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Abstract This paper explores anisotropic spherical struc-
tures within metric f(R) gravity, where R is the Ricci
scalar, extending general relativity to include functions of
R modified gravitational effects. We analyze compact stars
using Finch—Skea solutions under the models; f(R) = R +
«R?, f = R+aR*(1+yR),and f = R+aR (/5 - 1) .
These models help us examine how gravity modifications
affect the internal structure and behavior of neutrons and
strange stars. We investigate material variables such as den-
sity, pressures, anisotropy, and forces (gravitational, hydro-
static, anisotropic) through graphical analysis. The physical
viability of the stellar models is assessed by evaluating energy
conditions (NEC, WEC, SEC, and DEC) and the equation of
state (EoS) parameter. We also examine the role of anisotropy
in stability and structure, comparing the results with general
relativity to highlight the implications of f(R) gravity on
compact stars. This study aims to enhance the understanding
of how modified gravity theories could impact the properties
of compact astrophysical objects.

1 Introduction

The basis of modern cosmology was established by general
relativity (GR). The physical aspects of the A-cold dark mat-
ter model exhibit different characteristics, such as fine-tuning
and cosmic coincidence. Still, overall they are consistent
with all cosmological scenarios [ 1-3]. Microwave radiations,
large-scale structures, supernovae Type Ia surveys, and the
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decreased energy flux through cosmic backgrounds in Red-
shift all show that the universe is expanding more quickly
than expected [4-6]. These results have indicated that this
intriguing and puzzling phenomenon is caused by the enig-
matic element known as dark energy (DE). These changes to
Einstein’s gravity have been proposed in a number of ways.
The work [7] suggested altering relativistic dynamics to solve
cosmic issues such as dark matter and quantum gravity.

The gravitational component of the GR action is the only
part of the generalized models that underwent modification
to construct the modified theories of gravity. The first obser-
vationally and theoretically possible scenario of our accel-
erated universe was proposed by Nojiri and Odintsov using
f(R) gravity [8]. Recent research by [9] has examined a
variety of cosmic issues, such as cosmic acceleration and
bouncing cosmology in the early and late times. According
to them, a number of intriguing cosmic scenarios might be
demonstrated by simulating extended gravity theories such
as f(R), f(T) (Torsion Scalar), and f(G) (Gauss-Bonnet
term).

The fundamental mechanism underlying many fascinat-
ing phenomena, such as phase transitions of distinct kinds
[10], pion condensation [11], the presence of both a solid
and a Minkowskian core [12-16], etc., is the investigation
of anisotropic effects on compact object matter structures.
For a static isotropic relativistic collapsing cylinder, all fea-
sible precise solutions may be expressed in terms of scalar
expressions, both in general relativity [17] and f(R) gravity
[18,19]. Sussman and Jaime [20] examined a group of atypi-
cal spherical solutions where a traceless anisotropic pressure
tensor was present to select a model where f(R) o vR. A
recent extension of f (R, T') gravity incorporating unimod-
ular constraints has been proposed by Rajabi and Nozari,
which may offer new insights into the field equations and
cosmological implications [21]. The stability of a growing
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Einstein universe was examined by Shabani and Ziaie in rela-
tion to the dynamical and computational consequences of a
particular f (R, T') gravity model. According to the work of
[22], which looked at a number of stable configurations of dif-
ferent anisotropic relativistic compact objects, different com-
pact star forms are likely maintained by extra curvature grav-
itational forces that come from gravity’s rainbow. Numerous
cosmological features were investigated in a framework of
anisotropic relativistic backgrounds by Sahoo et al. [23,24].

An intriguing mechanism known as gravitational collapse
(GC) allows star bodies to constantly drift nearer their centers
of mass. According to the singularity theorem [25], space-
time singularities might occur in the domain of Einstein’s
gravity in the act of enormous relativistic structures collaps-
ing. Several relativistic astrophysicists and gravitational the-
orists have expressed an avid curiosity about studying the
final stellar phase. In this regard, many publications [26—29]
investigated the GC issue using a few possible matter and
geometry configurations. Regarding collapsing star interiors
and black holes, various outcomes have been obtained in the
scientific literature under the f (R) gravity framework [30—
33].

By applying a perturbation technique to evaluate disper-
sion expressions, Capozziello et al. [34,35] examined the
gravitational collapse of non-interacting particles and dis-
covered an unstable zone within the collapsing object at
specific boundaries. Cembranos et al. [36] examined the
large-scale evolution of nonstatic inhomogeneous gravita-
tional resources in various f(R) gravity models. Huge stellar
objects with lower radii than GR will probably be found under
modified gravity theories [37-39]. Considering a spherically
symmetric spacetime with a scalar GC, Guo, and Joshi [40]
deduced that black hole structures might arise from a rela-
tivistic sphere under intense source field conditions.

Itis possible to think of the idea of energy conditions (ECs)
as a workable strategy for comprehending the well-known
singularity theorem. Viability constraints derived from ECs
were obtained by Santos et al. [41] using a general f(R)
formalism. Several potential f(R) gravity models may be
restricted by the way they work. After evaluating ECs for
f(R) gravity, Shiravand et al. [41] were able to extract cer-
tain stability limits regarding Dolgov—Kawasaki instability.
They discovered unique phases for afew f(R) parameter val-
ues, within which the theory would meet WECs. This work’s
primary objective is to examine the role that anisotropic
pressure and f(R) models play in simulating actual com-
pact star formations. We examine a wide range of struc-
tural aspects for three distinct stellar structure observational
data sets, including energy conditions, stability, pressure dis-
tributions, anisotropic density, the Tolman—Oppenheimer—
Volkoff (TOV) equation, and the EOS parameters.

The structure of the paper is outlined as follows: in the
next section, we provide a concise review of f(R) gravity
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for anisotropic matter distributions in static spherical geom-
etry. Section 3 discusses the anisotropic distribution of mat-
ter in f(R) gravity, while Sect. 4 focuses on complementing
Schwarzschild s external metric. Various f(R) gravity mod-
els are explored in Sect. 5. In Sect. 6, we analyze the physical
features of these models, including the viability of three key
star formation scenarios. The paper concludes with a sum-
mary of our main findings.

2 f(R) gravity

An extension of the conventional Einstein—Hilbert action
employed in general relativity is utilized to formulate the
action in modified f(R) gravity theories. These theories use
a function that is a Ricci scalar, represented as f(R), rather
than the Ricci scalar R alone. The action can be expressed
as follows:

I= / d*x/=g[f(R) + L] (1)

The expression is the mathematical framework of mod-
ified gravity theories of how several key components that
work together to describe the basic quantitative relations
between spacetime and matter behave. Here /—g is the
negative square-root of determinant of metric tensor g,,. A
generalized gravity function, f(R), is used, which describes
generic gravitational dynamics beyond the familiar range of
general relativity, giving it the freedom to exhibit more and
more complicated behaviors. £,, contains all the matter and
energy included in the universe, the interactions among them,
and the contribution of all these to the understanding of full
gravitational dynamics.

This action encapsulates the essence of modified gravity
theories by providing a mechanism to alter the fundamental
interactions of gravity without strictly adhering to the linear
dependence on R as in general relativity.

Modified f(R) gravity field equations

Variation of the action according to the metric tensor g,
allows one to obtain the field equations governing spacetime
dynamics in modified f(R) gravity. This change results in
the following modified Einstein equations:

1
SRRy — Eguvf(R) + (g/wD - Vuvv) SrR=Tw (2)
where fgr(R) is the derivative w.r.t. Ricci scalar, R, as

frR = %, which further adds scalar degrees of free-
dom. The Ricci curvature tensor R, measures spacetime



Eur. Phys. J. C (2025) 85:253

Page3 of 13 253

curvature caused by matter and energy. The d’ Alembertian
[0 = V¥V, a covariant derivative to make curvature good
depends on spacetime. The energy momentum tensor, or 7},
characterizes the matter and energy distribution in spacetime.

The terms involving fg and its derivatives introduce cor-
rections to the usual Einstein field equations, resulting in
modified dynamics. Without the necessity for a cosmologi-
cal constant, these changes may result in phenomena like the
cosmos expanding more quickly.

Tensor of energy—-momentum for a fluid

The tensor of energy—momentum 7),,, which shows how
matter and energy affect spacetime’s curvature, is a crucial
part of the field equations. The general expression for the
fluid’s energy—momentum tensor is as follows:

T =+ PHUU, — Prguy + (P — POV, V, 3

where each term plays a distinctrole in describing the system.
The energy density p represents the amount of energy per unit
volume as measured in the fluid’s rest frame. The radial pres-
sure P, acts along the radial direction, while the tangential
pressure P; acts perpendicular to it. The four-velocity U,
describes the motion of the fluid and satisfies the normaliza-
tion condition U, U"* = 1, ensuring proper relativistic behav-
ior. The metric tensor g,, encodes the geometry of space-
time, while the radial unit vector V,,, with V,,V# = —1, is
used to describe anisotropic contributions in the radial direc-
tion.

This formulation of the tensor of energy—momentum mat-
ter distribution allows for a more general description of flu-
ids, including cases where pressures differ in different spatial
directions. This is particularly useful in modeling astrophysi-
cal objects like anisotropic stars or considering cosmological
models where anisotropic stress may play a role.

Section 3 builds upon the formalism established in Sect. 2
by applying the modified field equations to a spherically sym-
metric anisotropic matter configuration. The analysis focuses
on how these equations affect the internal structure of com-
pact stars, where the presence of anisotropy characterized by
differences in radial and tangential pressures plays a criti-
cal role. Solving the equations in this context yields explicit
expressions for the energy density, radial pressure, and tan-
gential pressure. These quantities, determined by the specific
form of f(R) and its derivatives, provide insight into how
the behavior of matter within dense astrophysical objects is
influenced by the modified gravity framework. Subsequent
sections further extend this analysis by exploring additional
physical scenarios and implications of f(R) gravity.

3 Anisotropic distribution of matter in f(R) gravity

Understanding how gravity variations can impact the stabil-
ity and internal structure of compact stars is possible through
the examination of anisotropic matter distributions in these
objects under f (R) gravity. For spherically symmetric geom-
etry, the line element is provided by:

ds® = e Vdr®> — D ar? — r2(do? + r’sin> 0 dp?), (4)

where the gravitational potential is described in the radial and
time frame directions by the metric functions ¢ and %"
correspondingly. The modeling of stellar compact objects
using Finch—Skea solutions has gained a lot of interest in
recent years due to their non-singular behavior. The Finch—
Skea metric functions are defined in [42] as:

1 2
e = (A + 5BV Cr2> , Q)

which represents the gravitational potential in the temporal
component, and

L =14 cr?, (6)

corresponding to the spatial curvature influenced by the mat-
ter distribution. The Finch—Skea spacetime is a well-regarded
interior solution of Einstein s field equations, originally
developed to model static, spherically symmetric stellar con-
figurations with anisotropic matter distributions. It has found
extensive applications in modeling compact stars, including
neutron stars, due to its physically realistic properties such as
regularity at the center, positive-definite pressure, and density
profiles that decrease monotonically towards the boundary.
One of the key reasons for employing the Finch—Skea metric
in the context of compact stars is its adaptability to both rel-
ativistic and modified gravity theories, including f(R) grav-
ity. The metric exhibits properties that align well with the
requirements of modified theories, allowing for the explo-
ration of deviations from standard general relativity while
maintaining physically acceptable stellar models. Specifi-
cally, the Finch—Skea spacetime enables the analytical treat-
ment of the modified field equations, providing insights into
the effects of curvature corrections and higher-order terms
inherent in f(R) gravity. Moreover, the use of Finch—-Skea
geometry allows for the imposition of realistic boundary con-
ditions at the stellar surface, which is crucial in determining
the stability and equilibrium of the stellar configuration. Its
simplicity, combined with its physical relevance, makes it
an ideal candidate for investigating the anisotropic nature of
compact stars and their behavior under gravitational modifi-
cations.

@ Springer
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In the present study, the Finch—Skea spacetime has been
chosen to explore the effects of f(R) gravity corrections on
the internal structure and stability of compact stellar objects.
By employing this metric, we aim to provide a comprehen-
sive analysis of the equilibrium configurations and energy
conditions that govern such systems, offering new insights
into the behavior of self-gravitating objects within the frame-
work of modified gravity theories.

The constants A, B, and C are found by applying bound-
ary constraints, like comparing the interior solutions to an
external vacuum solution, like the Schwarzschild metric at
the star’s surface.

These metric functions are combined with the modified
field equations from Sect. 2 to produce formulae for the tan-
gential pressure ( P;), radial pressure ( P,), and energy density

(p):

—a

e
p= 2r2
X (rza/fl’e +2frrd + f(—=r?e®) + frrie®R
2 fre" =27 f —drfy = 2fr) )
e—ll
Fr=- 2r2
X (—ZfR +2e% fr — e"er2 + e“erzR
—2fprb —Arfl — 2/ f,g) : ®)
e—a
Pl‘ =
4r

x (2 Frrb” — frrba +2rb f + frrb®
+2frb —2rd’ fr — 2 fra’

+2rfe” —2rfre’ R +4rfg +4f%). 9)
The Ricci scalar, R, for this metric is given by:
—b
R = ;—2 (4 — 4’ +r%a? — 4rb' +rd (4 — rb/)+2r2a”> .
r

Here, the prime symbol (') denotes differentiation with
respect to the radial coordinate r. The curvature terms and
their changes from f(R) gravity affect the distribution of
energy and pressure within the star, as shown by these expres-
sions for p, P., and P,. The radial and tangential pressures
in anisotropic models are not equal (P, # P;), which results
in a pressure anisotropy that is defined by the difference
P; — P.. In contrast to general relativity’s isotropic models,
this anisotropy may have a substantial impact on the star’s
stability and structure, altering its equilibrium and possibly
producing distinct physical results.

The dependence of these quantities on fx and its deriva-
tives reflects the broader dynamics introduced by f (R) grav-
ity, including possible deviations from the predictions of gen-
eral relativity. These deviations can manifest in various astro-
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physical phenomena, such as the potential for greater com-
pactness, altered mass-radius relations, and different stabil-
ity criteria for the star. Investigating these effects is essential
to comprehending the entire spectrum of potential compact
object behaviors under altered hypotheses of gravity.
Overall, the modified field equations derived earlier are
thoroughly applied to a physically relevant astrophysical sce-
nario, highlighting how changes in gravity affect the interior
structure of anisotropic compact stars. This analysis plays
a crucial role in understanding the theoretical consequences
and potential observational signatures of f(R) gravity, par-
ticularly concerning star evolution and internal dynamics.

4 Complementing Schwarzschild’s external metric

To understand the transition from the interior metric of a
spherically symmetric body to the exterior region, we need
to match it to the Schwarzschild exterior metric. This match-
ing process ensures that the metric is continuous across the
boundary of the object, typically a star or planet, and that the
spacetime is smooth and well-behaved.

According to the Schwarzschild metric, the exterior solu-
tion is the spacetime outside of a spherically symmetric, non-
rotating, uncharged mass:

oM oM\ !
ds* = <1 - —)dtz— <1——>
r r

xdr? — 12 <d92 +sin26 d(pz) (10)

M is the total mass of the object in the gravitational fields, and
in celestial objects just is G = ¢ = 1. r stands for the radial
distance from the object’s center point. The rest coordinates
of T for time measurement and then 6 and ¢ for angular
coordinates to specify positions on three-dimensional space.

To ensure a consistent stellar model, we consider a three-
dimensional hypersurface X that separates the system into
interior and exterior regions. The interior is described by the
Finch—Skea spacetime, and the continuity of the structural
variables, i.e., g;; (fori = 1, 2), and the derivative dg;;/or
across the hypersurface r = R, provides essential junction
conditions. These junction conditions provide a system of
equations that, when solved simultaneously, determine the
constants A, B, and C. This smooth transition ensures the
physical validity of the stellar model under f(R) gravity.

1. The parameter A is established as follows:

2R —5M
A= ——— (11)
2v/RVR —2M

This parameter involves both the radius R and the mass M
and is related to the gravitational potential near the surface
of the object.
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2. The parameter B is established as follows:

M

V7 VR —2M

V2 R2
This expression combines terms involving the radius R, mass
M, and a term m, which may represent an interior mass dis-
tribution parameter. This term ensures the proper scaling of
the metric components inside and at the boundary.

3. The parameter C is established as follows:
2M

C=——F——

RZ(R —2M)

B =

12)

(13)

This parameter represents the effect of the mass M on the
curvature of space at the surface radius R. It plays a crucial
role in ensuring the continuity of the radial component of the
metric across the boundary.

The correct matching of these parameters guarantees that
both the interior and exterior solutions describe a single,
coherent spacetime geometry. This is important in general
relativity, as it allows for a realistic description of the gravita-
tional field around astrophysical objects. The Schwarzschild
solution thus serves as the canonical exterior solution for
such spherically symmetric mass distributions.

5 Different models

This section will review some of the viable models for study-
ing several properties of compact stars, including mass and
energy conditions.

5.1 Model 1

Let’s consider a model defined by a power-law dependence of
the Ricci scalar, as discussed in [45], with « being a constant.
Starobinsky originally proposed this model to illustrate the
exponential growth of the universe’s expansion during its
early stages. In numerous studies, this specific formulation
of the Ricci scalar is considered a plausible candidate for
dark energy. Einstein’s general theory of relativity is reached
by the model at the limit when f(R) — R.

f=R+aR? (14)
in which « is an arbitrary constant and R is the Ricci scalar.
We can recover G.R for setting « equal to zero.

5.2 Model 2

We then consider the exponential gravity model based on the
Ricci scalar, as outlined in [46], where the constants « and
y (model parameters) are introduced. These types of models
have been thoroughly examined in cosmological contexts, as

mentioned in [47]. Investigating this model provides a valu-
able framework for exploring the late-time acceleration of
the universe while also being consistent with eras dominated
bmatter,

f=R+ar (e R 1) (1)

in which « and y are the two arbitrary constants.

5.3 Model 3

One might find it interesting to examine f(R) adjustments
of the type in which « and y are independent constants. This
model is particularly interesting because of the constraint
¥ R ~ O(1), which enables a comparison between the anal-
ysis of a quadratic Ricci term and that of cubic Ricci scalar
corrections,

f=R+aR*(1+yR) (16)

in which the arbitrary constants are « and y.

In our study, we adopted parameter values « = 0.03,
B = 0.3, and y = 0.5 for the f(R) gravity models. These
values were selected to ensure the physical consistency of
our compact star models while adhering to observational
and experimental constraints. Small values of «, such as
a = 0.03, are consistent with solar system experiments,
including perihelion precession, light deflection, and radar
echo delays, which place stringent bounds on deviations
from general relativity in weak-field regimes. The parameter
y = 0.5, governing the exponential correction in Model 2,
ensures smooth suppression of high curvature effects with-
out violating energy conditions or causing instabilities. In
Model 3, the term (1 4 y R) introduces higher-order curva-
ture corrections, with 8 = 0.3 chosen to limit the correc-
tion strength and maintain consistency with known physical
behaviors. These parameter values are also tuned to ensure
stability, avoid ghost instabilities, and satisfy energy condi-
tions across all models. By keeping the parameters within
ranges supported by solar system and cosmological obser-
vations, our models maintain compatibility with well-tested
regimes of general relativity while effectively capturing the
behavior of compact stars under modified f(R) gravity.

From this model, we derive p, P,, and P; using Egs. (7-9),
we verify the different features of compact stars as shown in
Table 1. Each of these elements will be discussed separately
in the next section.

6 Physical features of models of f(R) gravity
Several established and feasible f(R) gravity models are

examined in this section to characterize the physical envi-
ronments present in compact stellar interiors. Three distinct

@ Springer



253 Page6of 13

Eur. Phys. J. C (2025) 85:253

Table 1 Approximate values for the mass M, radius R, and constants A, B, and C of the compact stars Her X-1, SAX J1808.4-3658, and 4U

1820-30

Star type Mass (M) Radius (km) A B C

Her X-1 0.88M, [43] 7.7 [43] 0.711777 0.0376399 0.00853473
SAX J1808.4-3658 1.44M¢ [43] 7.07 [43] 0.398243 0.0546892 0.0297602
4U 1820-30 2.25M¢ [44] 10.0 [44] 0.293278 0.0407431 0.0197619

f (R) models are used to investigate the evolution of pressure,
energy density, the Tolman—Oppenheimer—Volkoff (TOV)
equation, the equation of state parameter, and the energy
conditions for three particular stars. With masses of 0.88 M,
1.435M, and 2.25 M, respectively, the studied stellar con-
figurations are Her X-1, SAX J1808.4-3658, and 4U 1820-30.
Using the f(R) models given in Egs. (7-9), we investigate
the stability features of compact stellar structures and deter-
mine p, py, and p;, from which these values can be derived.
After that, we will create various plots to examine how these
stellar interiors behave. The designations CS1, CS2, and CS3
are assigned to Her X-1, SAX J1808.4-3658, and 4U 1820-
30, respectively, as shown in these diagrams.

It is commonly accepted for defining quark structures
composed of strange quark matter, known as strange com-
pact stars. Theoretical evidence is large that quark stars might
be forms of the neutron star remnants [48] or as a result of
intense supernova explosions. Additionally, such structures
may have actually come about in the beginning epochs of the
universe, soon after the Big Bang [49]. However, the final
act of stellar evolution, whether they are blackholes, neutron
stars, or white dwarfs, is determined by their initial mass.
Compact stars, which consist of these objects combined, are
collectively known as compact stars. In the framework of a
static, spherically symmetric relativistic structure that inter-
acts with an ideal matter distribution, we formulate the upper
bound on the mass to radius ratio in terms of ZTM < g. Sucha
relationship, called the Buchdahl-Bondi bound [26,50,51],
has engendered much interest in relativistic astrophysicists
studying compact objects. We perform an analysis of radial
and transverse sound speeds in this paper. In addition, we
will take into account the impacts of gravitational, hydro-
static, and anisotropic forces in potential modeling of com-
pact stars in order to examine equilibrium circumstances.
Furthermore, in order to investigate equilibrium conditions,
we will consider the effects of gravitational, hydrostatic, and
anisotropic forces in the potential modeling of compact stars.

6.1 Evolutions of pressure and energy density

The strange star candidates Her X-1, SAX J 1808.43658
(SS1), and 4U 1820-30 have density plots of p increasing
as R — 0, as seen in Fig. 1. Essentially, the p is comparable
to the reducing function of r; that is, as r rises, p falls. This
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implies a very compact core of the star, validating the viabil-
ity of our theories in f(R) under study for the outer region
of the core.

Likewise, the two other panels in Figs. 2 and 3 illustrate the
fluctuation of the anisotropic traverser and radial pressures,
pr and py.

Differential derivatives of density, radial pressure, and
transverse pressure are shown in Figs. 4, 5 and 6. For all three
models and strange compact stars, we observe that 0 > Z—‘r’,

0> 9 and0 > %. When » = 0, we obtain,

dr >
d,
0=
dr
dp,
0=
dr

As expected, we have a maximum density for minuscule r
(star core density p(0) = p.), as these are decreasing func-
tions.

6.2 Energy conditions

The Raychaudhuri expansion equation [52] provides the
generic form of the energy conditions. These circumstances
lead one to conclude that gravity’s attracting character and
positive energy density prevent it from flowing faster than the
speed of light. Reference [53] provides a thorough discussion
of the strong energy conditions (SEC) and null energy con-
ditions (NEC).

e NEC (Null Energy Condition): pmat + prad = 0, Omat +
Pran =0

e WEC (Weak Energy Condition): pmat > 0, praq > 0,
DPtan = 0

e SEC (Strong Energy Condition): pmat+ Prad = 0, Pmat+
Pran = 0, Pmat + Prad + 2Ptan = 0

e DEC (Dominant Energy Condition): pmat > |Pradls

Pmat = | Pran|

Our viable models have been shown to satisfy any of these
energy constraints for compact stars, as shown graphically
in Figs. 7, 8 and 9.
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Fig. 1 Density evolution for three different models of strange star can-
didates (Her X-1, SAX J1808.4-3658, and 4U 1820-30) under modified
f(R) gravity. The impact of parameter choices (¢ = 0.03, § = 0.3,

Model 1
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Model 2
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o2 4

and y = 0.5) on the density profiles is demonstrated, ensuring the
satisfaction of energy conditions and stability criteria across all models

— CS1
— CS2
—— CS3

a
6 8 10

Fig. 2 Evolution of radial pressure for three different models of strange star candidates (Her X-1, SAX J1808.4-3658, and 4U 1820-30) under
modified f(R) gravity. The effects of parameter choices (o = 0.03, § = 0.3, and y = 0.5) on the radial pressure profiles are shown
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Fig. 3 Evolution of transverse pressure for three different models of strange star candidates (Her X-1, SAX J1808.4-3658, and 4U 1820-30) under
modified f(R) gravity. The effects of parameter choices (o« = 0.03, 8 = 0.3, and y = 0.5) on the transverse pressure profiles are demonstrated
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Fig. 4 Evolution of % for three different models of strange star candidates (Her X-1, SAX J1808.4-3658, and 4U 1820-30) under modified f(R)

gravity as r increases. The effects of parameter choices (@ = 0.03, § = 0.3, and y = 0.5) are shown
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6.3 Tolman—Oppenheimer—Volkoff (TOV) equation

Equation (7) provides a Tolman—Oppenheimer—Volkoff (TOV)
equation for a spherically symmetric anisotropic stellar inte-
rior. The first metric coefficient of the line element contains
the function whose radial derivative is assigned to the term
a. a is in general related to the scalar component of the four

These definitions are used in Fig.10 to show how the

forces behave for three compact stars at the beginning of

accelerations (a? = aVP) of anisotropic fluid.

The term on the right side of Equation (22) can be recast as
its hydrostatic (F},), anisotropic (F), and gravitational (F)
components. These forces’ values are obtained as follows for
the anisotropic spherical matter distribution:

@ Springer

_BVCr(P+p)  dP:
A+ 3ByJ/Cr2  dr r

2(Pr_Pt) _

hydrostatic equilibrium. We go further in our analysis with
these graphs and extend it to other f(R) gravity models.
Fig 10 shows the variations from Model 1 in the left panel,
Model 2 in the middle panel, and their corresponding varia-
tions of principal forces for Model 3 in the right panel.

0 (17)
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Fig. 9 Energy conditions for strange star candidates under Model 3 of modified f(R) gravity, demonstrating the impact of parameter choices

a=0.03,8=03,andy =0.5

Additionally, it can be expressed as hydrostatic, anisotropic,
and gravitational forces.

Fo+F,+ F, =0, (18)
which produces

__B\/Er(Pr+,0)
¢ A+1Ber?’
_ 2(pr —p1) dpr

th:_

F,
4 r dr

As shown in Fig. 10, we use these concepts to plot for 3
strange compact stars.

where the radial coordinate « affects the gravitational
force (Fy), hydrostatic force (F},), and anisotropic force (F).
The plots of Models 1, 2, and 3 are on the left, middle, and
right, respectively.

6.4 Analysis of stability

Here, we assess the stability of our stellar models using Her-
rera’s [54] method, which is predicated on the notion of
cracking (or overturning). The closed interval [0, 1] must
contain both the squared transverse sound speed vZ, and the
squared radial sound speed vZ,.. Here, the transverse sound
speed is indicated by vy, and the radial sound speed is repre-
sented by vy,

The system needs to meet the criterion v2, > v2, in order
to be dynamically stable. For all three kinds of weird stars,
the evolution of the transverse and radial sound velocity has
been found to stay inside the stability constraints in some
areas. All of our star configurations (in the framework of the
f(R) models) meet this restriction, as illustrated in Fig. 11.

We therefore draw the conclusion that, under this theo-
retical framework, all of our suggested models are stable.
Sharif and Yousaf [55], who used a different mathematical

approach to analyze compact star objects, have achieved sim-
ilar results.

d pr )

d,O = Vg
and

dpi _ o

d,O st

Both the transverse and radial speeds must adhere to the cri-
terion for stability. At least 0 < vszr <land0 < vs2, <1
As illustrated in Figs. 11 and 12, the radial and transversal
speed of sound evolutions for all three categories of odd star
candidates are within the investigated stability bounds.
Similarly, Fig. 13 shows that
0<v? —vi|l<1
Thus, in f(R) gravity models, stability is achieved for com-
pact stars.

6.5 EoS parameter

The state of matter under particular physical conditions is
described by the equation of state (EoS) parameter, a dimen-
sionless variable. Usually falling inside the open interval
(0, 1), this parameter indicates a cosmic epoch dominated
by radiation. One definition of the EoS for an anisotropic
relativistic interior is as follows:

The graphic representation of w, for our compact struc-
tures can be found in Fig. 14. Every compact structure that is
being considered exhibits a similar trend for w,. The criterion
0 < w, < lis satisfied for compact objects with a maximum
radius of about r ~ (< 7) (CS Radius), but the constraint
0 < wy < 1is valid for any higher value of r. In the vicinity
of the core region, this suggests that w; > 1. The spherically
symmetric self-gravitating system is located at the matching

@ Springer
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Fig. 12 Variation of the transverse sound speed vxzt for strange star candidates under modified f(R) gravity, demonstrating the effects of parameter

choices ¢ = 0.03, 8 =0.3,and y = 0.5

hypersurfaces within a radiation window. It follows that the
inside of our relativistic bodies is compact.

Pr = Wy p

Pt = wtpP.

For example, 0 < w, < 1 and 0 < w; < 1 are examples of
limitations. Figures 14 and 15 provide a graphic representa-
tion of the behavior of w, and wy.

In which we can see that 0 < w, < land 0 < w; < 1
which suggests that the matter content is usual real matter.

Model 2

2 2
~Ver

Vst

0.10F
0.05E
0.00F
-0.05F
-0.10

—04F

Fig. 13 Variation of v2, — v2,
B =0.3,and y =0.5
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6.6 The anisotropy measurement

We evaluate the level of anisotropy in relativistic interior
modeling in this section. The anisotropy in a stellar system
can be quantified using the following formula:

€ is directly connected to the difference p;, — p,. The
anisotropic pressure is directed outward when € is positive,
meaning that p; > p,. On the other hand, if it € is negative,
the pressure is directed inside. Our systems’ anisotropy fac-
tor, which we calculated, was € > 0, showing that p; > p,.
Figure 16 illustrates these findings.

2
A= ;(Pt —rr) (19)
Model 3
— cs1 Vi
— Ccs2 005
0.00

—— CS3 3
-0.05

for strange star candidates under modified f(R) gravity, demonstrating the effects of parameter choices « = 0.03,
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Fig. 14 Variation of the radial equation of state (EoS) parameter with respect to the radial coordinate for strange star candidates under modified
f(R) gravity, demonstrating the effects of parameter choices « = 0.03, 8 = 0.3, and y = 0.5
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Fig. 15 Variation of the transverse equation of state (EoS) parameter with respect to the radial coordinate for strange star candidates under modified
f(R) gravity, demonstrating the effects of parameter choices « = 0.03, 8 = 0.3,and y = 0.5
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Fig. 16 Variation of the anisotropic measure A with respect to the radial coordinate for strange star candidates under modified f(R) gravity,
demonstrating the effects of parameter choices « = 0.03, 8 = 0.3, and y = 0.5

Plotting the anisotropy yields A > 0,1i.e., p; > p,,indicating
that the anisotropy measure is outward directed. Figure 16
displays these plots.

7 Summary

This paper aims to investigate the physical properties of
spherically symmetric compact stars in the framework of
f(R) metric gravity. By matching the interior solutions with a
suitable exterior solution at the boundary surface, the Krori-
Barua solutions explain the metric functions of a spherically
symmetric star, and the arbitrary constants are determined. It
is possible to explain these random constants in terms of the
mass and radius of any compact star. Utilizing observational
data from three distinct star models and three physically plau-
sible f(R) gravity models, we investigate the impact of the
additional degrees of freedom introduced by f(R) gravity.
By altering the parameters of the stellar and gravity models,
we plot the material variables, including anisotropic stresses
and energy density, as functions of radial distance.

We show that the energy density declines with increasing
star radius, indicating a maximally dense arrangement in the
stellar interior. Both tangential and radial pressure evolution

show a similar pattern. Except for the tangential pressure
derivative in the compact star Her X-1, which remains pos-
itive until R = 4.8 before going negative, it is found that
for each of the three models, the radial derivatives of these
material variables decrease with increasing radius. Notably,
the first derivatives of these material variables vanishatr = 0
for every compact star that is part of the analysis.

The analysis confirms that our spherically symmetric
anisotropic systems satisfy the weak, null, strong, and dom-
inant energy criteria, thus validating the physical validity of
these compact stars under the influence of the extra degrees of
freedom provided by fourth-order gravity. Our findings fur-
ther demonstrate the collapsing character of these relativis-
tic star formations by demonstrating that gravitational forces
outweigh the corresponding repulsive forces. It is known that
if the radial and tangential sound velocity stay within the
range [0, 1], then the stellar system is stable against pertur-
bations. It was discovered, meanwhile, that the compact star
Her X-1 does not uphold this criterion under the second grav-
ity model. However, while the tangential sound speed vt2 is
greater than the radial sound speed vr2, Fig. 11 shows that all
of the stellar models are stable. Furthermore, the anisotropy
parameter stays positive and the equation of state parame-
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ter for all compact stars falls inside the range (0, 1), both of
which are necessary for actual stellar configurations.

It is important to note that the limitations of this study arise
from the specific assumptions and conditions imposed by
the chosen f(R) gravity models and Finch—Skea spacetime.
Similar studies on charged compact stars in f(G) gravity
have demonstrated the sensitivity of structural properties to
modifications in the gravitational action [56]. Furthermore,
the existence of anisotropic self-gravitating systems under
different f(R) models has shown that anisotropy plays a
crucial role in determining the stability and physical behav-
ior of compact stars [57]. Additionally, the incorporation of a
variable cosmological constant in f (R, T') gravity provides
further insights into how modified gravity theories can influ-
ence the internal structure and equation of state of compact
stars [58].
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