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A multi-product formula (MPF) is a promising approach for Hamiltonian
simulation efficient both in the system size N and the inverse allowable error
1/ε by combining Trotterization and linear combination of unitaries (LCU).
The efficiency in 1/ε comes from the Richardson extrapolation with the well-
conditioned coefficients, achieving poly-logarithmic cost in 1/ε like LCU [G.
H. Low, V. Kliuchnikov, N. Wiebe, arXiv:1907.11679 (2019)]. The efficiency
in N is expected to come from the commutator scaling in Trotterization, and
this appears to be confirmed by the error bound of MPF expressed by nested
commutators [J. Aftab, D. An, K. Trivisa, arXiv:2403.08922 (2024)]. However,
we point out that the efficiency of MPF in the system size N is not exactly
resolved yet in that the present error bound expressed by nested commutators
is incompatible with the size-efficient complexity reflecting the commutator
scaling. The problem is that q-fold nested commutators with arbitrarily large q
are involved in their requirement and error bound. The benefit of commutator
scaling by locality is absent, and the cost efficient in N becomes prohibited
in general. In this paper, we show an alternative commutator-scaling error
of MPF and derive its size-efficient cost properly inheriting the advantage in
Trotterization. The requirement and the error bound in our analysis, derived
by techniques from the Floquet-Magnus expansion, have a certain truncation
order in the nested commutators and can fully exploit the locality. We prove
that Hamiltonian simulation by MPF certainly achieves the cost whose size-
dependency is as large as Trotterization while keeping the polylog(1/ε)-scaling
like LCU. Our results will provide improved or accurate error and cost also for
various algorithms using interpolation or extrapolation of Trotterization.

1 Introduction
Simulating the dynamics of quantum many-body systems, called Hamiltonian simulation, is
one of the significant applications of quantum computers with promising quantum speedup.
The ultimate goal in this field is to establish an optimal quantum algorithm with smaller
computational cost in the system size N , the simulation time t, and the inverse allowable
error 1/ε. Trotterization, or called product formulas (PFs), is one of the most famous
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approaches, featuring simple circuit structures and requiring no ancilla qubits [1, 2]. In
addition, it has favorable gate complexity in the system size N due to the commutator-
scaling error [3, 4, 5]. Post-Trotter approaches, such as linear combination of unitaries
(LCU) and quantum singular-value transform (QSVT), are alternative quantum algorithms
that operate with oracles calling Hamiltonians [6, 7, 8, 9]. They have exponentially better
cost in the inverse allowable error 1/ε than Trotterization owing to the usage of accurate
polynomial approximation of time-evolution operators. On the other hand, their scaling
in the system size N is less favorable due to the oracle overhead.

The central question in Hamiltonian simulation has been how we can construct efficient
quantum algorithms both in the system size and the accuracy. A multi-product formula
(MPF) [10, 11, 12, 13, 14, 15, 16] is a promising approach, which is a linear combination
of Trotterization with different time steps. Coefficients and time steps in the linear com-
bination based on the Richardson extrapolation allows MPF to cancel some of dominant
Trotter errors, giving higher order approximation of the time-evolution operator. In par-
ticular, the well-conditioned MPF, in which the low-weight coefficients and time steps are
carefully chosen, can be efficiently implemented by the LCU approach [11]. It has been
shown that the well-conditioned MPF can achieve polylog(1/ε) computational cost like
the LCU approach [11]. The efficiency of MPF in the system size has also been vigorously
explored via the analysis of its error bound [15, 16]. MPF is expected to inherit the com-
mutator scaling in Trotterization and thereby host substantial reduction in the error and
complexity owing to the locality of Hamiltonians. Indeed, Ref. [16] has recently derived
the error bound of generic MPF explicitly expressed by nested commutators. Based on
this error bound, it concluded that the size-dependence of the cost of MPF is compara-
ble to that of Trotterization and better than the post-Trotter methods like LCU. Recent
studies seem to settle the issues surrounding the MPF. Namely, Hamiltonian simulation
based on MPF is efficient both in the system size and the allowable error with reflecting
the advantages of Trotterization and LCU.

However, focusing on the efficiency of MPF with respect to the system size, we point
out that the existing error bound of MPF expressed by nested commutators [16] does not
imply the size-efficient cost reflecting the commutator scaling. The problem is that q-fold
nested commutators with arbitrarily large q are contained in the requirement and the error
bound. This comes from the necessity of the convergence of the Baker-Campbell-Hausdorff
(BCH) formula in the derivation (See Section 2.2 in detail). When the order q can become
arbitrarily large, the substantial reduction of the nested commutators due to the locality of
Hamiltonians is no longer present. As a result, the computational cost generally obeys the
1-norm scaling, whose size-dependency is larger than the one of the commutator scaling.
Namely, it remains unresolved yet whether MPF can achieve the size-efficient cost reflecting
the commutator scaling.

In this paper, we provide a complete answer to it; we derive an alternative error bound
expressed by nested commutators for generic MPF and prove its proper size-efficient cost
reflecting the commutator scaling. Our error analysis includes nested commutators up
to a certain truncation order in its requirement and error bound. The problem around
the BCH formula is resolved by a technique developed for the Floquet-Magnus expan-
sion [17, 18, 19, 20, 21]. The truncation order makes the locality of Hamiltonians work
well, resulting in a much looser requirement and a better error bound compared to the
previous analysis [16]. Based on this error bound, we establish the proper cost whose
size-dependency is comparable to that of Trotterization while keeping its polylogarithmic
dependency in 1/ε. Our results conclude that Hamiltonian simulation by MPF is efficient
with respect to both the system size and the allowable error. Namely, the MPF certainly
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inherits the advantages respectively from Trotterization and LCU. There are various quan-
tum algorithms sharing the mathematical background with MPF from the viewpoint of
interpolation or extrapolation for Trotterization [22, 23, 24, 25, 26, 27, 28]. We expect that
our approach will give a precise analysis of their errors and cost in the size-dependency,
reflecting the commutator scaling.

2 Preliminary
In Section 2.1, we specify the setup and review the multi-product formula (MPF). In
Section 2.2, we discuss the error bound on MPF, especially focusing on the problem of the
commutator-scaling error in Ref. [16]. In Section 2.3, we summarize our results on the
modified error bound and cost of MPF and highlight the differences from Ref. [16].

2.1 Setup and multi-product formula (MPF)
Throughout this paper, we consider a system on an N -qubit lattice Λ = {1, · · · , N}. We
assume the k-locality of the Hamiltonian H by

H =
∑

X⊂Λ:|X|≤k

hX , (1)

where each hX denotes a local term acting on a domain X and satisfies [hX , hX′ ] = 0 if
X∩X ′ = ϕ. We assume k ∈ O(1) throughout the paper. We also define the g-extensiveness
by ∑

X:X∋j

∥hX∥ ≤ g, ∀j ∈ Λ, (2)

where ∥·∥ denotes the operator norm. The extensiveness g means the maximum energy
per site. It depends on the range of interactions as

g ∈


O
(
N0) (finite-range interactions),

O
(
N0) (long-range interactions, ν > d),

O(log N) (long-range interactions, ν = d),
O
(
N1−ν/d

)
(long-range interactions, ν < d),

(3)

where d denotes the spatial dimension of the lattice Λ. The quantity ν means the power
of the long-range interactions, where the distance-r interactions are assumed to decay as
O(r−ν).

The goal of Hamiltonian simulation is to find an operator that accurately approximates
the time evolution operator e−iHt and can be efficiently implemented on quantum circuits.
Trotterization, or product formulas (PFs), is one of the most common approaches. Suppose
that we decompose the Hamiltonian H by

H =
Γ∑

γ=1
Hγ , Hγ =

∑
X

hγ
X . (4)

We use the notation hX in Eq. (1) such that the collection {hγ
X}X,γ comprises the set of

terms {hX}X , where each hγ
X corresponds to one element of {hX}. With this notation,

the extensiveness by Eq. (2) reads

Γ∑
γ=1

∑
X:X∋j

∥hγ
X∥ ≤ g, ∀j ∈ Λ. (5)
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The p-th order formula Tp(τ) for small time τ is defined by

Tp(τ) =
←∏

v=1,··· ,cpΓ
e−iHγv αvτ ,

←∏
v=1,··· ,V

Uv ≡ UV · · · U2U1, (6)

where the coefficients {αv} are determined so that it satisfies the order condition, Tp(τ) =
e−iHτ + O

(
τp+1) under τ → 0. The number cp denotes the repetition, which usually

increases exponentially in p. Due to this, we focus on the case with the order p ∈ O(1)
[and hence cp is also O(1)]. The number Γ depends on Hamiltonians, and it can be O(1)
for finite-ranged interacting systems while it generally belongs to poly (N) for long-ranged
interacting systems (See Ref. [29] for example). For example, the first- and second-order
formulas are given by T1(τ) =

∏←
γ=1,··· ,Γ e−iHγτ and T2(τ) = T1(−τ/2)†T1(τ/2). Generic

Trotter formulas exhibit a so-called commutator-scaling error [5], expressed as∥∥∥e−iHτ − Tp(τ)
∥∥∥ ∈ O

(
αcom,p+1τp+1

)
, (7)

αcom,q ≡
Γ∑

γ1,··· ,γq=1

∥∥[Hγq , · · · , [Hγ2 , Hγ1 ]]
∥∥ ≤ (q − 1)!(2kg)q−1Ng. (8)

This is the origin of the fact that Trotterization can achieve better cost in the system size
N than other approaches like LCU and QSVT [6, 8, 9].

In contrast to the better cost in the system size N owing to the commutator scaling, the
bottleneck of Trotterization is its enormous cost in accuracy, which increases polynomially
in the inverse allowable error 1/ε. One of the solutions to this is to combine it with
the LCU approach that can achieve exponentially better cost in 1/ε, which leads to the
multi-product formula (MPF). We define MPF with the orders p, m, J ∈ N by a linear
combination of the p-th order Trotterization,

MpmJ(τ) =
J∑

j=1
cj [Tp(τ/kj)]kj , (9)

where the numbers cj ∈ R and kj ∈ N are organized so that it can satisfy the order
condition,

MpmJ(τ) = e−iHτ + O
(
τm+1

)
. (10)

One of the ways to determine {cj} and {kj} relies on the Richardson extrapolation [30, 22,
14]. For an even order p satisfying the symmetric condition Tp(−τ)† = Tp(τ), the solution
to 

1 1 · · · 1
(k1)−2 (k2)−2 · · · (kJ)−2

...
...

...
(k1)−2J+2 (k2)−2J+2 · · · (km)−2J+2




c1
c2
...

cJ

 =


1
0
...
0

 (11)

with an arbitrary set of different natural numbers {kj} gives a MPF satisfying MpmJ(τ) =
e−iHτ +O

(
τ2J+1

)
(i.e., m = 2J). While there are still several candidates due to the choice

of {kj}, the solution should satisfy

∥k∥1 ≡
J∑

j=1
|kj | ∈ poly (J) , ∥c∥1 ≡

J∑
j=1

|cj | ∈ poly (J) (12)

to efficiently implement Eq. (9) by the LCU approach [6]. Such a solution is called the
well-conditioned solution, and Ref. [11] has found the one satisfying ∥k∥1 ∈ O

(
J2 log J

)
and ∥c∥1 ∈ O(log J), which is valid for generic even p.

Accepted in Quantum 2026-01-07, click title to verify. Published under CC-BY 4.0. 4



2.2 Error and complexity of MPF and the problem of the existing analysis
The error bound of MPF determines its complexity, i.e., the Trotter number as well as the
Trotterization. For simulating the quantum dynamics over the large time t, we split it into
r parts and set the small time τ = t/r. The Trotter number r is determined so that the
error per step can be bounded by∥∥∥e−iHt − [MpmJ(t/r)]r

∥∥∥ ≤ ε. (13)

In the LCU for implementing MPF, we call a controlled Trotterization operator,

C[Tp(t/(rkj))] = |0⟩ ⟨0| ⊗ I + |1⟩ ⟨1| ⊗ Tp(t/(rkj)). (14)

The number of queries to C[Tp(τ)] with some time τ amounts to O(∥c∥1∥k∥1r), where ∥k∥1
means the repetition number in each step t/r and the factor ∥c∥1 comes from the quantum
amplitude amplification (QAA) [31] to execute the LCU approach with certainty. Using
the well-conditioned solution, Eq. (12), MPF has been shown to have polylogarithmic
query complexity in the inverse allowable error 1/ε based on the order condition Eq. (10)
[11].

By contrast, the efficiency in the system size N is rather complicated since we have to
determine the size-dependency of the error term O

(
τm+1) in Eq. (10). Ref. [11] showed

that the error bound can be expressed by the nested commutators among {Hγ}, but its
explicit form was not determined. Ref. [15] derived the commutator-scaling error of MPF,
but it was restricted to the case J = p+1 and not applicable to the well-conditioned MPF.
Ref. [16] gave the following error bound applicable to generic well-conditioned MPFs.

Theorem 1. (Theorem in Ref. [16])
Suppose that the time τ is small enough to satisfy

∃q0 > p, s.t. αcom,qτ q < 1, ∀q ≥ q0. (15)

Then, the error of MPF is bounded by∥∥∥e−iHτ − MpmJ(τ)
∥∥∥ ≤ O

(
∥c∥1(µp,mτ)m+1

)
, (16)

where the factor µp,m is characterized by the nested commutators as

µp,m ≡ sup
q,n∈N:

m+1≤q,
n≤⌊(q−1)/p⌋


 ∑

p+1≤q1,··· ,qn:
q1+···+qn=q+n−1

n∏
n′=1

αcom,qn′


1

q+n−1
 . (17)

Based on this error bound, Ref. [16] has evaluated the quantity µp,m as µp,m ∈
O
(
N

1
p+1 g

)
and obtained that the query complexity in the controlled Trotterization C[Tp(t/rkj)]

amounts to
∥k∥1∥c∥1r ∈ O

(
N

1
p+1 gt × polylog

(
Ngt

ε

))
. (18)

The scaling in the system size N is as large as the one for Trotterization exploiting the com-
mutator scaling, O

(
N1/p

)
, and hence this seems to settle the problem on the commutator

scaling in MPF.
However, we point out that, although Theorem 1 itself provides a correct upper bound

of the MPF error, it is insufficient to guarantee the favorable size-dependency of the com-
putational cost Eq. (18) (While we omit the factor 1/q2 in Eq. (15), it does not change the
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problem below). The problem is that the nested commutators αcom,q with infinitely large
orders q are involved in the theorem, concretely in Eqs. (15) and (17). This forces the com-
plexity to obey the 1-norm scaling, giving no benefit from the locality of the Hamiltonian.
Let us first consider the condition Eq. (15). In order to apply the error bound Eq. (16) to
each Trotter step, it is demanded that the time τ = t/r should satisfy t/r ≤ (αcom,q)−1/q

for arbitrarily large q. If we determine the Trotter number r based on Eq. (8), it should
satisfy

r ≥ t
[
(q − 1)!(2kg)q−1Ng

] 1
q (19)

for arbitrarily large q ∈ N. This leads to a meaningless result r → ∞ due to the divergence
of [(q − 1)!]1/q. On the other hand, we can instead use another bound,

αcom,q ≤ 2q

 Γ∑
γ=1

∑
X

∥hγ
X∥

q

∈ O((Ng)q), (20)

which gives a meaningful Trotter number called the 1-norm scaling, r ∈ Ω(Ngt). However,
it prohibits the favorable size-dependency like Eq. (18). This reflects the fact that the
locality plays a central role only in q-fold nested commutators with small q; while many
commutators among disjoint local terms vanish, each term in nested commutators gradually
becomes non-local with the spread of the interactions, which provides the factor q! in Eq.
(8). When the order q becomes large enough for the interactions to cover the whole system,
such vanishment no longer takes place, and Eq. (8) provides a bound approximately as
large as the 1-norm scaling, Eq. (20).

A similar problem takes place in the quantity µp,m by Eq. (17). When we use the
bound Eq. (8) for Eq. (17), the quantity µp,m is bounded by

µp,m ≤ 2kg sup
q,n∈N:

m+1≤q,
n≤⌊(q−1)/p⌋


 ∑

p+1≤q1,··· ,qn:
q1+···+qn=q+n−1

(q1 − 1)! · · · (qn − 1)!(Ng)n


1

q+n−1
 . (21)

The supremum in the above equation is divergent since it should be at least larger than
the case with n = 1 as follows,

sup
q≥max(m+1,p+1)

{
[(q − 1)!Ng]

1
q

}

≤ sup
q,n∈N:

m+1≤q,
n≤⌊(q−1)/p⌋


 ∑

p+1≤q1,··· ,qn:
q1+···+qn=q+n−1

(q1 − 1)! · · · (qn − 1)!(Ng)n


1

q+n−1
 . (22)

The left-hand side is divergent due to [(q − 1)!]1/q → ∞. Namely, the bound reflecting
the locality by Eq. (8) cannot give any meaningful upper bound on µp,m, and hence the
scaling µp,m ∈ O

(
N1/(p+1)g

)
predicted by Ref. [16] is not concluded. Although the bound

with the 1-norm scaling by Eq. (20) can provide a meaningful upper bound µp,m ∈ O(Ng),
it prevents the error bound Eq. (16) from concluding the scaling Eq. (18) as well as the
requirement Eq. (15). In Ref. [16], the factor (q − 1)! in Eq. (8) is missing since it is often
omitted from the scaling in Trotterization with the order q ∈ O(1). This mistakenly leads
to the conclusion that Theorem 1 implies the complexity Eq. (18). Therefore, it is still an
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open problem whether the MPF can achieve the favorable size-dependency like Eq. (18),
i.e., whether the MPF inherits the advantage of the commutator scaling in Trotterization.

The above problem in Ref. [16] arises from the necessity of convergence of the BCH
formula, eAeB = eA+B+[A,B]+···. It allows us to easily compute the powers of Trotterization
included in the MPF as

{Tp(τ/kj)}kj = exp

−iHτ − i
∞∑

q=2
Φq

τ q

(kj)q−1

 , (23)

where an operator Φq is composed of the nested commutators [See Eq. (30) for the explicit
formula]. The upper bound on ∥Φq∥ is associated with αcom,q by ∥Φq∥ ≤ (cp)qαcom,q/q2

[16], and this is why the error bound includes the nested commutators with sufficiently
large q. The BCH expansion should converge for the use in the calculation even when we
use its truncation in general. This leads to the problematic requirement on the time, Eq.
(15), which corresponds to the convergence radius O

(
(Ng)−1).

2.3 Summary of our results
In this section, we summarize our results properly giving the complexity of MPF exploiting
the commutator scaling, and highlight the change from the existing analysis [16]. We first
prove the following error bound .

Theorem 2. (Our error bound of MPF, informal)
When the time τ is small enough to satisfy

τ ∈ O

 1
[N

1
p+1 + log(N/ϵ)]g

 (24)

for an arbitrary fixed value ϵ ∈ (0, 1), the error of MPF is bounded by∥∥∥e−iHτ − MpmJ(τ)
∥∥∥ ∈ O

(
∥c∥1(µp,m[p0(N, ϵ)]τ)m+1 + ∥c∥1∥k∥1ϵ

)
. (25)

The quantity µp,m[p0(N, ϵ)] is defined by

µp,m[p0(N, ϵ)] ≡ sup
q,n∈N:

m+1≤q,
n≤⌊(q−1)/p⌋


 ∑

p+1≤q1,··· ,qn≤p0(N,ϵ):
q1+···+qn=q+n−1

n∏
n′=1

αcom,qn′


1

q+n−1
 (26)

∈ O
(
[N

1
p+1 + log(N/ϵ)]g

)
, (27)

where p0(N, ϵ) = ⌈log(3N/ϵ)⌉ denotes the truncation order.

There are two significant differences from Theorem 1. The first one is the looseness
of the requirement on the time τ . The time τ characterized by Eq. (24) can be outside
of the convergence radius O

(
(Ng)−1). Although the BCH formula seems to be no longer

available, we resolve this problem by the asymptotic convergence under the locality, which
was observed in Floquet-Magnus expansions [18]. While the requirement Eq. (15) forces
each Trotter step t/r to be the one corresponding to the 1-norm scaling, Eq. (24) allows
it to be the one for the commutator scaling. The second difference is the truncation order
p0(N, ϵ) ∈ O(log(N/ϵ)) for the nested commutators involved in the error bound, Eqs. (25)

Accepted in Quantum 2026-01-07, click title to verify. Published under CC-BY 4.0. 7



and (26). This prevents the divergent behavior of the upper bound by Eq. (8), which
properly reflects the locality of the Hamiltonian, and gives the meaningful bound on the
quantity µp,m[p0(N, ϵ)], Eq. (27).

Based on Theorem 2, we derive the computational cost of Hamiltonian simulation via
MPF, which properly reflects the commutator scaling error. We use the error bound Eq.
(25) with setting ϵ ∈ O(ε/(∥c∥1∥k∥1r)) to achieve the allowable error ε. When there is a
set of well-conditioned solution for {cj} and {kj} satisfying Eq. (12), we prove that query
complexity in the controlled Trotterization C[Tp(t/rkj)] amounts to

∥k∥1∥c∥1r ∈ O
([

N
1

p+1 + (log(Ngt/ε))2
]

gt × polylog
(

Ngt

ε

))
. (28)

It differs from Eq. (18), predicted by Ref. [16], by the polylogarithmic factors in Ngt/ε
due to the truncation order p0(N, ϵ). Anyway, our error bound in Theorem 2 ensures
that the cost of the MPF has a favorable size-dependency by the commutator scaling like
Trotterization and also has polylogarithmic dependency in accuracy like LCU and QSVT
[7, 8, 9] (See Table 1).

3 Modified error bound and complexity of MPF
In this section, we provide the modified theorems for the commutator scaling in MPF,
which is valid for predicting better size-dependency of the error bound and the complexity.
The problem of the original proof [16] comes from the fact that the infinite series in the
BCH formula should be convergent. Its convergence radius inversely proportional to the
norm of the exponents demands that the time τ should satisfy τ ∈ O

(
(Ng)−1). Then, the

cost inevitably obeys the 1-norm scaling [32, 25]. We expect that the convergence radius
cannot generally be improved even in the presence of the locality since the divergence is
associated with thermalization to trivial states and it is observed for generic nonintegrable
time-periodic systems [33, 34, 18]. The convergence of the BCH formula seems to be
incompatible with the good size-dependency reflecting the commutator scaling.

Our strategy is to derive the error bound and the cost without relying on the conver-
gence of the BCH formula. We show that, under the condition much looser than the conver-
gence radius, τ ∈ O

(
(g log(N/ϵ))−1), Trotterization can be approximated by the truncated

BCH formula up to the order p0 ∈ O(log(N/ϵ)) within an arbitrarily small error ϵ ∈ (0, 1).
This is reminiscent of the asymptotic convergence of the Floquet-Magnus expansion for pre-
dicting prethermalization under time-periodic Hamiltonians [17, 18, 19, 21, 20, 35]. Owing
to the truncation order p0, the divergence of the factor q! in Eq. (8) can be circumvented.
This leads to a meaningful commutator-scaling error of MPF, in which it is sufficient to
consider q such that p < q < p0 for Eqs. (25) and (26). As a result, we clarify that the
better size-dependency owing to the commutator-scaling is present also in MPF, while the
exact scaling deviates from the one predicted by Ref. [16] by a logarithmic quantity.

In Section 3.1, we provide the correct commutator-scaling error of MPF. While we
leave some technical parts of the proof in Appendices A and B, we show that the nested
commutators up to a certain truncation order for the BCH formula are relevant to the MPF
error. In Section 3.3, we derive the Trotter step of MPF for generic local Hamiltonians,
which correctly reflects the commutator scaling.

3.1 Asymptotic convergence of the BCH formula for Trotterization
Here, we prove the asymptotic convergence of the BCH formula for Trotterization, which
resolves the strong requirement in Theorem 1. The BCH formula is an infinite series that
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gives Trotterization Tp(τ) by

Tp(τ) = exp

−iHτ − i
∞∑

q=2
Φqτ q

 (29)

for sufficiently small time τ within the convergence radius. The operator Φq is defined by

Φq =
∑

q1,··· ,qcpΓ≥0
q1+···+qcpΓ=q

(−i)q−1

cpΓ∏
v=1

(αv)qv

qv!


×ϕq(H1, · · · , H1︸ ︷︷ ︸

q1

, H2, · · · , H2︸ ︷︷ ︸
q2

, · · · , HcpΓ, · · · , HcpΓ︸ ︷︷ ︸
qcpΓ

), (30)

ϕq(H1, · · · , Hq) = 1
q2

∑
σ∈Sq

(−1)dσ(
q − 1

dσ

) [Hσ(1), [Hσ(2), · · · , [Hσ(q−1), Hσ(q)]]], (31)

where Sq means the set of permutations of {1, · · · , q} and the number dσ denotes the
number of adjacent pairs (σ(i), σ(i + 1)) such that σ(i) > σ(i + 1) [36]. Each coefficient
Φq is equal to 0 for q = 2, · · · , p from the order condition Tp(τ) = e−iHτ + O

(
τp+1), and

bounded by

∥Φq∥ ≤ (cp)q

q2 αcom,q (32)

for any q ≥ p + 1 [25]. The BCH formula allows us to easily compute [Tp(τ/kj)]kj in the
MPF. However, its convergence demands a strong limitation ∥Φq∥τ q < 1 for arbitrarily
large q, which results in Eq. (15). As discussed in Section 2, Eq. (8) is not useful for
ensuring the convergence due to the factor q!. In general, τ ∈ O

(
(Ng)−1) from Eq. (20)

is a known sufficient condition for the convergence, which results in the 1-norm scaling
instead of the commutator scaling.

To resolve this problem, we prove the following theorem on the asymptotic convergence
of the BCH formula for Trotterization. It states that the BCH formula truncated at a
certain order is enough to approximate Tp(τ) with arbitrarily small error under the much
looser requirement on time, Eq. (24). As opposed to the intuition that the BCH formula
is no longer valid for the time out of the convergence radius t ∈ O

(
(Ng)−1), the locality

enables us to provide a convergent behavior up to the truncation order as follows.

Theorem 3. (Asymptotic convergence of the BCH formula for Trotterization)
We set the truncation order of the BCH formula by

p0(N, ϵ) = ⌈log(3N/ϵ)⌉ ∈ O(log(N/ϵ)) (33)

for a given arbitrary value ϵ ∈ (0, 1). Suppose that the time τ > 0 is small enough to
satisfy

|τ | ≤ 1
8e3cpp0(N, ϵ)kg

∈ O
( 1

g log(N/ϵ)

)
. (34)

Then, the truncated BCH formula approximates Trotterization Tp(τ) by∥∥∥∥∥∥Tp(τ) − exp

−iHτ − i

p0(N,ϵ)∑
q=2

Φqτ q

∥∥∥∥∥∥ ≤ ϵ. (35)
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Proof.— This proof is parallel to the one for the asymptotic convergence of the Floquet-
Magnus expansion of time-periodic Hamiltonians [18]. For the Hamiltonian term Hγ =∑

X⊂Λ hγ
X on the lattice Λ = {1, · · · , N}, we define subsystem Hamiltonians by

H>i
γ =

∑
j>i

∑
X:X∋j,

X∩{1,··· ,j−1}=ϕ

hγ
X (36)

for each site index i ∈ {0} ∪ Λ. Each Hamiltonian H>i
γ means the collection of interaction

terms acting on the sites {i + 1, · · · , N}, and hence we have H>0
γ = Hγ and H>N

γ = 0. We
also define the subsystem Trotterization by

T >i
p (τ) =

←∏
v=1,··· ,cpΓ

e−iH>i
γv αvτ , (37)

which corresponds to a collection of operators acting on the sites {i + 1, · · · , N} in Tp(τ)
[See Eq. (6)]. Trotterization Tp(τ) is trivially decomposed into

Tp(τ) = T >1
p (τ)

(
T >1

p (τ)†T >0
p (τ)

)
= · · · =

←∏
i=1,··· ,N

(
T >i

p (τ)†T >i−1
p (τ)

)
, (38)

where we used the relation T >N
p (τ) = I. We organize a similar decomposition for the

truncated BCH formula. Using a certain truncation order p0 ∈ N, we define the operators

T̃ >i
p,p0(τ) = exp

−iH>iτ − i
p0∑

q=2
Φ>i

q τ q

 , (39)

where Φ>i
q is obtained by replacing Hγ with H>i

γ in Φq [See Eq. (30)]. It satisfies the order
condition T >i

p (τ) = T̃ >i
p,p0(τ) + O

(
τp0+1). We decompose the truncated BCH formula by

exp

−iHτ − i
p0∑

q=2
Φqτ q

 = T̃ >0
p,p0(τ) =

←∏
i=1,··· ,N

(
T̃ >i

p,p0(τ)†T̃ >i−1
p,p0 (τ)

)
. (40)

in a similar manner to Eq. (38).
Using the triangular inequality, the error of interest is bounded by∥∥∥∥∥∥Tp(τ) − exp

−iHτ − i
p0∑

q=2
Φqτ q

∥∥∥∥∥∥ ≤
N∑

i=1

∥∥∥T >i
p (τ)†T >i−1

p (τ) − T̃ >i
p,p0(τ)†T̃ >i−1

p,p0 (τ)
∥∥∥ (41)

based on the decompositions, Eqs. (38) and (40). Each of the operators T >i
p (τ)†, T >i−1

p (τ),
T̃ >i

p,p0(τ)†, and T̃ >i−1
p,p0 (τ) is analytic in time τ , and we can compose of the series expansions,

T >i
p (τ)†T >i−1

p (τ) =
∞∑

q=0
T i

qτ q, T̃ >i
p,p0(τ)†T̃ >i−1

p,p0 (τ) =
∞∑

q=0
T̃ i

qτ q. (42)

Owing to the order condition, T >i
p (τ) = T̃ >i

p,p0(τ) + O
(
τp0+1), we have∥∥∥∥∥∥Tp(τ) − exp

−iHτ − i
p0∑

q=2
Φqτ q

∥∥∥∥∥∥ ≤
N∑

i=1

∞∑
q=p0+1

(∥T i
q∥ + ∥T̃ i

q∥)τ q. (43)
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Therefore, it is sufficient to obtain the bounds on the coefficients
∥∥∥T i

q

∥∥∥ and ∥T̃ i
q∥. We prove

the following inequalities,

∥∥∥T i
q

∥∥∥ ≤ (4cpkg)q, ∥T̃ i
q∥ ≤ e2

2 (8e2cpp0kg)q, (44)

respectively as Lemmas 9 and 10 in Appendix B. We describe the proof in the same ap-
pendix due to its technicality. These bounds come from the k-locality and g-extensiveness
of the Hamiltonian, which is intuitively explained as follows. Since T >i−1

p (τ) differs from
T >i

p (τ) only around the site i, many terms distant from it cancel with one another in the
operator T >i

p (τ)†T >i−1
p (τ). It effectively forms the structure of causal cones and evolves

only the sites around i with the energy scale O(g). This is why the order-q coefficient∥∥∥T i
q

∥∥∥ is proportional to gq independent of the size N as Eq. (44). Similar discussion goes
also for the operator T̃ >i

p,p0(τ)†T̃ >i−1
p,p0 (τ). The effective Hamiltonian for the truncated BCH

formula, H +
∑p0

q=2 Φqτ q−1, is still a local and extensive operator, while the nested com-
mutators there increase the locality and extensiveness (See Lemma 8 in Appendix A). The
operator T̃ >i

p,p0(τ)†T̃ >i−1
p,p0 (τ) has nontrivial actions around the site i as well, which results

in ∥T̃ i
q∥ ∈ O((p0g)q). The additional factor (p0)q reflects the increase in the locality and

extensiveness via the nested commutators. We consider the small time τ satisfying Eq.
(34) with setting the truncation order p0 = p0(N, ϵ) as Eq. (33). Then, the inequality Eq.
(43) implies ∥∥∥∥∥∥Tp(τ) − exp

−iHτ − i

p0(N,ϵ)∑
q=2

Φqτ q

∥∥∥∥∥∥
≤ N

∞∑
q=p0(N,ϵ)+1

(
(4cpkgτ)q + e2

2 (8e2cpp0(N, ϵ)kgτ)q

)

≤ N
∞∑

q=p0(N,ϵ)+1

(
e−q + 1

2e−q+2
)

≤ 3Ne−p0(N,ϵ) ≤ ϵ. □ (45)

Theorem 3 reflects the asymptotic convergence of Trotterization up to the intermediate
order p0(N, ϵ). The time τ by Eq. (34) can be out of the convergence radius O

(
(Ng)−1).

On the other hand, the order-q coefficient of the BCH formula is bounded by

∥Φqτ q∥ ≤ αcom,qτ q

q2 ≤ (2qkgτ)qN, (46)

where we used the bound Eq. (8). It exponentially decays at least up to q ∈ O(p0) owing
to 2qkgτ < 1. When the order q further grows from O(p0), each term can be large, which
leads to the divergence of the BCH formula. Theorem 3 states that the truncated BCH
formula convergent up to the order p0(N, ϵ) can approximate Trotterization Tp(τ) with a
desirable error ϵ.

While we borrow the proof idea from the Floquet-Magnus expansion for generic time-
periodic Hamiltonians [18], we note that Theorem 3 gives a better bound specifically re-
flecting the form of Trotterization and the BCH formula via Lemmas 9 and 10. This
improvement is essential for the present error analysis to be available to MPF for generic
local Hamiltonians including long-ranged interacting cases (See Appendix B.3 for the de-
tails).
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3.2 Error bound of MPF with commutator scaling
Next, we prove the error bound of MPF, Theorem 2. The proof is done in the following two
steps based on the truncated BCH formula in Theorem 3. First, we derive the error bound
expressed by the nested commutators up to the truncation order p0(N, ϵ) in Theorem 4.
Next, we show the scaling of the quantity µp,m[p0(N, ϵ)], which characterizes the error
bound by Eq. (26), in Lemma 5. The first result is described as follows.

Theorem 4.
For a k-local and g-extensive Hamiltonian H, we define a value,

µp,m[p0] ≡ sup
q,n∈N:

m+1≤q,
n≤⌊(q−1)/p⌋


 ∑

p+1≤q1,··· ,qn≤p0
q1+···+qn=q+n−1

n∏
n′=1

αcom,qn′


1

q+n−1
 , (47)

which is determined by the nested commutators αcom,q by Eq. (8). When the time τ is
small enough to satisfy

|τ | ≤ min
(

1
8e3cpp0(N, ϵ)kg

,
1

2cpµp,m[p0(N, ϵ)]

)
, (48)

for an arbitrary value ϵ ∈ (0, 1), the error of MPF is bounded by∥∥∥e−iHτ − MpmJ(τ)
∥∥∥ ≤ 2e1/2∥c∥1 {cpµp,m[p0(N, ϵ)]τ}m+1 + ∥c∥1∥k∥1ϵ. (49)

The truncation number p0(N, ϵ) is given by Eq. (33).

Proof.— We use the relation,

eA+B = eA
∞∑

n=0

∫ 1

0
ds1 · · ·

∫ sn−1

0
dsn

→∏
n′=1,··· ,n

(
e−Asn′ BeAsn′

)
, (50)

which is equivalent to the Dyson series expansion in the interaction picture based on the
operator A. With setting A = −iHτ and B = −i

∑p0
q=2 Φqτ q/(kj)q−1, we obtain

exp

−iHτ − i

p0(N,ϵ)∑
q=2

Φq
τ q

(kj)q−1

− e−iHτ

= e−iHτ
∞∑

n=1

∫ 1

0
ds1 · · ·

∫ sn−1

0
dsn

→∏
n′=1,··· ,n

−ieisn′ τadH

p0(N,ϵ)∑
q=2

Φq
τ q

(kj)q−1


= e−iHτ

∞∑
n=1

p0(N,ϵ)n+1∑
q=pn+1

τ q+n−1

(kj)q−1

×
∑

p+1≤q1,··· ,qn≤p0(N,ϵ)
q1+···+qn=q+n−1

∫ 1

0
ds1 · · ·

∫ sn−1

0
dsn

→∏
n′=1,··· ,n

(
−ieisn′ τadH Φqn′

)

= e−iHτ
∞∑

q=p+1

τ q

(kj)q−1

⌊ q−1
p
⌋∑

n=⌈ q−1
p0(N,ϵ) ⌉

τn−1

×
∑

p+1≤q1,··· ,qn≤p0(N,ϵ)
q1+···+qn=q+n−1

∫ 1

0
ds1 · · ·

∫ sn−1

0
dsn

→∏
n′=1,··· ,n

(
−ieisn′ τadH Φqn′

)
. (51)
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We use Φq = 0 for q = 2, · · · , p from the order condition Tp(τ) = e−iHτ + O
(
τp+1) in the

second inequality. When we choose {cj} and {kj} satisfying the order condition Eq. (10),
the terms with q ≤ m vanish. As a result, we arrive at∥∥∥∥∥∥

J∑
j=1

cj exp

−iHτ − i

p0(N,ϵ)∑
q=2

Φqτ q

(kj)q−1

− e−iHτ

∥∥∥∥∥∥
≤

J∑
j=1

|cj |
∞∑

q=m+1

⌊ q−1
p
⌋∑

n=1

τ q+n−1

(kj)q−1

∑
p+1≤q1,··· ,qn≤p0(N,ϵ)

q1+···+qn=q+n−1

1
n!

n∏
n′=1

∥∥∥Φqn′

∥∥∥
≤ ∥c∥1

∞∑
q=m+1

∞∑
n=1

(cpµp,m[p0(N, ϵ)]τ)q+n−1

n!

≤ ∥c∥1

∞∑
q=m+1

(cpµp,m[p0(N, ϵ)]τ)qecpµp,m[p0(N,ϵ)]τ

≤ 2e1/2∥c∥1(cpµp,m[p0(N, ϵ)]τ)m+1. (52)
We used the definition of the quantity µp,m[p0] by Eq. (47) and the bound on ∥Φq∥ by
Eq. (32) in the second inequality. We also used the condition on the time τ by Eq. (48)
in the third and fourth inequalities. The error bound of MPF results can be evaluated by
the triangle inequality, which results in∥∥∥e−iHτ − MpmJ(τ)

∥∥∥ ≤ 2e1/2∥c∥1(cpµp,m[p0(N, ϵ)]τ)m+1

+
J∑

j=1
|cj |

∥∥∥∥∥∥[Tp(τ/kj)]kj − exp

−iHτ − i

p0(N,ϵ)∑
q=2

Φqτ q

(kj)q−1

∥∥∥∥∥∥
≤ 2e1/2∥c∥1(cpµp,m[p0(N, ϵ)]τ)m+1

+
J∑

j=1
|cj | × |kj |

∥∥∥∥∥∥Tp(τ/kj) − exp

−iHτ/kj − i

p0(N,ϵ)∑
q=2

Φqτ q

(kj)q

∥∥∥∥∥∥
≤ 2e1/2∥c∥1(cpµp,m[p0(N, ϵ)]τ)m+1 + ∥c∥1∥k∥1ϵ, (53)

where we used the asymptotic convergence of the BCH formula by Theorem 3 in the last
inequality. □

The difference from the original statement in Ref. [16] (i.e., Theorem 1) is the presence
of the truncation order p0(N, ϵ) ∈ O(log(N/ϵ)) in Eq. (47). This brings a meaningful
bound reflecting the commutator scaling on the quantity µp,m[p0(N, ϵ)].
Lemma 5.

The quantity µp,m[p0(N, ϵ)], which is defined by Eq. (47), is bounded by

µp,m[p0(N, ϵ)] ≤ 4 max
[
(p + 1)N

1
p+1 , e3p0(N, ϵ)

]
kg ∈ O

([
N

1
p+1 + log(N/ϵ)

]
g
)
, (54)

for a value ϵ ∈ (0, 1).
Proof.— Using the upper bound on the nested commutator by Eq. (8), we obtain∑

p+1≤q1,··· ,qn≤p0(N,ϵ)
q1+···+qn=q+n−1

n∏
n′=1

αcom,qn′ ≤
∑

p+1≤q1,··· ,qn≤p0(N,ϵ)
q1+···+qn=q+n−1

n∏
n′=1

[
(qn′ − 1)!(2kg)qn′−1Ng

]

≤
∑

p+1≤q1,··· ,qn≤p0(N,ϵ)
q1+···+qn=q+n−1

2−n
n∏

n′=1
(2qn′N1/qn′ kg)qn′ . (55)
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The function xN1/x is monotonically decreasing in 0 < x < log N and increasing in
log N < x, which results in

max
p+1≤qn′≤p0(N,ϵ)

(
qn′N1/qn′

)
≤ max

[
(p + 1)N

1
p+1 , p0(N, ϵ)N

1
p0(N,ϵ)

]
∈ O

(
N

1
p+1 + p0(N, ϵ)

)
. (56)

We note that the factor N
1

p0(N,ϵ) is bounded by a constant as N
1

p0(N,ϵ) ≤ N
1

log(3N/ϵ) =
e

1− log(3/ϵ)
log N+log(3/ϵ) < e3. Substituting this result into Eq. (55), we obtain

∑
p+1≤q1,··· ,qn≤p0(N,ϵ)

q1+···+qn=q+n−1

n∏
n′=1

αcom,qn′

≤ 2−n
{

max
(
(p + 1)N

1
p+1 , e3p0(N, ϵ)

)
kg
}q+n−1 ∑

q1,··· ,qn≥0:
q1+···+qn=q+n−1

1

≤
[
4 max

(
(p + 1)N

1
p+1 , e3p0(N, ϵ)

)
kg
]q+n−1

. (57)

The summation in the right-hand side of the first line is equal to (q + 2n − 2)!/(n − 1)!(q +
n − 1)!, which is bounded by 2q+2n−2. This completes the proof. □

Theorem 2 immediately follows from the combination of Theorem 4 and this lemma.
Using the scaling of µp,m[p0] by Eq. (54), the requirement on the time τ in Theorem 4 is
satisfied under

|τ | ∈ O

 1[
N

1
p+1 + log(N/ϵ)

]
g

. (58)

Then, the error bound by Eq. (49) results in∥∥∥e−iHτ − MpmJ(τ)
∥∥∥ ∈ O

(
∥c∥1

[
(N

1
p+1 + log(N/ϵ))gt

]m+1
+ ∥c∥1∥k∥1ϵ

)
. (59)

As briefly discussed in Section 2.3, our theorem requires a much looser condition on the time
τ and provides a meaningful error bound by commutator scaling compared to the original
one in Theorem 1. This comes from the fact that we rely on the asymptotic convergence
of the BCH formula rather than the convergence, bringing the truncation order p0(N, ϵ)
valid even out of the convergence radius.

3.3 Computational cost of the well-conditioned MPF
We next derive the complexity of MPF based on Theorem 2, which leads to the complexity
inheriting the benefit of commutator scaling. The main result is described by the following
theorem.

Theorem 6. (Complexity of MPF)
Suppose that there exists a well-conditioned solution for {cj} and {kj} satisfying Eq.

(12) and that the order m is proportional to the number of terms J . The query complexity
in the controlled Trotterization C[Tp(τ)] can be

O
({

N
1

p+1 + [log(Ngt/ε)]2
}

gt × polylog(Ngt/ε)
)
. (60)

for simulating e−iHt within an additive error ε by the MPF MpmJ(τ).
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Proof.— The algorithm based on MPF runs with the original proposal by Ref. [11].
We split the time t into r parts so that the error at each Trotter step is bounded by∥∥∥e−iHt/r − MpmJ(t/r)

∥∥∥ ≤ ε

2r
, (61)

which is a sufficient condition for Eq. (13) [16]. We deterministically implement MpmJ(t/r)
by the LCU approach combined with QAA. We repeat this r times, and then we can
reproduce e−iHt within an error ε. The number of queries to the controlled Trotterization
C[Tp(t/(rkj))] amounts to O(∥c∥1∥k∥1r).

We set the value ϵ ∈ (0, 1) by ϵ = ε/(4∥c∥1∥k∥1r) in Theorem 4. According to the error
bound by Eq. (49) and the quantity µp,m[p0(N, ϵ)] by Lemma 5, it is sufficient to find the
number r such that both of the following two inequalities are satisfied,

2 × 2m∥c∥1

[
4cp(p + 1)N

1
p+1 kg

t

r

]m+1
+ ∥c∥1∥k∥1

ε

4∥c∥1∥k∥1r
≤ ε

2r
,

2 × 2m∥c∥1

[
4e3cpp0(N, 4∥c∥1∥k∥1r/ε)kg

t

r

]m+1
+ ∥c∥1∥k∥1

ε

4∥c∥1∥k∥1r
≤ ε

2r
.

(62)

We replace e1/2 by 2m (> e1/2) in the upper bound for the later purpose to show the
satisfaction of the requirement, Eq. (48). The first one is easily solved as well as the
ordinary Trotterization, which results in

r ≥ 8cp(p + 1)kN
1

p+1 gt

32cp(p + 1)k∥c∥1N
1

p+1 gt

ε

 1
m

≡ r1,m(N, t, ε). (63)

In the second inequality, we see that the left-hand side involves an additional logarith-
mic factor p0(N, 4∥c∥1∥k∥1r/ε) by Eq. (33). Here, we use the following relation,

(log x + 1)m+1

xm
≤ a, ∀x ≥ 51+ 1

m a−
1
m log1+ 1

m (1/a), a ∈ (0, 1/5]. (64)

This can be easily confirmed by the substitution xa ≡ 51+ 1
m a−

1
m log1+ 1

m (1/a), which leads
to

(log xa + 1)m+1

(xa)m
= a

[5 log(1/a)]m+1

{(
1 + 1

m

)
log[5 log(1/a)] + 1

m
log(1/a) + 1

}m+1

≤ a, (65)

and the monotonicity of (log x + 1)m+1/xm in x > 1. We used the relations m ≥ 1,
log(1/a) ≥ log 5, and 1

2 log(1/a) ≥ log log(1/a) in the above. Taking into account that the
truncation order satisfies

p0(N, 4∥c∥1∥k∥1r/ε) ≤ log
(12∥c∥1∥k∥1N

ε
r

)
+ 1 (66)

based on Eq. (33), we exploit the inequality Eq. (64) with setting the values x and a
respectively by

x = 12∥c∥1∥k∥1N

ε
r, a = ε

4∥c∥1(8e3cpkgt)m+1

(
ε

12∥c∥1∥k∥1N

)m

. (67)
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Since we are interested in scaling behavior under sufficiently large N , t, or 1/ε and we have
∥c∥1, ∥k∥1 ≥ 1, the above value a is assumed to be a ∈ (0, 1/5] without loss of generality.
Then, we have

ε

12∥c∥1∥k∥1N
× 51+ 1

m a−
1
m log1+ 1

m (1/a)

= 40e3cpkgt

(
160e3∥c∥1cpkgt

ε

) 1
m

×

log
[

(8e3cpkgt)(12∥c∥1∥k∥1N)
ε

]m+1

− log (3∥k∥1N)


1+ 1

m

. (68)

Since we have the relation (m + 1)1+ 1
m = (m + 1)em−1 log(m+1) ≤ e(m + 1), the sufficient

condition for the second inequality in Eq. (62) is

r ≥ 40e4cpkgt(m + 1)
(

160e3∥c∥1cpkgt

ε

) 1
m

log1+ 1
m

[
(8e3cpkgt)(12∥c∥1∥k∥1N)

ε

]
≡ r2,m(N, t, ε). (69)

Thus, we can set the number r by r = ⌈max(r1,m(N, t, ε), r2,m(N, t, ε))⌉ [See Eq. (63) for
r1,m(N, t, ε)].

The order of the MPF m is determined so that the polynomial terms with the exponent
1/m can be bounded by constants in both Eqs. (63) and (69). For instance, it is sufficient
to choose the order m by

m =
⌈
log

(
Ngt

ε

)⌉
∈ O

(
log

(
Ngt

ε

))
. (70)

When we use the well-conditioned solution by Eq. (12) and assume the order m ∝ J , we
have

∥c∥1 ∈ polylog
(

Ngt

ε

)
, (∥c∥1)

1
m ∈ eΘ(log m)/m ⊂ O(1). (71)

The quantity r1,m(N, t, ε) given by Eq. (63) scales as

r1,m(N, t, ε) ∈ Θ

N
1

p+1 gt(∥c∥1)
1
m

N
1

p+1 gt

ε

 1
m


= Θ

(
N

1
p+1 gt

)
. (72)

In a similar way, the quantity r2,m(N, t, ε) given by Eq. (69) scales as

r2,m(N, t, ε) ∈ Θ
(

mgt(∥c∥1)
1
m

(
gt

ε

) 1
m

log1+ 1
m

(∥c∥1∥k∥1Ngt

ε

))

= Θ
(

gt

(
log Ngt

ε

)2
)

, (73)

where we use ∥k∥1 ∈ polylog(Ngt/ε) from the well condition, Eq. (12). The number r is
at most bounded by

r ≤ r1,m(N, t, ε) + r2,m(N, t, ε) + 1 ∈ O
([

N
1

p+1 +
(

log Ngt

ε

)2
]

gt

)
. (74)
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As discussed at the beginning of the proof, the algorithm running the LCU approach com-
bined with QAA requires O(∥c∥1∥k∥1r) queries to the operator C[Tp(t/(rkj))]. Multiplying
∥c∥1∥k∥1 ∈ polylog(Ngt/ε) to Eq. (74), we arrive at Eq. (60) as the query complexity.

Finally, the above cost evaluation relies on the error bound by Theorem 4. We have
to confirm that the above situation is compatible with the requirement, Eq. (48). Since
the number r is determined so that the two inequalities in Eq. (62) hold, each time step
τ = t/r is bounded by

t

r
≤

{
8cp max

[
(p + 1)N

1
p+1 , e3p0(N, 4∥c∥1∥k∥1r/ε)

]
kg
}−1

(
ε

4∥c∥1r

) 1
m+1

≤ min
(

1
8e3cpp0(N, 4∥c∥1∥k∥1r/ε)kg

,
1

2cpµp,m[p0(N, 4∥c∥1∥k∥1r/ε)]

)

× exp
(

− log(4∥c∥1r/ε)
⌈log(Ngt/ε)⌉ + 1

)
. (75)

From Eqs. (70) and (74), the last exponential term is an O(1) positive constant smaller
than 1. Therefore, the requirement Eq. (48) is satisfied for the time step τ = t/r and we
conclude that the query complexity Eq. (60) based on Theorem 4 is indeed valid. □

Theorem 6 establishes the cost of the MPF-based algorithm properly reflecting its
commutator-scaling errors. The previous result by Theorem 1 is incompatible with the
cost benefiting from the commutator scaling as discussed in Section 2.2. By contrast, our
result allows it as we have confirmed by Eq. (75). We summarize the gate counts of various
quantum algorithms for Hamiltonian simulation in Table 1. The MPF-based algorithm has
polylog(1/ε) dependency in its cost like the LCU or QSVT approaches, as proven in Ref.
[11]. Our central result is its size-dependency Õ(N1+1/(p+1)) like Trotterization, which is
derived from the error bound, Theorem 4. We also display the Haah-Hastings-Kothari-
Low (HHKL) algorithms [37] for comparison, which achieves the near-optimal gate count
Õ(Nt) for generic Hamiltonians with finite-range interactions. The MPF has slightly larger
size-dependence by the factor N1/(p+1) for finite-ranged systems. On the other hand, it
offers a versatile efficient approach for generic local Hamiltonians including long-ranged
interacting cases. This comes from the fact that the HHKL algorithm heavily relies on the
Lieb-Robinson bound [38] while the MPF does not.

4 Discussion and conclusion
4.1 Application to other quantum algorithms
Recently, there have been various quantum algorithms trying to achieve better cost both in
the size and accuracy like MPF [22, 12, 25, 23, 24, 26, 27, 28], such as the sampling-based
approach instead of relying on LCU [12]. In particular, the mitigation of Trotter errors
with polynomial interpolation or Richardson extrapolation has attracted much interest
[22]. They are exemplified by an algorithm for time-evolved observables [25] and those for
generic tasks including quantum signal processing [23, 24, 27, 28]. These algorithms are
expected to have favorable cost with respect to the system size owing to the commutator
scaling. Indeed, some of them [25, 27] have derived their error and cost expressed by
nested commutators with the same strategy as the original proof for MPF [16]. The
regimes where the time at each step is small enough for the BCH formula to converge are
also assumed in Refs. [23, 24, 28]. As discussed in Section 2.2, error bounds expressed by
nested commutators do not necessarily imply the cost reflecting the commutator scaling in
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Gate counts for Hamiltonians
with finite-range interactions

Gate counts for Hamiltonians
with long-range interactions

Trotterization
(Ref. [5]) Ngt

(
Ngt

ε

) 1
p

Nkgt

(
Ngt

ε

) 1
p

LCU
(Ref. [6]) N2gt

log(Ngt/ε)
log log(Ngt/ε) Nk+1gt

log(Ngt/ε)
log log(Ngt/ε)

QSVT
(Refs. [8, 9]) N

[
Ngt + log(1/ε)

log log(1/ε)

]
Nk

[
Ngt + log(1/ε)

log log(1/ε)

]
MPF

(Our result) N1+ 1
p+1 gt polylog(Ngt/ε) Nk+ 1

p+1 gt polylog(Ngt/ε)

HHKL algorithm
(Refs. [37, 39]) Ngt polylog(Ngt/ε) Ngt

(
Ngt

ε

) 2d
ν−d

[Only for ν > 2d]

Table 1: Gate counts for Hamiltonian simulation, which are measured by the number of O(1)-qubit
gates (they can be geometrically non-local). These are computed based on the query complexity
multiplied by the gate counts per oracle, where the oracles are Tp(τ) and C[Tp(τ)] for some small time
τ respectively for Trotterization and MPF, and those for LCU and QSVT are block-encoding operators
of the Hamiltonian. In any case, the oracles typically require O(N) gates (for finite-ranged interactions)
or O

(
Nk
)

gates (for k-local, long-ranged interactions), which are proportional to the number of terms
in the Hamiltonian. For the MPF, we omit [log(Ngt/ε)]2 in the query complexity, Eq. (60), since it
can be absorbed into the polylogarithmic term.

such regimes. Our complete analysis for MPF will give improved or accurate cost precisely
reflecting the commutator scaling for the family of quantum algorithms using interpolation
or extrapolation of Trotterization.

Another important target is the MPF extended to time-dependent systems [40, 41,
42]. In particular, Ref. [41] has recently derived the commutator-scaling error in the
time-dependent MPF, but it relies on the convergence of the BCH formula as well. In
contrast to time-independent cases, the error analysis involves product formulas composed
of unbounded Hamiltonians. However, the asymptotic convergence of the BCH formula is
relevant to the nested commutators rather than the Hamiltonian itself. We expect that
our technique also applies to the time-dependent MPF and will correctly provide the near-
optimal cost brought by the commutator scaling.

4.2 Discussion and Summary
In this paper, we discuss the problem of the commutator-scaling error of the MPF. Al-
though it seems to have been resolved by the previous result by Theorem 1 [16], we point
out that it is incompatible with the cost reflecting the commutator scaling. We derive
the alternative error bound of MPF, Theorem 2, which has a much looser requirement
and a better error bound having the truncation order. Consequently, we prove the query
complexity proportional to Õ(N

1
p+1 ), matching with the commutator scaling, keeping the

polylogarithmic dependence in 1/ε. We expect that our error bound does not seem to be
still an optimal one for the generic order MPF; although it is natural to expect that the
order-m MPF MpmJ(τ) = e−iHτ + O

(
τm+1) involves at most (m + 1)-fold nested commu-

tators in its error, our truncation order p0(N, ϵ) ∈ Θ(log(N/ϵ)) can be independently large.
On the other hand, when focusing on Hamiltonian simulation with the well-conditioned
MPF, the order m ∈ Θ(log(Ngt/ε)) [See Eq. (70)] matches the truncation order only by a
constant factor. Our error bound seems to be an optimal one for Hamiltonian simulation.
In any case, we conclude with our result that the MPF has good computational cost both
in the system size and accuracy, inheriting the advantages respectively in Trotterization
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and LCU.
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A Bounds on the nested commutators and the BCH expansions
In this appendix, we prove some inequalities on the nested commutators and the operator
Φq in the BCH expansion, Eq. (30), which is composed of the nested commutators. First,
we prove the following relation about the nested commutators.

Lemma 7. (Nested commutators)
Let H =

∑
γ Hγ be a k-local and g-extensive Hamiltonian. When an operator OX

nontrivially acts on a domain X with |X| ≤ k, the following inequality on the nested
commutator holds,

Γ∑
γ1,··· ,γq=1

∥∥∥[Hγq , · · · , [Hγq′+1 , [OX , [Hγq′ , · · · , [Hγ2 , Hγ1 ]]]]]
∥∥∥ ≤ q!(2kg)q∥OX∥. (76)

for any q′ = 1, · · · , q.

Proof.— The difference from the inequality, Eq. (8), is the position of the local term
hγ

i , which is confined to a domain around the site i. The proof is similar to the one for
Theorem S1 in Ref. [18]. We expand the nested commutator in Eq. (76) based on Eq.
(4), which results in

[Hγq , · · · , [Hγq′+1 , [OX , [Hγq′ , · · · , [Hγ2 , Hγ1 ]]]]]

=
∑

γ1,··· ,γq

∑
X1,··· ,Xq⊂Λ

[hγq

Xq
, · · · , [hγq′+1

Xq′+1
, [OX , [hγq′

Xq′ , · · · , [hγ2
X2

, hγ1
X1

]]]]]. (77)

In the right-hand side, nested commutators among local terms having nontrivial overlaps
can survive. Let us define the union Yq′′ = X1 ∪ · · · ∪ Xq′′ for q′′ = 1, 2, · · · , q. Nested
commutators among the local terms survive only for the set of domains (X1, · · · , Xq)
satisfying 

Xq′′ ∩ Yq′′−1 ̸= ϕ (q′′ = 2, · · · , q′)
Yq′ ∩ X ̸= ϕ

Xq′′ ∩ (Yq′′−1 ∪ X) ̸= ϕ (q′′ = q′ + 1, · · · , q)
, (78)

which we denote as Xq′(X). The left-hand side of Eq. (76) is expressed by∑
γ1,··· ,γq

∥∥∥[Hγq , · · · , [Hγq′+1 , [OX , [Hγq′ , · · · , [Hγ2 , Hγ1 ]]]]]
∥∥∥

=
∑

γ1,··· ,γq

∥∥∥∥∥∥∥∥∥
∑

X1,··· ,Xq⊂Λ:
(X1,··· ,Xq)∈Xq′ (X)

[hγq

Xq
, · · · , [hγq′+1

Xq′+1
, [OX , [hγq′

Xq′ , · · · , [hγ2
X2

, hγ1
X1

]]]]]

∥∥∥∥∥∥∥∥∥
≤ 2q∥OX∥

∑
X1,··· ,Xq⊂Λ:

(X1,··· ,Xq)∈Xq′ (X)

q∏
q′′=1

∑
γq′′

∥∥∥hγq′′
Xq′′

∥∥∥
 . (79)

We first consider the summation over Xq′′ for q′′ = q′+ 1, · · · , q, in which each Xq′′ has
a nonempty intersection with Yq′′−1 ∪ X. Since each domain Yq′′−1 ∪ X contains at most
q′′k sites due to the k-locality, we have∑

Xq′′⊂Λ:
Xq′′∩(Yq′′−1∩X)̸=ϕ

∑
γq′′

∥∥∥hγq′′
Xq′′

∥∥∥ ≤
∑

j∈Yq′′−1∩X

∑
Xq′′∋j

∑
γq′′

∥∥∥hγq′′
Xq′′

∥∥∥
≤ q′′kg (80)
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for each q′′ = q′ + 1, · · · , q. As a result, Eq. (79) is further bounded by

[Eq. (79)] ≤ 2q∥OX∥
∑

X1,··· ,Xq′⊂Λ:
Xq′′∩Yq′′−1 ̸=ϕ (q′′=2,··· ,q′),

Yq′∩X ̸=ϕ

q′∏
q′′=1

∑
γq′′

∥∥∥hγq′′
Xq′′

∥∥∥
 q!

q′! (kg)q−q′
. (81)

In the above formula, the summation over X1, · · · , Xq′ has an upper bound which can be
evaluated in a recursive way. Equations (S17) and (S19) in Ref. [29] give the relation,

∑
X1,··· ,Xq′⊂Λ:

Xq′′∩Yq′′−1 ̸=ϕ (q′′=2,··· ,q′),
Yq′∩X ̸=ϕ

q′∏
q′′=1

∑
γq′′

∥∥∥hγq′′
Xq′′

∥∥∥
 ≤ q′!(kg)q′

. (82)

Thus, we can conclude Eq. (76). □
This lemma reproduces Lemma 3 in Ref. [18] with q′ = 0. We use it for deriving the

extensiveness of the BCH expansion Φq (below) and evaluating the series expansions of
the subsystem operators (Appendix B).

Lemma 8. (Locality and extensiveness of the BCH expansion)
Let H =

∑
γ Hγ be a k-local and g-extensive Hamiltonian. Then, the operator Φq, i.e.,

the order-q term of the BCH expansion defined by Eq. (30), has the following locality and
extensiveness,

locality: qk, extensiveness: (q − 1)!
q

(2cpkg)q−1cpg. (83)

Proof.— The locality qk is clear from the fact that Φq is composed of q-tuple nested
commutators among k-local operators. We concentrate on the extensiveness of Φq, denoted
by g(Φq). Using the expansion H =

∑
X hX , the operator Φq is expressed by the nested

commuters among h1
X1

, · · · , h1
Xq1

, · · · , h
cpΓ
Xq−qcpΓ+1

, · · · , h
cpΓ
Xq

. Nontrivial terms nontrivially

acting on an arbitrary site j ∈ Λ should involve a domain Xq′ such that Xq′ ∋ j. Thus,
the extensiveness of Φq is bounded by

g(Φq) ≤
∑

q1,··· ,qcpΓ≥0
q1+···+qcpΓ=q

1
q1! · · · qcpΓ!

×
q∑

q′=1

∑
X1,··· ,Xq :

Xq′∋j

∥∥∥∥∥∥∥∥∥ϕ(h1
X1 , · · · , h1

Xq1︸ ︷︷ ︸
q1

, · · · , h
cpΓ
Xq−qcpΓ+1

, · · · , h
cpΓ
Xq︸ ︷︷ ︸

qcpΓ

)

∥∥∥∥∥∥∥∥∥
≤ 1

q2

∑
q1,··· ,qcpΓ≥0

q1+···+qcpΓ=q

1
q1! · · · qcpΓ!

×
∑

σ∈Sq

1(
q − 1

dσ

) max
σ∈Sq

q∑
q′=1

∑
X1,··· ,Xq :

Xq′∋j

∥∥∥[h̃σ(1)
Xσ(1)

, · · · , [h̃σ(q−1)
Xσ(q−1)

, h̃
σ(q)
Xσ(q)

]]
∥∥∥.(84)
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In the above, each term h̃q′

Xq′ means one of the local terms {hX}, which is defined so that
the indices in the subscript and superscript match in the first line as follows,

h̃q′

Xq′ =



h1
Xq′ 1 ≤ q′ ≤ q1

h2
Xq′ q1 < q′ ≤ q1 + q2

...
h

cpΓ
Xq′ q − qcpΓ < q′ ≤ q.

(85)

We then use the inequality,
∑

σ∈Sq

(
q − 1

dσ

)−1

≤ q1! · · · qcpΓ! under q1 +· · ·+qcpΓ = q. We

also note that each h̃
σ(q′)
Xσ(q′)

reproduces cp copies of hγ
Xσ(q′)

for each γ in the summation over
q1, · · · , qcpΓ with q1+· · ·+qcpΓ = q, just like the commutator-scaling error in Trotterization
[5]. Thus, the extensiveness of Φq is further bounded by

g(Φq) ≤ (cp)q

q2

∑
γ1,··· ,γq

q∑
q′=1

∑
X1,··· ,Xq :

Xq′∋j

max
σ∈Sq

∥∥∥[hγσ(1)
Xσ(1)

, · · · , [hγσ(q−1)
Xσ(q−1)

, h
γσ(q)
Xσ(q)

]]
∥∥∥

≤ (cp)q

q2

q∑
q′=1

∑
γq′

∑
Xq′∋j

(q − 1)!(2kg)q−1
∥∥∥hγq′

Xq′

∥∥∥
≤ (q − 1)!

q
(2cpkg)q−1cpg. (86)

The second inequality comes from the fact that the nested commutators in the first line
share the same upper bound by Lemma 7 regardless of the permutation σ ∈ Sq, where we
fix the domain Xq′ . □

B Series expansions of the subsystem Trotterization and BCH formula
Here, we prove Eq. (44) in the main text, which is used for the derivation of Theorem 3.
They provide the upper bounds on the series expansions for the subsystem operators, and
essentially arise from the locality and the extensiveness of Hamiltonians.

B.1 Series expansion of the subsystem Trotterization
We begin with proving the following bound about the subsystem Trotterization T >i

p (τ)
defined by Eq. (37).

Lemma 9.
Let us expand the operator T >i

p (τ)†T >i−1
p (τ) by

T >i
p (τ)†T >i−1

p (τ) =
∞∑

q=0
T i

qτ q, (87)

where the subsystem Trotterization T >i
p (τ) is defined by Eq. (37). Then, we have∥∥∥T i

q

∥∥∥ ≤ (4cpkg)q. (88)
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Proof.— The operator T >i
p (τ) defined by Eq. (37) can be seen as a time evolution

operator under a Hamiltonian,

H>i(τ ′) =



α1H>i
γ1 if τ ′ ∈ [0, τ)

...
αvH>i

γv
if τ ′ ∈ [(v − 1)τ, vτ)

...
αcpΓH>i

γcpΓ if τ ′ ∈ [(cpΓ − 1)τ, cpΓτ)

, (89)

over the time τ ′ ∈ [0, cpΓτ ]. We apply the interaction picture under H>i(τ ′) to the Hamil-
tonian H>i−1(τ ′) = hi(τ ′) + H>i(τ ′), where we define hi(τ ′) = H>i−1(τ ′) − H>i(τ ′). We
note that hi(τ ′) is a partial set of local terms acting on the site i, whose expression at
instantaneous time is given by

hi(τ ′) = αv

∑
X:X∋i,

X∩{1,··· ,i−1}=ϕ

hγv

X , for τ ′ ∈ [(v − 1)τ, vτ) (90)

based on Eqs. (36) and (89). The operator T >i−1
p (τ) is expressed by

T >i−1
p (τ) = T >i

p (τ) × T exp
(

−i

∫ cpΓτ

0
dτ ′U>i(τ ′)†hi(τ ′)U>i(τ ′)

)
, (91)

U>i(τ ′) = T exp
(

−i

∫ τ ′

0
dτ ′′H>i(τ ′′)

)
. (92)

We apply the Dyson series expansion on the operator U>i(τ ′)†hi(τ ′)U>i(τ ′), which results
in

U>i(τ ′)†hi(τ ′)U>i(τ ′)

=
∞∑

q=0

∫ τ ′

0
dτ ′1 · · ·

∫ τ ′
q−1

0
dτ ′q


←∏

q′=1,··· ,q

(
iadH>i(τq′ )

)hi(τ ′)

=
∞∑

q=0
(τ ′)q × iq

q!

∫ 1

0
ds1 · · ·

∫ 1

0
dsqT←

 q∏
q′=1

(
adH>i(sq′ τ ′)

)hi(τ ′)︸ ︷︷ ︸
Ξq(τ ′)

. (93)

The symbol T←[·] denotes the time-ordered product, in which the variables s1, · · · , sq are
aligned in the descending order. We again apply the Dyson series expansion to the operator
T >i

p (τ)†T >i−1
p (τ). Equation (91) immediately leads to the expression,

T >i
p (τ)†T >i−1

p (τ)

=
∞∑

n=0
(−i)n

∫ cpΓτ

0
dτ1

∫ τ1

0
dτ2 · · ·

∫ τn−1

0
dτn

→∏
n′=1,··· ,n

 ∞∑
qn′ =0

(iτn′)qn′ Ξqn′ (τn′)


=
∞∑

n=0
(−i)n

∞∑
q1,··· ,qn=0

τn+q1+···+qn

n!

∫ cpΓ

0
ds1 · · ·

∫ cpΓ

0
dsnT→

[
n∏

n′=1
(sn′)qn′ Ξqn′ (sn′τ)

]

=
∞∑

q=0
τ q

q∑
n=0

1
n!

∑
q1,··· ,qn≥0:

q1+···+qn=q−n

∫ cpΓ

0
ds1 · · ·

∫ cpΓ

0
dsnT→

[
n∏

n′=1
(sn′)qn′ Ξqn′ (sn′τ)

]
︸ ︷︷ ︸

T i
q

. (94)
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The symbol T→[·] is defined in the opposite way of T←[·]. This gives the series expansion of
the operator T >i

p (τ)†T >i−1
p (τ) in Eq. (87). We can confirm that the coefficient T i

q defined
by Eq. (94) is independent of the time τ in the following way. The operator T i

q appears
to have the time-dependency in H>i(sn′sq′τ) and hi(sn′τ) via Ξqn′ (sn′τ) [See Eq. (93)].
However, since they are piecewise constant modulo τ as shown in Eqs. (89) and (90),
they can be replaced by the functions solely dependent on sn′sq′ and sn′ respectively. This
results in the τ -independence of T i

q , which ensures that Eq. (94) gives the series expansion
of T >i

p (τ)†T >i−1
p (τ).

We finally evaluate the upper bound on the coefficient T i
q . We begin with the upper

bound on Ξq(sτ) defined by Eq. (93). For s ∈ (0, cpΓ), the Hamiltonian H>i(sq′sτ) is
piecewise constant within

vq′ − 1
s

≤ sq′ <
vq′

s
, vq′ ∈ N. (95)

Each index vq′ takes 1, 2, · · · , ⌈s⌉ for sq′ ∈ (0, 1). This property allows us to replace the
integral in Eq. (93) by the summation as follows,

∥Ξq(sτ)∥ ≤ 1
q!

∫ 1

0
ds1 · · ·

∫ 1

0
dsq

∥∥∥∥∥∥T→
 q∏

q′=1

(
adH>i(sq′ sτ)

)hi(sτ)

∥∥∥∥∥∥
≤ 1

q!

⌈s⌉∑
v1,v2,··· ,vq=1

∫ v1
s

v1−1
s

ds1 · · ·
∫ vq

s

vq−1
s

dsq

∥∥∥∥∥∥T→
 q∏

q′=1

(
αvq′ adH>i

γvq′

)hi(sτ)

∥∥∥∥∥∥
≤ 1

q!sq

cpΓ∑
v1=1

· · ·
cpΓ∑

vq=1

∥∥∥[αv1H>i
γv1

, [αv2H>i
γv2

, · · · , [αvq H>i
γvq

, hi(sτ)] · · · ]]
∥∥∥

≤ (cp)q

q!sq

Γ∑
γ1,··· ,γq=1

∥∥∥[H>i
γ1 , [H>i

γ2 , · · · , [H>i
γq

, hi(sτ)] · · · ]]
∥∥∥

≤
(2cpkg

s

)q

∥hi(sτ)∥. (96)

The time-ordered product in the second line is about the integers v1, · · · , vq. The fourth
line comes from the fact that every index γ ∈ {1, · · · , Γ} is repeated cp times by γv when
v runs over v = 1, · · · , cpΓ by the definition of Trotterization, Eq. (6). The last inequality
comes from Lemma 7. Substituting this bound into Eq. (94), we obtain the upper bound
on the coefficient T i

q by

∥∥∥T i
q

∥∥∥ ≤
q∑

n=0

1
n!

∑
q1,··· ,qn≥0:

q1+···+qn=q−n

∫ cpΓ

0
ds1 · · ·

∫ cpΓ

0
dsn

n∏
n′=1

[
(sn′)qn′

∥∥∥Ξqn′ (sn′τ)
∥∥∥]

≤
q∑

n=0

1
n!

∑
q1,··· ,qn≥0:

q1+···+qn=q−n

n∏
n′=1

[
(2cpkg)qn′

∫ cpΓ

0
ds∥hi(sτ)∥

]

=
q∑

n=0

(2cpkg)q−n

n! (cpg)n
∑

q1,··· ,qn≥0:
q1+···+qn=q−n

1

≤ 1
2(4cpkg)q

∞∑
n=0

2−n

n! =
√

e

2 (4cpkg)q. (97)
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The second line comes from Eq. (96). In the third line, we use

∫ cpΓ

0
ds∥hi(sτ)∥ =

cpΓ∑
v=1

|αv|

∥∥∥∥∥∥∥∥∥
∑

X:X∋i,
X∩{1,··· ,i−1}=ϕ

hγv

X

∥∥∥∥∥∥∥∥∥ ≤
cpΓ∑
v=1

∑
X⊂Λ:X∋i

∥hγv

X ∥ ≤ cpg (98)

from the definition, Eq. (90). In the last inequality of Eq. (97), we use the relation,

∑
q1,··· ,qn≥0:

q1+···+qn=q−n

1 = (q − 1)!
(n − 1)!(q − n)! ≤ 2q−1. (99)

Finally, using the trivial relation
√

e < 2, we arrive at Eq. (88). □

B.2 Series expansion of the subsystem BCH formula
We next focus on the second inequality in Eq. (44), which is a counterpart of Lemma 9 for
the subsystem BCH formula, Eq. (39). We exploit the locality and extensiveness of the
effective Hamiltonian H>i +

∑p0
q=2 Φ>i

q τ q−1 for the BCH expansion, represented by Lemma
8. As a result, we can prove the following lemma.

Lemma 10.
Let T̃ >i

p,p0(τ) denote a subsystem truncated BCH formula,

T̃ >i
p,p0(τ) = exp

(
−iΦ>i

p,p0 [τ ]
)

, Φ>i
p,p0 [τ ] = H>iτ +

p0∑
q=2

Φ>i
q τ q, (100)

where Φ>i
q is obtained by replacing Hγ by H>i

γ in the BCH coefficient Φq [See Eq. (30)]
for the order-p Trotterization Tp(τ). When we expand the operator T̃ >i

p,p0(τ)†T̃ >i−1
p,p0 (τ) by

T̃ >i
p,p0(τ)†T̃ >i−1

p,p0 (τ) =
∞∑

q=0
T̃ i

qτn, (101)

each coefficient is bounded by

∥T̃ i
q∥ ≤ e2

2 (8e2cpp0kg)q. (102)

Proof.— We define the difference Ψi
p,p0 [τ ] ≡ Φ>i

p,p0 [τ ] − Φ>i−1
p,p0 [τ ]. Then, we use the

relation by the Dyson series expansion, Eq. (50), for operators A = −iΦ>i
p,p0 [τ ] and B =

iΨi
p,p0 [τ ]. This leads to

T̃ >i
p,p0(τ)†T̃ >i−1

p,p0 (τ)

= eiΦ>i
p,p0 [τ ]e−iΦ>i

p,p0 [τ ]+iΨi
p,p0 [τ ]

=
∞∑

n=0

∫ 1

0
ds1

∫ s1

0
ds2 · · ·

∫ sn−1

0
dsn

→∏
n′=1,··· ,n

( ∞∑
l=0

(isn′)l

l!
(
adΦ>i

p,p0 [τ ]

)l
iΨi

p,p0 [τ ]
)

.

(103)

We define the series expansion of the term in the integral,
∞∑

l=0

(is)l

l!
(
adΦ>i

p,p0 [τ ]

)l
iΨi

p,p0 [τ ] =
∞∑

q=0
Ψ̃q(s)τ q, (104)
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and then the coefficient T̃ i
q is expressed by

T̃ i
q =

∞∑
n=0

∫ 1

0
ds1

∫ s1

0
ds2 · · ·

∫ sn−1

0
dsn

∑
q1,··· ,qn≥0:

q1+···+qn=q

→∏
n′=1,··· ,n

Ψ̃qn′ (sn′). (105)

It suffices to evaluate the bound on ∥Ψ̃q(s)∥.
The difference Ψi

p,p0 [τ ] = Φ>i
p,p0 [τ ] − Φ>i−1

p,p0 [τ ] is expanded by

Ψi
p,p0 [τ ] =

∑
γ

hγ
i τ +

p0∑
q=2

(
Φ>i

q − Φ>i−1
q

)
τ q ≡

p0∑
q=1

Ψi
qτ q. (106)

In a similar manner to Eq. (105), the order-q coefficient Ψ̃q(s) in Eq. (104) is written by
the products of adΦ>i

ql′
and Ψi

q′ satisfying q′ + q1 + · · · + ql = q, which results in

∥Ψ̃q(s)∥ ≤
∞∑

l=0

1
l!

∑
0≤q′,q1,··· ,ql≤p0:
q′+q1+···+ql=q

∥∥∥∥∥
(

l∏
l′=1

adΦ>i
ql′

)
Ψi

q′

∥∥∥∥∥. (107)

Let us denote the decomposition of Φ>i
q into local terms by Φ>i

q =
∑

X ϕq
X . For q′ = 1, the

norm of the nested commutator in the above formula is bounded by∥∥∥∥∥
(

l∏
l′=1

adΦ>i
ql′

)
Ψi

1

∥∥∥∥∥
≤

∑
X:X∋i

∑
γ

∑
X1,··· ,Xl

∥∥∥[ϕql
Xl

, · · · , [ϕq1
X1

, hγ
X ]]
∥∥∥

≤ 2l
∑

X:X∋i

∑
γ

∥hγ
X∥

∑
X1:X1∩X ̸=ϕ

∑
X2:X2∩(Y1∪X)̸=ϕ

· · ·
∑

Xl:Xl∩(Yl−1∪X)̸=ϕ

l∏
l′=1

∥∥∥ϕql′
Xl′

∥∥∥,
(108)

where Yl′ denotes the union Yl′ = X1 ∪ · · · ∪ Xl′ like Eq. (79). Using the locality and
extensiveness of Φq by Lemma 8 in a similar manner to Eq. (80), we obtain the upper
bound, ∥∥∥∥∥

(
l∏

l′=1
adΦ>i

ql′

)
Ψi

1

∥∥∥∥∥ ≤ 2lg
l∏

l′=1

∑
l′′<l′

ql′′k + k

 g(Φq′
l
)


≤ 2lg

l∏
l′=1

[
qk

(ql′ − 1)!
ql′

(2cpkg)ql′−1cpg

]
≤ qlg(2cpp0kg)q−1 ≤ ql(2cpp0kg)q. (109)

We used
∑

l′′<l′ q′′l + 1 ≤
∑l

l′=1 ql′ + q′ = q in the second line and used (ql′ − 1)!/ql′ ≤ p
ql′
0

in the third line, both of which are validated in the summation appearing in Eq. (107).
We next calculate the bounds of the terms with q′ ≥ 2 in Eq. (107). The order-q′ term
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Ψi
q′ = Φ>i

q′ − Φ>i−1
q′ is expressed by

Ψi
q′ =

∑
q1,··· ,qcpΓ≥0:

q1+···+qcpΓ=q′

(−i)q′−1

cpΓ∏
v=1

(αv)qv

qv!



×

ϕq′(H>i
1 , · · · , H>i

cpΓ︸ ︷︷ ︸
q′

) − ϕq′(H>i−1
1 , · · · , H>i−1

cpΓ︸ ︷︷ ︸
q′

)


=

∑
q1,··· ,qcpΓ≥0:

q1+···+qcpΓ=q′

(−i)q′−1

cpΓ∏
v=1

(αv)qv

qv!



×

ϕq′(h1
i , H>i

1 , · · · , H>i
1︸ ︷︷ ︸

q1−1

, · · · , H>i
cpΓ, · · · , H>i

cpΓ︸ ︷︷ ︸
qcpΓ

)

+ϕq′(H>i−1
1 , h1

i , H>i
1 , · · · , H>i

1︸ ︷︷ ︸
q1−2

, · · · , H>i
cpΓ, · · · , H>i

cpΓ︸ ︷︷ ︸
qcpΓ

) + · · ·

· · · + ϕq′(H>i−1
1 , · · · , H>i−1

1︸ ︷︷ ︸
q1

, · · · , H>i−1
cpΓ , · · · , H>i−1

cpΓ︸ ︷︷ ︸
qcpΓ−1

, h
cpΓ
i )

 ,

(110)

The norm appearing in Eq. (107) can be evaluated in a similar manner to the proofs in
Lemmas 7 and 8. For instance, when the nested commutator

∏
l′ adΦ>i

ql′
is applied to the

first term in Eq. (110), we have∥∥∥∥∥∥∥∥∥
∑

q1,··· ,qcpΓ:
q1+···+qcpΓ=q′

(−i)q′−1

cpΓ∏
v=1

(αv)qv

qv!

( l∏
l′=1

adΦ>i
ql′

)
ϕq′(h1

i , H>i
1 , · · · , H>i

cpΓ)

∥∥∥∥∥∥∥∥∥
≤ (cp)q

q2 max
σ∈Sq

∑
X1,··· ,Xq :

X1∋i

∑
Xq+1,··· ,Xq+l

∥∥∥[ϕql
Xq+l

, · · · , [ϕq1
Xq+1

, [hXσ(1) , · · · , [hXσ(q−1) , hXσ(q) ]]]
∥∥∥

≤ 2l (cp)q′

q′2
max
σ∈Sq′

∑
X1,··· ,Xq′ :

X1∋i

∥∥∥[hXσ(1) , · · · , [hXσ(q′−1) , hXσ(q′) ]]
∥∥∥

×
∑

Xq′+1:
Xq′+1∩Yq′ ̸=ϕ

∥∥∥ϕq1
Xq′+1

∥∥∥ · · ·
∑

Xq′+l:
Xq′+l∩Yq′+l−1 ̸=ϕ

∥∥∥ϕql
Xq′+l

∥∥∥. (111)

We note that the superscript “> i” is not significant here since the locality and extensiveness
are respectively maintained.
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[Eq. (111)] ≤ 2l (cp)q′

q′2

∑
X1:X1∋i

(q′ − 1)!(2kg)q′−1∥hX1∥
l∏

l′=1

∑
l′′<l′

ql′′k + q′k

 g(Φql′ )


≤ ql

q′2
(2cpp0kg)q, (112)

where we used the condition, q′ + q1 + · · · + ql = q in the last inequality. The nested
commutators with the other q′− 1 terms in Eq. (110) share the same bound, which results
in ∥∥∥∥∥

(
l∏

l′=1
adΦ>i

ql′

)
Ψi

q′

∥∥∥∥∥ ≤ q′ × ql

q′2
(2cpp0kg)q ≤ ql(2cpp0kg)q. (113)

also for q′ ≥ 2.
Summarizing the results of Eqs. (109) and (113), the coefficient appearing the series

expansion Eq. (107) is bounded by

∥Ψ̃q(s)∥ ≤
∞∑

l=0

1
l!

∑
q′,q1,··· ,ql≥0:

q′+q1+···+ql=q

ql(2cpp0kg)q

≤ (4cpp0kg)q
∞∑

l=0

(2q)l

l! = (4e2cpp0kg)q. (114)

We used the relation
∑

q′,q1,··· ,ql≥0:
q′+q1+···+ql=q

1 = (q + l)!/q!l! ≤ 2q+l in the second inequality.

Finally, substituting this into Eq. (105), we obtain

∥T̃ i
q∥ ≤

∞∑
n=0

∫ 1

0
ds1 · · ·

∫ sn−1

0
dsn

∑
q1,··· ,qn≥0:

q1+···+qn=q

n∏
n′=1

∥Ψ̃qn′ (sn′)∥

≤
∞∑

n=0

1
n!

∑
q1,··· ,qn≥0:

q1+···+qn=q

(4e2cpp0kg)q1+···+qn

≤ e22q−1(4e2cpp0kg)q, (115)

which completes the proof of Eq. (102). □

B.3 Improvements from the proof for the Floquet-Magnus expansion
Trotterization can be seen as the time-evolution operator under the time-periodic Hamilto-
nian H>0(τ ′) by Eq. (89), which is piecewise constant and has the period cpΓτ . Compared
to the original proof for generic time-periodic Hamiltonians [18], our results by Lemma 9,
Lemma 10, and Theorem 3 are better by the factor Γ [the number of partitions in Trot-
terization by Eq. (4)]. To be precise, the original proof predicts∥∥∥T i

q

∥∥∥ ∈ O((Γkg)q), ∥T̃ i
q∥ ∈ O((Γp0kg)q) (116)

as counterparts of Lemmas 9 and 10, coming from the period cpΓτ . Accompanied by
this additional factor, it is demanded that the time τ is small enough to satisfy τ ∈
O
(
(Γp0kg)−1) in order to approximate Trottetization by the truncated BCH formula as

Eq. (35). On the other hand, we exploit the structure of Trotterization, Eq. (6), especially
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about the nested commutator Eq. (8). This leads to the better bound in Lemmas 9 and
10, and the much looser requirement τ ∈ O

(
(p0kg)−1) by Eq. (34), which is independent

of Γ.
We note that this improvement is essential in Hamiltonian simulation, especially for

Hamiltonians with long-range interactions. For generic Hamiltonians with finite-range
interactions, the number of terms Γ can be O(1) and hence it seems not to be impor-
tant. However, when limiting to finite-range interactions, the Haah-Hastings-Kothari-
Low (HHKL) algorithm can achieve nearly optimal gate counts O(Ngt × polylog(Ngt/ε)),
which is better than MPF [37] (See also Table 1). There is stronger motivation in consid-
ering long-range interactions for MPF, where the HHKL algorithm becomes inefficient and
the number of terms Γ generally increases in the number of interactions, O

(
Nk
)
. In that

case, the original result for generic cases demands the Trotter step τ = t/r ∈ O
(
(Γp0kg)−1).

This is not compatible with the good size-dependency by Eq. (60). Namely, it is essential
to delete the Γ-dependence from the requirement as Theorem 3. Our improvement can
ensure that MPF has a cost with good size-dependency, Eq. (60), broadly for finite-ranged
and long-ranged interacting Hamiltonians.

Accepted in Quantum 2026-01-07, click title to verify. Published under CC-BY 4.0. 31


	Introduction
	Preliminary
	Setup and multi-product formula (MPF)
	Error and complexity of MPF and the problem of the existing analysis
	Summary of our results

	Modified error bound and complexity of MPF
	Asymptotic convergence of the BCH formula for Trotterization
	Error bound of MPF with commutator scaling
	Computational cost of the well-conditioned MPF

	Discussion and conclusion
	Application to other quantum algorithms
	Discussion and Summary

	Bounds on the nested commutators and the BCH expansions
	Series expansions of the subsystem Trotterization and BCH formula
	Series expansion of the subsystem Trotterization
	Series expansion of the subsystem BCH formula
	Improvements from the proof for the Floquet-Magnus expansion


