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Mass formulas are obtained for stationary axisymmetric solutions of the Einstein-
Maxwell dilaton-axion theory, which have a regular rod structure on the axis of symmetry.
Asymptotic mass, angular momentum and charge are expressed as the sums of masses,
angular momenta and charges of rods dressed with field contributions. The calculation
is based on a three-dimensional sigma model representation of the stationary EMDA
system and the Tomimatsu approach proposed for the Einstein-Maxwell system. Our
results provide an alternative interpretation of mass formulas and thermodynamics for
black holes with Dirac and Misner strings. It is also applicable to aligned multiple black
holes with struts.
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1. Introduction

Mass formulas for black holes and the concept of irreversible mass were proposed
by Christodoulou,! Hawking,? Christodoulou and Ruffini,® and Smarr?® in the early
1970s, shortly before Hawking discovered the evaporation of a black hole.® They
have played an important role in understanding the energy extraction from rotating
black holes and the energy balance of merging black holes, which was brilliantly
confirmed in the recent experiments of Ligo. The thermodynamics of black holes®
then gave them a deep quantum interpretation. The mathematical foundations and
detailed derivation of mass formulas in the Einstein-Maxwell theory were given
by Carter.!?

The original integral Smarr’s mass formula? relates the total values of mass,
angular momentum and electric charge of black holes in Einstein-Maxwell theory
with the horizon area. The area term in this formula was originally interpreted me-
chanically as the work of stresses of the horizon. Further, this interpretation was
forgotten in favor of the thermodynamic one. When interest turned to solutions
with NUT, it was immediately found,!' ** that the Misner string also contributes
to the Smarr mass formula, and this contribution was included in the entropy term.
This interpretation was revived recently in slightly different terms in a series of pa-
pers,'® 19 based on the Bonnor interpretation of the Misner strings as mild physical
singularities.?"

In our opinion, the most natural description of solutions with Misner and Dirac
strings as well as aligned multicenter solutions with struts can be given in terms of
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the rod structure, introduced by Harmark,?! developing earlier ideas of Emparan
and Reall.?2 The main novelty of this approach is the derivation of separate formulas
for the partial masses for each component of the entire system, represented by a set
of rods. In this interpretation, Misner’s strings appear as independent components
on the same base and as black holes.

Using the representation of vacuum stationary axisymmetric solutions in Weyl
coordinates, we consider the solutions as generated by data on the polar axis, which
look like distributional matter objects that are sources of the Poisson equation for
the gravitational potential.?3 Accordingly, the total gravitational field can be viewed
as a nonlinear superposition of the components such as black holes, struts, Misner
and Dirac strings. Despite the nonlinearity of Einstein’s equations, the total mass,
angular momentum (and electric charge in the case of an electrovacuum) can be
represented as the sum of the individual contributions of the constituents. This
simple additivity is associated with conservation laws for the Komar and Gauss
integrals. The magnetic charge and magnetic mass (NUT) in this description are
due to the Misner and Dirac strings, which correspond to the individual elements
in the rod system, so these charges do not enter the black hole horizon mass. Their
contribution enters the asymptotic Komar mass as the proper masses of the Dirac
and Misner strings along with the black hole contribution.

The difference between the horizon and the string rods is that the directions of
the former are timelike, and the directions of the latter are spacelike. Both rods
are Killing horizons and have an associated surface gravity. But the entropic inter-
pretation of the surface contribution of spacelike rods (often encountered) does not
seem convincing. An alternative interpretation may be similar to Smarr’s original
point of view.

This programme was previously performed for the Einstein-Maxwell system,
and here it is extended to Einstein-Maxwell-dilaton-axion gravity (EMDA). We
show that Tomimatsu’s proposal within the context of electrovacuum?%: 27
culating Komar integrals over rods in terms of the boundary values of Ernst’s po-
tentials can be generalized to the sigma model representation of stationary dilaton-
axion gravity. Surprisingly, the obtained mass formulas are very similar to the for-
mulas obtained in the case of Einstein-Maxwell.

24,25

on cal-

2. Stationary EMDA gravity

The EMDA gravity can be viewed as a consistent truncation of a toroidal reduction
of the heterotic string,?® or as a truncation of N = 4 four-dimensional supergrav-
ity.2%30 Rotating electrically charged black hole solution of EMDA theory was ob-
tained by Sen?® within the first approach and independently, with the inclusion of
NUT and magnetic charge, by Gal’tsov and Kechkin®! in the second context. Re-
cently, these solutions have attracted attention as an alternative to the Kerr metric
in an effort to find astrophysical evidence for new physics.32 34
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The mass formulas and thermodynamics of EMDA black holes have been dis-

35,36 (

cussed frequently in the past, though not in full generality, see, for example a

more complete list of references prior to 2008 can be found in3¢). Our discussion
here, based on generalization of,?
and is also applicable to hitherto unknown solutions for double black holes with
struts that are expected to exist.

The EMDA action in our conventions reads:

1
167

covers solutions with Misner and Dirac strings,

1 ~
S {R —20,00"¢p — 564‘755‘“&3“/@ — e_2¢Fw,F’“’ — HFWFW} V—gd'z,

(1)
where FH* = %E“”/\TF)\T. Dilaton ¢ and axion k parameterize a coset
SL(2,R)/SO(2), and the SL(2, R) group is the symmetry of the full action. To
see this, one can introduce the complex scalar

(=r+ie (2)
and the self-dual Maxwell field F = (F +iF ) /2. Then the action takes the form

1

5= Ton

S12 v
[{r=2l0ctc~ 0P 4 icFnr + o)} vmadis, ()
which is invariant under the SL(2, R) transformations

ag+ 8
YC+46’
F = (vk+ 0)F 4+ ve 2°F, (4)

¢ — af —~v6=1,

which interchange the modified Maxwell equations and the Bianchi identity

V,G" =0, V,FM" =0, (5)
GW = e 20 MY 4 RV, (6)
The Einstein equations are
1 1
R#u = 2¢,,u¢,l/ + 5644)’{,#’{,1/ - 672¢ <2F,u)\F)\u + ingﬁw) . (7)

For stationary and axisymmetric configurations the axion and dilaton kinetic term
disappear from the Einstein equations in the ¢ — ¢ sector, and the dilaton enters
only through the scale factor e~2¢ in front of the Maxwell energy-momentum tensor.
This is crucial for our derivation.

Assuming the existence of the Killing vector & = 0, the metric can be repre-
sented as

_ 1 o
ds* = gdatds” = — f(dt — wdz")? + ?hijd:rld:rj, (8)

where three-dimensional metric h;;, three-dimensional rotation vector w;, (i,j =
1,2,3) and the scale factor f depend only on the space coordinates z¢. The spatial
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parts of the Bianchi identities and the modified Maxwell equations can be solved
by introducing electric v and magnetic u potentials

1
—0;v, 9
\/§ ? ( )
G = fieijk(?ku. (10)

V2h

The mixed R} Einstein equations are solved by introducing the twist potential x

Fip =

obtained by dualizing the rotation two-form:
f2h; ﬁa-w = Oix + vOiu — ud; (11)
Zl\/ﬁ]k_ i X vo;u uo;v.
The remaining equations reduce to those of three-dimensional gravitating sigma-
model equations for six scalars X4 = f,y,v,u,¢,k, A =1,...,6, and the three-
dimensional metric h;;:

§— / [R(h) — Gap(X) 0: XA 0, X" W] Vi da, (12)
where the target space metric G4p can be presented as
di* = %f‘2[df2 + (dx + vdu — udv)?] — £ [e*? (du — kdv)® + e > dv?]
+2d¢* + %e4¢d/<;2. (13)

The isometry group of this metric is SO(3,2), as was identified in.3” Based on
isomorphism SO(3,2) ~ Sp(4, R), a convenient 4 x 4 matrix representation of the
coset Sp(4, R)/SO(1,2) was suggested,®® suitable for the generation technique. In
terms of complex coordinates, one of which is (2) and two other are the following
generalization of the Ernst potentials®’

UV=u—Cv, E=if—x+0vY, (14)

the target space is a three-dimensional Kahler space.

3. Rod structure

Consider the spacetime metric, admitting two commuting Killing vectors k, m
corresponding to stationarity and axial symmetry. Let ¢, ¢ be chosen so that
k= 0, m = 0y with t € R and ¢ € [0,7]. The remaining coordinates will be
primarily assumed of the Boyer-Lindquist type, r,6 with 0 < r < oo and 0 € [0, 7].
We assume that the spacetime manifold has no strong naked curvature singular-
ities, but can have visible line singularities along (a part of) the polar axis in
the sense of Israel.?3 These includes cosmic strings (conical singularities), struts
in aligned multiple black hole solutions (conical singularities of both positive or
negative tension) and Misner strings in spacetimes with NUTs, without time pe-
riodicity being imposed. We also assume that spacetime is asymtotically flat, or
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asymptotically locally flat. To such a spacetime one can ascribe a rod structure
following Harmark.?!

Let vqp, % = t, ¢ is the two-dimensional Lorentzian metric of the subspace
spanned by the Killing vectors. Introduce the Weyl cordinates p, z such that p is

p=+/|dety|, (15)

and z to ensure the metric form:
ds® = yap(p, 2)dzdz® + e (dp? + d2?), (16)

where v is a function of (p,z). To find the rod structure, one has to solve the
equation

p(r,0) =0. (17)

Generically, the solution splits the polar axis into a certain number of finite or semi-
infinite intervals (—oo, z1], [21, 22, . . ., [, +00) called rods (we will label two semi-
infinite rods by n = £, and the remaining finite ones by an index n corresponding
to the left bound of the interval). Each rod can be equipped with a two-dimensional
vector, called rod direction, via the following reasoning. At p = 0 the matrix v4(0, z)
is degenerate by virtue of the definition (15), so it must have zero eigenvalues.
For quasiregular spacetimes, such that on the symmetry axis there are no strong
curvature singularities these eigenvalues must be non-degenerate except, perhaps,
for a discrete set of “turning” points z, which mark the ends of rods. The eigenvector
v, satisfying the equation

Yab(0, 2)v2 =0 (18)

on any segment z € [z, zn41], is called the n-s rod direction. By continuity, this
vector can be extended to small p # 0, and a more accurate analysis shows that, in
the leading order in p, its 2D norm behaves as

02 = Yapvlol ~ ta(z)p?, e ~ cta(z), (19)
where ¢ is some constant and the sign 4 corresponds to spacelike and timelike rod
respectively.

Normalization of directional vectors can be chosen in different ways. One possi-
bility, Killing normalization, relates to preferred normalisation an associated Killing
vector in spacetime: V = vk +v'm, namely, vg = 1 in the timelike case, and v; = 1
in spacelike. In view of behavior near the axis (19), in both cases the rod itself (i.e.
the submanifold p = 0) will be the Killing horizon for so defined Killing vector.
Another possibility is to choose the scale factor in such a way as to ensure the
finiteness of its norm at p — 0:

1% = lim p~te Vo® (20)

p—0 n
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again with an option of further constant rescaling. An important property of so
defined rod direction is its constancy (in view of (19) along the rod, i.e.,

9,19 = 0. (21)

Timelike rods of finite length correspond to black hole horizons, infinite timelike
rods describe acceleration horizons. The constant components of such a horizon rod
are connected with its angular velocity Qg and the surface gravity sy of the Killing
vector

E=k+Qgm. (22)
The surface gravity
s = (6w /2)? (23)

can be expressed in the Weyl coordinates as

1/2

e P apu®) (24)

s = lim (—p~
p—0 ( P
with v° = 1, v' = Qp. It may be convenient to choose a canonical normalization of

the directional vectors that corresponds to the unit surface gravity:
lH:(l/%H, QH/%H)- (25)

Spacelike rods correspond to line defects, such as cosmic strings, struts, Misner
strings, which can be also Dirac strings associated with the corresponding vector
potentials. These rods are Killing horizons for some spacelike Killing vectors. For
them one also has constant angular velocities €2, and spacelike surface gravities

s, = lim (0_26_21/%1{;’031217)1/2 ’ (26)

p—0 n

so that the normalized directional vectors will be
ln = (1/56n, Qn/s5) . (27)

Here v} = 1. With the normalized spacelike directional vector, the period (28) will
be 2. If the coordinate 7 associated with the spacelike rod Killing vector [ = 0,
conical singularity is absent with perdiocity of n with

Ay =27 Tim (e ( lazb)‘l)l/2 (28)
n=2r lim (p*e* (valily :

This is important in the situation when two spacelike rods meet at the turning point,

where potentially a mismatch of periodicities may lead to orbifold singularities. This

may happen for instantons.*!
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4. Komar charges

Following,?® we start with the Komar definition? of the asymptotic mass and an-
gular momentum:

1 1
My = — DYEMdY,,, Jeo=—— D"mtdx,,, . 29
47 ?{230 " 81 ?{Eoo m " (29)

We also need a conserved electric charge as the surface integral. The definition of a
conserved electric charge in EMDA follows from the modified Maxwell equations:

1
QO = 1= 72 G ds,,. (30)

Consider some stationary axisymmetric solution with an arbitrary rod structure
Zn, ln. Each rod must be surrounded by a thin cylinder ¥,,. Using Ostrogradski
formula one can transform the asymptotic total mass to the sum of the local Komar
masses M? of rods (“direct” masses) and the bulk contribution coming from the
fields: M =Y, MZ + Mp, where

1 1
Mo = E%g DYkdS,,,  Mp = E/D,,D”k“dSu, (31)

where Y, are the spacelike surfaces bounding the various sources®, and the second
integral is over the bulk. Similarly, the asymptotic angular momentum will read
J=>,J¢+ Jp, where

1 1

Jd = —— DV “dZ vy J - 5 DUDU MdS ) 32
" 87 [, G F 8w it (32)

Using the well-known Killing lemma for k,
D,D"k* = —[D,,, D" |k = —R", k", (33)

and similarly for m, and an explicit form for the Ricci tensor in EMDA theory (7),
one can express the bulk integrals as

Mp = —% / e 2 (Fu 't — Fi, F'%) /]g|d°x, (34)
Jp = i / e 2R, F/|g| dx. (35)

Using the identities
FuFt — F % =0, F,F*=0 (36)

“We use the metric signature (-+++) and the convention d¥,, = 1/2\/HEM,,>\Td:c)‘d1"" with
€tpzp = 1 in Weyl coordinates. We will label ¢, by an index a, and the remaining coordinates
p,z by i,j. The two-dimensional Levi-Civita symbol ¢;; is defined with €,> = 1 and €zy = 1
respectively.
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one can rewrite (34) and (35) as

Mp = *i / (FuG'™ — FipG*) \/|gldx, (37)

1 )
Jp = E/FwG”\/|g|d3x. (38)

In view of the modified Maxwell equations, these expressions can be presented in
the full divergence form

Mp = _%/&‘ V=g (AtGit — AwGw)] &, (39)

1 .
Jp = E/& (\/EAWG”) &, (40)

suggesting the representation of the asymptotic mass and angular momentum as
the surface integrals over the rods®:
1 . . .
My =Y My,  M,= 87% (97'0;g1a + 2 (A,G™ — A,G¥))dx;  (41)
n

n

Joo =3 Jny  n= ’% (979" 0j9pa + 4A,G™) d¥;, (42)
" 67 Jy,

where we have also rewritten the direct Komar integrals in an explicit form. Thus
we have succeeded in presenting the EMDA bulk contributions in the form of the
integrals over the rods in the same was as it was done in?® for the Einstein-Maxwell
system. This procedure can be regarded as rod’s dressing by the bulk field. So the
resulting Smarr formulas for the asymptotic mass and angular momentum were
written as sums of the dressed rod’s contributions. Note, that in the general case,
this is the only representation for the global M, J that can be found, since different
forms of rod’s contribution do not allow one to write asymptotic quantities directly
in terms of physical charges as was possible for a single black hole.

From now on we assume the standard Weyl-Papaperou parametrization of the
metric

ds® = —f(dt — wdp)® + [ [e* (dp” + d2?) + p*dg?], (43)
and represent the four-potential as
V2 A dat = vdt + Adyp, (44)

(note that v,u, A in this paper differs from these in?® by v/2 to be consistent with
the EMDA literature). Computation of the direct rod Komar integrals integrals was
given in.? It amounts to dualizing the rotation three-form

oix = —[*p tei;0jw + (udiv — vdiu) , (45)

bWe assume that the integrals over in infinite sphere vanish, otherwise they must be added too.
This happens if the North and South Misner and Dirac strings are arranged non-symmetrically, by
adding suitable constants to the asymptotic values of the rotation function w and the azimuthal
component of the four-potential Ag.
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and leads to

1
Mé = 8 / w[0.x + (V0. u — ud,v)] dzdy (46)
Similarly for the angular momentum
1
Jd = o | v {2 —w[0x + (WO, u — ud,v)]} dzdp (47)
Tr n

Note the appearance of the electromagnetic potentials in the expressions for direct
rod mass and angular momentum due to use of dualized twist potential, i.e., im-
plicit use of Einstein equations. These terms will be exactly canceled by the field
contributions to the same quantities.

To continue, we show that, apart from constancy (i.e. z-independence) of the
rod angular velocity Q = 1/w and the generalized surface gravity », one can prove
for any rod the following relations:

3 pt _ pe —
gll)% (GP* —wG*P?) \/]g| =0, (48)
lim (v + A/w) = —V2® = const, (49)
p—0

where ® can be interpreted as an electric potential of the rod. Together with con-
stancy of w, the last relation gives also

0, A = —wd,v, (50)

as p — 0.
Using (48-50), and the EMDA dualization equation (10) one can rewrite the
field contribution to the dressed rod mass (34) as

1

M= —
87T S

n

[w (vOyu — ud,v) — 0,(uA)] dzde. (51)
Combining this with the direct Komar mass (46) we obtain the dressed rod’s mass

1
M, = _/ [wO.x + 0. (Aw)] dzdep. (52)
8T po

It may seem surprising that this formula does not differ from that for Einstein-
Maxwell system. No explicit scalar terms are seen.

For the bulk contribution to the angular momentum, one also applies the Eq.
(48) and then magnetic dualization equation (10). The subsequent transformations
are the same as in?® and lead to the same result

1

JF = —

o [w?ud.v + wd. (Au)] dzdep. (53)
8 H

Combining with the direct Komar momentum, we obtain for the dressed rod:

1

Jp = ——
167 H

w2+ Wiy + 0. (Aw) — Ve, 0.u) dadg, (54)
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this expression also does not contain the dilaton and axion. Now consider Komar

electric charge of a rod (30). Explicitly, it is given by the flux

1
Qn =~ / Vgl dzdg.
47T S

Manipulating with indices and using dualization equation (10)

PP .
Gt — 9_th _ 9te qei _ o2k [th + f_wazu] ,
gt Gt p
one finds that in the limit p — 0 only the second term contributes, so
1
n=——7=" wOu dzdep.
Q or /E ) ®
After integration over ¢
w Zn+1 1 Zn41
M, ==" —(A
2L, Tl
Similarly, for the angular momentum (54) one finds
In = w_8n {_2(2n+1 - Zn) + [Wn (X - \/iq)nu> + AU} "*1} .
Finally, the electric charge will be
Wn Zn41
n = _——=U
@ 2\/5 Zn
The angular velocity of a rod is defined as a limit
Q, = lim w(p,2), Zn < 2 < Znga-
p—0

Combining the above formulas we obtain rod Smarr mass

Ly,
Mn = 7 + 2Qan + (I)nan

(55)

(62)

where L,, = 2,41 — 25, is the n-s rod length (for infinite rods some length regular-

ization is needed). Please note that this formula is identical; it is valid for any rod,

regardless of the specific parameter values.

5. Length versus entropy

Although it looks like a one-dimensional object, any rod with finite surface gravity

has a finite surrounding cylindrical area:

Zn+1 Zn+41
Ap, = %d(p/ \/19229001dz = 271'/ \/]e2klwldz.

The surface gravity (by definition, positive) in Weyl coordinates reads

K = |Qnly/ e 2F]|.

(63)

(64)



The Sixteenth Marcel Grossmann Meeting Downloaded from www.worl dscientific.com

by GERMAN ELECTRON SYNCHROTRON @ HAMBURG on 01/30/23. Re-use and distribution is strictly not permitted, except for Open Access articles.

1301

Thus the integral (63) is simply proportional to the rod’s length:
Hﬂ
2

This is true for both timelike rods (horizons) and spacelike ones (defects). In the

An = zpy1 — 2n = L. (65)

first case, the surface gravity is proportional to the Hawking temperature, and the
area of the horizon is proportional to the entropy.

TH:KH/27T, SH:.AH/4, (66)
therefore
KH Ly
TuSy = — = — 67
HSH = - An 1 (67)

and the Smarr formula can be rewritten as?

My =2QpJg +2TySy + PrQy. (68)

For spacelike rods such an identification does not seem justified, so we prefer to
leave Smarr formua in its “length” form (62).

For multicenter solutions this mass relation holds separately for each black hole
constituent. As stated in,?*2% this is also true when black holes have magnetic
and/or NUT charges. In our interpretation, the contribution of these parameters to
the total asymptotic mass comes from individual rods representing the Dirac and
Misner strings.

6. EMDA rotating dyon with NUT

The metric of the EMDA dyon with the NUT parameter constructed in 19943! can
be represented in the Kerr form:

A — a?sin® 6 dr? Asin? 6
ds? = — 20 g wdo)? 4 % (L+d92+ =

_asml 12) (69
Y A A — a2?sin’ 6 90) (69)

with the modified coefficient functions:

A=(r—r_)(r—2M)+a*>—(N—-N_)?,

Y=r(r—r_)+(acosf+ N)? — N?,
—2w

A —a2?sin?6’

Two new parameters r_, N_ depend on mass M, NUT parameter N, electric and

w=NAcosf+asin® (M(r—r_)+ N(N—N_)).

w =

magnetic charges @, P as follows:

_M@+P) N@+P)
M? + N2’ T 2(M2+ N2

and a is the rotation parameter. The electric and magnetic potentials and the

complex axidilaton scalar (2) depend also on the asymptotic values of dilaton and

(70)
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axion (oo = Koo + 1€ 20

V2ePe V/2e9

v= 5 Re[Q(r — r— +id)], u= 5 Re [QCoo(r — 7= +10)]
ooR DE* *p )
CZC*RIDCOO’ R:T—/\;]\; +1i0, d=acosh+ N —N_,
where the complex mass, electromagnetic and axidilaton charges are introduced
Q*2
M =DM +iN, Q=0Q+1iP, DED+iA:f2M. (71)
The explicit expressions for the axion and dilaton fields are
_ 2Im(RD*) Y 3
_ _ 2000 2(¢p—tpoo) — 79
R K:OO (& |R+D|27 € |R+D|27 ( )

where |R|?> — |D|? = ¥. The dilaton asymptotics renormalizes the electric and mag-
netic charges, and the axion determines their mixing. Indeed, for » — oo, the electric
and magnetic potentials are read as follows:
V2Q e V2 (Pe %= — koo Qe
- u ~ . (73)
r

r

vV~
The axion and dilaton asymptotics r — oo read as follows:
D A D
¢~ oo — 22‘672(%0_7 K~ Koo + 26724)00_7 ¢~ oo+ —. (74)
T T T

Combining electric and magnetic potentials, the complex potential ¥ reads

V2ebe
2

Applying the inverse dualization equations (10), we find the azimuthal compo-

U= [(C — Foo)Re [Q(r —7_ +i6)] + e 2?=Im [Q(r — r_ + 25)]] (75)

nent of the Maxwell four-potential For the four-potential one-form A = A, dx* we
obtain:

Poo
A, dat = eT (—Q(r —r_) + P9) (dt + (2Ny — a(1 — y°)) dyp) — e?> Pydyp. (76)

Its norm diverges on the Misner strings cosf = +1:

_ 200 P2
A“Au|cose—>i1 ~ Esin2 0 ’ (77)
thus, Misner rods are also Dirac string loci.
Gravitational dualization equation (11) gives the metric twist potential
M§—N(r—r_
X=2 (r=r) (78)

b))
The ergosphere boundary is given by

rg=M+r_/2+ \/|/\/l|2(177’,/2M)27a2<30s29, (79)
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and the event horizon radius (the outermost root of A = 0) is equal to

v = M 24 \JIME(— 20— a2, (80)

so that the horizon two-surface touches the ergosphere at the polar axis.
The transformation to the Weyl coordinates p, z is given by

p? = Asin? 0,
z=(A"/2) cos = (r — M —r_/2)cos¥.
Solving the equation p = 0, we find that the rod system consists of three rods:
e [, : northern Misner string r € (ry, 00), cosf = 1;

e [ the horizon rod r = ry, 6 € [0, 7];
e [, southern Misner string r € (rg,c0), cosf = —1.

The normalized directional vectors are given by the formulas (25), (27) in terms of
the corresponding surface gravities and angular velocities.

It is also useful to represent the solution in terms of prolate spheroidal coordi-
nates z, y definied as

r=ox+M+r_/2, cosf =y, (81)

o =|M|* - D|* - |Q — a?, (82)

One obtains:
dz? dy?
2 _ 2 —1| 2 2k/.2 2 Y
ds® = —f (dt —wdyp)” + f [oe (x _y)(:r21+1y2

) +p2ds02} , (83)
where the metric functions now read

Y= (ox+M)* = |D|* + (ay + N)?,
fx

0-2(172 _ y2)’

flw= -2 [NO’Q(JTQ — 1y +a(l —y?) (MC”E + [M]? - |Q|2/2)] :

Nf = 02(952 -1)— a2(1 — y2), ek —

The South segment of the Misner string is x > 1,y = —1, the horizon rod is
r=1,—-1 <y <1 and the North Misner string is z > 1,y = 1. As expected,
the inverse rotation function on the rods is constant on them and represents their
angular velocities. It is easy to find

Q= i—‘; 0. — :F%. (84)
where a new parameter is introduced

v? =2Mo +2lM[* — | QP (85)
such that the boundary values of ¥(x,y) are
Y1 =%(1,41) = v* £ 2aN. (86)
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The other ingredients of the mass formulas depend on the values of electric and
magnetic potentials v+ and u of the defect rods [. The magnetic potential in
spheroidal coordinates is

V2

w= ﬁ{edj“nw[—Q(axwLMfr,/%+P5]+e*¢°°[P(cr:17+Mfr,/2)+Q5]} (87)

Using it, we obtain:

V2%

— _ ; 1— 2 2
v = V2O Re [Q(o +ia+ M(1~ QP /2MP)] (59)
V2e9 9 5
-y ; 1—
Ug V2:|:2aNRe [Q¢(o +ia+ M(1—|QJ*/2|M|?))] (89)
For surface gravities it is convenient to use Eq. (64). One finds:
o 1

Note that the angular velocities and surface gravities of Misner strings coincide
similarly to the case of Kerr-Newman-NUT.2> But they enter into the mass for-
mula in a different way, so on should not consider this coincidence as a matter of
interpretation.

The electric charges of the rods are given by (57). One finds the Gauss charges
of the horizon and strings as:

B e 902 (2O’N2 + MV2) Im [Cooe2¢°°./\/lQ]
Y - M (7 — 42N?) ’

(91)

7Nui

Q+ 7

(92)

Combining them together, we obtain
Qu+ Q4 + Q- = Qe > + Proe?>. (93)

This coincides with the true asymptotic charge of the configuration, with account
of axion mixing and dilaton renormalization.
The electric potential on the horizon and on the strings are

oo V2(QM — NP) + 20N (QN + MP)
202 | M|? '

Rod masses can be expressed in the form (58), using the corresponding values
of the twist potential (78). One obtains

P
by = —e?> (94)

fI)H:e ﬁ

Mv? +20N? 1
MH = V2 . m + Z(2N(’U+U/++U_U/_) _\/§€¢OOP<U++U_)), (95)
—No+ Ma 1
My =N——"— 4 ~(2Nvi — V2Pe?=
+ 2 £ 9aN =+ 4( U+ \/_ € )uﬂ:v (96)
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where the boundary values of electric and magnetic potentials are given by (88),
(89). Ome can distinguish Dirac string contributions to the masses of defects as
the parts non-vanishing for N = 0. Other terms are due to Misner strings. Direct
substitution of (88-89) leads to long expressions, but the one can show that the
Maxwell contributions to the total mass cancel out, while the remaining part non-
trivially leads to the identity

Mo = My + M, + M_ = M.

Now we turn to the angular momentum balance, using the rod’s momenta the
expression (59). The length of the horizon rod is Ly = 20. Other rod lengths
diverge. As it was shown in Ref.,?® to overcome this issue, one can regularize the
angular momentum as follows:
wt Ly

4
We then obtain the angular momenta of the three rods as

+No— Ma vius
2 E2N | 2 ) (98)

ji =Ji+ (97)

w ~
JHZTH(_U+MH_QH(I>H)7 Ji=N2(

We have explicitly checked that
Jeo =Jg+Jy +J_ =abl.

Therefore, we have constructed horizon mass, angular momentum and charge in
terms of the global parameters and checked their total balance.

7. Conclusion

We have shown that the derivation of mass formulas using the Tomimatsu approach
for calculating Komar integrals around rods in electrovacuum can be generalized
to the EMDA theory containing scalar fields coupled to the graviphoton. Using a
three-dimensional reduction of the EMDA equations, we construct magnetic and
twist potentials, which allow to express the integrals over the rods in the same
way as in the Einstein-Maxwell theory, where Tomimatsu used for this purpose
the Ernst potentials. It should be noted that the scalar dilaton and axion fields do
not contribute to the resulting mass formulas, and their asymptotics only rotates
electric and magnetic charges in the parameter space. For regular asymptotically
flat configurations, the dilaton and axion charges are secondary and their variations
do not enter the Smarr-type formulas.

In this approach, the magnetic and NUT charges do not affect the mass and an-
gular momentum of the black hole calculated as Komar’s integrals over the horizon.
They contribute to the asymptotic mass and angular momentum via the respective
individual rods representing the Dirac and Misner strings. As an illustration, we
considered the case of a rotating EMDA dyon equipped with NUT. In this case,
as in the case of dyonic Kerr-Neumann-NUT, the Dirac string contributes to the
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asymptotic mass, but not to the asymptotic angular momentum, while the Misner

string contributes to both.
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