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Abstract We construct integrated and unintegrated vertex
operators for the type II superstring using the B-RNS-GSS
formalism. The construction is done in flat spacetime back-
ground for both type II superstrings and type IIB superstring
ina AdSs x §° background.
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1 Introduction

The Ramond-Neveu—Schwarz (RNS) superstring exhibits
supersymmetry on the world-sheet, but its spacetime super-
symmetric properties are difficult to verify [1]. On the other
hand, the Green—Scwharz—Siegel (GSS) supertstring is man-
ifestly supersymmetric but it has not been possible to quan-
tize it while preserving the symmetries of the spacetime back-
ground [2]. About twenty-five years ago, Berkovits proposed
a new superstring which has manisfest spacetime supersym-
metry and can be quantized [3] and it is known as the pure
spinor superstring (B). This formalism can be defined in any
on-shell background spacetime even those with Ramond-
Ramond background fields such as the classical example of
type IIB superstring in a AdSs x S° background [4]. This
new formalism is conformal invariant in flat and curved back-
grounds [5,6] but does not possess world-sheet supersymme-
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try. A new formalism was propesed that mixes all the good
properties of the RNS, GSS and the B superstrings in [7] and
is called B-RNS-GSS formalism.

This new formalism has a BRST charge that allows quan-
tization and has the structure of a N = 2 world-sheet super-
symmetric BRST charge. Imposing this fact on a curved
background it is possible to define heterotic [8] and type
IT supertstrings [9] .

The purpose of this paper is to construct massless vertex
operators using the B-RNS-GSS formalism. Vertex operators
describe physical states and are used in the computation of
scattering amplitudes that we are not going to explore here.
The structure is in the bosonic string that we review now.

Consider the open bosonic string case. Physical states are
defined in the cohomology of the BRST charge which, in the
conformal gauge, is given by

0= %dz (c¢T + bcoc) , (1.1)

where T = —%axmax ™ is the stress-energy tensor for the
matter X world-sheet variables and (b, ¢) are the Faddeev-
Popov ghosts.

The unintegrated vertex operator is defined as a zero con-
formal dimension and ghost number 1 operator in the coho-
mology of Q, thatis, QU = 0and U ~ U + QA. For the
massless state, it is given by
U=ciX"A,(X), (1.2)
which is physical if the field A,, (X) satisfies the equations of
aMaxwell field. The integrated vertex operator is a conformal
weight operator +1 with vanishing ghost number. For the
Maxwell field, the integrated vertex is given by

V= 3X"Ap(x). (1.3)
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Note that U and V are related by
QV =aU. (1.4)

Consider now the closed string. The BRST charge given
by

0= jﬁdz (cT + bcdc) + f dz (T + b2ac) (1.5)
where T = —%axmaxm is the left-moving stress-energy

tensor for the matter X world-sheet variables, similarly 7 =
— % 9X,, 0 X™ is the right-moving stress-energy tensor for the
matter X world-sheet variables. There are left-moving ghosts
(b, ¢) and right-moving ghosts (b, ¢).

The unintegrated vertex operator for the graviton is a con-
formal dimension (0, 0) and ghost number (1, 1) state in the
cohomology of the BRST and it is given by
U = ccoX"dX" " hpn(X), (1.6)
which turns out to describe a physical state when the field 4,
satisfies the linearized Einstein equations. The corresponding
integrated vertex operator has conformal weight (1, 1) and
vanishing ghost number. It is given by
V = 0X"3X" hypn(X). (1.7)
The relations between U and V involves the operators W and
W which satisfy

QV =30W — W, QW =9U, QW =9qU. (1.8)

The operators W and W are given by

W =CoX"9X hypn(X), W = —cdX™9X" hpp(X).
(1.9)

Note that we could start with the most general ghost num-
ber (1, 1) and conformal weight (0, 0) representing the unin-
integrated vertex operator U and then derive W, W and V.
Alternatively, one could start with the most general confor-
mal weight (1, 1) and vanishing ghost number representing
the integrated vertex operator V and then derive W, W and U .
I chose the second possibility because it is easier to figure out
what is this most general V and without ghost dependence.
The idea of this paper is to establish a relation like (1.8)
for the massless states in the type II superstring using the
B-RNS-GSS formalism in flat spacetime and in AdSs x S°
background starting with the most general integrated vertex
operator. In Sect. 2 we consider a superstring in flat spacetime
and review the construction of massless vertex operators in
the open superstring case and then we construct integrated
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and unintegrated vertex operators for the closed superstring.
In Sect. 3 we study the special case of the type IIB super-
string in Ad S5 x S° background and construct integrated and
unintegrated vertex operators.

2 The flat spacetime case

The B-RNS-GSS formalism was introduced in [7] and we
review the open string case (or the left-moving sector of the
heterotic string) and below we will consider the type II case.
The world-sheet action and the BRST charge are obtained by
performing a similarity transformation on the RNS system
together with the addition of the free field conjugate pairs
(0%, p) and (AY, wy).Herea = 1,...16,0%arethe N = 1
superspace coordinates in ten dimensions. Recall that the
RNS world-sheet fields are the spacetime coordinates X"
and their supersymmetry partners " together with super-
reparametrization ghosts (b, c, B, y). The action is given by

| |
5= /aﬂz <§axmaxm Uy
bdc + By + padd® + wedAY), .1

where the unconstrained bosonic variables (w, A) are in
the untwisted case so they have conformal weights (%, %),
respectively. The BRST charge is given by

Q:?gdz(cT—bcac+by2+yG>,

1
G = A%y + "I, + we 0% + E(AymA)wm (2.2)
where T is the stress-energy tensor given by
1 m o 1 m

T = —EHmI"I — dy00% — Elpmaw

! oA 1A°‘8 3,38 ! 0B8—2bdc+cob

5 Wa > 5 14 2)’ ct+cob,

(2.3)
and
1
" =0x" + 5(9)/’"89),
1 1

doy = po — E(Vme)aaxm - g(VmQ)a(GVmBQ)- (2.4)

Although to achieve nilpotency of the BRST charge one
needs to add non-minimal bosonic variables as is discussed
in [8], our construction of massless vertex operators does not
require these non-minimal variables so they are ignored in
this paper.

According to the discussion of [8], physical states are not
only required to be in the cohomology of the BRST charge,
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they also have to contain terms that carry non-positive charge
with respect to

J=§£(én—wa1\"‘),

(2.5)

where the £ and n come from the fermionization of the RNS
ghosts (B8, y) as B = e ?, y = ne?. Note that A carries
charge +1 and w carries charge —1. It turns out that the
integrated vertex operator V for the massless states has terms
of charge 0 and —1 and is given by

1
V=00%Au+11" A, +d,, W“+§N'""an—1/fmwa8m we,

(2.6)
where N™ = —y™y" + %(Aym"w). The superfields
(A, Am, WY, Fpy = 01 Ap)) are constrained as
DyAg + DAy = V;r;sAma
DocAm - amAa = (Vm)otﬂ Wﬁ’

OmAp — A = Fyp. 2.7
It can be shown that
3" Fn =0,y WP =0, (2.8)

then the theta independent components of A, and W¢
describe the photon and the photino. We would like to have a
relation like (1.4) so we obtain the unintegrated vertex oper-
ator. In the Lorentz gauge

A, =0, (2.9)
the integrated vertex oprerator V is primary, that is

Vi(z aV(z
T(y)V(z) — @) ©) (2.10)

y—2?% (-2

We now prove that there exists an unintegrated vertex oper-
ator U that satisfies QV = 9U, just like in the bosonic case
of (1.4). First we note that

u(z) ou(z)

G(y)V )
MV(z) — o-22 T o-2

@2.11)

where u is a conformal weight % world-sheet field an it is
given by

U=AAy — " Ay — wog W, 2.12)

Note that u has terms with charges (1, 0, —1) respectto (2.5).
Finally, we obtain that the unintegrated vertex operator sat-
isfying QV = 9U is

U=cV+yu 2.13)

Note that, in terms of the charges given by (2.5), the integrated
vertex V contains terms with less possible charges that the
terms in the unintegrated U. We will use this fact to start with
V in closed string case.

Consider the type II case. The world-sheet action and the
BRST charge are obtained by performing a similarity trans-
formation on the RNS system together with the free field

conjugate pairs (6%, py), @a, D) and (A%, wy), (A%, W)
Herea =1, ...16, (6%, 5‘1) are the N = 2 superspace coor-
dinates in ten dimensions. Recall that the RNS world-sheet
fields are the space-time coordinates X" and their supersym-
metry partners (¥, Jm) together with superreparametriza-
tion ghosts (b, ¢, B, y), (b, ¢, B, ). The action is given by
s (1 —om b= I
S=[dz EBXmBX + Ewmaw + Ewmaw
+bdc + bdc + iy + By

T b + Pyl + wedAY + waaKa) , 2.14)

where the unconstrained bosonic variables (w, A), (W, A)
are in untwisted case so that (1, w) have conformal weights
(4. 0) and (1, W) have conformal weights (0, 1). The BRST
charges are given by

0L = %dz (cT — bcdc + by? + J/GL) ;

G = Ady + " Ty + we36% + %(AymA)w’”,

Or = %dz (T — bede +b7* + 7Gr)

Gr = Ky + 7" T + T + 3 BT, Q15

where (T, T) are the stress-energy tensor components and
are given by

1 1 1 1
T=— T 1" —d86% = Ym0y = S e DA =~ A“ D
3 1
— e m = — 1o —
T:—Enmnm—dg@“—iwmawm
1l — 1l 3— 1_— _—
—EwaaAa—EKaawa—z,Bay—5y8ﬂ—2b8c+c8b,

(2.16)
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and

1 —n = | R
" =ax™ + z(eymae), I =3x™ + 5(9;/"39),
1 m 1 m
dot = Pa — E(V 9)aaxm - g(V 9)a(9)/m39),

— _ 1 — - 1 _
dg = pg — E(me)aaXm - g(VmQ)&(QVmwl
2.17)

The integrated vertex operator V for the massless states
can be obtained from the left-right product of V; ® Vg where
Vi, and Vg have the form of (2.6). The integrated vertex
becomes

V= [89”‘Aa+l'l’"Am+da W“—I—%N’”"an—w’" WOy W"‘] ®
[@a Ag+TT" Ap+dg W+ %N’”" Fon—" W Wa]
= 00%90° A+ 1" TT" Apn+deydg P+ N"" N S5y
AU wo ¥ WgUpn“* +00°TT" Agm
1" 36% Ay +060% dg Eq® +de 00 Eg®
190N Qmn +N™30% Qg +30% U " Tr Cona®
Y we 30° Cpg® + " dg Em®
+do " Ep® + 1N Quunp + NPT Qi
+ M"Y 05 Crn® + ¥ we T Copn®
+ dg N™" Dypn® + N™dgDypp®
+ dg " W Vin®® + " wodg Vin™®
+ NG PG Yonp® + 0P weN™" Yonp®. (2.18)

The superfields in V satisfy the constraint equations

D Aﬂ)&=—1/:}; Ama, DaAma+0mAsa=—Vm)ep Eﬁﬁ )

$2amn = %a[mAn]m

D Apyn = VigAnm. DaAum — dnAam = Vn)apEn®,
Snp = %8[,1A,,]m,

DwEp)® =~V En®. DoEn®+mEa™=—Vm)ap PP,
Dyn® = %a[m En]E,

D(a Q,B)mn :Voﬁt} ﬁpmn , Dy ﬁpmn _ap ﬁotmn Z()’p)aﬂ anﬂ s

1. ~
Spqmn = E 8[p Qq]mn s

(2.19)
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and

D(EAO,E) = yamEAOtWM DgAam — OnAsg = (Vm)aﬁEaﬂ7
~ 1

Qotmn = 5 8[m Aom] s

D(EAmB) = V;EAmn s

~ 1
anp = E 8[n Amp] s

DgAmn — O Ama = (Vn)EEEmﬁ,

D@Eg)® = yisEn®, DaEn® — dnEa" = (ym)gp P’
~ 1
DmnazialmEn]as

D(aﬁg)mn=)/a]%9pmn, DEmen_3p96n1n:(yp)§EDmnﬁs

1
Smnpg = za[qu]mn’

(2.20)
and finally

Cpg® + 0 Eg® = Cpp® + 0 Ep©
= V™ + 9y P°Y = Yo + 9 Dpp® =0,
Cone ™ +0m Ea®=Com™ +0m En* =V @40, PY¥ =Y,
+ 3 Dpp® =0,

Upn®® = 8,0, P°% = 0.
(2.21)

As in the open string case, the gauge-fixing conditions

amAmE = amAmn = 8mEma = amﬁmnp = 8mcmna =0,

3" Agm = 0" Apm = 3" Ep® = 3" Qupp = 3" Coun® =0,
(2.22)

help to set the integrated vertex operator V to be a primary
world-sheet field. That is,

_ V(z,z) 9V(z,2)
TY)V(z,2) > -2 T -2
- _ V(72 V(2
TMHV(z,2) = et 5.9 (2.23)

Our purpose is to prove that we have vertex operators satis-
fying the equations like (1.8), that is

QV =0W — W, QW =9U, QW =3aU. (2.24)

Given the integrated vertex operator V we first note that

owr(z,2)
y—2 '

wr(z,2)

GLOVED =

(2.25)




Eur. Phys. J. C (2025) 85:1287

Page 5 of 13 1287

5wR(Z, Z)
G-2

wgr(z,72)

GrOV (@D~ =5

(2.26)

where
wy = 00" (A Awg + V" Apig — wa Eg®)
+ 10" (A% Aam — V" Ay — wa En®)
+ds (A"‘Ea“ + Y Ep® — wy PO
(Aa amn 1# men - waﬁm"a)
+ 9" T (A Cona™ + " Can™ = wa V)

+N"
2.27)
wr=90% (—KEAO@+W"AM+E@EQE> G (KEAM

_En Amn - wﬁEma)

__E o —m o — pad

+dy (~AYEz® + " Ep® + wgP

+ N™" (Kagzﬁmn - Epgpmn - w&DmnE>

+" g (—R Cog® + ¥ Con” + T V™). (2.28)

Using these OPE’s, the BRST transformation of the inte-
grated vertex operator V becomes

QV =W — W, (2.29)
with
W==¢cV+ywg, W=—cV—yuwr. (2.30)

In order to obtain the relations in (2.24) we prove now that
QW =aU, QW =aU. (2.31)

Since GL(y)GL(z) > —T(2)/(y —2) and Gr(Y)Gr(2) —
—T/(y — z) we obtain

Vi(z, \%
G — —L8D 6wk ) — 8D,
(y—2) O-2)
(2.32)

To obtain QW and QW we also need G (y)wg(z,Z) and
Gr(Y)wr(z,7). They are

_ u(z,z)  ou(z,2)
Gr(y)wgr(z,2) — 0-2 -2
_ _ w(z,2)  ou(z,7)
_ — 2.
GrMwr(z,7) = 5-27 6-2° (2.33)

where
meEAmE
+ A"WgE,® + wa N Eg® + ¥ " Apn

+ I/fmeEma - wawm Ema -

U= —AA Ay + AU Agm —

WoWg P¥°. (2.34)
Note that wy, is a primary field of conformal weights ( %, 1)
and wg is a primary field of conformal weights (1, %).
Finally, applying the above formulae we obtain (2.31) with
the unintetegrated vertex operator being equal to
U=ccV+cywg —cywr + yyu. (2.35)

In this section we have constructed the vertex operators
that satisfy (2.24) for the type II superstring. In the next sec-

tion the same goal is reached for the case of the type IIB
superstring in AdSs x S background.

3 The AdSs x S° background case

We now consider the type IIB superstring in AdSs5 x S [9].
The world-sheet action is given by

1 1
=/d22 (211 T+ T + do T

-

- 1 - —
+dgJ* — gnaadadaﬁ- we VAY +wgVA
1 ..a l— _—a 1 a o o
SV TV ST = SV T ()

1— _ 1_
+§w£waﬂ<ygn>a“ - §Jg(wygw)

TP B R _
- g/ @+ N lably lab1~ g VY wa W (Yayp) ™

1
—6—4(wyaw)(wy“w)> +Sghostsv (3.1

where J = g~!dg are the left-invariant currents of the super-
algerbra PSU (2,2|4)/S0 (4, 1) x SO (5) which provides the
supercoset description of the AdSs x §° background [10].
The background geometry is obtained from the Ramond-
Ramond field strength P*# = —11®# and the non-vanishing
component of the Kalb-Ramond tensor B,g = 13 where
nag = O3y and 0 = (yivavsva)*P. We
can also define

v =00 vz v = 1nPP ()ap. (3.2)

The ten-dimensional vector index a is split into the vector
index a for Ad S5 and the vector index a’ for 7. The covariant

@ Springer
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derivatives in the action are defined by
_a_(xlﬂaba_ X7.,4__ .14 b7 a
VAY=9A +ZA V)" Jab, VYE=0YE+y=Jpe,

W
VAT =0A" 4 R ), VU = 09 g

3.3)
For the terms with NN we are using the notation Al2bc--]
Biabe..] = A Bype.. — AP~ B . The last term in

(3.1) Sghosts 1s the action of the RNS ghosts. The BRST
charge is given by Q = Q1 + Qg, where

oL =fdz (cT — bede + by? + yGL> ,

1
GrL=A%dy+Ya J*+wqy Ja-i—E(A)/QA)I//Q

1
—glﬂﬂ(wygw) (34
Or = 7{ dz (ET — bedc + by + VGR) ,
— _ = 1 . -
Gr =R'dg + ¥, J" + W] + 5 (Rya )™
l—u . _
— glp*(wygw), (3.5)

where the stress-energy tensor components are given by

1 1 1 1
=2 Jgd® = dy ] =5 wa VA =S AV =Yg VY

l a o o l a
+§¢7waj MVa) &+§J*(ngw) + TghOStS’

(3.6)
= l-— - 1_—% l-a=_ 11— ——=
T:—Engf— @ —EanA _EA Vwa—il/fngf

lu .
=3V el (ama® + 75 @ra®) + T ghosts:

3.7

where Tghosts and Tghosts are the contributions of the RNS
ghosts to the stress-energy tensor components and they are
equal to the respective contributions in flat spacetime. As
was shown in [9], the BRST charge is nilpotent and the BRST
currents holomorphic and anti-holomorphic respectively. We
now find the BRST transformations of the world-sheet fields
and then find the integrated and unintegrated vertex opera-
tors.

To construct vertex operators we use canonical commuta-
tionrelations. The conjugate pairs are (A, w), (A, w), W, ¥),

@ Springer

(¥, ¥)and the conjugate of the spacetime super coordinate

ZM is defined as (— DM Py = ﬁ and is equal to

(=DM Py = 3. ZVNEngEv® + 3, Z" By
_ 1 .
— Ep%dy, — Ey%dg + EQMah (Nab + Nab)
1 ap | w7a't 1 o.a
+ 5w (N + N7 ) 4 2 Ey v iy
1 w—a,
- EEMQWQ(VgUw)a

1
- gEMQ (wyaw) + @yaw)) (3-8)

and the canonical commutation relations are given by

[A%(0), wp(0)] = 838(0 — '), [A"(0). W5(0")]
= 5%5(0 —a),

[4(0), Y] = [F(0). P(o)] = nLs(o — o),

[ZM (o), Py (o] = 8M5(0 — o). (3.9)

Note that we can express dy, dg and d, = 3. Z¥ Ep, in
terms of canonical variables as

doy = (=DM EM Py + 95 ZY Buro

+ %Qa@ (N@ + ﬁ@) — %EQ(VQUE)%
dg = (=DM Eg™ Py + 95 ZM By

+ %Qa@ (N@ + ﬁ@) + %vfg(wnyg)a,
dy = (—DMEM Py — %QM (Nb—c + N@)

+ (3.10)

((wygw) + (WJ@W)) .

| —

Consider the integrated vertex operator. The most general
conformal weight (1, 1) has the form

V = JT" Agg + JET  Agy + dodz P
VYT Saped + A wp A W5 Ses"”
+ Y we T U™ + T T Aga
+ J9T A + 4 dzES" + dy T Eg®
+ S GG O + ¥ YT O
+ JYA T5005" + A%wpT" Oz
+ TP W Ca™ + Y we T Cag®
+ J24dzE," + dy T E,”
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+ TG Oupe + VW T Ot
+ JEA T5045" + AwpT* Oga®
TG B Cob” + Ywe T C
+ dﬂ%ﬁf@“ + Y 4yldz D
+doy A WD + A% wpdz Dy
+ do Y an""‘JrI/f Wed; V““
+ yiy A
+ A s U Sube® + VT W Ya™
+ Ylwa PP by, abe”

+ AW W Yae + Ylw A wﬁY "3

wﬂ abaﬂ

(3.11)

We now compute the action of y Gy and Y G g on the inte-
grated vertex V that are defined as

(fr)
(o)

where we use the commutators shown in the Appendix.

To compute (f yG L) V we proceed as follows. We first
note that the integrated vertex operator (3.11) can be written
as

= ?gda’[yGL(a’), Vo),

= %do/[VGR(J/), Vo)l (3.12)

= T Vg + TV, + dzVE + 302V,

+ A" wﬁV,,, + v g V,°, (3.13)

where

Va = —J%gg + J%Aug — dy E
+ YL Ogap + A%wp Ox®
Va=J%Agq + JPApy + dy E,*
+ YU Oupe + A%wp Oue” + Ylwo Cap®,
V= —JYE" 4+ JYES — dy P¥

+ YYD 4+ A%wp Do P — Y, V, 5,
Vab = J% Ouab + T Ocap + do Dap®

+ I//%//iSM + Ao‘wﬁS@aﬁ + wgwa?ﬂa,
VP = 1% 0us” + J%0us” + do D5

F YUY S + AwpSua?P + Ytwe Vg,
Vo™ = —JCaa® + J2Cpa” — do V™

+ YPY Y pen® + A%wpYaePY — Ylwa Up, ™.

- wiwa CQEO[ ’

(3.14)

Consider the first term in (3.13). We obtain

<f )/GL) ﬁVaIV ()/7a (A"‘Aaa+1//£A@—waEa"‘)> ,
(3.15)

provided that the background fields satisfy the equations

VieApa = _Va%g Agz,

VoAugz + VaAsz = —(Va)ap s

1 1
Oxe” = =2 (v*0)a” Ogup = 3 (Y™ ViaApz.  (3.16)
In the calculation of (3.15) the equations derived from (3.16)
just as in the flat space case. For example, acting with V,, one
obtains

1 1
VoBa’ = 507 Vyhoy = = 2(r)e’ ViaAp.  (3.17)

This equation was derived in [11] (see also [12,13] for a
discussion of the generic background geometry). The back-
ground field C,g” is given by other background fields as

1 1
Caa® = —V,Ez* + Enay Vi Agg + Z(Vg)aﬂAﬁa. (3.18)

A similar calculation can be done for the remaining terms
in (3.13). For the second term in (3.13) we obtain

(fy@) TV,

—v (ﬂ“ (A"‘ — P Ay, — waEQ“)), (3.19)

provided that the background fields satisfy the equations

b
ViaApra = VopAbas
VaAlLa - VQAozg = ()/g)aﬁEgﬁ,

1 1
Oua” = =5 (¥*)e’ Oue = 77" VipAca-  (3:20)
In the calculation of (3.19) the equations derived from (3.20)
justas in the flat space case. For example, acting with V,, one
obtains
p_ L1 sy U bey 5

VoEd" — En ViyAga = Z(y—)a VibAcla (3.21)
The background field Cyp*
fields as

is given by other background
1 - 1
Cap” = =VoEa" = 51" VyApa + Z(;@“ﬂAﬁg. (3.22)

@ Springer
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For the third term in (3.13) we obtain

(frofor

—v (ﬂa (A“E,F +YLE," — w, P“a)> . (323)

provided that the background fields satisfy the equations
VEp® = —VapEa®
\ EQE + VgEaOT = —(Va)op Pﬂ&y

_ 1 _ 1 _
D,P¥ = —E(y@)aﬂD@“ = Z(y@)aﬁva@“. (3.24)

In the calculation of (3.19) the equations derived from (3.20)
just as in the flat space case. For example, acting with V,, one
obtains

P -
Vo PP? = i VgEe™ = =2 (r*®)a"ViaEn®.  (3.25)

The background field ?QE" is given by other background
fields as

— 1 _ 1 _
Vo™ = =VaP" + S0V VyE, + Zygf’ Eg%.  (3.26)

For the fourth term in (3.13) we obtain

—a—b
<7§ VGL> v Vap
—a—b ~ L~ ~
=V (¥ F" (A" Ougp — ¥*Ocap — waDs") ) .
3.27)

provided that the background fields satisfy the equations

ViaOpyab = Vap Ocab,
Vu 6@ - Vgaa@ = (Vg)aﬁb\@ﬁ,

1 1 —~
Saba® = —5<y@>aﬂsw = Z(y@)aﬂvm%@. (3.28)

In the calculation of (3.27) the equations derived from (3.28)
just as in the flat space case. For example, acting with V,, one
obtains

N 1o~ 1 N
VoDu’ — Enﬁy V- Ouab = Z(y%)aﬂv@%@. (3.29)

The background field ?M“ is given by other background
fields as

—~ —~ 1 - —~ 1 —~
Yabe® = —VeDap® — §”ay Vo Ocab — Z(yg)“ﬁ Ogab-
(3.30)

@ Springer

For the fifth term in (3.13) we obtain

=

(% )/GL) KEEEV53=V (]/Kawg (Aa 50[53 — I//Q/O\ o

_wab\&EOl)) , (3.31)

provided that the background fields satisfy the equations

Vi 5/3)&’8 = 7/0%3 5@’3 ,
Vu 55&’3 - Vgaa&ﬂ = (yg)ctﬂ Bﬁﬁﬁa

- 1 - 1 ~
Sea™? = —5@@)&5@/3 = Z(y@)aﬂv[gogaﬂ. (3.32)

In the calculation of (3.31) the equations derived from (3.32)
just as in the flat space case. For example, acting with V,, one
obtains

~ 37 I o5 ~ 7 1 ~
Vo Da = 207 V30u” = 2(r*)a’ Via Opia”

5 J (3.33)

The background field ?@E"‘ is given by other background
fields as

- B G | o
Yo" = —V,Dg"* — En“”V?O@ﬂ + Z(Vg)aﬁ Opa”.
(3.34)

And finally for the sixth term in (3.13) we obtain

(f yGL> VgV

=V (v 7T (A*Caa™ + ¥2Ch" — wa V) ). (335)
provided that the background fields satisfy the equations

_~ — b —
ViaCap)® = ~VapCha”s
Voz Cbia + Vgé\gaa = _(Vg)aﬂ Vgﬂa,
- 1 1 _
Yau"¥ = _E(ybi)aﬁ Yoo = Z(ybi)aﬁ VisCela®.  (3.36)
In the calculation of (3.35) the equations derived from (3.36)

just as in the flat space case. For example, acting with V,, one
obtains

S 1 _
Vo VP — Enﬁy Vi Cuo® = _Z(y@)aﬁv@cﬂg“. (3.37)

The background field Ubl“& is given by other background
fields as

_ S _ 1 P
Upa®® = =V V%% + E”W VyCpa® + Z(yg)aﬁ Cup®.
(3.38)
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In summary, we have obtained

<¢. )’GL> V =0(ywy),

where

(3.39)

wp =T (A% Agg + ¥ Agg —
+ 7 (A" Aag = V2 Ap — waE")
+dg (A“ECF + Y4 E — wa P aa)
477" (A Ouat — ¥*Oa — i Dus”)
+ A"z (A“ Oua” = ¥ Ou” — wa 555“)

Wy E&a)

+ 9 (A Ca” + WECh" — waVa®™) . (3.40)
which resembles the result of the flat space-time background
case.

For the calculation of (§ y Gg) V, we proceed in a similar
way. That is, we recognize that the integrated vertex operator
(3.11) can be written as

V=V + IV + do VO + Yyt V

+ A%wg Vo + ytw, Vo, (3.41)
where
~ T —  —g—b ~
Vo = 701 o T JQAaa + dEEaa + ng”’Oa@
+ KE_E 60{63 + wﬂwﬁagaa s
V=T Aag + T Agp + dgEs™
—bh—c ~
+y- 1,”Coabc + A wﬁoaaﬁ + 1# wgC ab s
V — ] —I—ng 13 +EaPaE+WQJQ’D‘@a
B+ P,
= —

wb =1 Ozab + T Ocap + dzDap”
+ UV Sabed + A W5 Saa”
+ ngaY Lbca,

Vo? =T 0go® + T 04e” + dzDo™

J— _b o w73 —a__ —
+ I/fgllf’S@aﬂ + Kawﬁsa&ﬂﬂ + Wgwﬁygaﬂa,
Vga = 7EC@“ + 7éCb7aa + Eaf/‘a&a
+ VT Toea® + K 5T + P U™, (3.42)

Consider the first term in (3.41). We obtain
(§760) 1207 (7o (K" A7 AuswsE?))
(3.43)

provided that the background fields satisfy the equations

a

VaAyp = ygBAag,

V&Aag - VQAaE = (VQ)&BE(Xﬁv

~ = 1 T~ 1 =

Oua” = —§<y@>aﬂ Ouab = Z(y%aﬂvw\a@. (3.44)

In the calculation of (3.43) the equations derived from (3.44)
just as in the flat space case. For example, acting with Vg one
obtains

— 1 — 1 —
VzEq" + 577’”’3 Vy Agg = Z(y%ﬁ ViaAab)- (3.45)

The background field 6@5 is given by other background
fields as

~ 7 S R I
Caa” = VaEo™ + 1" Vy Aua + Z(;@“ﬂAag (3.46)

A similar calculation can be done for the remaining terms
in (3.41). For the second term in (3.41) we obtain

( yg e R) 74V, =V (wﬂ (KEA@ A — waEf)) ,
(3.47)

provided that the background fields satisfy the equations

b
V@Aup) = VazAab:
VaAgh — vbAaa = (1ggEd
~ 7 1 7
O’ = — (y”% Ouabe = Z(ybi)#v[g@. (3.48)

In the calculation of (3.47) the equations derived from (3.20)
just as in the flat space case. For example, acting with Vg one
obtains

— 1 — 1 —
VzE, + Enyﬂ V, Ay = Z(y@)aﬂ VibAae)- (3.49)

The background field Czp*
fields as

is given by other background
- = 1 = 1 =z
Cab™ = VbEa™ + 507"V Aab + Z(@)”‘Aaj. (3.50)

@ Springer
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For the third term in (3.41) we obtain

(fro)er

provided that the background fields satisfy the equations

a4 o
Vakp)" =vggEd"
VaEa" — VaEg® = (va)z5P*’.

~ 3 1 7 1 7
D = —EW@)#D@“ = Z(y@)aﬁv[gEbf. (3.52)

In the calculation of (3.47) the equations derived from (3.20)
just as in the flat space case. For example, acting with Vg one
obtains

z 1 3 1 7
VaP* + 0PV, B = 2 (y*)a Via By (3.53)

The background field V,%* is given by other background
fields as

— 1 = 1 =
Vgota _ VQPaot + EnyavyEga + _VgaﬂEEOt~

Z (3.54)

For the fourth term in (3.41) we obtain
( f VGR) VeV =V (70t (K Ogas — T Ocar
—EEDJ)) , (3.55)

provided that the background fields satisfy the equations

V@Opup = Vg Ocab;
VaOcap — VeOaab = (Ve)ggDav .

— 1 — 1 —
Sava® = —E(V%OTBSM = Z(yﬂ)aﬂv@om. (3.56)

In the calculation of (3.55) the equations derived from (3.56)
just as in the flat space case. For example, acting with Vg one
obtains

VaDa? + Enyﬂvy Ogab = Z(y@)aﬂv[godm. (3.57)

The background field Y,,.“ is given by other background
fields as

Yahco7 = Vc

S |
ap” + 51" Vy Ocap + Z(yg)“/3 OFap- (3.58)

@ Springer

For the fifth term in (3.41) we obtain

(% 7GR) AwgV,P =V (7A“wﬁ (Kaom,/S — U 044"

—wgpo,ﬁa)) , (3.59)

provided that the background fields satisfy the equations
vﬁogaﬁ - Vgoﬁaﬂ = (yg)aﬁDaﬂﬁa

Saa’ = =5 (v D)a Sane” = 7(*)a" Via Opra”. (3.60)
In the calculation of (3.59) the equations derived from (3.60)

just as in the flat space case. For example, acting with Vg one
obtains

S I 7
VaDol? + 2177V, Oga” = 2 (r*)a" ViaOpa”. (3.61)

The background field Ygaﬂa is given by other background
fields as

— — 1 1 —7
Ygaﬂa = VgDaﬂa + znyavy Ogaﬂ + Z(Vg)aﬂ Oﬁaﬂ-
(3.62)

And finally for the sixth term in (3.41) we obtain

_ S =(— — —b
(% VGR) Vhwy Vga =V (V Yhwy (_A Cgaa + wiclﬂa

+wﬁf‘”)) , (3.63)

provided that the background fields satisfy the equations
v 7C _ o __ Q C o

@%ap) T Vgpba
VaCoa® — VoCaz” = (1p)gpVa™.

-~ 7 1 ns 1 7
Y = — 5 V2)aP Yhed = i VP VRCaa®.  (3.64)
In the calculation of (3.35) the equations derived from (3.64)
just as in the flat space case. For example acting with Vg one
obtains

1

a1 5
VaVa"* + S0PV, Ca® = { (r*)a" Vi Cola®-

1 (3.65)

The background field U@"‘& is given by other background
fields as

_ -~ = 1 o 1 ap
Uap™™ = Vp Vo™ + =07V, Cpa™ + Z(yé)aﬁcﬁga'

o (3.66)

[\
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Then, we have obtained the following

(f VGR> V = 3d(ywg),

where

(3.67)

WR = Ja (—K Aa& +W£Aag +ngaa)

e (A Agg — PPAqy — waEf)

which again resembles the result of the flat space-time back-
ground case.

We have completed the calculation of § (yG +yYGgr) V
obtaining

yg (yGL+7Gr)V = d(ywr) +d(Fwr), (3.69)

where wy, is given in (3.40) and wg is given in (3.68).
It remains to determine § (CT + ET) V. Using the results
of [9] we check that

(7§ cT) V =3(cV), (% ET) V =3(cV) (3.70)
to finally obtain

QV =W — oW, (3.71)
where

W=¢cV+ywg, W=—cV—ywr, (3.72)

just like in the flat space-time case (2.30).

The last step in our construction is to determine the unin-
tegrated vertex operator, U, that satisfies
QW = 93U, QW =aU. (3.73)

Consider W. Using Since T and T act on world-sheet fields
creating a world-sheet derivative on it, we obtain

OW =3 (cZV + cFwg — cywy) + 72V

A

(3.74)

It will be shown that (¢ y G ) wg = dyu for some u which
will be given below and that (f YGg) wg = —¥V so that
the term 72V in (3.74) is canceled.

Consider (95 yGL) wg. It is useful to write wg as

wg = A (=% Agg + J%Auq — do 5
YAyl Ogap + A%wp Oge® — wﬁwac@“)
+ 7 (—J“Aag — TP Ay — do B
PP O — AW Oge? — YPwe CQ“)
+ g (J9Ea™ — JUES + do P
YYD LT — A%wpDPT + Yy \75“) . (3.75)

Using the equations for the background superfields and the
commutators of the appendix one obtains the following

(?g )/GL) wr = 3(yu),

where

(3.76)

U= —AR" Agg + AV Ay — VA" Agg + AN WgEo”

- waKa E&a

—b . —_ _ . —
+ YT Ay + VWFE” — wo ¥ Ed® — weWz P Y3.77)
which takes the same form as the flat spacetime background
case.

Consider now (55 vG R) wg. Using the form (3.68) and
using the equations of the backgound fields we obtain

(f VGR) wg = —yV.

Therefore, the unintegrated vertex operator U that satisfies
QW = 9U is given by

(3.78)

U=ccV+cywg —cywr + yyu, 3.79)
which has the form of the unintegrated vertex operator in flat
spacetime background (2.35).

4 Concluding remarks

In this paper, integrated and unintegrated vertex operators
have been constructed in flat spacetime and in the background
with the geometry of AdSs x S°. It would be interesting
to perform a similar construction in a generic background
geometry as it is done in [12,13] in the pure spinor formal-
ism. A more ambitious goals would be to study scattering

@ Springer
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amplitudes and to compactify superstrings as it is done in
[14,15] for pure spinor strings.
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A Commutators

In this section, we list the relevant equal world-sheet times
Poisson brackets used in the calculations done in the B-RNS-
GSS stype IIB superstring in a Ad S5 x S° background. Using
(3.9) we obtain (all commutators contain a §(o — o) factor
where is not shown explicitly)

1
ldoc. A7) =~ Quap (A2,

_ 1
(. AP) = — 1 Qaap My ™D — TP,

1 1
[da, AP] = ZQM(AW—CW - Z(mw)ﬁ

— 1
% AP = [T, AP = @ (‘ZQE@(AV@)‘S - w%af’) :

(7%, AP =17, Aﬂ]=—%n°‘a( l Qqap(AyeL )'3) (A.1)
ldy. 271 = — % Quab Ay P —FTuaP,

(@, K71 =~ Qaap Ry P,

(da, 371 = iﬂmmb—f)ﬁ ~ soam,

e K = (7 W) = (-%Qa@(x}/@)g> :

7% &) = 17 R = (—%Qa@ Ay e)f — P, )(A 2)
[do, wp] = %Qa@(y@w)ﬁ,

(@ wp1 = 3 Daan (v,

@ Springer
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1 bc
[dg, wgl = —Zﬂm(yfw)ﬁ,
= (1

[ wg] = [T, wg] = -n*® (ZQa@(V@w);‘,?) .

& — 1 = /1
[T, wg) = [J*, wg] = 51" (Zﬂa@(y@w)ﬁ) . (A3)

1
(o, 5] = 7 Qb (V2
— 1
ldz. W] = ; Qb (L)
_ 1 b
[da, wf] = _Zgaab(yfw)ﬁs
= (1

(1%, Wgl = [J*, Wy = (ZQ&@(V@W)F> :

& — 1 =1
[ﬁ,fg] = [Ja,wg] = —E'I‘m (ZQa@(V@w)E> ,

(A.4)
[da, Val = Quap¥?.
_ 1
4z Vol = Qaap¥® + 5 Wiyl
[dg, Ypl = —Qupc VS
—a 1 o 1

(7% Yal = 17", Yal = 50 (Q@wé+ 5<wm>a) ;
— 1
% val = U7 Vgl = =51 (Quar?) (A.5)

_ . 1
(ot Va = Laap ¥ = 5 (YarDa.
[337 Eg] = Q&@Eé»
[da. V) = —Qabe V'

— — — 1 - —
. Val = 0Vl = 50 (Rwar ")
1
3 0 ) (A6

o —b
oo (Qa@w7 _ 2

d
(U)BMﬁ(U/)W(S(U —a’)

T — P 1

[J 5 1[/1] = [Ja1 I/jg] - —577

[do (o). dg(0')] = E¢M

+ EgM(0") By (050 — o)
do

+ ((=0M00 2N oM o) Bun — 002 En®(v)ap

1

+Q(a/3)ydy + g)/fﬁ(wygw)> 8(c —a') (A7)
[do (0), dz(0")] = E™ (0) Byz (o’ )5 8(a —a’)

+ Eg™ (0)) Byt (0) 250 — o)

do
+ (=DM 2 B M) Bun + Qo dg
- 1 .
+9ua"d5 + 3 Ruab (vek+ N@)> 5(o — o) (A8)

[dz(0), dg(c")] = EaM(G)BMg(G’)%S(G —a’)

+ Eg" (o)) Buz(o) 5 - 8(0 —o)

+ (0" 2N E ag)BMN—aszEM%Q)@
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1
+Q(aﬁ)yd7 + gysﬁ(wm@)) §(o — o) (A9)

9
[da(0), dg(0)] = _EQM(O)BMQ(U’)W(S(G — o),
+ ((—1)NaazNEaMaQBMN — ()M Ny, ZN E,Mby Byn
~0: ZM EpP Qg — QuaPdp

- 1 p—
+Tga/3d3 - ETgaﬁwé(wnyb)E) 8o — o) (A.10)

ad
lda(@). dg(0")] = ~Eq™ (@) Bya(0) 5 —8(0 — o),
+ (=0Vor 2V Eg™aBun — (=DM Vo, 2N EM oz By
~0:ZM Ey2Qap — QP d5

1 _
+Tgaﬂdﬁ + ETg&ﬂ wé(yénﬁ)ﬁ) §(o —a') (A.11)

[da(0), dy(0')] = (a(, ZM BN oy Byar — 00 ZM Epr€Qap)e

| P
+5 Rabed (Nﬂ + Nﬂ)> 8o — o)

(A.12)
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