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Self-testing identifies quantum states
and correlations that exhibit nonlocality,
distinguishing them, up to local
transformations, from other quantum
states. Due to their strong nonlocality,
it is known that all graph states can
be self-tested in the standard setting
- where parties are not allowed to
communicate. Recently it has been
shown that graph states display nonlocal
correlations even when bounded classical
communication on the underlying graph
is permitted, a feature that has found
applications in proving a circuit-depth
separation between classical and quantum
computing. In this work, we develop
self-testing in the framework of bounded
classical communication, and we show that
certain graph states can be robustly self-
tested even allowing for communication.
In particular, we provide an explicit self-
test for the circular graph state and the
honeycomb cluster state - the latter known
to be a universal resource for measurement
based quantum computation. Since
communication generally obstructs self-
testing of graph states, we further
provide a procedure to robustly self-
test any graph state from larger ones
that exhibit nonlocal correlations in the
communication scenario.

1 Introduction

Bell nonlocality describes a phenomenon in which
entangled systems display correlations that elude
classical explanations [1, 2]. Such correlations are
exposed in the so-called Bell scenario where two
or more non-communicating parties receive some
classical inputs and return classical outputs. A
description of the outputs’ correlations through

local-hidden-variable models (LHV) leads to the
formulation of a Bell inequality whose violation
implies that the involved parties share some
non-classical resources. Thus, the Bell scenario
is considered a prime stage for witnessing
quantumness.

Self-testing & Communication. Using
correlations to certify states and operations,
commonly referred to as ‘device-independence’,
has been a productive direction over the past
two decades [3-8]. Any Bell-inequality violation
witnesses entanglement and LHV models cannot
reproduce all Bell-nonlocal correlations, but
some are uniquely tied to a particular state
(up to well-defined transformations). When
correlations are unattainable by LHV models and
by any other quantum state, the state is said to
be self-tested [9-11]. Observing such correlations
yields a device-independent certificate of that
state. Beyond entanglement witnessing, many
quantum-information protocols are device-
independent within the Bell scenario [12-17].

All device-independent protocols rely on
violations of Bell inequalities, which necessitates
spatial separation and prohibits communication
among the participating parties. This
requirement can be alleviated by ensuring
that the parties are shielded, preventing the
transmission of information regarding the local
Bell input to any other party. Nevertheless,
fulfilling this condition poses a considerable
challenge, particularly in scenarios involving
the creation of multipartite states on integrated
photonics platforms [18, 19].

An intriguing question arises regarding the
possibility of self-testing when the absence
of communication among parties cannot be
guaranteed. To date, this scenario has not
received any attention, with a notable exception
being [20], showing that if N parties are split into
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k clusters - each possibly harboring dishonest
parties - one can still self-test k-partite GHZ
states. This outcome aligns with the intuition
that within a Bell scenario involving N parties,
any form of communication effectively diminishes
the certifiable resource size. Indeed, as elucidated
in [20], only a quantum resource shared among
non-communicating clusters is susceptible to self-
testing. Our study challenges this intuition by
demonstrating that certain quantum states can
be fully self-tested even in scenarios where some
degree of communication is permitted among
subsets of parties, regardless of whether they are
disjoint.

From a broader perspective, such a result
underscores the significance of interaction, one of
the most important concepts in computational
complexity theory. In essence, the Bell
scenario resembles a form of multipartite
interactive proof, wherein a verifier engages
with multiple, ideally non-communicating
provers [21]. While provers may conspire by
engaging in communication among themselves,
the verifier can also thwart dishonest behavior
by sending inputs not used in the certification
to foil cheating. This notion of influential yet
misguided interaction is essential to our work.

Graph States. Our main subjects of interest
are graph states, which represent a multifaceted
resource in quantum information processing.
Being  multipartite states with regular
entanglement structure and compact form, they
proved to be useful in a wide range of quantum
technologies, from measurement-based [22]
and fusion-based [23] quantum computing to
topological error correction [24, 25], quantum
metrology [26], and cryptography [27, 28]. The
experimental realization of graph states has
allowed for the demonstration of controlled
genuine multipartite entanglement [29-31],
and the implementation of various quantum
information protocols [32, 33]. Graph states are
strong resources for Bell nonlocality as every
entangled graph state admits local measurements
that violate a Bell inequality [34, 35].

Using graph states, the first example exploring
nonlocality against classical communication was
by Barrett et al. [36]. In particular, based on
extensions of the triangle graph state (locally
equivalent to the GHZ state), they presented

correlations based on Pauli operators in a graph
state that no LHV model, even assisted by a
round of bounded classical communication, can
reproduce. In [37], this was extended to one
based on any graph state by introducing the so-
called inflated graph states.

Applications. The work by Barrett et
al. [36] had application in the design of
distributed ~ computation  protocols  [3§],
randomness extraction [39], and on establishing
an unconditional proof of a computational
quantum advantage [40, 41].  Moreover, a
bounded communication range is not merely a
theoretical device. Field trials of measurement-
device-independent  (MDI)  repeaters and
simple quantum switches impose microsecond-
level latency, so a classical signal cannot
traverse more than one or two fiber spans;
present MDI-QKD links (100-400 km), MDI
conference-key exchange, and photon-heralded
entanglement all permit feed-forward only
to the next node [42-45]. The very same
fixed-range limitation underlies constant-depth
classical circuits: after d layers of K-fan-in
gates, any output depends on inputs within
neighbors, so information effectively propagates
only a constant distance. Quantum-—classical
separation proofs such as [36, 41] therefore
model the classical adversary as a single round
of nearest-neighbor communication. Together
the communication-assisted-LHV  framework
matches constraints and
mirrors the standard classical benchmark in
shallow-circuit complexity.

current hardware

Results. We extend self-testing to settings
with communication. In particular, we show that
families of graph states can be self-tested from
Pauli-measurement correlations that no LHV
model can explain even using bounded classical
communication. Using techniques akin to non-
communicating scenarios, we give two concrete
experiments: one on large circular (ring) graph
states and one on the honeycomb cluster state, a
universal resource for quantum computation [46].
For general graph states, however, the potential
for deception by communicating devices renders
the self-testing of such states impossible. To
address this challenge, we introduce a novel
approach that expands any target into an inflated
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graph state; observing correlations beyond
any communication-assisted LHV model then
guarantees that subsequent local measurements
on the added vertices yield a post-measurement
state locally isometric to the original.

Although the presentation of the results might
imply that graph inflation is an essential tool,
their significance lies more in the context where
a graph - or even a subgraph - can be regarded
as inflated versions of smaller ones. Under
bounded communication, full self-testing of a
large graph is often out of reach, but our
results show that one can still self-test an
appropriate reduced graph state. Graph states
are especially well-suited to this, since they
admit local transformations and can be cropped
into smaller resource states for specific tasks.
Although our current results are tailored to
specialized measurements on a narrow subset of
inflated graph states, we expect that combining
our procedures with local complementations
and related graph operations will extend self-
testing to larger vertex sets.  This enables
intermediate self-testing regimes certifying more
than the standard core but not necessarily the
entire graph, thus bridging highly structured
theoretical protocols with practical, scalable
implementations.

Returning to the standard no-communication
setting, we also give a more robust self-test
using Pauli measurements for any graph state
containing a path of at least three connected
vertices. Combined with McKague [47], this
verifies any graph state with such a path using
local Pauli devices, with improved robustness
over prior results.

The structure of the article is as follows:
We commence with an introduction to self-
testing and graph states in Section 2. In
Section 3.1, we discuss the general characteristics
of self-testing graph states with communication
patterns determined by an underlying graph.
This is followed by technical definitions in
Section 3.2, and the introduction of three types
of self-testing correlations in Section 3.4. Our
first result is presented in Section 3.5, where
we demonstrate the self-testing of graph states
from inflated graph states, allowing for bounded
communication. In Section 3.6, we highlight the
ability to entirely self-test the graph state of
certain symmetric graphs, even in the presence

of bounded communication. Finally, we offer

concluding discussions in Section 4.

2 Self-testing and Graph States

We begin with the standard Bell scenario where
n non-communicating parties share a quantum
state |¥). Each party ¢ receives a classical
input k; € {0,1,---,m — 1} and performs a
measurement described by an observable A,
with two outcomes. The expectation values
(V| Mp|P) can be estimated, where Mj =
Qi Ag, with & € {(0,1,---,m — 1)"}. A
tuple (|U), My) is termed a physical experiment
(PE). The PE remains fully uncharacterized,
with all information deriving solely from the
observed measurement statistics. The goal of
self-testing is to demonstrate that, under certain
circumstances, the PE can be deemed equivalent
to another perfectly characterized setup known
as the reference experiment (RE). Given the
inherent noise in real measurement devices, the
self-test must be resilient to minor perturbations.
Informally, a self-testing procedure exhibits
robustness if it can ascertain that the PE closely
resembles the RE whenever it nearly reproduces
the self-testing correlations.

When establishing a relationship between a
PE and a RE, the initial step is to assess their
comparability. They are deemed compatible if
they entail the same number of local devices
and measurements. A crucial subsequent
condition is that the PE must simulate the
RE. For our purposes, we slightly generalize
the standard definition [47], which matches
only full-measurement expectations, to consider
marginal correlations as well. This aligns with
the intuition that equivalent experiments should
agree on all substatistics.

Definition 1 (Submeasurements). Given a
measurement Mj, Qi A, with k€
{(0,1,--- ,m — 1)}, a valid submeasurement Cy,
of My is defined as a tensor product Cp =
(Mp)r = Qjcr Ax;, where I C {1,...,n}.

Definition 2 (e-Simulation). Given a physical
experiment (|¥),{My}) and a compatible
reference experiment (|v),{My}), the physical
experiment e-simulates the reference experiment

if, for all k,
[(|CklY) = (¥[Ch|¥)| < e, (1)
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for all submeasurements Cy(Cy) of My(My).

Features not fixed by Bell experiment, such as
global rotations and extra degrees of freedom, are
captured by local isometries.

Definition 3 (§-Equivalence). Let (|¥),{My})
be a physical experiment, where |V) is a pure
state on the Hilbert space Qi Hi, and My =
X Ak, where Ay, are Hermitian and unitary
operators on H;. Given a compatible reference
experiment (|¢),{My}), where |¢) is a pure
state on @r_ H; and My = @i, Ay, which
simulates the physical experiment. We say that
the reference experiment is §-equivalent to the
physical experiment if there exist a valid quantum
state |junk) on Hilbert space @i, HY and local
isometries {®; : Hi — Hj ® Hi}7_, constituting
O = Qi Pi, such that

[®(J¥)) — [¢) @ |junk)|1 <3, (2)
[ (Ak; |¥)) — Ag, [¥0) @ [junk)[|1 <0, Vki. (3)

Definition 4 (Robust Self-testing). We say
that the set of correlations {(1|Ck|Y)}r robustly
self-test the reference experiment (|¢),{Ck}) if,
for every physical experiment that e-simulates
the reference experiment, there exists a function
0(€e) continuous at 0 such that the reference
experiment s J0-equivalent to the physical
experiment.

In the following, we focus on self-testing graph
states with observables corresponding to Pauli
or Clifford measurements. A graph state |G) is
uniquely defined by a mathematical undirected
graph G = (V, E), a set of vertices V' and edges
E CV x V. Every vertex represents a qubit and
the graph state is defined by

|G> = H CZ(u,v)|+>®V’ (4)
(u,v)EE

with the Pauli X eigenstate |+) = (]0) + [1))/v/2
and the entangling gate CZ = (|0)(0|@1+|1)(1|®
Z) and the Pauli Z operator. The graph state
|G) is the simultaneous (41)-eigenstate of an
Abelian subgroup of the Pauli group, generated
by gu = Xu@uen() Zv for every vertex u and
its neighbors N(u) = {v : (u,v) € E}. Any
stabilizer element can be written as S = [[,cy gu
for some subset U C V.
The  stabilizers
measurement’s local

constrain  any  Pauli
outcomes. For any

Figure 1: Circuit implementing a SWAP gate between
|¢)) and |0) using the Hadamard gate H and Pauli
operators X, Z.

non-trivially connected graph, the resulting
correlations are incompatible with any local-
hidden-variable model [34, 48]. McKague
established robust self-tests for all connected
graph states with bounds d(¢) = O(y/e) or
O(e'/*) [47, 49], implicitly using the proposition
below.

Proposition 1. For self-testing graph states, it
suffices that the PE:

(i) (e-)certify a qubit locally: two binary local
observables (e-)anticommute on the state.

(ii) These observables (e-)reproduce the graph
state’s stabilizers: at least a generating set
(e.g. the generator elements).

Condition (i) is enforced by the mnonlocal
correlations and the simulation condition
(Def. 2), which  together  imply  local
anticommutation on the PE’s state. For
condition (ii), the RE tests the generator
elements ¢,, and the same observables show
to reproduce their correlations. With these
properties, one constructs a local isometry that
implements a SWAP gate between the PE’s
state and an auxiliary qubit for every vertex [9]
- its circuit description is shown in Fig.1. The
resulting state on the auxiliary qubit is proven
to be (0-)equivalent to the RE graph state. In
Appendix A, we provide an self-test for a three-
vertex line using Greenberger-Horn-Shimony-
Zeilinger (GHSZ)-correlations [50]. This new
self-test has robustness of d(e) ~ O(y/e), with
a slight improvement in scaling for some cases
compared to [47, 49]. To self-test all graph
states, the remaining case of a pair of vertices
and those where the graph consists only of
triangles, are already covered in [47]. We use
these ideas in the following to show that some
graph states can be self-tested even if some
classical communication is permitted, which lifts
the devices’ strict locality.
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3 Self-Testing Graph States Against
Bounded Classical Communication

This section states our main results;
Subsection 3.1 adapts self-testing to the setting
with a single round of classical communication.
Subsection 3.2 introduces inflated graphs
and their inflated generator elements, and
Subsection 3.3 gives an explicit example of these
in terms of a nonlocal paradox. Subsection 3.4
presents three reference experiments (REs)
covering all graph states and useful for
robustness.  Subsection 3.5 gives a general
self-test via inflation and deflation. Finally,
Subsection 3.6 shows that certain symmetric
graph states can be self-tested entirely even with

bounded communication.

3.1 Self-testing against communication

We extend the concepts in Section 2 to
one round of communication between devices.
Integrating communication into the self-testing
framework primarily entails precisely defining
the physical experiment (PE), particularly
determining the observables associated with the
measurements performed. In the usual setting,
observables are indexed only by local inputs, but
with communication, they might also depend
on inputs received from neighbors within a
communication range.

Following [36, 37], we let the allowed
communication be dictated by the graph state;
each device broadcasts its inputs to vertices
within graph distance d. The extension of LHV
models to this communication setting is denoted
as d-LHV* models. Our tests contradict any d-
LHV* model in the sense of [37], matching earlier
non-classicality frameworks [36].

For the PE, let G = (V,E) and suppose
parties at vertices share |U). Under
bounded communication the input to
the binary observable Ak_’ﬁd) is the tuple

kqu) = (ku, (kv)veny(w))-  These constitute
a global measurement M; = @,cv Akq(;l)
with & € {0,1,...,m — 1}V, including
submeasurements C, = (My)y, for Uy, C V.
Compared to the no-communication case, the
local setting alphabet is larger. When comparing
a PE to an RE, we can, without loss of generality,
index the RE’s measurements by the same input

tuples k, even if the RE observables themselves
are independent of communicated inputs.
Within this framework, we use Definitions 2
and 3 to analyze self-testing of a target graph
state |G). We give two methods:

In the first approach, applicable to graphs
exhibiting suitable symmetry, we specify an RE
consisting of the graph state |G) and a set of local
measurements. We use these correlations to self-
test the reference state, even when the devices
are allowed to communicate up to distance d
on G. Nonetheless, this method is contingent
upon certain symmetrical properties, and its
applicability to all graph states cannot hold. This
cannot hold for all graphs (e.g., a complete graph
reveals all inputs to all parties, enabling classical
spoofing).

The second approach is universally applicable
to all graph states. This method inflates
the graph to G’, defines communication with
respect to G’, and chooses measurements that
both prepare |G) from |G’) by measuring the
added chain vertices (deflation), see Fig. 2, and
furthermore provides correlations that self-test
the resulting state In this way, if a PE faithfully
simulates this RE, the equivalence between the
post-measurement (deflated) physical state and
the target graph state can be established, even
in scenarios permitting bounded communication
among the parties involved. In this sense, the
protocol both prepares the target graph state,
and self-tests it at the same time. Since the
first approach uses ideas and techniques from
the second approach, we start by presenting the
second, more general approach.

3.2 Inflated graph states

Following [37], inflating G = (V, E) inserts 2d
chain vertices along each edge; original vertices
are ‘power’ vertices.

Definition 5 (Inflated graph). Given G =
(V, E), its d-inflated graph G' = (V' E') replaces
each edge with a connected chain of 2d vertices
bridging the original edge. The new wvertices
are V! = VU W with W {Tuw); T
1,--+,2d,(u,v) € E}, and the new edges are
(u7 1(u,v))? (1(u,v)v 2(u7v))v T ((2d)(u,v)7v) €L

Deflation, i.e., measuring chain vertices of
|G') in Pauli X or Y, yields |G) up to
local Pauli corrections by standard graph-state
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with outcome (z)

Figure 2: A graph G with four vertices (rhs) is mapped
to an exemplary inflated graph G’ for d = 2 (lhs) by
means of Def. 5, i.e., by adding 2d ‘chain’ vertices
along the edges. The inverse mapping ‘deflation’
measures the chain vertices projectively (up to local
corrections) to recover |G) from |G’). In Theorem 1,
the RE uses |G’) and local measurements to both
prepare and self-test |G).

measurement rules [51]. For every d-inflated
graph state, there exist Pauli measurements
that generate correlations inconsistent with any
d-LHV* models [37]. For a graph with at
least three connected vertices, this inconsistency
is demonstrated by means of a GHSZ-like
paradox [50], and for two vertices via an
inequality akin to the Clauser-Horne-Shimony-
Holt (CHSH) inequality [52].

We denote the generator elements of the
inflated graph states as {g],}.cy and introduce
the inflated generator elements that mimics a
generator of |G) on the power vertices of |G’),
see Fig. 3.

Definition 6 (Inflated Generator Element).
The inflated generator element f, is a stabilizer
element of the inflated graph state with

(uv)€E,
s=1,...,d

3.3 Introductory Example

The triangle graph state, which is locally
equivalent to the GHZ state, can be self-
tested via Pauli measurements from its stabilizer

Figure 3: A graph with four vertices (rhs) and its

(d = 2)-inflated graph (Ihs) by means of Def. 5.
Letters indicate non-trivial Pauli operators while empty
nodes indicate Pauli identity in the Pauli product of the
inflated generator element f, from Def. 6 (Ihs),
mimicking the generator element g4 (rhs) on the
corresponding graph state.

elements [47]:

g = X12273,
g2 = Z1 X273,

B (6)
g3 = 2122 X3,

—g19293 = X1 X2X3.

These four measurements together with the
triangle graph state constitute the reference
experiment (RE). Then, the Bell test is the
protocol obtained directly from the RE: a
referee samples a global question from the four
measurements; the local input to each party is
either ‘measure X’ or ‘measure Z’. The output
correlations included in the physical experiment
(PE) can, if they are those expected from the
RE, certify qubits (local anticommutation) and,
by testing the generating set (g1, g2, g3), pin the
state up to local isometries.

In the presence of bounded communication,
the global non-signaling assumption is broken,
but the power vertices remain effectively non-
signaling relative to one another. Applying
results from [37], one obtains an inflated-state
paradox robust to d-range communication with
stabilizer elements, without specifying V;:

fi = X12225 X®V1,

fo=Z1X225 X®V2

fs = Z12:X3 XV ,
~fifofs = X1 Xo X5 XEVIHV2HVE

Note that the Pauli operators on the power
vertices 1,2,3 match those of the triangle.

(7)
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In the Bell experiment, a referee samples
from these four measurement, and gives the
inputs k, (‘measure X’ or ‘measure Z’) to the
parties. With communication each party u also
receives the inputs broadcast by all vertices in
Ng(u), so its local input is the tuple k&d) =
(Kus (kv)veny(w))-  The output correlations are
compared to the RE’s ideal values (with tolerance
€).
As subtle point, if we literally instructs the
chain vertices to ‘measure Pauli-X’ or ‘measure
1 (do not measure)’, the power vertices can infer
which global setting is used from communicated
inputs. To remove that classical advantage, we
always ask all chain vertices to measure Pauli-
X and then discard outcomes for those positions
that should be Pauli-1 in the corresponding
stabilizer. This is exactly the submeasurement
idea in [36]. For some graphs and paradoxes
(including the triangle), classical strategies still
gain leverage. We thwart this by adding paired
settings that use the submeasurement method on
power vertices as needed.

3.4 Reference experiments

We introduce three reference experiments (REs)
that comprehensively address any inflated graph
state. Each RE consists of the inflated graph
state itself, measurements to test the inflated
generator element, and an additional set of
measurements designed challenge any d-LHV*
model.  For clarity and simplicity, we opt
to present the submeasurements alongside the
parent measurements.

The proof strategy follows Prop. 1, use
paradox-type submeasurements to establish a
local anticommutation pair on at least one power
vertex, and then, propagate anticommutation
across power vertices via inflated stabilizer
submeasurements.  Finally, we build a local
SWAP-style isometry. This process holds true
for any degree of inflation d.

Definition 7 (Induced subgraph). An induced
subgraph of a graph G = (V,E) is a subset of
vertices U C 'V along with the edges (UxU)NE of
the original graph if and only if the edge connects
two vertices in the subset U.

The RE 1 is applicable when the corresponding
graph contains an odd circle (in particular a
triangle) as an induced subgraph. The RE 1

handles graphs with an induced star subgraph,
i.e., a central vertex whose nearest neighbors do
not share an edge. These two encompass any
graph with at least three vertices. The RE 3
covers a neighboring vertex pair (in particular,
the 2-vertex graph), and in fact can cover any
connected graph. Still, REs 1-2 remain useful
for improved robustness (Appendix F). Indeed,
the different REs can be in principle combined
in different ways to optimize robustness for
example. Robustness is treated in Appendix F.
For all three REs, the local measurements
on the which deflate the
inflated graph state as described in Eq. (16) of
Theorem 1, correspond to measurements in the
Pauli X basis, as depicted in Fig. 2. Some
settings in REs 2-3 also require Pauli-Y on
chains. We present the submeasurements C' in
stabilizer form below, and their tensor-product
forms are in the Appendix B. Recall that ¢,
for u € V' denotes a generator element of |G’),
fv denotes an inflated generator element from

Eq. (5).

chain vertices,

Reference Experiment 1 (Odd Circular
Subgraph). Let G’ denote the inflated graph
derived from a connected graph G = (V,E)
containing a induced circular subgraph G, =
(Ve, E¢) with an odd number of vertices, and let
|G’) denote the corresponding inflated graph state

|G").  The reference experiment consists of the
state |G') and the Pauli measurements defined in
Tab. 1: My,, and Mng), SZ) for all vertices v €

Ve, as well as Fy, for all vertices u € V. QOuverall
the RE consists of |V| 4+ 1+ 2|V.| measurement
settings.

Reference Experiment 2 (Star Subgraph).
Let G' denote the inflated graph derived from
a connected graph G = (V,E) that contains
an induced star subgraph, i.e., a vertex v. with
at least two adjacent vertices that do mot share
an edge among them. Let |G') denote the
corresponding inflated graph state. If |N(v.)| >
2, we select a set of three wvertices V3 =
{v1,v9,v3} C N(v.), else N(v.) = {v1,v2}, i.e.,
|N(ve)| = 2. The reference experiment consists
of the state |G'), and the Pauli measurements
defined in Tab. 1: The F, for all vertices u €
V and F, . There as two distinct cases for
which the RE furthermore contains the Pauli
measurements. If |N(v.)| > 2, they are M,

iVj
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U1

Q

(c) (d)

Figure 4: Four panels of inflated graphs that address the ones in REs 1 (a), REs 2, for |V,| > 2 (b), for |V,| = 2 (d)
and RE 3 (c). The bold nodes depict power vertices. Within a panel, each graph depicts a measurement setting
and its submeasurement. The measurements are those that challenge any d-LHV* model. The letters in black and
light-blue font indicate he bases in the measurement setting. For the submeasurements, replace the letters in
light-blue font by Pauli identity. Graphs with a circular arrow represent all measurements under invariant rotations
of the power vertices.

For RE 1, panel (a) shows F,, with f,, from Eq. (5) (upper left), while the circular arrow hints at F,, with f,,,
and F,, with f,,, My, with Cy, (upper right) from Eq. (8), and MY (lower left) and MP (lower right) with
Cy, from Eq. (9), and the circular arrow hints at M, MSZ) with Cy,, and Mé;X) ngs_z) with Cy,.

For RE 2 (|N(v.)| = 3), panel (b) shows F,_with f,. from Eq. (5) (left), and M,, ,, with C,, ,, from Eq. (10),
and the circular arrow hints at M,, ., with Cy, 4, My, v, With Cy, 4, -

For RE 3, panel (c) shows, from top to bottom, M; with I; in Eq. (15) for i = 1,2,3,4 and F,, with f,,, F,, with
fo-

For RE 2 (|N(v.)| = 2), panel (d) shows, from top to bottom, F,, with f,_ in Eq. (5), M,, with C,, in Eq. (11),
M,, with C, in Eq. (12), M,, with C,_in Eq. (13), M{™) and M) with Cy in Eq. (14).
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for (vi,v;) € {(v1,v2), (v1,v3), (v2,v3)}. Overall
the RE consists of |V|+ 4 measurement settings.
If IN(ve)| = 2, the measurements are M,,, M,,,
M,,, M(X), and MQ(Y). Owerall the RE consists
of |V| 4+ 6 measurement settings.

Reference Experiment 3 (Vertex Pair). Let
G' denote the d-inflated graph derived from
a connected graph G = (V,E) with two
neighboring vertices v; and v, and |G') denote
the corresponding inflated graph state.  The
reference experiment consists of the state |G'),
the Pauli measurements F,, for all u € V, and
FZ,H FZ,T, as well as the tensor product operators
M; for i = 1,2,3,4, with the phase gate Z
applied on vertexr vy = dy, ,). Overall the RE
consists of |V| 4+ 6 measurement settings.

For the submeasurements, denote

W= 1]

veEN (u)\U,
s=1,...,d

/
gQS(uﬂ,)

for a subset of vertices U to describe the
measurements on vertices adjacent to the
induced subgraph used in the REs. Then,
the submeasurements of interest for the
corresponding measurements, as defined in
Tab. 1, include, for RE 1,

- IT fo. (8)

veEVL,
Cu = hl‘L/c H fv ’ (9)
veVe\{u}
for RE 2,

Copo, = pivevit 10
Vi V5 ( )gl}cfvzfv] ( )
Cw = g’vcflll h{vl} (11)
Coy = Gy, b o, (12)
Cy. = _g’lucfvlfUQ ) (13)
CQ = fv1 fvghvca (14)

and, for RE 3,

s \2 (Pi +VZ, P \sz,m> T

We denote vy, := d(y, ,,) and define
Pi= (=g, )" f Pr=(g,,)" FOFY
Py=(=gb,)"  fur Pr=(g,,)" " FOT,

with

( }Ld/2J
v /
fva — gvah ab 1_[1 ggs(va,vb) ;

; }Ld/2J
= h Ub H g 25— 1)(va vb)

for a,b € {l,r}.

For every RE and a minimal induced subgraph,
Figs. 4a- 4c depict examples of measurement
settings and corresponding submeasurements. In
Appendix B, we write down the measurement
settings and submeasurements for each respective
physical experiment.

To make statements about the ability to self-
test, we define the explicit Bell experiment. For
a fixed RE, consider its number of devices, a
referee issues finite list of global question that
are exactly the list of named measurements
(e.g., Fu, Fvc, 5X), QEZ)7 My, v;, etc.).
Before measuring, each party receives the inputs
broadcast by all vertices within graph distance
d along the RE’s graph G. For each global
question, the RE’s Pauli tensor product uniquely
determines the local observable at every site
given the communicated inputs. The number
of pre-communication inputs for each party
is the number of different operators across
all the global measurements, e.g. a single
Pauli-X on chain vertices, Pauli-X,Y,Z on
power vertices.  After a round of classical
communication, the local input also includes the
inputs from the vertices in communication range
- these vary from range, graph and RE. When
a submeasurement is tested, the referee still
asks the parent global question, parties measure
everywhere, and outcomes on vertices where the
submeasurement operator has 1 are discarded in
post-processing. The observed correlations from
this Bell procedure are then compared to the
RE’s ideal values (within € for robustness).

3.5 Self-testing graph states via inflation and
deflation

Given a target graph state |G), the REs use
the inflated graph state |G’) to both prepare
the target graph state, via deflation (whose
measurements are included in the RE) and
self-test it, since the resulting correlations
contradict d-LHV* models and enforce local
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M Pauli-Z Pauli-Y C
all F, N(u) fu (Eq. (5))
RE1
all N(Ve)
My, Cv, (8)
M N(u)nV, Cu (9)
Y w | Nwnw Cu (9)
RE2 ([N (vc)| > 2)
all N (V) N'(ve)
E,, N(ve) foe (5)
My, Cuv; (10)
RE2 (|N(ve)| = 2)
all N (V) N'(ve)
E, | N(v) o (5)
My, Cy. (11)
M, {va2} Cy, (12)
M, {v1} Cy, (13)
M0 {v1,v2} Cy (14)
MQ(Y) {ve,v1,v2} Cy (14)
RE3
all | N({v;,v.}) N'(vpm)
F, {u} Py (15)
er {UT} Py (15)
(*) My {u} I (15)
(%) M2 {or} I (15)
() Ms I5 (15)
(¥) My | {v, v} I, (15)

Table 1: We list the measurement settings M of the
reference experiments (RE) 1-3 in terms of the local
measurement bases together with submeasurements C'.
By default, all vertices measure in Pauli-X basis. For
all other measurement bases (Pauli-Y'/Z), the table
contains the vertices for each measurement setting. For
example, in measurement setting M2(Y), all vertices
measure in the Pauli-X basis, except for: the power
vertices {v1, va} (Pauli-Z), the two chain vertices
N'(v.) as well as {v.,v1,v2} (Pauli-Y). (%) The M,
My, M3, My in RE 3 measure R, = (X +Y) /2 at

vertex vy,.

anticommutation. Hence, if a PE simulates the
RE on |G’), then the deflated PE is equivalent
to the deflated RE, which is locally equivalent

to |G). We use calligraphic font to denote
measurements and observables associated with
the PE, as opposed to italic font used for the
REs.

Theorem 1. For any d-inflated graph G’ derived
from a connected graph G, there exists a choice
of reference experiment implying the following,
even when one-way classical communication is
permitted up to distance d along the edges of
the d-inflated graph: Given a physical experiment
(19", {My}) that e-simulates (Def. 2) the
reference experiment (|G'),{My}), then, the
deflated physical experiment (|¥(®) {My}) is
d-equivalent (Def. 3) to the deflated reference
experiment (|G, {My}) for all outcomes (x).
Deflation s implemented by fized projective
measurements on the chain vertices,

) = @ TP(My,)G"),  (16)

veV\V
0 = @ WP (M) W) (17)
veVA\V

Here TI®)(A) represents the product of local
measurement projectors corresponding to the
observables A with outcome (x). The comparison
is conditional on these fized chain measurements
dictated by the reference experiment and holds for
every outcome pattern X.

In Egs. (16) and (17), chain vertices are always
measured in the deflation bases defined by the RE
(mostly Pauli-X, in some cases Pauli-Y’), which
reduces |G’) to |G) up to local corrections as
illustrated in Fig. 2.

Theorem 1 for RE 1, 2 or 3. Consider
a PE with state |¥), measurements My, and
submeasurements C; compatible with a RE 1, 2
or 3. In this case, Theorem 1 is a statement on
the PE’s post-deflation state |¥') after measuring
the chain vertices in the X basis with outcome

X = (fﬂv)veV'\V,

@) =00 = @ (Lo + (-7 ).
veV\V
(18)
To map |¥’) to |G) by a local isometry,
we use Prop. 1. We need (i) anticommuting
observables X, Z, for every power vertex u, and
(i) stabilizer relations up to known signs z.:

Xe R 2| V)= (—1)) |0 . (19)
vEN (u)
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Local anticommutation relations.

Lemma 1. If a

([9), {Mr}r) s

physical  experiment
compatible with one of
the reference experiments 1, 2, or 3,
and simulates it according to Def. 2 for
e = 0, then {Xy, Z,}|¥) = 0 for all power
Uertzces u but vertea: vy in RE 8 where

{ 'an 7Z’Ul 'U7n }|\Il> = 0 for Um = d(’Ul U',«)

The complete proof of Lemma 1 is provided
in Appendix C. Conceptually, the simulation
condition imposes constraints from stabilizer
formalism on the PE’s observables. Additionally,
certain measurement settings correspond to
measurements that lead to a nonlocal paradox
for the inflated graph state. The constraints
imposed on the observables by these settings
lead to an anticommutation relation for two
observables on a single power vertex.
single anticommutation relation, Lemma 2 in

From a

Appendix C extends the anticommutation
relation to a neighboring power vertex.
This process, applied iteratively, yields an

anticommutation relation for every power vertex
of the connected graph, thus fulfilling (i) in
Prop. 1.

Stabilizer conditions after deflation.
Aiming for condition (%) in Prop. 1, the
simulation for all three reference experiments
ensures (U|(,|¥) = 1 and thus

Gul V) = |¥), (20)

for the PE’s observables (, corresponding to
inflated stabilizers f, for all u € V, and the
PE’s state |W). These conditions ensure the
replication of stabilizing conditions for the non-
inflated graph states. After the measurement,
the chain vertices’ observables can be absorbed
in the projectors
H%)XU — (_1)va(5’3) ,

for v € V/\ V and traded for a sign factor. The
collection of these factors turns out to be (z¢),
from Eq. (19).

Isometry. We apply the standard local
isometry that mimics a SWAP gat circuit from
Fig. 1 to the state |¥’) with one auxiliary qubit
per power vertex. The full evaluation of the

isometry can be found in Appendix E. Here,
we present that the isometry applied to the
postmeasurement state (18) is

IGON) ® |junk) = Z%|G) ® |junk) (21)

with the residual state |junk) = HE;() Quey (Lu +

Z,)/V2\¥) and Z% = Q,cv Z Z{)n - For any
power vertex u € V,
R16") = aullP £ul6) = ()16
(22)

so that Hg?)\G’) =)G™). In RE 3 for a two-
vertex graph, the two neighbors of v, measure
Pauli-Y, and the v; phase depends also on x,,,
when d is odd; for d = 1 replace X,, by ),, in the
isometry.

Robustness. In Appendix F, we extend the
proof to robust equivalence by trailing the proof
for the ideal case and bounding all expressions
with the techniques present in [47] and [53]. The
bounds on the isometry for all the REs discussed
are in Tab. 3. They scale with /e where e,
in Def. 4 is the deviation of the measurement
results from the ideal ones. The bounds on
the self-testing procedure with inflated graph
states allowing bounded classical communication
are slightly worse than for the non-inflated
graph states, which is mainly due to the higher
number of measurements required to derive the
anticommutation relations.
3.6 Self-testing families states
directly

of graph

Self-testing graph states directly with bounded,
graph-dictated communication is generally
impossible.  Especially if the extent of the
graph is small compared to the communication
range, it is impossible to find constraints on
the observables since the number of observables
can vastly outnumber all possible measurement
outcomes. We show, however, that it is possible
to self-test certain graph states directly, that is,
without additionally inflating or deflating them,
even with bounded communication.

We introduce two reference experiments (REs):
one for the d-inflated odd circular graph and one
for the honeycomb cluster. We use the following
Pauli tensor products on a graph:

P =0, @ X, (23)
vENg(u)
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for a vertex wu, its d-neighborhood, and the Pauli
operator o, € {X,Z}, all other operators are
identity. We also use alternating patterns

PV=x, & Z &K X,

vENG(u) vENg(u)
|u—v| mod 2=0 |u—v| mod 2=1
(24)
PI(LZ) = Zu ® Xv ® Zv y
vEN (u) VENg(u)
|u—v| mod 2=0 |u—v| mod 2=1
(25)
with |u — v| = dist(u,v). Thus, the d-

neighborhood Ng(u) carries either all X or an
alternating X/Z pattern.

Reference Experiment 4. Consider an odd
circular graph G = (V,E) and with 6d + 3
vertices. Considering any verter as a power
vertex, this graph can be considered as a d-
inflated triangle graph - there are 2d + 1
unique ones. The reference experiment consists
of the graph state |G), and 2d + 1-times
the measurements of RE 1 such that every
vertex serve once as a power verter in RE 1.
Furthermore, the reference experiment contains
the Pauli measurements

I 7, (26)

vEN (u)

MP =pr 11 PP, (27)
vEN( )

Ml =P T P (28)
vEN (u)

for all w € V. QOwverall, the experiment consists
of iV +1+2(2d+1)

As submeasurements of J\ZSX) and M&Z),
we target the inflated generators f,; the
submeasurements of Mz(ﬂlt) are the inflated

generators g, .

Consider a
which is a

Reference Experiment 5.
honeycomb lattice H = (V,E),
combination of two hexagonal lattices, and we
divide the set of all vertices accordingly into two
distinct subsets Vies,, Vhens -

The RE consists of the honeycomb cluster state
|H) and the measurements

MM = R Xu Q Zu, (29)

uGVheml Uevhezz
M= Q Ze @ Xuo o (30)
“GVhezl ’Uevhezg

Furthermore, it contains the measurements of
RE 2 (IN(v.)| = 3) for the d-inflated star graph
on a tripoint star depicted in Fig. 5 around for
an arbitrary vertex v.. To embed the star graph
and measurements from RE 2 into the honeycomb
cluster, wvertices adjacent to the star measure
in the Pauli Z basis whenever a neighboring
vertex on the star measures in the Pauli X basis.
Additionally, the reference experiment contains
the Pauli measurements Méj() in Eq. (26) and
MISOZ) in Eq. (27) for an arbitrary vertex vy €
N'(v.) that is at distance 2d + 1 from v. on the
tripoint star.

As submeasurements, we target the generator
elements g, and the inflated generator elements
fv on the tripoint star for v € Vjep, and v € Vg,
respectively; and f,,, fu. as a submeasurement
Eq. (26) and Eq. (27).

Theorem 2. The set of measurement
correlations from the reference experiments 4
and 5, robustly self-test them respectively in
terms of Def. 4, even if one-way classical
communication is permitted up to distance d on
the edges of the graph G given in the reference
experiment.

The detailed proof of Theorem 2 is in
Appendix D; here, we offer an intuitive overview.

Consider RE 4, if a physical experiment
(PE) simulates 2d + 1 times the RE 1, with
each vertex alternatively serving as a power
vertex or a chain vertex, Lemma 1 implies the
existence of measurement observables X, and
Z, for every vertex u in the inflated graph
such that {X,, Z,}|¥) = 0. This establishes
the anticommutation condition (i) of Prop. 1.
To complete self-testing we must also certify
the stabilizer elements Xy, &,¢ () Zv, Which are
not directly enforced by repeating RE 1. We
therefore use the submeasurements in (28)

Communication  changes  which  local
observables are implemented under these
inputs: the RE 1 settings that established
anticommutation place Pauli-X on neighbors of
the power vertex, whereas the stabilizer elements
XuQuen(u) Zv require those neighbors to see
Pauli-Z. Let X, (resp. Z,,) denote the observable
measured at v when inputs match (24) (resp.
(25)). The vertices within communication
distance measure in an alternating pattern
according to Pauli operator X or Z. Recall that,
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in contrast, the local observables X, and Z,
stem from measurement inputs that correspond
to the Pauli tensor product (23). In contrast,
Xu, Z,, arise from (23), where all vertices within
communication distance of u measure according
to Pauli operator X.

Using Eq. (8), replace identities in the
d-neighborhood by Z to transform those
submeasurements into the alternating patterns
(24)—(25). This propagates (see Lemma 2) the
anticommutation relations from {X,,, Z,} to

{XMZHH\I/> =0, (31)

for u e V.

Consequently, we acquire two pairs of
anticommuting  observables  per  vertex,
denoted as (X,,Z,) and (Xy,Z,). Notably,
unlike the former pair, the latter proves
instrumental in verifying the adherence to
the stabilizer relations of the inflated graph
state. For that, the reference experiment
has to involve submeasurement consisting of
XuQuen() Zv and identities everywhere else.
The corresponding measurement would have X
and Z in such a way that they mimic the tensor
product (28). In such a case, from the inputs
sent to all vertices in d-neighborhood of u and
two neighboring vertices, all of them are ensured
to measure X and Z. The simulation of the
stabilizing condition equips us with the relation

Xy Q) Z,|¥) =|V), (32)

vEN (u)

for u € V'. Finally, the Eq. (31) and Eq. (32)
ensure the existence of a local isometry mapping
the physical state to the inflated graph state.

For RE 5, the argument is analogous.
Reference experiment 2 on a tripoint star
supplies a initial anticommutation near wv.
Then, using f,, from (26) and f,, from (27),
propagates the initial anticommutation relation
(all vertices in communication range receive
input corresponding to Pauli-X) to {X,,,Z,,}.
Then, they propagate across the lattice via f,
submeasurements from (29)-(30). The stabilizer
condition (%) in Prop. 1 follow from the g,
submeasurements of (29) — (30), giving (31)—(32)
on all sites and hence a local isometry to the
honeycomb cluster state.

Note that RE 5 does not depend on the
communication distance d, which applies if the

Figure 5: We illustrate an excerpt of the honeycomb
cluster. The dashed lines sketch the pattern that
defines the d-inflated star graph, which we call tripoint
star. The blue tripoint star is defined around vertex

U € Vper, and the red tripoint star around vertex

v € Vhew,, Where Ve, and Vi, are the two
hexagonal lattices that define the honeycomb lattice.

lattice is infinite. As soon as it is finite, the
stabilizer elements change at the boundaries and
break the symmetry, which gives the d-LHV*
model an advantage. It is however possible to
consider a honeycomb lattice of finite size with
periodic boundary conditions, i.e., mapped onto
a torus. The size of the torus restricts the
communication distance d for which Theorem 2
holds.  Lastly, we want to emphasize that
the result from Theorem 1 and Theorem 2
are, in general, compatible that is, for a given
communication distance d, they can be combined
to self-test certain parts of the graph entirely
while using the deflation method elsewhere.

4 Conclusion

In this work we show that it is possible to
self-test graph states, even when allowing for
communication amongst parties. Surprisingly,
we show that for some graph states this can be
done directly, that is, in the standard setting of
self-testing, but allowing communication between
the devices.
this is not possible for all graph states, but we
are able to self-test them in a round about way,
by preparing larger graph states and measuring
them, such that they prepare the target graph
state at the same time as self-testing it.

For our communication scenario

In this work, the allowed communication is
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defined by the same graph as the state itself, this
follows the original works where communication
is considered for showing non-classicality [36, 37],
which is motivated by the fact that it is natural
that neighbors in the graph communicate in order
to establish the graph state itself. One could, of
course, consider different communication graphs.
And indeed states which are not graph states.
This would be an interesting open set of
problems.

Finally, we note that another motivation for
our communication scenario is that it has already
found application in proving quantum advantage
in computation [40, 41], communication [38]
and randomness expansion [39]. Given these,
and the ever-increasing use of self testing to
device independence in quantum technologies
[54], our results offer perspectives for pushing the
applications of self testing to new situations and
advantage.
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A Novel reference experiment for graph states

We present a new reference experiment (RE) using Pauli measurements on graph states whose
corresponding graph contains an induced subgraph with three vertices in a line. Here, we give a
proof for an ideal self-test, €,0 — 0 in Def. 4, and show its robustness, 6 ~ O(y/€) in Appendix F. For
a set U of vertices, we denote N(U) = N,y V(u) as the intersection of all nearest neighborhoods of
the vertices in the subset.

Reference Experiment 6 (Line of three vertices). Let G = (V,E) be a graph with an induced
subgraph of three vertices {v, ve,vr} in a line (v, ve), (vr,ve) € E and (v;,v,) ¢ E. The reference
experiment consists of the corresponding graph state |G), the Pauli measurements corresponding to the
generator elements g, = XuZN(“) for every vertexu € V, M, =Y, YUZN({”C’”}) for allv € N(v.),
and M, = Yy, X, Y, ZN{vvevr})

Theorem 3. If a physical experiment is compatible and e-simulates in terms of Def. 2 the reference
experiment 6, they are d-equivalent in terms of Def. 4.

Proof for e,0 = 0. The first step is to exploit all the implications from the conditions that a PE is
compatible and e-simulates the reference experiment 6.

We determine the expectation values of the RE’s measurements by writing them in terms of the
graph state’s generator elements. Given that M,, = —g,9v.9v, and M, = g,.g,, the expectation values
are (—1)Epyy(My,) = Ejyy (My) = Ejyy(gu) = 1, for all uw € V and v € N(v.). Since the expectation
values are equal to £1, the measurements have deterministic outcomes, and we can deduce that
<_1)Mvc‘w> = M,|¢y) = gu‘w> = \”@

Consider a PE that simulates the RE, with the state |¢)) and measurements &, for u € V, M,
for v € N(v.), and M,,,, where , represents the PE’s measurement correlations corresponding to
the generator element g, in the RE. We also use calligraphic font for the observables of the PE
in contrast to italic font for the RE. Then, &, = X, ZNW M, = Vo, Y, ZNWverd) - and My, =
Yy, XUCJ)WZN ({wi,vevr}) - Recall that we do not assume anything about the observables of the PE but
that they are defined over the same Hilbert space as the ones from the RE. Since the PE simulates
the RE, the measurement outcome is also deterministically equal to 1, and O? = 1 for all occurring
local operators O. Furthermore, (—1) M, |1) = My|y)) = &u|b) = ). so that X, ZVW|p) = |¢)
and Y, Yy ZN{veub) o)) = |¢), and in particular,

yvl Xoe Vo, 2ZN{wivevr}) ¢> = >
Vor Yoo Zo, ZN{vive D\ {vr} ) = 1),
Zy, X, Zu, ZN@e\{oor) Y) = )
Voo Vo ZN {ve,or HD\{wi} ) = )

By applying these relations in sequence, we now prove anticommutation relations in terms of
their action on the state [¢) for two observables of each vertex. For vertex v, (—1)[¢) =
My My o, My, [10) = Xy Vo Xp Vo |¢0) implies {X,,, Vo }H1) = 0. The calculus can be visualized
with the above array of relations by multiplying the observables from top to bottom for every vertex.

With M€y, M€y, 1) = |1b) this anticommutation relation propagates to one for every v € N(v.).
As above, it is easy to evaluate by writing the observables row-wise and multiplying them column-wise,
namely

Z, X, ZNEN gy =y,
Vo Voo ZNUwD) gy = |4y,
Z, X, ZNENMUE gy = g,
Vo Voo ZNUwveh) ) = |y .
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Figure 6: As an alternative to the quantum circuit in Fig. 1, each quantum circuit implements a SWAP gate
between an input state |¢)) and the state |0) with the Hadamard gate H and Pauli operators X,Y, Z.

It follows from {X,_, Yy, }H¢) = 0 that {Vy, Z,}) = 0. We write |¢) = &M p&wMy|th) in an array,

z, 2ZNw\{v} Yy = )
Yy yUCZN({v,vc})\{w} W) = |4),
Z, ZNw)\{v} V) = )
Y, yUCZN({v,vc})\{w} ) = )

NENE

to visualize that it implies {X,,, Z,}¢0) = 0 for every vertex w € N(v) \ {v.} from the previous
anticommutation relation.

For all other vertices, one sequentially applies Lemma 2 from [47] that propagates the
anticommutation relation from a vertex w € N(u) with {Xy, Z,}|[¢) = 0 to any other vertex u
such that {X,, Z,}Y) = 0 using &u&uéwéult)) = |¥). Again, writing the measurements in an array
can help visually verify this.

Note that one can obtain an anticommutation relation {X, Z}|1) = 0 for all vertices in particular
for v € N(v.) and v, in exchange for measuring on these vertices in a third Pauli basis if the graph
consists of more than three vertices. Specifically, if a vertex u € N(N(v.)) exists, then we have shown
that {X,, Z,}v) = 0, and using the Lemma 2 in [47], we can back-propagate the anticommutation
relation to these vertices. In this case, the following isometry is slightly easier to evaluate because it
is equivalent to the one used in [47].

We demonstrate the equivalence between the PE and the RE using all the implications arising from
the PE simulating the RE.

The local isometry for Def. 3 is ® = [[,cy ¢u, with ¢, defined by one of the circuits in Fig. 1 and
Fig. 6. The choice of circuit (i.e., operators) depends on the observables in the reference experiment.
Including the respective ancilla qubits, we apply the third circuit to the vertex v., the second circuit
to all neighbor vertices u € N (v.) of the vertex v., and the first circuit to all other vertices.

For brevity, we define the corresponding operators O, = X, for u € V \ N(v.), O, = iy, for
u € N(ve), and 2y = (Ly + 2,)/2 for u € V \ {v.} and Z,, = (L, + 1Yy &,.)/2. Using the
anticommutation relations, we obtain O%(2Z,,)u|?) = Z,0% ). As a result, the local isometries’
action is

(0)@W) =) Y. la)®05 (Zo)ul) = D la) Q Ou (Za)ult) = D la) Q) 2,05 [4).

u€V a,=0,1 aGIFIQVI ueVv aEF‘;/‘ ueV
(33)

For further evaluation, we denote V' = V '\ (N(v.) U {v.}). Additionally, consider some arbitrary
but fixed order of the vertices N(v.) and V' which justify the notation v < v for two ordered vertices
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u,v. Then,

e(l0)@ ) = > la) @) 2,05 [v) (34)

aclY|  ueV
1 . a N a
=37 2 @) @ [(Lo, + V0 o) e @) (L + Za) (V)™ @) (Lo + 2,) X2 [1)]
aEFLV‘ u€N (ve) veV’
= Y Ja) @ (ymedCENeD T ()| 2, 2,2, X ()" X [6)]
aGIF|2V| uEN (ve) u<wée€N (ve)
vev’
(35)
_ Z a) ® (—1)@uavetauavd(vEN (w) H (_1)auaw[z—vcgugvxliw &lxngﬂ
aeIF|2V| uEN (ve) u<weN (ve)
veV’
(36)
=Y ) @ (pmee [ (-pmerteesdeNe) [z 7 3 y)] (37)
aeIFIQ‘/l uEN (ve) u<weN (ve)
veV’ v<w
= Y e Q [Z.Z.Zw), (38)
acFlV! u€N (vc)
2

veV’

with ¢'(a) = ZueN(vc) Auly, + 35 pev’ Away 6(w € N(v)) + Zu,weN(UC) Ay Gy -
v<weV u<w
For Eq. (35) choose an arbitrary but fixed order of the vertices u € N(v.) and apply the following

three steps sequentially for every vertex. First, we use My |1)) = [1) as Y% |ip) = (ZNWveuby, yau ),
then the anticommutation relation Z2Y5v|¢)) = (—1)%% Yav Z0u|q)) for all remaining u € N (v.) and,
third, (1, + Z,) 2% = (1, + 2,).

For Eq. (36), we anticommute Xy, Y3, and absorb (L, + iV, Xy, ) (i)™ = (Lo, + iV, Xy, ) X2
for every u € N(v.).

For Eq. (37), we apply X[¢) = (ZNWe)yau|py and X% |yp) = (ZN@)av|yh) for an arbitrarily fixed
order of v € V'\ N(v.) from &,|¢) = [¢).

As a result, we obtain

o([0) @ [¢) = |G) @ |junk) , |junk) = 2V12 Q) Z,[), |G') = D (=1)@|a)/2VI2.

uev acrlY!

After local complementation around vertex wv., the graph state is the one in RE 6, which can be
attained by local unitary operations [51], such that

1 a
G) = 5 S (-1)®a), ga)= > auae. + Y. avawd(w € N(v)). (39)
aEF‘QV‘ u€N (ve) ge‘gv

It remains to show that the isometry maps the measurements from the PE to the local measurements
in the RE. For any vertex u, the observables are proportional to O,, 2(20)u — 1, or a product of the
two.

Applying the isometry to O,|¢) changes (O,)% — (O,)%*! in Eq. (34). Then, one substitutes
ay — al, = ay + 1 so that (O,)* — (O,)% and |a,) — |a/, + 1), which is the action of the Pauli
operator X,,.

The isometry acts on (QZ_U - ]lu) |¢) by changing (O,)% — (O,)%* <QZ_U - ]lu> in Eq. (34). We

anticommute (O, )% <2Z_u — ]lu) = (Z(Z_au)u — ]lu) (Oy)%. Absorbing Z,(Z,,)u = 5%712_“ leaves a
phase (264,1 —1,) = (—1)* such that |a,) — (—1)*|a,), the action of Pauli operator Z,. The
composition of the observables in O, and 22, — 1, matches the corresponding Pauli operators in the
reference experiment.

We conclude that the physical experiment and the reference experiment are equivalent. ]
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Figure 7: For a d = 4-inflated graph from two connected vertices v and v, the vertices' labels are below, and their
characterization as odd (o) or even (e) inside the nodes. The chain is divided into a left (L) and right (R).

B Tensor-product representation of Pauli correlations

We start by introducing some useful notation. Given a set of vertices V, we write OV = R per Oy for
local operators O,. In particular, if O, are Pauli operators, O describes a Pauli measurement whose
outcome is a string of binary outputs from each vertex v. Furthermore, we label the chain vertices
S(uw) as odd (‘0”) if s is odd and even (‘e’) if s is even. If s < d, the vertex is on the left (‘L’), and
if s > d, on the right (‘R’) side of the chain. Figure 7 illustrates the notation. We denote the tensor
products of Pauli X operators on the set of vertices for these labels as

[d/2] d [d/2] d
eL—®X2$(uv)7 X ® (28) (u,v) oL—®X25 Du,w) ,R: ® (25=1)(u,v)
(u,w) (u — (u,v) s=1 (u,v) s=|.
and X, = Xo1.XoRr, Xe = X¢1LXeRr- A tensor product of multiple chains, given a Pauli product P
(u,v) (uw) (uw)  (wv) (u,v) (u,v)
over a single one, is P = Q,en(w) P, forasetof V.

(u,N () Y (uw)

In the following, we use this notation to write all correlation operators from the reference experiments
(REs) 1, 2, 3 in terms of tensor products. Next to them, we also write the observables that a compatible
physical experiment (PE) assigns. We use calligraphic font for the measurements and observables of
the PE, in contrast to italic font for the REs. We denote the measurements of the PE corresponding to
the inflated generator element f, by (,. Recall that we label all measurement observables according to
the local measurement setting. The information gained from the classical communication is accounted
for in the superscripts. To keep these minimal, we only label the chain vertices according to the
measurement setting of its nearest power vertex. This is possible since the measurement settings of
the chain vertices are mostly the same, and we specifically outline if they change. The notation for
the tensor product operator is in Tab. 2

The d-inflated generator element is

fu = XuZN(u) Xe (40)
(N (W)
G = 2,280 x| (41)
(u,N(w))

which also brings out its resemblance with the generator element of the original graph state g, =
X, ZNW _ Given a graph G = (V, E) and an induced subgraph Gy = (U C V, Ey = (U x U) N E), we
define

Su = ZNN X (0 N0) 5 (42)
Su=ZNWW xHxD) (43)
(u,N(u)\U)

For example, if the induced subgraph consisting of a single vertex u, the inflated generator element
can be written as f, = X, Sy.
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operators | measurement on power vertices | measurement on chain vertices

Qu

power vertices =
Qu chain vertices N'(u): Pauli-Y

Xl(f) power vertex u: Pauli-o

/ﬁﬁ"") power vertex u: Pauli-o chain vertices N'(u): Pauli-Y’

chain vertices )
X;:’LI)X&(:E) power vertex u: Pauli-oq;

(u,v) power vertex u: Pauli-og
/’\N’;‘E)Xgﬁ) power vertex u: Pauli-oy; chain vertices N'(u): Pauli-Y’
(u,v) power vertex v: Pauli-oo
/'\?BEL}J’RZ) power vertex v;: Pauli-o chain vertex v,,: R= (X +Y)/V2;
(v,vr) chain vertices N'(v,,): Pauli-Y’
/\?BEERZ) power vertex v,.: Pauli-o chain vertex v,,: R, = (X +Y)/V?2;
(v,vr) chain vertices N'(v,): Pauli-Y

Table 2: Overview of operator notation for the physical experiment with bounded communication. By default, all
vertices within communication range measure in the Pauli-X basis. The table indicates all the cases, where vertices
within communication range do not measure in the Pauli-X basis. Note that a = o, e.

For the reference experiment 1,

Cy, = X" ( X X Xe> Sve (44)
)

(uy) e B, (40) (uv

0, = XV @U{w) R X, X, |yNwnve  x o gVeMw} (45)
(10) € B (w,N () (850) (150) (wNw)nVe)

and, for the PE, taking into account the round of classical communication of the measurement settings,

Cy, = &V ( R xR Xéf)X;}Pi)) SV, (46)
(u,v)EE. (u,) (u,v)
v)Ufv X) 1,(X) 1(X) (X W)V, (X)) L) oVi\fw
CI(UX) — xVe\(N(v)ufu}) ( ® XcE,L)Xo(,R) Xe(,L)Xe(,R)) YN )NV X(E’L) XO(,R) SVeMw}
(u)EEN(N(N(w)),N(w))  (u0) (u,v) (w,N(w)NVe)
(47)
C&Z) — x VAN (v)u{v}) ( ® X(S’)IS)XO(’I);) Xe(f)xe(y)é)) PN (w)nve Xo(i)Xo(,}l/{) SV}
(u)EEN(N(N(w)),N(w))  (wv) (u,v) (w,N(w)NVe)
(48)
for all w € V.. The operators are illustrated in Fig. 4a for an exemplary graph.
For the reference experiment 2,
é:Uc = 'XN‘UczN(vC) 'XN‘G(,‘E)'XN‘G(,%) ) (49)
(ve;N (ve))
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and, if [N (v.)| > 2,

Coo; = Xo, X, Xy, ZVNvvE X0 X X,

(ve,03) (ve,v5) (ve, N (ve

)
Coroy = X, Xy, Xy, ZN@Mvi0s} 2UO 200 500 20
1 Uj c i

Svi S’Uj 9
{visvs})

€,

(Uc Uz) (Uc UJ) (ve,N (ve)\{vi,vi})

for V3 = {v1,v2,v3} C N(v

and v; # v;. If N(v.) = {v1,v2} such that |N(v.)| = 2, for the RE

ch Zv1 ng Xe Xe ,

(UC 7U1)

=Yy, Xoy Zu, Xo

(06701)

C)

fo.

Cp. = Xo Xy Xuy Xo
Cy,

Cy, = Yo, Zy, X,

(2

(vesv1) (vesv2)

Cy= Y.V, Xo X. X,

('Uc,vl) ('UC7'U2)
Xo Sv1 Svg 5
(ve,v2)
Xe Sy,
('Uc,'U2)
[$] (0] S’U2 b

Xe Svl SUQ )

(vcvvl ) (’UC,’Ul) (UC7U2)(U07U2)

S(X) 5(2)
x5 22 8,8,

(52)
(53)
(54)
(55)

(56)

and, for the PE, taking into account the round of classical communication of the measurement settings,

x > 5(X) 5(2
Con = Xy, Xy, 2o x a2 P28 s, (57)
(ve,v1) (ve,v2)
> S(X) (X 5(X) p(X
Cpp = X, Xy Xy B XY AR AR So1Suy s (58)
(vcvvl) (UMUQ)
5 S(Y) (X S(Y) (2
Coy = Vo, Xy 2o, Xo(,L)Xo(,R) Xe(,L)Xe(,R) Sy ) (59)
(’UCv’Ul) (UC’UQ)
" S5(Y) o(Z X
Coy = Vo Zo, X, XX 2 Suy s (60)
(vcvvl) (’Uc,’vg)
e = Y, XX ARG 2P XD 8,8, (61)
(vc,vl) (veyv1) (ve,v2) (ve,yv2)
Y S(Y) (Y S(Y) (Y S(Y) S5(Y
e = Yo, BYEY XDV 2DRY) DX 8,8, (62)
(Ucvvl) (Ucvvl) (UC,UQ) (v67v2)

The operator X(vc,v) for every edge (ve,v) € E is, similar to X(vew)s @ tensor product of Pauli X
operators but on the nearest neighbors of v. where it has the Pauli Y operator. The operator /'\N,’vc
is the same as &, but accounts for the nearest neighbors of v. measuring according to the Pauli Y’
operator instead of the Pauli X operator. The Pauli correlations are illustrated in Fig. 4d and Fig. 4b

for exemplary graphs.

For the RE 3, the representation of measurement correlations from Eq. (15) in tensor product

operators is

Il - Zvl Xo,L (Rz)vm XO,R X'ur Svr ) (63)
(visor) (visor)

12 = Ovl Xe,L (Rz)vm Xe,R ZvT Svl ) (64)
('Ula'Ur) ('Ul/Ur)

IS - Ovl Xe,L (Rz)vm Xo,R X’UT S’UZS'UT ; (65)
(vi,0r) (vi,0r)

I4 = Zvl XO,L (Rz)vm Xe,R ZvT ) (66)
(v,0r) (v1,vr)

Pl = Zvl Xo,L va XO,R er Svr ) (67)
(vi,0r) (v1,vr)

P2 = Ovl Xe,L va Xe,R ZvT Svl ) (68)
(vi,vr) (vi,or)
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and, for the PE taking into account the round of classical communication of the measurement settings
for the measurements M,

T = 2T (RD),, AN X, S, (69)
(vr.07) (vr,0r)
T, = OFI X" (RO, 25" 2, 5, (70)
(vl»vT) (’Ul,’l)T)
7, = GEEO™ (RO, AL, 8,5, )
(/Ul»/UT) ('Uly'Ur)
- 2RI RO, X2, ™
(Ulzvr) (Ul,vr)
PL=Z2,85 22 XY X, S, (73)
(v1.07) (v1,0r)
~ ~ O ~ ~
Py = O’Ul Xe(,L) Xég) Xe(il) Zvr sz ) (74)
(Ul 7”7‘) (vl 7UT)

with vy, = d(yp,) and R, = (X +Y)/V2, It is O, = Y, if d = 1, and else O, = X,,. The
operator X (v1,0,) 18, similar to X(,, ,, ), a tensor product of Pauli X operators but on the chain vertices
(d & 1) (4;,0,), Where it has the Pauli Y operator, and on the chain vertex vy,, where it has the Pauli
identity. Any observable Q, is the same as a corresponding observable Q but accounts for the nearest
neighbors of the vertex v, measuring according to the Pauli Y operator instead of the Pauli X
operator. The operators I1,..., I are illustrated in Fig. 4c for an exemplary graph.

C Proof of Lemma 1 & Lemma 2

Proof [Lemma 1, Reference experiment 1. | If the physical experiment (PE) simulates the reference
experiment (RE) 1, the specified correlations from the measurements fulfill

()¢ W)= 1, VYueV, (75)
(P|Cy |¥) = —1, (76)
WICRNw)y = 1, WwelV,, (77)
wIcAw)y = 1, WwelV,. (78)

Since the norm of all physical measurement observables is at most 1, Egs. (75) — (78) imply

GO =),  VueV, (79)
(=1)Cv [¥) = |¥), (80)
cXw) =1w), VeV, (81)
CONw) =), WYoeV,. (82)

Recall that any vertex’s observable depends on the measurement observables from all vertices v €
Ng(u). In the RE one power vertex from the odd cycle does not measure any observable when the
reference measurement is C,. However, as explained in the main text, whenever a vertex is not asked
to measure anything in the RE, in the PE it is given an input, but the results are marginalized.
Thus, physical measurement C, has two non-equivalent implementations, one in which the vertex
which does not measure anything in the RE is asked to perform the measurement corresponding to
X and the other in which it is asked to measure Z. We write CQEX) and Cq(,Z) for these two physical
implementations, respectively. Both operators have congruent observables except on the chain vertices
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with the nearest power vertex v, thus

e = xa% x5 (83)
(v,N()NV)(v,N(v)NV)

We denote the vertices of the circular induced subgraph in some order along the cycle V =
{v1,v2,. .., vy} with (vi,vie1) € E and vy 41 = v1, and in general v; = v;o1/) We get the following
chain of relations

V| V|
| CV H CU?I@ H CvZchggk <84)
k=1
o X (X) (X) (X)
Uk 0 L X Xo R Xe R Svk
vkﬂ)kﬂ) (vkmk+1)(vk7vk+1) (vkﬂ)kﬂ)
V]
Z X X Z
® Z'UQk 1 U2k U2k+1 X(E,L) X(E,R) Xe(,L) Xe(,R) Sv2k>
(vak—1,92k ) (V2 —1,V2k ) (V2k V2K +1) (V2K s V2k+1)
V|

(k 1(v2k 17U2k (var— 1a'UQk)(U2kvv2k+1)(7}2kav2k+1)

|
WI o (X) (X) (X)
® vac 1 X’”kav2k+1 V2k ® Xo L Xe,L Xo,R Xe,R

k= k=1 k=1 (’Ukv’uk-l-l) (Vi Vk41) (Vi ,Vk41) (Vi Vkg1)

1
4 ) (X) (Z) S (2) (X) (2) (X)
® Xe L ® Xe,R Xe,R XO,L Xo L |\Ij> (86)

1 (Ukﬂ)k+1 vk,vk+1)(vk 7vk+1)(vkyvk+1) k=1 (v,vk41) (Vk,Vk41) (Vk 7Uk+1)(vkﬂ)k+1)

k=
14 14
( ) (® ZUQk 1XU2kZU2k+1) |\IJ> (87)
k=1

le ZUI XUI Zvl |\Ij> (88)

Line (84) was obtained by using Egs. (79) — (82) for all v € V.. The following three lines, constituting
Eq. (85) are obtained by using Egs. (41), (46) — (48), and Eq. (83). Line (86) was obtained by simply
rearranging the terms in the previous equation, taking care about commutation relations. Taking that
the physical measurement observables square to the identity gives line (87). There, we are only left
with observables on the power vertices. We can then use the same arguments present in [47], precisely
Eq. (15), on the non-inflated circle to arrive at Eq. (88). We obtained the anticommutation relation
between observables on the power vertex v.

A simple visualization of the calculus a circle with three vertices vy, v2,v3 is an array whose rows
contain the measurements and the deterministic outcome x = £1 from M|¥) = x|¥). Multiplying
the local observables column-wise, in reverse order of their application to the state, yields their action
on the state. The Pauli measurements are products of all observables shown (in black and light-blue
font). The stabilizer correlations are the products of the observables in black font with their constraints
from the simulation conditions on the left. The observables in light-blue font are not considered in the
calculus of the anticommutation in Egs. (84) — (88), but they are considered in the round of classical
communication and thus influence the observables within communication distance.
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(v3,01) vy (v1,v2) v (v2,v3) ‘ U3 (v3,v1
M, x o,R ‘ e, R o,L ‘ e, L ‘ o,R ‘ e,R o,L ‘ e,L | o,R ‘ e, R o,L ‘ e, L
Cy,, -1 xX) X xy xXx yX) yx yX xr yx yx) yx) yxX xr yx yx
Gy 1| X0 x@ z x® x@ x& xO x y xO y@ x@ oz x@ x
Gy, 1] X x0 x x0 x0 x20 x@ z x4 x@ y0 x0 z x@ x
Cogr 1 v x@ oz xy2 y2 y2@ y2 oz x@ y2 xX y x y x&
1()5) o1 X0 x™M oy x0) x0) x2) x@ oz x@ y2 xO 0y xO) x®)
01 M x0) oy y0) M p) p0 p x p0 x00) x0) y 0 xM
Q(,IZ) | vy x@2)  z x@ x@ x& x0) y x¥ x¥ x¥ x® y x0) xO)
g() 1 y) )y o xx) y0 xO yx00 y x x x& x&M y y0) xO)
¢, 1l xM X0 y xM xM xO xO oy 0 x0 x4 x@ oz x@ yZ
CT(;() o1 x x) y xO® xO) xO) xO&) 3y 0 xO) y &)y y&) yp&

Note that, as the odd cycle has translation symmetry, by relabeling the vertices in the proof, we
can obtain the anticommutation relations for all power vertices belonging to the odd cycle: For all
k=1,...,|V|, we can obtain

{ Xy 20, 30) = 0. (89)

By applying Lemma 2, we obtain the same anticommutation relation for all power vertices in the
inflated graph. This is possible, even if we only consider the anticommutation relation on the power
vertex vy O

Proof [Lemma 1, Reference experiment 2. | If the physical experiment (PE) simulates the reference
experiment (RE) 2 for [N (v.)| > 2, the specified correlations from the measurements fulfill

(V[Cu|¥)= 1, VueV, (90)
(0| G W) = 1, (91)
(‘I’|Cviv]~ |U) =—1, Vv #vj ANvg,v5 € V3 = {v1,v2,v3} € N(ve) . (92)

Since the norm of all physical measurement observables is at most 1, Egs. (90) — (92) imply

Cu |T) =|0), YueV, (93)
Go W) = |W), (94)
(—1) C’Ui’l/'j |\If> = |‘11> , Y ; 75 vj N v, U5 € Vs = {’01,1)2,1}3} C N(’UC) . (95)

Recall that any vertex’s observable depends on the measurement observables from all vertices v €
Ng(u). As explained in the main text, whenever a vertex is not asked to measure anything in the RE,
in the PE it is given an input, but the results are marginalized.

Then, we get the following chain of relations

) = (_l)gvccmwcvzvscmvg’\I’> (96)
= (_1) "fvc Zvlzvzzv:aZN(%)\vs ‘)E‘e()l(l)Xe(?
(ve,N (ve))
> ve S(X) (X)) 5(X) (X S(X) (2
Xy Xy Koy 2y 2NNV 2O 200 20 2P xPxE 8,8,
(vewr)  (vewa) (vesN (ve)\{o1,02})
> ve S(X) (X)) 5(X) 5
Xy, 2y, Ky Xy, ZN NV X()(,L)XO(,R) X()(,L)XO(,R) x5 )Xe(R) Sy Sug (97)
(vev2)  (verws)  (veN(ve)\{e2,0s})
> S(X) (X S(X) 5(X)  p(X) p(Z
Xy Xy 2oy Xy ZNENV 20 300 PR DR 8,8.,1v) (98)
(Ucﬂ)l) (Uczvi’r) (U@N(UC)\{vl 7”3})
= (1) 2y, X, 20, Xy, |V) . (99)

Line (96) was obtained by using Egs. (93) — (80). The following four lines, constituting Eq. (97)
are obtained by using Eq. (49) and Eq. (51). Line (98) was obtained by using that the physical
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measurement observables square to the identity, so that we are only left with observables on the
power vertex v;. We obtained the anticommutation relation between observables on the power vertex
V1.

A simple visualization of the calculation for d = 2 can be depicted as an array, where each row
contains the measurements M with submeasurements C, along with the deterministic outcome xy = +1
from C|¥) = x|¥):

e(M)

<
[

Lwewr) 2(ewr) S(wewr) 4w

X v Lwewa) 2(vewn) B(vews) d(wews) V2 Lwe,vs) 2(vews) B(vews) L(wews) U3
fvr , 1 X ye o xx) y@ x@ oz y o o xx) y@ x@ oz Yy X @ x@ oz
Corwgs —1| & YO 3O FX 30Oy px  FO FE 3N x Y0 X 30 3@z
Cvg.vg , —1 ‘)E‘ yﬂ X) /’%(X) “\”;X‘w /f'(Z) z y(X) ‘\7\ X) /?(X) ‘17'\ X) X y(X) \7 X) X(X) l]’,’r\ X) X
Cvliug . -1 &y 3 B0 20y P B0 P2 @ oz ypX) pe o pE) 3y
C’uc , 1 X y(X) xX) x(2) x(2 z Y (X xX) x(2) x(2) z Y (X) xX) Y x(2) z
Coy s 1] 2z x% x x&  x oy (2 x@ x& yX Yy x@ x@ xx yxx x
Cue » 1] x x xx xy@ x@ z xNO & y@ x@ z x& xX y2 x@ z
Cvl , 1 z X X) v (X) xX) XX X Yz x(2) xX Y (X) Y x(2) x(2) X X) x X X

The Pauli measurements are represented as products of all observables shown (in black and light-blue
font), while the stabilizer submeasurements consist of the products of the observables in black font.
Multiplying these column-wise yields their action on the state. The observables in the light-blue font
are not directly involved in the calculation of the anticommutation in Eq. (96), but they impact the
observable within communication distance and confound classical models based on communication.
All measurement observables are labeled according to the local measurement setting. The information
gained from classical communication is accounted for in superscripts. To keep these minimal, we only
label the chain vertices according to the measurement setting of its nearest power vertex since all
other chain vertices measure in the same basis.

If the physical experiment (PE) simulates the reference experiment (RE) 2 for N(v.) = {vi,v2}
such that |N(v.)| = 2, the specified correlations from the measurements fulfill

(|G |¥)= 1, VuelV, (100)
WG 10 = 1, (101)
(W[ Co |¥) = —1, (102)
(W[Cy, W) = 1, (103)
(v Cv2 )= 1, (104)

v oy = 1. (105)

vl vy = 1. (106)

Since the norm of all physical measurement observables is at most 1, Egs. (100) — (106) imply

Cu |¥) = |¥), VueV, (107)

Co. [U) = |T), (108)

(=1)Co, [¥) = [¥), (109)

Coy W) = [¥), (110)

m\\m v, (111)

) jo) = [v). (112)

o) =) (113)

Recall that any vertex’s observable depends on the measurement observables from all vertices
v € Ng(u). Whenever a vertex is not asked to measure anything in the RE, in the PE it is given
an input, but the results are marginalized. Thus, physical measurement C, has two non-equivalent
implementations, one in which the vertex which does not measure anything in the RE is asked to
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perform the measurement corresponding to X and the other in which it is asked to measure Z.
We write Céx) and Céy) for these two physical implementations, respectively. Both operators have
congruent observables except on the chain vertices with the nearest power vertex v., thus

e el = a) ). (114)

(UCVN(’UC))

Then, we get the following chain of relations

W) = (=1)C0, 0. Cur ConCE S W) (115)
5 5(X) 5(X) 5(X) (X
= (—1) X, X, X, XPXP XD XY 8,8,
(vmvl) (UC7U2)
= = X Z
’ ch ZUIZU2 Xe(,L) e( ) Xe(L)Xe(,R)
(UC» ) (’Uc,’Uz)
- 5 S(Y) 5(Z
’ yUc Xv1Zv2 ch, ) ( ) e(,L)Xe(,R) Svl
(vc»vl) (UC»U2)

Y ¥ Z X
Vs By X, Xe(, ) ¥ ( )X( )XCSR) Se,

)

(”Uc,’Ul) E es2)
DD DD 110
(ve,v1) (ve,v2)
= (_1)ZU1X’U121)1X7)1 |\Il> . (117)

Line (115) was obtained by using Eqs. (107) — (113). The following five lines, constituting Eq. (116)
are obtained by using Egs. (41), (58) — (62), and Eq. (114). Taking that the physical measurement
observables square to the identity gives line (117). We obtained the anticommutation relation between
observables on the power vertex v;.

The same anticommutation relation for all other power vertices follows from Lemma 2. ]

Proof [Lemma 1, Reference experiment 3. | If the physical experiment (PE) simulates the reference
experiment (RE) 3, the specified correlations from the measurements fulfill

(| Cu|¥) =1, YueV, (118)
(1T, |9) = (1) (19)
(T |9) = (-1 . (120)
(¥1731%) = . (121)
(W[ Zy|0) = \}i (122)
(W[ Py|¥) =1. (123)
(W[ P2 |¥) =1. (124)
Then, it follows from Eqs. (119) — (122) that
(W] (2V21 + (-1)U(T1 — To) = Ty — Tu) [¥) = 0. (125)
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The operator has at least three decompositions into sums of squares
1 2
M+ V2 ()T~ ) ~ Ty - Tu) = {\/ﬂ +3 ()T -T) - T - 1) }

+ B ((—1)d(11 +1y) — I3 +I4)}

2
By — (—1)d61 By + ( 1)dB()
=4y —F——— A —_— 126
[ 5O R e (126)
— (=1 d 1 d 2
[y A DA [ A DM (127)
V2 V2
with 7y = Ay By, Zo = Ay By, Zs = Ay By, Zy = Ao By, and, using Eqs. (69) — (72),
) +(Z,R,) O JR2) 5 (0)  5(ZR.) 5  S(X,R,
Ay = Z{FD X PHIR] (7}1 Lo A= 8,04 x >ng(w) . By=AEMzZ, B =AY
(vlva) (Ul 71]7“) (Ul7v’l‘) (Ulrv’l‘)
The first decomposition holds since 717y = Z3Zs = B1By and Z,Z; = ToZ3 = BoB;. From Eq. (125) it
is
2V21 4 (-1)N Ty — Tp) — T3y — I4|¥) = 0, (—D)UZy + To) — T3 + T4|¥) = 0,
By — (—1)d81 Bi + (—1)d80
Ao — vy =0, A — ————————| |[¥) =0,
l 0 V2 |¥) 1 NG | W)
— (=1 d -1 d
lBO—AO ( )All W) =0, [Bl—A“L( )AO]m):o.
V2 V2
Then, one can write
Bi+ (—1)4B By — (-1)B
AoAs + A1 Ay = Ay [Al - 1()01 +A [AO - 0()1]
2 V2
(1) [(-D T+ To) - T + 74
+ : (128)
V2
Ap + (—1)4 Ay Ao — (—1)4A
BoBi+B1By=8By | B — —————| +B1 | By —
0 b1 150 0 [ 1 5 1 |Bo NG
N ()¢ [(~DUT1 + To) — Ts + 7] (129)
V2
As a result, we obtain
Ao Ar + AA()‘\I/> =0, BB+ B, B()‘\I/> =0,
which imply the anticommutation relations
(O
{OuRy) | ZuRyl T =0, {X,, 2, }¥) =0,
respectively. Furthermore, we can obtain the anticommutation relation {O,, X’ é(o) . , 2o, X, d( >}|\IJ>
V1,V Ul UV
0 from the previous and P; Py P1 P2|¥) = |T).
Together with the above anticommutation relations, we obtain {X,, Z,}|¥) = 0 from
CUP24UP2’\I[> = |\IJ>7 fOI“UEN(’UZ), gvPICvPI‘\Il> = |\Ij>> forveN(vT). (130)
All other anticommutation relations follow from Lemma 2. O
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Lemma 2. Consider a physical experiment with the state |¥) and correlations

Gu=x, X X ZNW, (131)
(N () (N ()
Go=R X 2 2N (132)

(v,N (v))(v,N(v))

such that
(V]G W) = (W]C,[ W) =1, (133)

forw e N(v),v € N(u).
If {X,, Z.}|9) = 0, then it also holds that {X,, Z,}|¥) = 0.

Note that in most applications of Lemma 2, , = (,. In general, the correlations (y,(, can stem
from different measurements, if the difference is not apparent on the marginalized observables. In
particular, it suffices that the marginalized observables do not overlap but on the power vertices that
are of interest for the anticommutation relation.

Proof. Given the requirements, it is (,|V) = (,|¥) = |¥) and Z,X,Z,X,|¥) = (—1)|¥). Then, we
evaluate

We use Eq. (131) and Eq. (132), and that the observables of the physical measurement square to
identity. It follows that {X,, Z,}|¥) = 0. O

D Self-testing symmetric graph states against communication

For the standard self-testing proof, we require observable of the physical experiment to reproduce the
graph’s stabilizer conditions, specifically that of the generator elements, and anticommutation relations
for observables that are involved in the products of observables that reproduce these conditions,
specifically corresponding to the Pauli X and Z observables. In a scenario with bounded classical
communication, The local observable corresponding to the Pauli X operator must also include the
information that its nearest neighbors measure in the Pauli Z basis, and vice versa.

We present the proof for the ideal case ¢ = § = 0. For a robust version of the equivalence, we refer
to the one of RE 1 and RE 2 in Tab. 3.

Proof. [e = § = 0] Given a physical experiment with state |¥) and measurement observables that
are compatible and simulates the RE 4. The RE include RE 1 such that Lemma 1 applies, i.e.,
{Xy, Z,}|¥) = 0 for all u € V'. The observables rely on the vertices within communication distance
d to perform measurements in the Pauli X basis.

We denote the tensor product of observables @(LX) and &Sz) correspond to the Pauli submeasurements
fu of the measurements Mq(lX) in Eq. (24) and ]\NL(LZ) in Eq. (25), respectively. From the simulation
condition,

(W) = (wIcP ) =1, (134)

and, therefore, @SX)\\IQ = &(LZ)|\II> = |¥) for all u € V.
We evaluate C&X)Q(,Z)Q(LX)&Z)PIJ) = |W) for any two neighboring vertices with distance dist(u,v) =
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2d 4+ 1. Namely, we multiply the local observables column wise

Cu =&y Xe,L eR Zy

o (u0) o o -

o _a (us0) o () 2 2, (135)
o -z a7k

similar to Lemma 2, where X,,, Z,, are observables whose neighboring vertices up to distance d measure
the observables X and Z in an alternating pattern. As a result, we obtain Eq. (31)

{Xv,Z,}|¥) =0 (136)
from {X,, Z,}|¥) = 0. The submeasurements g, from settings corresponding to MM in Eq. (28)
lead to Eq. (32) for the product of observables &,,

ElO) =Xu Q) Zo|¥) = V). (137)
vEN (u)

As a result, the physical state reproduces the stabilizer conditions of the inflated circular graph state.

Given a physical experiment with state |¥) and measurement observables that are compatible
and simulates the RE 5. The RE contain RE 2 for a tripoint star graph around vertex wv. in the
honeycomb lattice, such that Lemma 1 applies with an anticommutation relation {X,, Z,}|¥) = 0
for the power vertices of the inflated star graph v, and v € N’'(v.), which are the vertices in the
corners of the tripoint star. However, these observables rely on the vertices on the tripoint star within
communication distance d to perform measurements in the Pauli X basis.

We denote the tensor product of observables &EOX) corresponds to the submeasurement f,, from
measurements Méf ) in Eq. (26), and &SCZ) corresponds to f,, from ]\;IQEOZ ) in Eq. (27). Additionally, the
) (alt)

corresponds to the submeasurement f,, from measurements M;
in Eq. (29) if u € Vjey, or from MQ(alt) in Eq. (30) if u € Vjey,. From the simulation condition,

tensor product of observables &(let

(LICHV W) = (PIC 1) = (w|Cw) =1, (138)

and, therefore, (i) |W) = &2y = &) = | ).

First, we evaluate QEOX)Q(]CZ)Q%Q £f) |¥) = |¥) for any two neighboring vertices with distance
dist(u,v) = 2d + 1 in the same way as in the proof of Lemma 2. As a result, {X,,,Z,. }|¥) = 0
from {X,,, 2, }/¥) = 0, for observables X,Z that correspond to measurement settings where the
neighboring vertices up to distance d measure the observables X and Z in an alternating pattern.

We propagate the anticommutation relation (136) to every vertex of the honeycomb lattice starting
with v, and consecutively evaluating &(ﬂlt) Flalt) Flalt) E&““)\\Iw = |¥) in the same way as in the proof of
Lemma 2. The vertex u is at the center of a tripoint star and vertex v at distance dist(u,v) = 2d + 1

in one of the corners of the tripoint star. Then, it is {X,,Z,}|¥) = 0 from {X,, Z,}|¥) = 0. The
submeasurements g,, from settings corresponding to M, }EZZI) in Eq. (29) if u € Vieq, or M, }Egg in Eq. (30)

if u € Vien, lead to Eq. (32) for the product of observables &,,
Gl¥) =Xu @ Zu|¥) =), (139)
vEN (u)

As a result, the physical state reproduces the stabilizer conditions of the inflated circular graph state.
We show the equivalence in terms of Def. 3 between the PE and the RE with the local isometry is
d = Hvev/(Vhez) ¢, with ¢, characterized by the first circuit in Fig. 1 using the observables X,, and Z,,.
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The evaluation of the isometry is the same as in Appendix A, but we use &,|¥) = X, (Z2)N®|¥) = |¥)
and the anticommutation relation in Eq. (136). The tensor product of observables &, corresponds to
the measurement submeasurements g, from MQ(LX) for RE 4 and from M@ for RE 5. ]

E Inflated Isomorphism

Here, we prove Theorem 1 for the ideal case, ¢ = 0 and § = 0. In Appendix F, we extend the proof
to robust equivalence by trailing the proof for the ideal case and bounding all expressions that result
from the accordance of the measurement correlations.
Consider a physical experiment (PE) that is compatible and simulate one of the reference
experiments (REs) 1,2 and 3, such that Lemma 1 applies, and it is (,|¥) = |¥) for all u € V.
Measuring the chain vertices in the measurement bases corresponding to observable X with outcome
X = (¥y)yevr\v, transforms the state

) — [¥) =P |0 = @ (L, + (~1)™X,)[T). (140)
vEV\V

The isometry that maps the subsequent state (on the power vertices) to the graph state
corresponding to the graph in the RE is a product of local isometries for each power vertex. The
local isometries are described by the first circuit in Fig. 1. We employ the standard isometry inspired
on the SWAP gate in Fig. 1, which was proposed in [10], used in [47] and in Section A.

The isometry acts locally on the post-measurement state and one ancilla qubit for every power
vertex,

o (10) o [w) ) = T 6u(j0) 2 I |0)) . (141)

veV

We denote (z0), := 3%, T2s(, (v a8 the sum of measurement outcomes of every second chain vertex

v))

seen from the power vertex v up to the next power vertices. Denoting Z3* = @, ¢y Zéie)“, it is
() 1 () au
@ (j0) o) = 5 X fa) @15 @ (L + 2.) X5 W) (142)
aeF;‘/‘ ueV
1 X Z)
= > (C1)@la) oI Q) (AR ) (L + 2. |9) (143)
acF)’| ueV (u,N(u))
1 a)t+Xea X
= ov 2 (D7 Pa) o nf @ (L + 2,) ) (144)
angv‘ 'LLGV
= |G™)) @ |junk), (145)

with the graph state’s signature

E Ay Oy .

(u,v)EE
Line (142) was obtained by evaluating the action of the circuit ¢, which has been done in Eq. (33)
in Appendix A.
To arrive at Eq. (143), consider an arbitrary but fixed order of vertices and sequentially perform
the following three steps. First, from (,|¥) = |¥) and Eq. (41), apply
Qo
X) 1,(Z
xpew) = (2502 R) 220 ).

€,

(u,N (u))

With the anticommutations relations, permute Z¥(® from right to left. Depending on the order of
vertices, if u < v € N(u), (£,)% anticommutes with (X,)%, leading to a phase (—1)*% which is
acquired if and only if two vertices share an edge. Then, absorb (1, + Z,) (Z,)% = (1, + Z,).
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For Eq. (144), use HE@X = (—1)°’CHE$) for the operators on the chain vertices. To arrive at Eq. (145),
define the locally rotated graph state

1
)y — _~ _1\9(a)+xca
aEIFLV‘
and a residual state
junk) = 2V121) Q) (1, + 2,) W) (147)
ueV

There are three caveats regarding RE 3. First, for odd d, the correction operation Zéfj)“l on vertex
v; depends additionally on the measurement outcomes of chain vertex d(vl.w), ie., (ze)y = (Te)y +
Ldg, .- Second, Xy 20, | V) = (—1)Q 2, &, | V) with Q := (X(Z)X(O)X(Z)X(O)> . Throughout

(Ulﬂ’r)

the above considerations, © occurs whenever one uses the anticommutation relation. However, it can
immediately be absorbed in the measurement projectors since Hg?)Q = Hg?) and therefore does not
affect the result. Third, for d = 1, we replace the observable X, by },, in the isomorphism.

For any measurement of the PE Mj, the action under the isometry is ®*) <|0) ® HE,?)M;C\\IJ».
Since all measurements can be composed into products of observables Z and X on the power vertices
and operators X on the chain vertices, we consider these separately. For some power vertex v and
P <|0) ® HE,?)XUMIJ’)), insert X, to the right of Eq. (142) to see that it shifts a, — (a, + 1) mod 2.

This is exactly the action of a Pauli X operator on |a,). For ®®) (]0) ® HE,?)XU|\IJ’>>, inserting Z, to
the right of Eq. (142), and anticommute it with X~ for a sign factor (—1)%v, which is exactly the action
of a Pauli Z operator on |a,). For any chain vertex v, H(;) X, = (—1)“1’[(;)
undetectable by any measurement. By linearity, it is then ®®) (|0) ® HE\){()MH\I&) = My|G) ® |junk) ,
for any measurement setting M), reduced to its action on the power vertices. This concludes our proof
of Theorem 1.

In Appendix F, we extend Theorem 1 to a robust self-testing procedure with techniques present
in [47] and in [53]. The bounds on the isometry for all discussed REs are in Tab. 3. They scale with
V€ where € is the deviation of the measurement results from the ideal ones, as in Def. 4. The bounds
on the self-testing procedure with inflated graph states allowing bounded classical communication are
slightly worse than for the non-inflated graph states, which is mainly due to the higher number of
measurements required to derive the anticommutation relations.

leads to a global phase,

F  Self-testing robustness

We show that our self-testing proofs from Theorem 1, Theorem 2, and Theorem 3 are robust in terms
of Def. 4. For this purpose, we mainly use the triangle inequality and the following inequalities.

From (U|M|T) > 1 — ¢, it is [¥) — M|T)|| < V2¢, and it is |¥) — MyMa|¥)|| < o + B for
W) — M| D), [ %) — M| W)]| and if [ Mo = 1.

We first bound the anticommutation relations from Lemma 1 and Lemma 2 by counting the number
of measurements involved in obtaining the anticommutation relation on the first vertex, and then
adding the number of times Lemma 2 has to be applied, which is the distance along the edges
between the first vertex and any other vertex in the graph. The only exceptions are the vertices
vy, v, in RE 3, where we use techniques from [53]. Consider Eq. (1) for the observables in the
physical experiment Z; simulating the I; from Egs. (63) — (66) for i« = 1,2,3,4. Explicitly, it is
IV2(U|Z1 W) — (=) < V2€, |V2(¥|To|¥) + (—1)7] < v/2¢ and |V2(¥|Z;|¥) — 1| < /2¢ for i = 3,4. Tt
follows that (—1)%/2(U|Z;|¥) < —1 4+ v/2¢, (—1)I2(¥|Z5|¥) > 1 — /2¢ and v2(V|Z;|¥) > 1 — /2¢
for i = 3,4. As a result,

(WL + V2 ()T — T) — Ty — 1) [¥) < 4v2e.
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Reference experiment c Robustness

RE 6 4 §=e|VIQ2IV]?2 +6|V|+6)

RE 1 3m+1 5= VelVIEIV]2+ Bv] +2)

RE 2

[N (ve)| = 2 6 0 =VeVIQIVE+T7IV]+38)

[N (ve)| > 2 4+ 4[N (vc)| § = e|VIQ2IVI +6]V]+6)

RE 3 VV2(L+V3) | 5= VEIVIRIVIE +4V] + 1+ @2+ V])y/2v20 + V)]
Def. 3 in [47] m+1 §=VelVIGIVIE+EV]i+2)

Def. 4 in [47] — §=VelVICIVE+4[V]+1) + [V|e(|V]| + 13)

Table 3: Table of bounds on robustness § in Def. 4 from Eq. (150), parameter ¢, with |E| < |[V|? and [ < |V/|. Note
that m is the number of vertices in the circle in RE 1.

Due to the operator’s sums of squares decompositions, every squared element is equally bounded by

42 e > (0| [; ((_1)d(11 +1p) — I3 +I4 ] H { N+ 1) - Ty +I4>] V) j

It follows from Eq. 126 and Eq. 127 that

4\@0(@’_% BO—E/—;UZBl] HAO_BO_EE)&]MI’
4\@€>(\1;|:A1 81+E/§1dl301 HAl_Bﬁi/_il)dBO}'%j’
43 > (] AO_ — dAl ] HAO_EE)%‘“—BO] 7) j
426 > (U |_W Bll |\11):‘ Al”\/_;)dAO—Bl} ) j

To bound the anticommutation relations H{OUZREI(()) ),Z Ré(z )} | W) H and [[{X,,, Z,, )|, we
vy,vr v,V

use Eq. (128) and Eq. (129), respectively, together with the triangle 1nequahty As a result, it is

[{o.R) | 2.RE Vi < Vsvan+vayve, (148)
1%, 20, 301, < V8V2(1 + V2)Ve. (149)

With the bound on the anticommutation relations, we can bound the isometry using the triangle
inequality whenever the anticommutation relations or relations directly from the measurements are
used with more details in [47]. Note that, when evaluating the isometry on the measurements applied
to the state, we do not use additional anticommutation relations; therefore, the bounds of Eq. (2) and
Eq. (3) are the same. Then, a general bound is

5= \f((2|V\+ E]) (c+41)) (150)

with the number of vertices |V| and number of edges |E| in the (inflated) graph. The parameter ¢;
depends on the number of measurements needed to establish the first anticommutation relation, and [
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is the largest distance along the edges from this vertex to any other. The parameter ¢ is the number
of measurements involved in the mapping of X, (),) to ZVV ()| For the different reference experiments,
the parameters and bounds on ¢ are shown in Fig. 3.

The bounds on § are not optimal and can be improved, especially if more is known about the
structure of the graph. Specifically, for larger graphs, it might be useful to combine several reference
experiments when required subgraphs occur multiple times in the graph.
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