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ABSTRACT

Superstrongly magnetized plasmas play a crucial role in extreme environments of magnetars and laboratory laser experiments, demanding a
comprehensive understanding of how quantum electrodynamic (QED) effects influence plasma behavior. Earlier analytical and semi-
analytical calculations have shown that QED effects can significantly modify the plasma polarization mode behavior around magnetars. In
this work, we present the first electromagnetic field solver that is valid in the range from B — 0 to beyond the Schwinger limit. QED vacuum
polarization in superstrong magnetic fields is modeled with nonlinear Maxwell equations. We show that electromagnetic waves in simulations
follow the analytical solutions well and reproduce the birefringence effects of electromagnetic wave modes between the O and X polarizations
of perpendicular electromagnetic waves and those between L and R polarizations of parallel waves. This new framework can be applied to
kinetic as well as other types of computer simulations. The solver’s key advantage lies in its versatility, allowing it to be used in gyro-motion,
gyro-center, and gyro-kinetic simulations, which do not resolve the cyclotron motion, or in plasma studies with ground-level Landau
quantization.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0286700

I. INTRODUCTION

The magnetic field strength in magnetar magnetospheres, as well
as in laboratory laser plasma experiments, can exceed the Schwinger
quantum limit of Bq &~ 4.4 x 10" G constraining the validity of clas-

the assumption that the magnetic field strength determines the stellar
spin down by the dipole radiation (Gotthelf ef al., 2000). For multipo-
lar radiation, the magnetic fields of pulsars or magnetars are also pre-
dicted to exceed the quantum limit (Gil and Mitra, 2001). Therefore,

62:€0:20 G202 19qWaAON 82

sical theories of electromagnetism. In such superstrong magnetic fields,
the vacuum behaves as a polarized medium because of the interaction
of the electromagnetic fields with virtual electron—positron pairs. As a
result, a photon traveling through this magnetized environment can
undergo refraction or wave-splitting phenomena that are not allowed
in classical electrodynamics.

The magnetars, often considered the “central engines” of gamma-
ray bursts, x-ray flares, and fast radio bursts, have magnetic fields
whose strength reaches 10Y°-10Y7 G (Mereghetti et al, 2005
Rowlinson ef al., 2014; and Younes ef al., 2023). Some pulsars, such as
PSR J1846-0258 and PSR J1119-6127, can also reach this limit under

highly magnetized neutron stars serve as natural laboratories for test-
ing quantum electrodynamics (QED) in the strong-field regime, offer-
ing a unique opportunity to study its effects and implications.

Observations of magnetar x-ray polarization can provide a crucial
test of the QED effects in superstrong magnetic fields. A key effect,
vacuum birefringence, reflecting a modified vacuum dielectricity and
permeability, can explain the x-ray polarization observed from mag-
netars like 4U 0142 + 61 (Taverna ef al., 2022; Rigoselli et al., 2025;
and Taverna and Turolla, 2024). The birefringence could provide pho-
tons at higher energies and those at lower energies with orthogonal
polarization (Taverna ef al., 2015).
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In the quantum regime of vacuum polarization, QED effects
cause polarization-dependent refraction by modifying the wave speeds
of the ordinary (O) and extraordinary (X) modes (Schwinger, 1951;
Thompson and Kostenko, 2020; and Pérez-Garcia et al., 2023). In the
O mode, the electric field oscillates in the plane of the propagation vec-
tor k and the magnetic field B, while in the X mode, it oscillates per-
pendicular to both. However, right- (R) and left- (L) circularly
polarized modes, propagating parallel to B, remain unaffected, preserv-
ing their classical behavior. There are also several other effects on parti-
cle interaction in the quantum regime (Kostenko and Thompson,
2018, 2019).

Previous studies on vacuum birefringence and quantum refrac-
tion in strong magnetic fields have relied on one-loop QED effective-
action approaches (Caiazzo and Heyl, 2018, 2020; Caiazzo, 2019; and
Caiazzo et al., 2022). Such a formalism was used to study the vacuum
birefringence and quantum refraction in pulsar magnetospheres,
applying it to the Goldreich-Julian (GJ) model (Kim and Kim, 2023)
and to a practical model of pulsar emission (Kim ef al, 2024). Though
insightful, these methods assume uniform fields and neglect nonlinear
plasma dynamics. In contrast, kinetic simulations such as particle-in-
cell (PIC) simulations can provide a better picture by self-consistently
solving nonlinear Maxwell’s equations, including QED effects, captur-
ing the nonlinear interactions and plasma feedback that are essential
for describing realistic astrophysical and laboratory environments.

Recent and next-generation laser facilities, such as Ultrashort
pulse laser System (ZEUS), Center for relativistic Laser Science
(CORELS), and Laser Und XFEL Experiment (LUXE) (Bromage ef al.,
2019; Danson et al, 2019; and Borysova and On Behalf of LUXE,
2021), approach the quantum limit (Zhang et al, 2020; Gonoskov
et al., 2022), in laser physics often denoted as the “critical limit.” The
QED polarization correction for the intensity of electromagnetic fields
below the Schwinger limit has been developed (Blinne ef al, 2019;
Grismayer ef al., 2021; and Lindner et al., 2023), and pair-producing
mechanisms have been added for laser plasma simulations (Grismayer
et al., 2016; Schoeffler et al., 2019, 2023; Qu et al., 2022; and Zhang
et al., 2025). The nonlinear Maxwell equations for the case of the weak
fields (E < Eq and B < Bqg) were implemented in (Zhang et al,
2025), following the spatial and temporal evolution of the electromag-
netic field in multi-dimensional simulations, which can be suitable for
the PIC loop. However, the numerical implementation for strong mag-
netic fields, B > B, remains open.

The weak-field approximation is valid only below the quantum
field limit, and therefore one needs to consider Maxwell’s equations
for superstrong magnetic fields to study plasma environments in the
quantum regime. A general analytical form of the modified Maxwell’s
equation can be derived if the electric field vanishes and the magnetic
field is strong, E < Eq, B= Bq (Heisenberg and Euler, 2006; Lundin,
2010).

In this work, we introduce the first numerical algorithm for solv-
ing the spatial and temporal evolution of the electromagnetic field in
the quantum regime. We develop a numeric electromagnetic-field
solver that can be used in electromagnetic and kinetic plasma simula-
tions of magnetar magnetospheres and laser plasmas. Specifically, we
aim to implement, employ, and test the field solver in the PIC simula-
tion method.

The paper is structured as follows. In Sec. II, we introduce the
QED polarization nonlinear effects in Maxwell’s equations. The new
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numerical scheme for the field solver is developed, and the PIC simula-
tion setup is described in Sec. IT1. The results of the numerical tests and
stability are presented in Sec. IV. We discuss the strengths and limits
of the proposed scheme in Sec. V and state conclusions in Sec. V1.

Il. NONLINEAR MAXWELL'S EQUATIONS

In classical electrodynamics, the vacuum is considered an empty
passive space in which particles and fields move and interact.
Maxwell’s equations, which describe these interactions, are linear in
nature and are driven by charges and currents. However, when electro-
magnetic fields reach high intensities, quantum electrodynamics
(QED) effects become significant, introducing nonlinearities into
Maxwell’s equations. These nonlinearities are result of the polarization
of the quantum vacuum.

The quantum vacuum fluctuations of virtual electron—positron
pairs can mediate the exchange of energy and momentum between
photons. In the effective field theory framework, the Heisenberg—Euler
Lagrangian density, 'y, encapsulates all orders of the one-loop pho-
ton—photon interaction processes. This Lagrangian is added as the
leading correction to the standard Maxwell Lagrangian density, 2y,
with the one-loop corrections Lagrangian density being & = £y
+.% 1 where

1

1.
Ly = _IG_EF“'/FW - EA;¢JH7 (1)

and (Heisenberg and Euler, 2006; Medvedev, 2023)

> 3 poo -1
w2 (5) [ monmrwean

T2 \h o 1P
2

1T bz)} d. @)

Here, F,, = 0,A, — 0,A, is the electromagnetic field tensor, A,
is the four-potential, j* is the four-current density, and the scalar
parameters a and b are given by the covariant form

b= [T -] @

and therefore, they are valid in all reference frames. Here, the invariant
scalar quantities, . and ¢ are given by

1 1
=_F,F" =~ (B* — E? 5
F =k 5 ), (5)
and
1'~ A,uV
g:ZFWF = —B-E, (6)

where the Hodge dual tensor is given by F" = Lem19F, 5, where &7
is the Levi-Civita symbol. The parameters a and b can be rewritten in
the following form:

a=——, b:—7 (7)
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where Eq and Bq are the quantum electric and magnetic field
strengths.

Though the general analytical form of the QED modified
Maxwell equations is unknown, one can obtain an analytical form
under different conditions. Modified Maxwell’s equations can be
obtained analytically in the case of electromagnetic fields smaller than
the quantum field limit (E < Eq and B < Bg). The nonlinear
Maxwell’s equations for the case of the weak fields were implemented
in Grismayer et al. (2021). Here, we consider Maxwell’s equations in a
superstrong magnetic field by following the general analytical form of
the modified Maxwell's equations for a vanishing electric field,
E < Eq, and an arbitrarily strong magnetic field, from B — 0 to
B > Bgq (Heisenberg and Euler, 2006; Lundin, 2010).

The electromagnetic field equations are obtained from the varia-
tional principle for action. By performing a variation of the fields and
requiring the variation to vanish, 68 = & [ d*x.#, we get the Euler-
Lagrange equations

o7 1,
"OF,  2d ®)

substituting the full Lagrangian density including the Heisenberg-
Euler Lagrangian density, Eq. (2), the nonlinear Maxwell’s equations
take the form Lundin (2010)

1 NN
VO 4+ (155 P Fup + v F" By

. o 1
+ 9.2y <F“”Fmﬁ + " Fﬂ)] O F*F = ; 7, 9)

where QED coupling scalars are given as ygz = 0.%L/0%,
Vg = O*LJOF Y, etc. For the case of vanishing electric fields,
E — 0, and non-zero magnetic fields, B # 0, the QED coupling scalars
can be calculated analytically to be the following Lundin (2010) and
Medvedev (2023)

—14Cs(b
12 :Té()7 (10)
Cu(b
V77 = 74’;(32)7 (11)
_ Cy(b)
T 4B’ (12)

where the parameters Cs, C,, and C; are all dependent on the
normalized magnetic field, b = B/Bg, and given analytically by Egs.
(28)-(30) in Medvedev (2023). We plot in Fig. 1 those parameters as a
function normalized magnetic field. Note that all the parameters
approach zero as the magnetic field becomes B < Bg, recovering the
classical Maxwell equations in Eq. (9) in this regime.

Expressing Eq. (9) explicitly in terms of the electric, E, and mag-
netic, B, fields gives the modified Gauss’ law

2 2

) + 74y B-V(-B-E) = —p,
(14)

V2 V-E+yzs E'V<

and the modified Ampere’s law
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FIG. 1. QED parameter C;, Cs, and C, as functions of the normalized magnetic
field B/Bq. All the parameters approach zero as the magnetic field becomes
B < By, recovering the classical Maxwell equations in this regime.

10 10 Bz—EZ) (Bz—Ez)]

10 L.

As for the other pair of Maxwell’s equations, 8,,? o 0, we retain the
same equations as the classical case

V-B=0, (16)

and

10B

-——+VXxE=0. 17

c ot TV (17)
Therefore, including the QED corrections in PIC simulation, we expect
a modification of the electric field advance (Ampere’s law) and no
modification of the magnetic field 1.

lll. NUMERICAL METHODS

In this section, we introduce the main features of the new PIC
field solver, including the QED polarization effects. The standard PIC
method uses a set of macroparticles with fixed shapes to represent the
distribution function. This approach allows the distribution function
to be updated by tracking the movement of the computational par-
ticles, while the Maxwell equations are solved on a discretized spatial
grid. First, we introduce a novel field solver in Sec. IIT A that solves the
nonlinear Maxwell equations in the presence of superstrong magnetic
fields. Then, we present the implementation of this solver in the PIC
algorithm in Sec. III B. Numerical effects arising from space and time
discretization are briefly discussed in Sec. III C. Finally, in Sec. 111D,
we present the simulation setup we used to test the new field solver.
More details are given in Appendixes A, B, and C.

A. Electromagnetic solver in superstrong magnetic
fields approach

The widely used second-order finite-difference time-domain
(FDTD) method for solving Maxwell’s equations on a spatial grid is
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the Yee scheme (Yee, 1966). This scheme simultaneously computes the
magnetic and electric fields by discretizing and solving Faraday’s and
Ampere’s laws, respectively. The Yee scheme uses a leapfrog approach,
where fields are shifted in space and time, thus ensuring robustness
and second-order accuracy while eliminating the need to solve coupled
equations or perform matrix inversions. This leapfrog approach is only
possible due to the explicit linear relationship between the fields in
Maxwell’s equations. Furthermore, the algorithm’s simplicity and
computational efficiency make it well-suited for implementation in
parallelized numerical codes, facilitating the performance of large-scale
simulations.

We developed a modified Yee electric field solver on the Yee lat-
tice that uses the QED-modified Ampere law in the strong-field limit
[Eq. (15)]. In Eq. (15), the temporal derivatives of the different electric
field components are mixed in each spatial component of the equation,
unlike the linear relation in Ampere law. Therefore, the temporal
derivatives of each electric field component are calculated separately in
three-dimensional space. In a one-dimensional approach, the Ey and
E, components are known in the same spatial position, allowing their
calculation at once.

We have outlined a series of analytical procedures to achieve this
in Appendix A, finding the following expression for the temporal
derivative of the electric field:

E
%:A“(li —Q), (18)

where A~ is the inverse matrix of an 3 X 3 matrix A given by

1
Aj = - (720 — V27 EEj — V4yBiBi], (19)

with the indices i and j both looping over the spatial dimensions x, y,
and z, j is the electric current vector and Q is a vector with dependence
on the spatial derivatives of the electric and magnetic fields and the
magnetic field temporal derivative. The components of the vector, Q,
are given by Eqgs. (A3)-(A5). For an accurate estimate of the magnetic
field time derivative in Q [also seen in Eq. (15)], we substitute its value
from Faraday’s law [Eq. (17)], yielding at the end the vector Q to be
dependent only on the spatial derivatives of the electromagnetic fields.
Note that Eqs. (18) and (19) recover the classical Maxwell equations in
the B < B regime, where the matrix A becomes unitary and the fac-
tor Q recovers the V x B term. This makes the solver valid for both

QED corrections
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regimes. The numerical implementation of this field solver [Eq. (18)]
is explained in Appendix C, and the numerical code is available at the
Zenodo platform (DOI: https://doi.org/10.5281/zenodo.15004304).

B. Updated particle-in-cell method

We have updated the PIC algorithm by the nonlinearity of the
modified Ampere Eq. (18), which requires additional steps in the leap-
frog algorithm. Here, we summarize those modifications, with the
detailed modifications given in Appendix C.

Note that the nonlinear Ampere law given in Eq. (18) couples all
the field components of E and B. Therefore, the numerical solution of
Eq. (18) requires the evaluation of the fields at all the grid points where
the electric field is shifted on the Yee lattice. To do this, we linearly
interpolate the fields using the nearest grid points.

We also note that solving Eq. (18) with the centered-difference
time partial derivative requires knowledge of E at the half-time step.
To preserve the same order of the time derivative of the Yee scheme,
we first predict the electric fields at the half-time step using the QED
modified solver in forward time derivatives, and then, we use the fields
at the half-time step to evolve the electric field to the full time step
using a centered time derivative. The comparison of the original and
the new method is shown in Fig. 2.

C. Numerical stability

The Yee algorithm can produce nonphysical effects such as
numerical wave dispersion when applied to nonlinear or linear
Maxwell’s equations. This is due to the finite differencing of spatial
and temporal derivatives of the Yee scheme. For example, the phase
velocity of numerical wave modes may deviate from the speed of light
¢, depending on the wavelength and propagation direction. This dis-
crepancy results in phase errors or delays of the propagating waves,
leading to artifacts. Therefore, understanding the numerical dispersion
is essential for assessing the Yee algorithm’s behavior and accuracy
limits, particularly for the cases when the superstrong magnetic fields
change linear Maxwell’s equations significantly.

We employ the standard mode analysis approach to analyze the
numerical stability of the new QED polarization solver (Greenwood
et al., 2004). In the case of linear Maxwell’s equation, the plasma dis-
persion relation for a plane electromagnetic wave propagating in a
one-dimensional Yee grid is

FIG. 2. The original (left) and QED polari-
TN a TN TN TN N Y zation updated (right) PIC scheme for the
C) L () = () <> <> L () C) C) () advancement of plasma quantities. In the
Br127 Ba Briiz Bnr-12 7B Bni1 5 new scheme, steﬁ) 4 is still time-centered
: at time step n + 5 and uses the predictor
~ ™ /4— T — ] f\><;\4'7\ \\* result at n + 1. Step 5 is a predictor going
C) - C\ NV BN ] N from n to n +% but still time-centered at
E, /En+l E, n+1/2 /aiml Ensap n+ % Both steps 4 and 5 employ the use
" of the new solver.
a5 2 < 2] ST TSN
1/ L/ 1/ € 1/
Tn-112 Jnsip2 Jn-1p2 Tns1p2
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FIG. 3. Dispersion relation of the O-mode waves, including the QED modification, given by Eq. (21). Solid lines are the numerical dispersion curves; dashed lines are the ana-
lytically derived dispersion curves. The left figure includes the waves propagating perpendicular, 6 = 7/2, to the homogeneous magnetic field with different strengths, B/Bg.
The right figure includes the waves propagating with different obliquity angles to the homogeneous magnetic fields with a strength B/Bq = 10000. The purple dashed-dotted
curve shows the slope of the thermal velocity of the particles in the test PIC simulation in Sec. Il D. The curves with B/Bq = 0 and 6 = 0 are identical. The FDTD parameters

are Ay = Aand At = 0.4A/c.

2
(%‘t) sin® (kATx) — sin? (wTAt) —o0, (20)
X

where Ax and At are the spatial and time steps, respectively, and ®
and k are the wave frequency and wave number, respectively. Notice
that for the case, At = Ax/c, the numerical dispersion relation recov-
ers the physical electromagnetic dispersion relation, w = kc.

In Appendix B, we derive the numerical dispersion relation for
the nonlinear Maxwell’s equations in the superstrong magnetic field
case. We introduce here the final result of the dispersion relations, and
one can refer to the detailed calculations in Appendix B.

We consider a plane wave propagating in the x direction and
derive the dispersion relations for a homogeneous magnetic field in
the x — y plane, By = B cos Ox + By sin 0y. For the extraordinary
electromagnetic mode (X mode) and 0 # 0, where the wave-like per-
turbation components are 6By, 0Ex, and JE,, we found the following
dispersion relation [Eq. (B7)]:

1—Cs— Cysin?0) (cA\®  ,(kAx\  ,[wAt
— || — sin°{— ) — sin"{ — | =0,
1—-Cs Ax 2 2
(21)

where Cj and C,, are the QED parameters given in Fig. 1 as a function
of the homogeneous magnetic field strength.

The modification of the X-mode dispersion relation in Eq. (21)
compared to the classical one in Eq. (20) depends on C, sin *0. Recall
from Fig. 1 that the value of the parameter C, saturates at a value
much less than 1072, This means there is no effect on the X-mode
waves propagating parallel to the homogeneous magnetic field, 0 = 0,
and a negligible modification that is much less than one percent for the
ones propagating perpendicular to the homogeneous magnetic field.

For the ordinary electromagnetic mode (O mode), where the
wave-like perturbation components are 0B,, dEx, and 5Ey, the disper-
sion relation [Eq. (B11)] gets the form

L= G+ Cocostd (ﬁ) i () e (224)
1-C,+ G, Ax) M\ 72 S\ ) T

(22)

where Cs and C, are the QED parameters given in Fig. | as a function
of the homogeneous magnetic field strength. The QED modification of
the O-mode dispersion relation is significant compared to the O mode;
in Fig. 3, we see this as a severe reduction of the phase speed of the
O-mode waves. Both the physical and the numerical dispersion phase
speeds of the O-mode waves decrease as the homogeneous magnetic
field increases and as the angle between the magnetic field and the
wave vector approaches 7. The numerical speed is always less than the
physical light speed for the same parameters, which ensures the stabil-
ity of the simulation based on the Courant-Friedrichs-Lewy condition
(Courant et al., 1928) for the time step size.

Note that the deviation between the physical and numerical dis-
persion Fig. 3 has nothing to do with the QED modification, as the
same discrepancy between the two curves manifests for the weak field
regime as well. We also see in Fig. 3 that the thermal speed of the par-
ticles in the performed test simulations in Sec. IV is always less than
the phase speed at small wave numbers. Therefore, we do not expect
any Cherenkov radiation at short wave numbers in those simulations.
However, as the magnetars’ magnetospheric plasma is relativistic, the
expected amount of the numerical Cherenkov radiation can be higher
in simulations with relativistic setups.

Because the new algorithm also interpolates grid cell points of
electromagnetic fields that are further away than in the case of the
second-order Yee algorithm, it increases and decreases the minimal
wavelengths and wave numbers, respectively, that can be resolved.
Thus, it creates a low-pass filter with a kernel size larger than in the
Yee algorithm. Moreover, the kernel size increases with increasing
magnetic fields as the linearly interpolated points further away contrib-
ute more for stronger fields. Nonetheless, even with this increase, we
do not detect any issue in our tests because the typical wave numbers
of the presented wave modes are still well resolved.

D. Simulation setup

To demonstrate the proposed field solver functionality, we imple-
mented the numerical scheme of QED polarization into a 1D3V (one
spatial dimension, three velocity components) version of our code
ACRONYM (Kilian et al, 2012) on the rectangular Yee grid
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TABLE I. Summary of used plasma and simulation parameters.

Parameter Value

Magnetic field intensities B/Bq 100, 1000, and 10000

Magnetic field angles 0 7/30, 1/4, and 7t/2
Frequency ratio w/w, 3

Initial thermal velocity v¢/c 0.05
Simulation length L/A 20000
Simulation time @pfenq 800

Skin depth resolution A/d. 0.05

Time step size wp At 0.02

Yee (1966). Though ACRONYM generally has a few high-order field
solvers, our implementation is second-order. However, we utilize a
high-order current-conserving deposition scheme with a fourth-order
piecewise quadratic shape (PQS) function for macro-particles
(Esirkepov, 2001). We use the Vay et al. (2011) particle pusher. No fur-
ther modifications of the particle dynamics in the quantum regime are
implemented. The simulation macro-particles interact with the electro-
magnetic fields using the classical Lorentz force.

The summary of plasma and simulation parameters is given in
Table 1. We carry out a series of simulations of thermal plasma in
strong external magnetic fields of intensities B/Bq = 100, 1000, and
10 000. In all cases, the plasma consists of electrons and positrons, and
it initially has a uniform density # and is composed of a certain ratio of
electrons and positrons. The used non-neutral fractions of the elec-
trons and positrons plasma An/n = (n, — n.)/n are 0, 0.5, and 1,
where n. is the electron density, n, is the positron density and
n = n. + n, is the total plasma density.

The specific value of plasma density is obtained from the cyclo-
tron to plasma frequency ratio, which we fix to a value of w./w, = 3,
where w. = eB/m, is the electron cyclotron frequency. The plasma
density is in all cases represented by 40 macro-particles per cell. The
used ratio ./, = 3 is unrealistically low, producing plasma densi-
ties with particles closer to each other than the de Broglie wavelength.
Nonetheless, we use this value for test purpose because the ratio (1)
separates the cyclotron and plasma frequency effects sufficiently to
resolve the plasma dispersion properties at both frequencies and (2) it
reduces computational requirements because of the necessity to resolve
the cyclotron motion as well as sufficiently long time in terms of the
plasma periods.

The cyclotron period is resolved by ~105 time steps. We also do
not detect any problems with the Boris push in terms of the numerical
heating or an incorrectly described particle path. In our simulations,
the Larmor radius r. = v/, is resolved by 0.3 3A. Nonetheless, we
tested a simulation with r. ~ 13.33A, L/A = 10°, and 10° time steps
of 40 times better temporal resolution. Not only is the simulation sta-
ble and without generation of numerical cyclotron instabilities, but it
also better conserves the total energy.

The initial thermal velocity is v/c = 0.05 with a Maxwellian
velocity distribution. We consider three angles 0 = n/30,7/4, and
7/2 between the magnetic field vector and the simulation domain
x-axis, to study quasi-parallel, oblique, and perpendicular wave types.
Also, the magnetic field intensities B/Bq and propagation angles 6 are
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selected for a comparison of analytical dispersion properties obtained
in Medvedev (2023).

The simulation domain is L = 20 000A = 1000d. long, where
A =0.05d, is the grid cell size and d. = ¢/w, is the plasma skin
depth. The wave number resolution is kc/w, = 6.3 x 107>. The sim-
ulation time step is At = 0.02w_ ! = 0.06¢_'. Therefore, the stability
conditions of Egs. (21) and (22) are fulfilled for all simulation setups.
The simulation is carried out for 40 000 At, i.e., wptena = 800, allowing
frequency resolution of Aw/w, =7.9 x 107>. We use periodic
boundary conditions.

IV. RESULTS

The results of tests of plasma dispersion properties in superstrong
magnetic fields are presented in Figs. 4-7. The figures are overlaid by
black dashed lines representing the solution of linearized dispersion
solutions for the cold plasma approach obtained in Medvedev (2023).
In all the studied cases, the total energy in the simulation is conserved
well with oscillation in approximately the same range as in a separate
test simulation without the QED effects.

A. Plasma dispersion properties with QED polarization
effects

Figure 4 shows the dispersion space of electric and magnetic field
components for the case of B/Bq = 1000 in the perpendicular direc-
tion to the magnetic field with a density ratio equal to one. The per-
pendicular direction manifests the birefringence effect between O and
X modes. The E, component shows the electrostatic cyclotron waves
propagating perpendicular to the magnetic field and appearing mostly
at the cyclotron frequency o, = 3w, and its harmonics 2. and 3w..
The By component is zero throughout the simulation domain, as
expected, because O0By/0t = OyB, — 0,B, =0 in 1D since O,f(x)
= 0,f(x) =0 for an arbitrary component of the electromagnetic
fields, f (x).

The dispersion branches in E, and B, represent the O-mode
waves and E, and By represent the X-mode waves. Each combination
of electric and magnetic field components corresponds to the same
mode. The frequency cutoff w,, is the same for both components for
each polarization mode. The main difference occurs close to the “light
line,” w = ke, for (w, k) — oo. When QED polarization is considered,
the refractive index N? = k*c*/w* = ¢*/v2 of the O-mode waves
increases, where v, is the phase velocity. The phase and group veloci-
ties of waves (w, k) — oo decrease. For the X-mode waves, N = 1 for
(w,k) — oo creates the birefringence between the O and X modes.
The dispersion properties of the X-mode waves do not change signifi-
cantly from the non-QED approach.

The electromagnetic waves manifest increased intensity at the
harmonics of the cyclotron frequency. For the harmonics that appear
for the electrostatic as well as electromagnetic waves and frequencies
® > @, there are no analytical solutions because they result from
nonlinear wave-wave and particle-wave interactions, which are not
described by the linearized analytical approach. Such nonlinear inter-
actions are known to be present in plasmas (Melrose, 1986). However,
in our case, the waves are further enhanced by numerical effects due to
the finite number of particles and grid cells (Ganse ef al., 2012).

We do not present the results of the QED polarization solver for
B =< B because Egs. (18) and (19) approach classical Ampere’s law for
B — 0 and the QED polarization effects on the plasma dispersion
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FIG. 4. The dispersion diagrams of the electric and magnetic field components show the wave birefringence between the O [E, and B, components in (c) and (f)] and X-mode
[E, and B, components in (e) and (d)] waves for B/Bq = 1000, 0 = m/2, and An/n = 0. There are present (a) electrostatic longitudinal and (b) no magnetostatic longitudinal

waves.

properties will be negligible. In agreement with the analytical solution,
the numerical implementation also intrinsically approaches the classi-
cal second-order Yee solver for B — 0 with error down to machine
precision.

B. Tests for broad plasma parameter space

We focus from now on an investigation and comparison of ana-
Iytical and numeric results in a broader parameter space. The electric
field dispersion properties as a function of 6 are shown in Fig. 5 for an
electron/positron density ratio of unity. We do not present the mag-
netic field components because they show the same properties. The
dispersion space of the Ex component for 0 = 7/30 consists mostly of
quasi-parallel electrostatic Langmuir waves close to the plasma fre-
quency; however, the electromagnetic branches are also projected into
E,. The electrostatic mode close to e, bends slightly to higher frequen-
cies with increasing k, while the analytical solution does not because,

in comparison with the analytical solution obtained for cold plasma,
we consider plasma with thermal effects. The difference is mostly
noticeable from the figures for kc/w, ~ 4 — 5.

The Langmuir branch, located around the frequency ~ @, and
visible in Ey and Ej, is a monotonous curve for parallel propagation
and separates into two branches close to w/w,, ~ kc/w, ~ 0.6 for an
increased angle 6 = /4. The resulting branches have superluminal
and subluminal parts that do not intersect the light line &» = kc. Only
the electrostatic cyclotron mode appears for perpendicular waves at
0 = n/2 in E,. The E, component representing the O-mode polarized
waves undergoes a decrease in the wave phase and group velocities
with an increasing 6 close to the light line w/kc<1. The X-mode
wave properties of E, component do not significantly depend on 0.

Figure 6 shows the electric field dispersion properties for increas-
ing magnetic field intensity from B/Bq = 100 to 10 000. The compo-
nent Ey is not shown because it does not have significant dependence
on B and is similar to Fig. 4(a). While there are no detectable changes
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FIG. 5. The dispersion diagrams of the electric field components for changing the propagation angle to the magnetic field 6 for B/Bq = 1000 and An/n = 0. The electric field
components (a)—(c) Ex, (d)(f) £, and (g)(i) E;. The left column (a), (d), (g) is for quasi-parallel waves, the middle column (b), (e), (h), the angle /4, and the right column

(c), (f), (i) for perpendicular waves.

in E, and E, components, the O-mode waves in E; bend toward lower
phase velocities as expected for increasing refractive index N with
increasing B.

In Fig. 7, we present the dispersion properties of electrostatic
waves for 0 = /30 with increasing density difference between elec-
trons and positrons, producing non-neutral plasmas. Such plasmas
can be found in compact object magnetospheres, e.g., magnetar mag-
netospheres, where the plasma can reach the Goldreich-Julian (GJ)
charge density. The GJ density is the minimum plasma density
needed for the magnetosphere to co-rotate with a neutron star or a
magnetar. Such a co-rotation is, in essence, the E x B drift of the
magnetospheric plasma. Hence, this plasma is intrinsically non-
neutral. The plasma screening can result in the establishment of a
force-free type of magnetosphere and co-rotation of the plasma par-
ticles with the star.

Our simulations show that with the charge density increase, the
electromagnetic branches split into two branches in frequency, forming
two right-handed R and left-handed L, oppositely polarized degenera-
cies. The analytical solutions of both polarization modes are overlaid in
both rows to demonstrate the differences in the positions. The analysis
shows that for An/n = 1 the upper and lower modes above and below
@, are the L modes and the mode close to the light line w/kc = 1 is R
mode. For An/n = 0.5, the R mode deviates from the light line, but
the R mode still stays closer to the cyclotron frequency. The position of
the electrostatic Langmuir mode remains the same in all cases.

C. Kinetic effects for ground-level Landau quantization

In the quantum regime, the particle’s perpendicular momenta are
quantized into Landau levels. The transitions between the levels are
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FIG. 6. The dispersion diagrams of the electric field components on the magnetic field intensity B/Bq for 6 = 7/2 and An/n = 0. The electric field components of electromag-
netic waves (a)—(c) £y and (d)(f) £,. The left column (a), (d), (g) is for B/Bq, the middle column (b), (), (h) for B/Bq, and the right column (c), (f), (i) for B/Bq.

done by absorbing or emitting a quantum of energy. Though this pro-
cess is not described in the simulations, we can employ the ground
level by setting the perpendicular velocity to zero, corresponding to the
case that the perpendicular momenta are radiated by the cyclotron
losses.

In addition, the usage of a very small ratio of & /w, = 3 for our
tests, which cannot be achieved in realistic plasma, allows us to study
the dispersion properties around both the plasma frequency and the
cyclotron frequency. Nonetheless, the question arises whether the
solver also provides reliable outputs when w, <<, in the magnetar
magnetospheres or laser plasmas.

To test these aspects, we conducted two additional simulations
with one-dimensional velocity distribution (1D1V) with a nonzero
velocity component along the magnetic field for fixed B/Bq, 0 = /2,
An/n =0, and v /c = 0.05. In the second of these simulations, we
also separated the cyclotron and frequencies by setting the ratio
wc/w, =3 x 10° but adjusting the time step and grid cell sizes to
resolve the processes close to the plasma frequency (Ax/d. = 0.05
and Atwp, = 0.02). Thus, the cyclotron frequency and the Larmor
radius are not resolved by the time step size and the grid cell size,
respectively.

The results are shown in Fig. 8 and compared with the simulation
having a three-dimensional velocity distribution (1D3V). While the
cyclotron effects are not well described in Fig. 8(b) and not present in
Fig. 8(c), the plasma effects, as well as the QED polarization effects, are
present in both cases (b-c). Therefore, the developed framework can

also be utilized in simulations that resolve only the electron plasma
and lower frequencies and describe the high-frequency particle
Larmor motion by gyro-motion, gyro-center, or gyro-kinetic
approximations.

V. DISCUSSION

Our investigation in this paper focused on reproducing the modi-
fications in the dispersion relations of electromagnetic waves in a PIC
simulation that are imposed by QED effects of the superstrong mag-
netic field exceeding the Schwinger limit. The newly developed solver
for QED polarization reproduces birefringence effects between the O
and X polarized modes. We demonstrated that the obtained dispersion
properties follow the analytical solutions derived for cold plasma.

Our solver can be applied to arbitrarily strong magnetic fields
because the analytical and numerical solutions approach the “classical”
Maxwell equations. Our investigation and tests focused, however, on
magnetic fields with B/Bq = 10> — 10* because of these strengths, the
deviations from classical solutions are larger than for magnetic fields
around Bq.

We find that in plasmas with nonzero charge density in the emis-
sion and propagation regions, which can be located in magnetar mag-
netospheres, the L and R polarized modes can be split/degenerated.
This splitting could cause an observable time delay of circularly polar-
ized waves if the waves are emitted below or close to the cyclotron
frequency.
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FIG. 8. Comparison of the dispersion properties of the £, component for (a) three-dimensional (1D3V) (b) one-dimensional (1D1V) velocity distribution, and (c) plasma fre-
quency decreased by five orders of magnitude, demonstrating in (c) the advantage of the QED polarization solver in the case of unresolved cyclotron frequency in the gyro-
motion, gyro-center, and gyro-kinetic approximations. The other parameters are fixed to B/Bq, 0 = n/2, An/n = 0, and v;/c = 0.05.

A. Thermal effects in plasma wave-wave and particle-wave effects and also the time evolution of

One of the main advantages of introducing the electromagnetic- plasma instabilities. In addition, the kinetic simulations can deal with
field solver for QED polarization is its ability to be exploited for kinetic finite-temperature modifications of the dispersion properties.
plasma simulations. The kinetic simulations, as opposed to nonlinear The thermal effects are one of the reasons for differences between

Maxwell equations alone, can self-consistently describe nonlinear the analytically derived and simulated dispersion relations. Among

Phys. Plasmas 32, 113903 (2025); doi: 10.1063/5.0286700 32, 113903-10
© Author(s) 2025


pubs.aip.org/aip/php

Physics of Plasmas

other differences is the numerical bending of the light line in the fre-
quency/wave-number space toward lower frequencies at high o and
high k, which can potentially cause numerical Cerenkov radiation if
particles with a speed close to the light speed are present in the simula-
tion. However, our results show that the numerical Cerenkov radiation
in our implementation is comparable with that seen with the classical
second-order non-QED field solver.

Another difference between analytical and numerical solutions is
for the electrostatic Langmuir branch, which is located around
®/w, =1 and bends toward higher frequencies with increasing wave
number. The difference between the solution is mostly seen in Figs.
5(a), 5(b), and 7 around kc/w, ~ 4.

B. Advantages and limitations of the QED polarization
approach

There are a few effects of very strong magnetic fields that our sim-
ulation cannot capture. Cyclotron radiation is a significant cooling
mechanism for electrons in superstrong magnetic fields, and most of
the plasma energy can be released as electromagnetic radiation due to
the extremely fast gyration of the electrons. For electrons, the ratio
of the cyclotron cooling time, Ty coo1» With the Larmor gyration time,

Tg» is
Teye,cool _ 9 (B_Q) 7 (23)
Ty 167 \ B

where o is the fine-structure constant. Equation (23) yields a timescale
ratio of 0.25 for a magnetic field a hundred times as strong as the criti-
cal field.

In physical systems, this implies a substantial energy loss due to
radiation, but in our test simulations, the effect is absent because peri-
odic boundary conditions conserve the total energy of the system. The
emitted electromagnetic waves cannot escape and are reabsorbed, lead-
ing to an equilibrium between particles and fields. This explains why,
in contrast to physical expectations, the particle distribution function
in the perpendicular direction remains nearly constant throughout the
simulation time.

Furthermore, the quantum nature of particles becomes important
when the particle separation is smaller or comparable to the De Broglie
wavelength, A5 = mCthh ~ 7.8 x 1071% cm, where the particle velocity
is taken as the thermal velocity in the test simulations, vy = 0.05c.
This condition is satisfied for a density of 2.1 x 107 cm™> or higher.
Even though this critical density is much higher than the typical plasma
densities around the neutron star’s surface, 10'> — 10 cm ™, we reach
densities in the test simulations for which the wave-like nature of par-
ticles is important. The reason is that we require a fixed frequency ratio
of w./w, =3 to compare with the analytically derived dispersion
curves. For example, for a magnetic strength of 10* B, the implied
plasma density is around 5 x 10% cm ™, which is far higher than the
critical density of 2.1 x 10 cm ™.

This highlights a further limitation of our test setup; to maintain
analytical comparability, we must work in an unphysical density
regime where the quantum wave nature of particles should, in princi-
ple, be included. While the QED polarization solver itself is indepen-
dent of particle quantization, the background plasmas are not. Thus,
our test results should be interpreted primarily as a validation of the
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field solver rather than as a fully realistic model of magnetized pair
plasma.

In this context, it is important to note also that the applicability
of the classical PIC description itself becomes questionable as the mag-
netic field approaches the critical strength. In this regime, the particle
energy states are Landau-quantized, lacking a well-defined perpendicu-
lar momentum to the magnetic field, with an uncertainty on the per-
pendicular momentum of the order of mc for a single energy
eigenstate. A quantum kinetic treatment based on the Dirac equation
(Al-Naseri ef al., 2020) showed that the dynamics in ultrastrong mag-
netic fields can still, to a large extent, be approximated by a classical
picture if each particle is assigned an effective mass corresponding to
its Landau level. This suggests that our PIC scheme may remain
approximately valid, but deviations are expected depending on the
physical setup (Brodin and Al-Naseri, 2024). In our present tests, we
deliberately neglect Landau quantization and treat particles as classical,
or we assume particles in the ground Landau level. This is an explicit
limitation of the model, which would require a fully quantum kinetic
extension for self-consistent studies in the B ~ B, regime.

We note that our present PIC implementation does not include
particle spin dynamics. Recent advances have shown, however, that
spin effects can play a non-negligible role in wave—particle interactions
(Manfredi et al., 2019). Crouseilles et al. (2021) developed a geometric
PIC scheme for the spin Vlasov—-Maxwell system. Their PIC code was
tested with the Raman scattering of an electromagnetic wave on an
underdense plasma. More recently, Crouseilles ef al. (2023) analyzed
both scalar and vectorial spin-Vlasov—Maxwell models and showed
that terms involving second-order mixed derivatives in momentum
and spin cannot be treated within the PIC framework. While spin
effects are beyond the scope of the present work, their inclusion would
be a natural extension of our approach, potentially leading to a more
complete description of plasma dynamics in extreme magnetic fields.

Another effect not yet included in our present approach is photon
annihilation with the magnetic field, which can generate new pairs.
Nevertheless, the newly developed numerical field solver for QED
polarization represents a significant step forward; it provides a robust
and versatile foundation upon which a fully self-consistent kinetic
model of plasma in ultra-strong magnetic fields can be built.

VI. CONCLUSIONS

To model magnetic fields exceeding the Schwinger limit, we
developed a field solver including QED polarization and implemented
it in a PIC plasma code. With this extension, the PIC code allows us to
investigate arbitrarily strong magnetic fields, including the super-
strongly magnetized plasma environments at kinetic scales, as found in
the magnetospheres of magnetars or in laboratory plasma experiments
with lasers. The advantages of the solver are (1) the applicability for
gyro-motion, gyro-center, and gyro-kinetic simulations, which do not
resolve the cyclotron motion, (2) the possibility to study plasmas with
relativistic temperatures present in, e.g., magnetar magnetospheres and
laser plasmas using the PIC method, and (3) to describe the nonlinear
evolution of systems harboring time- and spatially-dependent electro-
magnetic fields in vacuum and plasmas.

The field solver for QED polarization well reproduces the disper-
sion properties of electrostatic and electromagnetic waves in cold
plasma that were derived in Medvedev (2023). The O- and X-mode
polarizations show birefringence, which increases with increasing
magnetic-field intensity and could explain the polarization properties
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of high-energy radiation observed from magnetars. In addition, the R
and L polarizations split into two modes for plasma with a nonzero
net charge density, which can be found around magnetars. The full
consideration of QED particle effects in ultra-strong magnetic fields is
nontrivial to implement.

The main limitation of our approach is the consideration of a full
three-dimensional velocity space of particles (1D3V) and a space in
which all particles are in the ground Landau level (ID1V). In our
future work, we would like to tackle the particle effects by implement-
ing QED effects in the numerical plasma macroparticles, and utiliza-
tion of the code for studying electromagnetic instabilities in magnetar
magnetospheres.
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APPENDIX A: FIELD SOLVER FOR QED POLARIZATION

Here, we derive the explicit electric fields’ time derivatives for
the modified Ampere’s law in the superstrong magnetic fields
approach [Eq. (15)]. We start by expressing the QED parameters
(Cs, Cy» and C;) as given by Eqgs. (10)-(12). Then, we rearrange the
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equations of the spatial components of Eq. (15) in the following
matrix form:

OEx 1. Q
A Ay Ag]| O ST
OE 1.
Ay Ay Ay 8_ty = EJY_QY , (A1)
Azx Azy Azz OE, 1.
z —j. — Q,
ot ¢

where the components of the matrix A are given by

1
Ay =179 = 157 EE; = 794BiB], (A2)

with i and j looping over the spatial coordinates x, y, and z. Here j,,
jy> and j; are the spatial components of the electric current. The
additional Q terms on the right-hand side include all the spatial
derivatives of the electric and magnetic fields, along with the time
derivatives of the magnetic fields and are given as

B OB, OB, ) 1 ( 8B>
Qx_yy{ (8}/ 8z)}+/yy[cEx B ot

0B OE 0B OE
+B,(B-— —E ~B,(B-=——E-—

0z 0z Oy oy
1 OB 0B OE
OB OE
ez )

+BZ(B~‘1B—E.@) —BX(B‘a—B—EﬁE)}
X X

0 d. dz Dz
+ {—lB (E 6—B> +E (E a—B—FB a—E)
Voy c 7 ot z Ox 0x
0B OE
—E(E-——-B-—]|, A4
( 0z 62)} (AD)

and

Q. = (% 9B + [1E<B a—B>
e =z Ox Oy 4 ¢’ ot

(52 _g. %) _p (B B g @)
* oy oy v Ox Ox

1 OB OB OE
0B OE
—E, (E-—ax — B-—ax)]. (A5)

Finally, multiplying Eq. (A1) with A™! we get the explicit form
of the electric field temporal evolution

GE (1.
E_A <EJ Q), (A6)
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where

ApAy, —AgAy, AgAy —AyAy AgAy, —AyA,

ApAp — ApAyy AgAy —ApAy AgAy—AyAy |

ApAsy —ApAy AyAy —AyAy AgAy —AxAy
(A7)

1

4]

ATl =

and
A] = A(ApyAr — AgAy,) — Axy(ApAr — AAyy)
+ Ax(ApAy — AxAyy). (A8)

1. Implementation in 1ID3V PIC

When implementing the QED polarization solver [Eq. (A6)] in
a 1D3V PIC code (one spatial dimension, three velocity and electro-
magnetic field components), the only part that is changed is the Q
vector. If we have the simulation spatial extent in the x-axis, then
we get the following expressions for the components of the Q vector

1 0B 1 0B
@ =0 (05420 (2] 0

0B, 1 OB OB OE
& =1s| () e [ (25 5. (0 522 )

1 OB OB OE
and
OB 1 OB OB OE
=1z Ha—ﬂ tizs {zEz(B'ﬂ ‘BY<BE‘EE)}
1 OB OB OE
croe (2 5) 5 (2 0 )| A

For the magnetic field time derivative in the calculations of the Q
components [Egs. (A9)-(A11)] we substitute its value from
Faraday’s law

0B [ 0E, 0
E——CVXE— <0,CE,—CE>. (A12)

Arriving at expressions for the Q vector components dependent
only on the electromagnetic fields’ spatial derivatives.

APPENDIX B: NUMERICAL STABILITY OF NONLINEAR
MAXWELL EQUATIONS

Here, we drive the numerical dispersion relation of a wave
propagating on a one-dimensional Yee grid following the nonlinear
Maxwell equations. Assuming a homogeneous superstrong mag-
netic field in the (x,y) plane, By = By cos 0x + By sin 0y and wave-
like perturbations in electric and magnetic fields, we find the
numerical dispersion relation for two different electromagnetic
wave modes (X and O modes).

For the X mode, we have the following wave-like perturbations
of the fields

OB = 0By exp{i(wAt — kyAx)}, (B1)

pubs.aip.org/aip/pop

OE = 0E, exp{i(wAt — kyAx)}, (B2)

with the components 0By, JEy, and JE, being nonzero and the rest
of the field components vanishing.

Using the y spatial component of Faraday law [Eq. (17)], we
get the following relation between 6B, and JE,:

. (kAx
5B, — — (ﬂ) AW
L Ax) (coAt)
sin| —
2

Using the QED-modified Ampere’s law [Eq. (15)], we get from
the z component the following relation:

. (a)At) . (kxAx>
1 Sin T Sin 5
L OF, + i oB,

¢ TAL2 Ax/2

OE,. (B3)

. (kXAx)
Sin 5
B

X (’})y—F'})yy(éBz-FéBBo—éEz)) + IT/Z Y0

x («,M(éBz + 0B By — 5132))

. <a)At> . (kxAx>
1 Sin T Sin 5
AR P vy e Ay vy e
x (—=Bg - OE — 20B - JE)

. [ oAt
sin| ——
1 ( 2 ) —
gy Z’T/sz (~=Bo-OE—20B-0E)| =0, (B4)

where 75 =—(1—Cs)/(4n), 722 = C./(4nB*), and 7yyy
= C./(4nB?). Assuming that the wave-like perturbations always
stay much smaller than the homogeneous superstrong magnetic
field, 0B, 0E < By, then we neglect the terms of the orders 6B/Bj,
OE/By, (0B/By)*, and (3E/B,)*, and keep the terms of the order of
0B and JE arriving at the following relation:

[ ( . (wAt) , (kXAx) )
1SlI’l T Sin 2
Yz c (SEZ—‘— Ax 5By

At

. [ kAx . [ oAt
sin| = psin{ -
+V99T3yo (0B-Byg) — V%gETBzo(Bo -0E)| =0.

(B5)

Substituting the perturbation components for the X-mode, we get

. (a)At) . (kXAx)
1 S T Sin T
Yz \— OE, + Ax 5By0

c At

. (kxAx)
Sin 5
+ VWTB(Z, sin?05B, = 0, (B6)
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where 0 is the angle of the magnetic field with the wave propagation
direction (fixed to the x-axis). Substituting Eq. (B3) in Eq. (B6), we
finally find the dispersion relation for the X-mode waves

(o) (). 1) ()
1-Cs Ax) T\ 72 S\ ) T

(B7)

Now, we go back to the O-mode waves, which have the wave-

like components 6B,, 6Ey, and JE, being nonzero and the rest of

the field components vanishing. Using the QED-modified Ampere’s
law [Eq. (15)], we get from the y component the following relation:

. (wAt) (kxAx>
i "o
- AL OE, — Ax 0B,

c
(a)At)
| sin
B Py ven By sin 0By cos 00Ex + By sin 0JE,) = 0

VF

(B8)
and the following relation from the x component:

Vg Bg cos 0sin 0

OEx = (B9)

VF — 7ggBg cOs?0

We also get a third relation from the z component of the Faraday’s
law [Eq. (17)]

. (kAx)

S| ——

SB, = (%:) ﬁag. (B10)
sin (T)

Finally, after substituting the Eqs. (B9) and (B10), in Eq. (B8),
we get the dispersion relation for the O-mode waves that is

(1 -G+C, 60320) (ﬂ)z . (@) . <a)_At) o
1—C,+ G, Ax 2 S\ T

(B11)

APPENDIX C: NUMERICAL ALGORITHM

1. Standard Yee solver

The standard second-order explicit solver on uniform rectan-
gular Yee grid updates the electric fields from time step # to time
step 7+ 1 in two steps, with an auxiliary vector array E, _ :

1. E, —E,, by VxB,...
2.E, , —E, by addmg electric current j, 1

2. Solver with QED polarization effects

The new algorithm consists of a few more steps. It contains
additional vector arrays of auxiliary Varia.bles E. E.,, 13 and Q1
and an auxiliary matrix array A,,1. Unlike the classical Yee algo-
rithm, the new algorithm advances each component of the electric

ARTICLE pubs.aip.org/aip/pop

field E*, o = 1, 2, 3, separately by using the linearly interpolated val-
ues of all the electric and magnetic field components at the spatial
position of the component, E*. The new algorithm steps are sum-
marized as follows:

1. Predict E, . linearly from E, and E,_;.

2. Calculate coefficients V2> V77> and gy based on B, 1.

3. Build the matrix A, 1 via Eq. (19) using B,,,1 and E,,,;; invert to
getA

4, Calculate Q,H_n via Egs. (A9)-(A11) from En+l and B,
5. Update E} — E_ | by solving Eq. (18) and using A
Qi

6. Predict E* 43 linearly from E} and E}, ;.

b ]n+l, and

We found that making the linear predictor in the steps 1 and 6
by using directly the difference between E] and E;_ | conserves the
field energy better than by making a prediction for E7 ; from time

2

E;_ | using the classical second-order Yee scheme. Other authors
and applications use this latter approach for B ~ Bq (Grismayer
et al., 2021; Zhang et al., 2025).

The new scheme slows down the electromagnetic field solver
by a factor of a few. However, since the field solver covers only a
few tens of percent of the total computational requirements of the
PIC code for one time step (assuming ~100 PPC and the second-
order particle shape function), the total simulation time increases
by a factor of about two. Our scheme approaches the classical Yee
scheme above for B — 0.
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