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Abstract We report here a new exact solution of the Ein-
stein field equations that describes a static spherically sym-
metric, anisotropic compact stellar fluid sphere. A general-
ized metric form corresponding to the g,, component and
a specific anisotropic profile generates the model. The new
class of generalized solutions reduces to Finch-Skea, Vaidya
Tikekar and Schwarzschild interior solutions for specific cho-
ices of the model parameters. The model parameters have
been determined from the continuity of the interior and exte-
rior metrics at the surface of the star and setting the radial
pressure at the boundary to zero. Recent observed measure-
ments from some pulsars as sources have been utilized to
validate our model.

1 Introduction

The general theory of relativity has been pivotal in casting
light on gravitational-related phenomena in both astrophysics
and cosmology [1]. The validity of classical general relativ-
ity (CGR) has been expounded through observations such
as the deflection of starlight in the neighbourhood of self-
gravitating objects, the observational of gravitational waves,
black hole shadows and the precession of Mercury’s orbit,
amongst others. On the cosmological scale, observations of
fluctuations in the Cosmic Microwave Background Radia-
tion, gravitational lensing, the current expansion rate and
acceleration of the Universe have their origins in CGR [2—4].
These observations on both the astrophysical and cosmolog-
ical fronts stand in good stead in support of CGR. However,
there have been several shortcomings in the predictive power
of CGR in strong gravitational fields and the behaviour of
matter at ultra-high densities.
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The first attempt at modeling the interior gravitational
field of a self-bounded object in CGR was carried out by
Schwarzschild [5] in which he assumed spherically symme-
try with the interior matter content being characterised by
uniform density with isotropic pressure. Over the last cen-
tury, the interior Schwarzschild solution has been generalised
to incorporate more realistic matter distributions including
charge, anisotropy, bulk viscous pressure, dark energy and
the cosmological constant. Earlier models of compact objects
arising from the solutions of the Einstein field displayed vari-
ous pathologies as was demonstrated by the work of Dev and
Glesier [6,7]. They showed that only a small subset of the vast
array of exact solutions describing stellar objects meet the
requirements for regularity, causality and stability. Recently,
there has been an ‘exponential’ growth in the appearance
of stellar models in the literature. These models arise from
assumptions on symmetry of the stellar object, Lie analy-
sis, imposition of the Karmarkar condition, complexity-free
condition and the use of an equation of state (EOS). The sem-
inal paper by Bowers and Liang [8] which investigated the
impact of anisotropic stresses in compact objects has shown
that pressure anisotropy impacts on various observable char-
acteristics of stars such as mass-radius values and higher
surface redshifts, namely z; > 2. The change in the sign of
the anisotropy factor A = p, — p; plays a key role in the
stability of the gravitating configuration. The classic stabil-
ity condition derived by Chandrasekhar for isotropic, static
gravitating spheres, I” > % is modified in the presence of
anisotropy. In the study of dissipative collapse, Herrera, Chan
and co-workers studied the problem of dynamical stability of
anisotropic, collapsing stars dissipating energy in the form of
aradial heat flux. In their work, they employed a perturbative
framework to study the evolution of a spherically symmet-
ric gravitating body which loses hydrostatic equilibrium and
undergoes dissipative collapse. They derived the adiabatic
index in both the Newtonian and Post-Newtonian regimes.
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In the Newtonian limit for the static model they showed that
anisotropy increases (P.o < P:o) or decreases (Pro > P:o)
the instability of the collapsing configuration. In addition,
in the post-Newtonian approximation with vanishing dissi-
pation the adiabatic index is modified by contributions from
the radial pressure [10-12].

In their seminal work on the impact of anisotropy in self-
gravitating systems Santos and Herrera [13] carried out a
comprehensive investigation of the role played by radial
and transverse stresses in non-static and quasi-static stel-
lar objects. They provide a list of possible origins of pres-
sure anisotropy within stellar objects citing phase transitions
in dense cores, pion condensation, superconducting phases,
rotation, neutrino helicity, amongst others. Sawyer [14] in his
work on condensed 7 ~ phases at ultra-high densities such as
in the core of neutron stars showed that the pressure of the
free Fermi gas is drastically altered. In the study of stellar
objects with densities in the order of 103 g cm™3, interac-
tions within the core become relativistic and Ruderman [15]
demonstrated the existence of a type-P superfluid which gives
rise to pressure anisotropy in these stars. Martinez studied
transport processes in radiating stars which dissipate energy
to the exterior in the form of a radial heat flux. Thermally
generated neutrinos carry energy from the stellar interior to
the cooler surface layers. A source of viscosity is neutrino
trapping and it was shown that the contributions of shear to
the pressure anisotropy is prominent from the centre of the
star to a radius of approximately 2km [16].

The observation of gravitational waves in events such as
GW170817 and GW190814 has led researchers to model
compact objects which can account for the detected signals
by the LIGO-VIRGO collaboration [17-19]. For example,
the signal observed in the GW 190814 event has led to a bigger
mystery regarding the nature and components of the binary
coalescence. Itis believed that the detected signals arose from
the merger of a 2.59J_r8:88M@ compact object and a 23M,
black hole [20] (and see references therein). The secondary
component of this merger is believed to be a neutron star
with a mass greater than the usual 2M ‘upper’ bound for
neutron stars in CGR. This has led researchers to speculate
on the very nature of the coalescence some of which include a
triple hierachal system involving a double merger with a tight
NS-NS scattering off a massive BH. In order to determine if
the GW190814 event was a result of a NS-BH or BH-BH
merger, Tews et al. [21] employed the NMMA framework in
which they utilised a set of 5000 EOSs that extended beyond
1.5 times the nuclear saturation density. They concluded that
GW190814 was a result of a binary black hole merger with
a probability of > 99.9%.

Researchers have also appealed to modified gravity theo-
ries to account for the secondary component of GW190814.
In these studies anisotropy plays a key role in the physics of
the resulting stellar models. The introduction of anisotropy
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via Geometric Deformation has been widely exploited and
it has been shown that this approach can lead to robust
models of compact objects which can account for masses
beyond 2 My without resorting to exotic matter distribu-
tions [22,23]. Models of compact stars within the Einstein-
Gauss-Bonnet (EGB) gravity have also been fruitful in pro-
ducing models with higher stellar masses and observed radii
in gravitational events [24-26]. More recently, researchers
have been working in f(Q) gravity theories to model the sec-
ondary component of the GW190814 event. They demon-
strated that there is an interplay between the EOS parame-
ter, decoupling constant and the f(Q) parameter which sen-
sitives the model’s characteristics such as stability and regu-
larity [27,28]. Inspired by these observations of gravitational
waves and the impact of anisotropy in stars, we model com-
pact objects within the framework of Einstein’s classical gen-
eral relativity in which the radial and transverse stresses are
different. Our model is subjected to stringent tests to ensure
that it describes a physically realizable stellar structure.

This paper has been organized as follows: In Sect. 2, the
basic Einstein field equations corresponding to the aniso-
tropic compact object has been provided. In Sect. 3, we
adopt a a generalized metric potential for g, and a particu-
lar anisotropic profile for the interior matter distribution and
solve the relevant field equations. All the various relevant
physical parameters are derived analytically in this section.
The physical criteria necessary for a realistic compact star
are stated in Sect. 4. In Sect. 5, the exterior Schwarzschild
space-time is matched with the interior solution across the
boundary of the star and corresponding boundary conditions
have laid down. The analysis of the various physical condi-
tions are discussed in Sect. 6. The recent estimated observed
data of some well known pulsars are shown to validate this
model in Sect. 7 with some graphical representations and also
in tabular form. Stability of the model under different condi-
tions has been discussed in Sect. 8. Finally, some concluding
remarks and discussion have been made in Sect. 9.

2 Einstein field equations

The interior space-time geometry of a static, spherically sym-
metric object is described in standard coordinates XY = t,

x! =r, x> =0, x> = ¢ by line element as

ds? = —A}(r)dt* + BE(r)dr* + r?(d6* + sin® 0d¢?), (1)

where, the gravitational metric potentials Ag(r) and By (r) are
dimensionless and functions of the radial coordinate ‘r’ need
to be determined. We assume that the compact star composed
of matter which is anisotropic in nature with respect to pres-
sure. The assumption that the pressure within the stellar core
is anisotropic is a physically reasonable one. Apart from the
physical processes which give rise to anisotropy within the
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stellar fluid, one expects a departure from pressure isotropy in
the presence of dissipation, density inhomogeneity and shear
viscosity. On the flip-side, for a stellar fluid configuration
with an initially isotropic profile to remain isotropic through-
out its evolution, the fluid must be nondissipative, shear-free
and exhibit homogeneity in the energy-density. It is possible
but unlikely for the evolution to maintain isotropy in pres-
sure by demanding that dissipation, inhomogeneity and the
Weyl-free stresses cancel each other. Herrera [29] demon-
strated that the stability of pressure isotropy in a dynamically
evolving fluid can be maintained under the requirements of
conformal flatness, homogeneous density and zero dissipa-
tive fluxes. To describe the anisotropic fluid system, we use
the energy-momentum tensor of the form

Totﬁ =(p+ Pt)”(xuﬁ + Pi8ap + (pr — Pt)XaXﬂa (2)

where p represents the energy-density, p, and p;, respec-
tively denote fluid pressures along the radial and transverse
directions respectively. The quantity u® is the 4-velocity of
the fluid and x“ is a unit space-like 4-vector along the radial
direction so that the following relations holds: u*u, = —1,
Xaxg =—landu®yg = 0.

The Einstein field equations of the system corresponding
to the line element (1) are then obtained as (in natural unit
system where we set G = ¢ = 1)

q 11 L 256 3
T == - —=—= ,
P r2 rng rBS
1 1 24!
8npr=|——+ —=+ o1, 4
pr r2 Bgr2 erB§:| @
B AV A B AL B/
8rpy = | —2 + —0- - —0 001 5)
AoBy rAoBy rBj Ao By

In Egs. (3)—(5), a ‘prime’ denotes differentiation with respect
to the radial coordinate r.

Utilizing the Egs. (4) and (5), we can define the pressure
anisotropy of the stellar interior as

A(r) = 8 (ps — pr)
_ Aj A B} AyB, 1 1
= 2 2 p3 3T 2 T3
AoBy rAoB; rByAoBy r<By 1

(6)

In principle, A may be positive as well as negative in nature
depending upon whether p; > p, or p; < p,. In our model,
we have considered p; > p, for the matter distribution to
obtain a stable structure of compact objects.

The mass contained within a stellar radius r of is defined
as

m(r) = % /O ' 0’ p(w)do. @)

Thus we have basically a system of three independent
Egs. (3)—(5) in 5 independent variables, viz. Ao, Bo, p, pr
and p,. Equation (6) representing A is basically a dependent
equation in p, and p;. To solve the system we must prescribe
two of them.

In the present work the two assumptions are as follows: (i)
a particular metric ansatz for the g, metric component, and
(ii) a specific form of the anisotropic parameter. With these
assumptions we shall solve the set of equations in the next
Sect. 3.

3 Generating a new model: analytical solution

To develop a physically reasonable model of the stellar con-
figuration and hence to find exact solutions, any two physi-
cal parameters may be freely chosen. Here in this model we
assume a particular metric potential and a appropriate form
of the anisotropy. The metric potential for the g,, metric is
given by

bCr* +1

aCr?+1’
where a, b and C are constants and will be determined from
the matching conditions. Here C is a scaling factor. This par-
ticular metric potential were used by the several authors to
construct compact stellar models. Clearly, the metric is reg-
ular, finite and continuous within the stellar structure. It is
interesting to note that the assumed form of the metric poten-
tial is a generalized one and other solutions can be recovered
from this with specific choices of the constants as follows:

Bi(r) = 8)

e a = 0 and b # 0, the metric reduces to Finch Skea
solution,

e b = 0 and a # 0, one can generate the Schwarzschid
interior solution,

e a # 0 and b # 0, the metric generates Vaidya-Tikekar
solution.

With this choice of By(r), Eq. (6) then reduces to

1

Ar)y = ——mm8M8M8M—
rAg (bCr2 +1)°

xIr (acr? +1) a7 (bCr? +1)
— A0 (bCr2 (aCr2 + 2) + 1) +5CH3 (b — a)Agl.
9

On rearranging Eq. (9) we get

(b —a)bC?r?
(aCr? +1)(bCr2 + 1)

A5 bCriaCr?+2)+1) A
Ao r@Cr2+1)(bCr2+1) Ag
AP)(BCr2 +1)
T @C?+)

(10)
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Now the above Eq. (10) can be solved for Ag(r) if A(r) is
specified in particular form. The anisotropy factor has to be
chosen in such a way that regularity at the center is satisfied
and at the same time easily integrable. Keeping in mind all
the conditions imposed on anisotropy it is assumed that

b(b —a)C%r?
W12
The above choice for anisotropy is physically reasonable,
as at the center (r = 0) where both the radial and trans-
verse pressures are equal and hence anisotropy must vanish.
Also, this particular choice provides a solution for Eq. (10)
in closed analytical form. Substituting Eq. (11) in Eq. (10),
we obtain,

(1 4+ bCr2aCr? +2))
r(bCr? 4+ 1)(aCr? + 1)
We obtain a simple solution of the Eq. (12)

Ar) = (11)

A§(r) — Aj(r) =0. (12)

where C; and C3 are constants of integration will be obtained
from the boundary conditions. At this juncture, we draw the
reader’s attention to the work by Herrera et al. [30] in which
they developed a method to derive all static, anisotropic solu-
tions of the field equations. This approach is an extension
of the work developed by Lake [31] in which he obtained
the most general line element for a spherically symmetric
gravitating source with isotropic pressure. The key differ-
ence between the works of Herrera et al. and Lake is that in
the case of anisotropic fluids two generating functions are
required to completely describe the gravitational behaviour
of the model. In light of this, we note that our model will be a
sub-case of the more general family of solutions obtained by
Herrera and co-workers. We are now in a position to deter-
mine the physical quantities such as matter density, radial
pressure, transverse pressure and mass which can be cast as

C(b—a) (bCr*+3)

8mp = . 5 (14)
Ao(r) = 02[4(;&/% log(2abCr? + 2J/ab@Cr £ 1) (bCr2 +1)
/ 2 / 2
«/bCrt1tatb) + YA€ zlacbcr e (13)
1
8pr =
$103 (2abCr2 +2¢1daab +a + b)
1
X
2/a/b (Capip + 2aCC3) + Ca(a — b) log (2abCr2 2 avbpin +a + b)
x [c (2a3/2b3/2 (C2 (bCr2 (1 — 3bCr2> + 4) — 2bCC3¢1¢2) —2452\p
x <4b2C2C3r2¢>1¢2 + Ca? (2bCr2 (bCr2 — 7) - 5))
+2472JbC <2bCr2 n 1) (2C3¢1¢2 n sczrzqs%)
+Ca(a — b)? <2a3/2«/ZCr2¢% + 2/avbd} + apidn (2bCr2 + 1)
+ béia) log (2abCr2 +2Javbpi¢r +a + b)
+ 8a*bC2Car2 93 — 4a3bCH? (2C3 (bCr2 - 1) - 5C2r2¢1¢2> — 4a%b¢2 (bC
x (Cor?¢192 +2C3) = 5Cahi ) — 2/ab™2C203 — 4ab?Cr143) | (1)
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8pr =

1

6103 (2abCr2 +2abgi¢p +a + b)
1

X

2v/ab (Carps + 2aCC3) + Ca(a — b) log (2abcr2 +2Vabg1¢n +a + b)

x [ (2a¥202 (20363 +3) = 2CCa1 )

+2a%2Vb (Cag (26Cr? (S6Cr? +9) +5) = 42C2Car’ 12

+2472bC (2¢§ - 1) (2C3¢1¢2 + Cor2 g2 (4bCr? + 5)) + Coa — b)>

x (2a3/2¢ECr2¢§ +2Vabg3 + adiha (¢>§ — 1)

b1 log (2abCr2 +2Vabgi¢ +a + b) +8a*bC2C3r2 % + 4a3bCH2

x (C2r2¢1¢2 <4bcr2 + 5) +C02— 2bCr2)> + 4a%b? (bc <3C2r2¢1¢2 - 2C3)

+5Ca¢162) — 24/ab*2Ca¢3 — 4ab?Crh 3

(16)

m(r)

B Cr3(b—a)

_rw-4a 17
26Cr2 +2 {17)

where ¢1 = +/1+aCr? and ¢, = /1 + bCr2.

4 Physical requirements

The following conditions are required for a physically viable
stellar model:

®

(i)

(iii)

The gravitational potentials Ag(r), Bo(r) and the phys-
ical quantities p, py, p; should be well defined at the
center and regular as well as non- singular throughout
the interior of the star.

The energy density should be positive throughout the
interior of the star. Also, its value should monotonically
decrease towards the boundary of the star from its max-
imum value at the centre. Mathematically i.e., p > O.
9 <,

dr —

The radial and the tangential pressure must be positive
through out the stellar interior i.e., p, > 0, p; > 0.
The pressures should be monotonically decreasing in
nature with the radial parameter. This is ensured by the
negative signature of the gradient of the pressures inside
the stellar body, i.e., ’Z’r’ < 0, ‘% < 0. Also, at the
boundary » = R of the star the radial pressure should
vanish. The condition p,(R) = 0 is defines the radius
of the star. However, there may be nonzero tangential
pressure on its surface. At the centre of the star both the

radial and transverse pressures are equal which means

the anisotropy should vanish at the centre, A(r = 0) =
0.

(iv) For a stable stellar anisotropic compact star, some
energy conditions must be satisfied at each interior point
of the fluid sphere. Basically, under the framework of
general relativity the energy conditions are described in
terms of the local inequality relations between energy
density and pressures. The energy conditions are the
Weak Energy Condition (WEC), Null Energy Condi-
tion (NEC), Strong Energy Condition (SEC) and Domi-
nant Energy Condition (DEC) defined by the following
inequalities.

(1) Weak Energy Condition (WEC): p > 0, p, + p >
O’ Pt + 1% = 0

(2) Null Energy Condition (NEC): p,+p >0, p+p; >
0

(3) Strong Energy Condition (SEC): p + p» +2p; > 0

(4) Dominant Energy Conditions (DEC): p — |p,| > 0
and p — |ps| = 0

In this context it is interesting to check the trace energy
condition (TEC) as suggested by the authors [32,33]. The
Trace of the energy tensor (TEC) should be positive through-
out the interior of the star, represented mathematically as:

p—pr—2p =0.

(v) The Causality condition, according to which the speed
of sound (both radial and transverse) must be smaller
than 1 (in the unit of speed of light ¢ = 1) throughout the
interior of the star. For a physically acceptable realistic

@ Springer
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model the causality condition, i.e., 0 < % <1,0< Continuity of g;;

dpu < 1 must be satisfied. 2M

oo dp = AJ(RY = (1 - =+ (19)

(vi) The interior geometry of the star represented by the 0 R/

metric functions should match smoothly with the exte- Continuity of

rior Schwarzschild space-time metric across the stellar Uity Ot &rr

boundary. BAR 1 oM\ ! 20
(vii) Adiabatic index (I"), the ratio of two specific heats is o(R)={1- R : (20)

related to the stability of an anisotropic stellar con-
figuration. For a stable model, the well known condi-
tion for the stability of a Newtonian isotropic sphere
is: I' > 4/3. For a relativistic anisotropic sphere this
condition modified to some extent.

5 Exterior space-time and junction conditions

In general relativity theory, the Schwarzschild metric is the
uniquely defined spherically symmetric solution to the vac-
uum Einstein field equations. The exterior vacuum spacetime
for anon radiating star can be described by the Schwarzschild
metric which is

oM oM\ !
ds2:—<1——>dt2+(1——> ir
r r
472 (d92 + sin? 9d¢2) , (18)

where r > 2 M, M being the total mass of the stellar object.
The matching conditions determines the numerical values
of the model parameters. The junction conditions demands
the continuity of the first and second fundamental forms
(intrinsic and extrinsic curvature respectively) across the non-
radiating bounding surface. Here we have only imposed the
continuity of the first fundamental form developing compact
stars by generating only static solutions.The continuity of
the second fundamental is not required. For a static Continu-
ity of the first fundamental form at the boundary allows the
matching of the interior spacetime metric (1) to the vacuum
exterior Schwarzschild solution (18) at the boundary of the
star » = R. This continuity of the metric functions across the
boundary yields:

p(0) =3C(b —a),

pr(0) = C 843/2\/bC,
L (0) =

Radial pressure vanishes to zero at a finite value of the
radial parameter r, defined as the radius of the star. Hence
the radius of the star can be obtained by utilizing the condition
pr(r=R)=0.

The above boundary conditions determine the model
parameters. We have in total 5 constants with three equa-
tions. Prescribing any two of them will determine the others.
In this case we set the values of ¢ and b to find C, C, and C3
numerically. These parameters are utilized to represent all the
physically relevant quantities graphically in other section.

6 Physical analysis

In this section, we are interested to show that all the physical
requirements stated in the previous section (5) are satisfied
for our developed model.

1. The gravitational potentials at the origin of the star are
finite at the center (r = 0) of the stellar configura-

Ca(a—b) log((ﬁWE)z) ?

. 2 —
tion. A5(0) = 432 /bC

—i—zi—zc—l—Cs

=constant, Bg (0) = 1. Also we have checked that
(A3(r)._y = (B3(r))._, = 0. These imply that the
metric is regular at the center and regular throughout the
stellar interior.

2. The value of the density, radial pressure and tangential
pressure at the centre in this model are:

+a->b|,

pi(0) = C 8a3/2/bC,
(0) =

2/a/b(2aCC3 + C3) + Ca(a — b) log ((ﬁ + JZ)2>

+a—>b

2/av/b(2aCC3 + C3) 4+ Ca(a — b) log ((ﬁ + \/E)2>

@ Springer
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Note that the density is always positive as long as
C > 0and b > aor C < Oand b < a.
The radial pressure and tangential pressure at the cen-
tre are equal which means pressure anisotropy van-
ishes at the center. Also according to Zeldovich’s con-
dition, p,/p must be < 1 at the centre. Therefore,
8a%2\/bC,
63/ab(b—a)(2aCC3+C2)~3C(a—b)2 log<(ﬁ+ﬁ)2)
3. The gradient of energy density is obtained as:

= 3.

dp _ 2bC*r(a —b) (bCr? +5)
dr (bCr2 +1)° '

2D

However, the analytical expression for the gradient of
radial pressure and tangential pressure i.e., ddpr’ and % are
very lengthy and hence we avoided to put the expressions.

The gradient of energy density and pressures could have
both positive and negative values in the stellar interior. In
our model gradients are negative inside the stellar body are
shown graphically in the other section. Also the gradients
should vanishes as r goes to co.

4. The radial and transverse velocity of sound (¢ = 1) are
obtained from the expressions v2, = % and v2, = ‘%.
Again the analytical expressions are too big to express
here. We estimate the value of sound speeds graphically
throughout the interior of the star. In this model the speed
of sound are smaller than 1 in the interior of the star, i.e.,
0 < % < 1,0 < % < 1 which has been shown
graphically in the next section.

5. Energy Condition: The energy conditions for an anisotropic
fluid sphere implies the positive values of the terms
p+pr>0,0+p, >0and p+ p,+2p; > 0, throughout
the stellar interior. These quantities are shown to remain
positive throughout the compact sphere graphically in the
next section.

6. The smooth matching of the interior metric function with
that of the Schwarzschild exterior at the boundary is

shown graphically in the next section.

7. Equation of State(EoS) parameter: Equation of state
parameter is given by
o= 0 =2 22)
o o

To be non-exotic in nature the value of w should lie within
0 and 1. Our model is shown to satisfies the condition
0<w <1,0<w; <1.

7 Integrating the model with observational data
7.1 A particular pulsar 4U 1608-52

We are now in a position to validate our theoretical model
with experimentally observed data from different reliable
sources for NS masses and radii. For this purpose plugging
the mass and radius of observed pulsars as input parameters
the physical acceptability of the model has been checked to
validate our model. We have considered the pulsar 4U 1608-
52 km [34] with its recent estimated mass = 1.57f8:;8 Mo
and radius = 9.8 £ 1.8. We have fixed the model parame-
ters using these mass and radius inference of 4U 1608-52 km
[34]. With these mass and radius constrains along with other
parameter values a = 0.65 and b = —0.35, the junction
conditions have been utilized to determine the constants as
C = —0.00589618, C2 = 0.00246044, C3 = 1.33505. The
values of these constants thus obtained and plugging the val-
ues of G and c in the expressions, various physical quantities
have been plotted graphically.

Regular and proper behavioral nature of all the relevant
physical quantities and the satisfaction of the required con-
ditions indicate that the model fits with experimental data
required for a physically realistic plausible star.

In Fig. 1, the regularity and the non singular nature of the
metric potentials considering the pulsar 4U 1608-52 has been
shown graphically.

Figure 2 shows the nature of the energy density as expected
monotonically decreases from its maximum value at the cen-
ter towards its surface. The density of the compact star is also
shown through radial contour plotting in Fig. 3. Variation of
radial and tangential pressures have been plotted in Fig. 4,
which are also decreases radially towards boundary from its
maximum value at the center. It is confirms from the plot that
in case of radial pressure it drops to zero at the boundary but
having non zero tangential pressure on the surface.

4U 1608-52
2_5 - T T T T T T T T T T T T T T T T 2 T ]
; — Ap“(r) |
2.0¢ — Bo*(r) |
» 1
w 4
2 ]
= ]
[] ]
= ]
0.5 4
0.0 L n n n 1 n n n 1 n n n 1 n n n 1 n
0 2 4 6 8
r (km)
Fig. 1 Metric potential Ag(r)% and Bo(r)?
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Fig. 3 Density profile (contour)
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Radial variation of anisotropy has been depicted in Fig. 5
which is zero at center necessarily and is maximum at the sur-
face. Contour representation of anisotropy variation is shown
in Fig. 6.

In Fig. 7, the sound speed in radial and transverse direc-
tions have been plotted against the radial coordinate. Speeds
remain within the required range through out the interior of
the star (¢ = 1). This feature ensures the non-violations of
causality condition.

The energy conditions namely Weak Energy Condition
(WEC), Null Energy Condition (NEC), Strong Energy Con-
dition (SEC) and Dominant Energy Condition (DEC) must
be satisfied at the every point of the interior of a star which
have been plotted in Fig. 8. Figure shows that its value remain
positive throughout the stellar interior as required for a rela-
tivistic physically acceptable stellar model.

We have also examined the trace energy condition graphi-
cally. In this model TEC it is found to be satisfied (see Fig. 9).
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Fig. 8 Energy conditions

Figure 10 depicted the smooth matching of the interior
space time with that of the exterior metric over the bounding
surface.

It is to be noted that in developing our model we have not
considered any equation of state (EoS). Without prescribing
any EoS we graphically presented the relationship between
the thermodynamic parameters energy density and pressure
hence the nature of the EoS of the matter distribution has been
shown in Fig. 11. The almost linear relationship between p
and p, reflected from the figure.

The mass function is monotonically increasing the func-
tionofr. Alsom(0) = Oand m (9.8) = 1.58 M ® corresponds
to centre and surface as shown in Fig. 12.

In Fig. 13 We have derived the mass-radius (M — R) rela-
tionship for a fixed surface density of value 4 x 10'* g cm™3.
One can observe that the feature of the mass-to-radius rela-
tion in this model predicts a maximum mass of about 2 M
which is consistent with the observed data.
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Fig. 11 EoS profile
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7.2 Validation with other pulsars

To show that this model has a wide range of applicability for
highly compact stars, we have also analyzed the validity of
my model by considering some well-known pulsars such as
Cen X-3, SAX J1748.9-2021, Vela X-1 and PSR J0030 +
0451.

The estimated masses and radii of these pulsars have been
used to determine the corresponding model parameters as
given in Table 1. Making use of these values, in Table 2,
we have calculated the values of the physically reasonable
parameters which are sufficient to justify the requirements
of a physically realistic star. Note that we have used ()|p and
()| g to denote the evaluated values of the physical parameters
at the center and surface of the star, respectively.

8 Stability analysis of the model
8.1 Tolman—Oppenheimer—Volkoff stability condition

The stability of a a star could be described in terms of
the well known Tolman—Oppenheimer—Volkoff equilibrium
conditions. A star remains in static equilibrium under the
forces namely, gravitational force, hydrostatics force and
anisotropic force. This condition is formulated mathemati-
cally as TOV equation which is

Ao(r)  dpy
By(r) dr
where Mq(r) is the gravitational mass of the star having

radial distance r. Mg (r) can be derived using the Tolman—
Whittaker formula and Einstein’s field equations as

Mg 2
- T(,O + pr) + ;(Pt -p)=0, (23

rBo(r)Agy(r)
Mg(r) = —5—2— (24)
Ap(r)
Using the expression of Mg (r) in Eq. (23) we obtain
Ay(r) dp, 2
- — — 4+ —(pr — =0. 25
A0 (p+ pr) ot (pr — pr) (25)
The above equation is equivalent to
Fo+F,+F,=0, (26)
where
Ay(r)
F,=--20 , 27
g A0() (p+ pr) (27)
dp,
F, = — , 28
h o (28)
2
F, = ;(Pz - Dr)s (29)

represents the gravitational, hydrostatics and anisotropic
forces respectively.

Figure 14 depicts the nature of all these forces thus satis-
fying the TOV equation.

8.2 Adiabatic index

For any stable stellar configuration, one important stability
criteria is to check the adiabatic index parameter. The adia-
batic index I" is described in terms of the ratio of two specific
heats is defined as [10]

Table 1 Values of different model parameters corresponding to known compact star

Compact star Mass (M©®) Radius (km) a b C Cr C3

Cen X-3 [34] 1.49 £ 0.08 9.17£0.13 0.60 —0.40 ~0.0070 0.00285 1.388
SAX J1748.9-2021 [34] 1.817033 1.7+ 1.7 0.55 —0.45 —0.0042 0.00166 1.499
Vela X-1 [34] 1.77 £ 0.08 9.56 +0.08 0.65 -0.35 —0.0074 0.00298 1.232
PSR J0030 + 0451 [35] 1.447003 13.02]2¢ 0.71 0.045 —0.0021 0.00096 1.407
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Table 2 Numerical values of the matter variables

Matter variables Cen X-3 SAX J1748.9 — 2021 Vela X-1 PSR J0030 + 0451
olo 641 383 672 189
olr 450 258 465 165
w2 0.39 0.28 0.61 0.62
V2R 0.51 0.38 0.73 0.68
vtzlo 0.18 0.08 0.41 0.42
V2R 0.35 0.25 0.58 0.50
Io > % > % > % > %
Ik >4 >3 >3 >3
Tilo >3 >3 >3 >3
IR >4 >3 >3 >3
(p+ pr+2pDlo 890 502 106 240
(p+ pr+2p)Ir 520 305 542 172
4U 1608-52 4U 1608-52
20 [ T T T T T T T T T T T 20 [ T T T T T T T T T T
10; — fg 1 ]
: / — fh
g O
L [ — f, [ 1
° L
w -10r 1
=201 1 ]
_30 L 1 L L L 1 L o L L " " L " " L " " L L L 1
0 2 4 6 8 0 2 4 6 10
r (km) r (km)
Fig. 14 Different forces Fig. 15 Adiabatic index profile
td 4U 1608-52
= ,o_p_p‘ (30) 0.00¢ T —— T
p dp E
- S . . -0.05¢ ]
The stability of a relativistic anisotropic compact star ;
maintain as long as the value of the adiabatic index I" > 4/3. -0.10f 1
This feature is shown to satisfy in Fig. 15. N f
oL =0.15¢ :
> i__—/—/‘
8.3 Herrera cracking condition -0.20¢} ]
Another important method to study the stability of anisotropic -0.25¢ 1
stars known as cracking condition proposed by Herrera [36]. —0.30— o e R
In this method of cracking, departure or split from the 0 2 4 6 8
equilibrium configuration to a small degree at a particular r (km)
point without collapse or expand is applied. The behavior
Fig. 16 Difference in sound speeds

of matter distribution after its departure from equilibrium
is studied in cracking method for investigating potentially
(un)stable anisotropic configurations. Later Abreu et al. [37]
defined the stable region of an anisotropic fluid sphere by
imposing restriction on the sound speeds which reads as

@ Springer



367 Page 12 of 13

Eur. Phys. J. C (2024) 84:367

—1 < v? —v? < 0. This condition holds in our model which
is shown graphically in Fig. 16.

9 Discussions

In this work, we generated the static, spherically symmet-
ric, and anisotropic fluid analytical solutions to develop and
investigate a new stellar structure by assuming a general-
ized physically reasonable metric potential and a specific
form of the anisotropy. With the specific choices of the
model parameters some well known solutions e.g., Finch-
Skea, Sch-warzschild interior and Vaidya Tikekar solutions
can be recovered from our generalized solutions. We have

1
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Appendix A: Expressions for different forces

The expression for Fg, Fj, and Fy; can be written as,

1

Fy =

bid; <2abCr2 +2/avbpi¢n +a+ b) (2¢aﬁ (Cagp1 ¢ + 2aCC3) + Ca(a — b) log (2abCr2 2 J/aboidn +a + b))2

x [8a3/2/bC2Car <2ﬁﬁ (—4a7/2«/l;C2C3r2¢§ +2a5VbCP3 (Carpig (2bCr? + 1) +2C5 (bCr? — 1))

+2a%2Vbe3 (bC (3C2r’¢r19n +2C3) + Cagrdn) +a°C (26Cr? +1) x (C2 (26°C*r° +3bCr +72) = 2C3¢12)
+a* (4b*C2C3r2 1o + Co (83 C3r® + 1462 C%r* +76Cr? + 1) + 24/ab* 2 Cap1§3 + ab (2bCCapr¢ +Co (SP*C3r* +TbCr? +2))

+62Cog3) — Cala — b)? x <2a3/2JZCr2¢§ +2/avbd? + adi1 g (2bCr2 + 1) + b¢1¢2) log (2abCr2 +2Jabp1dn +a+ b))],

(A.1)
1
" e+ ey
derive physical quantities analytically and numerically solve 2 |
for some model parameters. The results of this investigation x

have been shown graphically using a particullar compact star
4U 1608-52. All the physical criterion of a physically well
behaved compact object have been shown to satisfy. The
model is found to be stable in hydrostatic equilibrium with
combined effects of different forces. The developed model
has been shown to fit a wide range of recently observed values
of masses and radii of pulsars.
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% (2bCr2 +1) + b1 ) 2log(dav/a + 1 JE))
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+4vbC (C2 (156*C%r* +23bCr? + 8) r?

+2C3192 (26Cr? + 1)) a’? + (—16b°C3Car*

+ 607 C2C2¢192r* + 2bC (31C2¢1¢2r2 + 5C3)
+11Ca¢1¢2) @* — 4v/b (4b°C*C3¢1 21

+C, (36°C3r® — 172 C*r* — 28bCr* —8)) a2

+ b (—4b*C* (3C2¢1 por? +4C3) r? + bC (44C2r% 1o
—10C3) + 37C2¢1¢) a* — 4b>/> 2bC1 23

+C5 (46°C*r* — bCr? - 5)) & + b* (C2gp12
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