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I w a n t t o discuss briefly a poss ib le a v e n u e for t h e fu ture 
d e v e l o p m e n t of q u a n t u m field t heo ry , w h i c h I bel ieve 
m a y b e fruitful. W e a re all a c c u s t o m e d to the idea l i za t ion 
t h a t a c c o m p a n i e s t h e q u a n t u m theo ry of fields in i ts 
r e p r e s e n t a t i o n of phys ica l p h e n o m e n a , i.e. t h e c h a r a c ­
ter is t ic q u a n t u m m e c h a n i c a l fea ture of t h e use of a b s t r a c t 
vec to r s a n d o p e r a t o r s t o symbol i ze phys ica l quan t i t i e s . 
B u t in o n e respect , a t least , t h e q u a n t u m field t h e o r y h a s 
b e e n conserva t ive . I t c o n t i n u e s t o m a k e use of a classical 
space - t ime b a c k g r o u n d , u p o n w h i c h the q u a n t u m descr ip ­
t ion is s u p e r i m p o s e d . I w o u l d l ike t o suggest a sl ight 
d e e p e n i n g of t he a b s t r a c t bas is for t h e r e p r e s e n t a t i o n of 
phys ica l p h e n o m e n a , w h i c h is t he r e p l a c e m e n t of t h e 
L o r e n t z o r M i n k o w s k i space by a E u c l i d e a n space . A t 
first s ight t h e idea of desc r ib ing phys ica l p h e n o m e n a in 
t e r m s of a E u c l i d e a n g e o m e t r y m a y a p p e a r t o b e e i ther 
t r iv ia l o r incor rec t . T h e aspec t of tr ivial i ty c o m e s f rom 
o u r famil iar i ty w i t h t h e use of a n i m a g i n a r y t ime c o ­
o r d i n a t e t o b r i n g a b o u t a n a p p e a r a n c e of t h e E u c l i d e a n 
g e o m e t r y in t h e e q u a t i o n s of phys ics . H o w e v e r , this use 
of a n i m a g i n a r y t ime c o - o r d i n a t e is basical ly a b s e n t m i n d e d -
ness , for in classical phys ics o n e is very fami l ia r w i th t h e 
f u n d a m e n t a l difference be tween hype rbo l i c a n d ell iptic 
differential e q u a t i o n s . Th i s a l r eady d isposes of t r ivial i ty. 
I t is even less t r ivial in q u a n t u m m e c h a n i c s because w e 
k n o w t h a t t he n a t u r e of s ta tes is f u n d a m e n t a l l y r e l a t ed t o 
t h e u n d e r l y i n g s y m m e t r y g r o u p . T h a t is, we c a n say t h a t 
t h e phys ica l s ta tes a re , in a sense, r e p r e s e n t a t i o n s of t h e 
u n d e r l y i n g L o r e n t z g r o u p o n the o n e h a n d , o r of t h e 
E u c l i d e a n g r o u p o n the o the r , a n d these t w o g r o u p s h a v e 
comple t e ly different t opo log ie s . Th i s m e a n s t h a t whi le 
y o u c a n cer ta in ly t a k e a r e p r e s e n t a t i o n of t h e E u c l i d e a n 
g r o u p a n d f r o m it der ive a r e p r e s e n t a t i o n of t h e L o r e n t z 
g r o u p , y o u will n o t get all poss ib le r e p r e s e n t a t i o n s in this 
way . W h a t I w o u l d l ike t o asser t is t h a t whi le o n e does 
n o t get all t h e m a t h e m a t i c a l r e p r e s e n t a t i o n s of t h e L o r e n t z 
g r o u p , all t h e r e p r e s e n t a t i o n s of phys ica l in te res t a r e 
ac tua l ly o b t a i n e d . T h e essent ia l p o i n t t o be m a d e is t h a t 
th is poss ibi l i ty of a c o r r e s p o n d e n c e b e t w e e n t h e q u a n t u m 
t h e o r y of fields w i t h its u n d e r l y i n g L o r e n t z space , a n d a 
m a t h e m a t i c a l i m a g e in a E u c l i d e a n space — if o n e a d o p t s 
a p o s t u l a t e t h a t o n e s h o u l d b e ab le t o d o this in de ta i l — 
gives resul t s w h i c h go b e y o n d w h a t c a n b e o b t a i n e d f r o m 
t h e p r e s e n t t h e o r y of fields. T h e s e I shal l t ry t o ind ica te . 

B u t bes ides th is , by freeing ourse lves f r o m t h e l im i t a t i on 
of t h e L o r e n t z g r o u p , w h i c h h a s p r o d u c e d all t h e well-
k n o w n difficulties of q u a n t u m field t heo ry , o n e h a s he r e 
a poss ibi l i ty — if th is is i ndeed necessa ry — of p r o d u c i n g 
n e w theor ies . T h a t is, o n e h a s t he poss ibi l i ty of c o n ­
s t ruc t ing n e w theor ies in t h e E u c l i d e a n space a n d t h e n 
t r a n s l a t i n g t h e m b a c k i n t o t h e L o r e n t z sys tem to see w h a t 
they imply . C o n c e r n i n g t h e second fea ture , I h a v e d o n e 
n o t h i n g . I a m mere ly sugges t ing t h a t w h e n o n e finds 
f o r m u l a t i o n s t h a t a r e equ iva len t , o n e of these will b e 
d i s t ingu ished as t he o n e t h a t m a k e s c o n t a c t w i th t h e fu ture 
t heo ry . Al l w e c a n d o a t the m o m e n t is t o l o o k a t all t h e 
poss ib le w a y s of f o r m u l a t i n g t h e p r e s e n t t heo ry . F i r s t 
I m u s t d e m o n s t r a t e t h a t t he re is a t least a poss ibi l i ty of 
r ep lac ing t h e desc r ip t ion in L o r e n t z space by a desc r ip t ion 
in E u c l i d e a n space . T h i s d e p e n d s o n m a k i n g use of 
su i tab le objects of c o r r e s p o n d e n c e . F o r this t h e well-
k n o w n v a c u u m e x p e c t a t i o n va lues of t i m e - o r d e r e d p r o d u c t s 
a r e f u n d a m e n t a l . T h e s e v a c u u m expec t a t i on va lues , o r 
G r e e n ' s func t ions x ) as I prefer t o call t h e m , a re t h e bas ic 
objects w h i c h enab le us t o es tab l i sh t h e c o r r e s p o n d e n c e 
b e t w e e n t h e L o r e n t z a n d E u c l i d e a n f o r m u l a t i o n s . W e 
cons ide r a genera l H e r m i t i a n field 7 , wh ich d e c o m p o s e s 
i n t o a Bose - E ins te in field 0, a n d a F e r m i - D i r a c field \p. 
T h e G r e e n ' s func t ions c a n b e defined as v a c u u m s ta te 
expec t a t i on va lues of t i m e - o r d e r e d field o p e r a t o r p r o d u c t s . 
T h e r e a r e t w o types , 

w h e r e pos i t ive o r nega t ive t i m e - o r d e r i n g impl ies a n 
a s s i g n m e n t of mu l t i p l i ca t i on o r d e r in a c c o r d a n c e wi th t h e 
a s c e n d i n g sense of t ime , as r e a d f rom r igh t t o left ( + ) , 
o r f r o m left t o r igh t (—). T h e quan t i t i e s e± a r e an t i -
symmet r i ca l func t ions of t he t i m e c o o r d i n a t e s for t h e 
F . D . fields, wh ich a s s u m e the va lue + 1 w h e n the t ime-
o r d e r e d sense co inc ides w i th t h e w r i t t e n o r d e r . T h e 
c o n n e c t i o n b e t w e e n the t w o G r e e n ' s func t ions is s imply 

T h e defini t ions as given a r e ac tua l ly res t r ic ted t o t hose 
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fields for which all c o m p o n e n t s a re k inemat ica l ly i nde ­
p e n d e n t a t a given t ime . I n m o r e genera l s i tua t ions 
add i t i ona l t e rms a re necessary x ) , t he func t ion of wh ich is 
t o m a i n t a i n t h e n o n - d e p e n d e n c e of t h e G r e e n ' s func t ions 
o n t h e pa r t i cu l a r t ime-l ike d i rec t ion e m p l o y e d in t he t ime-
order ing , which is o therwise a s su red by t h e c o m m u t a t i v i t y 
o r a n t i c o m m u t a t i v i t y of fields a t p o i n t s in space-l ike 
re la t ion . 

T h e invar iance of t h e fo rma l i sm u n d e r i n h o m o g e n e o u s 
L o r e n t z t r a n s f o r m a t i o n s r equ i re s t h a t t h e G r e e n ' s func­
t ions be t rans la t iona l ly i nva r i an t func t ions of t h e space-
t ime co-ord ina tes , whi le t he h o m o g e n e o u s , p r o p e r , o r t h o -
c h r o n o u s L o r e n t z t r a n s f o r m a t i o n s 

X (be) = L x (x) 

imply the G r e e n ' s func t ion inva r i ance p r o p e r t y 

(77 La) G x) = G (x). 
a = 1 

T h e fo rm of t he la t te r for infini tesimal t r a n s f o r m a t i o n s is 

T h e theo ry is a lso invar ian t u n d e r t h e p r o p e r , a n t i o r t h o -
c h r o n o u s t r a n s f o r m a t i o n — x**9 p r o v i d e d a t rans i t ion 
t o t h e complex con juga te a lgeb ra is i nc luded 2 ) . N o w 

since posi t ive a n d nega t ive t ime-o rde r ings a re i n t e rchanged 
u n d e r t ime reflection, a n d , w i th n pa i r s of F . D . fields, 

e+ ( - * ! • • —xp) = (-l)n b- (xp - • xx), 

while the sign factor (— l ) n is c o m p e n s a t e d by the imag ina ry 
un i t con t a ined in e ach m a t r i x Rst t h a t is assoc ia ted wi th 
a half- integral sp in ( F . D . ) field. T h u s , for e i ther type of 
G r e e n ' s func t ion 

which , in its u n i o n of t w o dis joint pieces of t he L o r e n t z 
g r o u p , is a s ign of t h e E u c l i d e a n f o u n d a t i o n o n wh ich the 
G r e e n ' s funct ions rest . 

T h e explicit dependence of t h e fields o n t h e space- t ime 
co -o rd ina te s is governed by the e n e r g y - m o m e n t u m vec tor 
P**9 a cco rd ing to 

while the inva r i an t m e a n i n g of t he v a c u u m s ta te is expressed 
bv 

Hence , if • • xip) r epresen t t he t ime -o rde red a r r a n g e m e n t 

where in a d d i t i o n a l indices a r e n e e d e d t o d is t inguish the 
var ious type of fields. T h e t ime d e p e n d e n c e of the G r e e n ' s 
funct ion G+ is t hus gove rned by the o p e r a t o r s 

e _ ; p O ( r ( a ) _ , ( a + l ) ) 

which , in thei r dependence u p o n the differences of the 
consecut ively o rde r ed t ime co -o rd ina t e s , c o n t a i n n o 
negat ive frequencies OP 0 ' > 0 ) . T h e a l t e rna t ive G r e e n ' s 
funct ion G~, ana logous ly cons t ruc t ed f r o m the o p e r a t o r s 

eiP0{t(a)_t(a+l)) 

con ta ins n o posi t ive frequencies . 

W e shall n o w use these spec t ra l charac ter i s t ics of the 
G r e e n ' s funct ions t o give a m o r e precise m e a n i n g to the 
a s sumed existence of the G r e e n ' s funct ions , wh ich is in 
the sense of t h e summabi l i t y of F o u r i e r in tegra ls . I t is 
descr ibed by t h e abso lu t e conve rgence (for dis t inct 
jCx • • x2) of t he spect ra l r ep re sen t a t i on o b t a i n e d o n replac ing 
the posi t ive f requency u n i t a r y o p e r a t o r s in G+ wi th 

a n d similarly inser t ing 

in G_, whe re t h e l imit e - > + 0 is t o be eventual ly per­
formed. Th i s modif ied t ime d e p e n d e n c e is a lso expressed 
by the subs t i tu t ions 

ta~+ t a ( 1 — fe) m G+, a n d ta—>- t a ( 1 + is) in G_. 

T h e existence of the G r e e n ' s func t ions in this sense is 
equivalent ly descr ibed by the a s s u m p t i o n t h a t t h e var ious 
field o p e r a t o r m a t r i x e lements , mul t ip l i ed b y the densit ies 
of re levant s ta tes , possess n o m o r e t h a n a n a lgebra ic 
g r o w t h wi th increas ing energy. 

T h e abso lu te convergence of t h e spec t ra l r ep resen ta t ions 
for the G r e e n ' s funct ions G+ a n d GL is n o w assured for 
t he m o r e genera l t ime subs t i tu t ion : 

(*) The full analytic extension of the Green 's functions G± is produced by f—>-£=F irj where rj retains the initial time order, which 
is to say that the otherwise arbitrary mapping function rj(t) is of positive slope. 
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in which # lies in the open interval 0 < # < n. T h e new 
variables ra a re real n u m b e r s tha t re ta in the order ing of 
the original t ime variables. W e a d o p t a special no ta t ion 
to a ccompany the par t icular choice # = \ n, which asserts 
the existence of the functions G+(t—> — i x±) and 
G_ ( f - > - f - z x 4 ) . I n this way there emerges a corres­
pondence between the G r e e n ' s functions in space-t ime and 
functions defined on a four-dimensional Eucl idean man i ­
fold. T o the extent t ha t the two Eucl idean functions thus 
ob ta ined are related, there also appears an analytical 
con t inua t ion tha t connects the two distinct types of space-
t ime G r e e n ' s functions, G±. Conversely, given one of the 
Eucl idean functions, the subst i tu t ions x 4 . ei(n/2 - e) f 
a n d x ^ e-Hn/z-e) t w[\i yield functions having the 
space-t ime charac ter of G + a n d GL, respectively, in the 
limit as e - > + 0. W e mus t n o w see h o w to supply an 
independent basis for the Eucl idean G r e e n ' s functions, from 
which has d isappeared all reference to the space a n d t ime 
dist inctions of the Loren tz metr ic . 

T h e significance of the latter r e m a r k can be apprecia ted 
t h rough the fo rm assumed in the Eucl idean descript ion 
by the s ta tement of infinitesimal ro ta t iona l invar iance of 
the Green ' s functions. The Hermi t i an spin matr ices 
Si*** W = 1> ' * ' 4 = =t z*°)> compris ing Ski and 
Ski = ± i Sok, still bear the m a r k of their Loren tz origin 
in the symmetry of these matr ices ; the Ski are ant i -
symmetrical , while the Sk* a re symmetrical . Hence , one 
mus t per form a uni ta ry t rans format ion to uni te t hem into 
six ant isymmetr ical , imaginary matr ices tha t describe 
independent infinitesimal o r thogona l t ransformat ions . The 
means for dist inguishing between the two types of matr ices 
is provided by the space-reflection mat r ix Rs, 

or, alternatively, by the time-reflection mat r ix 

Indeed, for integral spin the necessary t ransformat ion is 
p roduced by 

where the plus or minus sign applies to the matr ices asso­
ciated with G+ or G-: 

Since the Hermi t i an matr ices Rs a n d Rt a re s y m m e t r i c a l 3 ) 

for integer spin, and an t i commute with S0k, the ne t effect 
of the t rans format ion is to conver t the symmetr ical mat r ix 
Sk4, in to the desired ant isymmetr ical Sk^E). F o r half-
integral spin, however , b o t h the skew-Hermi t ian mat r ix Rs 

a n d the Hermi t i an mat r ix Rt a re ant isymmetr ical a n d the 
t ransformat ion as s ta ted does n o t yield the required 

Eucl idean matr ices . One mus t also associate with Rs, say, 
an ant isymmetr ical ma t r ix tha t commutes with all S^v 

and with Rs ( the apparen t ly different possibility of a 
symmetrical mat r ix t ha t an t icommutes with Rs, is simply 
a change of r e p r e s e n t a t i o n 3 ) ) , p roduced wi th the aid of 
Rst, t ha t effectively replaces Rs wi th Rt. Thus , to pe rmi t 
the complete t rans format ion f rom the Loren tz to the 
Eucl idean metr ic , every half-integer spin (F . D . ) field 
mus t carry a charge. Jus t such a general fermionic charge 
proper ty , u n d e r the n a m e of nucleonic charge o r leptonic 
charge, is ei ther well established experimentally, or has 
been conjectured o n o ther g rounds . T h e Eucl idean 
formula t ion m a y be the p rope r basis for comprehend ing 
this general a t t r ibu te of F . D . fields. If / is the imaginary 
ant isymmetr ical mat r ix represent ing the fermionic charge 
proper ty , the requi red t rans format ion for half-integer 
spin fields is 

and, indeed, 

has the desired p roper ty of an t i symmetry . 
W e should also no t e the removal of reference to the 

Lorentz metr ic from the o r thogona l matr ices Rk, Rti tha t 
are associated wi th the reflections of the individual space-
t ime co-ordina te axes. F o r a B.E. field all these matr ices 
are commuta t ive , real, symmetr ical matr ices , and they are 
unchanged by the t rans format ion to the Eucl idean metr ic . 
O n consider ing a F . D . field, however, we find tha t Rh 

occupies a dist inguished posi t ion, differing from the ant i -
commut ing , real, symmetr ical matr ices Rk by being 
imaginary a n d ant isymmetr ical . Whi le the matr ices Rk 

are una l te red by the metr ic change, the Eucl idean matr ix 
associated with the reflection of # 4 is n o w 

which is also a real symmetr ical matr ix . Thus all the 
individual Eucl idean co-ord ina te reflection matr ices are 
real, symmetr ical and or thogona l , wi th the two classes of 
fields dist inguished by commuta t iv i ty propert ies , according 
to 

T o ob ta in a n independent character iza t ion of the 
Eucl idean-type G r e e n ' s functions we can conver t to the 
Eucl idean metr ic the system of differential equat ions 
obeyed by the G r e e n ' s functions. W e shall only a t t empt 
to out l ine this process in the* following considerat ions . 
Let the Lagrange function be wri t ten as 

in which $ x refers to the interact ions between fields. The 
field equat ions are 
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whi le t h e c o m m u t a t i o n p r o p e r t i e s o n a space- l ike sur face , 
as exp res sed in a loca l c o - o r d i n a t e sys tem, a r e g iven b y 
( for s impl ic i ty of de sc r ip t i on , w e a d h e r e t o t h e fict ion 
t h a t all c o m p o n e n t s of % a r e k i n e m a t i c a l l y i n d e p e n d e n t 
on a) 

N o w , u n i t i n g t h e field e q u a t i o n s a n d c o m m u t a t i o n p r o ­
pe r t i e s , t he differential e q u a t i o n s for t h e G r e e n ' s func t ions 
a r e o b t a i n e d : 

in w h i c h t h e o m i t t e d t e r m s o n t h e left a r e t h e p a r t i c u l a r 
G r e e n ' s func t ion c o m b i n a t i o n s n e e d e d t o r e p r e s e n t t h e 
i n t e r a c t i o n effects i n t h e field e q u a t i o n s , whi le , o n t h e 
r i gh t , t h e s u m m a t i o n is e x t e n d e d o v e r al l p o i n t s t h a t 
refer t o t h e s a m e field a s d o e s x±. T h e s u m m a t i o n is 
s y m m e t r i c a l o r a n t i s y m m e t r i c a l i n these p o i n t s , a c c o r d i n g 
t o t h e s ta t is t ics of t h e field. T h u s t h e G r e e n ' s func t ions 
o b e y a n infinite sys t em of e q u a t i o n s t h a t a r e l inea r a n d 
i n h o m o g e n e o u s (s ince t h e f u n c t i o n w i t h p = 0 is s imply 
u n i t y ) , a n d w h i c h i n c o r p o r a t e fully al l i n f o r m a t i o n c o n ­
c e r n i n g t h e i n t e r a c t i n g fields. 

T h e a n a l o g o u s differential e q u a t i o n s for t h e G- c a n b e 
o b t a i n e d direct ly , o r b y c o m p l e x c o n j u g a t i o n of t h e 
e q u a t i o n s o b e y e d b y G+ a n d differ f r o m t h e l a t t e r on ly in 
t h e s ign of i exh ib i t ed b y t h e r i g h t - h a n d B . E . t e r m s . 
I t is w o r t h y of n o t e t h a t , a p a r t f r o m t h e t r iv ia l s i t u a t i o n 
of u n c o u p l e d fields, t h e t w o sets of differential e q u a t i o n s 
a r e in t r ins ica l ly different — t h e t w o types of L o r e n t z -
t y p e G r e e n ' s func t ions c a n n o t b e c h a r a c t e r i z e d i n de ta i l 
as so lu t i ons of a c o m m o n e q u a t i o n t h a t a r e d i s t i ngu i shed 
b y b o u n d a r y c o n d i t i o n s . T h e r e is , h o w e v e r , a s imp le 
r e l a t i o n b e t w e e n t h e G r e e n ' s f unc t i ons t h a t c a n b e in fe r red 
f r o m t h e differential e q u a t i o n s ( a n d f r o m t h e t i m e o r d e r e d 
o p e r a t o r def ini t ions) , n a m e l y 

G-(x) = (-l)n G+(-e-nix). 

T h e fac to r ( — l)n is i n se r t ed t o r eve r se t h e s ign of t h e r igh t -
h a n d F.D. t e r m s . T h e i n t e r p r e t a t i o n g iven t o — e~n\ 
a p p l i e d t o t h e space c o o r d i n a t e s , is un i t y . B u t , for t h e 
t i m e c o - o r d i n a t e s , i t is a c o m b i n a t i o n of t w o o p e r a t i o n s : 
t i m e reflect ion, w h i c h inve r t s t h e t i m e o r d e r (t^ > - •• t^p\ 
— t(p) > • - - — * ( 1 ) ) ; m u l t i p l i c a t i o n b y e~n\ w h i c h reverses 
t h e s ign of all t i m e c o o r d i n a t e s whi le r e t a i n i n g t h e t i m e 
o r d e r . T h e l a t t e r t r a n s f o r m a t i o n c h a n g e s t h e s ign of all 
t h e ^- funct ions a n d c o n v e r t s t h e different ial e q u a t i o n s for 
G+ i n t o t h o s e desc r ib ing G~. T h e n e g a t i v e f r equency 
c h a r a c t e r of t h e l a t t e r func t ions is a l so r e p r o d u c e d . T h e 
c o n n e c t i o n h e r e o b t a i n e d b e t w e e n G+ a n d G- is a n ana ly t i c 
c o n t i n u a t i o n s t a t e d w i t h o u t r e fe rence t o i n t e r m e d i a t e 
E u c l i d e a n func t ions . 

T h e c o r r e s p o n d e n c e b e t w e e n L o r e n t z - a n d E u c l i d e a n -
type G r e e n ' s func t ions is n o w e x h i b i t e d as 

in w h i c h x° a n d x 4 a r e u n d e r s t o o d as t h e va r i ab l e s in the 
a p p r o p r i a t e func t i ons . A c c o m p a n y i n g t h e i m a g i n a r y 
r e l a t ions b e t w e e n t h e va r i ab l e s is t h e t r a n s f o r m a t i o n 

d(x)^-->(±i)d(x)^ . 

O n p e r f o r m i n g these s u b s t i t u t i o n s i n t h e different ial e q u a ­
t ions w e e n c o u n t e r t h e r ea l B . E . m a t r i c e s 

w h i c h a re , respec t ive ly , a n t i s y m m e t r i c a l a n d symmet r i c a l , 
a n d t h e rea l F .D. m a t r i c e s 

- B R S U , 

w h i c h a r e s y m m e t r i c a l a n d a n t i s y m m e t r i c a l , respect ive ly . 
T h e r e su l t ing f o r m of t h e G r e e n ' s f u n c t i o n differential 
e a u a t i o n s . as a d a n t e d t o t h e E u c l i d e a n m e t r i c , is 

w h e r e t h e c h o i c e i n d i c a t e d for t h e coefficient of B signifies : 
un i t y , for a B . E . field; ± £, for a F .D. field. If, a s w e h a v e 
d i scussed be fo re 3 ) , t h e L o r e n t z B m a t r i c e s a r e c o n s t r u c t e d 
as t h e p r o d u c t of Rs w i t h a n i n v a r i a n t , s y m m e t r i c a l m a t r i x 
t h a t is i n d e p e n d e n t of i n t e r n a l deg rees of f r e e d o m , t h e 
E u c l i d e a n B m a t r i c e s will b e c o m p l e t e l y of t h e l a t t e r type . 
T h i s r e m a r k , t o g e t h e r w i t h t h e o b s e r v a t i o n t h a t t h e t r a n s ­
f o r m a t i o n a p p l i e d t o B 1 is u n i t a r y , a p a r t f r o m t h e 
F .D. f ac to r ± i , i nd ica te s h o w L o r e n t z i n v a r i a n c e is 
t r a n s l a t e d i n t o E u c l i d e a n i n v a r i a n c e . 

T h e G r e e n ' s func t ions of t h e L o r e n t z d e s c r i p t i o n a re 
in t r ins ica l ly c o m p l e x quan t i t i e s a n d , a c c o r d i n g l y , t h e r e a r e 
t w o l inear ly i n d e p e n d e n t sets of s u c h f u n c t i o n s . I t is a n 
i n d i c a t i o n of t h e s impl i f ica t ion o b t a i n e d t h r o u g h t h e 
i n t r o d u c t i o n of t h e E u c l i d e a n m e t r i c t h a t c o m p l e t e l y r ea l 
E u c l i d e a n G r e e n ' s func t ions c a n b e def ined — p r o v i d e d a 
ce r t a in gene ra l s y m m e t r y r e s t r i c t i on is e n f o r c e d o n t h e 
field i n t e r a c t i o n s . Conve r se ly , t h e l a t t e r i n v a r i a n c e p r o ­
p e r t y acqu i r e s s u b s t a n t i a l s u p p o r t t h r o u g h i ts ro l e i n 
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un i fy ing t h e t w o classes of G r e e n ' s func t ions a n d e l imina t ­
i n g c o m p l e x n u m b e r s f r o m a f o r m u l a t i o n of t h e f u n d a ­
m e n t a l l aws of phys ics . L e t u s n o t i c e t h a t , a s ide f r o m t h e 
i n t e r a c t i o n t e r m s , t h e differential e q u a t i o n s for G± 
differ only i n t h e F . D . q u a n t i t y ± £, re fe r r ing t o t h e 
f e rmion ic c h a r g e . T h i s s ign f ac to r c a n b e r e m o v e d b y 
i n t r o d u c i n g t h e o p e r a t i o n of f e rmion ic c h a r g e ref lect ion. 
B u t , w h e n full a c c o u n t is t a k e n of t h e va r i e ty of field 
i n t e r a c t i o n s 4 ) i t a p p e a r s t h a t all t ypes of c h a r g e a r e 
d y n a m i c a l l y c o u p l e d , a n d t h e i n t e r c o n v e r s i o n of t h e t w o 
sets of e q u a t i o n s is poss ib le on ly if t h e i n t e r a c t i o n t e r m s 
differ m e r e l y t h r o u g h t h e effect of gene ra l c h a r g e reflect ion. 
A s s u m i n g th is p r o p e r t y , w e c o n c l u d e t h a t 

w h e r e t h e i n d i v i d u a l c h a r g e ref lect ion m a t r i c e s RQ a r e r ea l 
a n d o r t h o g o n a l . T h e c o m p o s i t e m a t r i x RQ a l so descr ibes 
t h e rea l i ty p r o p e r t i e s of t he E u c l i d e a n - t y p e G r e e n ' s func­
t i o n s , 

T h e h y p o t h e s i s of E u c l i d e a n re la t iv is t ic c h a r g e ref lect ion 
i n v a r i a n c e c a n n o w b e i n t e r p r e t e d a s a p r o p e r t y of t h e 
L o r e n t z - t y p e G r e e n ' s func t ions a n d , t h e r e b y , of t h e 
L a g r a n g e func t ion of t h e i n t e r a c t i n g fields. T h e r e l a t i o n 
i m p l i e d b e t w e e n t h e G r e e n ' s f unc t i ons G+ a n d G- is 

fo r t h e m u t u a l l y c o m p l e x c o n j u g a t e r e l a t i o n of G± still 
app l i e s t o t h e de r ived func t ions G±iE\ I n effect, all m a t r i c e s 
a p p e a r i n g i n t h e E u c l i d e a n f o r m u l a t i o n of t he differential 
e q u a t i o n s a r e rea l , w i th t he excep t ion of t h e i m a g i n a r y 
c h a r g e m a t r i c e s , a n d c o m p l e x c o n j u g a t i o n is equ iva l en t t o 
c h a r g e reflect ion. If w e accep t the i n t e r p r e t a t i o n 2 ) of 
t h e i m a g i n a r y u n i t a s symbo l i c of t h e c h a r g e n a t u r e of 
t h e m e a s u r e m e n t a p p a r a t u s ( m a t t e r — a n t i m a t t e r ) , t h e 
s y m m e t r y p r o p e r t y w e h a v e p o s t u l a t e d c a n b e desc r ibed as 
t h e re la t iv is t ic i n v a r i a n c e of t h e E u c l i d e a n f o r m u l a t i o n 
w i t h r e spec t t o c h a r g e reflect ion, for t h e a p p l i c a t i o n of 
th is t r a n s f o r m a t i o n t o t h e sys t em u n d e r inves t iga t ion a n d 
t o t h e a p p a r a t u s e m p l o y e d for t h e p u r p o s e p r o d u c e s n o 
d iscern ib le c h a n g e . 

Before c o n t i n u i n g , w e m u s t e x a m i n e t h e r e l a t i o n b e t w e e n 
t h e ma t r i c e s RQ^E\ a n d the c h a r g e ref lect ion m a t r i c e s of 
t h e L o r e n t z desc r ip t ion , RQ. T h e la t te r , h a v i n g n o 
reference t o space - t ime p r o p e r t i e s , a r e u n i f o r m l y c h o s e n 
as rea l , o r t h o g o n a l , s y m m e t r i c a l m a t r i c e s (RQ2 = 1). 
T h e d i s t inc t ion b e t w e e n RQ a n d RQ^E\ w h i c h exists on ly 
for F . D . fields, ar ises f r o m t h e i n c o r p o r a t i o n of t h e fe rm­
ion ic c h a r g e £ i n t o = —AQ Rs £. T o c o m p e n s a t e t h e 
s ign c h a n g e of A^E) i n d u c e d b y the ref lect ion of / , t h e 
F . D . m a t r i x RQ^ m u s t c o n t a i n t h e c o - o r d i n a t e ref lect ion 
m a t r i x 7 ? 4

( £ ) = Rst £. T h u s , 

F . D . : RQ<& = R Q R s t £ , 

w h i c h is a real , o r t h o g o n a l , a n t i s y m m e t r i c a l m a t r i x 
(RQ(E)2 = — 1). H o w e v e r , t h e c o m p o s i t e m a t r i x RQ^E\ 
w h i c h is c o n s t r u c t e d f r o m a n even n u m b e r of F . D . c o n ­
t r i b u t i o n s , is a r ea l s y m m e t r i c a l m a t r i x o b e y i n g 

RoiE)2 = 1. 

t h e L o r e n t z - t y p e G r e e n ' s func t ions a r e i n v a r i a n t u n d e r 
c h a r g e a n d t i m e ref lect ion. T h e s a m e a s se r t i on c a n b e 
m a d e of t h e c o m b i n a t i o n of c h a r g e a n d space reflect ion, 
s ince space - t ime ref lect ion is a n i n v a r i a n c e o p e r a t i o n . B u t 
in t h e la t te r f o r m we a r e dea l ing w i th u n i t a r y t r a n s f o r m a ­
t ions of H e r m i t i a n field o p e r a t o r s , a n d it c a n be c o n c l u d e d 
t h a t t h e i n v a r i a n c e of t h e L a g r a n g e f u n c t i o n u n d e r space 
a n d c h a r g e ref lect ion is e q u i v a l e n t t o t he p o s t u l a t e t h a t 
E u c l i d e a n - t y p e G r e e n ' s func t ions exh ib i t a re la t iv is t ic 
i n v a r i a n c e w i t h respec t t o c h a r g e reflect ion. I t is sure ly 
signif icant t h a t w e a r e t h u s led t o a gene ra l i n v a r i a n c e 
p r o p e r t y w h i c h is cons i s t en t w i t h al l t h e recen t e x p e r i m e n t s 
o n t h e so-cal led p a r i t y n o n - c o n s e r v i n g i n t e r a c t i o n s . T h e 
exis tence of a n exac t i n v a r i a n c e t r a n s f o r m a t i o n invo lv ing 
space ref lect ion is n o w supp l i ed w i t h a bas i s t h a t m a y b e 
c o n s i d e r e d m o r e s u b s t a n t i a l t h a n t h e m e r e belief in t h e 
in t r ins ic ind iscern ib i l i ty of left a n d r igh t . 

W e h a v e n o t yet exh ib i t ed t h e rea l E u c l i d e a n - t y p e 
G r e e n ' s func t ions , t h e exis tence of w h i c h is a s s u r e d by t h e 
p r e s e n c e of a l inear t r a n s f o r m a t i o n equ iva l en t t o c o m p l e x 
c o n j u g a t i o n , 

w h i c h m a k e s expl ic i t t h e ana ly t i c c o n t i n u a t i o n t h a t c o n n e c t s 
t h e t w o L o r e n t z G r e e n ' s func t ions 

W h e n th is resu l t is c o m p a r e d w i t h t h e p rev ious ly o b t a i n e d 
c o n n e c t i o n . 

I n d e e d , func t ions h a v i n g the r e q u i r e d rea l i ty p r o p e r t y a r e 
given b y 

A second s u c h cho ice is 

a l t h o u g h t h e l a t t e r a r e n o t a l inear ly i n d e p e n d e n t set a n d 
c a n b e r e g a r d e d as p r e s e n t i n g G ( £ ) in a n e w r e p r e s e n t a t i o n . 
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A n essential l imitat ion of the descr ipt ion by real G r e e n ' s 
functions mus t be observed, however . T h e matr ices 

±—R 
e 4 ^ are n o t composi te a n d the t rans format ion tha t 
in t roduces G(E) has n o simple significance for the differential 
equat ions tha t characterize the G r e e n ' s functions. Were 
only B.E. fields involved, the compos i te t ransformat ion 
formed from the individual RQ could b e employed, bu t 
this is n o t possible for F . D . fields. Nevertheless , it remains 
t rue tha t real Eucl idean- type G r e e n ' s functions exist 
f rom which the physically meaningful G r e e n ' s functions 
G+ a n d G- c an be inferred. 

Finally, we shall indicate briefly the possibili ty of re­
placing the differential equa t ions , as the character iza t ion 
of the Eucl idean-type G r e e n ' s functions, by a n explicit if 
formal const ruct ion. F o r this pu rpose we define fields 
% (x), on the Eucl idean manifold, t ha t are completely 

commuta t ive or an t icommuta t ive , as befits the statistics, 

a n d a complementary set of fields % (x), with the same 
characterist ics, which a re such tha t 

T h e B.E. fields 0 , i& a re Hermi t i an , while the F . D . 
fields tp and \j> a re mutual ly He rmi t i an conjugate. T h e 
Eucl idean-type G r e e n ' s functions are then given by 

(ordinary opera to r mul t ip l icat ion!) where | 0 > is the 
r ight eigenvector of the opera to r s x (*) associated with 
null eigenvalues 

Z ( * ) | o > = o, 

a n d the vector < W± | is character ized by 

in which the omit ted terms are the functions of the Euclid­
ean field opera tors x W needed to describe the field 
interact ions. This assert ion is verified on observing tha t 

where c o m m u t a t i o n relat ions a n d the significance of 
| 0 > as a x eigenvector are used to ob ta in the s tated result . 

T h e vector ( W± | c an be cons t ruc ted f rom the left 
eigenvector of the x associated wi th null eigenvalues, 

bears an obvious genetic relat ion to the ac t ion opera to r of 
the interact ing fields. T h e Eucl idean opera to r s W a re no t 
Hermi t i an bu t they are related to their He rmi t i an conjugates 
by a uni tary t ransformat ion , which const i tues a self-
adjointness proper ty . W e n o w have 

and, in turn , these G r e e n ' s functions can be derived from 
a single generat ing function, the expans ion of which 
produces the field opera to r p roduc t s . I n the lat ter form, 
we m a k e contac t with previous developments employing 
the act ion principle for quant ized fields a n d the device 
of external sources 2 ) a n d subsequent work , largely 
unpubl ished) . A large variety of equivalent forms can 
n o w be devised for the G r e e n ' s functions, based pr imari ly 
u p o n the well-established t rans format ion and representa­
t ion theory for canonical variables of the first and 
second k ind . A discussion of these developments for 
specific systems will be deferred to ano the r publ icat ion, in 
which the p rob lem of t rans la t ing q u a n t u m electrodynamics 
into the Eucl idean metr ic is examined. 

A l though we have emphasized the fundamenta l implica­
t ions of the Eucl idean representa t ion, it will be evident tha t 
the Eucl idean- type G r e e n ' s functions also have practical 
advantages . Indeed, the utility of in t roduc ing a Eucl idean 
metr ic has frequently been not iced in connec t ion with 
var ious specific p rob lems , bu t a n apprec ia t ion of the 
complete generali ty of the p rocedure has been lacking. 

LIST O F REFERENCES 

1. Schwinger, J. Proc. Nat. Acad. Sci. USA., 57, p . 452, 1951. 
2. Schwinger, J. Proc. Nat . Acad. Sci. USA., 44, p. 223, 1958. 

Jost, R. Helv. phys. Acta, 30, p . 409, 1957. 
3. Schwinger, J. Proc. Nat. Acad. Sci. USA., 44, p. 617, 1958. 
4. Schwinger, J. Ann. Phys. New-York, 2, p . 407, 1957. 
5. Schwinger, J. Quantum theory of fields, in: Handbuch der Physik; volume V/2, Berlin, Springer (to be published) 

(*) An extended discussion is contained in 5 ) . 



140 Session 4 

D I S C U S S I O N 

Chairman: I t h a n k y o u very m u c h for this insp i r ing 
r e p o r t . T o o p e n t h e d iscuss ion I wish t o say t h a t for t h e a u d i ­
ence it is p e r h a p s a b i t m o r e in te res t ing t h a n for t h e speake r 
t h a t t he idea of ana ly t ica l c o n t i n u a t i o n has b e e n an t i ­
c ipa t ed b y W i g h t m a n . I n s t ead of m o r e genera l t r a n s f o r m a ­
t ions t he speake r h a s selected a pa r t i cu l a r case of r o t a t i o n s 
of 90°, a n d I h o p e I i n t e rp re t h i m correc t ly t h a t h e m e a n s 
t h a t this h a s a special significance for physics a n d for 
t he fo rma l i sm in t h a t pa r t i cu l a r case. 

Yamaguchi: I j u s t w a n t t o a d d a brief c o m m e n t o n 
th is p a p e r . N a k a n o of O s a k a City Univers i ty t r ied t he 
s a m e p r o p o s a l a n d h e is b u s y w o r k i n g o n this p r o p o s a l . 
T h a t is all . 

Stueckelberg: I w o u l d l ike t o tell Schwinger t h a t if 
y o u t a k e a rea l H i l b e r t space , a n d i as a n a n t i s y m m e t r i c 
o p e r a t o r , u n i t a r y m e a n i n g n o w o r t h o g o n a l , in wh ich all 
obse rvab les a r e symmet r i c obse rvab les , y o u m u s t t a k e / 
c o m m u t i n g w i th all obse rvab l e s , i2 = — 1, m e a n i n g j u s t 
t h a t i h a s a n inverse , a n d y o u get t h e C TP i nva r i ance 
s t a t ed in a rea l l inear way . Pau l i tells m e t h a t this is a 
tr ivial i ty a n d p r o b a b l y it is. N o w if y o u t a k e a n indefinite 
m e t r i c , does t h e sp in stat is t ics re la t ion , usua l ly a c o n s e q u e n c e 
of t h e pos i t ive definite energy — t h a t is, of causa l i ty — n o w 
fol low exclusively f rom t h e TCP i nva r i ance in this 
f o r m a l i s m ? 

Pauli: ( to Schwinger ) P e r h a p s y o u c a n see in genera l 
h o w the sp in stat is t ics c o n n e c t i o n c o m e s o u t in this 
Euc l i dean in t e rp re t a t i on . Th i s w o u l d b e in teres t ing . 

Schwinger: F i rs t , t he TCP t h e o r e m is bui l t i n t o t he 
t h e o r y since t h e f u n d a m e n t a l w a y in w h i c h o n e u n d e r s t a n d s 
it is t h r o u g h t h e unde r ly ing E u c l i d e a n f o r m u l a t i o n of t he 
t heo ry . T h a t is, in t he o r d i n a r y desc r ip t ion o n e p r o d u c e s 
t h e t i m e reversal essential ly by go ing ou t s ide t he L o r e n t z 
g r o u p t h r o u g h t h e E u c l i d e a n g r o u p o r t h e c o m p l e x L o r e n t z 
g r o u p , wh ich is even m o r e genera l , as J o s t h a s d o n e , in 
o r d e r t o p r o d u c e t h e TCP t r a n s f o r m a t i o n . T h e TCP 
t h e o r e m is o n e of t h e ind ica t ions for the u n d e r l y i n g 
Euc l i dean s t ruc tu re of t he p r e sen t -day theo ry . 

W h e n o n e h a s p re sen ted t he t heo ry in a E u c l i d e a n fo rm 
it is au toma t i ca l l y c o n t a i n e d , as the re is n o longe r a n y 
d i s t inc t ion be tween the p a s t a n d t h e fu ture , a n d the p r o p e r 
t r a n s f o r m a t i o n , wh ich inc ludes t ime reflection, is a conse­
q u e n c e of t he o r d i n a r y r o t a t i o n s of t he theory . This , of 
cou r se , d e p e n d s u p o n t h e spin stat is t ics c o n n e c t i o n a n d t h e 
w h o l e d e v e l o p m e n t h a s a l r eady m a d e u s e of it . T h e 
ques t i on of to w h a t ex ten t y o u c a n go b a c k w a r d s , r e m a i n s 
u n a n s w e r e d , i.e. if o n e begins wi th a n a r b i t r a r y E u c l i d e a n 
t h eo ry a n d o n e asks : w h e n d o y o u get a sensible L o r e n t z 
t h e o r y ? Th i s I d o n o t k n o w . T h e d e v e l o p m e n t h a s been 
in o n e d i rec t ion o n l y ; the possibi l i ty of fu ture p rogress 
c o m e s f rom t h e e x a m i n a t i o n of t he reverse d i rec t ion , a n d 
t h a t is comple te ly o p e n . 
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