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Abstract We construct integrated and unintegrated vertex
operators for the type II superstring using the B-RNS-GSS
formalism. The construction is done in flat spacetime back-
ground for both type II superstrings and type IIB superstring
in a AdS5 × S5 background.
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1 Introduction

The Ramond–Neveu–Schwarz (RNS) superstring exhibits
supersymmetry on the world-sheet, but its spacetime super-
symmetric properties are difficult to verify [1]. On the other
hand, the Green–Scwharz–Siegel (GSS) supertstring is man-
ifestly supersymmetric but it has not been possible to quan-
tize it while preserving the symmetries of the spacetime back-
ground [2]. About twenty-five years ago, Berkovits proposed
a new superstring which has manisfest spacetime supersym-
metry and can be quantized [3] and it is known as the pure
spinor superstring (B). This formalism can be defined in any
on-shell background spacetime even those with Ramond-
Ramond background fields such as the classical example of
type IIB superstring in a AdS5 × S5 background [4]. This
new formalism is conformal invariant in flat and curved back-
grounds [5,6] but does not possess world-sheet supersymme-
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try. A new formalism was propesed that mixes all the good
properties of the RNS, GSS and the B superstrings in [7] and
is called B-RNS-GSS formalism.

This new formalism has a BRST charge that allows quan-
tization and has the structure of a N = 2 world-sheet super-
symmetric BRST charge. Imposing this fact on a curved
background it is possible to define heterotic [8] and type
II supertstrings [9] .

The purpose of this paper is to construct massless vertex
operators using the B-RNS-GSS formalism. Vertex operators
describe physical states and are used in the computation of
scattering amplitudes that we are not going to explore here.
The structure is in the bosonic string that we review now.

Consider the open bosonic string case. Physical states are
defined in the cohomology of the BRST charge which, in the
conformal gauge, is given by

Q =
∮

dz (cT + bc∂c) , (1.1)

where T = − 1
2∂Xm∂Xm is the stress-energy tensor for the

matter X world-sheet variables and (b, c) are the Faddeev-
Popov ghosts.

The unintegrated vertex operator is defined as a zero con-
formal dimension and ghost number 1 operator in the coho-
mology of Q, that is, QU = 0 and U ∼ U + Q�. For the
massless state, it is given by

U = c∂Xm Am(X), (1.2)

which is physical if the field Am(X) satisfies the equations of
a Maxwell field. The integrated vertex operator is a conformal
weight operator +1 with vanishing ghost number. For the
Maxwell field, the integrated vertex is given by

V = ∂Xm Am(x). (1.3)
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Note that U and V are related by

QV = ∂U. (1.4)

Consider now the closed string. The BRST charge given
by

Q =
∮

dz (cT + bc∂c) +
∮

dz
(̃
cT + b̃c̃∂ c̃

)
, (1.5)

where T = − 1
2∂Xm∂Xm is the left-moving stress-energy

tensor for the matter X world-sheet variables, similarly T =
− 1

2∂Xm∂Xm is the right-moving stress-energy tensor for the
matter X world-sheet variables. There are left-moving ghosts
(b, c) and right-moving ghosts (̃b, c̃).

The unintegrated vertex operator for the graviton is a con-
formal dimension (0, 0) and ghost number (1, 1) state in the
cohomology of the BRST and it is given by

U = c̃c∂Xm∂Xnhmn(X), (1.6)

which turns out to describe a physical state when the field hmn

satisfies the linearized Einstein equations. The corresponding
integrated vertex operator has conformal weight (1, 1) and
vanishing ghost number. It is given by

V = ∂Xm∂Xnhmn(X). (1.7)

The relations betweenU and V involves the operators W and
W which satisfy

QV = ∂W − ∂W , QW = ∂U, QW = ∂U. (1.8)

The operators W and W are given by

W = c̃∂Xm∂Xnhmn(X), W = −c∂Xm∂Xnhmn(X).

(1.9)

Note that we could start with the most general ghost num-
ber (1, 1) and conformal weight (0, 0) representing the unin-
integrated vertex operator U and then derive W,W and V .
Alternatively, one could start with the most general confor-
mal weight (1, 1) and vanishing ghost number representing
the integrated vertex operatorV and then deriveW,W andU .
I chose the second possibility because it is easier to figure out
what is this most general V and without ghost dependence.
The idea of this paper is to establish a relation like (1.8)
for the massless states in the type II superstring using the
B-RNS-GSS formalism in flat spacetime and in AdS5 × S5

background starting with the most general integrated vertex
operator. In Sect. 2 we consider a superstring in flat spacetime
and review the construction of massless vertex operators in
the open superstring case and then we construct integrated

and unintegrated vertex operators for the closed superstring.
In Sect. 3 we study the special case of the type IIB super-
string in AdS5 ×S5 background and construct integrated and
unintegrated vertex operators.

2 The flat spacetime case

The B-RNS-GSS formalism was introduced in [7] and we
review the open string case (or the left-moving sector of the
heterotic string) and below we will consider the type II case.
The world-sheet action and the BRST charge are obtained by
performing a similarity transformation on the RNS system
together with the addition of the free field conjugate pairs
(θα, pα) and (�α,wα). Here α = 1, . . . 16, θα are the N = 1
superspace coordinates in ten dimensions. Recall that the
RNS world-sheet fields are the spacetime coordinates Xm

and their supersymmetry partners ψm together with super-
reparametrization ghosts (b, c, β, γ ). The action is given by

S =
∫

d2z

(
1

2
∂Xm∂Xm + 1

2
ψm∂ψm

b∂c + β∂γ + pα∂θα + wα∂�α
)
, (2.1)

where the unconstrained bosonic variables (w,�) are in
the untwisted case so they have conformal weights ( 1

2 , 1
2 ),

respectively. The BRST charge is given by

Q =
∮

dz
(
cT − bc∂c + bγ 2 + γG

)
,

G = �αdα + ψm	m + wα∂θα + 1

2
(�γm�)ψm (2.2)

where T is the stress-energy tensor given by

T = −1

2
	m	m − dα∂θα − 1

2
ψm∂ψm

−1

2
wα∂�α−1

2
�α∂wα−3

2
β∂γ−1

2
γ ∂β−2b∂c+c∂b,

(2.3)

and

	m = ∂Xm + 1

2
(θγm∂θ),

dα = pα − 1

2
(γmθ)α∂Xm − 1

8
(γmθ)α(θγm∂θ). (2.4)

Although to achieve nilpotency of the BRST charge one
needs to add non-minimal bosonic variables as is discussed
in [8], our construction of massless vertex operators does not
require these non-minimal variables so they are ignored in
this paper.

According to the discussion of [8], physical states are not
only required to be in the cohomology of the BRST charge,
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they also have to contain terms that carry non-positive charge
with respect to

J =
∮ (

ξη − wα�α
)
, (2.5)

where the ξ and η come from the fermionization of the RNS
ghosts (β, γ ) as β = ∂ξe−φ, γ = ηeφ . Note that � carries
charge +1 and w carries charge −1. It turns out that the
integrated vertex operator V for the massless states has terms
of charge 0 and −1 and is given by

V=∂θαAα+	m Am+dαW
α+1

2
NmnFmn−ψmwα∂mW

α,

(2.6)

where Nmn = −ψmψn + 1
2 (�γmnw). The superfields

(Aα, Am,Wα, Fmn = ∂[m An]) are constrained as

DαAβ + Dβ Aα = γm
αβ Am,

DαAm − ∂m Aα = (γm)αβW
β,

∂m An − ∂n Am = Fmn . (2.7)

It can be shown that

∂mFmn = 0, γm
αβ∂mW

β = 0, (2.8)

then the theta independent components of Am and Wα

describe the photon and the photino. We would like to have a
relation like (1.4) so we obtain the unintegrated vertex oper-
ator. In the Lorentz gauge

∂m Am = 0, (2.9)

the integrated vertex oprerator V is primary, that is

T (y)V (z) → V (z)

(y − z)2 + ∂V (z)

(y − z)
. (2.10)

We now prove that there exists an unintegrated vertex oper-
ator U that satisfies QV = ∂U , just like in the bosonic case
of (1.4). First we note that

G(y)V (z) → u(z)

(y − z)2 + ∂u(z)

(y − z)
, (2.11)

where u is a conformal weight 1
2 world-sheet field an it is

given by

u = �αAα − ψm Am − wαW
α. (2.12)

Note that u has terms with charges (1, 0,−1) respect to (2.5).
Finally, we obtain that the unintegrated vertex operator sat-
isfying QV = ∂U is

U = cV + γ u. (2.13)

Note that, in terms of the charges given by (2.5), the integrated
vertex V contains terms with less possible charges that the
terms in the unintegratedU . We will use this fact to start with
V in closed string case.

Consider the type II case. The world-sheet action and the
BRST charge are obtained by performing a similarity trans-
formation on the RNS system together with the free field

conjugate pairs (θα, pα), (θ
α
, pα) and (�α,wα), (�

α
,wα).

Here α = 1, . . . 16, (θα, θ
α
) are the N = 2 superspace coor-

dinates in ten dimensions. Recall that the RNS world-sheet
fields are the space-time coordinates Xm and their supersym-
metry partners (ψm, ψ

m
) together with superreparametriza-

tion ghosts (b, c, β, γ ), (b, c, β, γ ). The action is given by

S =
∫

d2z

(
1

2
∂Xm∂Xm + 1

2
ψm∂ψm + 1

2
ψm∂ψ

m

+b∂c + b∂c + β∂γ + β∂γ

+ pα∂θα + pα∂θ
α + wα∂�α + wα∂�

α
)

, (2.14)

where the unconstrained bosonic variables (w,�), (w,�)

are in untwisted case so that (λ,w) have conformal weights
( 1

2 , 0) and (λ,w) have conformal weights (0, 1
2 ). The BRST

charges are given by

QL =
∮

dz
(
cT − bc∂c + bγ 2 + γGL

)
,

GL = �αdα + ψm	m + wα∂θα + 1

2
(�γm�)ψm,

QR =
∮

dz
(
cT − bc∂c + bγ 2 + γGR

)
,

GR = �
α
dα + ψ

m
	m + wα∂θ

α + 1

2
(�γm�)ψ

m
, (2.15)

where (T, T ) are the stress-energy tensor components and
are given by

T=−1

2
	m	m−dα∂θα−1

2
ψm∂ψm−1

2
wα∂�α−1

2
�α∂wα

−3

2
β∂γ−1

2
γ ∂β−2b∂c+c∂b,

T = −1

2
	m	

m−dα∂θ
α−1

2
ψm∂ψ

m

−1

2
wα∂�

α−1

2
�

α
∂wα−3

2
β∂γ−1

2
γ ∂β−2b∂c+c∂b,

(2.16)
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and

	m = ∂Xm + 1

2
(θγm∂θ), 	

m = ∂Xm + 1

2
(θγm∂θ),

dα = pα − 1

2
(γmθ)α∂Xm − 1

8
(γmθ)α(θγm∂θ),

dα = pα − 1

2
(γmθ)α∂Xm − 1

8
(γmθ)α(θγm∂θ).

(2.17)

The integrated vertex operator V for the massless states
can be obtained from the left-right product of VL ⊗VR where
VL and VR have the form of (2.6). The integrated vertex
becomes

V=
[
∂θα Aα+	m Am+dαW

α+1

2
NmnFmn−ψmwα∂mWα

]
⊗

[
∂θ

α
Ãα+	

m
Ãm+dαW̃

α+1

2
N
mn

F̃mn−ψ
m

wα∂mW̃α

]

≡ ∂θα∂θ
α
Aαα+	m	

n
Amn+dαdαP

αα+NmnN
pq

Smnpq

+ψmwαψ
n
wαUmn

αα+∂θα	
m
Aαm

+ 	m∂θ
α
Amα+∂θαdαEα

α+dα∂θ
α
Eα

α

+∂θαN
mn

�̂αmn+Nmn∂θ
α
�αmn+∂θαψ

m
wαĈmα

α

+ψmwα∂θ
α
Cmα

α + 	mdαEm
α

+ dα	
m
Em

α + 	mN
np

�̂mnp + Nnp	
m

�mnp

+ 	mψ
n
ω̄αCmn

α + ψnwα	
m
Cmn

α

+ dαN
mn

D̂mn
α + NmndαDmn

α

+ dαψ
m

wαVm
αα + ψmwαdα V̂m

αα

+ Nmnψ
p
wαYmnp

α + ψ pwαN
mn

Ŷmnp
α. (2.18)

The superfields in V satisfy the constraint equations

D(αAβ)α=−γm
αβ Amα, DαAmα+∂m Aαα=−(γm)αβEα

β,

�αmn = 1

2
∂[m An]α,

D(αAβ)m = γ n
αβ Anm, DαAnm − ∂n Aαm = (γn)αβEm

β,

�mnp = 1

2
∂[n Ap]m,

D(αEβ)
α = −γm

αβEm
α, DαEm

α+∂mEα
α=−(γm)αβ P

βα,

Dmn
α = 1

2
∂[mEn]α,

D(α�̂β)mn=γ
p
αβ�̂pmn, Dα�̂pmn−∂p�̂αmn=(γp)αβ D̂mn

β,

Spqmn = 1

2
∂[p�̂q]mn,

(2.19)

and

D(αAαβ) = γm
αβ

Aαm, DαAαm − ∂m Aαα = (γm)αβEα
β,

�̂αmn = 1

2
∂[m Aαn],

D(αAmβ) = γ n
αβ

Amn, DαAmn − ∂n Amα = (γn)αβEm
β,

�̂mnp = 1

2
∂[n Amp],

D(αEβ)
α = γm

αβ
Em

α, DαEm
α − ∂mEα

α = (γm)αβ P
αβ,

D̂mn
α=1

2
∂[mEn]α,

D(α�β)mn=γ
p
αβ

�pmn, Dα�pmn−∂p�αmn=(γp)αβDmn
β,

Smnpq = 1

2
∂[p�q]mn,

(2.20)

and finally

Cmα
α + ∂mEα

α = Cnm
α + ∂mEn

α

= V̂m
αα + ∂m Pαα = Ŷnpm

α + ∂m D̂np
α = 0,

Ĉmα
α+∂mEα

α=Cnm
α+∂mEn

α=Vm
αα+∂m Pαα=Ynpm

α

+ ∂mDnp
α = 0,

Umn
αα − ∂m∂n P

αα = 0.

(2.21)

As in the open string case, the gauge-fixing conditions

∂m Amα = ∂m Amn = ∂mEm
α = ∂m�̂mnp = ∂mCmn

α = 0,

∂m Aαm = ∂m Anm = ∂mEm
α = ∂m�mnp = ∂mCmn

α = 0,

(2.22)

help to set the integrated vertex operator V to be a primary
world-sheet field. That is,

T (y)V (z, z) → V (z, z)

(y − z)2 + ∂V (z, z)

(y − z)
,

T (y)V (z, z) → V (z, z)

(y − z)2 + ∂V (z, z)

(y − z)
. (2.23)

Our purpose is to prove that we have vertex operators satis-
fying the equations like (1.8), that is

QV = ∂W − ∂W , QW = ∂U, QW = ∂U. (2.24)

Given the integrated vertex operator V we first note that

GL(y)V (z, z) → wL(z, z)

(y − z)2 + ∂wL(z, z)

(y − z)
, (2.25)
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GR(y)V (z, z) → wR(z, z)

(y − z)2 + ∂wR(z, z)

(y − z)
, (2.26)

where

wL = ∂θ
α (

�αAαα + ψm Amα − wαEα
α
)

+ 	
m (

�αAαm − ψn Anm − wαEm
α
)

+ dα

(
�αEα

α + ψmEm
α − wαP

αα
)

+ N
mn (

�α�̂αmn − ψ p�̂pmn − wα D̂mn
α
)

+ ψ
m
wα

(
�αĈmα

α + ψnCnm
α − wαVm

αα
)

, (2.27)

wR=∂θα
(
−�

α
Aαα+ψ

m
Aαm+wαEα

α
)

+	m
(
�

α
Amα

−ψ
n
Amn − wαEm

α
)

+ dα

(
−�

α
Eα

α + ψ
m
Em

α + wαP
αα

)

+ Nmn
(
�

α
�αmn − ψ

p
�pmn − wαDmn

α
)

+ψmwα

(
−�

α
Cmα

α + ψ
n
Cnm

α + wα V̂m
αα

)
. (2.28)

Using these OPE’s, the BRST transformation of the inte-
grated vertex operator V becomes

QV = ∂W − ∂W , (2.29)

with

W = cV + γwR, W = −cV − γwL . (2.30)

In order to obtain the relations in (2.24) we prove now that

QW = ∂U, QW = ∂U. (2.31)

Since GL(y)GL(z) → −T (z)/(y− z) and GR(y)GR(z) →
−T /(y − z) we obtain

GL(y)wL(z, z) → −V (z, z)

(y−z)
,GR(y)wR(z, z) → −V (z, z)

(y−z)
.

(2.32)

To obtain QW and QW we also need GL(y)wR(z, z) and
GR(y)wL(z, z). They are

GL(y)wR(z, z) → u(z, z)

(y − z)2 + ∂u(z, z)

(y − z)
,

GR(y)wL(z, z) → − u(z, z)

(y − z)2 − ∂u(z, z)

(y − z)
, (2.33)

where

u = −�α�
α
Aαα + �αψ

m
Aαm − ψm�

α
Amα

+ �αwαEα
α + wα�

α
Eα

α + ψmψ
n
Amn

+ ψmwαEm
α − wαψ

m
Em

α − wαwαP
αα. (2.34)

Note that wL is a primary field of conformal weights ( 1
2 , 1)

and wR is a primary field of conformal weights (1, 1
2 ).

Finally, applying the above formulae we obtain (2.31) with
the unintetegrated vertex operator being equal to

U = ccV + cγwR − cγwL + γ γ u. (2.35)

In this section we have constructed the vertex operators
that satisfy (2.24) for the type II superstring. In the next sec-
tion the same goal is reached for the case of the type IIB
superstring in AdS5 × S5 background.

3 The AdS5 × S5 background case

We now consider the type IIB superstring in AdS5 × S5 [9].
The world-sheet action is given by

S =
∫

d2z

(
1

2
Ja J

a + 1

2
ηαα(Jα J

α + Jα J
α
) + dα J

α

+dα J
α − 1

2
ηααdαdα + wα∇�α + wα∇�

α

+ 1

2
ψa∇ψa + 1

2
ψa∇ψ

a − 1

2
ψawα J

α
(ηγa)

α
α

+1

2
ψ

a
wα J

α(γaη)α
α − 1

8
J
a
(wγaw)

− 1

8
Ja(wγaw)+1

2
N [ab]N [ab]−1

8
ψaψ

b
wαwα(γaγbη)αα

− 1

64
(wγaw)(wγ aw)

)
+Sghosts, (3.1)

where J = g−1dg are the left-invariant currents of the super-
algerbra PSU (2, 2|4)/SO(4, 1)×SO(5) which provides the
supercoset description of the AdS5 × S5 background [10].
The background geometry is obtained from the Ramond-
Ramond field strength Pαβ = − 1

2ηαβ and the non-vanishing
component of the Kalb-Ramond tensor Bαβ = ηαβ , where

ηαβ = (γ 0γ 1γ 2γ 3γ 4)αβ and ηαβ = (γ0γ1γ2γ3γ4)
αβ . We

can also define

γ αβ
a = ηααηββ(γa)αβ, γ αβ

a = ηααηββ(γa)αβ. (3.2)

The ten-dimensional vector index a is split into the vector
index a for AdS5 and the vector index a′ for S5. The covariant
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derivatives in the action are defined by

∇�α=∂�α+1

4
�β(γ ab)β

α Jab, ∇ψa=∂ψa+ψb J b
a,

∇�
α=∂�

α + 1

4
�

β
(γ ab)β

α Jab, ∇ψa = ∂ψa + ψb Jb
a .

(3.3)

For the terms with NN we are using the notation A[abc...]
B[abc...] = Aabc...Babc... − Aa′b′c′...Ba′b′c′.... The last term in
(3.1) Sghosts is the action of the RNS ghosts. The BRST
charge is given by Q = QL + QR , where

QL =
∮

dz
(
cT − bc∂c + bγ 2 + γGL

)
,

GL=�αdα+ψa J
a+wα J

α+1

2
(�γa�)ψa

−1

8
ψa(wγaw) (3.4)

QR =
∮

dz
(
cT − bc∂c + bγ 2 + γGR

)
,

GR =�
α
dα + ψa J

a + wα J
α + 1

2
(�γa�)ψ

a

− 1

8
ψ

a
(wγaw), (3.5)

where the stress-energy tensor components are given by

T=−1

2
Ja J

a − dα J
α−1

2
wα∇�α−1

2
�α∇wα−1

2
ψa∇ψa

+1

2
ψawα J

α(ηγa)
α

α+1

8
Ja(wγaw) + Tghosts,

(3.6)

T=−1

2
Ja J

a−dα J
α−1

2
wα∇�

α−1

2
�

α∇wα−1

2
ψa∇ψ

a

−1

2
ψ

a
wα J

α
(γaη)α

α + 1

8
J
a
(wγaw) + T ghosts,

(3.7)

where Tghosts and T ghosts are the contributions of the RNS
ghosts to the stress-energy tensor components and they are
equal to the respective contributions in flat spacetime. As
was shown in [9], the BRST charge is nilpotent and the BRST
currents holomorphic and anti-holomorphic respectively. We
now find the BRST transformations of the world-sheet fields
and then find the integrated and unintegrated vertex opera-
tors.

To construct vertex operators we use canonical commuta-
tion relations. The conjugate pairs are (�,w), (�,w), (ψ,ψ),

(ψ,ψ)and the conjugate of the spacetime super coordinate
ZM is defined as (−1)M PM = δS

δ∂σ ZM and is equal to

(−1)M PM = ∂τ Z
N ENaEM

a + ∂σ Z
N BNM

− EM
αdα − EM

αdα + 1

2
�Mab

(
Nab + N

ab
)

+ 1

2
�Ma′b′

(
Na′b′ + N

a′b′) + 1

2
EM

αψa(wηγa)α

− 1

2
EM

αψ
a
(γaηw)α

− 1

8
EM

a (
(wγaw) + (wγaw)

)
, (3.8)

and the canonical commutation relations are given by

[�α(σ),wβ(σ ′)] = δα
βδ(σ − σ ′), [�α

(σ),wβ(σ ′)]
= δα

β
δ(σ − σ ′),

[ψa(σ ), ψb(σ ′)] = [ψa
(σ ), ψ

b
(σ ′)] = ηabδ(σ − σ ′),

[ZM (σ ), PN (σ ′)] = δMN δ(σ − σ ′). (3.9)

Note that we can express dα, dα and da ≡ ∂τ ZM EMa in
terms of canonical variables as

dα = (−1)M+1Eα
M PM + ∂σ Z

M BMα

+ 1

2
�αab

(
Nab + N

ab
)

− 1

2
ψ

a
(γaηw)α,

dα = (−1)M+1Eα
M PM + ∂σ Z

M BMα

+ 1

2
�αab

(
Nab + N

ab
)

+ 1

2
ψa(wηγa)α,

da = (−1)MEa
M PM − 1

2
�abc

(
Nbc + N

bc
)

+ 1

8

(
(wγaw) + (wγaw)

)
. (3.10)

Consider the integrated vertex operator. The most general
conformal weight (1, 1) has the form

V = Jα J
α
Aαα + Ja J

b
Aab + dαdαP

αα

+ ψaψbψ
c
ψ

d
Sabcd + �αwβ�

α
wβ Sαα

ββ

+ ψawαψ
b
wαUab

αα + Jα J
a
Aαa

+ Ja J
α
Aaα + JαdαEα

α + dα J
α
Eα

α

+ Jαψ
a
ψ

b
Ôαab + ψaψb J

α
Oαab

+ Jα�
α
wβ Ôαα

β + �αwβ J
α
Oαα

β

+ Jαψ
a
wαĈaα

α + ψawα J
α
Caα

α

+ JadαEa
α + dα J

a
Ea

α

123



Eur. Phys. J. C          (2025) 85:1287 Page 7 of 13  1287 

+ Jaψ
b
ψ

c
Ôabc + ψbψc J

a
Oabc

+ Ja�
α
wβ Ôaα

β + �αwβ J
a
Oaα

β

+ Jaψ
b
wαCab

α + ψbwα J
a
Cab

α

+ dαψ
a
ψ

b
D̂ab

α + ψaψbdαDab
α

+ dα�
α
wβ D̂α

βα + �αwβdαDα
βα

+ dαψ
a
wαVa

αα + ψawαdα V̂a
αα

+ ψaψb�
α
wβ Sabα

β

+ �αwβψ
a
ψ

b
Sabα

β + ψaψbψ
c
wαYabc

α

+ ψcwαψ
a
ψ

b
Ŷabc

α

+ �αwβψ
a
wαYaα

βα + ψawα�
α
wβ Ŷaα

βα. (3.11)

We now compute the action of γGL and γGR on the inte-
grated vertex V that are defined as

(∮
γGL

)
V =

∮
dσ ′[γGL(σ ′), V (σ )],

(∮
γGR

)
V =

∮
dσ ′[γGR(σ ′), V (σ )], (3.12)

where we use the commutators shown in the Appendix.
To compute

(∮
γGL

)
V we proceed as follows. We first

note that the integrated vertex operator (3.11) can be written
as

V = J
α
Vα + J

a
Va + dαV

α + ψ
a
ψ

b
Vab

+ �
α
wβVα

β + ψ
a
wαVa

α, (3.13)

where

Vα = −JαAαα + Ja Aaα − dαEzα
α

+ ψaψbOαab + �αwβOαα
β − ψawαCaα

α,

Va = JαAαa + Jb Aba + dαEa
α

+ ψbψcOabc + �αwβOaα
β + ψbwαCab

α,

V α = −JαEα
α + Ja Ea

α − dαP
αα

+ ψaψbDab
α + �αwβDα

βα − ψawα V̂a
αα,

Vab = Jα Ôαab + J c Ôcab + dα D̂ab
α

+ ψcψd Scdab + �αwβ Sabα
β + ψcwαŶabc

α,

Vα
β = Jα Ôαα

β + Ja Ôaα
β + dα D̂α

βα

+ ψaψbSabα
β + �αwβ Sαα

ββ + ψawαŶaα
βα,

Va
α = −JαĈaα

α + JbCba
α − dαVa

αα

+ ψbψcYbca
α + �αwβYaα

βα − ψbwαUba
αα. (3.14)

Consider the first term in (3.13). We obtain

(∮
γGL

)
J

α
Vα=∇

(
γ J

α (
�αAαα+ψa Aaα−wαEα

α
))

,

(3.15)

provided that the background fields satisfy the equations

∇(αAβ)α = −γ
a
αβ Aaα,

∇αAaα + ∇a Aαα = −(γa)αβEα
β,

Oαα
β = −1

2
(γ ab)α

βOαab = 1

4
(γ ab)α

β∇[a Ab]α. (3.16)

In the calculation of (3.15) the equations derived from (3.16)
just as in the flat space case. For example, acting with ∇α one
obtains

∇αEα
β − 1

2
ηβγ ∇γ Aαα = −1

4
(γ ab)α

β∇[a Ab]α. (3.17)

This equation was derived in [11] (see also [12,13] for a
discussion of the generic background geometry). The back-
ground field Caα

α is given by other background fields as

Caα
β = −∇a Eα

α + 1

2
ηαγ ∇γ Aaα + 1

4
(γa)

αβ Aβα. (3.18)

A similar calculation can be done for the remaining terms
in (3.13). For the second term in (3.13) we obtain

(∮
γGL

)
J
a
Va

= ∇
(
γ J

a
(
�αAαa − ψb Aba − wαEa

α
))

, (3.19)

provided that the background fields satisfy the equations

∇(αAβ)a = γ
b
αβ Aba,

∇αAba − ∇b Aαa = (γb)αβEa
β,

Oaα
β = −1

2
(γ bc)α

βOabc = 1

4
(γ bc)α

β∇[b Ac]a . (3.20)

In the calculation of (3.19) the equations derived from (3.20)
just as in the flat space case. For example, acting with ∇α one
obtains

∇αEa
β − 1

2
ηβγ ∇γ Aαa = 1

4
(γ bc)α

β∇[b Ac]a . (3.21)

The background field Cab
α is given by other background

fields as

Cab
α = −∇bEa

α − 1

2
ηαγ ∇γ Aba + 1

4
(γb)

αβ Aβa . (3.22)

123
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For the third term in (3.13) we obtain

(∮
γGL

)
dαV

α

= ∇
(
γ dα

(
�αEα

α + ψa Ea
α − wαP

αα
))

, (3.23)

provided that the background fields satisfy the equations

∇(αEβ)
α = −γ

a
αβEa

α,

∇αEa
α + ∇a Eα

α = −(γa)αβ P
βα,

Dα
βα = −1

2
(γ ab)α

βDab
α = 1

4
(γ ab)α

β∇[a Eb]α. (3.24)

In the calculation of (3.19) the equations derived from (3.20)
just as in the flat space case. For example, acting with ∇α one
obtains

∇αP
βα − 1

2
ηβγ ∇γ Eα

α = −1

4
(γ ab)α

β∇[a Eb]α. (3.25)

The background field V̂aαα is given by other background
fields as

V̂a
αα = −∇a P

αα + 1

2
ηαγ ∇γ Ea

α + 1

4
γ αβ
a Eβ

α. (3.26)

For the fourth term in (3.13) we obtain

(∮
γGL

)
ψ

a
ψ

b
Vab

= ∇
(
γψ

a
ψ

b (
�α Ôαab − ψc Ôcab − wα D̂ab

α
))

,

(3.27)

provided that the background fields satisfy the equations

∇(α Ôβ)ab = γ
c
αβ Ôcab,

∇α Ôcab − ∇c Ôαab = (γc)αβ D̂ab
β,

Sabα
β = −1

2
(γ cd)α

β Scdab = 1

4
(γ cd)α

β∇[c Ôd]ab. (3.28)

In the calculation of (3.27) the equations derived from (3.28)
just as in the flat space case. For example, acting with ∇α one
obtains

∇α D̂ab
β − 1

2
ηβγ ∇γ Ôαab = 1

4
(γ cd)α

β∇[c Ôd]ab. (3.29)

The background field Ŷabcα is given by other background
fields as

Ŷabc
α = −∇c D̂ab

α − 1

2
ηαγ ∇γ Ôcab − 1

4
(γc)

αβ Ôβab.

(3.30)

For the fifth term in (3.13) we obtain

(∮
γGL

)
�

α
wβVα

β=∇
(
γ�

α
wβ

(
�α Ôαα

β − ψa Ôaα
β

−wα D̂α
βα

))
, (3.31)

provided that the background fields satisfy the equations

∇(α Ôβ)α
β = γ

a
αβ Ôaα

β,

∇α Ôaα
β − ∇a Ôαα

β = (γa)αβ D̂α
ββ,

Sαα
ββ = −1

2
(γ ab)α

β Sabα
β = 1

4
(γ ab)α

β∇[a Ôb]αβ. (3.32)

In the calculation of (3.31) the equations derived from (3.32)
just as in the flat space case. For example, acting with ∇α one
obtains

∇α D̂α
βα − 1

2
ηβγ ∇γ Ôαα

β = 1

4
(γ ab)α

β∇[a Ôb]αβ. (3.33)

The background field Ŷaα
βα is given by other background

fields as

Ŷaα
βα = −∇a D̂α

βα − 1

2
ηαγ ∇γ Ôaα

β + 1

4
(γa)

αβ Ôβα
β.

(3.34)

And finally for the sixth term in (3.13) we obtain

(∮
γGL

)
ψ

a
wαVa

α

= ∇
(
γψ

a
wα

(
�αĈaα

α + ψbCba
α − wαVa

αα
))

, (3.35)

provided that the background fields satisfy the equations

∇(αĈaβ)
α = −γ

b
αβCba

α,

∇αCba
α + ∇bĈaα

α = −(γb)αβVa
βα,

Yaα
βα = −1

2
(γ bc)α

βYbca
α = 1

4
(γ bc)α

β∇[bCc]aα. (3.36)

In the calculation of (3.35) the equations derived from (3.36)
just as in the flat space case. For example, acting with ∇α one
obtains

∇αVa
βα − 1

2
ηβγ ∇γ Ĉaα

α = −1

4
(γ bc)α

β∇[bCc]aα. (3.37)

The background field Uba
αα is given by other background

fields as

Uba
αα = −∇bVa

αα + 1

2
ηαγ ∇γCba

α + 1

4
(γb)

αβĈaβ
α.

(3.38)

123
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In summary, we have obtained

(∮
γGL

)
V = ∂(γwL), (3.39)

where

wL = J
α (

�αAαα + ψa Aaα − wαEα
α
)

+ J
a
(
�αAαa − ψb Aba − wαEa

α
)

+ dα

(
�αEα

α + ψa Eaα − wαP
αα

)

+ ψ
a
ψ

b (
�α Ôαab − ψc Ôcab − wα D̂ab

α
)

+ �
α
wβ

(
�α Ôαα

β − ψa Ôaα
β − wα D̂α

βα
)

+ ψ
a
wα

(
�αĈaα

α + ψbCba
α − wαVa

αα
)

, (3.40)

which resembles the result of the flat space-time background
case.

For the calculation of
(∮

γGR
)
V , we proceed in a similar

way. That is, we recognize that the integrated vertex operator
(3.11) can be written as

V = Jα V̂α + Ja V̂a + dα V̂
α + ψaψbV̂ab

+ �αwβ V̂α
β + ψawα V̂a

α, (3.41)

where

V̂α = J
α
Aαα + J

a
Aαa + dαEα

α + ψ
a
ψ

b
Ôαab

+ �
α
wβ Ôαα

β + ψ
a
wαĈaα

α,

V̂a = J
α
Aaα + J

b
Aab + dαEa

α

+ ψ
b
ψ

c
Ôabc + �

α
wβ Ôaα

β + ψ
b
wαCab

α,

V̂ α = J
α
Eα

α + J
a
Ea

α + dαP
αα + ψ

a
ψ

b
D̂ab

α

+ �
α
wβ D̂α

βα + ψ
a
wαVa

αα,

V̂ab = J
α
Oαab + J

c
Ocab + dαDab

α

+ ψ
c
ψ

d
Sabcd + �

α
wβ Sabα

β

+ ψ
c
wαYabc

α,

V̂α
β = J

α
Oαα

β + J
a
Oaα

β + dαDα
βα

+ ψ
a
ψ

b
Sabα

β + �
α
wβ Sαα

ββ + ψ
a
wαYaα

βα,

V̂a
α = J

α
Caα

α + J
b
Cba

α + dα V̂a
αα

+ ψ
b
ψ

c
Ŷbca

α + �
α
wβ Ŷaα

βα + ψ
b
wαUab

αα. (3.42)

Consider the first term in (3.41). We obtain

(∮
γGR

)
Jα V̂α=∇

(
γ Jα

(
−�

β
Aαα+ψ

a
Aαa+wαEα

α
))

,

(3.43)

provided that the background fields satisfy the equations

∇(αAαβ) = γ
a

αβ
Aαa,

∇αAαa − ∇a Aαα = (γa)αβEα
β,

Ôαα
β = −1

2
(γ ab)α

β Ôαab = 1

4
(γ ab)α

β∇[a Aαb]. (3.44)

In the calculation of (3.43) the equations derived from (3.44)
just as in the flat space case. For example, acting with ∇α one
obtains

∇αEα
β + 1

2
ηγβ∇γ Aαα = 1

4
(γ ab)α

β∇[a Aαb]. (3.45)

The background field Ĉaα
α is given by other background

fields as

Ĉaα
α = ∇a Eα

α + 1

2
ηγα∇γ Aαa + 1

4
(γa)

αβ Aαβ. (3.46)

A similar calculation can be done for the remaining terms
in (3.41). For the second term in (3.41) we obtain

(∮
γGR

)
Ja V̂a=∇

(
γ Ja

(
�

α
Aaα−ψ

b
Aab − wαEa

α
))

,

(3.47)

provided that the background fields satisfy the equations

∇(αAaβ) = γ
b

αβ
Aab,

∇αAab − ∇b Aaα = (γb)αβEa
β,

Ôaα
β = −1

2
(γ bc)α

β Ôabc = 1

4
(γ bc)α

β∇[b Aac]. (3.48)

In the calculation of (3.47) the equations derived from (3.20)
just as in the flat space case. For example, acting with ∇α one
obtains

∇αEa
β + 1

2
ηγβ∇γ Aaα = 1

4
(γ bc)α

β∇[b Aac]. (3.49)

The background field Cab
α is given by other background

fields as

Cab
α = ∇bEa

α + 1

2
ηγα∇γ Aab + 1

4
(γb)

αβ Aaβ. (3.50)

123
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For the third term in (3.41) we obtain

(∮
γGR

)
dα V̂

α

= ∇
(
γ dα

(
−�

α
Eα

α − ψ
a
Ea

α + wαP
αα

))
, (3.51)

provided that the background fields satisfy the equations

∇(αEβ)
α = γ

a

αβ
Ea

α,

∇αEa
α − ∇a Eα

α = (γa)αβ P
αβ,

D̂α
βα = −1

2
(γ ab)α

β D̂ab
α = 1

4
(γ ab)α

β∇[a Eb]α. (3.52)

In the calculation of (3.47) the equations derived from (3.20)
just as in the flat space case. For example, acting with ∇α one
obtains

∇αP
αβ + 1

2
ηγβ∇γ Eα

α = 1

4
(γ ab)α

β∇[a Eb]α. (3.53)

The background field Vaαα is given by other background
fields as

Va
αα = ∇a P

αα + 1

2
ηγα∇γ Ea

α + 1

4
γ αβ
a Eβ

α. (3.54)

For the fourth term in (3.41) we obtain

(∮
γGR

)
ψaψbV̂ab =∇

(
γψaψb

(
�

α
Oαab − ψ

c
Ocab

−wαDab
α
))

, (3.55)

provided that the background fields satisfy the equations

∇(αOβ)ab = γ
c

αβ
Ocab,

∇αOcab − ∇cOαab = (γc)αβDab
β,

Sabα
β = −1

2
(γ cd)α

β Sabcd = 1

4
(γ cd)α

β∇[cOd]ab. (3.56)

In the calculation of (3.55) the equations derived from (3.56)
just as in the flat space case. For example, acting with ∇α one
obtains

∇αDab
β + 1

2
ηγβ∇γ Oαab = 1

4
(γ cd)α

β∇[cOd]ab. (3.57)

The background field Yabcα is given by other background
fields as

Yabc
α = ∇cDab

α + 1

2
ηγα∇γ Ocab + 1

4
(γc)

αβOβab. (3.58)

For the fifth term in (3.41) we obtain

(∮
γGR

)
�αwβ V̂α

β =∇
(
γ�αwβ

(
�

α
Oαα

β − ψ
a
Oaα

β

−wαDα
βα

))
, (3.59)

provided that the background fields satisfy the equations

∇(αOβ)α
β = γ

a

αβ
Oaα

β,

∇αOaα
β − ∇aOαα

β = (γa)αβDα
ββ,

Sαα
ββ = −1

2
(γ ab)α

β Sabα
β = 1

4
(γ ab)α

β∇[aOb]αβ. (3.60)

In the calculation of (3.59) the equations derived from (3.60)
just as in the flat space case. For example, acting with ∇α one
obtains

∇αDα
ββ + 1

2
ηγβ∇γ Oαα

β = 1

4
(γ ab)α

β∇[aOb]αβ. (3.61)

The background field Yaα
βα is given by other background

fields as

Yaα
βα = ∇aDα

βα + 1

2
ηγα∇γ Oaα

β + 1

4
(γa)

αβOβα
β.

(3.62)

And finally for the sixth term in (3.41) we obtain

(∮
γGR

)
ψawα V̂a

α =∇
(
γψawα

(
−�

α
Caα

α + ψ
b
Cba

α

+wα V̂a
αα

))
, (3.63)

provided that the background fields satisfy the equations

∇(αCaβ)
α = γ

b

αβ
Cba

α,

∇αCba
α − ∇bCaα

α = (γb)αβ V̂a
βα,

Ŷaα
βα = −1

2
(γ bc)α

β Ŷbca
α = 1

4
(γ bc)α

β∇[bCc]aα. (3.64)

In the calculation of (3.35) the equations derived from (3.64)
just as in the flat space case. For example acting with ∇α one
obtains

∇α V̂a
βα + 1

2
ηγβ∇γCaα

α = 1

4
(γ bc)α

β∇[bCc]aα. (3.65)

The background field Uab
αα is given by other background

fields as

Uab
αα = ∇bV̂a

αα + 1

2
ηγα∇γCba

α + 1

4
(γb)

αβCaβ
α.

(3.66)

123
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Then, we have obtained the following

(∮
γGR

)
V = ∂(γwR), (3.67)

where

wR = Jα
(
−�

α
Aαα + ψ

a
Aαa + wαEα

α
)

+ Ja
(
�

α
Aaα − ψ

b
Aab − wαEa

α
)

+ dα

(
−�

α
Eα

α + ψ
a
Ea

α + wαP
αα

)

+ ψaψb
(
�

α
Oαab − ψ

c
Ocab − wαDab

α
)

+ �αwβ

(
�

α
Oαα

β − ψ
a
Oaα

β − wαDα
βα

)

+ ψawα

(
−�

α
Caα

α + ψ
b
Cba

α + wα V̂a
αα

)
, (3.68)

which again resembles the result of the flat space-time back-
ground case.

We have completed the calculation of
∮

(γGL + γGR) V
obtaining

∮
(γGL + γGR) V = ∂(γwL) + ∂(γwR), (3.69)

where wL is given in (3.40) and wR is given in (3.68).
It remains to determine

∮ (
cT + cT

)
V . Using the results

of [9] we check that

(∮
cT

)
V = ∂(cV ),

(∮
cT

)
V = ∂(cV ) (3.70)

to finally obtain

QV = ∂W − ∂W , (3.71)

where

W = cV + γwR, W = −cV − γwL , (3.72)

just like in the flat space-time case (2.30).
The last step in our construction is to determine the unin-

tegrated vertex operator, U , that satisfies

QW = ∂U, QW = ∂U. (3.73)

Consider W . Using Since T and T act on world-sheet fields
creating a world-sheet derivative on it, we obtain

QW = ∂ (ccV + cγwR − cγwL) + γ 2V

+ γ

(∮
γGR

)
wR + γ

(∮
γGL

)
wR . (3.74)

It will be shown that
(∮

γGL
)
wR = ∂γ u for some u which

will be given below and that
(∮

γGR
)
wR = −γ V so that

the term γ 2V in (3.74) is canceled.
Consider

(∮
γGL

)
wR . It is useful to write wR as

wR = �
α (−JαAαα + Ja Aaα − dαEα

α

+ψaψbOαab + �αwβOαα
β − ψawαCaα

α
)

+ ψ
a
(
−JαAαa − Jb Aba − dαEa

α

−ψbψcOabc − �αwβOaα
β − ψbwαCab

α
)

+ wα

(
JαEα

α − Ja Ea
α + dαP

αα

−ψaψbDab
α − �αwβDα

βα + ψawα V̂a
αα

)
. (3.75)

Using the equations for the background superfields and the
commutators of the appendix one obtains the following

(∮
γGL

)
wR = ∂(γ u), (3.76)

where

u = −�α�
α
Aαα + �αψ

a
Aαa − ψa�

α
Aaα + �αwαEα

α

− wα�
α
Eα

α

+ ψaψ
b
Aab + ψawαEa

α − wαψ
a
Ea

α − wαwαP
αα,(3.77)

which takes the same form as the flat spacetime background
case.

Consider now
(∮

γGR
)
wR . Using the form (3.68) and

using the equations of the backgound fields we obtain

(∮
γGR

)
wR = −γ V . (3.78)

Therefore, the unintegrated vertex operator U that satisfies
QW = ∂U is given by

U = ccV + cγwR − cγwL + γ γ u, (3.79)

which has the form of the unintegrated vertex operator in flat
spacetime background (2.35).

4 Concluding remarks

In this paper, integrated and unintegrated vertex operators
have been constructed in flat spacetime and in the background
with the geometry of AdS5 × S5. It would be interesting
to perform a similar construction in a generic background
geometry as it is done in [12,13] in the pure spinor formal-
ism. A more ambitious goals would be to study scattering
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amplitudes and to compactify superstrings as it is done in
[14,15] for pure spinor strings.
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A Commutators

In this section, we list the relevant equal world-sheet times
Poisson brackets used in the calculations done in the B-RNS-
GSS stype IIB superstring in a AdS5×S5 background. Using
(3.9) we obtain (all commutators contain a δ(σ − σ ′) factor
where is not shown explicitly)

[dα, �β ] = − 1

4
�αab(�γ ab)β ,

[dα,�β ] = − 1

4
�αab(�γ ab)β − ψaTaα

β ,

[da ,�β ] = 1

4
�abc(�γ bc)β − 1

4
(γaw)β,

[Jα, �β ] = [Jα
, �β ] = 1

2
ηαα

(
− 1

4
�αab(�γ ab)β − ψaTaα

β

)
,

[Jα
, �β ] = [Jα, �β ] = − 1

2
ηαα

(
− 1

4
�αab(�γ ab)β

)
, (A.1)

[dα, �
β ] = − 1

4
�αab(�γ ab)β − ψ

a
Taα

β ,

[dα,�
β ] = − 1

4
�αab(�γ ab)β ,

[da ,�
β ] = 1

4
�abc(�γ bc)β − 1

4
(γaw)β,

[Jα, �
β ] = [Jα

, �
β ] = 1

2
ηαα

(
− 1

4
�αab(�γ ab)β

)
,

[Jα
, �

β ] = [Jα, �
β ] = − 1

2
ηαα

(
− 1

4
�αab(�γ ab)β − ψ

a
Taα

β

)
,(A.2)

[dα, wβ ] = 1

4
�αab(γ

abw)β,

[dα,wβ ] = 1

4
�αab(γ

abw)β,

[da , wβ ] = − 1

4
�abc(γ

bcw)β,

[Jα,wβ ] = [Jα
, wβ ] = 1

2
ηαα

(
1

4
�αab(γ

abw)β

)
,

[Jα
,wβ ] = [Jα, wβ ] = − 1

2
ηαα

(
1

4
�αab(γ

abw)β

)
, (A.3)

[dα,w
β
] = 1

4
�αab(γ

abw)
β
,

[dα, w
β
] = 1

4
�αab(γ

abw)
β
,

[da , w
β
] = − 1

4
�aab(γ

abw)
β
,

[Jα,w
β
] = [Jα

, w
β
] = 1

2
ηαα

(
1

4
�αab(γ

abw)
β

)
,

[Jα
,w

β
] = [Jα, w

β
] = − 1

2
ηαα

(
1

4
�αab(γ

abw)
β

)
,

(A.4)

[dα,ψa ] = �αabψ
b,

[dα, ψa ] = �αabψ
b + 1

2
(wηγa)α,

[da , ψb] = −�abcψ
c,

[Jα,ψa ] = [Jα
, ψa ] = 1

2
ηαα

(
�αabψ

b + 1

2
(wηγa)α

)
,

[Jα
,ψa ] = [Jα, ψa ] = − 1

2
ηαα

(
�αabψ

b
)

, (A.5)

[dα, ψa] = �αabψ
b − 1

2
(γaηw)α,

[dα, ψa] = �αabψ
b
,

[da, ψb] = −�abcψ
c
,

[Jα, ψa] = [Jα
, ψa] = 1

2
ηαα

(
�αabψ

b
)

,

[Jα
, ψa] = [Jα, ψa] = −1

2
ηαα

(
�αabψ

b − 1

2
(γaηw)α

)
,(A.6)

[dα(σ ), dβ(σ ′)] = Eα
M (σ )BMβ(σ ′) ∂

∂σ ′ δ(σ − σ ′)

+ Eβ
M (σ ′)BMα(σ )

∂

∂σ
δ(σ − σ ′)

+
(
(−1)M∂σ Z

N E(α
M∂β)BMN − ∂τ Z

M EM
a(γa)αβ

+�(αβ)
γ dγ + 1

8
γ
a
αβ(wγaw)

)
δ(σ − σ ′) (A.7)

[dα(σ ), dα(σ ′)] = Eα
M (σ )BMα(σ ′) ∂

∂σ ′ δ(σ − σ ′)

+ Eα
M (σ ′)BMα(σ )

∂

∂σ
δ(σ − σ ′)

+
(
(−1)M∂σ Z

N E(α
M∂α)BMN + �αα

βdβ

+�αα
βd

β
+ 1

2
Rααab

(
Nab + N

ab
))

δ(σ − σ ′) (A.8)

[dα(σ ), d
β
(σ ′)] = Eα

M (σ )BMβ
(σ ′) ∂

∂σ ′ δ(σ − σ ′)

+ E
β
M (σ ′)BMα(σ )

∂

∂σ
δ(σ − σ ′)

+
(
(−1)M∂σ Z

N E(α
M∂

β)
BMN − ∂τ Z

M EM
a(γa)αβ
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+�
(αβ)

γ dγ + 1

8
γ
a
αβ

(wγaw)

)
δ(σ − σ ′) (A.9)

[da(σ ), dα(σ ′)] = −Ea
M (σ )BMα(σ ′) ∂

∂σ ′ δ(σ − σ ′),

+
(
(−1)N ∂σ Z

N Eα
M∂a BMN − (−1)M+N ∂σ Z

N Ea
M∂αBMN

−∂τ Z
M EM

b�αab − �aα
βdβ

+Taα
βd

β
− 1

2
Taα

βψb(wηγb)β

)
δ(σ − σ ′) (A.10)

[da(σ ), dα(σ ′)] = −Ea
M (σ )BMα(σ ′) ∂

∂σ ′ δ(σ − σ ′),

+
(
(−1)N ∂σ Z

N Eα
M∂a BMN − (−1)M+N ∂σ Z

N Ea
M∂αBMN

−∂τ Z
M EM

b�αab − �aα
βd

β

+Taα
βdβ + 1

2
Taα

βψ
b
(γbηw)β

)
δ(σ − σ ′) (A.11)

[da(σ ), db(σ
′)] =

(
∂σ Z

M E[a N ∂b]BNM − ∂τ Z
M EM

c�[ab]c

+1

2
Rabcd

(
Ncd + N

cd
))

δ(σ − σ ′)
(A.12)
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