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QCD  Thermodynamics  on  the  Lattice: Recent  Results

                               Carleton DeTar
Depurtment  of Physics and  Astronomy, LJhiversity of Utah, Salt Lake (lity, Utah 84i12, USt4 '

  I give a  brief int･roduction to the goals, challenges,  and  technical diMculties of  lattiee QCD
thermodynamics and  present some  recent  results  firom the HotQCD  collaboration  for the

crossover  temperature,  equation  of  state,  and  other  observables.

L  INTRODUCTION

   Numerical simulations  and  models  have established  that the high-temperature behavior of QCD
at low baryon number  density is governed by two  interrelated phenomena,  naJmely  the transition

from a  low temperature, confined  regime  to a  high temperature deconfined regime  and  the transition

from a  low temperature  regime  with  spontaneously  broken chiral  $ymmetry  to a  high temperature

regime  in which  the chiral  symmetry  is restored.  The  deconfinement phenomenon  is especially

apparent  at  very  large quanrk masses  where  the first order  phase transition  of  pure SU(3) Yang-

Miils theory becomes  manifest.  The  chiral  restoration  phenornenon,  on  the other  hand, is most

relevant  in the !imit of  vanishing  quark  masses.  Between  these extremes  only  a  nonperturbative

calculation  can  say  what  happens. The  presellt consensus  in lattice QCD  is that  there  is no  phase

transition -  only  a  crossover  -  at physical quark masses  and  zero  baryon number  density [1, 2],

   Figure 1 (left) summarizes  in qualitative terms  our  knowledge of  the  QCD  phase diagram as  a

function of  the light (up, down, and  stratige)  quamk  masses  Tn.  ==  7nd  and  m..  Lattice cal ¢ ulations

aim  to check  this picture, One  impotant  question is whether,  when  we  fix the strange  quark mass  at-
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FIG. 1: Left: Sketch of  phase  diagram at  zere  baryen density as  a  function, of  light quark  masses  rn.  =  md

and  m..  Right: Splitting of  the pion  taste multiplet  showing  the expected  decrease with  lattice spacing.

The  unboxed  poinks anre  for the asqtad  action  and  the much  lower boxed points are  for the  HISQ  action,
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its physical value  and  reduce  the  up  and  down  quark masses,  we  ellcounter  the  first-order transition

region.  Present indications are  that  we  do llot,

   What  can  we  }earll about  QCD  thermodynarriics  from  numerical  lattice simulations?  Here is a

list of  objectives.  More  could  be added.

   e
 Obtaining accurate  values  of  the crossover  temperature  [I},.

   .  Determining  the equation  ef  state,  velocity  of  sound,  etc.

   .  Studying critieal  universality  at･ low light quark masses.

   -  Calculating transport properties of  the plasma.

   .  Establishing the  extent  of  validity  ef  the hadron  resonance  gas model  at low T,
    '

   - Determinining the  behemrior of  in-medium  hadronic modes  (e,g. JIV), especially  above  [l},?

   .  Searchiiig for an  experimentally  accessible  critical  point  at  nonzero  baryon number  density.

Fbr all of  these toptcs a  nonpert-urbative  treatment is necessary,  Numerical simulation  on  the lattice

gives a  first-principles, nonperturbative  t･Teatment, We  know  of  ne  alternative,  It does not  answer

all of  our  questions,  however. Here is a  list of  Iimitatiolls:

   .  We  can  treat only  static  thermodynamic  equilibrium  or  small  perturbations around  it.

   .  We  work  in euclidean  time: Real time  properties  are  dificult to extract.  IItanspert properties

     ca:[i be computed,  in principle, but it is not  easy,

   -  CaJculations at  nonzeTo  quark number  density are  very  diMcult.

Phomenological  models  can  help extrapolate  from lattiee results  to regimes  that are  inaccessible

to lattice calculations.

                           II. LATTICEMETHODOLOGY

   Fbr  an  introduction  to lattice methods  fbr QCD  thermodynamics,  please see

therein, Here  we  mention  only  a  few key concepts.

                              A.  Feynmanpathintegral

   We  work  with  quantum  grand-canenical partltion function

   Z ==  1[lr [exp (-ll'!T+\. laM!T)]  ,

[3] and  references

(1)
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fbr temperature  T, QCD hamiltonian ", chemical  poterrtial ta, and  conserved  charge IVI. It is
rewritten,  using  the )bynman  path  integral approach,  as  the  functional integral

   Z=fdA.  dcb dQ expl-S(A,ip,di,pa)]  (2)

where  Apa, V, ip represent  the gluon and  quaxk fields amd  S  is the classical  action  in a  Eudlidean

space-time  (imaginary time). The continuous  spacetime  is discretized as  a  lattice of  points of

spacing  a, and  the classical  action  is foTmulated on  that lattice. [[]he para:neters of  t･he action

are,  as  usual,  the  gauge coup}ing  and  the  quark masses.  IntrQducing the lattice puts the functional

integration in a  form that is more  amenable  to  numerical  simulation,  and  it provides the  ultraviolet

regulation  needed  to define QCD,

                             B. Varyingthetemperature

   The imaginaJry time  coordinate  has a  finite extent  determined by the temperature, Se if there

are  IV} points in the time direetion, at  lattice spacing  a, the temperature is given by T  =  lf(aM).

There ame  two  methods  in current  use  fbr varying  the temperature.

   1. Fixed M  method.  Through  the renormalization  group, the lattice spacing  a  depends on  the

     bare gauge coupling  g, so  as  g decreases, a  decreases, and  [li increases, Low  T  then implies

     larger Iattice spacing  and  larger cutoff  effects!  With  this method  we  scan  a  temperature

     range  at  one  fixed IV, and  then  Tepeat  at  larger M  to move  closer  to the  continuum.

   2, Fixed scale  method.  [4, 5] With this method  we  fix the gauge  coupling  and  lattice spaeing

     and  vary  M.  Cutoff effects are  then uniform  in T.

                           C. Setting the  bare quark  masses

   Quark masses  can  also  be i(iried  to explore  the  phase diagram. It ls useful  to work  along  
"lines

of  constant  physies"; i,e. we  tune the bare quark  masses  so  as  to keep (zero-temperature) meson

masses  fixed in physical  units  as  T  (so a) is varied,  Typically we  set  the strange  quark mass  m,

to its physical value,  but it is expensive  to calculate  with  a  physical up  and  down quamk  mass

mu  fv  md  =  me,  so  we  fix the  ratio  me!ms,  repeat  the  calculation  for a  range  of  raties,  and  then

extrapolate  to the pbysical point,

                           D. Determining  the lattice scale

   [[b get T  in MeV  we  need  to know  a  in physical units,  This value  is determined in a  zero  tem-

perature calculation  at  the  same  hamikonian pamameters. It requires  matching  one  dimensionfu1
lattice result  with  one  experimental  result.  Two  common  methods  are  in use:
                                     '

   1, fir scale.  One  measures  the meson  decay constamt  in lattice units  afli  at zero  temperature.

     Mrom  the experimental  value  of  fK, we  then  know  a.
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   2. ri  or  ro  rnethod.  This method  is based on  a  measurement  of  the static  quark-antiquark

     pot･ential, a  relat･ively  easy  process. The  eonstant  ri is defined as  the va3ue  of  R  where

     R2dVCR)ldR  ==  1, The  Sommer  scale  ro  is similarly  defined l6]. Of  eourse,  these  values  are

     not  measured  in experiment.  So their values  anre determiped in terms  ef  an  experimentally

     observable  quantity, such  as  the  splitting  of  the  T  spectrum,  with  the  result  ri fv  O.31 frn

     and  ro  Rs O.47 im [7].

AII scale  definitions must  agree  at  zero  lattice spacing  and  physical quark masses,  but we  expect

some  disagreernent at  nonzere  spacing  and  unphysi ¢ al masses.  With  current  methods  we  can  get
better than  rv  2%  accuracy  in T.

                         E.  Latticefermiondoublingproblem

   Putting fermions oll the  lattiee is nontrivial,  Discretization of  the Dirae action  introduces

complications.  As  a  result  there  are  seveTal  lat･tice fermion formulations, each  with  its advantages

and  disadvantages. With  a  naive  disaretization in three  space  and  one  time dimensioll we  get 24

quark  species  of  the sarne  mass.  This is called  the  fermion "doubling"
 problem. The  remedial

strategy  vamies  with  the  fermion implementation.

   Wilson  ini]roduced a  dimension-five term  in the action  to  lift the  degeneracy. AII unwaiited

±
'ermions

 then  get masses  of  order  11a. This procedure  breaks chiral  symmetry  explicitly,  which

adds  to  the  complexity  of  studies  at  finite temperature.

   The  domain  wall  and  overlap  implemelltations usually  stamt･ from Wilson's action  and  build from

it an  action  with  a  form  of  chiral  symmetry.  It is rigorous,  elegant,  but cemputat･ionally  expensive.

   The  staggered  fermioll implementation diagonalizes the fermion matrix  part･ially to reduce  the

degeneray firom 16  to 4. In modern  language, these are  called  
L;tastes':,

 (Then each  flavor cornes  in

four tastes.) Finally, one  takes the fburth root  of  the  fermion determinant to get an  approximately

correct  counting  of  sea  quark fiavors. This is a  controversial  step,  but recent  work  has placed it･ on

firrner theoretical ground. (See a･ discussioll and  references  in [7].)
   The  lattice regulates  ultratriolet  divergences by introducing a  momeirtum  cutoff  of  order  1/a, As

the  spacing  is reduced,  we  remove  the cutoff.  Depending  on  how  the lattice a ¢ tion is formulated,

at  nonzero  latt･ice spacing,  results  can  be distorted by the  cut-off,  The  goal of  improving the

formula･tion is to reduce  these  efTects  at  a  given a. [Vhis is done  by adding irrelevant higher-

dimensional t･erms to the  action  [8]. The  original  staggered  fermion action  is `Lunimproved":
 good

to O(a2), Improved  formulations in current  wide  use  are  called  
`Cp4"

 I9, 10], "asqtad':
 (for references,

see  [7]), 
"stout"

 [11, 12], and  
[LHISQ"

 [13].
   Iu the  continuum  limit the tast･es are  described by an  exact,  extraneous  SU(4) symmetry,  and

the fourth root  is trivial. At nonzere  lattiee spacing,  this symmet･ry  is broken, which  ieads to

a  distortion of  the hadron  speetrum,  as  shown  belGw. As  we  will  see,  recent  calculational  results

suggest  t･haS] taste  symmetr}r  breaking is the  source  of  a  large share  of  the cutoff  effects  in traditional

staggered  fermion thermod}rnamics.  Currently, the HISQ  action  has the  most  improved  taste

symrnetry,  followed elosely  behind by steut,  and  thell asqtad,  and  p4. Aside from  taste splitting,
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FIG. 2: Three deconfinement ma[rkers  as  a  function oftemperatiire  (MeV). Left: static  quark  free energy  [3].
Middle: stratige  quairk number  suseeptibility  [14], Right: energy  density and  pressure in units  oftemperature

[22]. The  Stefan-Boltzmann ftee-gas limit is indicated on  the right.  The  crossover  is evident  in all  of  them.

other  cutoff effects are expeeted.  The p4, asqtad,  and  HISQ  actions are  al] improved  with  leading

errors  at  O(a2a,), and  the  stout  action  is less improved  with  leading errors  at  O(a2),

   The effects  of  taste-symmetry breaking are  most  evident  in the pion  spectrum.  Fbur  tastes of

quarks and  four of  antiquarks  yield a  multiplet  of  sixteen  pion  tastes fbr each  physical  pion. The

resulting  multiplet  stTucture  ls shown  in Fig, 1 [14]. [Phe figure shows  that the  sp]itting  decreases

approximately  as  a2ae.  The  comsiderable  lmprovement  of  HISQ  ever  asqtad  is also appareTit.

III.RESUI;]]S

   I will  review  some  recellt  results  mostly

very  new  ones  based on  the HISQ  action  AE,from

 the HotQCD  cellaboration  [24] including seme

=  6,8 and  asqtad  M  =:  12.

A.IndicatersDf  deco.nfinement

   A  variety  of  ebservables  are  good  phenomenologica! indicators of  decenfinement. We  diseuss

two  of  tbem, namely  the Polyakov loop or  
"static

 quark self energy"  and  the strange  quark number

susceptibility.  A  third, the equation  ef  state,  is discussed later below.

   The  traditional deconfinement indicator is the "Polyakov
 loep7' L. It is related  to the static

quark free energy  Fb, i. e. the  diffttrence of  the  free energy  of the t･hermal ensemble  with  and  without

a  static  quark:

L =:  ([[)rpexp(zg y[iiT dT Ao(T)))-  exp[-4(T)fT] (3)

Evell when  light quarks  ame  present  in the ensemble,  adding  a  statie  guaxk  at  low temperature

requires  screening  by  a  light quark,  increasing  the  free energy  by an  amount  equal,  roughly,  to  a

constituent  quaJrk mass,  In the deconfined phase the constitutent･  quark  mass  is very  low, This

effect  is visible  in the  left panel  of  Fig. 2. There  is no  direct linkage between  this quantity and  the

chiral  order  pa[tameter,  so  this observable  is not  a  geod  indicator of the chiral transitioll.

   The  strange  qua[rk number  susceptibiltiy  measures  fiuctuations in strangeness  x. =:  <S2> f(VT).
Sueh fluctuations are  expect･ed  to be large in the deconfined phase where  strangeness  is carried  by
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FIG, 3: Left: Chiral condensate  fOr a  variety  of quark mass  raties  mElrn.  [20], Also shown  is the ex-

t[apolation to zero  quark mass  where  a  singularity  is expected  to appear.  Middle: The  subtracted  chiral

condensate  (see text) from various  fermion formulations, showing  a  lowering of  the transition temperature

with  decreased taste splitting  l17]. Right: Chiral condensate  for the asqtad  action  fit to the  O(2) and  O(4)

critical  scaling  functions (see text) [17].

the quark degrees of  freedom, and  smal1  in the confined  phase where  it is carried  by hadrons

containing  a  strange  quamk, This behavior is apparent  in the right  panel of  Fig. 2. Although

this quant;ity is expected  to have a  singularity  at  the chiral  critical  point, an  analysis  of  critical

behavior suggests  that the singularity  is too mild  to make  this observable  a  good  indicator of  the

chiral  transition.

                      B. Indicators of  chiral  symmetry  resteration

   The  chiral condensate  and  its associated  susceptibility  are  obvious  markers  of  chiral  symietry

resteration,  The  Iight quairk chiral  condensate  Vth is, in fact, the order  parameter  for chiral

symmetry  at  zero  up  and  down  quark  masses.

   <thth>-(TfV)OlogZlam. (4)

It is nonzero  when  chiral symmetry  is spontameously  breken and  zero  when  it is restored.  We

expect  restoration  at high T. When  al1 sea  qua[ck masses  ame  nonzero,  chiral  symmetry  is not

exact,  so  we  don't get zero,  exactly.  The  example  in Fig. 3 (left) confirms  the expected  behavior.

   The  chiral  condensate  is subject  to both  additive  (divergent at nonzero  quark mass)  and  multi-

plicative renormalization,  [[b compaJre  results  for diflierent actions,  it is necessary  to remove  these

factors. A  convenient  choice  is the  
"subtracted"

 condensate  (middle panel of  Fig. 3):

   Ae,s =  [<Vth>E (T) -  melms  <V¢ >, (T)]/[<ipth>e (T =  O) -  melms  <thth>. (T =:
 O)l (5)

                  C. Taste symmetry  and  the  transition  temperature

   In Fig. 2 and  Fig. 3 we  see  that  the  various  actions  give strikingly  different-, The  discrepaneies

correlate  with  the  degree of  taste symmetry  ef  the  a £ tion. As taste symmetry  is improved, the
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curves  shift  to lower temperature. This is achieved  by decreasing the lattice spacing,  i.e., increasing

IV} and  by improving the  a£ tion. Iibr the  latter property, in order  of  gradually improved  taste

symmetry,  the actions  are  p4, asqtad,  stout,  and  HISQ.

            D. Scaling of  chiral  order  parameter  (Magnetic equation  of  state)

   At zero  quamk  mass  we  expect  universal  O(4) critieal  behavior at  the chiral-symmetry-restoring

phase transition. It is O(2) at nonzero  lattice spacing  for staggered  fermion actions.  Define

  t=(T-[rl,)!71,  and  h==  (m.lmK)2 Ri  mefm,  (6)

Fbr small  h andt  we  haye

   M(t,h)im,!T`<ip+th(t,h)>-tfif(z)+regular  (7)

where  z  =  zotfhif(P6)  and  f(i) is the universal  scaling  function for O(2) or  O(4). This analysis

is tested in Fig, 3 Cright). It fo]ews the analysis  fbr the p4 a£ tion described in [16]. A  similar

analysis  for Wilson feTmions long ago  found surprisingly  good  scaJing  [15i. Such a  scaling  analysis

gives a  framework for extrapolating  results  to  the plrysical quark mass.

                               E.  Chiralsusceptibility

   The  chiral susceptibility  measures  fluetuations in the chiral  condensate.  IJbr ligh£ quarks  it is

       T  02

  XE 
=7ome2

 
10gZ=

 )Ce,dise+2Xe,conn･ (s)

The  
"disconnected"

 and  
`"connected"

 labels refer  to the topology of  qua[rk world  lines in the  con-

ventiona[L  computation,  The  disconnected term  peaks at the crossover,  as  shcFwn  in Fig. 4. The

pealc height diverges in the chiTal limit. Thus  it is an  excellent  marker  for the crossover.  Consistent

with  the behtrvior of  chiral condensate,  the peak  shifts  te lcvwer temperature as  the lattiee spacing

is decreased (increasing M).

                    F. ["ransition temperature  at  the  physical point

   Lecating the peaks of  the chiral  susceptibility  at other  quark masses  and  lattice spacings  allows

us  to carry  out  an  extrapolation  to the physical light quark mass  (appron(imately m.127)  and  zero

lattice spacing.  The  temperature at  the peak  is plotted in Fig. 4 (right) together with  curves  based
                                      '

on  the  ansatz

  [li,-7b(O)+a(mE!m.)i!C6fi)+b!IV?  (g)

The  light quark  mass  dependenee  is motivated  by  the  expected  universal  O(4) eritical  behavior

(1!(P6) =  O.54) and  the  lattice spacing  (1!IV}) dependence is based on  the expected  O<a2) cutoff

dependence of  the action.
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FIG,  4: Left: Disconnected light quark  chiral  susceptibility  for the asqtad  action  showing  a  peak  a･t the

crossover  temperatur'e [18]. The  peak  shifts  to lozzrer temperatures  with  increasing N}  (decreasing lat･tice

spacing).  Rjght: The  cressover  temperature  as  a  function of  the light quark  mass  ratio  and  N}- [18]. The

curves  show  the fit to Eq. (9).

   At the  physica[[ point mElm.  ==  lf27 and  zero  lattice spacing  we  obtain  a  preliminamy  vaIue

of  the crossover  temperature at  the physical point: Ti,(phys) Rt  164(6) MeV  [18], The  Budapest-

Wuppertal  resuk  for a  closely  related  observable  is 147(2)(3) MeV  [l91
   In the past couple  of  years there has been  a  lively discussion abeut･  the  transition temperat･ure,  In

2004 the MILC  collaboration,  using  the improved  asqtad  action,  carried  out  a  siinilar  extrapolation

from IV. ==  4, 6, and  8 to the physica･1 point with  lower statistics  than in the present study  and

reported  169(12)(4) MeV  [20], In 2006 Cheng et enl., using  the p4 actien,  reported  192(7)(4) MeV

at  the physical point based on  simu}a.tiorLs  at M  ==  4 and  6 [21]. The  HotQCD  collabera,tion

published a  study  of  the equation  of  state  in 2009, based on  both the asqtad  and  p4 actions,

but, beeause there  were  not  enough  data to do so  at  the time, quite deliberately did not  quote a

result  for the  transition  temperature  at t･he phystca,1 point [22]. At the  same  time  the Budapest-

Wuppertal co]laboration  reported  on  its study  using  the st･out  action,  with  several  value･ s depending

on  the observable,  in¢ luding 147(2)(3) MeV  from  their renormalized  discennected susceptibility  and

165(5)C3) from the strange  quark number  susceptibility  [19].
   What  we  have learned first from  these studies  is that the transitien temperat･ure is more  sensitive

t･o taste-breaking effects  in the staggered  action  than some  had expected,  But the story  is not

finished, The  HetQCD  collaboration  has undertaken  a mere  compreheiisive  analysis  of  OCN)

universality  with  its current･  data. This study  may  lead to a  more  refined  determination of  the

crossover  temperature. It also  provides a  means  of  deeiding which  obser'vables  are  better markers

of  critieal  behayior.

                         G. Equation  ofstate  (trace anomaly)

   The  equation  of  state,  i.e., the energy  density E, pressure p, and  entrepy  density s as  a  function

ef  temperature  is an  important quantity in the  hydredynamics  of  heavy ion co]lisions  and  in the

characterization  of  the early  universe.  The  now  standard  lattice QCD construction  of  the  equation

of  state  begins with  a calculatlon  of  the  
CLtrace

 anomaly?'  or  
"interaction

 measure"  , I =  E -  3p. It
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FIG.  5: Interaction measure  in units  of  temperature  vs. temperature  for the a･sqtad,  p4, HISQ, and  stout

actions  at  a vaJriety  of  values  of  IV} [171. The  curve  is a  convenient  parameterization. It agrees  with  the

hadron resonance  gas model  at Iow temperature.

is plotted in Fig. 5 for a  variety  of  actions,  At low temperature the measured  points lie below the

prediction of  the hadron resonance  gas model  (based en  physical hadron masses),  Such an  effect

is an  expected  eonsequence  of  the splitting  of  the pion taste multiplet,  which  tends  to inerease

the rms  mass  of  the pion, and  therefore lncrease the transition temperature. At high temperature

where  cutoff  effects  aJre much  reduced,  the  three  actions  (p4, asqtad,  and  HISQ)  agree.  However,

a  recerrt  Budapest-VL'iippertal result  for the steut  actien  shows  a  significant  deviation [23]. The

results  are  eompared  in Fig. 5. The stout  action  points include a  rather  1arge' 
"tree-level"

 correction

for cutoff  effects.  Sinee the p4, asqtad,  and  HISQ  actions  are  improved  at  O(a2), they  have better

scaling  properties at  high temperature, as  shown,  and  no  such  correction  was  applied.  In any  ease

the correctien  vanishes  for all actions  in the continuum  limit,

   The  pressure p  and  energy  density E  are  obtained  from  the interaction measure  I as  fo11ows:

  p==  lll yll
"

 elT' i,, i(T') E=i+  3p (io)

Results are  shown  on  the right  ln Fig, 2 for the asqtad  arid  p4 actions.

IV.  CONCLUSIONS

   Lattice QCD  is providing a  wealth  of  information about  high temperature  QCD, part,icularly
about  the  nature  of  the  tratisition from  low to high temperature  and  the behavior of  several

quantities of  phenomenological importance, including the  equation  ef  state  and  the  quark number

susceptibility.  Other quantities  I did not  have space  to discuss are  the  speed  of  sound,  the  equation

of  state  at nonzero  baryon density, t･ransport properties, and  the survival  of  hadronic modes  in the

medium.

   The  staggered  fermion formulat･ion is most  widely  used  fbr thermodynatnic  studies.  We  have

learned that taste-symmetry breaking makes  a  1arge contribution  to cutoff  effects  in that formu-

lation making  it highly desirable te uBe  actions  such  as  HISQ  and  stout  that  have better taste
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symmetry.

  More is yet to  be learned about  t-he critical  scaling  of  various  quantities near  the chiral  phase

transition, and  further st･udy  is needed  to settle  substantial  disagreements in the interaction measure

at  moderate  temperature.
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