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A Bessel Beam Solution for Relativistic Electron Vortices
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In non-relativistic electron vortex beams, the spin of an electron is treated as a degree of freedom
independent from the momentum of the electron. However, for a relativistic electron described
by the Dirac equation, its spin is intimately related to its momentum, as is manifested by spin-
orbit coupling, helicity conservation, etc. In this paper, we construct a Bessel beam solution by
superposing momentum eigen functions, whose spins are parallel to the momentum or at a constant
angle with the beam axis. By introducing a Gaussian envelope function for the normalization of
the wave functions, we calculate the expectation values for physical quantities such as the spin and
magnetic moment. Also, the differences from the results of previous studies are discussed.
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(S,) values are plotted vs. momentum direction angle 6.

o
K
2
Jo
>
o
L]
o
to 2
il
4 N
so 17
Ee

o o = o
flo nS ot £ off

i) Ly e
2

o
=)

e 1

() = 5= 0+ 5) (22)

27| RHES] 7|ghe g, 9] 1 7P£+ ol bﬂEﬂ%‘a
Ttk TR 6, o oEsHA] Y=t ol= (11), (12)9]
e} j, 7+ 6, °ll 2]ESHA] eF=TA Hliﬂ Aot

N
-~
ol
S5
£

v
2
H
e K
Jo
oz
o

2] (helicity conservation) St oty E 4
o A

N re,
oo

m oo o R
o H}‘n) ox
2 o
i T
g Ig OLN(
o do o !

oF oL

38, o, oSl ofrl
rOlI ‘\1‘ mlo :?L_(,
EaEd
% ol =
o> 0=
> 4 flo
R o
1o N, oX,
) ol
U

£ Ho ot r o oL &£ e
L ox

o off fo

1o
r ok

odk

)

o

i

>

32 o

X

=2 offf oft

2o 5
e} s
Bejpel 71%%
1S 6 8
2 H2sl st

otol A A A

%2 AHgatart.

WY Age] Zdigl (S.) & et A TR =
Tl M e FHeHl deote] A e 28 w e
Z\ehgkat F sk webA (s.) o gk w7tk 2
i Folirt. ey S e wol el %
W o = YA A wf Z]digke] izt Eck 4
BHIE O] 7| (u.) & T3 At w O] WF FshH F
245 J, 9 T3k ¢+ L o] vjElek Ao vpehdch

(6)°] ol [14]9} Bl w T o FAA ] 28 T k27|
e Zlo|ng guta o2 ()7 2ol [14]9] 5] FA
o7 HdHAYG AP o W0l 4226, =0, 7 B E

2
o
=
=
_>|4_|‘

W]

(14]9] sfet SLsint. w2hA o]

—~
o
~—

UG o] 7izke [14]9] Azl
u| el & % ik,

o] A1 7L (S,) = FA BHokxol [14]9] Aot
AAFCE T, A7 RUE () €] 7103k (22) [14)]
Al

(uBy = i(E—l— 2s — As), (s= i%, A= %sinQ o)
(23)
S} Q75 Fch. ol So (8)] TEFS g =
GE Ol oA (22)3 (23)0] ©lgt A eizke vlae) B
g5l - AD)2 2k e
of z}o] ol teliA= & 9 =27t
=2 Holth tﬂxﬁ 71 EHE H9: 4+ (16
¢ A% j,, jy = AR TN SEUEE
F= AHE AHEA 5o F AH ¢ne,—0 = ¢ <
Crioren = 82, O D o g, B AT B FL5A
vepdt oeba 2eHo2 & o ojsery dojxs
74}7]EU11E A\ () & 5AS Ao o B =
o] (22)% ol el ATFE HolFT Yk, Teut (23)]

< By e st A 54 =t
1298t Z1thgk ALt Ao Apol= A% E7163t
TR RE 7|Hgs dojuls e 1A 2ol
of A vrAlgtch A2t [14]04E WA FW H3o 2
AAAret w-E B HEke § 9] oy x| ohget 3%t
O 290l RS Tl AAAE A oJste] g okl
th & =2l E &Y oYz shEdtaE AHESHE
o], 71 gk Algtoll o o | 2] o] uh-E 3kt ARE-SohH
FQ@el ot npEeto] Mk g1, A4t 2ok
g FE AFH 02 FO oy 2] 9] nhE oo #7,}2
=2 22 3IE 7H7Ith S AP o= Igh

~

[*]
[y



180

B2 THEs: HERRE QolAitt (1), oA o FW
gt shol A THER4-0] AES BN FR0R 1A
o)z)ol MEal Zre gatE Zohy B 4= QIth Bessel B9
ot 713t A4t I o= Febet el the AR gk
Foh Tl gt ol Rardse] T Tt
Aoz & 4 Stk of7]of] FW HIkS Hgol= A2
A= FE9 &AE v e Aoz & 4 QT el
Ro7 W= Yehve 922 7 ole 52 AHiA

rearrangement)"ﬂ olsff Fgtgte] Eetd 4= Sl=Hl [20],
16)°] . o] g5 BFE B rJi(prr)Jesi(pir) 2A ¢
o] Z7tgkoll whet Fol gt 29] grol wo= yEhal
o, wrebA FW SRS 71t o =4 7| digte]l Zfo]7F A7
2 FA &=, FW Y] EA40]7] Hrh= A4l
& 5 gle T S 919 oA Bessel Bl o
oA 2 A2 Az AA] AP Ao A ghEo
feret 53 919 A Bessel ol ol Al= FW
T oolget ZA17F ¢l& Aol

/\/\

rE L U o 30 9,

e e 2 Jo -

ZA 2

ol

ted7H] Aol 9lsf o] Fo1 R

T Aot

J

REFERENCES

[1] K. Y. Bliokh et al., Phys. Rep. 690, 24 (2017).

[2] S. M. Lloyd, M. Babiker, G. Thirunavukkarasu and
J. Yuan, Rev. Mod. Phys. 89, 035004 (2017).

[3] T. D. Lee, S. -R. Ryu, Y. C. Kim and I. T. Han,
New Phys.: Sae Mulli 65, 234 (2015).

[4] S. K. Nam, T. H. Kim, New Phys.: Sae Mulli 68,
1162 (2018).

[5] L. Allen, S. M. Barnett and M. J. Padgett, Optical
Angular Momentum(Institute of Physics Publishing,
Bristol, 2003).

New Physics: Sae Mulli, Vol. 70, No. 2, February 2020

[6] D. L. Andrews, M. Babiker, The Angular Momen-
tum of Light (Cambridge University Press, Cam-
bridge, 2013).

[7] 1. Bialynicki-Birula and Z. Bialynicka-Birula, Phys.
Rev. A 65, 014101 (2001).

[8] I. Bialynicki-Birula, Z. Bialynicka-Birula and C.
Sliwa (2000), Phys. Rev. A 61, 032110 (2000).

[9] I. Bialynicki-Birula, T. Mloduchowski, T. Radozycki
and C. Sliwa (2001), Acta Physica Polonica A 100
(Supplement), 29-41 (2001).

[10] K. Y. Bliokh, Y. P. Bliokh, S. Savel'ev and F. Nori,
Phys. Rev. Lett. 99, 190404 (2007).

[11] M. Uchida and A. Tonomura, Nature (London)
464, 737 (2010).

[12] J. Verbeeck, H. Tian, and P. Schattschneider, Na-
ture (London) 467, 301 (2010).

[13] B. J. McMorran, A. Agrawal, I. M. Anderson, A. A.
Herzing, H. J. Lezec et al., Science 331, 192 (2011).

[14] K.Y. Bliokh, M. R. Dennis and F. Nori, Phys. Rev.
Lett. 107, 174802 (2011).

[15] L. L. Foldy and S. A. Wouthuysen, Phys. Rev. 78,
29 (1950).

[16] 1. Bialynicki-Birula and Z. Bialynicka-Birula, Phys.
Rev. Lett. 118, 114801 (2017).

[17] S. M. Barnett, Phys. Rev. Lett. 118, 114802
(2017).

[18] D. H. Perkins,
Physics(4th) (Cambridge University Press, Cam-
bridge, 2000). p. 20.

[19] 1. S. Gradshteyn and I. M. Ryzhik, Table of Inte-
grals, Series, and Products(8th) (Academic Press,
Amsterdam, 2015).

[20] W. Rudin, Principles of Mathematical Analysis(3rd)
(McGraw-Hill, New York, 1976). p. 76.

Introduction to High Energy


http://dx.doi.org/10.1016/j.physrep.2017.05.006
http://dx.doi.org/10.1103/RevModPhys.89.035004
http://dx.doi.org/10.3938/NPSM.65.234
http://dx.doi.org/10.3938/NPSM.68.1162
http://dx.doi.org/10.3938/NPSM.68.1162
http://dx.doi.org/10.1103/PhysRevA.65.014101
http://dx.doi.org/10.1103/PhysRevA.65.014101
http://dx.doi.org/10.1103/PhysRevA.61.032110
http://dx.doi.org/10.12693/APhysPolA.100.29
http://dx.doi.org/10.12693/APhysPolA.100.29
http://dx.doi.org/10.1103/PhysRevLett.99.190404
http://dx.doi.org/10.1038/nature08904
http://dx.doi.org/10.1038/nature08904
http://dx.doi.org/10.1038/nature09366
http://dx.doi.org/10.1038/nature09366
http://dx.doi.org/10.1126/science.1198804
http://dx.doi.org/10.1103/PhysRevLett.107.174802
http://dx.doi.org/10.1103/PhysRevLett.107.174802
http://dx.doi.org/10.1103/PhysRev.78.29
http://dx.doi.org/10.1103/PhysRev.78.29
http://dx.doi.org/10.1103/PhysRevLett.118.114801
http://dx.doi.org/10.1103/PhysRevLett.118.114801
http://dx.doi.org/10.1103/PhysRevLett.118.114802
http://dx.doi.org/10.1103/PhysRevLett.118.114802

