance effects in the holographic theory.

Local operators at arbitrary depths

Beyond the v < 1 limit, we must resort to a numerical method in order to solve for the
butterfly velocity. For this purpose, we focus on the case in which the universe is dominated
by a single ideal fluid component with the equation of state parameter w. In this case, the
scale factor behaves as

a(n) oc{ s ) for 7 { i 3 (3.33)

e (¢ >0

W |

When the universe is dominated by a single fluid component, the butterfly velocity vp,
expressed in terms of angle v, does not depend on time 7. This can be seen by using
appropriate coordinate transformations, in a way analogous to the argument in Section ITI A 1
of Ref. [32] showing that a screen entanglement entropy normalized by the leaf area does not
depend on time.

In Fig. 3.3 we show the results of our numerical calculations of the butterfly velocity,
vg, as a function of v for a bulk operator located on the tip of the HRT surface, f = 0, for
w=1,1/3,0, —1/3, and —2/3. We find that beyond v < 1, the butterfly velocity deviates
from the limiting expression of Eq. , which is depicted by the dashed curve. In fact,
the functional form of vg|s—o(y) is not universal and depends on w.

We find that for sufficiently large values of w the butterfly velocity vg|r—o is always faster
than the speed of light (depicted by the horizontal dashed line), while for smaller values of
w it can be slower than the speed of light for v close to /2 (i.e. when the subregion on the
leaf becomes large, approaching a hemisphere). The boundary between the two behaviors
lies at w = —1/3, when the expansion of the universe changes between deceleration and
acceleration.

Arbitrary spacetime dimensions

There is no obstacle in performing the same calculations as in the previous subsections in
arbitrary spacetime dimensions. Here we present the analytic results corresponding to those
in Section |3.3| for (d + 1)-dimensional flat FRW universes.

The butterfly velocity, corresponding to Eq. , is given by

2 1
-y
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Figure 3.3: Butterfly velocity vp of a bulk local operator at the tip of the HRT surface, f = 0, as
a function of the angular size 7 of the leaf region for w =1, 1/3, 0, —1/3, and —2/3 (solid curves,
from top to bottom). The dashed curve represents vg = 4/373, the analytic result obtained for
v < 1in Eq. . The horizontal dashed line represents the speed of light.

Again, this is non-negative and does not depend on the scale factor. We also find that the
exponent of ~ is universal

1
v ~ 5, (3.35)
regardless of the spacetime dimension. The f dependence of vg is given by
d 4 1
U _ / 5= >0, (3.36)
a (-

which is consistent with the monotonicity result of Ref. [108].

3.4 Discussion

Our investigation has used a definition of butterfly velocity that differs from that in the liter-
ature regarding lattice systems and spin chains. The main difference is that in our case, the
excitations of concern (in the boundary theory) are not local operators. They have support
on a large subregion of the space. This is in contrast to the lattice definition which considers
commutators of local operators separated in space and time. But the conceptual overlap is
clear; we are concerned with when and where operators commute. The investigation of this
paper allows us to find the effective “light cone” in the holographic theory.
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Sending v — 0 would correspond to a local operator in the holographic theory, and
the result that the butterfly velocity diverges in this limit may seem to indicate that the
holographic theory is highly nonlocal. However, this is not necessarily the case, as the
divergent velocity is integrable. By setting f = 0 in Eq. and converting A to vy (see,

e.g., Egs. (3.29) and (3.30)), we obtain

= ———, 3.37
dn n(d+3)y° (337
where g4 = 2/(d — 2 + dw). From this expression, we find
8(d+1) i
ty)=|——7"t 3.38
V(tn) { dr3 H] ; ( )

where ty = qq1n(n/n;), the number of Hubble times elapsed since the excitation. This shows
that the light cone spreads like t'/4, regardless of dimension.

Sub-linear growth like this is not an uncommon phenomenon in physics. A localized
heat source subject to the heat equation will diffuse as t'/2. Even spin chain systems where
the Lieb-Robinson bound applies (and suggests a linear dispersion) can admit power law
behavior for the effective growth of operators [119]. The specific relationship of Az ~ At/4
suggests that we should be looking for a theory with dynamical exponent z = 4, and the
fact that this holds regardless of spacetime dimension may indicate that a Lifshitz field
theory with z = 4 is the appropriate dual theory for flat FRW spacetimes. Note that results
from Ref. [108] show that vg — 1 as v — 0 for asymptotically AdS spacetimes. Similarly
analyzing this result would suggest that a z = 1 theory is the appropriate dual for AdS, as
is indeed the case. These ideas will be investigated in future work.
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Chapter 4

Spacetime from Unentanglement

This chapter is a replication of Nomura, Rath, and Salzetta, “Spacetime from Unentangle-
ment”, in: Phys. Rev. D97.10 (2018), p. 106010, and is reproduced here in its original
form.

4.1 Introduction

It is believed that dynamical spacetime described by general relativity is an emergent phe-
nomenon in the fundamental theory of quantum gravity. Despite this pervasive idea, the
materialization of spacetime itself is not fully understood. Holography posits that a fun-
damental description of quantum gravity resides in a non-gravitational spacetime whose
dimension is less than that of the corresponding bulk spacetime [37, |13, 22]. In this pa-
per, we study the emergence of gravitational spacetime in the context of holography, using
the renowned anti-de Sitter (AdS)/conformal field theory (CFT) correspondence |14] and a
putative holographic theory of Friedmann-Robertson-Walker (FRW) spacetimes [32].

In this paper, we expound on the intimate relationship between the emergence of space-
time and the lack of maximal entanglement in the boundary state. Through this, we see
that the existence of spacetime is necessarily non-generic and that nature seizes the opportu-
nity to construct local spacetime when states deviate from maximal entanglement. A reason
why this viewpoint is not heavily emphasized (see, however, e.g. Refs. [111}120]) in the stan-
dard context of AdS/CFT is that one almost always considers states with energy much lower
than the cutoff (often sent to infinity). The restriction to these “low energy” states implicitly
narrows our perspective to those automatically having non-maximal entropy. However, in a
holographic theory with a finite cutoff scale (or a fundamentally nonlocal theory), the regime
of maximal entropy is much more readily accessible. This happens to be the case in FRW
holography, and perhaps holography in general. Through this lens, we analyze the emergence
of spacetime both in the familiar setting of Schwarzschild-AdS spacetime with an infrared
cutoff and in flat FRW universes. We explicitly see that the directly reconstructable region
of spacetime [111, 118] emerges only as we deviate from maximally entangled states. This
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implies that a holographic theory of exact de Sitter space cannot be obtained as a natural
limit of theories dual to FRW spacetimes by sending the fluid equation of state parameter,
w, to —1. In addition to analyzing these two examples, we prove a theorem demonstrating
the lack of directly reconstructable spacetime in the case that a boundary state is maximally
entangled.

After surveying the relationship between spacetime and (the lack of) entanglement, we
then analyze the deviation from maximal entropy itself. The size of the subregions for
which deviations occur reveals valuable information about the underlying holographic the-
ory, and observing the corresponding emergence of spacetime in the bulk provides a glimpse
into the mechanism by which nature creates bulk local degrees of freedom. In the case of
Schwarzschild-AdS, reconstructable spacetime (the region between the horizon and the cut-
off) appears as the temperature in the local boundary theory (the CFT) is lowered, and the
resulting entanglement entropy structure (calculated holographically) is consistent with a
local theory at high temperature. However, this entanglement structure is not observed in
the case of FRW spacetimes as we adjust w away from —1; additionally, the reconstructable
region grows from the deepest points in the bulk outward. This suggests that the manner
in which entanglement is scaffolded is unlike that of AdS/CFT. In fact, this aberrant be-
havior leads us to believe that the holographic theory dual to FRW spacetimes has nonlocal
interactions.

The relationship between spacetime and quantum entanglement between holographic de-
grees of freedom is no secret |16}, 48] 24, |49, 28| 29, 30|, but what is spacetime? Undoubtedly,
entanglement is a necessity for the existence of spacetime. But, it is indeed possible to have
too much of a good thing. The analysis here exposes the inability to construct spacetime
from maximally entangled boundary states. Since typical states in a Hilbert space are max-
imally entangled [75], this implies that states with bulk dual are not typical. We see that
spacetime is an emergent property of non-generic states in the Hilbert space with both non-
vanishing and non-maximal entanglement for subregions. The existence of entanglement
allows for the construction of a code subspace of states [109] in which local, semi-classical
bulk degrees of freedom can be encoded redundantly. Simultaneously, the lack of maximal
entanglement allows for a code subspace with subsystem recovery—hence partitioning the
bulk into a collection of local Hilbert spaces. With this perspective, we see that holographic
theories are exceedingly enterprising—once deviating from maximal entanglement, nature
immediately seizes the opportunity to construct spacetime. In this sense, spacetime is the
byproduct of nature’s efficient use of intermediate entanglement to construct codes with
subsystem recovery.

For a given spacetime with a holographic boundary, one can calculate the von Neu-
mann entropies for all possible subregions of the boundary via the Hubeny-Rangamani-Ryu-
Takayanagi (HRRT) prescription |16} 48, [30]. The corresponding entanglement structure
heavily constrains the possible boundary states, but by no means uniquely specifies it. In
fact, given an entanglement structure and a tensor product Hilbert space, one can always
find a basis for the Hilbert space in which all basis states have the desired entanglement
structure. If one considers each of these basis states to be dual to the spacetime reproduc-
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ing the entanglement, then by superpositions one could entirely change the entanglement
structure, and hence the spacetime. This property naturally raises the question of how the
boundary Hilbert space can accommodate states dual to different semiclassical geometries.
Fortunately, for generic dynamical systems, the Hilbert space can be binned into energy
bands, and canonical typicality provides us with the result that generic states within these
bands have the same entanglement structure, regardless of the energy band’s size. This
allows the holographic Hilbert space to contain states dual to many different spacetimes,
each of which can have bulk excitations encoded state independently. Importantly, this is
contingent on the result that typical states have no spacetime.

Outline

Section Walks through the statement that maximally entangled (and hence typical) states
have no reconstructable spacetime. This is broken down into parts. First, we must define
what we mean by reconstructable; this is detailed in Section [4.2] and is very important
toward understanding the framework of the rest of the paper. We then use this construction
in Section 4.2fto investigate the reconstructable region of AdS with a black hole. We see the
expected behavior that the reconstructable region of spacetime vanishes as the temperature
of the black hole reaches the cutoff scale, making the state typical. In Section we show
that de Sitter states are maximally entangled by finding their HRRT surfaces. In Section [4.2]
we combine numerical results for flat FRW universes and use the additional property that
de Sitter’s HRRT surfaces lie on a null cone to show that the reconstructable region vanishes
in the de Sitter limit of FRW spacetimes. Motivated by these results, in Section we
prove a theorem showing that if a state is maximally entangled, then its HRRT surfaces
either wrap the holographic space or live on the null cone. This is then used to present the
general argument that maximally entangled states have no spacetime.

Section compares the emergence of spacetime in the two theories we are considering.
Sections [4.3|and 4.3| present results comparing the entanglement structure of AdS black holes
and FRW spacetimes, respectively. Section interprets these results and argues that the
appropriate holographic dual of FRW spacetimes is most likely nonlocal.

In Section we put together all of the previous results and explain how one Hilbert
space can contain states dual to many different semiclassical spacetimes. Here we discuss
the lack of a need for state dependence when describing the directly reconstructable region.

In Appendix 4.6, we analyze two-sided black holes within our construction and discuss
how a version of complementarity works in this setup. Appendices and collect explicit
calculations for Schwarzschild-AdS and the de Sitter limit of FRW spacetimes, respectively.

4.2 Maximally Entropic States Have No Spacetime

In this section, we see that maximally entangled states in holographic theories do not have
directly reconstructable spacetime. First we lay out the conditions for reconstructability
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in general theories of holographic spacetimes. Then we examine the familiar example of a
large static black hole in AdS and determine its reconstructable region. We then discuss
the de Sitter limit of flat FRW spacetimes. Finally, we prove a theorem establishing that
maximally entropic holographic states have no reconstructable spacetime.

Holographic reconstructability

In order to argue that typical states have no reconstructable region, we must first present
the conditions for a region of spacetime to be reconstructed from the boundary theory. We
adopt the formalism presented first in Ref. [118] but appropriately generalized in Ref. [111]
to theories living on holographic screens [42] (which naturally includes the boundary of AdS
as in the AdS/CFT correspondence).

The question to answer is: “given a boundary state and its time evolution with a known
gravitational bulk dual, what regions of the bulk can be reconstructed?” This may sound
tautological, but it is not. Settings in which this question is nontrivial include spacetimes
with black holes and other singularities. From entanglement wedge reconstruction 27, [114],
we know that the information of a pure black hole is contained in the boundary theory
but whether or not the interior is reconstructable is unknown. In holographic theories of
general spacetimes, we are interested in describing spacetimes with big bang singularities
and a natural question is whether or not the theory reconstructs spacetime arbitrarily close
to the initial singularity.

To answer this question, Ref. [118] proposed that reconstructable points in a spacetime
are precisely those that can be localized at the intersection of entanglement wedges. This is
similar to the proposal in Ref. |121] which advocates that reconstructable points are those
located at the intersection of HRRT surfaces anchored to arbitrary achronal subregions of
the AdS conformal boundary. However, this construction lacks the ability to localize points
in entanglement shadows, which can form in rather tame spacetimes (e.g. a neutron star in
AdS), while using the intersection of entanglement wedges allows us to probe these regions.

In order to generalize this to theories living on holographic screens, an essential change
is that one can only consider HRRT surfaces anchored to the leaves of a given holographic
screen (usually associated to a fixed reference frame) [111]. This is because holographic
screens have a unique foliation into leaves that corresponds to a particular time foliation of
the holographic theory. Thus the von Neumann entropy of subregions in the holographic
theory only makes sense for subregions of a single leaf. Note that despite the lack of a unique
time foliation of the conformal boundary, this subtlety is also present in AdS/CFT. Namely,
one should consider only a single time foliation of the boundary and the HRRT surfaces
anchored to the associated equal time slices even in asymptotically AdS spacetimes [111][1]
This issue becomes manifest when the boundary contains multiple disconnected components,

as we discuss in Appendix

!This is related to the work in Ref. [122], which studied the breakdown of the HRRT formula in certain
limits of boundary subregions. These breakdowns correspond to disallowed foliations of the boundary theory.
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Thus we define the reconstructable region of a spacetime as the union of all points that
can be localized at the boundary of entanglement wedges of all subregions of leaves of the
holographic screen. Henceforth, we will refer to the regions of spacetime constructed in this
way as the directly reconstructable regions (or simply the reconstructable regions when the
context is clear), and our analysis will primarily focus on these regions. For a more detailed
study of directly reconstructable regions in general spacetimes, see Ref. [111]. In particular,
this definition only allows for the reconstruction of points outside the horizon for a quasi-
static one-sided black hole, since such a horizon acts as an extremal surface barrier [123]P]
This also prevents the direct reconstruction of points near singularities such as big bang
singularities and the black hole singularity of a two-sided black hole.

Now that we have detailed the conditions for regions of spacetime to be directly recon-
structable, we must determine a measure of “how much” spacetime is reconstructable. This
will allow us to see the loss of spacetime in the limit of states becoming typical. In the
context of quantum error correction |109], we are attempting to quantify the factorization of
the code subspace, e.g. how many dangling bulk legs exist in a tensor network representation
of the code 110} |115]. We expect the spacetime volume of the reconstructable region to be
indicative to this property, and we will use it in our subsequent analyses. The bulk spacetime
directly reconstructable from a single leaf depends on features of the bulk, for example, the
existence of shadows and time dependence. In the case of (d + 1)-dimensional flat FRW
spacetimes, we find that a codimension-0 region can be reconstructed from a single leaf. On
the other hand, in any static spacetime, all HRRT surfaces anchored to one leaf live in the
same time slice in the bulk, and hence their intersections reconstruct a codimension-1 surface
of the bulk. This is the case in an AdS black hole.

The discrepancy of the dimensions of the directly reconstructable regions for different
spacetimes of interest may seem to cause issues when trying to compare the loss of spacetime
in these systems. Namely, it seems difficult to compare the loss of reconstructable spacetime
in Schwarzschild-AdS as we increase the black hole mass to the loss of spacetime in the
w — —1 limit of flat FRW spacetimes. However, in all cases, the spacetime region directly
reconstructable from a small time interval in the boundary theory is codimension-0. We can
then examine the relative loss of spacetime in both cases (black hole horizon approaching the
boundary in AdS space and w — —1 in FRW spacetimes) by taking the ratio of the volume
of the reconstructable region to the reconstructable volume of some reference state (e.g. pure
AdS and flat FRW with some fixed w # —1). In static spacetimes, this will reduce to a ratio
of the spatial volumes reconstructed on a codimension-1 slice, allowing us to consider only
the volume of regions reconstructed from single leaves.

2This does not exclude the possibility that the holographic theory allows for some effective description
of regions other than the directly reconstructable one, e.g. the black hole interior (perhaps along the lines of
Ref. [59]). This may make the interior spacetime manifest, perhaps at the cost of losing the local description
elsewhere, and may be necessary to describe the fate of a physical object falling into a black hole. We focus
on spacetime regions that can be described by the boundary theory without resorting to such descriptions.
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Large AdS black holes

Here we will see how spacetime disappears as we increase the mass of the black hole in
static Schwarzschild-AdS spacetime, making the corresponding holographic state maximally
entangled. We consider a holographic pure state living on the (single) conformal boundary
of AdS. We introduce an infrared cutoff » < R in AdS space and consider a d+ 1 dimensional
large black hole with horizon radius r = r,.

As discussed in Section the size of the spacetime region directly reconstructable from
the boundary theory is characterized by V' (r,, R), the spatial volume between the black hole
horizon and the cutoff. We normalize it by the volume of the region r < R in empty AdS
space, V(R), to get the ratio

f(ri) _ Ve R) _ (4.1)

R V(R) Rdl/ \/ﬁ

which depends only on 7, /R (and d). As expected, it behaves as

{5 s w

in the two opposite limits. The details of this calculation can be found in Appendix [4.6]
Here, we plot f(r;/R) in Fig. 4.1] for various values of d.

In the limit r, — R, the HRRT surface, y4, anchored to the boundary of subregion A
of a boundary space (a constant ¢ slice of the r = R hypersurface) becomes the region A
itself or the complement, A, of A on the boundary space, whichever has the smaller volume.
This implies that the entanglement entropy of A, given by the area of the HRRT surface as
Sa = ||yall/41%", becomes exactly proportional to the smaller of the volumes of A and A in
the boundary theory:

Sa = ——ymin{[| A, | All}. (4.3)

41871
Here, ||x| represents the volume of the object x (often called the area for a codimension-2
surface in spacetime), and lp is the (d+ 1)-dimensional Planck length in the bulk. Via usual
thermodynamic arguments, we interpret this to mean that the state in the boundary theory
is generic, so that it obeys the Page law [75] This in turn implies that the temperature of
the system, which is identified as the Hawking temperature Ty, is at the cutoff scaleﬁ Ty is

3We do not impose a homology constraint, since we consider a pure state in the holographic theory.
Additionally, we only consider subregions larger than the cutoff size.

1Page’s analysis tells us that for a generic state (a Haar random state) in a Hilbert space, the entanglement
entropy of a reduced state is nearly maximal. In fact, at the level of the approximation we employ in this
paper, ||A|/I&" — oo, such a state has the maximal entanglement entropy for any subregion, Eq. .

SWhen we refer to a high temperature state, we do not mean that the whole holographic state is a mixed
thermal state. What we really mean is a high energy state, since we focus on pure states.
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Figure 4.1: The volume V (74, R) of the Schwarzschild-AdS spacetime that can be reconstructed
from the boundary theory, normalized by the corresponding volume V(R) in empty AdS space:
f=V(ry,R)/V(R). Here, R is the infrared cutoff of (d + 1)-dimensional AdS space, and 74 is the
horizon radius of the black hole.

related to r by

ry  4ml?
— = —1 4.4
R drR™ (4.4)
where [ is the AdS radius. Hence, the cutoff scale of the boundary theory is given by [124]
dR
A=—. 4.
47il? (45)

This allows us to interpret the horizontal axis of Fig. as Ty /A from the viewpoint of the
boundary theory.

We finally make a few comments. First, it is important to note that by the infrared
cutoff, we do not mean that the spacetime literally ends there as in the scenario of Ref. [125].
Such termination of spacetime would introduce dynamical gravity in the holographic theory;,
making the maximum entropy of a subregion scale as the area, rather than the volume,
in the holographic theory. Rather, our infrared cutoff here means that we focus only on
the degrees of freedom in the bulk deeper than r = R, corresponding to setting the sliding
renormalization scale to be &~ R/I* in the boundary theory. In particular, the boundary
theory is still non-gravitational.

Second, to state that spacetime disappears in the limit where the holographic state
becomes typical, it is crucial to define spacetime as the directly reconstructable region. This
becomes clear by considering a large subregion A on the boundary theory such that A and
its HRRT surface y4 enclose the black hole at the center. If we take the simple viewpoint of
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entanglement wedge reconstruction, this would say that spacetime does not disappear even
if the black hole becomes large and its horizon approaches the cutoff surface, since the black
hole interior is within the entanglement wedge of A so that it still exists in the sense of
entanglement wedge reconstruction. We, however, claim that such a region does not exist as
a localizable spacetime region, as explained in Section

Third, the curves in Fig. |4.1| are not monotonically decreasing as r, increases for d > 2,
despite the fact that

d
R{SAmax — SA7BH(7"+)} < 0. (46)

Here, SAmax and Sapu(ry) are the maximal entropy and the entropy corresponding to the
black hole geometry of subregion A, given by

_ 1Al

All rdt
St = IA]l ¥

= 4lg—1 Ri-1°

Sapu(ry)

41t ’

(4.7)

This increase in spacetime volume may be demonstrating that the additional entanglement
in the boundary state allows for more bulk nodes in the code subspace. Alternatively, this
may be a feature of using volume as our measure. Regardless, the decrease observed near the
cutoff temperature is the main focus of our attention, and we expect any other reasonable
measure to correspondingly vanish.

Finally, the statement that spacetime disappears as the holographic state approaches
typicality persists for two-sided black holes. In this setup, there is a new issue that does not
exist in the case of single-sided black holes: the choice of a reference frame associated with
a relative time shift between the two boundaries. The discussion of two-sided black holes is

given in Appendix

de Sitter states are maximally entropic

We have seen that a large black hole in AdS with r, — R corresponds to CFT states at
the cutoff temperature, and that the holographic states in this limit have the entanglement
entropy structure of Eq. . Below, we refer to states exhibiting Eq. as the mazimally
entropic states. Is there an analogous situation in the holographic theory of FRW spacetimes,
described in Ref. [32]7 Here we argue that the de Sitter limit (w — —1) in flat FRW universes
provides oneff]

We first see that the holographic state becomes maximally entropic in the case that a
universe approaches de Sitter space at late times [30]. This situation arises when the universe
contains multiple fluid components including one with w = —1, so that it is dominated by
the w = —1 component at late times. This analysis does not apply directly to the case of a
single component with w = —1 + € (¢ — 07), which will be discussed later.

5For a simple proof applicable to 2 + 1 dimensions, see Appendix
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Figure 4.2: The Penrose diagram of de Sitter space. The spacetime region covered by the flat-
slicing coordinates is shaded, and constant time slices in this coordinate system are drawn. The
codimension-1 null hypersurface ¥’ is the cosmological horizon for an observer at r = 0, to which
the holographic screen of the FRW universe asymptotes in the future.

In the universe under consideration, the FRW metric approaches the de Sitter metric in
flat slicing at late times N
ds* = —dt* + e (dr* 4+ r?dQ;_,), (4.8)

where « is the Hubble radius, and we have taken the spacetime dimension of the bulk to be
d + 1. The Penrose diagram of this spacetime is depicted in Fig. [4.2] where constant time
slices are drawn and the region covered by the coordinates is shaded; future timelike infinity
I, corresponds to t = oo, while the null hypersurface N corresponds to t = —oo. At late
times, the past holographic screen of the FRW universe asymptotes to the codimension-1
null hypersurface >’ depicted in the figure. This hypersurface is located at

r=ae s, (4.9)

which corresponds to the cosmological horizon for an observer moving along the r = 0
geodesic.
We can now transform the coordinates to static slicing

2
p
(07 £

2
1
ds® = — <1 - p_Q) dr® + ! dp* + p*dQ3_,. (4.10)

«

In Fig. |4.3] we depict constant 7 (red) and constant p (blue) slices, with the shaded region
being covered by the coordinates. This metric makes it manifest that the spacetime has a
Killing symmetry corresponding to 7 translation. Using this symmetry, we can map a leaf



CHAPTER 4. SPACETIME FROM UNENTANGLEMENT 76

Z/

LI

Figure 4.3: Constant time slices and the spacetime region covered by the coordinates in static
slicing of de Sitter space. Here, ¥ is the 7 = 0 hypersurface, and Z is the bifurcation surface, given
by p = a with finite 7.

of the original FRW universe to the 7 = 0 hypersurface, X. Since the leaf of the universe
under consideration approaches arbitrarily close to Eq. (4.9) at late times, the image of the
map, =/, asymptotes to the bifurcation surface = at

p=q, (4.11)

for a leaf at later times.

Consider an arbitrary subregion A on =’ and the minimal area surface v4 on 3 anchored
to the boundary of A, OA. Since the geometry of ¥ is S? with = being an equator, the
minimal area surface 4 becomes the region A itself (or its complement on =', whichever is
smaller) in the limit = — =. Strictly speaking, this statement does not apply for a small
subset of subregions, since Z’ is not exactly = unless the leaf under consideration is at strictly
infinite time. (For subregions in this subset, the minimal area surfaces probe p < «. For
spherical caps, these subregions are approximately hemispheres.) However, the fractional
size of the subset goes to zero as we focus on later leaves. Continuity then tells us that our
conclusion persists for all subregions.

The surface v4 found above is in fact an extremal surface, since the bifurcation surface
= is an extremal surface, so any subregion of it is also extremal. It is easy to show that this
surface is indeed the HRRT surface, the minimal area extremal surface. Suppose there is
another extremal surface v/, anchored to 0A. We could then send a null congruence from 7/,
down to X, yielding another codimension-2 surface +/; given by the intersection of the null
congruence and Y. Because 7/ is extremal, the focusing of the null rays implies ||v4[| > ||74]],
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and by construction ||y4|| < |[¥4ll. This implies that 4 is the HRRT surface, and hence

S = —pmindA]L 4]} (4.12)
P
Namely, the holographic state representing an FRW universe that asymptotically approaches
de Sitter space becomes a maximally entropic state in the late time limit.

The global spacetime structure in the case of a single fluid component with w # —1 is
qualitatively different from the case discussed above. For example, the area of a leaf grows
indefinitely. However, for any finite time interval, the behavior of the system approaches
that of de Sitter space in the limit w — —1. In fact, the numerical analysis of Ref. [32] tells
us that the holographic entanglement entropy of a spherical cap region becomes maximal in
the w — —1 limit. We show in Appendix that this occurs for an arbitrary subregion on
a leaf.

Spacetime disappears as w — —1 in the holographic FRW theory

We have seen in our AdS/CFT example that as the holographic state approaches typicality,
and hence becomes maximally entropic, the directly reconstructable region disappears. On
the other hand, we have shown that the entanglement entropies for flat FRW universes ap-
proaches the maximal form as w — —1. Does this limit have a corresponding disappearance
of reconstructable spacetime? Here we will show that the answer to this question is yes.

From the analysis of Section [4.2] we see that a leaf at late times in universes approaching
de Sitter space can be mapped to a surface on the 7 = 0 hypersurface ¥, which asymptotes
to the bifurcation surface = in the late time limit. From the Killing symmetry, the HRRT
surfaces anchored to this mapped leaf must all be restricted to living on ». Mapping the
HRRT surfaces back to the original location, we see that they asymptote to living on the
null hypersurface ¥'. Thus, we find that the HRRT surface for any subregion of a leaf o,
asymptote to the future boundary of the causal region D, , which we denote by 0D<(,J:), as a
universe approaches de Sitter space. A similar argument holds for universes where w — —1.
In Appendix [4.6] we present some examples where we can see this behavior using analytic
expressions for HRRT surfaces.

What does this imply for the reconstructable region in de Sitter space? Using the pre-
scription outlined in Section we find that spacetime points on the future causal boundary
of a leaf, aDE,j), can be reconstructed. This is a codimension-1 region in spacetime. One
might then think that we can reconstruct a codimension-0 region by considering multiple
leaves, as was the case in a Schwarzschild-AdS black hole. However, the holographic screen
of de Sitter space is itself a null hypersurface, with future leaves lying precisely on the future
causal boundary of past leaves. This means that even by using multiple leaves we cannot
reconstruct any nonzero measure spacetime region in the de Sitter (and w — —1) limit.

We will now compute the reconstructable region in (2 4 1)-dimensional flat FRW space-
times. As discussed in Section [4.2] this region is comprised of points that can be localized as
the intersection of edges of entanglement wedges. We will be considering the reconstructable
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region associated to a single leaf, and hence this prescription reduces to finding points located
at the intersection of HRRT surfaces anchored to the leaf. This alone gives us a codimension-
0 reconstructable region. In (24 1)-dimensional FRW spacetimes, HRRT surfaces are simply
geodesics in the bulk spacetime, and this problem becomes tractable.

For a (2 4 1)-dimensional flat FRW universe filled with a single fluid component w, the
leaf of the holographic screen at conformal time 7, is located at coordinate radius

re = 3 = W (4.13)
@ lp=n.

Let us parameterize the points on the leaf by ¢ € [0,27). Consider an interval of the leaf
at time 7, centered at ¢y with half opening angle v. The HRRT surface of this subregion
is simply the geodesic connecting the endpoints of the interval: (n,¢) = (1., ¢o — ¥) and
(M4, G0+ ). It is clear from the symmetry of the setup that if we consider a second geodesic
anchored to an interval with the same opening angle but with a center ¢} € [po— 21, po+2¢],
then the two geodesics will intersect at a point, specifically where ¢ = (¢o + ¢)/2. Using
these pairs of geodesics, it is clear that we can reconstruct all points on all geodesics anchored
to the leaf. The union of these points gives us a codimension-0 region.

Can we get a larger region? In (2 + 1)-dimensional flat FRW spacetimes, the answer
is no. In higher dimensions, knowing the HRRT surfaces for all spherical cap regions may
not be sufficient to figure out reconstructable regions; for example, one may consider using
disjoint regions in hopes that the new HRRT surfaces would explore regions inaccessible
to the previous HRRT surfaces (although we do not know if this really leads to a larger
reconstructable region). However, in 2 + 1 dimensions, both connected and disconnected
phases of extremal surfaces are constructed from the geodesics already considered, so we gain
nothing from considering disconnected subregions. We thus find that the set of all points
on HRRT surfaces anchored to arbitrary subregions on a leaf is exactly the reconstructable
region from the state on the leaf.

In Fig.[4.4] we show a plot of the reconstructable spacetime volume as a function of w. It
shows a qualitatively similar behavior to that of Fig. 4.1 where the reconstructable volume
increases and then sharply declines to zero as the holographic state becomes maximally
entropic.

We can also perform a similar analysis in higher dimensions. Due to the numerical
difficulty in finding extremal surfaces, here we restrict ourselves to the region reconstructable
by spherical cap regions (which may indeed be the fully reconstructable region) and to only
a few representative values of w. The results are plotted in Fig. for (3 4 1)-dimensional
FRW universes. These demonstrate the behavior that the extremal surfaces, and hence the
reconstructable region, becomes more and more null as w — —1.

The discussion in this subsection says that the reconstructable spacetime region dis-
appears in the holographic theory of FRW spacetimes as the holographic state becomes
maximally entropic in the de Sitter limit. While a microstate becoming maximally entropic
does not directly mean that states representing the corresponding spacetime become typical
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Figure 4.4: The spacetime volume of the reconstructable region in (2 + 1)-dimensional flat FRW
universes for w € (—0.9, —1), normalized by the reconstructable volume for w = —0.9.
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Figure 4.5: Reconstructable spacetime regions for various values of w in (3 4 1)-dimensional flat
FRW universes. The horizontal axis is the distance from the center, normalized by that to the leaf.
The vertical axis is the difference in conformal time from the leaf, normalized such that null ray
from the leaf would reach 1. The full reconstructable region for each leaf would be the gray region
between the two lines rotated about the vertical axis.

in the holographic Hilbert space (since the number of independent microstates could still
be small), we expect that the former indeed implies the latter as usual thermodynamic in-
tuition suggests; see Section for further discussion. In any event, since typical states in
a holographic theory are maximally entropic, we expect that the reconstructable spacetime
region disappears as the holographic state becomes typical.

An important implication of the analysis here is that a holographic theory of de Sitter
space cannot be obtained by taking a limit in the holographic theory of FRW spacetimes. A
holographic theory of exact de Sitter space, if any, would have to be formulated in a different
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mannerm

Maximally entropic states have no spacetime

In this subsection, we provide a proof for the statement that the directly reconstructable
region of a maximally entropic leaf is either the leaf itself or a subset of its null cone. We use
this result to argue that maximally entropic states have no spacetime. This heavily utilizes
the maximin techniques developed in Ref. [76].

Theorem 2. Consider a compact codimension-2 spacelike surface, o, with area A, living in
a spacetime that satisfies Rq,v0® > 0 for all null vectors v*. Suppose HRRT surfaces can
consistently be anchored to 0 Let m(I") denote the HRRT surface anchored to the boundary,
o', of a subregion I' of o.

If [[m(D)|| = man{||T||, |T||}, YT C o, then either o is a bifurcation surface or all of the
HRRT surfaces of o lie on a non-expanding null hypersurface connected to o.

Proof. 1fT'; and I'y are subregions of o, we will abbreviate I'y U’y as I'1 'y, Let m(I')s denote
the representative of m(I') on a complete achronal surface ¥, defined by the intersection of
¥ with a null congruence shot out from m(I"). From the extremality of m(T), Rgv®v® > 0,
and the Raychaudhuri equation, ||m(I)s|| < ||m/(I)].

Consider three connected subregions A, B, C of ¢ such that 0ANIB # 0, 90BN OC # ()
where both such intersections are codimension-3, and ||AU B U C|| < ||o]|/2; see Fig. 4.6
for a diagram. By Theorem 17.h of Ref. [76], take m(ABC') and m(B) to be on the same
achronal surface, ¥. Now, consider the representatives m(AB)y and m(BC)x. From the
properties of representatives and maximin surfaces, we have

[m(AB)s|| | |lm(BC)s||
41871 41871

S(AB) + S(BC) > > S(ABC) + S(B). (4.14)

The assumption of maximal entropies then tells us that strong subadditivity is saturated,

and hence
[m(AB)s|| = [m(AB)]],

[m(BC)s| = [m(BO)].
Additionally, m(AB)s N m(BC)s # 0.

(4.15)

7 Another instance in which spacetime disappears is when the holographic description changes from that
based on a past holographic screen (foliated by marginally anti-trapped surfaces) to a future holographic
screen (marginally trapped surfaces). Such a change of description may occur in a spacetime with a late-
time collapsing phase, e.g. in a closed FRW universe with the holographic screen constructed naturally in an
observer-centric manner. (For an interpretation of such spacetime, see Ref. [32].) Since the leaf at the time
of the transition is extremal, the analysis here indicates that the spacetime region reconstructable from a
single leaf disappears at that time. This makes the necessity of the change of the description more natural.

8This requires the expansion of the two null hypersurfaces bounding D(c) to have 6 < 0, where D(o)
is the interior domain of dependence of some achronal set whose boundary is 0. These HRRT surfaces are
guaranteed to exist and satisfy basic entanglement inequalities; see Refs. [30] |126].
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Figure 4.6: Diagrams representing the achronal surface 3 in which two HRRT surfaces, m(ABC)
and m(B), live. m(AB)y, and m(BC)y, are the representatives of m(AB) and m(BC'), respectively.
They are shown to be intersecting at p. On a spacelike 3, one could deform around this intersection
to create two new surfaces with smaller areas.

We have two cases depending on the nature of X.

Case 1: m(ABC), m(B), m(AB)yx, and m(BC)y, live on ¥ which is a non-null hypersurface.

Suppose m(AB)sNm(BC)sx is a codimension-3 surface, meaning they intersect through
some surface, p, depicted in Fig. 4.6 One could then smooth out the “corners” around
p to create new surfaces homologous to ABC and B. This is depicted through the
maroon lines in Fig. |4.6| By the triangle inequality, these new, smoothed out surfaces,
w(ABC) and w(B), would have less total area than m(ABC) U m(B) because p € X,
which is spacelike. However, this contradicts the minimality of m(ABC) and m(B):

A+ 1Bl +C) + 1Bl = Im(ABC)|| + [[m(B)|| < [[w(ABC)[| + [lw(B)]
< Im(AB)s|| + [lm(BC)s| = (Al + 1Bl + (1Bl + [C1)- (4.16)

Therefore, m(AB)y and m(BC)y cannot intersect through some codimension-3 sur-
face, yet they must still intersect. This requires m(AB)s and m(BC)x to coincide
somewhere, a neighborhood of z, and by Theorem 4.e of Ref. [76] these two surfaces
must coincide at every point connected to z. This means that m(AB) = m(A) Um(B)
and m(BC) = m(B)Um/(C). The only way this can consistently occur for all possible
A, B, and C' is for m(I') C 0. This means that o itself is extremal, and hence is a
bifurcation surface.
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Figure 4.7: This depicts how one can scan across the representative m(BC')y, by bipartitioning BC'
on the achronal surface X. At each of these intersections, p(z;), 6, = 6, = 0 if the state on the leaf
is maximally entropic and ¥ is null and non-expanding.

C
b3

BN

Case 2: m(ABC), m(B), m(AB)y, and m(BC)x live on hypersurface ¥ which is at least
partially null.

Suppose m(AB)s Nm(BC)x is a codimension-3 surface, p. If at p, ¥ is null and non-
expanding, then smoothing out the intersection will not result in new surfaces with
smaller area. This is the condition that 8, = 0 on the null hypersurface, ¥, coincident
with X at p, where u is the null vector generating >, at p. Hence, the representatives
can intersect at p and simultaneously saturate strong subadditivity. Additionally, be-
cause |m(BC)x|| = ||m(BC)||, we know that 6, = 0 along the hypersurface generating
the representatives of m(BC'), where v is the null vector generating this hypersurface.
Therefore at p, 6, =6, = 0.

We can now scan across m(BC')x, by considering its intersection with m(AB')y, where
(B',C") is a bipartition of B U C where 0B’ N 0A # (), and then considering all such
bipartitions. This is illustrated in Fig. by splitting up BUC' at a few points labeled
by x;; for example, B’ = [b, z3] and C' = [x3, ]| is one such allowable bipartition. By
continuity, all of m(BC)y, will be scannedﬂ

By the argument in the previous paragraph, all intersection points along m(BC)yx
must then have 0, = 6, = 0. Assuming nondegeneracy, m(BC)y must therefore

9We believe this is sufficient to scan over the whole surface assuming the spacetime is smooth. Addition-
ally, Eq. (4.15) requires there to be no energy density between an HRRT surface and its representative, this
will preclude jumps in the representatives due to entanglement shadows and the like.
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be the HRRT surface m(BC). Additionally, every point of m(BC') lives on some
null, non-expanding hypersurface and at dm(BC') this surface connects to o. Hence,
at Om(BC'), o must be marginal. This argument can be repeated for any set of
appropriate subregions. This tells us that all HRRT surfaces have the previously
stated properties.

Now, by Theorem 17.h of Ref. [76], we can construct an achronal surface, ¥, that is
foliated by HRRT surfaces. Each point of ¥ must now be null and non-expanding.
Additionally, the boundary of ¥, o, must be marginal. Let k denote the vector in
this local marginal direction. This uniquely specifies > as the null non-expanding
hypersurface generated by k. This is true for all ¥ foliated by HRRT surfaces, and
each HRRT surface can belong to some foliation of a %[') Hence all extremal surfaces
anchored to ¢ must belong to a non-expanding null hypersurface.

Back to the beginning, if the intersection of m(AB)y and m(BC)y is codimension-2,
then the argument from Case 1 applies and ¢ must be extremal.

This concludes the proof of Theorem 2 O

Corollary 1. Consider a codimension-2 surface, o, with area A, living in a spacetime sat-
isfying Rayv®v® > 0. Let m(T') denote the HRRT surface anchored to O
If 0 is not marginal, then it cannot satisfy ||m(I")|| = man{||T||, ||T'||}, V] C o.

Proof. The contrapositive of this statement is proven by Theorem [2] O]

Consider the case that o is a leaf of a past holographic screen. If the leaf is extremal
and the screen is not null, then the directly reconstructable spacetime is just the leaf itself.
Additionally, this tells us the holographic screen must halt at this point. This indicates
the end of a holographic description based on the past holographic screen. At this point,
one can stitch the beginning of a new future holographic screen that starts at a bifurcation
surface, patching together two holographic descriptions. This occurs in collapsing universes;
see footnote [7l

In the other case, if all of the HRRT surfaces of ¢ have area corresponding to the maximal
entropy, then all of the extremal surfaces must lie on the future null cone of the leaf, where
this null cone is non-expanding and compact. This cone itself is the limit of a past holographic
screen because 0, = 0. Barring the existence of a continuum of compact, non-expanding,
null hypersurfaces, the holographic screen then follows along this null surface from the leaf.
Hence the directly reconstructable region will only be the screen itself, exactly as we observed
in the case of de Sitter space. Again, we see that maximal entanglement corresponds to the
end of a holographic description, but in this case the screen does not end; this corresponds
to a stable final state.

10Under the assumption of the theorem, the HRRT surface of disconnected subregions will always be
disconnected. This is because the disconnected surface is extremal.
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In Section [4.2] we took the boundary to be at some large, fixed radius in AdS space. One
may be concerned that this cutoff surface is not marginal, and hence Theorem [2| does not
apply. However, in the limit that the black hole radius approaches the boundary, then the
statement holds because the horizon of the black hole satisfies the needed properties. Note
that until this final limit, Corollary [1] tells us that the entanglement of the boundary cannot
be maximal.

Finally we are prepared to make a statement about typicality. Typical boundary states
are maximally entangled, and hence the argument shows us that for holographic theories
living on screens (an instance of which is AdS/CFT), typical states have no directly recon-
structable spacetime.

4.3 Spacetime Emerges through Deviations from
Maximal Entropy

We have seen that when the holographic state becomes maximally entropic, spacetime defined
as the directly reconstructable region disappears. Conversely, bulk spacetime emerges when
we change parameters, e.g. the mass of the black hole or the equation of state parameter
w, deviating the state from maximal entropy. In this section, we study how this deviation
may occur and find qualitative differences between the cases of Schwarzschild-AdS and flat
FRW spacetimes. This has important implications for the structures of holographic theories
representing these spacetimes.

CFT with subcutoff temperatures

Consider the setup discussed in Section a large black hole in asymptotically AdS space.
The holographic theory is then a local quantum (conformal) field theory. When the tem-
perature of the system is at the cutoff scale, the holographic state has maximal entropies,
Eq. . As we lower the temperature, the state deviates from a maximally entropic one,
and correspondingly bulk spacetime emerges—the horizon of the black hole recedes from the
cutoff surface, and the reconstructable spacetime region appears; see Fig. [4.1]

Suppose the temperature of the system 7T is lower than the cutoff scale, T' < A. We are
interested in the behavior of von Neumann entropies of subregions of characteristic length
L in the boundary theory. These entropies are calculated holographically by finding the
areas of the HRRT surfaces anchored to subregions of the cutoff surface r = R. We analyze
this problem analytically for spherical cap regions in Appendix For sufficiently high
temperature, T > (A%2/1)1/(@=1 we find that the entanglement entropy for a subregion A
behaves as

(4.17)

T'd_lLd_l

S cAg_oLT2N2 for L < L,
TN cAua e e (B)T Ag o LTIACY for L L,
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Here, 2 pd—2 d—2

I*R* A~
L.~ A1 ~ a1

¥

¢~ (I/lp)?1 is the central charge of the CFT, and Ay_» is the area of the (d —2)-dimensional
unit sphere. We find that the scaling of the entanglement entropy changes (smoothly) from
an area law to a volume law as L increases. For T < (A?2/[)V/(4=1) ie. L, > I, the
entanglement entropy obeys an area law for all subregions. We note that the length in the
boundary theory is still measured in terms of the d-dimensional metric at infinity with the
conformal factor stripped off. The cutoff length is thus 1/A ~ O(I?/R), and the size of the
boundary space is ~ O(1).

While we have analyzed spherical cap subregions, the behavior of the entanglement en-
tropy found above is more general. When the temperature is lowered from the cutoff scale,
the entanglement entropy S4 deviates from the maximal value. Defining

Sa Sa

(4.18)

_ _ , 4.19
O S A (419)
we find that )
L for L < &
~ QLA L ey 4.20
Qa { (T)* for s A2 (4.20)

Here, we have assumed that subregion A is characterized by a single length scale L, and
that the temperature is sufficiently high, 7' > (A9"2/)Y@=D  (If T < (A42/1)Y/ @D,
Q4 =~ 1/LA for all subregions.) This behavior is depicted schematically in Fig. 4.8

We find that as the temperature is lowered from the cutoff scale, two things occur for
entanglement entropies:

e For sufficiently large subregions, the entanglement entropies still obey a volume law,
but the coefficient becomes smaller.

e The more the temperature is lowered, the further subregions have entanglement en-
tropies obeying an area law. This occurs from shorter scales, i.e. subregions with
smaller sizes.

These make the entanglement entropies deviate from the maximal value and lead to the
emergence of reconstructable spacetime: the region between the black hole horizon and the
cutoff surface, r, <r < R.

FRW universes with w > —1

As spacetime emerges by reducing the mass of the black hole in the Schwarzschild-AdS case,
a codimension-0 spacetime region that is reconstructable from a single leaf appears when w
is increased from —1. As in the AdS case, this appearance is associated with a deviation
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Figure 4.8: A schematic depiction of the entanglement entropy in the Schwarzschild-AdS spacetime,
normalized by the maximal value of entropy in the subregion, Q@4 = Sa/S54 max, and depicted as a
function of the size L of subregion A; see Eq. . The scales of the axes are arbitrary. As the
mass of the black hole is lowered (the temperature T' of the holographic theory is reduced from the
cutoff A), @4 deviates from 1 in a specific manner.

of entanglement entropies from saturation. However, the manner in which this deviation
occurs is qualitatively different in the two cases.

To illustrate the salient points, let us consider flat FRW spacetimes with a single fluid
component w and a spherical cap region A on a leaf parameterized by the half opening angle
1. Below, we focus on entanglement entropies S, () of the regions with ¢ < 7 /2. Those
with ¢ > 7/2 are given by the relation S, (1)) = S, (7 — ).

As before, we define

Sw(t) Sw(®)

Smax(¥)  |JA[|/41E

This quantity was calculated in Ref. [32] in 34 1 dimensions, which we reproduce in Fig. 4.9|
The basic features are similar in other dimensions. In particular, @, () satisfies the prop-
erties given in Egs. (4.57] in Appendix

We find that the way Q. (¢)) deviates from 1 as w is increased from —1 is qualitatively
different from the way the similar quantity Q4 deviates from 1 in the Schwarzschild-AdS
case as the temperature is reduced from the cutoff scale. In particular, we find that in the

FRW case

Qu (1/}) =

(4.21)

e The deviation from @, (¢) = 1 occurs from larger subregions. Namely, as w is raised
from —1, @, (v) is reduced from 1 first in the vicinity of ¢ = /2.
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Figure 4.9: The entanglement entropy in the holographic theory of flat FRW spacetimes normalized
by the maximal value of entropy in the subregion, Q(%) = Su(%)/Smax(¢), as a function of the
size of the subregion, a half opening angle 1. As the equation of state parameter w is increased
from —1, Q () deviates from 1 in a way different from the Schwarzschild-AdS case.

e There is no regime in which the entanglement entropy obeys an area law, Q.,(¢) ~ 1/,
or a volume law with a reduced coefficient, Q,, (1) = const. < 1.

As we will see next, these have profound implications for the nature of the holographic theory
of FRW spacetimes.

Locality vs nonlocality

In the following discussion, we assume that the dynamics in the holographic theory are
chaotic and non-integrable as expected in a theory of quantum gravity; see, e.g. Ref. [127].
Such systems are expected to satisfy the eigenstate thermalization hypothesis (ETH) [128,
129], so generic high energy eigenstates reproduce the behavior of a thermal Gibbs density
matrix. In addition, we note that the dimension of the holographic Hilbert space is large
(A/4127" > 1) and finite size effects causing deviations from the thermodynamic limit can
be ignored.

We have already seen that one way to obtain a maximally entropic state is to look at high
energy states in a local theory. In the context of AdS/CFT, this corresponds to examining
black holes with temperature near the cutoff scale. To deviate from maximal entropy, one
can then simply lower the energy of the states being considered. For subregions beyond
the correlation length, the reduced density matrix is well approximated by a Gibbs density
matrix, and hence the entropy obeys a volume law but with a prefactor dependent on the
temperature 7. For length scales below the correlation length, the von Neumann entropy
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is dominated by the area law contribution. Together, these combine to give entanglement
entropy curves that have the qualitative behavior shown in Fig. Note that in a local
theory, lowering the temperature shows deviation from thermal behavior originating at small
length scales. Namely, the slope of Q) 4 begins deviating from 0 at small scales. This entropy
deviation at small scales is expected to be a general phenomenon of equilibrium states
governed by a local Hamiltonian.

However, the entanglement entropy curves calculated for holographically FRW universes
show drastically different behavior; see Fig. E Namely, the deviations from maximal
entropy originate at large length scales, and the entanglement entropy for small subregions is
maximal regardless of the fluid parameter w. Additionally, these entropy curves are invariant
under time translation. This behavior cannot be achieved by a local theory. One may think
that a Lifshitz type theory with large z may be able to accommodate such behavior due to
large momentum coupling, but the leading order contribution to the entanglement entropy in
d dimensions is believed to be proportional to (L/e)*1=1/% for weakly coupled theories [130],
where L is the characteristic length of the entangling region and e is the cutoff length. Thus
entanglement entropy is proportional to the volume only in the limit that z — oo, which
would be a nonlocal field theory. Indeed, entanglement entropy being maximal for small
subregions is observed in a number of nonlocal theories [131} 132,133} (134, |135, |136] and is
likely a generic phenomenon in such theories.

This leads us to believe that an appropriate holographic description of FRW universes
would be nonlocal.@ This provides us with a few possibilities of theories that have the desired
qualitative features, all of which have a freedom to tune a parameter which corresponds to
changing w (and hence the entropy):

(I) a nonlocal theory with a characteristic length scale below the system size, changing
the nonlocal length scale of the theory or energy of the state;

(IT) a nonlocal theory coupling sites together at all length scales (like a long-range inter-
acting spin chain or a variant of the Sachdev-Ye-Kitaev model [137, [138, [139] with
all-to-all random coupling between a fixed number, ¢, of sites, SYK,), changing the
energy of the state;

(IIT) a nonlocal theory with a fundamental parameter controlling the coupling at all scales
in which variations can change the entropy; for example, changing the number of sites

1Tt should be emphasized that we are calculating the entanglement entropy of the boundary state on
the holographic screen, not the entropy associated with any bulk quantum fields. We refer to the degrees
of freedom on the screen that govern the background gravitation dynamics as the gravitational degrees of
freedom. Any low energy bulk excitations (which may include gravitons) are higher order corrections to the
entanglement entropy and we do not discuss them.

121t is a logical possibility that a local theory could exhibit volume law entropy behavior due to open
dynamics. Since the size of the leaf is constantly growing, there are degrees of freedom constantly being
added to the system, which could already have long range entanglement. This seems to be an ad hoc solution,
and we will not elaborate on this possibility further.
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coupled to each other in each term of the Hamiltonian (analogous to changing ¢ in

SYK,).

The ground states of theories in case (I) are explored in Refs. [131,|132, [133] in string the-
ory frameworks. This case can also be realized as a spin chain with interactions that couple
all sites within a distance smaller than the characteristic nonlocal length scale. Above the
nonlocal length scale an area law term starts to pick up and will eventually dominate. How-
ever, because of this eventual turn-on of an area law, the qualitative features of the entropy
normalized by volume are different than those exhibited by FRW entropy curves. Namely,
the concavity of the Q4 plot beyond the nonlocal length scale is opposite to that observed
in the FRW case. This is because beyond the nonlocal length scale the entropy approaches
an area law, hence the second derivative of )4 will be positive, unlike that observed in the
FRW case. Raising the temperature will only add an overall constant asymptotic value to
Q4. Hence, the concavity of Q)4 forbids the holographic theory of FRW spacetimes from
being a theory with a characteristic nonlocal length scale smaller than the system size.

This reasoning leaves us with nonlocal theories with characteristic interaction lengths
comparable to the system size—what does this mean? It simply means that a site can
be coupled to any other site. For simplicity we will consider SYK-like theories but rather
than being zero dimensional we split up the degrees of freedom to live on a lattice but
keep the random couplings between them. At first thought, one may think that because of
the random, all-to-all coupling the entanglement entropy for all subregions would always be
maximal. However this is not the case. The entanglement entropy for small regions is indeed
maximal, but then deviates at large length scales [135,|136]. One can intuitively understand
this by thinking about the SYK; model and Bell pairs. The SYK couplings are random, and
some sites will have significantly higher coupling than average. In the ground state, these
pairs have a high probability of being entangled, so if the subregion of interest contains only
half of one of these special pairs, this will raise the entanglement with the outside. However,
once the subregion becomes larger there is a higher probability that a complete Bell pair is
contained, and this will drop the entanglement entropy.

From this intuition, one can see that the ground state of SYK-like theories have near
maximal entanglement for small regions, which then deviates at large length scales. At
higher energies, the probability of minimizing the term in the Hamiltonian coupling these
special sites (and creating the effective Bell pair) will be lowered, and hence the entanglement
entropy of all subregions will monotonically increase [136, 140]. This behavior is reminiscent
of that observed in FRW entanglement entropy if we relate the fluid parameter, w, to the
energy of the nonlocal state: the case (II) listed above. The limit of T — oo would then
correspond to w — —1.

The third possibility (IIT) is similar to the one just discussed, but with the difference that
w is dual not to temperature but to a fundamental parameter dictating the “connectivity”
of the boundary theory. In the language of SYK,, this would correspond to changing ¢,
where ¢ is the number of coupled fermions in each interaction term of the Hamiltonian. As
q increases, the ground state entanglement monotonically increases and as ¢ — oo becomes
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maximal. This would be the limit corresponding to w — —1. However, any possibility like
this, which employs a change of a fundamental parameter of the Hamiltonian, will require us
to manufacture the whole Hilbert space of the boundary theory by considering the collection
of only the low energy states for each value of ¢. We would like one related class of spacetimes
to be dual to one boundary theory, which is not the case in this option. We thus focus on
option (IT) as the best candidate, but we cannot logically exclude option (IIT).

It is interesting to observe the relationship between where the deviation from volume law
entropy occurs and where the corresponding spacetime emerges. In the Schwarzschild-AdS
case, Q4 drops from 1 immediately at small subregions, and the spacetime that emerges
is precisely that which is reconstructed from small subregions. Hence the directly recon-
structable region appears at the boundary and grows inwards as the temperature of the
state is lowered. The converse is true in the case of FRW spacetimes. As we move away
from w = —1, the entanglement entropy drops from maximal at large subregions and the
corresponding spacetime that emerges is constructed by intersecting large surfaces. This
is because the HRRT surfaces of small subregions of leaves with w near —1 all lie on the
same codimension-1 surface, the future causal boundary of the leaf, analogous to the small
surfaces in Fig. in Appendix 4.6, The HRRT surfaces for large subregions deviate from
this and hence allow for reconstructing a codimension-0 region starting with points deepest
in the bulk.

The language of quantum error correction [109] and tensor networks [24, 110, 115] allows
for a nice interpretation of this phenomenon. The loss of entanglement in pure gravitational
degrees of freedom affords nature the opportunity to redundantly encode local bulk degrees
of freedom in the boundary. In AdS, short range entanglement is lost first, and hence there
is “room” for the information of local bulk degrees of freedom to be stored. In the case of
FRW, long range entanglement is lost first, and subsequently points in the bulk that require
large subregions to reconstruct emerge first.

4.4 Holographic Hilbert Spaces

The analysis of the previous sections brings us to a suitable position to discuss the structure
of holographic Hilbert spaces. In this section, we propose how a single theory can host
states with different spacetime duals while keeping geometric operators linear in the space
of microstates for a fixed semiclassical geometry. We use intuition gathered from quantum
thermodynamic arguments to guide us. Similar ideas have been discussed in Ref. [53]. Here
we present a slightly generalized argument to emphasize its independence of dynamics, and
explain its application to our framework.

Let us assume that the entanglement entropy of subregions of a boundary state dual to a
semiclassical geometry is calculated via the HRRT prescription. Given a bulk spacetime, one
can then find the corresponding entanglement entropies for all subregions of the boundary.
Note that here we consider the “classical limit.” Namely, all the subregions we consider
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contain O(N) degrees of freedom, where

A

:F7

N (4.22)

with A being the volume of the holographic space. The collection of all boundary subre-
gions and their corresponding entanglement entropies will be referred to as the entanglement
structure of the state, which we denote by S(|¢)).

From here, it is natural to ask whether or not all states with the same entanglement
structure are dual to the same bulk spacetime. This might indeed be the case, but it leads
to some undesirable features. These primarily stem from the fact that given a particular en-
tanglement structure, one can find a basis for the Hilbert space in which all basis states have
the specified entanglement structure. For a Hilbert space with a local product structure, one
can do this by applying local unitaries to a state—these will retain the entanglement struc-
ture and yet generate orthogonal states. This would imply that by generically superposing
eOW) of these states, one could drastically alter the entanglement structure and create a
state dual to a completely different spacetime. Hence, geometric quantities could not be
represented by linear operators, even in an approximate sense. If this were the case, a strong
form of state dependence would be necessary to make sense of dynamics in the gravitational
degrees of freedom [111].

However, it is not required that every state in the holographic Hilbert space with the same
entanglement structure is dual to the same spacetime. How can this consistently happen?
Given an entanglement structure, S(|¢)), we expect the existence of a subspace in which
generic states (within this subspace) have this same entanglement structure up to O(NP)
corrections with p < 1. The existence of a subspace with a unique entanglement structure
is not surprising if the dimension of the subspace is e?™N") with (p < 1), since we generally

expect
M

S(Z ci|w,->) _ S(j4)) + O(M), (4.23)
where S(|¢;)) = S(|v)) for all 4.

However, we argue further that there exist such subspaces with dimension e®¥), spanned

by some basis states |1;) (i = 1,--- ,e9N), with
QN
S(Xalv)) = Su) + 0P p < 1), (424
i=1

where Q < 1 does not scale with A/. The existence of these subspaces with entanglement
structures invariant under superpositions is expected from canonical typicality (also referred
to as the general canonical principle) [141} [142]. This provides us with the powerful result
that generic states in subspaces have the same reduced density matrix for small subsystems
(up to small corrections). The proof of this statement is purely kinematical and hence applies
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generally. In fact, from canonical typicality the correction term in Eq. is exponentially
small, O(e~@N/?).

Canonical typicality is a highly nontrivial statement because the size of the subspaces
in question is large enough that one would naively think that superpositions would ruin the
entanglement structure at O(N ) Therefore, even if one considers an exponentially large
superposition of microstates (so long as they are generic states from the same subspace),
geometric operators can be effectively linear within this subspace. We propose that states
dual to semiclassical geometries are precisely generic states within their respective subspaces.

An example of one of these subspaces would be an energy band of an SYK theory.
These harbor an exponentially large number of states, and yet from canonical typicality any
superposition of generic states within this band will have the same entanglement entropy.
Another example would be states that have energy scaling with the central charge, ¢, in
AdS/CFT. These are dual to large black holes and there are also an exponentially large
number of states within the energy band. Despite this, generic states within this energy
band will have the same entanglement entropy structure. Essentially, canonical typicality
proves the existence of exponentially large subspaces that have entanglement structures
preserved under superpositions of just as many states.

We need this strengthened statement because the entanglement entropy calculations for
FRW suggest the size of subspaces dual to identical spacetimes are exponentially large. This
is because the quantity @ in Eq. is related with von Neumann entropies characterizing
the whole state, e.g. Q4 in Section with A being the half boundary space and Q. (7/2)
in Section This intuition stems from the statement that the thermal entropy density
and entanglement entropy density for states in the thermodynamic limit are approximately
equal. For generic states within some energy interval subspace, this holds by canonical
typicality. The statement also results from assuming the system satisfies the ETH (like in
AdS/CFT). SYK models, however, do not strictly satisfy the ETH; nevertheless, it remains
true that ()4 at half system size gives a good approximation for the thermal entropy density,
and the discrepancy vanishes as the energy of the states is increased. For these reasons, we
expect @, (7/2) to well approximate the thermal entropy density of states dual to an FRW
spacetime with fluid parameter w.

We can now address the properties of typical states within an entire Hilbert space. Con-
sider a holographic Hilbert space of a given theory, e.g. a CFT with a finite cutoff or the
holographic theory of FRW spacetimes. If there are multiple superselection sectors in a given
theory, then we focus on one of them. In such a Hilbert space, the effective subspace with
@ = 1 corresponds to typical states. Applying Page’s analysis, we can then conclude that
the only entanglement structure consistent with Eq. where () = 1 must be that of
maximal entropy. For example, the number of microstates for a large black hole approaches
the dimension of the boundary Hilbert space as T" — A, and these states are maximally
entangled. Similarly, using the argument in the previous paragraph, the number of indepen-

I3Note that if one fine-tunes coefficients and selects states in this subspace carefully, one could construct
a state with lower entanglement via superposition.
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dent microstates in the de Sitter limit approaches the dimension of the boundary Hilbert
space, and these states are maximally entangled. As shown in Section the directly re-
constructable spacetime region vanishes in these cases—an effective subspace with Q = 1
does not have reconstructable spacetime. It is in this sense that typical states in the whole
Hilbert space have no reconstructable spacetime.

On the other hand, if @ < 1, the corresponding entanglement structure S(|¢))) can be
non-maximal, and generic states in this subspace may be dual to some bulk spacetime. As
discussed in Section we expect that dynamics of the boundary theory can naturally
select these subspaces, for example by simply lowering the energy of the system in the case
of the boundary CFT.

The structure discussed here allows for a single holographic Hilbert space to harbor
effective subspaces dual to different geometries, allows for a “generically linear” spacetime
operator, and hence eliminates the need for any strong form of state dependenceﬁ Because
this “spacetime operator” is identical for states of a given entanglement, it will obviously
act linearly on generic superpositions of states within one of these dynamically selected,
entanglement-invariant subspaces. We suspect that it is only in this thermodynamic sense
that classical spacetime emerges from the fundamental theory of quantum gravity.

4.5 Conclusion

Discussion

Our understanding of the relationship between spacetime and entanglement seems to be
converging. The necessity of entanglement between boundary degrees of freedom for the
existence of spacetime has been known for some time, but this fact may have mistakenly
established the intuition that the fabric of spacetime itself is purely this entanglement. How-
ever, this cannot be the case. A one-to-one mapping between the entanglement structure
of a boundary state and the directly reconstructable bulk spacetime cannot be upheld in a
state independent manner. In addition, we see that as boundary entanglement approaches
maximality the reconstructable region of the bulk vanishes.

In hindsight, this should not be too surprising. Let us recall Van Raamsdonk’s dis-
cussion [49] relating spacetime to entanglement by examining the link between mutual in-
formation and correlations in a system. The mutual information between two boundary

4By strong state dependence, we mean a theory that would require state dependence to describe bulk
excitations in the directly reconstructable region of a boundary state which is a generic superposition of
states dual to a given spacetime. For a more detailed analysis of this statement, we refer the reader to
Ref. [111]. The main result is that requiring linearity for the multiple boundary representations of a bulk
operator is impossible if the number of geometry microstates is ¢’V'. This prohibits the existence of a directly
reconstructable region for typical states. Note that the directly reconstructable region does not probe behind
black hole horizons, and hence we are not addressing the possibility that state dependence is necessary to
recover the black hole interior.



CHAPTER 4. SPACETIME FROM UNENTANGLEMENT 94

subsystems A and B is defined as
I(A,B)=S(A)+ S(B) — S(AUB). (4.25)

This quantity bounds the correlations in a system between operators O 4 and Opg, supported
solely on A and B via the relation

((0405) = (04)(O5))*
210?105 '

I(A,B) > (4.26)

Hence, when the mutual information between two subregions A and B vanishes, the corre-
lation between local operators supported within the subregions must also vanish. Assuming
that subregion duality holds, this implies that correlation functions of bulk fields vanish.
Generally, correlators between two bulk fields go as

(O1(21)Ox(x2)) ~ af(L), (4.27)

where L is the distance of the shortest geodesic connecting x; and x5, a is some theory de-
pendent constant, and f(z) is a decreasing function of z. One can then make the argument
that decreasing entanglement between regions will drop the mutual information between the
regions, and hence make L effectively infinite. This implies that the spacetime regions dual
to subregions A and B are disconnected when the entanglement (and hence mutual infor-
mation) vanishes. For intuition’s sake, one can imagine two subregions of the AdS boundary
which are in a connected entanglement phase—increasing the distance between these two
subregions will drop the mutual information. This is an argument demonstrating the need
for entanglement in a holographic theory dual to spacetime, so long as the holographic theory
has subregion duality.

However, there is a different (quite the opposite) way to make the mutual information
between small (less than half of the system) subregions vanish, and consequently kill the
bulk correlations. This is by considering maximally entropic boundary states—in these,
the mutual information will vanish for any pair of subregions. This is the case both in
cutoff temperature AdS black holes and in the de Sitter limit of the holographic theory
of FRW universes. In these, the boundary states are maximally entropic and hence the
bulk correlators must vanish; however, there exist finite length geodesics in the bulk (even
if restricted only to the directly reconstructable region) which connect all points on the
boundary. This means that the prefactor, a, of Eq. must vanish, making the bulk
theory ultralocal. In these cases, the maximal entropy implies that there cannot be an extra
emergent bulk dimension. This is because the ground state of any quantum field theory
quantized on spacelike hypersurfaces must be entangled at arbitrarily short scales, which
is violated by the assumption that a = 0. However, this is not necessarily unexpected—in
both de Sitter space and cutoff temperature black holes, the directly reconstructable regions
are codimension-1 null surfaces of the bulk (the de Sitter horizon and black hole horizon
respectively). A natural description of the fields on this surfaces would be through null
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quantization, which is known to be ultralocal |[143]. Accordingly, we see a breakdown in the
holographic description.

From the above arguments one can convince themselves that it is not entanglement itself
which allows for the construction of spacetime, but rather something related to intermediate
entanglement.

How can this be better understood? The framework of tensor networks provides some
intuition behind this. Here, a maximally entropic boundary state is most naturally repre-
sented by a single bulk node with one bulk leg and multiple boundary legs. Hence the
“spacetime” is just one non-localizable bulk region, a “clump” as defined in Ref. [118]. This
bulk point can be reconstructed once a subregion of the boundary contains more than half
of the boundary legs. Here it is clear that a maximally entropic boundary state has no
dual “spacetime,” and yet it is possible to encode a bulk code subspace with full recovery
once more than half of the boundary is obtained. Note that these typical states will all
satisfy (in fact saturate) the holographic entropy cone inequalities [144] simply because a
random tensor network accurately describes the state, but this does not mean that there is
a reconstructable region of the spacetime.

Additionally, if maximally entropic states did have reconstructable spacetime, then state
dependence would be necessary in order to describe bulk excitations in these states, under
the assumption that subregion duality holds. This is because the number of microstates
with maximal entropy is approximately the dimension of the full boundary Hilbert space,
and by the argument in Section V.C. of Ref. [111], it is impossible to find a boundary repre-
sentation of a bulk operator that has support only on a subregion of the boundary and acts
approximately linearly on all microstates of a given spacetime. Intuitively, this is because
the operator will be over-constrained by insisting it both have support on a subregion of the
boundary and act linearly on D microstates, when the dimension of the full boundary space
is D. This means that if we require state independence, then the only possible boundary
operators representing bulk excitations for a maximally entropic state must have support
on the full boundary spaceP;GI Therefore, the minimum possible subregion in which bulk
excitations can be encoded state independently is the whole boundary space; hence there
is no directly reconstructable spacetime. This directly highlights the tension between re-
constructing spacetime for maximally entropic states (in any manner), and requiring both
subregion duality and state independence.

But what happens if we lower the entanglement of the boundary state while keeping the
dimension of the boundary Hilbert space constant? Again, we turn to tensor networks for
intuition. In these situations, a natural way to encode sub-maximal entanglement (while
fixing the bulk leg dimension) is by including more bulk nodes. Therefore, by reducing the

15 Any attempt to create a bulk by artificially including more nodes with extremely large bulk bond
dimension can be reduced to the case of one bulk node.

16This is not contradicting the statement in the previous paragraph that the sole bulk node’s state in a
random tensor can be recovered with just more than half of the boundary. In that case, only the recovery
of the bulk code subspace for one microstate was considered. State independence would require us to have
an operator that acts linearly on all microstates of a given spacetime.
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boundary entanglement, it is possible to create a bulk code subspace in which subsystem
recovery is possible. It seems that quantum gravity naturally utilizes this sub-maximal en-
tanglement in order to encode information via subregion duality. This suggests that perhaps
entanglement is not the fundamental constituent of spacetime per se, but rather the avenue
by which subregion duality manifests.

Future directions

This paper has attempted to clarify the nature of spacetime in holographic theories and it
naturally raises interesting questions to be investigated in future work.

Reconstructability and generalized holographic renormalization

The analysis of this paper utilized the condition for reconstructable spacetime presented in
Ref. [118], but appropriately generalized for use in the context of holographic screens [111].
This paper illuminated some highly desirable properties of the directly reconstructable region
defined in this manner—mamely that one can describe this region state independently. It
would be extremely beneficial to attempt to find an explicit way to construct bulk operators
using this method, perhaps uniting it with the methods of entanglement wedge reconstruc-
tion [116, |117).

It would also be interesting to try and develop new tools for reconstructing the bulk.
The relationship between the depth in the bulk and the scale in the boundary theory in
AdS/CFT suggests that it may be possible to define the reconstructable region of spacetime
as that which is swept through a renormalization procedure. How this manifests in general
holography is not clear, but it is suggestive that there exists at least one foliation where
one can “pull” the leaf inward while retaining the ability to consistently apply the HRRT
prescription. Because the area of these renormalized leaves are monotonically decreasing, it is
natural that this “pulling” may correspond to some renormalization procedure. The decrease
in area also happens locally, which can be seen by generalizing the spacelike monotonicity
theorem of Ref. [32].

One guess as to how to construct the renormalized leaf is to first pick the coarse graining
scale of the boundary, and then define the new leaf as the collection of all of the deepest
points of the extremal surfaces anchored to subregions with the size of the coarse graining
scale. In AdS/CFT this will pull the boundary in along the z direction as expected, while
in FRW spacetimes this will pull the leaf along the null direction if the coarse graining
scale is small. Using this method, one can renormalize to a given scale in a number of
different ways. For example, one could perform many small renormalization steps or one
large one. The renormalized leaves in the two cases will generically differ, and this may
correspond to the difference between one-shot renormalization and a renormalization group
method. The collection of all renormalized leaves may then determine the reconstructable
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region[”’| Theorem [2] tells us that once the renormalized state becomes maximally entropic,
the renormalization procedure must halt. Furthermore, because extremal surfaces for non-
maximally entropic states probe the bulk, this renormalization procedure will continue until
the leaf becomes maximally entangled. Thus, this renormalization group flow will halt only
once a bifurcation surface or a null non-expanding surface is reached. In this language,
maximally entropic states correspond to fixed points. This is speculation, but may shed
some light on the nature of renormalization in general holographic theories.

Cosmic equilibration

In Section we proved that maximally entropic states have no directly reconstructable
spacetime. Additionally, we argued that if one desires a state on a holographic screen
to be maximally entropic and evolve in time, then the holographic screen is a null non-
expanding surface and the directly reconstructable region is no more than the screen itself.
This suggests that in a holographic theory of cosmological spacetimes, if a state becomes
maximally entropic and the screen does not halt, then the holographic description approaches
that of de Sitter space. Consequently, the area of the screen is constant. It would be
interesting to investigate the result from the other direction. By first assuming that the screen
approaches a constant area, one may be able to argue that the leaves would then approach
maximal entropy, and hence the holographic description approaches that of de Sitter space.
This could provide another way to consider equilibrating to de Sitter type solutions; see
Ref. [145].

Complementarity

In Appendix [4.6] we highlighted the dependence of the reconstructable region on the frame
of reference. In the case of the two-sided AdS black hole, we considered different reference
frames corresponding to different time slicings in the same boundary theory—as one shifts
the difference in the two boundary times, one recovers more and more of the black hole
interior. This is an example of complementarity. It would be interesting to pursue this idea
further and investigate the directly reconstructable region of a two-sided black hole.

One intriguing aspect of the two-sided black hole is that the directly reconstructable
region does not extend beyond the extremal surface barrier; this is a macroscopic distance
away from the future singularity, regardless of the boundary frame. Does this mean that
the boundary CFT cannot describe semiclassical physics behind this barrier, even where
curvature is small? Perhaps this means that there is a different description for the interior,
living on a different holographic space.

1TUsing this construction, it is not possible to extend reconstruction beyond horizons, but it is possible
to reach behind entanglement shadows.
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Fundamentality of subregion duality

In many of the discussions throughout this paper, we either required subregion duality or
saw that it naturally arose from other considerations. This seems to suggest that subregion
duality is a fundamental characteristic of general holography. Investigating the manner
in which subregion duality arises in AdS/CFT may shed light on holography in general
spacetimes.

Holographic theory of flat FRW spacetimes

One of the most obvious open problems is that of finding an effective holographic theory
applicable beyond asymptotically AdS spacetimes. In this paper and throughout previous
work, we have focused on the case of flat FRW universes and assumed that a theory exists
on the holographic screen in which the generalized HRRT prescription holds. Investigations
into this has led to a deeper understanding of the nature of entanglement in constructing
spacetime, along with (the lack of) state dependence in holographic theories.

It seems that a consistent theory is possible, and the most promising candidate for a
theory describing the gravitational degrees of freedom is a theory with long-range interactions
in which the energy of the states are dual to the fluid parameter of the FRW universe.
We know that it cannot be entirely nonlocal because this would prohibit the existence of
entanglement phase transitions. A theory with long range interactions would accurately
reproduce the entanglement entropy structure we observe for FRW universes and would
allow for a universal theory describing the single class of spacetimes. Beyond this, we have
some additional data about the properties of the boundary theory.

We know that a code subspace of states manifests, and these states are dual to bulk
excitations. Assuming subregion duality holds, one can ask the question of whether or not
nonlocality /very long-range interactions in the gravitational degrees of freedom prohibits the
local propagation of bulk excitations in the boundary theory. We expect that the operators
dual to bulk excitations are weakly coupled to the gravitational degrees of freedom, and
that a local description of these bulk operators exists in the boundary. In fact, this is what
happens when one renormalizes the AdS boundary down to a single AdS volume [146]. This
renormalization induces an infinite set of interactions which makes the resulting theory on the
renormalized boundary nonlocal. Despite this, the renormalized theory still describes bulk
physics through subregion duality. Hence, the nonlocality of the boundary theory does not
seem to be a fundamental obstacle in describing low energy excitations using local dynamics
in the boundary theoryFE] The dynamics of boundary operators dual to bulk excitations
in flat FRW spacetimes was studied in Ref. [33] and it was determined that regardless of
dimension and fluid parameter, the spread of these operators was characteristic of a theory
with z = 4 Lifshitz scaling. This provides extra constraints for finding a candidate theory.

181t would be interesting to study this effective boundary theory, induced in AdS/CFT by renormalizing
all the way down to the AdS scale. The holographic theory capturing sub-AdS locality could be very closely
related to the theory on holographic screens.
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Holographic theory for general spacetimes

It might appear that defining quantum gravity using holography, as envisioned here, is
background dependent. Namely, the holographic theory is given for each class of background
spacetimes, e.g. asymptotically AdS spacetimes and flat FRW spacetimes. This situation is
analogous to defining string theory on the worldsheet, which is defined separately on each
target space background. From the perspective of the worldsheet, different backgrounds
correspond to different theories living on the two dimensional spacetime. Nevertheless, we
believe there exists some unified framework encompassing all these possibilities. Similarly,
in the case of holographic theories, it is plausible that the resultant theories for different
background spacetimes correspond to different sectors described within a single framework.

4.6 Appendix

Reconstructability of Two-sided Black Holes and
Complementarity

In the main part of the text, we have focused on spacetimes having a simply connected
boundary. It is interesting to consider when this is not the case and examine which (if
any) results persist. For definiteness, we here analyze the case of a two-sided eternal black
hole in asymptotically AdS space. In this case, the holographic screen is the union of the
two asymptotic boundaries at spacelike infinity. The boundary theory comprises two CFTs,
CFTy and CFTpg, which are decoupled from each other. Hence, the Hamiltonian for the
system is given by

Hiony = Hp + Hp. (4.28)

The times t;, and tg associated respectively with H;, and Hg run in opposite directions along
the two asymptotic boundaries.

Since the theories are decoupled, it might appear that one could evolve each of the theories
independently—effectively foliating the holographic screen by two independent parameters,
(tr,tg). Per the construction outlined in Section .2 the directly reconstructable region
would then be the union of all points localized by intersecting entanglement wedges of HRRT
surfaces individually anchored to “one” leaf, each of which is labeled by (t.,tgr). Here,
“one” leaf corresponds to picking a connected, equal time slice of the left boundary and
independently a connected, equal time slice of the right boundary. If this were the case,
the reconstructable region would be most of the spacetime, including a macroscopic portion
of the interior (aside from a region near the singularity with r < 7, /2Y¢ where r, is the
horizon radius) [147].

However, a theory described by Hamiltonian dynamics should have a single time param-
eter. To make the holographic theory compatible with this, we postulate that there is a
single parameter ¢ that foliates the multiple disconnected components of the holographic
screen. From this assumption, there are multiple suitable foliations, and among them we
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must pick one—this corresponds to choosing a reference frame, a gauge for the holographic
redundancy [43]. In the case of a two-sided black hole, this gives us a one parameter family
of foliations corresponding to the freedom in choosing the relative time shift between ¢, and
tr in the CFTs, even after choosing a natural foliation at each boundary.

In general, each of these individual foliations reconstruct a different region of the bulk
spacetime. For example, adopting the usual thermofield double state construction [148]
corresponds to choosing a reference frame

t,=tgp =1, (4.29)

in which the ¢ = 0 slice in the bulk is the one passing through the bifurcation surface.
Since time translation is a Killing symmetry in this spacetime, and the bifurcation surface
is invariant under this translation, the HRRT surfaces for any time ¢ never enter the interior
of the black hole. Connected HRRT surfaces always pass through the bifurcation surface in
such a situation (unless the subregion has support on only one of the boundaries, in which
case the HRRT surface stays in one side of the black hole). The reconstructable region in
this reference frame, therefore, does not include the interior of the black hole.
However, one could alternatively consider a reference frame in which there is a relative
shift in the two times
tp=t+A, tp="t (4.30)

In this case, the connected HRRT surfaces would not necessarily pass through the bifurcation
surface and could probe regions of the interior, and hence parts of the interior will be
reconstructable. We can interpret this foliation dependence of the reconstructable region
as a version of complementarity [39]. In this light, the canonical thermofield double time
foliation corresponds to an entirely exterior description of the black hole, while increasing A
allows for more of the region behind the horizon to be reconstructed. An important point is
that we should not consider leaves with different A’s in a single description—they correspond
to different descriptions in different reference frames. We also note that regardless of the
foliation, we cannot reconstruct near the singularity because of the extremal surface barrier
located at r = 7, /2Y/¢. This suggests that in order to probe physics of the singularity we
must use a different method.

With this interpretation of bulk reconstruction, we would like to examine whether or
not spacetime “disappears” as we approach maximal entropy. A priori, it seems that a
macroscopic spacetime region would remain as we increase the black hole radius because
some portion of the interior is reconstructable. However, this apparent contradiction is
resolved by considering a finite coordinate time interval and examining the reconstructable
volume as one increases the temperature.

Consider any foliation where the relative time shift between ¢ and ¢tz has been fixed. In
order to carry out the analysis analogous to Section we fix an interval of coordinate time
At and fix the cutoff surface at r = R. Increasing the temperature of the black hole moves
the horizon closer and closer to the cutoff surface, which can be represented in the Penrose
diagram as in Fig. The allowed range of times is depicted by the constant time surfaces
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Figure 4.10: The spacetime regions reconstructable using connected HRRT surfaces anchored to
subregions with support on both asymptotic boundaries within the range ¢ € [t1,t3] are depicted
(green shaded regions) for two different values of black hole horizon radius r; in a two-sided
eternal AdS black hole. The holographic screen (blue) in both cases is the cutoff surface r = R.
Here, we superimpose the respective Penrose diagrams in the two cases to compare the amount of
reconstructable spacetime volume available by allowing connected HRRT surfaces.

t; and t5. As we take the limit r, — R, which corresponds to taking the temperature of the
black hole Ty — A where A is the cutoff in the boundary theory, the finite range of time
collapses down to the bifurcation surface on both sides. Thus, the relative reconstructable
spacetime volume shrinks to zero.

We find that our claim persists despite the addition of a disconnected boundary region
that allows for the reconstruction of spacetime behind a black hole horizon.

Calculations for the Schwarzschild-AdS Spacetime

In this appendix, we provide explicit calculations of the spatial volume and HRRT surfaces
of the Schwarzschild-AdS spacetime.

Reconstructable volume

The Schwarzschild-AdS spacetime in d 4+ 1 dimensions is described by the metric

r? 2 dr?
o= (ﬁ L= rd—i) Wt e T (4.31)
2 T opd—2
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where [ is the AdS radius, and p is related with the black hole horizon radius r as
d 2
op="r(14L (4.32)
[? i

The Hawking temperature of the black hole is given by
dri + (d — 2)I?

= pr—E (4.33)
Consider a large AdS black hole . > [. In this limit,
d
7“+ dT’.,.
and the metric is well approximated by
r? rd dr?

72 T 12pd—2

Let us now introduce an infrared cutoff » < R and consider the spatial volume between the
black hole horizon and the cutoff

R Td_l
):Ad—l/ —dd’f‘
T4 ,/ﬁ_r_+
l2d2

27Td/2

dj2) " / i \/7

where Ay = 27%%/T(d/2) is the area of the (d — 1)-dimensional unit sphere. Here, we have
focused on the spatial volume because the system is static.
We normalize this volume by the volume of the region » < R in empty AdS space

V(T+, R

(4.36)

= AT | R (4.37)

where we have used R > [ in the second line. This gives us the quantity quoted in Eq. (4.1)):

o\ _ V(ry,R) L
f(E) = i = - Vpe 1/1 S (4.38)
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HRRT surfaces

Consider a large black hole in asymptotically AdS space. The holographic theory is then a
CFT. Suppose the temperature of the system 7' is lower than the cutoff scale, T < A. Here
we study the behavior of the von Neumann entropy of a spherical cap region A on r = R in
this setup.

The region is specified by a half opening angle v

0<6<p, (4.39)

where 6 is a polar angle parameterizing S9! with constant ¢ and r. The HRRT surface 74
is then given by function r(#), which is determined by minimizing the area functional:

lrall =

dar
roymin | Ag_s fd) d=2 gind=2¢ \/7“2 + % df| , (4.40)with the boundary condition

r(y) = R, (4.41)

where Ay 5 is the area of the (d — 2)-dimensional unit sphere, and g is given by Eq. (4.31).
Here and below, we assume ¢ < 7/2. For ¢p > m/2, the entropy of A is determined by
S) = S(r — ).

The surface v4 is well approximated to consist of two components: (i) a “cylindrical”
piece with 6 = ¢, which is perpendicular to the cutoff surface r = R and extends down to
r =19 (< R) and (ii) the “bottom lid” with r = ry and 0 < 6 < ¢; see Fig. |4.11] The area
of the surface is then given by

P
lvall = mln Ay_o sin?” 2@/}/ —dr + Ay_ 27‘ / sin?20d0| , (4.42)
0

‘/ 7"+
l2d2

where 7 is the horizon radius, and we have used the approximation that . > [ and hence
Eq. (4.34). The value of ry is determined by the minimization condition

d . d—2
s TS sin®™“1)

= l.
et (d—1) fowsind_29 df

(4.43)

As discussed in Section the cutoff at r = R in our context simply means that the
renormalization scale in the boundary theory is lowered; in particular, it does not mean that
the theory is modified by actually terminating space there. The length in the boundary
theory, therefore, is still measured in terms of the d-dimensional metric at infinity, » = oo,
with the conformal factor stripped off. The radius of the region A is then given by

L =1, (4.44)
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Figure 4.11: The HRRT surface v4 in the Schwarzschild-AdS spacetime can be well approximated
by consisting of two components: a “cylindrical” piece with 8 = ¢ and a “bottom lid” piece with

T =T0.

and not Re. Since the cutoff length is 1/A ~ [?/R, we should only consider the region

2 /R
The solution of Eq. (4.43)) behaves as
l l l
(i) roza(>>r+) fOT}—2<¢<<E7
() 12 <<< T+) for l < w < 1
i) ro—ry=—-—5— — —
O T Ry d . ’
lZ
(iii) ro—ry =0(1) - for ¢ = O(1).
+
In the case of (i), ||va|| is dominated by the first term in Eq. (4.42)), so that

Ag—2 d—2, ). d—2
= l )

Here and below, we assume d > 2. We thus obtain an area law for the entropy

SA _ ||7A_|| ~ CAd_2Ld—2Ad—2

?

where ¢ ~ (I/lp)?~! is the central charge of the boundary CFT.
In the case of (ii), ||y4] is given by

Ag-
lall = LIR30

Ag—2 d—1,,d—1
d—2 AR

d—

(4.45)
(4.46)

(4.47)

(4.48)

(4.49)

(4.50)
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We find that the first (second) term is larger for

d—11R4?
<(>)——— 4.51
¢ < () gy (151)
so that the entanglement entropy behaves as
Ao LI72\2 for L <« L, (4.52)
~ d—1yd— _ .
AU cAun i ~ e (B) Ag LAY for L L,
where 2pi-z  \d
IR~ -
L, — — (4.53)
Ti 1 Td—1
For ¢ = O(1), i.e. case (iii), we find
7\ 1
Sy~ e (K) Ag_o LA (4.54)

Combining the results in all three cases gives the expression in Eqs. (4.17} |4.18)).

Calculations for the de Sitter Limit of FRW Universes

This appendix collects explicit calculations for entropies and HRRT surfaces in the de Sitter
limit of FRW spacetimes.

Entropies in the case of (2 4+ 1)-dimensional bulk

Here we see that for (2+1)-dimensional FRW spacetimes, the results of Ref. [32] immediately
tell us that the entanglement entropy of an arbitrary (not necessarily connected) subregion
A is maximal in the de Sitter limit:

Sswrst = gomin{ Al A} (1.55)
P
Consider an FRW universe in d+1 dimensions dominated by a single ideal fluid component
with the equation of state parameter w = p/p (Jw| < 1). From the analysis of Ref. [32],
we know that the holographic entanglement entropy of a spherical cap region A on a leaf—
parameterized by the half opening angle 1 as viewed from the center of the bulk—scales
with the smaller of the volumes of A and A. The proportionality constant

__sw
Q) = AT TATY (420)

satisfies the properties
Qw(¢ — 0) — 17 Qw—>—1(¢) — 17 (457)
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Figure 4.12: Two possible extremal surfaces anchored to the boundary of a subregion AB on a leaf,
given by the union of two disjoint intervals A and B. The areas of the surfaces depicted in (a) and
(b) are denoted by Egisconnected(AB) and Eeonnected (AB), respectively.

0Qu)|  _, 0Quw(v) <0 0Quw(v)
W |y 0 yes = dw

(The original analysis was performed for (3 4+ 1)-dimensional FRW universes, but these
properties persist in arbitrary spacetime dimensions.)

The second relation in Eq. implies that in the de Sitter limit, w — —1, the
holographic entanglement entropy of a spherical cap region is maximal. Now, consider
(2 4+ 1)-dimensional FRW universes, in which a leaf has only one spatial dimension. We
consider a subregion on the leaf consisting of the union of two small intervals A and B. Note
that a similar setup is often discussed in AdS/CFT, where two possible extremal surfaces
homologous to the subregion compete, so that a phase transition from the disconnected to
connected HRRT surfaces occurs as the regions A and B are taken to be closer; see Fig.[4.12]
We want to understand what happens in the case of FRW spacetimes.

We denote the areas of two possible extremal surfaces by

< 0. (4.58)

Edisconnected(AB) = E(A) + E(B)
= Qu(A) Al + Qu(B) [|BI| (4.59)

and

Eeomected(AB) = E(ABC) + E(C)
= Qu(ABC) [[ABC| + Qu(C) IC]l; (4.60)

where A, B, and C are defined in Fig. A phase transition can occur when
Edisconnected<AB) = Econnected (AB> (461>

The condition of Eq. (4.61)) can be satisfied for any w away from the de Sitter limit
because of the second relation in Eq. (4.58]). Since a larger region has a greater volume
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but also has a smaller coefficient, it is possible for the two extremal surfaces to compete.
However, in the de Sitter limit the requirement for a phase transition becomes

IABCT + ¢l = l[All + (1B, (4.62)

which is clearly impossible because the left hand side is always greater. Since a general
subregion of the leaf is a union of disconnected intervals, the above argument implies that
the entanglement entropy is merely the sum of each interval’s volume for sufficiently small
regions. Extending the argument to large regions in which their complements matter, we
can conclude that arbitrary subregions have maximal entanglement entropies in a (2 + 1)-
dimensional de Sitter universe.

Entropies in the w — —1 limit of FRW spacetimes

The global spacetime structure in the case of a single fluid component with w # —1 is
qualitatively different from the case discussed mainly in Section i.e. the case in which
a universe approaches de Sitter space at late times. Nevertheless, here we show that the
holographic entanglement entropy of an arbitrary subregion on a leaf becomes maximal in
the w — —1 limit.

Let us consider an FRW universe filled with a single fluid component with the equation
of state w. The scale factor is then given by

a(t) = ctaisw, (4.63)

where ¢ > 0 is a constant. We focus on a leaf o, at time t, and the causal region D,,
associated with it. Following Ref. [32], we perform ¢,-dependent coordinate transformation
on the FRW time and radial coordinates t and r:

2 t dd—(2+d1)u
1+w
n:—d—2+dw{(a) —1}, (4.64)
2 — Ty
This converts the metric into the form
2 4
N\ d—2+4d a2fdw
ds* = (AA ) (#n + 1) (=dn® + dp* + p?d2;_,), (4.66)
d—1

where Ay ; is the area of the (d — 1)-dimensional unit sphere, defined below Eq. (4.36)), and

A, is the volume of the leaf o,

d—1
A, = (M) Ayt (4.67)
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In these coordinates, D,, is mapped into the region 5 € [—1,1] and p € [0,1 — ||} "
We can now take w = —1 + € in Eq. (4.66) and expand it around € = 0. This gives

2
A\t 1 n+ (1 —n)In(l1 —n)
ds® = ( ) ( —d e+ ) (—dn?+dp*+p%d0 ). (4.68
Adfl (1 _ 77)2 (1 _ ?7)3 ( n 4 P d 1) ( )
The leading order term describes the causal region inside a leaf of volume A, in de Sitter space
with conformal coordinates. The time translational Killing symmetry in these coordinates
is

n—an+1-—a, (4.69)
p — ap. (4.70)
The expansion in Eq. (4.68)) is not valid when n < 1—e. However, this occurs only for a small
subset of all the subregions on o, which becomes measure zero when ¢ — 0. Continuity then
tells us that the entanglement entropy S of any subregion A on o, takes the same value as
that calculated in de Sitter space in the e — 0 limit. However, we have already concluded

from the argument in Section 4.2| that the entanglement entropies take the maximal form in
de Sitter space, hence
1. -
4 2, (AL LA, (4.71)

Note that the area of the leaf, A., keeps growing indefinitely, so that D,, at each time ¢, is
mapped to a different auxiliary de Sitter space. The ratio Q,,(A) = Sa/(min{||A]|, || A||}/4I&),
however, depends only on w and not t,.

HRRT surfaces

Here we present two examples in which one can analytically see the convergence of the HRRT
surfaces onto the future boundary of the causal region of a leaf in the de Sitter limit.

The de Sitter limit of FRW universes in 2 + 1 dimensions
As the first example, consider the de Sitter limit of FRW universes in 2 + 1 dimensions

ds® = a*(n) (—dn? + dz* + dy?). (4.72)
Here, n € (—00,0) is the conformal time, and the scale factor is given by

a(n) = -, (4.73)

YFor w > —1 +4/d, the region D, hits the big bang singularity, so we need to restrict our attention to
a portion of D, , e.g. DI = {p € D,, |t(p) > t.}. This issue is not relevant to our discussion here.
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where ¢ is a positive constant. In this case, we can obtain an analytic solution for HRRT
surfaces, which are geodesics in 2 + 1 dimensions.

In order to find a spacelike geodesic anchored to two points on the leaf, we can use the
symmetry of the problem to rotate our axes so that the points lie at constant y = yo. To
find a geodesic, we need to extremize the distance functional

D= /dn %\/:ﬁ 'y (4.74)

where & = dx/dn, and we have used the fact that the geodesic lies on the y = o hypersurface.
This functional has no explicit dependence on x, which means the existence of a quantity
that is conserved along the geodesic

oD ct
—_— = =D, 4.75

Using this, we obtain a first-order ordinary differential equation

dn / c?

which can be easily solved to give the analytic expression for the geodesic

{ n(x) ==/ + 5, (4.77)

y(r) = yo.

The holographic screen of FRW universes in the de Sitter limit lies on

= —VATE = (4.78)

Consider a leaf at n = n, = —r, and a subregion on it specified by a half opening angle
(0 < < ). The end points of the HRRT surface are then at
(2,) = (Fn.sin i, —1, cos ). (4.79)

This can be used to determine p, and ¥y, in Eq. (4.77)), giving the final expression for the

geodesic

{ (@) = -+, (4.80)
y(x) = o,

where yo = —n, cost. By varying the angle ¢, the HRRT surfaces sweep a codimension-1

surface in the bulk, which is indeed the future boundary of the causal region of the leaf:

n=-r 0<r<mr, (: _77*) (481)

These surfaces are depicted in z-y-n space in Fig. We can clearly see that all the HRRT
surfaces are spacelike, except for that corresponding to 1) = /2 which is null.
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Figure 4.13: HRRT surfaces anchored to subregions on a leaf in (2+ 1)-dimensional de Sitter space.
They all lie on the future boundary of the causal region associated with the leaf.

Small spherical caps in FRW universes in d + 1 dimensions

Another example in which simple analytic expressions are obtained is the limit of small
spherical cap regions, 1 < 1, on a leaf. Consider a flat FRW universe in d + 1 dimensions

ds* = a(n)?(—dn® + dr* 4+ r?dQ;_,), (4.82)

filled with a single fluid component with the equation of state w. We consider the leaf o, at
1 = 1, which is located at

r=-. (4.83)

a
The future boundary F, of the causal region D, is then given by

a
Fo:n(r)=mn.+ T (4.84)
Here and below, the scale factor and its derivatives without an argument represent those at

N =N ; P
a = a(n.), a= c;(n) , a= da(zn) (4.85)

T p=n. " ly=n.

We consider a spherical cap region A on the leaf o,, specified by a half opening angle
0<6<y, (4.86)

where 6 is a polar angle parameterizing S9! with constant n and r. Following Ref. , we
go to cylindrical coordinates:

€ =rsind, 2 =rcosf — - cos . (4.87)
a
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la

Figure 4.14: The HRRT surface v4 for subregion A of a leaf g, specified by a half opening angle v
is on the z = 0 hypersurface. It approaches the surface [ 4, the intersection of the null cone F, and
the z = 0 hypersurface, in the de Sitter limit.

In these coordinates, the null cone F, in Eq. (4.84) is given by

2
F*:n(ﬁ)—nng—\/£2+(2+§COS¢), (4.88)
and the boundary of A, A, is located at
N =N, fzgsimﬁzf*, z=0. (4.89)

The HRRT surface v4 anchored to A is on the z = 0 hypersurface . We would like to
compare this HRRT surface with the intersection of F, and z = 0:

Liin(©) =m.+ = — /€4 5 coso, (4.90)

see Fig. Using Eq. (4.89) and expanding in powers of ¢ ~ £/(a/a), this can be written

as
o3

() =7+ o€~ )+ (€ = 4 (1.91)

For ¢ < 1, the HRRT surface can be expressed in a power series form

a1 0(€) =ne + 0P + 0 (€ + -+, (4.92)
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where
16 =5 (€~ €), (4.93)
() = m(SQ &%)
x |a2{(d+5)¢2 — (d = 3)¢%} — aaf(d+3)¢? - (- e} ]. (4.94)

In the universe dominated by a single fluid component, the scale factor behaves as
a(n) o yT (4.95)

Plugging this into Eq. (4.94), we obtain
o3

(¢ = W

(&= €3)[{2- (1+3w)d— (14+w)d?}e2 — {2+ B+ w)d - (1+w)d ).

(4.96)

We find that for w = —1, the surface given by Eqs. (4.92] 4.93] 4.96) agree with [, in
Eq. (4.91). Namely, the HRRT surface 74 is on the null cone F.

One can see how 4 approaches F, as w — —1 by subtracting Eq. (4.92)) from Eq. (4.91)):

1) (€)= o1 )€ ) {(a + e (a - 1))

> 0. (4.97)

The inequality is saturated only for w = —1 (except at the end points at & = &,).



113

Chapter 5

Pulling the Boundary into the Bulk

This chapter is a replication of Nomura, Rath, and Salzetta, “Pulling the Boundary into the
Bulk”, in Phys. Rev. D98.2 (2018), p. 026010, and is reproduced here in its original form.

5.1 Introduction

The holographic duality between asymptotically Anti-de Sitter (AdS) spacetimes in d +
1 dimensions and conformal field theories (CFTs) in d dimensions is perhaps the closest
realization of a complete theory of quantum gravity [14, 82, |15]. One of the most intriguing
results stemming from this correspondence is the renowned Ryu-Takayanagi formula relating
entanglement entropy in time independent CFTs to the area of minimal surfaces in the bulk
spacetime [16]. The covariant extension of this formula to include time dependent cases was
obtained by Hubeny-Rangamani-Takayanagi and uses extremal bulk surfaces (henceforth
referred to as the HRRT prescription) [48]. Remarkably, by including quantum corrections to
this formula, one obtains entanglement wedge reconstruction |27, |114]. These investigations
have shed light on the deep connection between entanglement in the boundary and emergent
gravitational physics in the bulk.

However, there is reason to believe that these results extend beyond the scope of AdS/CFT.
The Bekenstein-Hawking formula [8, |6] and the covariant entropy bound [21] provide us
with holographic bounds on entropy in general spacetimes. These suggest that gravitational
physics may inherently be holographic [37, [13]. Furthermore, the areas of extremal surfaces
anchored to any convex boundaries satisfy all known entropic inequalities [126] |144] |30,
149]. In isometric tensor networks, calculating the entanglement entropy of a subregion of
boundary sites reduces to finding the minimum cut across the network [50]. A version of
entanglement wedge reconstruction also holds in perfect and random tensor networks 110,
115]. This evidence seems to indicate that the HRRT prescription may in fact generalize to
spacetimes outside of AdS.

It is with this perspective that we have pursued investigations of quantum gravity be-
yond AdS/CFT. We postulate that the HRRT prescription (with quantum corrections |28,
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29] to allow for entanglement wedge reconstruction) applies to general convex boundaries.
In particular, we assume the existence of a quantum state that “lives” on the convex bound-
ary and encodes the bulk geometry of the interior. Our previous work [32, 111, |34] has
focused primarily on investigating this assumption applied to holographic screens [42], but
holographic screens are only special in the sense that they are the largest surfaces in which
we can apply the HRRT prescription in general spacetimes. In this paper, we have relaxed
this condition and look at general convex surfaces—in particular this allows us to consider
asymptotically AdS spacetimes.

We emphasize that the postulate we adopt here is falsifiable. At any point in the analysis,
had the geometric properties of general relativity prohibited a consistent boundary interpre-
tation, the program would have failed. Through the present, however, no such roadblock has
presented itself. In fact, we can view the self-consistency of this work as further evidence
that the relationship between entanglement and geometry prevails in general spacetimes.

The present framework allows us to consider a nested family of convex surfaces each
of which contains less bulk information than the previous. Taking a natural continuum
version of these convex surfaces yields a surface which we dub the holographic slice. As
has proved historically useful, studying covariantly defined geometric objects yields insights
into holographic theories, and the holographic slice is such an object. In particular, the
slice allows us to visualize the coarse-graining of holographic states and provides us with a
method to categorize bulk regions as being “more IR” than others.

The construction of the slice is purely perturbative, and thus does not allow us to analyze
complex quantum gravitational states formed as superpositions of many geometries. It is
inherently tied to one background geometry, but this is no more restrictive than the HRRT
prescription itself. For a simply connected boundary, the slice seems to sweep the maximal
bulk region that can be perturbatively reconstructed, i.e. it pulls the boundary in through
shadows all the way to black hole horizons, and contracts no further. It was the study of
extremal surfaces in maximally entangled pure states that initiated this work, where it was
realized that maximally entangled states were fixed points of flow in the direction of small

HRRT surfaces [34]

Overview

In Section we offer the intuitive motivation for the construction of the holographic slice.
This reveals the connection to coarse-graining and provides a basic definition for the object.
In Section we geometrically define the object rigorously and then illustrate some of its
most important properties. These properties must necessarily be satisfied for a consistent
interpretation as coarse-graining of a boundary state. Section goes through multiple
explicit examples of the slice in different spacetimes.

By maximally entangled, we mean that the von Neumann entropy of any subregion saturates the Page
curve [75]. This was referred to as maximally entropic in Ref. [34].
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After introducing the holographic slice as a geometric object, we are poised to analyze
its boundary interpretation in Section [5.5] Here we delve into its relationship to coarse-
graining and emphasize that the slice encodes a sequence of codimension-0 bulk regions, not
merely the codimension-2 bulk convex surfaces. We also describe the relationship to tensor
networks, particularly continuous tensor networks [150]. Because the holographic slice is
constructed from one boundary time slice, it can be used as a novel gauge fixing of the
bulk—this is discussed in the final subsection of Section [5.5 Since the slice grants us a way
to uniquely pull in the boundary, it is natural to consider its connection to renormalization.
This is explored in Section 5.6, We conclude with discussing the slice’s place in the wider
view of quantum gravity in Section [6.4] The appendices contain proofs of various geometric
statements made in the body of the text.

Preliminaries

This paper will work in the framework of holography for general spacetimes proposed in
Ref. [32]. We will highlight the applications to AdS/CFT but use language from generalized
holography. In particular, the term “boundary” will refer to the holographic screen, which
reduces to the conformal boundary of AdS. Additionally, holographic screens have a unique
time foliation into codimension-2 surfaces called leaves [44]. This uniqueness is lost in the case
of AdS because of the asymptotic symmetries, but to remain consistent within the generalized
framework we must choose a particular time foliation of the boundary of AdS [111]. We will
then refer to a time slice of this foliation as a leaf.

For a subregion, A, of a leaf, we will denote its HRRT surface as 7(A) and its entanglement
wedge as EW(A). EW(A) is defined as the domain of dependence of any closed, compact,
achronal set with boundary A U ’y(A) Throughout this paper, we will work at the lowest
order in bulk Newton’s constant. In particular, we will only consider extremal surfaces found
by extremizing the area, not the generalized entropy. We expect that by making appropriate
modifications, along the lines of Refs. [28, [29, 77|, our results can be extended to higher
orders.

For an achronal codimension-2 surface w, we denote the domain of dependence of any
achronal set with boundary w as D(w). Wherever Gy = lfﬁ’l appears, it represents Newton’s
constant in the bulk spacetime.

2In standard AdS/CFT, reflective boundary conditions are imposed at the conformal boundary. This
extends the domain of dependence of AU~(A) to include the boundary domain of dependence of A. However,
for holographic screens there are no such impositions on the screen (they can even be spacelike), and thus
EW(A) generally does not include any portion of the screen other than A itself. In particular, there is no
generalization of causal wedges to holographic screens.
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5.2 Motivation

Amongst other things, the concept of subregion duality in holographic theories allows us to
address questions regarding where bulk information is stored in the boundary theory [Bousso:2012sj,
112} 151, 152, |113} |76 153} [27, [114]. This line of inquiry has provided us with the intuition
that bulk geometric information is encoded redundantly in the boundary theory. In partic-
ular, a bulk local operator can be represented in multiple different regions of the boundary,
a special case being the whole boundary space. However, despite this seemingly democratic
distribution of bulk information throughout boundary degrees of freedom, lack of access to
a boundary region necessarily prohibits the reconstruction of a corresponding bulk region.
Namely, if one removes a subregion A from a leaf o, the maximum possible bulk region
reconstructed from the remaining region, A, will be the entanglement wedge of A, EW(A).
This implies that indispensable information of the region EW(A) is stored in A.

Suppose one were to coarse-grain over all boundary subregions of balls of radius . From
the logic above, the bulk region whose information can remain is given by

R(By) = (EW(By(0). (5.1)

pEC

where Bs(p) is a ball of radius ¢ centered at point p on the boundary leaf o. Because the
intersection of domains of dependence is itself a domain of dependenee(Bg) is a domain
of dependence of some achronal set, and thus has a unique boundary, o(By).

Motivated by ideas of holographic renormalization in AdS/CFT [154] 155, 146, 156, [157],
surface state correspondence [126], and previous work on holographic screens [30] |32} |111,
34], we conjecture that there exists a holographic state living on o(Bs) which encodes aspects
of the bulk geometry to its interior. A check of this proposal is that the HRRT prescription
can be consistently applied, in the sense that the areas of these HRRT surfaces obey the
known holographic entropy inequalities. Given this consistency check, we conjecture that
“coarse-grained subregion duality” holds—mnamely that entanglement wedge reconstruction
holds on this new leaf.

Now suppose one wants to coarse-grain over some scale on this new leaf, o(Bs). This will
produce a new leaf even deeper in the bulk. Repeating this process will in turn produce a
series of new leaves, henceforth called renormalized leaves. Sending the coarse-graining scale
at each step to zero in a consistent manner will produce a continuous family of renormalized
leaves that sweep out a smooth surface through the bulk, Y. The manner in which T is
constructed naturally reveals its relationship to holographic coarse-graining. This prompts
us to assert that the continuous coarse-graining of a holographic state pulls the boundary
slice in along the slice Y.

3We could not find a proof of this statement, so we have included one in Appendix
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5.3 Holographic Slice

The geometric object T is what we will refer to as the holographic slice. In this section,
we give a more rigorous definition of holographic slices and highlight some of the salient
properties of them.

Definition

Consider a closed codimension-2 achronal surface o living in a (d+ 1)-dimensional spacetime
M. Denote the two future-directed null orthogonal directions as k£ and [. Suppose the null
expansions along these directions satisfy 6, < 0 and 6; > OP_-] For concreteness, one could
imagine o to be a leaf of a past holographic screen (6, = 0, 6, > 0) or a time slice of the
(regularized) boundary of AdS. Borrowing this language, we will call o a leaf. From Ref. [30],
we know that the boundary of the domain of dependence of o, D(¢), is an extremal surface
barrier for HRRT surfaces anchored to o. In addition, the boundary of an entanglement
wedge of a subregion I' on ¢ serves as an extremal surface barrier for all extremal surfaces
anchored within EW(T).

Now, on o, consider a family of open, codimension-0 (within the leaf) smooth subregions,
with an injective mapping from points on the leaf, p, to subregions, C'(p), with the constraint
that p € C(p) and that C(p) varies continuously with p. For example, one may take C(p)
to be open balls of radius 0 centered at p, Bs(p). Now, let

R(C) = (EW(CTp). (5.2)

peo

where C(p) is the complement of C(p) in o. From Appendix m we know that R(C') itself
is a domain of dependence of some achronal sets, all of which share a unique boundary, o/,
called a renormalized leaf; see Fig.

Provided the characteristic scale of EW(C(p)) is sufficiently smaller than the extrinsic
curvature scale of o, we can identify all points on ¢} with those on o. At each point on
o, consider the plane generated by k and [. This will intersect o}, at one point so long as
adjacent planes do not intersect at a caustic before hitting o, which is guaranteed if we take
C(p) to be sufficiently small. We now have a natural identification of the points on ¢ with
points on ¢,.. In particular, we can identify the length scale d on o to the appropriate scale
on of. Moreover, since o, € EW(C(p)) Vp and EW(C(p)) serves as an extremal surface
barrier for all surfaces anchored within EW(C(p)), all extremal surfaces anchored to of, are
contained within R(C) = D(o}). If we interpret the area of these extremal surfaces as
entanglement entropies for the associated subregions, convexity of R(C') and the null energy
condition ensure that all known holographic entanglement inequalities are satisfied. This
allows us to interpret these extremal surfaces as HRRT surfaces.

4 Appropriate modifications can be made to extend to surfaces where 65 > 0 and 6; < 0.
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Figure 5.1: R(Bj) is the entanglement wedge associated with the new leaf 0};, where we have
taken C(p) = Bs(p). It is formed by intersecting the entanglement wedges associated with the
complements of spherical subregions of size d on the original leaf o.

Utilizing coarse-grained subregion duality, we can repeat the construction above but with
new subregions, C'(p), on the renormalized leaf, of.. This yields a new leaf oZ. We can
associate points on ¢ with those on o}, and hence on o, as was done above. All we require
of the new subregions is that the size scale of C?(p) match with that of C(p) under the
natural identification described previously. This procedure can be repeated until stringy
effects become important, i.e. when the size of the renormalized leaf is O(l;).

In the limit of sending the size of C(p) to 0 for all p, the collection of all renormalized
leaves in M, T = {cL} sweeps out a continuous surface. This is a holographic slice. Note
that we can take the Gx — 0 limit in discussing classical spacetime, so we may take C'(p) — 0
thus making T continuous in this limit. We can then label the renormalized leaves of T by
some continuous parameter A, corresponding to the depth of the renormalized leaf, i.e. o(\)
is some 0%, and ¢(0) = 0. Below we take A to decrease as i increases, so that A < 0.

Properties
Uniqueness

T is dependent on an extraordinary number of degrees of freedom, namely the shape C(p)
at each point on o. Despite this freedom, we find that T is unique provided some mild
assumptions hold.

In particular, imposing homogeneity and isotropy on C(p) (and each subsequent C*(p))
yields a unique holographic slice. For example, one can restrict themselves to the case where
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C'(p) are composed of the same shape and with random orientations. These all reduce to
the slice formed by considering balls of constant radius for C'(p) and mapping these balls to
the subsequent renormalized leaves. We will focus on this preferred slice for the remainder
of the paper.

A full discussion of uniqueness is provided in Appendix However, one of the primary
results is that the vector s, which is tangent to T and radially evolves the leaf inward is
given by

1

This tells us that for a (non-renormalized) leaf of a holographic screen, s « k and 65, = 0.
In these situations, the holographic slice initially extends in the null direction and the leaf
area remains constant.

In fact, the s vector coincides with the Lorentzian generalization of the mean curvature
vector of the leaf [158, |159]. This preferred holographic slice is then realized as the mean
curvature flow of the initial leaf.

Monotonicity of Renormalized Leaf Area

One of the most important features of the holographic slice is that the area of the renormal-
ized leaves decreases monotonically as A decreases. This is crucial to the interpretation as
coarse-graining. This property can be shown in a manner similar to Ref. [46], but only after
showing that 6, < 0 and #; > 0 for each renormalized leaf. This is proved in Appendix
Armed with this knowledge, consider a point p on ¢ and the s vector (defined in the
previous section) orthogonal to the leaf o at p. The integral curves of s passing through p
provide a mapping of p to a unique point on each o(\). Now consider an infinitesimal area
element 0 A around p. The rate at which this area changes as one flows along s is measured

by the expansion
0s = 0x0, <0, (5.4)

as found in Appendix [5.8]

Since the area for all infinitesimal area elements decreases on flowing along s, the total leaf
area also decreases. In fact, this property holds locally. For any subregion of a renormalized
leaf, as one flows inward along the holographic slice the area of the subregion decreases
monotonically.

Monotonicity of Entanglement Entropy

Along with the fact that the renormalized leaf area shrinks, the entanglement entropy of sub-
regions also decreases monotonically. This must necessarily happen for a consistent interpre-
tation that the coarse-graining procedure continuously removes short range entanglement.
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This is precisely the spacelike monotonicity theorem of Ref. [32], so we will only sketch the
ideal]

Consider a leaf 0 = o()\¢) and a renormalized leaf obtained after some small amount of
radial evolution, ¢’ = g(Ag+ 0A), where dA < 0. A subregion A of ¢ is mapped to subregion
A’ of ¢’ by following the integral curves of s.

Suppose the HRRT surface (A’) anchored to A’ is the minimal surface on a spacelike
slice ¥'. Now extend ¥’ by including the portion of the holographic slice between o and

o', such that ¥’ is now an achronal slice with boundary o. Now consider the minimal

surface Z(A) anchored to A on this extended ¥'. =(A) has a portion in the exterior of ¢’
which can be projected down to ¢’ using the normal vector s. This projection, denoted by
Z(A) — 7w(E(A)), decreases the area of Z(A) due to the spacelike signature of >'. This
projection results in a surface anchored to A’, which must have an area greater than that of
7(A"). On the other hand, due to the maximin procedure [76], Z(A) must also have an area

less than the area of the HRRT surface y(A) anchored to A. In summary,
Iy (A < e ECADI < IEAN < VA (55)

where ||z|| represents the volume of the object = (often called the area for a codimension-2
surface in spacetime). The inequalities arise from minimization, projection, and maximiza-
tion, respectively.

Subregion Flow Contained within Entanglement Wedge

Suppose one were given access to a finite subregion A on the leaf ¢ and chose to apply
the holographic slice construction only to this subregion. The result would be a sequence of
renormalized leaves given by o(\) = A(A\)UA, with A(\) denoting the sequence of subregions
that result from radially evolving A as illustrated in Fig.

An interpretation of this procedure as coarse-graining requires that it should not add
any further information than what was already available. Thus, it should not allow one
to reconstruct points in the bulk beyond what was already accessible from A, i.e. EW(A).
This is ensured by the fact that the boundary of EW(A) acts as an extremal surface barrier
for HRRT surfaces anchored to points inside EW(A), and thus, at no step does A()\) cross
outside EW(A). In fact, if there were a non-minimal extremal surface anchored to A which
is contained within EW(A), the holographic slice would not be able to go beyond this. This
would be the case if one were to consider A to be a large subregion of the boundary dual to
an AdS black hole.

Probes Directly Reconstructable Region

Using the definition of Ref. [111], we define the directly reconstructable region of spacetime
as the set of bulk points which can be localized by the intersections of some set of boundary

5This interpretation may in fact be the most natural explanation of why the spacelike monotonicity
theorem holds.
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Figure 5.2: The radial evolution procedure when restricted to a subregion A results in a new leaf
o(\) = A(\) U A, where A is mapped to a subregion A(\) contained within EW(A) (blue). The
figure illustrates this for two values of A with A2 < Ay < 0 (dashed lines).

anchored HRRT surfaces and the boundary of their entanglement wedges. Boundary oper-
ators corresponding to the maximally localizable bulk operators are dual to local operators
in the directly reconstructable region [118§].

As argued in Ref. [111], the interior of an equilibrated black hole cannot be reconstructed
using the intersection of entanglement wedges. Since the horizon acts as a barrier for all
extremal surfaces anchored to points outside the black hole, o(\) stays outside the horizon
at each step. Thus, the holographic slice cannot enter the black hole interior. This implies
that bulk regions that are not directly reconstructable using the entire holographic screen
are inaccessible to any holographic slice.

In fact, as long as o(A\) does not become extremal, the holographic slice procedure can
continue moving the leaf spatially inward. This is a consequence of Theorem 1 in Ref. [34].
As we will see later, the radial evolution will only halt once the boundary state on the
renormalized leaf no longer has distillable local correlations. This can happen in two ways.
The first is that the surface closes off to zero area (corresponding to the vanishing of the
coarse-grained Hilbert space). The second is if the surface asymptotes to a bifurcation surface
or Killing horizon (corresponding to a maximally entangled state).

Holographic slices probe entanglement shadows, the spacetime regions which cannot be
probed by HRRT surfaces anchored to a non-renormalized leaf o. The extremal surfaces
anchored to o that probe the shadow regions are non-minimal. This prevents the recon-
struction of points in these regions by using intersection of HRRT surfaces anchored to o.
However, the set of HRRT surfaces used for constructing subsequent renormalized leaves
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need not be minimal on o; they need only be minimal on the renormalized leaf at hand.
Since non-minimal surfaces anchored to o become minimal when anchored to an appropri-
ately renormalized leaf o()), the holographic slice can flow through entanglement shadows.
We will see an example of this in the next section.

Not only will the holographic slice itself flow through entanglement shadows, HRRT
surfaces anchored to a renormalized leaf will probe regions behind shadows of the original
leaf. Again, this is because the minimal extremal surfaces anchored to renormalized leaves
need not be portions of minimal extremal surface anchored to the original leaf. In fact, one
immediately starts recovering portions of shadow regions once the boundary is pulled in.
This is what occurs in dense stars and conical AdS. In these cases, more and more of the
shadow is recovered as the boundary is pulled in, and the entire shadow is only recovered
once the slice contracts to a point [

Because the holographic slices pass through shadows, it seems that the collection of all
holographic slices anchored to boundary leaves will sweep out the directly reconstructable
region. However, this breaks down if one considers a disconnected boundary. Consider the
case of a two-sided AdS black hole. The directly reconstructable region can include regions
behind the horizon if one picks a foliation of the left and right boundaries with an offset in
time (see Appendix A of Ref. [34]). The intersection of HRRT surfaces anchored to large
subregions with support on both boundaries allow for the reconstruction of points behind the
horizon. On the other hand, the holographic slice is built from infinitesimal HRRT surfaces
anchored to individual boundaries and hence cannot recover regions built from these long
range correlations. In the two-sided black hole (no matter what the offset in boundary
times), the holographic slice will always connect through the bifurcation surface and never
probe behind the horizon; Section explains this in detail.

5.4 Examples

In this section, we illustrate salient properties of the holographic slice using a few example
spacetimes.

Conical AdS

We first consider conical AdS; to illustrate that the holographic slice probes regions inside
entanglement shadows. In order to obtain conical AdSs, we start with the AdSs; metric

2 2\ 1
2 _ LR ~ 2 2 792
ds ——<1+L2)dt +<1+L2) dr® +r°df-, (5.6)

8This will be explored in future work. This is similar to how entanglement of purification probes portions
of shadow regions [160]. However, to recover the entire shadow region using entanglement of purification,
one must impose additional conditions on the purification [161} [162].
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B//

Figure 5.3: The case of conical AdS3 with n = 3. The points B, B’, and B” are identified. There
are 3 geodesics from A to B, of which generically only one is minimal. Here, we have illustrated
the subregion AB with o = 7/6, where two of the geodesics are degenerate. This is the case
in which the HRRT surface probes deepest into the bulk, leaving a shadow region in the center.
Nevertheless, the holographic slice spans the entire spatial slice depicted.

where L is the AdS length scale. We then perform a Z, quotient, so that the angular
coordinate 6 has periodicity 27 /n. Locally, this spacetime is identical to AdSs, and solves
the Einstein equations for a negative cosmological constant away from r = 0. However, there
is a conical defect at » = 0 introduced by the Z,, quotient.

HRRT surfaces in this spacetime simply correspond to minimal length geodesics anchored
to subregions at the conformal boundary. As illustrated in Fig. there are n geodesics
in the parent AdS3 spacetime which are candidate extremal surfaces for a given subregion.
However, generically only one of them is minimal and corresponds to the HRRT surface.
The geodesics in AdS3 are described by the equation

r?tan’a — L?
r24+ L2
where « is the half-opening angle of the subregion being considered. Since the angular

coordinate 6 has a periodicity of 27 /n, the minimal length geodesic that probes deepest into
the bulk is obtained when o = 7/2n. From Eq. (5.7)), this gives a critical radius of [163]

Teit(n) = L cot (%) , (5.8)

which takes a nonzero finite value for n # 1. Thus, the region r < 7 (n) is an entanglement
shadow, which cannot be probed by HRRT surfaces anchored to the conformal boundary.

tan’( = (5.7)
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The holographic slice is constructed by finding infinitesimal HRRT surfaces starting from
the (regularized) conformal boundary. Since the spacetime is locally AdSs, the HRRT sur-
faces for small regions are identical to those in AdS3;. Because of the static and spherically
symmetric nature of AdS3, the renormalized leaves correspond to surfaces of constant r and
t. Now, since 7¢(n) is not an extremal surface barrier, as can be seen from the existence of
non-minimal extremal surfaces penetrating it, the holographic slice suffers no obstruction in
crossing over to the entanglement shadow. This implies that the holographic slice is simply
given by a constant time slice that covers all of the spatial region r € [0, 00).

In general, holographic slices do not have any difficulty in going into entanglement shadow
regions, since these shadows are not associated with extremal surface barriers which any
extremal surfaces anchored to the outside cannot penetrate [123]. In fact, holographic slices
also sweep entanglement shadows other than those in the centers of conical AdS, e.g. regions
around a dense star [164].

Black Holes

Consider a two-sided eternal AdS,,; Schwarzschild black hole. The metric is given by

1
ds* = —f(r) dt* + mdﬁ +r2dQ3 |, (5.9)
where ) . )
r T -2 T
fir) =14 4 - (%) (1 + L—;) (5.10)

with 7, being the horizon radius. As can be seen in Fig. the two exterior regions have a
timelike Killing vector. Thus, the HRRT surfaces anchored to subregions with support only
on one boundary respect the Killing symmetry and lie on the constant ¢ slice connecting
the respective boundary to the bifurcation surface. Subregions anchored on both boundaries
could potentially lie on a different spatial slice if the HRRT surface is connected. However,
since we are considering the holographic slice being built up using HRRT surfaces anchored
to infinitesimal subregions, those anchored on both sides always stay disconnected.

Thus, the holographic slice, as seen in Fig. is the union of static slices in both exterior
regions and terminates at the bifurcation surface. As shown in Ref. [34], the bifurcation
surface itself is extremal and lies on a Killing horizon, and hence the process of renormalizing
leaves must asymptote to this surface.

The phenomenon of a holographic screen being terminated at a nontrivial surface requires
the existence of a bifurcation surface, which is absent in most physical situations. For
example, consider an AdS-Vaidya metric where a black hole is formed from the collapse of
a thin null shell of energy |165]. The metric in ingoing Eddington-Finkelstein coordinates is
given by

ds® = —f(r,v) dv*® + 2dv dr + r*dQ3_,, (5.11)
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Figure 5.4: The exterior of a two-sided eternal AdS black hole can be foliated by static slices (black
dotted lines). The holographic slice (red) connects the boundary time slices at ¢t = ¢; on the right
boundary and ¢ = t5 on the left boundary to the bifurcation surface along these static slices.

where ) . )
1. r+\4? Ty
f(rv) =14 = = 0(v) ( . ) (1 + L?)’ (5.12)
with
0 f 0
Go)y=1{ VS (5.13)
1 for v>0.

The null shell lies at v = 0, and this spacetime is obtained simply by stitching together
an AdS-Schwarzschild metric to the future of the shell and a pure AdS metric to the past.
The composite global spacetime is time-dependent, but each of the building blocks admits
a timelike Killing vector locally as shown in Fig. As discussed earlier, since the HRRT
surfaces relevant to the holographic slice are those of infinitesimal subregions, they only
sense the local spacetime, which is static. This allows us to construct the holographic slice
independently in each region. The static slices can then be stitched together to obtain the
holographic slice as shown in Fig. [5.5]

An important feature here is that at late times, i.e. sufficiently after the black hole has
stabilized, the holographic slice constructed from a leaf stays near the horizon for long time.
Eventually, this flow terminates at » = 0. This behavior of holographic slices is, in fact,
general in one-sided black holes; see Fig for a schematic depiction.

Note that the picture of Fig is obtained in the Gy — 0 limit. When Gy # 0,
renormalized leaves will hit the stretched horizon |39], where the semiclassical description of
spacetime breaks down, before being subjected to the long flow near the horizon.
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Figure 5.5: Penrose diagram of an AdS Vaidya spacetime formed from the collapse of a null shell
(blue), resulting in the formation of an event horizon (green). Individual portions of the spacetime,
the future and past of the null shell, are static. Thus, the holographic slice (red) can be constructed
by stitching together a static slice in each portion.

FRW Spacetimes

We now discuss a nontrivial example in a time-dependent spacetime, away from the stan-
dard asymptotically AdS context. Consider a (d+ 1)-dimensional flat Friedmann-Robertson-
Walker (FRW) spacetime containing a single fluid component with equation of state param-
eter w

ds* = a(n)? (—dn® +dr* + r°dQ5_,) . (5.14)
Here,
a(n) = c|n|’, (5.15)
where ¢ > 0 is a constant, and
2
= 5.16
1= 42 + dw ( )

The discontinuity of ¢ at w = (2—d)/d is an artifact of choosing conformal time, and physics
is smooth across this value of w.
The spherically symmetric holographic screen is located at

a(n) _n

r(n) = 4 = . (5.17)
%(77) q

By spherical symmetry, the holographic slice must be a codimension-1 surface of the form
n = g(r), where each renormalized leaf is an S¢~!. Consider a renormalized leaf at n = 7,
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Figure 5.6: A schematic depiction of holographic slices for a spacetime with a collapse-formed black
hole in ingoing Eddington-Finkelstein coordinates.

and r = r,. Generalizing the results from Refs. |34, [33], HRRT surfaces anchored to a small
spherical cap of half-opening angle v of the renormalized leaf are given by

n(&)znﬁ%(ﬁf—@ﬂ..., (5.18)

where £ = rsinf and &, = r.siny with 6 being the polar angle, and a = a(n,) and a =
da/dn(n.). We refer the reader to Appendix C.3 of Ref. [34] for more details.

The next renormalized leaf is generated by joining together the deepest point of each
such HRRT surface. Suppose An and Ar represent the change in conformal time and radius
from one renormalized leaf to the next. Then we have

a
Anp=—&+... 5.19
=g et (5.19)
Ar = —(r. — o cos7y), (5.20)
so that Dy s
A P :
L 7 Lo Y (5.21)

Ar r(l—cosy) a
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Figure 5.7: Holographic slices of (3 + 1)-dimensional flat FRW universes containing a single fluid
component with equation of state parameter w.

Taking the limit v — 0, we obtain a differential equation for the radial evolution of the
holographic slice

d
ar_ 1 (5.22)
dr i
Integrating this equation gives us
I+gq
0’4 qrt =l +qrl = e it (5.23)

where 7 is the conformal time of the original non-renormalized leaf.

Let us highlight a few interesting features of this holographic slice. First, it spans the
entire interior region of the holographic screen. Next, substituting r = 7/q into Eq. (5.22))
tells us that the holographic slice starts out in the null direction from the leaf; see Eq. ((5.17).
This is because the k direction locally has zero expansion there, as discussed in Section [5.3]
As we move inward along the radial flow, however, the slope becomes flatter, and eventually
the surface reaches the highest point given by

T+
n(r=0) =mno Y q (5.24)

In Fig. we have depicted holographic slices, given by Eq. (5.23)), for several values of w
with d = 3.

Asymptotically AdS and Flat Spacetimes

Here we discuss certain subtleties associated with holographic screens that lie on an asymp-
totic boundary. First, consider a (d + 1)-dimensional asymptotically AdS spacetime, which
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can be expanded in a Fefferman-Graham series [166] near the boundary

L2 a a
ds* = ;{gab(x ,2)dzdz’ + dz*}, (5.25)
where L is the AdS length scale, and
gap(2?,2) = gi?)) () + 229((37) (") +.... (5.26)

Here, 9512) represents the conformal boundary metric, and the subleading corrections represent

deviations as one moves away from the boundary at z = 0.

In an asymptotically AdS spacetime, the holographic screen H formally lies at spacelike
infinity. In order to construct a holographic slice in such a situation, one needs to first
consider a regularized screen H' at z = € and then take the limit ¢ — 0 after constructing
the slice. Suppose that a leaf is given by a constant ¢ slice of H’, with h;; representing the
induced metric on the leaf. The null normals are then given by

k, = dz — dt + O(¢?), (5.27)
l, = —dz — dt + O(¢?), (5.28)

where the O(e?) corrections arise due to deviations away from the boundary. The null
expansions are

6, = hT% — T,

—1
=-—E&%;—l-+<7@2% (5.29)
0, = —hVT7; — hTy,
d—1

Thus, we see that the expansion 6, vanishes only in the limit € — 0.

This implies that a leaf ¢’ of a regularized screen H' (¢ # 0) is, in fact, a renormalized leaf
(6, # 0), and thus the results in Section [5.3}—that the holographic slice initially extends in
the null direction and the leaf area remains constant—do not apply. In fact, the holographic
slice extending from o’ initially evolves inward along the z direction up to corrections of
O(e), as can be seen from the fact that 6, = —6; up to O(e). In the limit ¢ — 0, both 6, and
0, vanish simultaneously. This leads to a holographic screen at spacelike infinity in a formal
sense/

A similar situation arises in asymptotically flat spacetimes. A general asymptotically flat
spacetime can be expanded in the Bondi-Sachs form [167, [168] as

%4
ds® = — —e*Pdu® — 2e* dudr
r

+ r?hap (de® — UAdu) (da® — UPdu), (5.31)

"Strictly speaking, this does not satisfy the definition of the holographic screen in Section which
requires ; to be strictly positive.
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where each of the functions admits a large r expansion with the following behavior:

V—r+0(1), 5:0(%), (5.32)
U4 = 0(%), hap = O(1). (5.33)

In order to construct a holographic slice, the holographic screen H must be regularized
to become a timelike surface H' at » = R, where we can eventually take the limit R — oo.
The null normals of a leaf on a constant time slice are

k, = du, (5.34)

V
l, = —?du — 2dr, (5.35)

giving the null expansions near the boundary

2 1
O, =——=+0| = 5.36
i=-2+0( 7). (5:30
2 1

0=—=+0(—=|. 5.37
L= R + <R2) (5.37)

Thus, similar to the case of asymptotically AdS spacetimes, a leaf of a regularized holographic
screen is a renormalized one, and both 6, 8, — 0 simultaneously as R — oo.

As a simple example, we illustrate the case of a Minkowski spacetime in Fig.[5.8] As the
limit R — oo is taken, the holographic slices become complete Cauchy hypersurfaces which
are constant time slices anchored to spatial infinity. In the limit ¢ — +oo (—00), future
(past) null and timelike infinities are obtained as a holographic slice. In this situation,
time evolution of the boundary theory from ¢ — —oo to +00 corresponds to an S-matrix
description of the bulk.

5.5 Interpretation and Applications

We have introduced the geometric definition of the holographic slice and demonstrated some
of its properties. But what does the slice correspond to in the boundary theory? What
questions can it help us address? The construction of the slice naturally lends itself to an
interpretation of eliminating information at small scales, and hence can be well understood
in the context of coarse-graining. Through this, we can think of the slice as an isometric
tensor network. This provides us with a new way to think about holographic tensor networks
and the bulk regions of spacetime that they encode.

Throughout this section we will be talking about various Hilbert spaces in which holo-
graphic states belong. To do so, we will be taking Gy to be finite but small. This is an
appropriate approximation for classical spacetimes provided we only concern ourselves with
length scales sufficiently larger than the Planck length.
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Figure 5.8: Penrose diagram of a Minkowski spacetime. The holographic slices (red) are anchored
to the regularized holographic screen H' (blue). As the limit R — oo is taken, the holographic
slices become complete Cauchy slices.

Coarse-Graining

We take the view that a boundary state, |1/(0)), lives on the original leaf, Y(0), i.e. it lives
in an effective Hilbert space, H, having a local product space structure with dimension
log |H| = [|T(0)]|/4GN. The HRRT prescription says that the emergent bulk geometry is
intricately related to the entanglement of the boundary state. In particular, despite the
fact that bulk information is delocalized in the boundary theory, a bulk region cannot be
reconstructed if some boundary subregions are ignored. The size of the smallest subregion
for this to occur gives us some idea of what scale of boundary physics this bulk region is
encoded in. Using this intuition, we can then attempt to address what coarse-graining the
boundary state corresponds to in the bulk.

At each step in the construction of the holographic slice, we eliminate the region of
spacetime associated with a small length scale, §, of the boundary. In particular, this is the
region of spacetime whose information is necessarily lost if we cannot resolve below length
scale §. In this sense, we are coarse-graining over the scale § and obtaining a new bulk
region whose information has not been lost. Recursively doing this and sending ¢ to zero
produces a continuum of bulk domains of dependence with unique boundaries sweeping out
the holographic slice, T(\). This is depicted in Fig. [5.9,

A consistency check for this interpretation is that the size of the effective Hilbert space
should necessarily decrease as we coarse-grain over larger and larger scales. This is precisely
the monotonicity property listed in Section [5.3} as one flows along the holographic slice, the
area of the renormalized leaves decreases. This tells us that the size of the effective Hilbert
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Figure 5.9: This depicts the holographic slice (maroon), and the successive domains of dependence
encoded on each renormalized leaf.

space describing the bulk domain of dependence also decreases.

As the coarse-graining procedure progressively removes information at small scales, a
corresponding removal of bulk information closest to the renormalized leaf occurs. Given
this global removal of short range information, one should expect the entanglement between
any region and its complement to correspondingly decrease. This is precisely the monotonic-
ity of entanglement entropy property observed in Section [5.3 This is consistent with the
interpretation that at each step we are removing short range entanglement.

Using the holographic slice, we can address the question of how much entanglement
between a subregion and its complement is sourced by physics at different scales. By following
the integral curves of s for the subregion, we can stop at whatever scale we desire and use
the HRRT prescription on the renormalized leaf. This gives us the entanglement entropy
sourced by physics at length scales larger than that associated with the renormalized leaf.

Radial Evolution of States

We will now be more explicit in describing the framework for coarse-graining holographic
states. Given a bulk region D(Y(0)), there exists a quantum state [¢/(0)) living in some
fundamental holographic Hilbert space, Hyy, in which the bulk information of D(Y(0))
is encoded via the HRRT prescription. This implies that Hyy has a locally factorizable
structure. On the other hand, the area of T(0) provides an upper bound for the dimension
of effective Hilbert space that [1(0)) lives in, which we call Hv (). That is, [1(0)) € Hry() C
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Hyvy. The dimension, ]HT(0)|, of the effective Hilbert space is defined as
HT
1 = S; = ) 5.38
S (5.3%)

Here, S; represents the entanglement entropy of [¢/(0)) in an infinitesimally small subregion,
A;, of the holographic space 2 on which Hyy is defined. We sum over all of these small
subregions such that Q = U;A; and A;NA; =0 (¢ # j). This reduces to calculating the area
of T(0) because of the HRRT prescription. Namely, the size of the effective Hilbert space
that [¢(0)) lives in is determined by the entanglement between the fundamental degrees
of freedom of Hyy, and ||Y(0)||/4Gx is the thermodynamic entropy associated with this
entanglement structure.

As one continuously coarse-grains [¢(0)), information encoded in small scales is lost.
Correspondingly, information of the bulk geometry that is stored in small scales is lost, and
the dimension of the effective Hilbert space that the coarse-grained state lives in decreases.
At a given scale of coarse-graining corresponding to A, the new state, [1)(\)), lives in the
same Hilbert space as the original leaf, Hyy, but now in an effective subspace, Hy(y), with
dimension given by In [Hy(y)| = [[T(N)||/4Gn. Additionally, |¢)()\)) only contains information
of D(T (X)), as we have explicitly lost the information necessary to reconstruct any part of
D(T(0)) \ D(T(A)).

Because all of the coarse-grained states live in the same Hilbert space, Hyvy, we can
consider the coarse-graining procedure as a unitary operation that takes us from state to
state, along the lines of the work of Ref. [169]. That is,

[¥(A)) = U(X,0)[¢(0)). (5.39)
We can write U(A1, A2) as
UM, \s) = Pexp l—i : K()\)d/\] , (5.40)

where P represents path-ordering. K(\) is a Hermitian operator removing physical cor-
relations between nearby subregions at the length scale, [, associated to A on 2. Some
appropriate measures of physical correlations would be the mutual information (I(A, B)),
entanglement negativity (N (A, B)), or the entanglement of purification (E(A, B)) between
neighboring small subregions of the leaf under consideration, T(\). Note that as the bound-
ary state becomes maximally entangled, all three of these measures will vanish. This also
happens if the boundary state in consideration has no entanglement, i.e. is a product state.
Of the three measures, entanglement of purification already has a bulk description that
naturally characterizes some measure of moving into the bulk. In particular, Refs. [Takayanagi:2017knl,
Nguyen:2017yqw| proposed that the entanglement of purification of two boundary sub-
regions, A and B, is calculated by the minimum cross section, (, of a bipartition of the
extremal surface anchored to AU B; see Fig. Considering the case where A and 0B
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A B

Figure 5.10: Let A and B two boundary subregions. The blue lines represent the HRRT surface of
AU B and ¢ the minimal cross section. The entanglement of purification of A and B is given by
IC||/4Gx. In the limit that A and B share a boundary point, ¢ probes the depth of the extremal
surface.

coincide at some point, and whose connected phase is the appropriate extremal surface, the
entanglement of purification gives some measure of the depth of the extremal surface. In
bulk dimensions higher than 2 + 1, ||| will not be in units of length, but it is still related
to the depth of the extremal surface. Thus it seems natural that K (\) is some (quasi-)local
function, F', of physical correlations, including but not necessarily limited to quantum entan-
glement, at the scale [,. For example, it may be related to the entanglement of purification:

K(\) ~ /dd_le(EA(x)), (5.41)

where x are the coordinates of Q2. Here, F,(x) is the “density” of the entanglement of
purification between the degrees of freedom in two neighboring regions on o(\) around x.

Alternately, the case of subregion coarse-graining as in Fig. motivates the usage of
results from Ref. [116], which can be used to map the state from o to o(\). In AdS/CFT,
modular evolution allows one to explicitly reconstruct bulk operators on the HRRT surface.
With our assumption that the HRRT formula holds (with quantum corrections), a similar
construction should be possible given complete knowledge of the boundary theory. K(\)
may then be better understood as a convolution over modular evolutions with infinitesimal
boundary subregions:

K(X\) ~ /ddlx F(ra(x)), (5.42)

where ky(x) is the modular Hamiltonian density on o(\) at x. It would be interesting to
make the connection of K () to modular evolution clearer in the future.

The process of removing short range correlations continues until all correlations at the
scale [, have been removed, and hence no more bulk spacetime can be reconstructed. This
can happen when the slice contracts to a point and no local product structure exists in the
effective Hilbert space Hy(y). Note that in Hyy this state corresponds to a product state,
so that S; = 0 for every subregion in Hyy. The other way in which all relevant correlations
vanish is when the coarse-grained state becomes maximally entangled in H~(y). In Hyy, this
corresponds to a state which satisfies Sq = >, 4 S; for all subregions, A, of .

When the coarse-grained state becomes maximally entangled in Hvyyy, U(A + dA, A)
becomes the identity for Eq. as K (\) becomes 0. Hence, the state remains invariant
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under the coarse-graining operation. There are two ways for this to happen geometrically.
One is if the slice approaches a bifurcation surface; then the extremal surfaces coincide with
the renormalized leaf, hence preventing any further movement into the bulk. This is the case
for eternal two-sided black holes. The second is if the slice approaches a null, non-expanding
horizon and the state is identical along the horizon. This is the case in de Sitter space. This
result is complementary to Theorem 1 of Ref. [34], which proves that if a boundary state is
maximally entangled, it must either live on a bifurcation surface or a null, non-expanding
horizon.

This may initially seem like a contradiction—that both the state becomes maximally en-
tangled and that there are no more correlations to harvest. However, it is precisely because
we are examining correlations at small scales that this occurs. A small boundary region is
maximally entangled with the entire rest of the boundary, and hence the short range en-
tanglement must vanish. One can quantify this by examining the entanglement negativity
of bipartitions of small subregions on o(\). As states become maximally entangled, the
entanglement negativity vanishes for two small subregions. This places an upper bound on
the real, distillable entanglement between these subregions. Hence, the true quantum entan-
glement at small scales vanishes as a state becomes maximally entangled. Correspondingly,
the coarse-graining procedure halts. This is indeed what happens to the holographic slice.

The same can also be seen by considering the modular evolution, Eq. , of a maxi-
mally entangled subregion. In this case, the modular evolution is proportional to the iden-
tity operator, and hence the modular flow of the state is stationary. This corresponds to no
movement into the bulk as expected by the properties of the holographic slice for maximally
entangled states.

Tensor Network Picture

In this language the relationship to tensor networks is very clear. The holographic slice arises
as the continuous limit of a tensor network that takes a boundary state and disentangles
below a certain scale, reducing the effective Hilbert space size. This is a slight generalization
of continuous Multiscale Entanglement Renormalization Ansatz (cMERA) [150], which is
restricted to hyperbolic geometries.

In general, we can consider a tensor network as a non-continuum modeling of the holo-
graphic slice, which isometrically embeds boundary states into spaces of lower effective
dimension by removing short range correlations; see Fig. In the ground state of
AdS/CFT, this corresponds to an instance of Multiscale Entanglement Renormalization
Ansatz (MERA) [25]. Each layer of the tensor network then lives on the corresponding
renormalized leaf of the discrete version of T. From this we see that the tensor network lives
on this discrete version of the holographic slice. Because isometric tensor networks obey a
form of HRRT, one may mistakenly conclude that the cut through the network computes the
area of the corresponding surface in the bulk along the holographic slice. This is generally
not the case; the maximin method tells us that this area provides only a lower bound on the
entanglement. The entanglement calculated in this way instead corresponds to the area of
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Figure 5.11: A tensor network for a non-hyperbolic geometry. The green rectangles correspond
to disentanglers while the blue triangles are coarse-graining isometries. Each internal leg of the
tensor network has the same bond dimension. We are imagining that o corresponds to a leaf of
a holographic screen and each successive layer (o1 and o9) is a finite size coarse-graining step of
the holographic slice. Through this interpretation, the tensor network lives on the holographic
slice. However, the entanglement entropy calculated via the min-cut method in the network does
not correspond to the distance of the cut along the holographic slice in the bulk. It corresponds
to the HRRT surface in the appropriate domain of dependence. The locations of o1 and oy in
the bulk are found by convolving the HRRT surfaces for the small regions being disentangled and
coarse-grained. The holographic slice is a continuous version of this tensor network.

the HRRT surface anchored to the appropriate subregion of a renormalized leaf. In other
words, the tensor network should not be viewed as a discretization of the holographic slice,
but rather as a set of boundary states dual to successively smaller domains of dependence.
In fact, this interpretation can be applied to any isometric tensor network, and we argue
that this is the proper way to view tensor networks representing bulk spacetimes. That is,
given a state represented by an isometric tensor network, one can find a set of states by
pushing the boundary state through the tensors one layer at a time such that no two layers
have the same boundary legs.ﬁ These successive states are then dual to bulk domains of
dependence that are successively contained in each other, and whose boundaries lie on (a

8This picture can perhaps be used to show that the dynamical holographic entropy cone is contained
within the holographic entropy cone [144]. By explicitly constructing the holographic slice tensor network
that encodes a state of a time dependent geometry, we will have found a model that encodes the entropies
in a way that ensures containment within the holographic entropy cone.
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discrete version of) the holographic slice.

Time Evolution and Gauge Fixing

The preferred holographic slice of Section provides us with a novel way to foliate space-
times. By applying the holographic slice procedure to each boundary time slice, one foliates
the bulk spacetime with holographic slices.

In order for this to provide a good gauge fixing, the holographic slices generated from
different boundary time slices must not intersect. In spherically symmetric cases, these
intersections do not occur. From the spherical symmetry of the spacetime, the renormalized
leaves must also be spherical. Thus, if two holographic slices did intersect, they must intersect
at a renormalized leaf. However, the evolution of the slice is unique from this leaf, and hence
these two slices do not intersect. Furthermore, the reverse flow is also unique and hence
the slices must exactly coincide. This prevents ambiguities in the gauge fixing of the bulk
spacetime.

Outside of spherically symmetric cases, if sgn(K), the sign of the extrinsic curvature of
the slice, is constant over the slice then no slices will intersect. By joining a slice with the
past (future) portion of the holographic screen in the K > 0 (< 0) case, one can create a
barrier for extremal surfaces anchored in the interior of the barrier. This implies that any
slice constructed from a leaf cannot penetrate slices generated from leaves towards its future
(past) if K >0 (<0).

As explained in Sections and the foliation generated by the holographic slices
will not probe behind late-time horizons. Thus this foliation provides a gauge fixing of the
region of spacetime exterior to black hole horizons. In this region, the foliation provides a
covariant map from boundary time slices to bulk time slices.

5.6 Relationship to Renormalization

In this section, we discuss how our coarse-graining procedure is related to conventional
renormalization, both in the context of standard quantum field theories and AdS/CFT.

Analogy to Renormalization in Quantum Field Theories

We first draw an analogy between pulling in the boundary along the holographic slice and
standard renormalization in quantum field theories. In particular, we liken the limitations of
fixed order perturbation theory with the existence of reconstructable shadows. We begin by
reviewing renormalization in quantum field theories phrased in a way to make the relationship
clear.

Suppose one computes the amplitude of a process involving two widely separated mass
scales m and FE in fixed order perturbation theory. In terms of a renormalized coupling



CHAPTER 5. PULLING THE BOUNDARY INTO THE BULK 138

constant g, it is given generally in the form

M= Z (16W2 i)n (5.43)

where ¢,’s are of the same order. This implies that even if /1672 is small, this perturbation
theory breaks down when In(E/m) ~ 1672 /g.

There is, however, a way to resum these logarithms—the renormalization group. In-
troducing the concept of running coupling constant, g(u), defined at a sliding scale pu, the
amplitude of Eq. can be written as

M= Z (162 )n. (5.44)

The process can now be calculated perturbatively as long as both g(m)/1672 and g(FE)/1672
are small, where g(m) and g(F) are related by a continuous renormalization group evolution.
In general, the range of validity of this renormalization group improved perturbation theory
is larger than that of fixed order perturbation theory.

This phenomenon is analogous to the existence of shadows in the holographic reconstruc-
tion. If one tries to reconstruct the bulk in a “single shot” using HRRT surfaces anchored
to the original leaf, then there can be regions in spacetime (shadows) that cannot be recon-
structed. This, however, is not a fundamental limitation of the perturbative reconstruction
of the bulk. As we have seen, we can reconstruct a portion of entanglement shadows by
performing a reconstruction in multiple steps: first renormalizing the leaf and then using
HRRT surfaces anchored to the renormalized leaf. By doing this renormalization with more
steps, one can progressively probe deeper into shadow regions. Going to the continuum limit
(the holographic slice), we find that we can describe physics in shadows without difficulty.

Even with the renormalization group improvement, the perturbative description of physics
stops working when ¢(x) hits a Landau pole or approaches a strongly coupled fixed point.
This is analogous to the fact that the evolution of the holographic slice halts, U(A1, Ag) ox 1
in Eq. , once the renormalized leaf contracts to a point or approaches a horizon. Inci-
dentally, this picture is consonant with the idea that describing the interior of a black hole
would require “nonperturbative” physicsﬂ

We stress that from the boundary point of view, renormalization of a leaf corresponds to
coarse-graining of a state at a fixed time. A natural question is if there is an effective theory
relating coarse-grained states at different times. We do not see a reason to doubt the existence
of such a theory, at least for degrees of freedom sufficiently deep in the bulk. Since the coarse-
graining depends on the state, however, the resulting description may well be applicable
only within a given geometry, i.e. a selected semiclassical branch of the fundamental state
in quantum gravity.

9In particular, an interior description may require changing the basis of multiple black hole mi-
crostates |62} |170], each of which can be viewed as having different background geometries corresponding to
slightly different black hole masses [84} |86].
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Comparison to Holographic Renormalization in AdS/CFT

How is the holographic slice related to holographic renormalization in asymptotically AdS
spacetimes? There has been extensive literature devoted to the latter subject. Here we will
highlight the essential difference between our renormalization procedure and the perspective
of Susskind and Witten [124].

If one kept N2 (the number of field degrees of freedom) fixed per cutoff cell and applied the
Susskind-Witten method of regularization deeper in the bulk, a local description of physics
on the boundary would break down once R = lrqs. Here, R and laqg are the radius of the
cutoff surface and the AdS length scale, respectively. This is because the number of degrees
of freedom within an [gs-sized bulk region is of order (Ixqs/lp)?~!, which is just N2. Here,
lp is the Planck length in the bulk.

However, holography extends to sub-AdS scales, and the extremal surfaces anchored to
a cutoff at lrqs satisfy the appropriate properties to be interpreted as entanglement en-
tropies [126, 30]. As emphasized throughout the text, the connection between entanglement
and geometric quantities seems to extend beyond AdS/CFT [115, 55]. Because of this, we
expect that there should be some way to renormalize the boundary state in such a way
to preserve the HRRT prescription at all scales. This is, however, prohibited if we fix N?
because already at an [xqs-sized region we lose the ability to talk about the entanglement of
boundary subregions (as there is only one boundary cell).

Therefore, if one wants to preserve the ability to use the HRRT prescription, N? must
change as the boundary is pulled in. Simply requiring that N? > 1 per cell will allow
renormalization down to lp. This is easily seen by noticing that the number of cells for a
boundary moved in to radius R (< lags) is given by the total number of bulk degrees of
freedom, (R/lp)¢1, divided by N2. This implies that when R = Ip the number of cells is of
order unity, and the holographic description must break down. In fact, the bulk description
is expected to break down before this happens. Suppose that the gauge coupling, g, of
the boundary theory stays constant. Then the requirement of a large 't Hooft coupling,
N2 >1/g* = (I;/lp)¥!, implies that the bulk spacetime picture is invalidated when R < [.
Here, [ is the string length. Assuming the existence of a renormalization scheme preserving
the HRRT prescription implies that there exists a way to redistribute the original N? degrees
of freedom spatially on a coarse-grained holographic space.

The construction of the holographic slice requires extremal surfaces to be anchored to
renormalized leaves, so the renormalization procedure utilized must necessarily preserve the
ability to use the HRRT prescription. The holographic slice, therefore, must employ the
special renormalization scheme described above.

5.7 Discussion

The holographic slice is defined using HRRT surfaces, and hence is inherently background
dependent. This prohibits the use of the holographic slice as some way to analyze the coarse-
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grained behavior of complex quantum gravitational states with no clear bulk interpretation.
In particular, if a state is given by a superposition of many different semiclassical geometries,

W) = c1|tn) + caltha) + -+, (5.45)

then the holographic slice prescription can be applied to each branch of the wavefunction,
|1;), independently. However, there is no well-defined slice for |¥). This is the same limi-
tation one would face when considering the entanglement wedge of similar states. Despite
this, for superpositions of states within the code subspace, the analyses of Refs. [111} 53] tell
us the holographic slice construction is well defined.

Regardless, the holographic slice sheds light on the nature of bulk emergence. The
construction of the slice harvests short range entanglement between small subregions, not in
the form of entanglement entropy. It is precisely this that allows the slice to flow into the
bulk and through entanglement shadows. This work emphasizes the idea that entanglement
entropy as measured by von Neumann entropy is not sufficient to characterize the existence of
a semiclassical bulk viewed from the boundary. Other measures of entanglement (negativity,
entanglement of purification, etc.) may be more useful to analyze bulk emergence. This was
explored extensively in Ref. [34].

The slice additionally provides a very natural interpretation for non-minimal extremal
surfaces as the entanglement entropy for subregions of coarse-grained states. Because the
coarse-graining procedure mixes up the boundary degrees of freedom while removing the
short range information, the interpretation of non-minimal extremal surfaces in terms of
purely UV boundary terms will necessarily be very complicated [163]. However, once coarse-
graining occurs these complicated quantities manifest with a simple interpretation. This is
also what is seen in the entanglement of purification calculations.

By assuming that the holographic states all live within the same infinite dimensional
Hilbert space, Hyv, we were able to discuss the mapping from a boundary state to a coarse-
grained version of itself. This is what gave rise to the K () operator in Section Al-
ternatively, rather than use Hyy to discuss coarse-graining, one can use it to talk about
time evolution in the boundary theory. One of the major hurdles in formulating theories
for holographic screens is the fact that the area of the screens are non-constant. If one
were to view this area as determining the size of the true Hilbert space the state lived in,
then time evolution would require transitions between Hilbert spaces. However, by viewing
the leaf area as a measure of the size of the effective subspace that the state lives in, we
are free from this complication. In fact, modeling time evolution is similar to performing
the reverse of the coarse-graining operation. This introduces entanglement at shorter and
shorter scales, which increases the effective subspace’s size. Of course, time evolution must
account for other complex dynamics, but simply increasing the screen area is no difficulty.
This interpretation suggests that the area of holographic screens is a thermodynamic entropy
measure, rather than a measure of the fundamental Hilbert space size.

Concluding, the holographic slice is a novel, covariantly defined geometric object. It
encodes the bulk regions dual to successively coarse-grained states and we propose that the
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flow along the slice is governed by distillable correlations at the shortest scales. This may
be related to the entanglement of purification of small regions or the modular evolution of
such regions. Investigation of the explicit boundary flow along the slice seems to be the most
promising avenue of future work. It may also be fruitful to study the mean curvature vector
flow of codimension-2 convex surfaces in Lorentzian spacetimes, as characterizing solutions
to this flow may provide insights into the coarse-graining operation.

5.8 Appendix

Intersection of Domains of Dependence

Lemma 1. Let X be a closed, achronal set and D(X) be the domain of dependence of . Let
p and q be points in D(X), and A a causal curve such that A\(0) = p and A(1) = q where p
lies to the past of q. Then, all points r = \(t) for t € [0,1] are contained in D(X).

Proof. Suppose such a point r does not belong to D(3). Then, there must exist an inex-
tendible causal curve A that passes through r and does not intersect . Without loss of
generality, assume that r lies to the past of X. Consider a causal curve composed of A\ to
the past of » and X to the future of . This would then be an inextendible causal curve
passing through p but not intersecting >, implying that p does not belong to D(X), thus
contradicting the assumption. O]

Lemma 2. Let R be a closed set such that every causal curve connecting two points in R
lies entirely in R. Let X be the future boundary of R defined by points p € R such that 3 a
timelike curve \ passing through p that does not intersect R anywhere in the future. Then,

1. ¥ is an achronal set.

2. RC D(%).

Proof. We first show that X is an achronal set. Suppose there exist two points p and ¢ in
> that were timelike related. Without loss of generality, assume that p lies to the past of
q. Consider an open neighborhood of p denoted by U(p). Consider a point r such that
r € {l.(p) NU(p)} \R. By continuity, 3 a timelike curve A\ connecting r to g. A can then be
extended to pass through p in the past. Thus, we have found a causal curve that connects
points p and ¢, both of which belong to R, and passes through r ¢ R. This contradicts the
assumption, and hence, > must be an achronal set.

Now, we can show that R C D(3). Consider a point p such that p € R\X. Then, I, (p)
must intersect . To show this, suppose it were not true and consider a future causal curve
A from p which does not intersect . The boundary point of AN R then also has a timelike
curve through it which does not intersect R anywhere in the future, and thus should be
included in the set 3. Therefore, I, (p) either intersects 3 everywhere in the interior of ¥ or
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intersects some portion of the boundary of . In the first case, all inextendible causal curves
through p necessarily pass through 3, and hence p € D(X). In the second case, extend X in
a spacelike manner to an open neighborhood around Y where a point ¢ outside X is timelike
related to p. Causal curves from p to ¢ would not intersect 3 since ¢ is spacelike related to
all points on . Consider the intersection of this curve with R. It must have a boundary
point which does not belong to . This point would then have inextendible timelike curves
through it that do not intersect R in the future. This contradicts the assumption that this
point was not in Y. This implies that the second case is impossible. Hence, we have proved
that R C D(). m

Theorem 3. Consider two codimension-1 spacelike subregions 1 and Yo that are compact.
Let their domains of dependence be D(3,) = Dy and D(X3) = Dy. Then D = Dy N Dy is
the domain of dependence of the future boundary of D denoted by 3.

Proof. Consider any two points p and ¢ that belong to D. Both p and ¢ belong to D; and
D,. Using Lemma [1, we can conclude that all points on a causal curve joining p and ¢
belong to both D; and Dy. Hence, any such point also belongs to D. Thus, D satisfies the
condition required for R above in Lemma 2} Using Lemma [2| then tells us that D C D(X).

Since Y is defined to be the future boundary of D, ¥ itself is necessarily contained in D.
Now consider any p € D(X). Any causal curve A passing through p intersects 3 by definition.
However, since > C D, all inextendible causal curves through ¥ necessarily intersect both
Y1 and X,. Thus, all inextendible causal curves through p also pass through both 3; and
Yo, This implies D(X) C D.

Combining the above two results, we have shown that D = D(X). Namely, the intersec-
tion of two domains of dependence is also a domain of dependence. O

Uniqueness of the Holographic Slice

Consider a codimension-2, closed, achronal surface ¢ in an arbitrary (d + 1)-dimensional
spacetime M. Suppose o is a convex boundary. We assume that both M and o are sufficiently
smooth so that variations in the spacetime metric g,, and induced metric on o, denoted by
hi;, occur on characteristic length scales L and L,, respectively.

Theorem 4. Consider subregion R of characteristic length 6 < L, L, on o. To leading
order, the extremal surface anchored to OR lives on the hypersurface generated by the vector
s = 6t — 0.2 normal to o. Here, t and z are orthonormal timelike and spacelike vectors
perpendicular to o, and 0, = h" K, and 0, = hY K} where K}, and K7; are the extrinsic
curvature tensors of o fort and z, respectively. This property is independent of the shape of
R.

Proof. Start from a point p € R and set up Riemann normal coordinates in the local neigh-
borhood of p.

1
G () = Ny — 3 Ruproa” + O(a?). (5.46)



CHAPTER 5. PULLING THE BOUNDARY INTO THE BULK 143

In these coordinates, we are considering a patch of size § around the origin p with R,,,,, ~
O(1/L?). Equivalently, we could consider a conformally rescaled metric

ot = ey, (5.47)
ds® = €2 g, (ey) dytdy”, (5.48)
ds® = g, (ey) dy"dy”

= Guv(y) dy"dy”, (5.49)

where e = §/L < 1.

In this alternate way of viewing the problem, we have a patch of size L with the metric
varying on a larger length scale L/e. In these coordinates, each derivative of the conformal
metric brings out an extra power of ¢; for example,

82 82 62

G = g 5.50
Byrdye I = © urapr I T 12 (5.50)

The connection coefficients I' vanish at p due to our choice of Riemann normal coordinates.
This implies that for points in the neighborhood of p, we can Taylor expand to find

2

€
an ~ 37 (551)
2
€
Rypwo ~ 13- (5.52)

Note that these quantities are obtained using the rescaled metric g,, in the y* coordinates.
Since there is still a remaining SO (d, 1) symmetry that preserves the Riemann normal
coordinate form of the metric, we can use these local Lorentz boosts and rotations to set
t and z as the coordinates in the normal direction to o at p while y' parameterize the
tangential directions. This is a convenient choice to solve the extremal surface equation in a
perturbation series order by order. The extremal surface equation is given by [48]

i (apagw +T% 9,V 0,V — r;UaAw) —0. (5.53)

This is a set of d + 1 equations for the embedding of the extremal surface Y*, which are
functions of d — 1 independent coordinates. The equations in the tangential directions are
trivially satisfied by taking the d — 1 parameters to be y*. This leaves only two equations in
the normal directions to be solved.

From the discussion above, when restricted to the local patch of size L, we have

g =n" +0(e), (5.54)

I, = O(%) (5.55)
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Assuming the extremal surface is smooth, derivatives of Y* typically bring down a power of
L,. Thus,

Y ~ O(1), (5.56)

O*Y ~ 0(%0). (5.57)

Using this, at the leading order in € and €, = §/L,, the extremal surface equations simply
become B
07 0;0;Y" =0, (5.58)

where p takes the ¢t and z directions. We write these as
Vitg = V2 = 0, (5.59)

where tg and zg are functions of y°.
Let K!., K 7 denote the extrinsic curvature tensors for the ¢ and z normals, respectively.

15
Following the above scaling arguments, K K3 o~ ¢/L,. Here, we have assumed that

177
L, < L, although this is not essential for the final result. Because ¢ and z are normal to the
leaf, the equations for the leaf, described by t,(y’) and z1(y"), can be Taylor expanded in

the neighborhood R as

i Lo i, j ey’

tu(y') = 5 Kyy'y’ + O 73 ), (5.60)
i Lo i ey’

2(y') = §Kz‘jy Y+ O( 72 ) (5.61)

where the negative sign in the first line is due to the timelike signature of the ¢ normal. The
boundary conditions for the extremal surface equation are

tg(OR) = tL(OR), (5.62)
25(0R) = z1,(0OR). (5.63)

Now, consider 6t = tg — t;, and 0z = zg — z1,. The extremal surface equations are then given
by

V26t = Vi, =0, {1+ O(e,)}, (5.64)
V262 = -V, = 0. {1+ O(e,)}, (5.65)

where 6, = h“K}; and §, = h" K. Note that h;; = 7;; at this order. The boundary
conditions are given by

5t (OR) = 6z (OR) = 0. (5.66)
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It is now clear that at leading order §t/60; and —dz/6, satisfy the same equation with the
same boundary conditions. Thus,

ot 0,
— = ——+0(¢,), 5.67
=g+ Oler) (567
for all points on the extremal surface. Rewritten, the extremal surface lives on the hyper-
surface generated by s = 6,t — 6,2, orthogonal to o.

This result is independent of the explicit shape of subregion R. n

Theorem {4 essentially brings us to the uniqueness of the holographic slice. The new
surface, o', is generated by a convolution of the “deepest” points on each (R). Consid-
ering balanced shapes such that the “deepest” point corresponds to y* = 0, §t/dz has the
interpretation of the slope of the evolution vector s from p which takes it to the new leaf
o’. Slight imbalances in the shape would only affect the slope at subleading order in €, e,
and thus, the slope of s is determined in a shape independent manner in the limit €, e, — 0.
In order to move to ¢’, we must also specify the distance, dA(p), by which we move along
s at each step. If the size of C'(p) is homogeneous across o, then d\(p) is independent of p
to leading order. Thus, the new leaf o’ obtained at each stage is unique up to small error
terms. Following a similar procedure at each stage, e.g. by choosing random uncorrelated
shapes of size ¢’ (found by mapping length ¢ to ¢’ by s) for subregions C’(p) at each point
p, ensures that the error terms do not add up coherently. This implies that the holographic
slice is obtained by following the integral curves of the evolution vector s starting from each
point p € o, and hence is unique.

Corollary 2. Construct a holographic slice such that C*(p) is homogeneous and uncorrelated
with C(p), j # i. Let the sizes of C*(p) be determined by mapping the characteristic length,
8, of C(p) on o to o' by s. The continuum version (sending & — 0) of all such slices are
tdentical.

As an aside, there are certain interesting features that this analysis highlights. Consider
a generic leaf of a holographic screen ¢ and the future directed orthogonal null vectors k& and
[ normalized as k- = —2. The t and z vectors are then given by

1 1
t=—(k+1), z=—(k-=1). (5.68)
2 2
From the linearity of extrinsic curvature, this leads to
1 1
0, = 5(9k + 01), 0, = 5(9k — (9[) (569)
The evolution vector s and its associated expansion 6, are given by

1
S = Gtt — QZZ = §(ekl + 0[]{7), (570)
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and

0, =02 — 0% = 6,6, < 0, (5.71)

respectively.
At the holographic screen, 8, = 0. This leads to

s o k, 0s = 0. (5.72)

Namely, the initial evolution of the holographic slice from a non-renormalized leaf occurs in
the k direction with a non-expanding or contracting leaf area.

Convexity of Renormalized Leaves

Definition. On a spacelike slice X, a compact set S is defined to be convex if all the
codimension-1 minimal surfaces v(A) anchored to a codimension-2 region A C S are such

that VA, v(A) C S.

Lemma 3. S is conver if and only if Kx(0S) < 0, where Kx(0S) is the trace of the extrinsic
curvature of S embedded in X for the normal pointing inward.

Proof. This follows from the fact that if Kx(0S5) < 0, 0S acts as a minimal surface barrier
and hence, all the minimal surfaces must be contained within S. For the converse, suppose
Kx(0S) > 0 somewhere on 05, then by considering small enough subregions anchored to
this portion of 05, one can explicitly construct minimal surfaces that are outside S. m

Definition. In a spacetime M, a codimension-2 compact surface o is called a convex bound-
ary if on every codimension-1 spacelike slice > such that o C X, the closure of the interior
of o is a convex set.

Theorem 5. o is a convex boundary if and only if the null expansions in the inward direction,
.e. 0, and 0_;, are both non-positive.

Proof. An inward normal n on a spacelike slice ¥ is given by a linear superposition of k and
l,i.e. n = ak—pl with some a, 8 > 0. If 8, < 0and 6, > 0, then Kx(0) =60, = abfp,— 56, <0
for all choices of a, 8 > 0. Thus, from Lemma [3, ¢ would be convex on all ¥ containing o.
For the converse, suppose 0 > 0. One can then choose ¥ such that Kx(o) > 0 by taking
f < a. Thus, from Lemma [3] o would not be convex on ¥, and hence o would not be a
convex boundary. The same argument applies if §; < 0. [

Fact. A leaf of a holographic screen is a convex boundary. The boundary of any entanglement
wedge is also a convex boundary.

Theorem 6. The intersection of the interior domains of dependence of two convex bound-
aries o1 and oy, represented by D1 and Dy is the interior domain of dependence of a convex
boundary o’.
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Proof. As shown in Appendix [5.8, D' = D; N Dy is the interior domain of dependence of
some o’. We only need to show that ¢’ is convex. In order to show this, we can consider two
slices Y1 and X, passing through o and o, such that they are identical in the interior of o’
and are disjoint in the exterior of ¢’. Let us denote the slice through the interior of ¢’ to
be ¥'. Now consider any codimension-2 region A C ¥'. Then, from the convexity of o1, the
minimal surface y(A) is contained in the interior of oy on ¥;. Similarly, v(A) is contained
in the interior of g3 on 3,. This is only possible if y(A) is contained in the interior of o’
on Y. This is true for arbitrary ¥’ and hence, by definition, ¢’ is a convex boundary. The
maximin process can now be applied to o’. O

Corollary 3. In a black hole spacetime or the case of a spacelike screen in an FRW space-
time, the coarse-graining procedure moves away from the singularity in the direction where
the expansions 0, and 0, have opposite signs. At each step of coarse-graining, 6, and 0; in
general have opposite signs.
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Chapter 6

Holographic Entanglement Entropy in
TT Deformed CFTs

This chapter is a replication of Murdia et al. “Comments on holographic entanglement
entropy in 7T deformed conformal field theories”, in Phys. Rev. D100.2 (2019), p. 026011,
and is reproduced here in its original form.

6.1 Introduction

Gauge-gravity duality, specifically AdS/CFT, is our best known example of a holographic
description of quantum gravity [14]. The so-called GKPW dictionary [82, |15] relating bulk
physics to boundary dynamics takes the form

ZCFT[’YZ]] — e_lbulk[guu]7 (61)

where ;; is the background metric of the space in which the boundary CFT lives, and g,
is the bulk metric. A particularly consequential holographic correspondence given by this
duality is the Ryu-Takayanagi (RT) formula

~ or=a4 | 4G

S(A) = min {M} , (6.2)

which relates the entanglement entropy of a subregion A of the boundary space to the area of
the bulk extremal surface I anchored to the entangling surface A |16, |47, |48]. Throughout,
we will work to leading order in the bulk Newton’s constant, G, and suppress all bulk fields
aside from g,,,. Higher order effects are well understood in the context of AdS/CFT |28, 29].

Other holographic dualities with similar features have been proposed. In particular,
the TT deformation of 2-dimensional CFTs and its appropriate generalizations to higher
dimensions have been argued to have holographic duals [36, 171, |172]. Of crucial importance
to our discussion is that the proposed dictionary relating the boundary and bulk observables
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in these theories takes the same form as Eq. (6.1, except that now Dirichlet boundary
conditions are imposed on a cutoff surface in the bulk.

The simple idea we would like to highlight is that Eq. was derived in the context of
AdS/CFT from Eq. under rather tame assumptions [23]. The same argument, therefore,
can be used to show that the RT formula holds for all dualities adopting dictionaries of the
form of Eq. . This straightforward result is known in the community; however, careful
consideration of it resolves subtleties involving counterterms when calculating entanglement
entropy in TT deformed theories.

We start by reviewing some aspects of entanglement entropy from a field theory perspec-
tive in Section We then proceed to a calculation in the particular case of T'T" deformed
theories in Section We discuss the general holographic argument for the RT formula in
Section which is followed by a sample calculation in cutoff AdS in Section[6.3] Along the
way, we address some subtleties related to holographic renormalization. We conclude with
a discussion about the consequences for holography in general spacetimes in Section

Note that several calculations of entanglement entropy in 7T deformed theories have
appeared recently [173, 174,175,176, |177, (178, [179]. Our goal is to emphasize the generality
of the arguments leading to an agreement between boundary entanglement entropy and the
RT formula and clarify some of the calculations performed in these works.

Conventions

The background metric of the space in which the boundary field theory lives is denoted by
7ij, while h;; refers to the bulk induced metric on the cutoff surface at r = r.. These are
related by h;; = r2v,;.

6.2 Field Theory Calculation

Preliminaries

Consider a D-dimensional CFT with action I[¢] = [ dPz\/7 L[¢]. One can prepare a density
matrix p on a spatial slice X using an appropriate Euclidean path integral. In order to
compute the entanglement entropy S(A) of a subregion A of 3, one can use the replica trick
as follows:

S(4) = lim 28 (29 [My]) —nlog (2 [M])

n—1 1—n

_ (1 — n%) log (2" [M.,])

, (6.3)

n—1

where

ZO[M] = / D¢ exp (— /M d%ﬁﬁ[gﬁ]) (6.4)
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is the “bare” partition function computed by the path integral on a given manifold M. M,
is the manifold used to compute Tr p, while M,, is an n-sheeted version of M; which is a
branched cover with a conical excess of angle A¢ = 27(n — 1) localized at the (D — 2)-
dimensional submanifold JA.

The bare partition function Z®[M] typically diverges and takes the form

log (Z®[M]) = c1(Aa)? + ca(Aa)P 2 + ..., (6.5)

where A is a UV cutoff and « is the length scale associated with the manifold A/ [180]. What
are the contributions of these divergences to entanglement entropy? These divergence can
be expressed as local integrals of background quantities [181} 182, 183]. (In even dimensions,
there is a logarithmic divergence which cannot be expressed in this manner.) This implies
that their contributions cancel in Eq. (6.4]) everywhere away from 0A, since M,, and n copies
of M; are identical manifolds except at 0A. However, M,, has extra divergent contributions
coming from curvature invariants localized at 0A. This leads to

LD/2]
S(A) =) apAP / APV H [R K (6.6)
k=1 04

where [R, K2]*~1 represents all possible scalar intrinsic and extrinsic curvature invariants of
0A of mass dimension 2k — 2, with their coefficients collectively written as ag, and Hg, is
the intrinsic metric of 0A. Here, we have suppressed possible finite terms to focus on the
leading divergences. This is the famous “area law” associated with entanglement entropy,
which comes from the short distance correlations between A and A.

Since the above behavior is sensitive to the cutoff, one often considers a renormalized
version of entropy. In particular, the divergences in Eq. can be subtracted (except for
logarithmic ones) by introducing a counterterm action I.; which involves local integrals of
curvature invariants:

LD/2]+1

Ip= Y DbAP™F / dPr /4 RF. (6.7)
k=1 M

Here, R*~! represents all possible scalar curvature invariants of M that one can write down
at mass dimension 2k — 2, and their coefficients b, can be tuned exactly to cancel the
divergences. The renormalized entropy is then given by

Sren(A) = lim lOg (Zren [MnD -n lOg (Zren[Ml])

n—1 1—n

: (6.8)

where Z,., is the renormalized partition function which is computed using the action with
the counterterms in Eq. . This renormalized entropy is universal, i.e. UV regulator
independent in the continuum limit, and has been discussed previously in the literature
[183]. A closely related version of renormalized entropy was discussed in Ref. |[182]. These
two are not identical, but they both extract the appropriate universal behavior in the CFT
limit by subtracting the power divergences.
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Entanglement Entropy in 77" Deformed Theories

We now specialize to the case of a D-dimensional CFT deformed by a particular composite
operator Xp of the stress tensor [172]. The presence of this deforming irrelevant operator
breaks conformal invariance and gives rise to a QFT that is conjectured to be holographically
dual to AdS with a finite cutoff radius, where Dirichlet boundary conditions are imposed.

We will focus on computing the partition function of this T'T" deformed theory on the
manifold S? of radius R:

The theory is defined by the flow equation dictated by Xp, and using this we obtain
(T}) = —DMXp), (6.10)

where A is the deformation parameter. 7j; is the renormalized stress tensor, whose trace
vanishes up to conformal anomalies in the CFT limit A — 0. The bare stress tensor ﬂ(jb) is

related to the renormalized ond! as
<Ti(jb)> —(T};) — Cy, (6.11)

where C}; represent various terms involving the background metric «;; that arise from vari-
ation of the counterterm action, which in the CFT limit is given by Eq. (6.7)). For finite ),
the cutoff of the theory is provided by the deformation itself, so that A is replaced by—or
identified with—\~? in Eqgs. ~l6.7).

Since SP is a maximally symmetric space, the one point function of the stress tensor
takes the form

(Tij) = wp(R) ij» (6.12)
<Ti(jb)> = Wg)(R) Vij- (6.13)

Using the flow equation, one can solve for wp(R) and wg)(R) as has been done in Ref. [178],
yielding

D-1 [ Ly D-1

wolB) == 53 Vit et oy
L(D-1)/2] 2k
fk D LD
— [ = .14
+ > 5 (7)) (6.14)
k=1
) D-1 L2
Wi (R) = — o V1t R (6.15)

IThe bare stress tensor is related to the Brown-York stress tensor [184], while the renormalized stress
tensor is related to the Balasubramanian-Kraus stress tensor [185] by a factor of 742,
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where L2, = 2D(D — 2)ap ¥ P with ap being quantities related to the central charges of the
field theory, and fi p are dimension dependent constants. (Note that ap o 1/(D — 2), so
that Ly # 0.) We stress that while wp(R) has been represented schematically, the expression
for wg)(R) is exact. The explicit expressions for wp(R) can be found in Ref. [178].

Now using these results, we can compute the bare partition function as

d (0) 1 D, i(b)
log Z.p = — d T, 6.16
dR Og SD R SD xﬁ < 7 >7 ( )

obtaining

R
log Z%) = —DQp / dR w)(R) RP
0

) ’ y T2 (617)
2 2 2 1%

= 241

QDLDRD_l 1 D—1D+1 R?

2\ ’
where p is the volume of a unit S”. The entanglement entropy of a subregion A which
is a hemisphere of the spatial SP~! can then be computed by a simple trick described in
Ref. [174):

n—1
R d ®)
This gives us the answer
mQp_oLpRP™1 1 D-1D+1 R?
A) = Bl — — |- 1

We can also compute the renormalized entanglement entropy in multiple different ways,
e.g. using Eq. , which results in a universal answer in the CFT limit [183]. Alternately,
one can use the version employed in Ref. [182]. For finite A these two versions give different
answers, which explains the discrepancy in Ref. [179] between the field theory calculation
and the renormalized entropy.

We, however, emphasize that the TT" deformation provides a particular physical regulator
for the entropy, so one need not focus their attention on the renormalized entropy. This
regularization has a simple interpretation in field theory, which also has a geometric bulk
interpretation. Specifically, on the field theory side one only includes the energy levels below
the shock singularity, above which the energies take complex values. The existence of this
regularization naturally leads us to consider the bare entanglement entropy in Eq. ,
which captures all the information about correlations between A and A.
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6.3 Bulk Calculation

Holographic Duality

Using the holographic dictionary in Eq. (6.1)), the entanglement entropy S(A) of a boundary
subregion A can be calculated as

S(A) — lim Ibulk[Bn] - n[bulk[Bl]
n—1 n — 1

, (6.20)

where B,, and B; are the saddle point bulk solutions dual to the boundary conditions dictated
by the field theory path integral on M, and M, respectively [23]. Notably, the action Iy
dual to the bare partition function is the usual Einstein-Hilbert action supplemented by the
Gibbons-Hawking-York boundary term. Assuming that the solution B, preserves the Z,
symmetry of the boundary, Ref. [23] showed that the contribution to the above expression
is localized to the extremal surface I, resulting in the RT formula

~ or=a4 | 4G

S(A) = min {M} . (6.21)

Our simple observation is that this proof carries through unmodified as long as one is com-
puting the bare partition function. The 77" theory must then obey the RT formula by
construction.

Counterterms added to the boundary action are well understood to correspond to bound-
ary terms added to the bulk action |185,186]. Per the discussion in Section these terms
give rise to extra contributions to S(A) localized to the entangling surface dA. The saddle
point solutions are not modified by the inclusion of these terms, which are pure functionals
of the induced metric h;;. This implies that the renormalized entropy can be calculated
holographically as

Sien(A) = min {%} + S(0A), (6.22)

where the form of S(9A) is discussed in Ref. [183].

RT Formula in Cutoff AdS

As a simple check, we now compare the result of the RT formula to the entanglement entropy
obtained in Section[6.2] On the bulk side, we need to compute the minimal surface I anchored
to the entangling surface 0A on the cutoff surface at r = r., on which the induced metric is
given by

hij = r2R*dQ% = ridQy,. (6.23)
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This calculation was performed in Ref. [179] and the answer obtained is

D-1 2
ry  Qp_o 1 D—-1D+1 r

S(A) =L """ |-, — —— -2 6.24

(4) AGDO-1)* 12 2 0 2 ] (6:24)
where [ is the AdS radius. By using the holographic identifications

4Gl
N\ = 6.25
1> =2D(D — 2)ap ¥Pr? = [212, (6.26)

we find that this is identical to Eq. (6.19).

6.4 Discussion

Holographic Dictionary

As emphasized throughout, if there exists a holographic duality between Einstein gravity
in the bulk and a quantum field theory on the boundary such that the two are related
by Eq. , then the RT formula will hold. This is true independent of the details of
the bulk spacetime and the boundary field theory. Indeed, we have shown that the TT
deformed CFT provides an explicit example of the validity of the Lewkowycz-Maldacena
(LM) proof beyond AdS/CFT at the conformal boundaryf| In fact, all the results based
only on this dictionary element will hold in any such duality, at least in a perturbative
expansion in G. Two salient examples include the prescription for calculating refined Rényi
entropies presented in Ref. [188] and generalizations of the RT formula in higher curvature
gravity [189]. Though the robustness of the LM proof is far from unknown, we hope that
highlighting this feature helps solidify the relationship between entanglement entropy and
geometry in general spacetimes.

Holographic Renormalization and Counterterms

In CFT calculations, one often considers only renormalized quantities because these are
universally well-defined and survive the continuum limit. However, entanglement entropy
is not one of these quantities. Nevertheless, since the TT" operator implements a particular
physical cutoff which has a simple geometric dual, it is sensible to consider bare quantities. In
particular, TT" deformations with different background geometries would implement different
regularizations, leading to different entanglement entropies. On the bulk side, this manifests
as different choices of the cutoff surface. This provides a better understanding of the UV-IR
correspondence.

2An important assumption is the Z,, symmetry in the bulk. It is plausible that the argument holds after
relaxing this assumption; See, e.g., Ref. [187].
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The handling of counterterms is the only additional subtlety encountered when calcu-
lating entanglement entropy in 7T deformed CF'Ts. For finite deformations, all quantities
are automatically regulated and hence the previous distinction between finite and divergent
terms becomes muddled. We aimed to clarify the conceptual aspects of these terms and how
they are related with the holographic result.

The fundamental idea is that the dictionary relation

Zopr[vy] = e~ Toutk[gu] (6.27)

is precisely between the bare CFT on the boundary and Einstein-Hilbert gravity (plus the
necessary Gibbons-Hawking-York term) in the bulk, both of which have divergent partition
functions. This is the arena in which the RT formula was shown to hold. If one now
chooses to introduce specific counterterms to renormalize the CFT stress tensor, then this
will correspondingly alter the gravity side of the dictionary (specifically by adding terms
localized to the boundary of the bulk). In particular, the addition of counterterms will
alter the RT prescription to include terms beyond the standard area piece. This addition
manifests as integrals of local geometric invariants at the entangling surface. In the CFT
limit these are used to cancel power divergences, but with finite deformations one need not
add a counterterm. Indeed, calculations including counterterms [174} 179] would necessarily
miss the area law piece for D > 2, which is finite for finite deformations.

Holography in General Spacetimes

The explicit verification of the RT formula beyond AdS/CFT at the conformal boundary
of AdS provides a strong footing for the surface-state correspondence [126] and related con-
structions to understand holography in general spacetimes via entanglement entropy [30, |32,
111, |34, |31]. In previous work, the RT formula was used as an assumption to investigate
properties of a hypothetical boundary theory and self consistency checks provided confidence
in that assumption. Now, the evidence that a duality in the form of Eq. exists beyond
basic AdS/CFT, and the RT formula along with it, suggests that a duality may indeed exist
for general spacetimes and bolsters our confidence in previous work.

The results of TT deformations provide a particularly promising avenue to investigate
flat space holography, since they hold down to scales below the AdS radius /. This contrasts
with the conventional UV-IR correspondence, which would result in a single matrix-like the-
ory describing an AdS volume [124]. It suggests that there is a way to redistribute degrees
of freedom on the boundary theory in a way that maintains local factorization, and the 1T
deformation implements this. This is explicitly seen in the calculation of entanglement en-
tropy in the fact that it does not face an obstruction when a volume law scaling is reached at
ro ~ [. Volume law scaling of entanglement entropy suggests that the boundary theory for
asymptotically flat space is non-local, as is expected from the TT deformation. Correspond-
ing behavior is seen in cosmological spacetimes [34], and investigating properties of highly
deformed CFTs may shed light on these theories. Since the TT" operator naturally imple-
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ments some sort of coarse graining, it would be interesting to relate this to the geometric
coarse graining procedure developed in Ref. [31].
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