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Wt] consider  superalgebra  and  BPS  conditions  in the supermembrane  theory on  the

pp-wave  backgreund, The  fu}1 superalgebra  is calculated  and  we  present examples
of  1/2 and  114 BPS  conditions.  Also BPS  conditions  of  classical  solutions  in the

matrix  model  are  confirmed  by using  th!s formula,

1Introduction

It is considered  that supermembrane  theories in eleven  dimensions [1, 2, 3] are  intimately

related  to M-theory. Fbr the past years, many  works  towards  the formulation of  M-theory

have been done. The matrix  model  approach  among  these works  particularly seems  suc-

cessfu1  at  least in a  certain  region  of  M-theory [4]. For many  years so}utions  of  the eleven-

dimensional supergravity  have  been stindied, and  the maximally  supersymmetric  solutions

are  turned out  to be Minkowski space,  AdS4 × S7, AdS7  × S4, and  Kowalski-Glikman (KG)
pp-wave solution  [5] . These are  possible candidates  fbr M-theory backgrounds. Irhe matrix

model  on  this pp-wave was  proposed by Berenstein-Maldacena-Nastase [6], The  action

contains  mass  terms  and  Myers  term  which  lead to drastically different features from the

flat case. A  single  supermembrane,  w}iich  is unstable  in the flat case  [7], might  be sta-

bilized since  the flat directions of  the potential are  completely  lifted up.  In addition,  a

fuzzy sphere,  rotating  ellipsoidal  fuzzy sphere,  etc. appear  as  classical  solutions  due to the

presence  of  the Myers  term, and  this fact implies close  relations  to the noncommutative

geometry. Thus, supermembrane  and  matrix  model  on  the pp-wave have many  interesting

features to be studied.

   Here we  consider  supermembranes  on  the eleven-dimensional  maximally  supersyinmeV

ric  pp-wave  background based on  our  previous  results  [8, 9] (For our  works  about  other

topics, see [10, 11, 12]). First we  introduce the effective Lagrangian of  a  supermembrane

and  supersymmetries  on  the pp-wave.  The  supercharges  are  conserved  but do not  com-

mute  with  the Hamiltonian  since  these explicitly  depend on  the world-volume  time  in the

light-cone formulation. Thus  the superalgebra  and  BPS  conditions  are  different from the

  
iThis

 work  is based on  our  papers [8, 9] collaborated  with  K, Ybshida.
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   flat case.  We  calculate  the full superalgebra  and  give the physical interpretation of  the

   additional  brane charges  as  correction  terms to those in the fiat space,  We  also  comment

   on  the correspondence  of  brane charges  in the  supermembrane  theory  and  matrix  model.

   Then  the consistency  of  supercharges  and  BPS  conditions  to the time  evolution  is dis-

   cussed.  Next we  present examples  of  112 and  1/4 BPS  conditions  and  several  classical

   solution.  Finally, by  employing  our  BPS  formula in terms  of  matrix  model  we  confirm

   BPS  conditions  of  classical  solutions  in the matrix  model.

2 Supermembrane  Action  and  Supersymmetries  on

    PP-wave

We  shall  consider  the supermembrane  theory ll, 2, 3] on  the eleven-dimensional  maximally

supersymmetric  pp-wave background [51. The  metric  of  this background is given by

                                        9

            ds2 :=  
-2dx+dx-+G++(dx+)2+Z(dx")2,

 (1)
                                       "==1

               G.. .. - [(g)2 (.i + .;  +  .g･) +  (X)2 (xz +･-･+  xg)]  ,

where  the constant  4-form fiux E-i23 =  pa (l O) is equipped.

  The  effective  Lagrangian of  a  supermembrane  on  the pp-wave  [6, 13] is

        wm'L  =  iD.XrD.x' -  t{x', x'}? -  5 (!l)2 x,2 m  i (il)2 x,2,

               
-Ilc,,.X"{X',  X'}  +  izb'"rr{X', zL,} +  izbTD.zb +  i{Ilzb'"),n3zb , (2)

where  ip is an  SO(9) spinor  and  the Lie bracket is defined by {A, B}  !!i w-iEabqAabB

with  an  arbitrary  function w(a)  on  the membrane  surface,  The residual  symmetry  called

area-preserving  diffeomorphism (APD) is realized  as  a  gauge  symmetry,  The  covaJriant

derivative for this gauge  symmetry  is defined by D.. !i e. .  
-{cv,

 .}  with  a gauge con-

nection  w.  In the light-cone formulation, symmetries  are  not  manifestly  seen  but the

Lagrangian (2) still has 32 supersymmetries.  The  16 linearly-realized supersymmetries

are  expressed  as

    6,X' =  2zbT'y'E(7'), (S,cv =  2cbTc(T), (3)

    6,cb =:  (-zD.X'nv. +  g{X', XS}'v,,+ !liili.,XJ")rilt,23 
-
 ilit9.,X"'>'i,")'i23)E(T),

     E(T)  =:  exp  (ILL2'y,,,T) co (Eo: const. spinor),

NII-Electronic  Mbrary  
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which  are often  called  dynamical supersymmetries.  The other  16 nonlinearly-realized

supersymmetrles  are  wrltten  as

           i,Xr=O,  (S,w=O,  (4)

           in" =  n(T), ny(T) =  exp  (-{ir7n3T) nyo (no : const,  spinor),

which  are  often  referred  to kinematical supersymmetries.  Supersymmetry transformations

in the flat space  are  recovered  in the limit pa -> e.

   By  the use  of  Noether's theorem,  the supercharges  Q+ and  Qu of  the linearly and

non-linearly  realized  supersymmetries,  respectively,  are  given by

              Q+ ==  fd2aw [ - 2e-t,cr'23'(D.X"Tvip +  5{)(', XS}7..th

                     +tl ]Il.il, Xi7tori23ip +g  li, lll=, Xi'7,,or,,,zb)], (s)

              Q- =  fd2aw [-2iefcri23'ab] =  
-2iett

 
ori23'tho

 , (6)

where  Vo is the zero-mode  of ip and  w  is normalized  as fd2aw(a) =  1. The Dirac bracket

is defined by the standard  rnanneT,  and  the  canonical  cornmutation  relations  are

      {X'(a), Fk(a')}.. =  6,"6{2)(a -  d) , {th.(a), Sfi(a')}DB =  ;6.fi6(2)(a -  d) . (7)

Here a  i  wD.Xl  and  S. ii  iwth.T are  canonical  momenta  of  Xr  and  ip., respectively.

The  canonical  Hamiltonian  H  does  not  commute  with  supercharges

         {C2g,H}DB=+ftt(7i23(?')a, {C?a,H}DB=-{i(7i23C?-)ai (8)

but one  can  understand  these charges  are  conserved  by considering  time  evolutions

                       dQ
±
 OQi

                       d. 
=
 o. 

+{(?
±

, H}DB  
=O･

 (g)

   By  using  the Dirac bracket, we  obtained  the superalgebra[8].  This superalgebra  (other
than  central  charges)  agrees  with  that of  matrix  model  on  the pp-wave [6]2 while  it realizes

the superalgebra  of  the supermembrane  theory in the flat space  [3] by taking the limit pa -

O. The  superalgebra  inc}udes some  surfaces  terms. In the flat case  these are  central  charges

of  the  supertranslation  algebra.  These charges  indicate brane charges  of  extended  objects.

  
2This

 type  of  superalgebra  is called  super  pp-wave  algebra.  It is closely  related  with  superalgebra  of

AdS4  × S7 or  AdS7  x  S4 [14] via  the Penrose lirnit [15].
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   [D:rms Sft,, SP, and  S::,,. in ref.[8] aJre the same  as  in the flat space.  The  charges  S:L's and

   SP's correspond  to transverse M2-branes and  longitudinal M2-branes, respectively.  The

   SR,t.'s correspond  to longitudinal M5-branes,

      Fbr the pp-wave case,  our  resulting  superalgebra  includes additional  terms  Ue.,,,, and

   UP. These should  be interpreted as  correction  terms  to brane charges  in the flat space  due

   to the fact that the pp-wave background is curved.  It was  suggested  in the AdS-string

   case  that topological charges  are modified  since  the AdS  background has a  non-vanishing

   curvature  while  those in the flat case  are  recovered  in the flat limit [16]. This resu!t

   supports  the physica} interpretation for our  results.

      On the other  hand, these charges  might  indicate the existence  of  extra  extended  objects

   only  living on  the pp-wave.  These might  be related  to fuzzy membrane  and  giant graviton

   discussed in [6], or other  extended  object  living only  on  the pp-wave [17, 10, 18, 19] due

   to a  certain  kind of  Myers effects  [20, 21]. In the next  section  we  discuss BPS  conditions

   to understand  non-trivial  brane charges.

3 BPS  Conditions and  Classical Configurations

'Ib

 study  BPS  conditions,  let us  construct  the supercharge  matrix  with  32 x  32 compo-

nents3

         i{Q., QE}.. -  (g.lgll Egili.l:: Eg,T] Eg:IE.l::) (io)

             =  (1% 2) (
-oi

 ,2. ,) (S llli)
 , th =- e-  s, 

tri23'
 .m.  e+  f, 

n23r
 .

The  component  matrix  AJb is given in ref.[9]  with  Ni ==  IVif. The  matrix  
"m"

 is expressed

as

       Mrr6  =  2 [A -  .:.=,  2rs2rS] 6,6 + 2 S., [zN. 
-
 fd2al.51'] (7r).s

           9 39

       + 2  [2.,2t.+22.,t.]("yrSt")76+21L 2  2  0JKJ'J'("XJm'J')T6
         r,s,t,u==1  J,K==1ft,jt==4

            g 3 9

       +2paZ0},(or,,7,,,).s +  g E  AZ6J(7,,7,,,),, 
-
 X E  ICb6'J'(7,,,,th,,),, , (11)

           tl=4  I,J=1  ll,J,=4

  
3Hereafter,

 we  use  expressions  of  supercharges  in which  the  factor 11de  is absorbed  into the normal-

ization of zb･
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where  we  have shifted  variables  as X'  =  Xo'+X'  and  Pr ==  wRI+P',  The  His

the Hamiltonian and  liij6iJ, ?[l6J'J' are  generators of  the Lorentz symmetry  SO(3)× SO(6),

Also the Q represents  the Gauss' law constraint  fbr the area-preserving  diffeomorphism of

the system.  Brane charges  2., z-.., z"..t., UJKJ,J,, and  U}, are  defined by

             2r iii ll., fd2aw{w-iX'A, Xis}+ifd2aw{kipT,ip}

                    +gi  ll.;, fd2aw{Xs, ipTor..th}, (i2)

             z-., ii 
-Sfd2uw{Xr',

 .kS}=z.,,  (13)

             Srstu !  lik fd2aw{XIr,ip'orstu]th} =  zrstu, (14)

              aKi'J' E  -"t  IIi.ll, EJJK  fd2aw{jl/i', X'.51/"}, (ls)

              Ia･ !  -i  fd2aw(.yi', g;l.?, (Jglrf)2-gt9.,(gJ')2) (i6)

When  we  consider  BPS  states,  some  supersymmetries  are  broken, But  the remaining

unbroken  supersymmetries  leave the 
'states

 invariant. Then  commutators  between the

states  and  the unbroken  supercharges  vanish.  So, by analyzing  the rank  of  the matrix

"m;',

 we  can  discuss BPS  conditions.

3.1 1/2  BPS  Conditions

The  112 BPS  conditions  are  given by the condition  m=O.  In this case,  by rewriting  the

supercharge  matrix  as

       i{(gi),(Q},Q})}..  -  (
-Si6

 2.), (gi) -  (1,',,6 ,9,) (g2),(i7)
we  can  read  off the unbroken  supercharge

             c?l =  fd2 cr w  [ -  2e" e,7i23' (D..Xr'or.di +  ;{.Xt', .5lrS}or.,l

                  +g  #., g'7i7n3di +X  ll,ll..I X"ty,,7,,,di)] E  Q+ . (ls)

Further, by the use  of  Q+, the matrix  fu is represented  by

       fu =  e-  f, T]23'  .m,  e+  -,ri23' =  i{QJ, (([?l)T}.. ==  i{Q+, ((il)+)T}DB . (19)
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Thus, ni is also  conserved  and  consistent  with  the time  evolution.

   Let us  now  present an  infinite planar membrane  solution  with  non-zero  brane charge,

An  example  of  oscillating  planar solutions  is described by Xi  =  aicos(gT),  X2  ;

a2cos(gT)  where  other  coordinates  X3,...,X9  are  set  to zero.  This solution  has a

nonzero  brane charge  zi2 "-  cos2 (ST) and  no  angular  momentum.  Also, this configu-

ration  becomes the planar configuration  Xi  = ui,  X2  ==  a2  in the flat limit pa -  0.

3.2 1/4BPSConditions

The  114 BPS  conditions  are  that the rank  of  the matrix  
`tm"

 is eight.  Tb  study  the rank  of

"m"
 , we  decompose the SO(9)  garnma  matrices  7' (r r=  1, , , . 

,
 9) with  16 ×  16 components

into 8 × 8 gamma  matrices  as

          Y-  ((9-). 
tyo') (rij=1,...,8), or"= (lo8 -Ol,),  (2o)

where  Y's are  real  matrices  with  8 × 8 components,  which  satisfy  V(&sn)T+7SOf)T =  2irHi

(7')'7s +  (NS)TN' =  26rS, The  general analysis  is too complicated  and  diMcult and  we

shall  present some  special  solution.  
'

  We  now  consider  only  pa-dependent parts by setting  pa-independent parts zero.  Fbr

simplicity,  we  impose further conditions  Mbf' ==  MISVj' :=:  [LJKitJr ==  Ub ==  O. Then  the

matrix  
"m"

 can  be written  as

.  =  2pa (z?,=, (e}t 
-ei"6q

6
')

 
fyJ'Oi)Tty2(N3)T

 z?.,=, (o}, .gi[ijb8,･) o,･)T&i(N2)v)

Thus 1/4 BPS  conditions  are  realized  for U}, =::  +gMb9i' or  U}t :=  
-gMb9i'

 (I' =  4, . .. ,8),

and  the unbroken  supercharge  for this lf4 BPS  condition  is given by

                  (?l(
±)
 =. emt,orn3r  (1 ±2 or9) e+t,crn3TQ;  (21)

Here the plus (+) sign  corresponds  to the first U}t =  +aM69i'  and  the minus  (-) one  to the

second  U}, =  -gMb9f', respectively.  These BPS  cenditions  denote that the brane charge

Ui, equals  the angular  momentum  M69i' , and  hence describe certain  rotating  objects  which

live only  on  the pp-wave.
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4 BPS  Conditions in Matrix  Model  on  the  PP-wave

The  matrix  model  action  can  be obtained  from the supermembralle  action  through  the

matrix  regularization  procedure. As  the result,  the Lie bracket, integral, and  variables

are replaced  by fbllowing the rule:

                      {, }--i[, ], fd2ffw(ff)-[[te,
                     x(gt)-x(7-),  ip(Ct)-zb(T). (22)

We  shall  consider  classical  solutions  in the matrix  model  on  the pp-wave background.

4.1 1/4BPSSolutions

Here let us  consider  the well-known  1/4  BPS  rotating  solution  described by

        x4(7-)+ix5(T) =  e
± ig'(x4(o)+ix5(o)),

 [x`(o),x5(o)] =o,  (23)

where  other  Xr's are  set to zero. Fbr this solution,  the matrix  
[`m"

 is written  as

              m.p  ==  (g)2(ITori234s).p[Dr [(X`(O))2+(X5(O))2]. (24)

Thus, the projection operator  appears  in the expression  of  
C`mi'.

 This result  means  that

the rank  of  
"m"

 is 8 and  denotes 114 BPS  state.  Hence we  have obtained  the consistent

result  as  expected,  We  can  replace  the indices4 and5with  two  indices of  4,...,9 due to

the SO(6) symmetry.

5 Conclusions and  Discussions

We  have considered  supera[Lgebra  and  BPS  conditions  in the supermembrane  theory on

the pp-wave  background. We  have calculated  the full superalgebra  and  given the physical

interpretation of  non-trivial  brane charges  as  correction  terms to those in the fiat space.

Such corrections  are  turned on  since  the pp-wa;ve background is curved.  We  haye also

commented  on  the correspondence  of  brane charges  ill the supermembrane  theory and

matrix  model  in the pp-wave  case,  and  transverse M5-branes. Next, we  have studied  the

umbroken  supercharges  in 1/2  and  1!4 BPS  conditions.  Also, applying  our  BPS  formula

to matrix  model,  we  have confirmed  BPS  conditions  for several  classical  solutions.
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