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Deutsche Zusammenfassung

Diese Dissertation untersucht das Zusammenspiel von Quantendynamik, Quan-
teninformationstheorie und Quantum Reservoir Computing (QRC). Im Zentrum
steht die Frage, wie sich Quantensysteme zeitlich entwickeln und inwieweit das
Verständnis dieser Zeitentwicklung Einblicke in QRC geben kann.

Die Arbeit beginnt mit einem Theoriekapitel, in dem dynamische Systeme, die
Postulate der Quantenmechanik sowie Konzepte des Reservoir Computing behandelt
werden (Kapitel II). Aufbauend darauf richtet sich der Fokus auf das Feld der Krylov
Complexity in Kapitel III. Hier wird untersucht, wie sich zeitentwickelte Zustände
oder Observablen im zugehörigen Krylov-Raum verteilen. Ein wesentlicher Beitrag
dieser Arbeit besteht darin zu zeigen, dass sich Krylov-Räume durch zeitentwickelte
Operatoren oder Zustände erzeugen lassen. Das ist besonders wichtig für QRC,
wo der zugrunde liegende Hamiltonian oft nicht bekannt ist. Es wurde außerdem
gezeigt, dass solche Krylov-Räume eine geringere Krylov Complexity aufweisen
können. Diese Beobachtung stellt die verbreitete Annahme infrage, dass Krylov-
Basen aus Potenzen des Hamiltonians minimale Komplexität erzeugen. Um die
effektive Dimension der zeitabhängigen Krylov-Räume zu erfassen, werden Krylov
Expressivity und Krylov Observability eingeführt.

In Kapitel IV werden diese Maße im Rahmen des Quantum Reservoir Computing
untersucht. Dabei zeigt sich, dass Krylov Observability die data expressivity deutlich
besser beschreibt als die Krylov Spread Complexity. Dies stützt die Interpretation,
dass QRC Daten auf den zugehörigen Krylov-Raum abbildet. Des Weiteren befasst
sich dieses Kapitel mit dem Messprozess und dessen Implikationen für QRC. Da
jede Messung den Zustand kollabieren lässt, ist eine vollständige Rücksetzung des
Systems erforderlich. Um diesem Problem zu begegnen, wird ein modellhafter
Ansatz mit beschränktem Gedächtnis vorgestellt, der die natürliche fading memory
Eigenschaft von Reservoir-Computern ausnutzt. Diese Methode reduziert den
Rechenaufwand erheblich und verbessert zugleich die Leistung.

Das abschließende Kapitel V widmet sich der Untersuchung von
Phasenübergängen in ungeordneten Quantensystemen mithilfe quanteninfor-
mativer Maße. Krylov Complexity erweist sich hierbei nicht nur als geeignet,
um den Übergang von lokalisiertem zu ergodischem Verhalten zu identifizieren,
sondern auch, um zwischen unterschiedlichen lokalisierten Phasen zu unterscheiden.
Eine charakteristische Zeitgröße, die aus der Krylov Complexity abgeleitet wird,
korreliert am besten mit der data expressivity im QRC.

Zusammenfassend vereint diese Arbeit Ansätze aus der Quanteninformation, der
Quantenstatistik, der Krylov Complexity, dem maschinellen Lernen, der Theorie der
Phasenübergänge und der dynamischen Systeme. Die entwickelten Methoden liefern
neue Erkenntnisse über das Verhalten und die Steuerbarkeit quantenmechanischer
Systeme und eröffnen vielfältige Perspektiven für weiterführende Forschung in der
Quanteninformation.
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Abstract

This thesis examines the relationship between quantum dynamics, quantum
information theory, and quantum reservoir computing. The work is driven by the
goal of understanding how quantum systems evolve and how their behavior over
time influences their value for computational tasks.

The study begins with the necessary theoretical background, covering dynamical
systems, quantum mechanics, and reservoir computing in Chapter II. The focus then
moves to Krylov complexity, a more recent method used to describe the spreading
behavior of quantum states and operators within Krylov spaces, detailed in Chap-
ter III. One of the main contributions of this thesis is the reinterpretation of Krylov
complexity through the use of time-evolved states and operators. It is demonstrated
that Krylov spaces can be built from measurements alone, without prior knowledge
of the Hamiltonian. These time-evolved spaces can lead to lower complexity values,
challenging previous assumptions that Krylov bases constructed from Hamiltonian
powers always result in minimal spreading. From these developments, two new
quantities are introduced: Krylov expressivity and Krylov observability. These
serve to describe the effective dimensional growth of the time-dependent Krylov
spaces.

In Chapter IV, the field of Krylov complexity is applied to the framework of
quantum reservoir computing. It is shown that Krylov observability more accurately
reflects data expressivity than conventional Krylov complexity. This leads to the
interpretation that quantum reservoirs transform data into Krylov space, where
observability can act as a useful guide for system design. This chapter also addresses
practical challenges that arise during quantum measurement, where the collapse of
the state often demands a reset of the system after every step. To mitigate this, a
model based on limited memory is proposed. This approach takes advantage of the
fading memory of reservoir computers, resulting in both faster computation and
improved performance.

The final chapter, Chapter V, explores the use of quantum information measures
to study phase transitions in disordered systems. Krylov complexity is found to
detect transitions between localized and ergodic phases and also to distinguish
between different types of localization, such as spin glass and many-body localized
states. A characteristic time scale derived from Krylov complexity is shown to
coincide with data expressivity in quantum reservoir computing, pointing to its
potential for uncovering structural features in quantum dynamics.

In summary, this thesis brings together ideas from quantum information, quantum
statistics, Krylov complexity, machine learning, phase transitions, and dynamical
systems. The techniques developed here contribute to a deeper understanding of
quantum reservoir computing and provide versatile tools for analyzing the evolution
of quantum systems. These results open new possibilities for future research in
quantum information science and computational theory.
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I Chapter: Introduction

I.1 Aspects of Quantum Dynamics

The question of how physical systems develop over time is a central theme in physics.
From the predictable motions of celestial bodies in classical mechanics to the evolution
of quantum states, the pursuit of a unified description of dynamics has guided scientific
progress for centuries. In quantum theory, however, the situation is more subtle.
Although the time evolution of isolated systems is governed by unitary dynamics,
phenomena such as thermalization, chaos, and the behavior of observables remain
complex and not yet fully understood.

This dissertation examines quantum dynamics through the lens of complexity and
information. At its core, it addresses three intertwined questions: What constitutes
complexity in the evolution of a quantum system? How does this complexity relate to
the computational power of such systems, especially in the setting of quantum reservoir
computing (QRC)? And to what extent can these insights be used to improve the design
and understanding of QRC architectures?

Although chaos is a dynamical phenomenon, it has mostly been described using
spectral and eigenvector statistics [1, 2, 3]. Recently, it was shown that isolated
quantum systems can exhibit thermalization in local observables, as explained by
the eigenstate thermalization hypothesis (ETH) [2, 3]. The ETH fails in describing
systems exhibiting many body localization (MBL), where strong disorder results in
an increase in the number of local integrals of motion, preventing the system from
thermalization [4]. Transitions between MBL and thermalization are called dynamical
phase transitions [5, 6] and have gained a lot of interest.

While effective in some respects, spectral and eigenvector statistics fall short of
capturing time dependent features that are crucial for understanding quantum dynamics.
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I Chapter: Introduction

More recently, quantities such as the Loschmidt Echo [7, 8, 9], out of time ordered
correlators (OTOCs) [10, 11, 12, 13], and Krylov complexity [14, 15, 16] have emerged
as alternatives that offer a more dynamical perspective. Despite their potential, the
application of these measures to quantum information processing tasks remains largely
unexplored.

A major contribution of this work lies in showing that Krylov complexity can be
formulated using time evolved states and operators. In the case of states, the con-
structed Krylov space is fully measurable and does not require prior knowledge of the
system’s Hamiltonian. The proposed Krylov spaces challenge claims that Krylov bases
constructed from powers of the Hamiltonian always minimize spread complexity [16].
Based on numerical results, this thesis demonstrates that alternative constructions
can result in slower growth of complexity. Similar behavior is observed for Krylov
operator complexity [14], which motivates the definition of time dependent Krylov
spaces. From these spaces, two new measures are introduced: Krylov expressivity and
Krylov observability. These quantities capture the system’s accessible state space as it
evolves over time.

Building on this, the expressiveness of quantum reservoirs is examined through Krylov
based metrics. Results show that Krylov complexity does not adequately explain task
performance. On the other hand, the proposed notions of Krylov expressivity and Krylov
observability offer a more accurate reflection of a system’s ability to map information.
In particular, the nearly identical behavior of Krylov observability and data expressivity
in quantum reservoir computing supports the interpretation that QRC maps input
data into the Krylov basis. These ideas are then applied to engineer custom reservoirs
capable of learning and predicting complex time dependent patterns.

Another practical difficulty in quantum reservoir computing arises from the nature
of quantum measurement. Each readout disturbs the system and requires complete
reinitialization of past inputs, which leads to quadratic time complexity. This thesis
proposes a solution that makes use of the fading memory property of reservoirs. By
restricting inputs to a finite temporal window, the computational cost is reduced while
task performance is preserved or even improved.

Lastly, the thesis explores several measures aimed at detecting phase transitions in
disordered quantum systems. In doing so, it shows that Krylov complexity is not only
sensitive to the localized to ergodic crossover but can also differentiate between distinct
localized regimes, such as spin glass and many body localization. Interestingly, the best
performance of higher order processing capacities in QRC coincides with a critical time
scale defined on Krylov complexity. These observations, while preliminary, suggest that

4



I.1 Aspects of Quantum Dynamics

Krylov based diagnostics may serve as practical tools for probing structure in quantum
dynamical systems.

By linking the concepts of quantum complexity, machine learning, and dynamical
phase transitions, this thesis contributes to a broader understanding of quantum systems
not just as physical entities but as platforms for information processing. The methods
developed and the results obtained open new avenues for fields such as quantum phase
transitions, quantum chaos, and quantum reservoir computing. On a more fundamental
level, the defined measures also apply to homogeneous differential equations.
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I Chapter: Introduction

I.2 Quantum Reservoir Computing

The interplay between physics and machine learning has proven to be highly impactful,
underscored by the awarding of the Nobel Prize to John Hopfield and Geoffrey Hinton
for their foundational contributions. In parallel, quantum computation has emerged
as a rapidly advancing field of research [17]. Quantum computing uses quantum gates
instead of classical logic operations, and represents information using qubits that evolve
in the system’s Hilbert space, rather than conventional bits. This can sometimes result
in lower time-complexity to solve tasks. One of the most prominent demonstrations of
quantum advantage is Shor’s algorithm [18].

Given the significance of both machine learning and quantum computing, a natural
question arises: to what extent can machine learning algorithms be implemented on
quantum systems? What form might these hybrid models take, and what advantages
could they offer? These questions have given rise to the field of quantum machine
learning (QML), which aims to integrate the computational strengths of both domains.

QML models are designed to exploit the exponential dimensionality of Hilbert space
to achieve powerful computational capabilities. Within QML, one particularly active
area of research is quantum reservoir computing (QRC). Inspired by classical reservoir
computing, where dynamical physical systems are harnessed to perform machine learning
tasks [19, 20, 21, 22, 23, 24, 25], QRC adapts this concept to the quantum realm. In
this framework, input data is encoded into the quantum state of a system, which then
evolves over time. Observables are measured at discrete intervals, and the resulting
readouts are multiplied with trained weights for tasks such as time series prediction.

QRC has been actively studied, particularly in the context of the Ising model [26, 27, 28,
29, 30, 31, 32, 33], and has seen early experimental implementations on IBM’s quantum
processors [34, 35, 36, 37]. Notably, QRC has demonstrated the ability to treat noise
and dissipation not as obstacles, but as computational resources [38, 39, 40]. To address
the time complexity challenges associated with time-series analysis, several techniques
have been proposed, including weak measurement protocols [41, 42], reinitialization
strategies [43], feedback mechanisms through output reinjection [44, 45], and continuous
measurement schemes [46]. Additionally, [47] employs methods from parameterized
quantum circuits to investigate the expressive power limits of QRC architectures. A
deeper understanding of quantum machine learning, and quantum reservoir computing
in particular, is essential for identifying effective and practical applications. In classical
machine learning, insights are often obtained through analysis of expressivity and
interpretability. In quantum mechanics, however, quantum information measures provide
a more suitable framework for exploring the structure and behavior of these systems.
This invites the question of how recent developments in quantum information theory

6



I.2 Quantum Reservoir Computing

might inform our understanding of quantum machine learning, and to what extent new
insights in quantum information can be gained by posing questions aimed at explaining
quantum machine learning task performance. Th previous section discussed several such
tools—namely, the Loschmidt echo, Krylov expressivity, and Krylov observability—were
discussed in this regard.
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I.3 Outline of This Thesis

This thesis investigates the time evolution of quantum states and operators through
the lens of Krylov complexity. Building on established measures, it introduces novel
quantum information quantities aimed at capturing the effective phase space dimension
in quantum dynamics. These measures are then applied to quantum reservoir computing,
providing insights into the design of more efficient quantum reservoirs. This thesis is orga-
nized into five sections, beginning with the Introduction, of which this outline is a part of.

Chapter II presents the necessary theoretical background for the discussions that
follow. Section II.1 introduces dynamical systems and classifies them into linear,
non-linear, and chaotic categories, alongside methods for their quantification. Next,
Section II.2 discusses the postulates and time evolution in quantum mechanics. Sec-
tion II.3 provides a brief overview of machine learning and reservoir computing, followed
by Section II.4, which covers the quantum reservoir computing framework and the
potential benefits of quantum machine learning.

The focus then shifts to Krylov complexity in Chapter III, a recently emerging field for
studying time evolution in quantum systems. This chapter includes the main theoretical
contributions of the thesis and aims to offer a visual and intuitive understanding of
how quantum states and operators evolve in their respective Krylov space. Section III.1
discusses how pure quantum states evolve in the Krylov basis and introduces Krylov
spread complexity as a measure of this evolution. It is demonstrated that the Krylov
space can be constructed from time-evolved states, and that the common assumption
that the Krylov basis minimizes state spread is incorrect. Instead, Krylov spaces built
from appropriately chosen time-evolved states can exhibit lower spread. Building on
this, a new measure called Krylov expressivity is introduced. Rather than tracking a
state’s evolution within a fixed Krylov space, this measure defines a time-dependent
Krylov space and computes its effective phase space dimension at each point in time.

Following the discussion of states, the thesis turns to how operators evolve in
the corresponding Krylov space of the Liouvillian in Section III.2. It is shown that
time-evolved operators can be used to define Krylov operator complexity, which captures
how operators spread in Krylov space. Like the case with states, it is demonstrated that
Krylov operator complexity can be reduced using time-evolved Krylov spaces. A further
measure, Krylov observability, is introduced to characterize the phase space dimension
based on multiple operators and the frequency with which they are measured.

8



I.3 Outline of This Thesis

In Chapter IV, Krylov spread complexity, Krylov expressivity, and Krylov observability
are computed and applied as quantifiers in the context of quantum reservoir computing
(QRC). In Section IV.1, a short summary of quantum reservoir computing and Krylov
complexity is given, which is necessary for understanding the this chapter.

Section IV.2 analyzes how these measures correlate with QRC task performance. It
is shown that Krylov observability effectively captures data expressivity, suggesting
that QRC maps input data onto Krylov space. Subsequently, Section IV.3 explores
how these measures can guide the optimization and interpretation of quantum reservoir
architectures.

The thesis then switches to discussing the time-complexity problem in QRC in
Section IV.4. In QRC, measurement collapses the quantum wavefunction, requiring full
reinitialization of the time series. This challenge is addressed through memory-restricted
quantum reservoir computing, which enhances system performance by avoiding costly
reinitializations.

The last chapter, Chapter V, discusses how quantum phase transitions can be probed
using selected quantum information measures. It emphasizes that quantum evolution is
unitary and therefore not chaotic in the classical sense. Since the eigenvalues remain
constant over time, defining a Lyapunov exponent is not practical. Nevertheless,
quantum systems often exhibit chaos-like behavior either in the classical limit or in
the evolution of observables. For this reason, the chapter includes a discussion of these
aspects.

Originally, this chapter was intended to be part of the theoretical background. How-
ever, during the course of the work, it became clear that the study of quantum chaos
is an active area of research with no consensus on its precise definition or how best to
probe it. As a result, the chapter evolved into a research-focused section, presenting
new insights and connections between phase transitions, quantum information measures,
and task performance in quantum reservoir computing. In simulations, it can be shown
that Krylov complexity is a powerful tool for probing phase transitions, especially
when time is rescaled to the Heisenberg time. This approach makes it possible to
distinguish between different localized regions, but an in-depth study is required for
a final conclusion. Therefore, these results should be viewed as an outlook for future
work.

9
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II Chapter: Theory

Describing and predicting how physical systems change over time has always been, if
not the most, one of the most fundamental questions in physics. Whether it concerns
understanding how the planets orbit the sun, how a ball falls from the sky, how the
intensity of a laser changes, how a quantum mechanical state evolves, or how biological
systems develop, the underlying interest is the same. Whenever a physical effect is
observed, it is the result of some quantity changing over time. Interestingly, some
systems appear deterministic, and the value of interest approaches a final state. An
example of such a system is a capacitor that becomes charged. Others seem to remain
in continuous motion, such as the moon orbiting the Earth. Some systems, such as
weather patterns, cannot be modeled with complete precision, and the best available
predictions are probabilistic, indicating the likelihood of rain, sun, or snow. In chaotic
systems, a small change in initial conditions can lead to dramatically different outcomes.
This phenomenon is often referred to as the butterfly effect or chaos.

Of particular importance in this work are quantum systems. These systems are
best described as a superposition of deterministic and probabilistic behavior.Quantum
systems can be interpreted in the context of dynamical systems as being a superposition
of both deterministic and probabilistic dynamics. When no measurement is performed,
quantum systems may be viewed as dynamical systems evolving under the Schrödinger
equation. However, the deterministic behavior of the quantum state disappears once
a measurement is made, and the system is then best interpreted by a probability
distribution. This is by no means a physical interpretation of quantum mechanics, but
serves more to give a feeling of how quantum systems can be thought of in regards to
dynamical systems.

This chapter begins with an overview of the basics of dynamical systems, describing
when they are linear, non-linear, dynamical, or chaotic. While this may seem very
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II Chapter: Theory

basic to the reader, it becomes important when quantum mechanics are discussed.
The unitary time evolution is linear with respect to the quantum state, yet behavior
can be observed that mimics non-linear or chaotic dynamics. A quantum-mechanical
description of quantum chaos under unitary time evolution remains largely unresolved
and has led to the introduction of quantum-based information measures that probe such
systems. Here, unresolved implies that there is no definite consensus like it is in classical
chaos theory and new ways to probe quantum chaos pop up every now and then.

Following the discussion of dynamical systems and quantum mechanics, a brief
overview of reservoir computing will be provided, followed by a preliminary discussion
of quantum reservoir computing.

12



II.1 Dynamical Systems

II.1 Dynamical Systems

This section provides a recap of the important aspects of dynamical systems that
are necessary for understanding this thesis. After discussing dynamical, linear, and
non-linear systems, chaotic systems will be introduced. A detailed description of most
concepts in dynamical systems can be found in standard textbooks such as [48].

To this end, the Lorenz system is examined as an example of chaos [49], while the
Lotka-Volterra system is discussed as an example of a non-linear and non-chaotic system
[50]. The time evolution shows how both of these systems change with a small initial
perturbation and should give the reader an intuitive sense of chaos.

II.1.1 Mathematical Definition of a Dynamical System

A dynamical system is one in which the current state completely determines both
its future and past evolution. The phase space X represents the set of all possible
states of the system, where each state is denoted by a point x ∈ X. This space can
be a Euclidean space, such as RN or CN , or a more general manifold. The evolution
can be either continuous (t ∈ R) or discrete (t ∈ Z). I¡n physics, the time evolution
is typically governed by equations of motion, such as the Euler-Lagrange equations in
classical mechanics or the Schrödinger equation in quantum mechanics.

The evolution is described by a function x(t,x0), where x0 is the initial state at t = 0,
and the system evolves according to:

x(0) = x0 ∈ X, (II.1)

x(t,x0) ∈ X. (II.2)

This can be expressed via a family of maps ϕ, where

ϕ(t0, t1,x0) = x(t1,x0). (II.3)
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II Chapter: Theory

By setting t0 = 0 and t1 = t, this simplifies to:

ϕ(x0, t) = ϕt(x0) = x(t,x0). (II.4)

To qualify as a dynamical system, the evolution must satisfy two key properties:

x(0,x0) = x0, (II.5)

x(t+ s,x0) = x(t,x(s,x0)) = x(s,x(t,x0)). (II.6)

This means the system’s evolution is associative over time. Setting s = −t leads to the
reversibility condition:

ϕ(−t) = (ϕ(t))−1, (II.7)

implying that the system is reversible, where applicable. The following example helps
to verify whether a given system qualifies as a dynamical system:

x(t,x0) =
x0

1− tx0
. (II.8)

Checking the dynamical system properties:

x(0,x0) =
x0

1− 0 = x0,

x(t,x(s,x0)) =
x0

1−sx0

1− t x0
1−sx0

=
x0

1− (t+ s)x0
= x(t+ s,x0). (II.9)

This confirms the dynamical properties. For t = 1
x0

the function becomes undefined.
Hence, the system is a valid dynamical system only for t < 1

x0
. Such systems are

classified as nonlinear dynamical systems. Other classes include chaotic dynamical
systems, stochastic systems, and time-delay systems, which are often collectively
referred to as dynamical systems.

II.1.2 Physical Dynamical Systems and Fixed-Point Analysis

Physical systems are frequently modeled by differential equations, which are often
solvable only numerically. These are typically of the form:

d

dt
x(t) = F (x(t), t), (II.10)
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where x(t) ∈ Rn or Cn is the dynamical variable, and F : Rn ×Rt → Rn is the
vector field. Note that higher order differential equations can be brought in this form
via variable substitution.

A commonly used method for analyzing such systems is fixed-point analysis, which
involves finding points where the time derivative vanishes, i.e., solving for x∗ such that:

F (x∗, t) = 0. (II.11)

These are known as fixed points, and they may be either stable or unstable. A stable
fixed point is one where small perturbations decay over time, returning the system to
equilibrium—similar to a ball resting in a valley. An unstable fixed point behaves like a
ball balanced on a hilltop, where any small disturbance drives it away from equilibrium.

To determine the stability of a fixed point, the system is linearized around that point
by considering a small perturbation δx:

δx = x− x∗. (II.12)

Applying a Taylor expansion gives:

δẋi =
n∑

k=1

(
∂F

∂xk

)
x∗
δxk. (II.13)

The Jacobian matrix is defined as:

J =


∂1F1 ∂2F1 · · · ∂nF1

∂1F2 ∂2F2 · · · ∂nF2
...

... . . . ...
∂1Fn ∂2Fn · · · ∂nFn

 . (II.14)

At the fixed point x∗, equation (II.13) becomes:

δẋ = J(x∗)δx. (II.15)

This reveals that the system’s response to perturbations is governed by a linear differential
equation involving the Jacobian.

To evaluate the stability, one computes the eigenvalues of the Jacobian by solving:

J(x∗, t)v = λv, (II.16)

where v is an eigenvector and λ is the corresponding eigenvalue.
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II Chapter: Theory

The nature of the fixed point is then classified as:

• Stable if all eigenvalues have negative real parts.

• Unstable if any eigenvalue has a positive real part.

• Neutrally stable if the eigenvalues are purely imaginary, leading to oscillatory
behavior.

Previous sections have introduced key concepts but not yet classified dynamical
systems based on behavior. Such classifications assist in understanding their evolution
over time. The systems discussed in this work primarily fall into three categories: linear
systems, nonlinear systems, and chaotic systems[48].

II.1.3 Linear Systems

Definition 1. A linear dynamical system, in the context of this work, is described by

x0 = x(0),

ẋ(t) = Ax(t), (II.17)

where x0 ∈ RN or x0 ∈ CN is the initial condition, and A ∈ RN×N or A ∈ CN×N

is a matrix with constant coefficients. If the system is described by a higher-order
differential equation, it can be rewritten into the form of Eq. (II.17).

A system is called linear if for any two solutions x1(t) and x2(t), the linear combination
x(t) = αx1(t) + βx2(t) is also a solution, where α,β ∈ R or C are scalar coefficients.

The solution to the differential equation is given by the matrix exponential:

x(t) = eAtx0. (II.18)

The Jacobian at any time is simply:

J(t) = A. (II.19)

Since A is constant, the Jacobian J is also constant across time and space, implying
that the eigenvalues remain constant for all points x(t) in the phase space. Solving the
eigenvalue equation yields:

Avk = λkvk. (II.20)

The system is stable if all Re(λk) < 0 and unstable if at least one Re(λk) > 0.
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Figure II.1: Simulation of three linear systems. The panels a), b), and c) show the
behavior for A1, A2, and A3, respectively.

To develop an intuition for linear systems and their properties, three example matrices
A1, A2, and A3 are simulated and analyzed:

A1 =

(
3 −1
−1 3

)
, A2 = −A1, A3 = iA1, x0 =

(
1
−1

)
. (II.21)

The fixed point for each system is x∗ = (0, 0)T , and the stability is determined as
follows:

1. For A1: λ1 = 4, λ2 = 2⇒ The fixed point is unstable.

2. For A2: λ1 = −4, λ2 = −2⇒ The fixed point is stable.

3. For A3: λ1 = 4i, λ2 = 2i⇒ The fixed point exhibits oscillatory behavior and is a
focus.

Figure II.1 shows the time evolution of x(t) = (x1(t),x2(t)) for matrices A1, A2, and
A3 in panels a, b, and c, respectively. The dynamical variable becomes complex in
the case of A3, and only the real part is visualized. The matrix A1 induces instability
around the fixed point x∗ = 0, as evidenced by the positive eigenvalues. For large
times, x1(t)→∞, while x2(t)→ −∞. For A2, with negative eigenvalues, the system
converges to the fixed point, as seen in panel b. In the case of A3, the evolution is
periodic due to the purely imaginary eigenvalues, shown in panel c.

The time evolution for A3 is expressed as:

x(t) = U(t)x0, where U(t) = eiA1t. (II.22)
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Since A1 is Hermitian (A1 = A†
1), it possesses a complete set of orthonormal eigenvectors.

Using Eq. (II.20), the evolution can be written as:

x(t) =
2∑

k=1
eiλktvkv

†
kx0. (II.23)

This evolution satisfies the property U †(t) = U−1(t), as shown:

U †(t)U(t) =
2∑

k=1
e−iλktvkv

†
k

2∑
j=1

eiλjtvjv
†
j

=
2∑

k=1

2∑
j=1

e−iλkteiλjtvk(v
†
kvj)v

†
j . (II.24)

Because A is Hermitian, the eigenvectors vk form an orthonormal basis, i.e., v†
kvj = δkj .

Thus,

U †(t)U(t) =
2∑

k=1
e−iλkteiλktvkv

†
k =

2∑
k=1

vkv
†
k = I,

⇒ U †(t) = U−1(t). (II.25)

This in-depth discussion of unitary time evolution is motivated by its fundamental role
in quantum mechanics. Time evolution governed by the Schrödinger or von Neumann
equation is always unitary.

II.1.4 Non-Linear and Chaotic Systems

While many physical systems can be described by linear dynamical systems, others
require more complexity. Some systems exhibit non-linear behavior, and among these,
some also display chaotic dynamics, where small differences in initial conditions lead to
vastly different evolutions over time.

This subsection introduces non-linear and chaotic systems. Two examples are dis-
cussed: the Lotka-Volterra system as a non-linear but non-chaotic system, and the
Lorenz system as a non-linear and chaotic system. The Lorenz attractor is a widely
used benchmark in time-series prediction due to its complexity and is applied in this
thesis for chaotic time-series prediction tasks.
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Definition 2 (Non-Linear System). A non-linear dynamical system, in the context of
this thesis, is described by

x0 = x(0),

ẋ(t) = A(x(t), t)x(t), (II.26)

where x0 ∈ RN or x0 ∈ CN is the initial condition and A(x, t) ∈ RN×N or CN×N is a
matrix that typically depends on the state x. The system is non-linear if it does not
satisfy the superposition principle, i.e., if x1(t) and x2(t) are solutions, then

x(t) = αx1(t) + βx2(t) (II.27)

is not necessarily a solution for arbitrary α,β ∈ R or C.

A simple example is:

ẋ(t) = x(t) + x(t)2 = f(x(t)). (II.28)

Assuming x1(t) and x2(t) are solutions, a superposition yields:

d

dt
(x1 + x2) = x1 + x2 + (x1 + x2)

2

= x1 + x2 + x2
1 + x2

2 + 2x1x2

= f(x1) + f(x2) + 2x1x2

⇒ d

dt
(x1 + x2) ̸= f(x1) + f(x2). (II.29)

This demonstrates a key distinction between linear and non-linear systems. Among
non-linear systems, a particularly important subclass is chaotic systems, where small
perturbations can lead to entirely different long-term behavior. The Lyapunov exponent
is a standard tool to assess whether a system is chaotic.

Definition 3 (Lyapunov Exponent and Chaos). Let x(t,x0) be the trajectory of an
n-dimensional system with initial condition x0, and let x(t,x0 + δk) be the trajectory
with a small perturbation in the k-th direction. The k-th Lyapunov exponent is defined
as:

λk = lim
t→∞

1
t

ln |xk(t,x0)− xk(t,x0 + δk)| . (II.30)
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The largest Lyapunov exponent is given by:

λ = sup{λ1,λ2, . . . ,λn}. (II.31)

A system is classified as follows:

1. If λ > 0, the system is chaotic.

2. If λ < 0, the system is non-chaotic.

The 3D Lotka-Volterra model describes predator-prey interactions[50]. Here, x is the
prey population, y is a primary predator feeding on x, and z is a secondary predator
feeding on y. In contrast, the Lorenz model represents atmospheric convection, where x
denotes convection and y, z represent horizontal and vertical temperature variations.
Both systems are non-linear. However, the parameters of the Lorenz system are chosen
so that it exhibits a chaotic attractor—meaning the system’s state evolves within a
bounded region of phase space in a non-repeating, sensitive manner. In contrast, the
Lotka-Volterra model exhibits a periodic orbit and remains non-chaotic. The Lorenz
system is a classic benchmark in chaos theory and reservoir computing[49].

Lotka-Volterra (non-chaotic)

α =0.1, β = 0.02, δ = 0.01, γ = 0.1

ϵ = 0.015, ζ = 0.008, η = 0.1
dx

dt
= αx− βxy− ϵx2

dy

dt
= δxy− γy

dz

dt
= ζyz − ηz

Lorenz (chaotic)

σ = 10.0, ρ = 28.0, β =
8
3

dx

dt
= σ(y− x)

dy

dt
= x(ρ− z)− y

dz

dt
= xy− βz

Figure II.2 shows the evolution of the Lotka-Volterra system under two initial
conditions: the original (blue) and a 1% perturbed version (orange). The three variables
exhibit nearly identical behavior, and their trajectories remain close in phase space
(a–c). This demonstrates that the system is non-linear but not chaotic, which is also
evident in the trajectory evolutions shown in Figure II.2(d).
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Figure II.2: Time evolution of the Lotka-Volterra system with original initial condition
(blue) and a 1% perturbed initial condition (orange). The trajectories are
nearly identical, indicating non-chaotic behavior.

Figure II.3 presents the Lorenz system under similar conditions. Initially, the tra-
jectories are nearly indistinguishable, but around t ≈ 20, the x and y variables begin
to diverge (Figure II.3.a-b). The z variable (Figure II.3.c) remains close initially but
diverges at later times. The phase space visualization confirms that the two trajectories
deviate significantly, demonstrating chaotic behavior. The Lyapunov exponents for the
Lorenz system are:

λ1 = 0.905, λ2 = 0.0, λ3 = −14.6. (II.32)

Here, λ3 corresponds to contraction toward the attractor, λ2 represents evolution along
the attractor, and λ1 quantifies sensitivity to perturbations orthogonal to the attractor.
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Figure II.3: Time evolution of the Lorenz system with original (blue) and 1% perturbed
(orange) initial conditions. Divergence in phase space and positive Lyapunov
exponent indicate chaotic behavior.
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II.2 Quantum Mechanics

After discussing classical dynamics in detail, the focus now shifts to quantum mechanics.
In the Copenhagen interpretation, quantum mechanics is built on five fundamental
postulates that govern the time evolution of a system. These postulates are as follows:

II.2.1 Postulates of Quantum Mechanics and the Schrödinger Equation

1. State of a Quantum System: The state of a quantum system is described by
a state vector |ψ⟩ in a complex Hilbert space H, i.e., |ψ⟩ ∈ H. Additionally, the
state is normalized such that ∥ |ψ⟩ ∥ = 1.

2. Observables and Operators: Every observable quantity in quantum mechanics
corresponds to a Hermitian operator A acting on the state |ψ⟩.

3. Measurement and Eigenvalues: Upon measuring an observable A, the only
possible outcomes are the eigenvalues an of the corresponding operator, satisfying

A |an⟩ = an |an⟩ .

If the eigenvalue an is measured, the quantum state collapses to the corresponding
eigenstate |an⟩, i.e.,

measuring an results in |ψ⟩ collapse−−−−−→ |an⟩ . (II.33)

4. Probability Interpretation (Born Rule): The probability of measuring the
eigenvalue an is given by

P (an) = |⟨an|ψ⟩|2.
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5. Time Evolution (Schrödinger Equation): The time evolution of a quantum
system is governed by the Schrödinger equation,

i h̄
∂

∂t
|ψ(t)⟩ = H |ψ(t)⟩ ,

where H is the Hamiltonian operator representing the total energy of the system.

Consider now only the Schrödinger equation. If the Hamiltonian H is time-
independent, the system evolves linearly in time. The solution to the Schrödinger
equation in this case is given by the matrix exponential, as discussed in Section II.1.3:

|ψ(t)⟩ = e− i
h̄

Ht |ψ0⟩ , (II.34)

where |ψ0⟩ = |ψ(0)⟩ is the initial state. The Hamiltonian H is always Hermitian, i.e.,
H = H†, resulting in unitary time evolution. This ensures that the normalization
condition ∥ |ψ(t)⟩ ∥ = 1 holds for all times t. Unitary time evolution, discussed in
Section II.1.3, also implies that such systems are not chaotic in the classical sense.

Nonetheless, quantum chaos remains an active field of research. Although quantum
systems evolve unitarily, they can exhibit features reminiscent of classical chaos. One
broad interpretation of quantum chaos lies in the exponential scaling of the Hilbert space
dimension H. Even a small number of quantum particles can result in a Hilbert space
of such high dimensionality that it exceeds the capabilities of modern supercomputers.
This has led to the development of approximation methods such as Hartree-Fock and
density functional theory.

In this context, quantum chaos is understood as the emergence of chaotic behavior in
the expectation values of certain observables. Although this thesis does not directly study
quantum chaos, many of the proposed methods contribute novel ways of characterizing
it.

As introduced earlier in this chapter, quantum systems can be interpreted as exhibiting
both deterministic and probabilistic behavior. The probalistic nature arises from the
third and fourth postulates, where a quantum measurement causes the system to collapse
randomly to one of the eigenstates |an⟩, with probability P (an) = |⟨an|ψ⟩|2.

II.2.2 Evolution of Mixed States and Operators

The previous chapter discussed how the quantum state collapses after a measurement
and how the measurement outcome is random, governed by the probability distribution

P (αn) = |⟨an|ψ⟩|2. (II.35)
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The expectation value of this distribution is given by

⟨A⟩ =
∑

n

anP (αn) =
∑

n

an|⟨an|ψ⟩|2

=
∑

n

⟨ψ| an |an⟩ ⟨an|ψ⟩ = ⟨ψ|A |ψ⟩ . (II.36)

Another way to compute the expectation value is by defining the density matrix
ρ = |ψ⟩ ⟨ψ|, which leads to the expression

⟨A⟩ = Tr(ρA) = Tr(Aρ). (II.37)

Now, one important aspect of quantum mechanics remains to be addressed: mixed
states. Suppose an intern is blamed for a mistake during a measurement in which the
outcome was not recorded. According to the postulates, the state collapses |ψ⟩ → |an⟩
with probability P (an) = Pn. A seemingly clever (but incorrect) approach would be to
represent the system as a superposition of all possible measurement outcomes:

|ψa⟩ =
∑

n

√
Pnan |an⟩ . (II.38)

While this may seem reasonable, it is incorrect because it implies a non-linear
relationship between the state and the measurement probabilities. This issue becomes
evident when computing the expectation value:

⟨A⟩ = Tr(Aρ) = Tr
(
A
∑

n

√
Pn |an⟩

∑
m

√
Pm

∗ ⟨am|
)

, (II.39)

which leads to off-diagonal terms of the form |an⟩ ⟨am|, introducing unwanted correlations
between different outcomes.

The correct way to model this uncertainty is through a mixed state represented by
the density matrix:

ρ =
∑

n

Pn |an⟩ ⟨an| . (II.40)

This construction preserves linearity in the measurement process and the computation
of expectation values.

One might argue that the mixed-state formalism is more general than the pure-
state formalism. While that is true in a mathematical sense, most interpretations of
quantum mechanics consider mixed states to arise from incomplete knowledge about a
fundamentally pure state, i.e., one described by ρ = |ψ⟩ ⟨ψ|.
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Nevertheless, the von Neumann equation

ρ̇(t) = − i

h̄
[H, ρ(t)] (II.41)

with initial condition ρ(0) = ρ0, governs the time evolution of all (pure or mixed)
quantum states. Its solution is given by

ρ(t) = e− i
h̄

Htρ0e
i
h̄

Ht. (II.42)

Another useful perspective in quantum mechanics is to consider the time evolution of
expectation values:

⟨A(t)⟩ = ⟨ψ(t)|A |ψ(t)⟩ . (II.43)

Substituting the unitary evolution |ψ(t)⟩ = e− i
h̄

Ht |ψ0⟩, we get

⟨A(t)⟩ = ⟨ψ0| e
i
h̄

HtAe− i
h̄

Ht |ψ0⟩ . (II.44)

Instead of interpreting the state |ψ(t)⟩ as evolving, one can equivalently consider the
observable as evolving in time:

AH(t) = e
i
h̄

HtAe− i
h̄

Ht, (II.45)

with the state remaining fixed. The equation of motion corresponding to this picture is
the Heisenberg equation:

d

dt
AH(t) =

i

h̄
[H,AH(t)] +

(
∂A

∂t

)
. (II.46)

For time-independent observables, as considered in this work, the partial derivative
vanishes, and the equation of motion in the Heisenberg picture simplifies to:

d

dt
A(t) =

i

h̄
[H,A]. (II.47)
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II.3 Reservoir Computing

The last few decades have brought about a revolution in computer science through the
introduction of machine learning. The demonstration of machine learning algorithms
that outperform humans in image recognition for the first time in 2012 has led to the
rapid development seen today. This rapid progress spans time series forecasting, image
recognition, classification, and now large language models, which enable human-like
conversations and can implement algorithms and code. Models are currently trained
to create images and videos from text. The development of modern machine learning
methods is based on the backpropagation algorithm and optimization with respect to a
loss function. The significance of machine learning in physics, and vice versa, is evident
from the awarding of the Nobel Prize in Physics to John J. Hopfield and Geoffrey Hinton
for their contributions to machine learning.

II.3.1 Basics of Neural Networks

Before introducing reservoir computing, it is necessary to establish the foundation and
gain at least a basic understanding of neural networks. To achieve this, the concept of
a neuron must first be introduced.

Neuron
A neuron takes numbers (x1,x2, . . . ,xn) = x ∈ Rn as inputs. It is a mapping g : Rn → R

from the input space, such that y = g(X) ∈ R represents the output of the neuron.
One widely used mapping is the sigmoid neuron σ, which is defined by Eq. (II.48):

y = g(x) = σ(x) = 1
1 + exp

(
−
∑

j wjxj − b
) (II.48)

Here, (w1,w2, . . . ,wn) = W ∈ Rn are called weights, and b ∈ R is called the bias.
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A neuron can be understood as a function with multiple input variables xi, defined
by the analytical function g(·) = 1/(1 + exp(·)), and parameterized by the constants
W and b.

Having a multiple number of neurons results in a neuron layer and the definition is
given below.

Neuron Layer Consider a set of k neurons g(1)j , indexed by j ∈ {1, 2, . . . , k}. The
superscript (1) indicates the output of the first neuron layer, which will become important
in the following definition. Each neuron g

(1)
j receives the same input vector X. The

output of these k neurons forms a new vector:

X(1) = (g
(1)
1 (x), g(1)2 (x), . . . , g(1)k (x)) = G(1)(x). (II.49)

A collection of neurons that share the same input vector and produce an output
vector is referred to as a neuron layer.

Feed-Forward Neural Network
A Feed-Forward Neural Network (FFNN) consists of multiple layers of neurons, each
applied sequentially to the output of the previous layer. The second neuron layer takes
the output of the first neuron layer, X(1), as input and returns:

X(2) = (g
(2)
1 (X(1)), g(2)2 (X(1)), . . . , g(2)l (X(1))) = G(2)(X(1)) = G(2)(G(1)(x)). (II.50)

The update equation for an arbitrary layer n can be written as:

X(n) = G(n)(W(n)X(n−1) + b(n)), (II.51)

where W(n) and b(n) represent the weights and biases of the n-th layer, respectively,
and G(n) is the non-linear activation function. For 1 ≤ m ≤ L, the output of the m-th
neuron layer is given by the chain rule:

X(m) = G(m)(G(m−1)(. . .G(1)(x))). (II.52)

This recursive structure enables deeper networks, where each successive layer extracts
higher-level features from the input. In this notation, the input of the first layer is set
to the input data as X(0) = x. The output of the final layer is typically denoted as
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y = X(L), and the weights W(m) and biases b(m) are optimized such that y corresponds
to a desired target output.

At this point, it has not been discussed how the weights and biases should be trained
so that, for a given input x, the network returns the desired target output ŷ. The
algorithm that enables the training of neural networks—and that revolutionized their
development—is the backpropagation algorithm.

Backpropagation Algorithm
The update equation for a neural network layer is given by:

X(n) = G(n)(Z(n)), (II.53)

where

Z(n) = W(n)X(n−1) + b(n). (II.54)

To optimize the network parameters, a loss function is computed, which quantifies the
difference between the actual output yi and the target output ŷi for a given input xi.
A commonly used loss function is the mean-squared loss, where for N input samples
x1, . . . , xN , the loss is given by:

L =
1
2
∑

i

(yi − ŷi)
2. (II.55)

Again, the notation where the input data is referred to as the input of the first layer,
X(0) = xj , is used. The backpropagation algorithm uses the chain rule and
gradient descent to adjust the weights and biases in order to minimize the loss L.
The following steps are performed:

1. Forward Pass: Compute the network output according to Eq. (II.53).

2. Compute the Loss: Evaluate the loss function L, such as the one in Eq. (II.55).

3. Backward Pass: Compute the output layer error as

δ(L) =
∂L

∂X(L)
⊙G′(L)(Z(L)), (II.56)

where ⊙ represents element-wise multiplication, and G′(L) is the derivative of the
activation function. The error at each previous layer is computed recursively:

δ(n) = (W(n+1))T δ(n+1) ⊙G′(n)(Z(n)), (II.57)
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for all n = L−1,L−2, . . . , 1. This step determines how errors propagate backward
through the network. Finally, compute the gradients of the weights and biases
using δ(n):

∂L

∂W(n)
= δ(n)(X(n−1))T

∂L

∂b(n)
= δ(n). (II.58)

4. Update Weights and Biases: After computing the gradients, update the
weights and biases using gradient descent:

W(n) ←W(n) − η ∂L

∂W(n)
,

b(n) ← b(n) − η ∂L

∂b(n)
, (II.59)

where η is the learning rate, a hyperparameter that controls the step size of
updates.

5. Iteration Until Convergence: The entire process (forward pass, loss computa-
tion, backward pass, and parameter update) is repeated iteratively until the loss
function converges, meaning the neural network learns to approximate the target
function.

This algorithm enabled efficient training of the weights and sparked the machine
learning revolution we witness today. However, revisiting the function of a feedforward
neural network (FFNN), it becomes evident that its state does not depend on previous
inputs. For sequential data—such as weather prediction, stock market analysis, or
real-time monitoring—the temporal correlation between data points is crucial. There-
fore, a more suitable architecture involves designing neural networks that incorporate
information from previous inputs. One of the earliest proposals in this direction is the
recurrent neural network (RNN), which is defined below.

Recurrent Neural Network (RNN)
A Recurrent Neural Network (RNN) is a neural network designed to process sequential
data by maintaining a state over discrete time steps. Consider a discrete time sequence
{tl} where tl ∈ R for l = 1, 2, . . . ,nT . Let f : Rnu ×Rnx → Rnx be a non-linear,
differentiable function defining the state update, where:

• u(tl) ∈ Rnu is the input at time tl

• and where x(tl) ∈ Rnx represents the state of the system.
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At time tl+1, the function f maps the inputs

u(tl+1) = (u1(tl+1),u2(tl+1), . . . ,unu(tl+1)) ∈ Rnu

and the current state

x(tl) = (x1(tl),x2(tl), . . . ,xnx(tl)) ∈ Rnx

to the updated state

x(tl+1) = (x1(tl+1),x2(tl+1), . . . ,xnx(tl+1)).

The update equation is given by:

xi(tl+1) = f

 nu∑
j=1

Win
i,juj(tl+1) +

nx∑
k=1

Wint
i,kxk(tl)

 , (II.60)

where:

• Win
i,j represents the input weights and

• Wint
i,k represents the internal recurrent weights.

For an RNN with nout readout nodes {si} ⊂ {xi}, the output at time tl+1 is computed
as:

yi(tl+1) =
nout∑
j=1

Wout
i,j sj(tl+1), (II.61)

where Wout
i,j refers to the readout weights.

II.3.2 Reservoir Computing

One major challenge with Feedforward Neural Networks (FFNNs) and Recurrent Neural
Networks (RNNs) is that they require extensive training. This is especially true in the
case of RNNs, where the backpropagation algorithm must consider all previous time
steps, resulting in a costly training procedure. Therefore, one might ask whether this
problem can be mitigated and whether training speed can be improved. One possible
approach is to randomly initialize the internal weights and train only a linear readout
layer, resulting in a convex optimization problem.

The hidden layer is interpreted as a mapping onto a high-dimensional space, allowing
this interpretation to be leveraged to replace the hidden layer with any mapping or
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system that transforms an initial state into a high-dimensional representation. This
is where reservoir computing (RC) comes into play. Instead of using a conventional
hidden layer, a physical system can be utilized. These physical systems can vary widely,
including mechanical systems, electrical circuits, lasers, or even quantum systems. Most
of these systems are described by differential equations, and measuring their physical
quantities is used to construct an output. The measured variables might include currents
or voltages in circuits, pressure or deflection in mechanical oscillators, electric fields or
light intensities in laser systems, or expectation values of local observables in quantum
systems.

Compared to classical machine learning, reservoir computing requires a thorough
understanding of the underlying physics, including phase transitions and bifurcations
in these systems. Analyzing a system as a reservoir can often yield novel insights into
its underlying dynamics. One interesting feature is that reservoirs often perform best
at the edge of chaos. This implies that the dynamics become complex yet remain
predictable, ensuring that the reservoir computer can still be trained effectively within
that parameter regime.

Reservoir Computer

In the most general case, a reservoir is a physical system described by a differential
equation:

d

dt
x(t) = f(x(t)) (II.62)

where x(t) ∈ RNx represents the state of the system.
The input u(tl) ∈ Rnu is introduced into the system at discrete time steps, making

the system’s evolution input-dependent:

d

dt
x(tl) = f(x(tl), u(tl)). (II.63)

The time between two inputs, denoted as T := tl+1− tl, is called the clock cycle. The
readout is constructed based on the state of the system sl = x(tl) or a subset of the
state sl ⊂ x(tl), with si ∈ RNS .

Given an input series (u1, u2, . . . , uM ), where ui = u(ti), and the corresponding
reservoir states (s1, s2, . . . , sM ), the output is given by:
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Y = SWout (II.64)

where Y = (y1, . . . , yM )T represents the outputs, and S = (s1, . . . , sM )T is called
the state matrix. The weights W ∈ RNS are trained using linear regression:

Wout = (ST S + λI)−1ST Ytarg (II.65)

where Ytarg represents the vector of all target outputs. λ is a regularization parameter.

II.3.3 Information Processing Capacity and prediction tasks

Understanding typically emerges through a well-defined quantity that captures key
aspects of a system. By interpreting this quantity, one can infer the system’s behavior,
enabling optimization or new discoveries. Physical systems are often characterized
by their stability, but alternative insights can arise through measures of expressivity,
offering a different lens for understanding. These measures aim to quantify how well
a system can map data onto a set of outputs and have found various applications. In
reservoir computing, the most established data expressivity measure is the information
processing capacity (IPC). This measure quantifies how well a system can retain and
non-linearly transform input data. To compute the IPC, Legendre polynomials li are
used as a set of orthogonal functions (Definition IPC.1). The computation of IPC involves
two combinatorial challenges (Definition IPC.2). First, all possible combinations of the
Legendre polynomials of the same polynomial order must be calculated, as described in
Definition IPC.2. Second, all valid combinations of past inputs must be determined, as
outlined in Definition IPC.3. Summing over all orders of the information processing
capacity, results in the total IPC or just IPC (see Def. IPC.4)

Definition IPC.1: Legendre Polynomials The Legendre polynomials ln :
[−1, 1]→ [−1, 1] are defined as follows:

l0(x) = 1

l1(x) = x

l2(x) =
1
2 (3x

2 − 1)

ln+1(x) =
2n+ 1
n+ 1 xln(x)−

n

n+ 1 ln−1(x), for n ≥ 2 (II.66)
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They are orthogonal under the scalar product:

1∫
−1

li(x)lj(x)dx = δi,j (II.67)

Definition IPC.2: Combinations of Legendre Polynomials Let k be the order
of a polynomial, and let Dk = [d1, d2, .., dq] be a tuple where 0 < dj ≤ k and da ≤ db

for a < b, such that ∑q
j=1 dj = k. For each order k, a finite number of tuples Nk

satisfying these conditions exist. The o-th tuple is denoted as Dk
o = [do,1, do,2, .., do,q],

where o ∈ {1, 2, ..,Nk}. Let Mk
o be the length of Dk

o . The o-th polynomial of order k is
given by:

pk
o =

Mk
o∏

j=1
ldo,j , (II.68)

where ldo,j is the do,j-th Legendre polynomial.
We will provide an example for a polynomial of order k = 3. There exist three valid

combinations satisfying the above conditions: D3
1 = [d1,1] = [3], D3

2 = [d2,1, d2,2] = [1, 2],
and D3

3 = [d3,1, d3,2, d3,3] = [1, 1, 1]. From these tuples, the lengths M3
1 = 1, M3

2 = 2,
and M3

3 = 3 can be calculated. The polynomials of the third order are given by:

p3
1 =

M3
1∏

j=1
ld1,j = l3

p3
2 =

M3
2∏

j=1
ld2,j = l1l2

p3
3 =

M3
3∏

j=1
ld3,j = l1l1l1. (II.69)

Assume the input vector uall = (u−b+1,u−b+2, ..,u0,u1,u2..,un). This vector can
be split into the vector for the state matrix u = (u1,u2..,un) and the prior vector
uprior = (u−b+1,u−b+2, ..,u0). The values u(m) and u(m− i1) denote the m-th input
and the input shifted by i1 time steps into the past, where −b ≤ m ≤ n and i1 ≤ b.
The system vector u shifted by i1 time steps into the past is denoted as u(i1) =

(u1−i1 ,u2−i1 ..,un−i1). The a-th Legendre polynomial of the input vector u is given by:

la(u) = (la(u1), la(u2), .., la(un)). (II.70)
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The shifted a-th Legendre polynomial is defined as:

la(i1) = la(u(i1)) = (la(u1−i1), la(u2−i1), .., la(un−i1)). (II.71)

The element-wise multiplication between two vectors a = (a1, a2, .., an) and b =

(b1, b2, .., bn) results in a new vector:

c = a⊙ b = (a1, a2, .., an)⊙ (b1, .., bn) = (a1b1, a2b2, .., anbn). (II.72)

The polynomials for different time steps are calculated by

pk
o(i1, . . . , iq) =

Mk
o⊙

j=1
ldo,j (ij). (II.73)

As an example, the polynomials of third order with respect to the past inputs ij are
given by:

p3
1(i1) =

M3
1⊙

j=1
ld1,j (ij) = l3(i1),

p3
2(i1, i2) =

M3
2⊙

j=1
ld2,j (ij) = l1(i1)l2(i2),

p3
3(i1, i2, i3) =

M3
3⊙

j=1
ld3,j (ij) = l1(i1)l1(i2)l1(i3). (II.74)

Definition IPC.3: Legendre Memory Accuracy
Assume that the target function is of the form

ytarg(i1, i2, . . . ) = pk
l (i1, i2, . . . )

for one tuple (i1, i2, . . . ). The capacity of such a target is defined as

Ccomb
k,l (i1, i2, . . . ) = cov(y, ytarg(i1, i2, . . . ))

σ2(y) σ2(ytarg(i1, i2, . . . ))

=
cov(y, pk

l (i1, i2, . . . ))
σ2(y) σ2(pk

l (i1, i2, . . . ))
. (II.75)

Definition IPC.3: Combinations of Past Inputs
Valid combinations of (i1, i2, . . . ) are those that comply with the following two conditions:
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1. Only combinations are allowed where all i1, i2, . . . are distinct (i.e., ia ̸= ib if
a ̸= b).

2. The second condition is best understood with an example.
Let

p7
1(i1, . . . , i4) = l1(i1)l1(i2)l1(i3)l2(i4)l2(i5).

There are three Legendre polynomials of first order with indices (i1, i2, i3) and two
Legendre polynomials of second order with indices (i4, i5). The second condition
applies to indices corresponding to Legendre polynomials of the same order. In
these subsets, only decreasing indices are allowed, meaning i1 > i2 > i3 and
i4 > i5. Note that i4 can be greater than i3. One valid combination is

(i1, i2, i3, i4, i5) = (5, 4, 2, 3, 1).
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Example IPC
The following example illustrates how these combinations should be chosen. Let
(i1, i2, . . . , in) ∈ comb, where the set comb consists of all valid combinations. The
combinations for 1 ≤ ij ≤ 4 for the first three orders of polynomials and one realization
of fourth order are given by:

Order Polynomial Index Set

1 p1,1(i1) = l1(i1) i1 ∈ {1, 2, 3, 4}

2
p2,1(i1) = l2(i1) i1 ∈ {1, 2, 3, 4}

p2,2(i1, i2) = l1(i1)l1(i2) (i1, i2) ∈ {(2, 1), (3, 1), (4, 1),

(3, 2), (4, 2), (4, 3)}

3

p3,1(i1) = l3(i1) i1 ∈ {1, 2, 3, 4}

p3,2(i1, i2) = l1(i1)l2(i2)

(i1, i2) ∈ {(2, 1), (3, 1), (4, 1), (1, 2), (3, 2),

(4, 2), (1, 3), (2, 3), (4, 3), (1, 4),

(2, 4), (3, 4)}

p3,3(i1, i2, i3) = l1(i1)l1(i2)l1(i3) (i1, i2, i3) ∈ {(3, 2, 1), (4, 2, 1),

(4, 3, 1), (4, 3, 2)}

4 p4,4(i1, i2, i3) = l1(i1)l1(i2)l2(i3)

(i1, i2, i3) ∈ {(3, 2, 1), (4, 2, 1), (4, 3, 1), (3, 1, 2),

(4, 1, 2), (4, 3, 2), (2, 1, 3), (4, 1, 3),

(4, 2, 3), (2, 1, 4), (3, 1, 4), (3, 2, 4)}
Table II.1: Selecting targets for computing the information processing capacity.

This example should help the reader better understand how the ij are selected for
each polynomial. In the next step, a sum over all valid combinations combk,l of Ccomb

k,l
is taken to obtain the capacity Ck,l with respect to the target polynomial pk

l :

Ck,l =
∑

combk,l

Ccomb
k,l (i1, i2, . . . ). (II.76)

Definition IPC.4: Information Processing Capacity (IPC)
As described in Def. 3.1, Nk different polynomial combinations of degree k exist, where
o ∈ {1, 2, . . . ,Nk} is the index for these polynomials. The k-th order capacity Ck is
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given as the sum over all polynomial combinations of degree k:

IPCk =
∑

l

Ck,l, (II.77)

and the overall information processing capacity (IPC) is given by

IPC =
∑

k

IPCk. (II.78)

The information processing capacity (IPC) is often used as a measure to describe how
the nonlinear behavior of the past inputs can be characterized. It should be noted that
further constraints on the combinations need to be imposed, as the system exhibits the
fading memory property. This means that

lim
i1→∞

→ 0,

and a termination condition needs to be added. Additionally, the IPC is upper bounded
by

C ≤ NR,

where NR is the number of readout nodes [51].

Time Series Prediction Tasks

While information processing capacity (IPC) aims to quantify how well a system can
retain and nonlinearly map past inputs, it often fails to capture a system’s ability
to predict future states in time series prediction tasks. Therefore, reservoir comput-
ing is frequently evaluated using benchmark prediction tasks to assess its predictive
performance.

Typically, one samples a real-valued time series u(t), representing real-world data at
discrete time steps ui = u(ti), resulting in a sequence u = (u1, . . . ,uM ), where ui ∈ Rm.
The sampling interval ∆t = ti+1 − ti is generally assumed to be fixed.

The goal of time series prediction tasks is to predict future values of the time series
or other quantities that are assumed to depend on it. These tasks can be categorized
into three types:

1. Direct prediction: Given un, predict un+p. This is a standard form of time
series forecasting, such as stock market prediction.
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2. Cross prediction (function of present): Given un, predict f(un). This
involves predicting a function of the current state, often used when the full state of
the system is unknown or when exploring correlations between system variables.

3. Cross prediction (function of future): Given un, predict f(un+p). This corre-
sponds to predicting the future state of an unknown or indirectly observed variable.
Applications include earthquake forecasting—where local sensor data is used to
predict seismic activity—or weather prediction based on local meteorological
measurements.

Lorenz Prediction Task
The Lorenz attractor is a widely used benchmark system for evaluating time series
prediction tasks in reservoir computing. Although several variations of the Lorenz
system exist, this work employs the following standard setup.

The continuous Lorenz time series is discretized to produce three sequences: x =

(x1, . . . ,xN ), y = (y1, . . . , yN ), and z = (z1, . . . , zN ).
This study investigates the following three prediction tasks:

• Future prediction: Use xn as input to predict xn+p.

• Cross prediction: Use xn as input to predict zn.

• Future cross prediction: Use xn as input to predict zn+p.
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II.4 Quantum reservoir computing

Exploiting the exponential scaling of the Hilbert space in quantum mechanics for
computation has resulted in the current interest in quantum computation. However,
current hardware exhibits dissipation and noise, resulting in shallow circuits and few qubit
operations, rendering them impossible for a possible quantum algorithms. Quantum
machine learning on the other hand is known to be more robust to noise and has therefore
garnered a lot of attention recently. Within QML, quantum reservoir computing (QRC)
has gained a lot of attention recently. Quantum reservoir computing is inspired by
classical reservoir computing, where physical systems are used to solve machine learning
tasks [19, 20, 21, 22, 23, 24, 25]. Significant progress in quantum reservoir computing
(QRC) has been made through investigations using the Ising model [26, 27, 28, 29, 30,
31, 32, 33], with early experimental realizations conducted on IBM’s quantum hardware
[34, 35, 36, 37]. Interestingly, studies have demonstrated that inherent quantum features
such as noise and dissipation can be leveraged as beneficial computational elements
within QRC frameworks [38, 39, 40]. To tackle the challenges of time-series tasks,
particularly with respect to computational overhead, methods such as weak measurement
protocols [41, 42] and system reinitialization strategies [43] have been introduced, both
contributing to more efficient and accurate learning. Additional advancements include
techniques where output data is fed back into the reservoir [44, 45], as well as the use
of continuous measurement dynamics [46].

II.4.1 Quantum Reservoir Computing Scheme

Figure II.4 illustrates a quantum reservoir scheme, which is explained in the following.

1. Initialization: The reservoir is first initialized with an input time series of length
NIn.
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Figure II.4: A time series un is encoded into a qubit of a quantum system, described by
a Hamiltonian H. The system state, represented by the density matrix ρenc,
evolves over time t. Measurements of selected observables Zi at times mτ
are used to construct the state matrix S. The total number of measurements
per observable is V and the clock cycle is defined as V τ = T . In the output
layer, the state matrix S is multiplied by the readout weights Wout to
produce the output vector Y = SWout.

2. Input Layer (green) and Encoding (red): The n-th input un ∈ {u1, . . . ,uNu}
is encoded into the first qubit, resulting in the state

|Ψn⟩ =
√

1− un

2 |0⟩+
√

1 + un

2 |1⟩ . (II.79)

After encoding, the system state is described by

ρenc = |Ψn⟩ ⟨Ψn| ⊗Tr1(ρn−1). (II.80)

Overwriting the first qubit at each time step leads to a loss of information
from previous steps. This fading memory property is a critical requirement for
reservoir computing, as reservoirs inherently exhibit a memory–nonlinearity trade-
off [19, 20, 52, 53, 54]. In [43], this trade-off is demonstrated for quantum reservoir
computing.

3. Hidden Layer (blue): The reservoir undergoes unitary evolution for a clock
cycle T via

UR = e−iHT .

A discrete set of observables {Zi}Ki=1 is measured to obtain their expectation
values. The expectation value of observable Zi at time t after the n-th input is
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given by

⟨Zi(t)⟩ = Tr
(
Zi e

−iHt ρenc e
iHt
)

. (II.81)

To increase the readout dimension, each observable is sampled V times within
each clock cycle T , i.e., at times tn,j = nT + (j + 1)τ with τ = T/V . Figure II.4
shows a quantum reservoir with four virtual nodes (V = 4). This results in
NR = V R readout nodes for each input un, where R is the number of measured
observables. Writing the readouts for each input as a row produces the state
matrix S ∈ RNu×NR .

S =



⟨Z1(t1,1)⟩ . . . ⟨ZR(t1,1)⟩ . . . ⟨Z1(t1,V )⟩ . . . ⟨ZR(t1,V )⟩

⟨Z1(t2,1)⟩ . . . ⟨ZR(t2,1)⟩ . . . ⟨Z1(t2,V )⟩ . . . ⟨ZR(t2,V )⟩
... . . .

... . . .
... . . .

...

⟨Z1(tNu,1)⟩ . . . ⟨ZR(tNu,1)⟩ . . . ⟨Z1(tNu,V )⟩ . . . ⟨ZR(tNu,V )⟩


(II.82)

4. Output Layer (yellow): The state matrix is multiplied by the readout weights
Wout to yield the output

Y = SWout. (II.83)

5. Training: The data is split into an initialization set uIn, a training set uTr, and a
testing set uTe with lengths NIn, NTr, and NTe, respectively. A buffer of length
Nb is inserted between the sets.

First, the system is initialized with NIn steps. Then, the weights are optimized
using the training set uTr, resulting in the trained weights Wout. The testing set
is used to evaluate whether the reservoir can generalize to new data. The weights
are adjusted to minimize the loss

L := (Y−Ytarg)2, (II.84)
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where Ytarg is the target vector. To account for measurement shot noise, Gaussian-
distributed noise N ∈ RNu×NR is added to the state matrix:

S← S + ηN . (II.85)

The noise term ηN can serve as a regularization parameter when computing the
state matrix, a technique often referred to as regularization by noise. The readout
weights Wout are then determined by

Wout = (ST
T rST r)

−1ST
T rYtarg. (II.86)

II.4.2 Motivation of Quantum Reservoir Computing

As a quantum reservoir, this work uses the Transverse Field Ising Model discussed in
Section V.1.1 and given by

H =
∑
i>j

Jijσ
(i)
x σ(j)x +

1
2

N∑
i=1

(h+Di)σ
(i)
z . (II.87)

The on-site disorder is turned off with Di = 0 and h = 0.5, while the inter-spin couplings
are sampled from a uniform distribution Jij ∈ U([0.25, 0.25]), unless stated otherwise.
This chapter will explain some features of quantum reservoir computing and discuss
some of its unique traits, which will be analyzed in the later parts of this work.

To give a brief overview of quantum reservoir computing, the IPC and the Lorenz
tasks will be computed for varying parameters in the quantum reservoir computing
scheme. For the Lorenz task, the x variable will be used as an input and discretized
with ∆t = 0.02, resulting in a discrete time series x = (x1,x2, . . . ,xN ). The two tasks
will be to predict the x variable of the Lorenz tasks five steps into the future, i.e., given
xn, predict xn+5; and another task will consist of cross-predicting the z variable of the
Lorenz task (zn).

The following results are based on a training set of NTr = 10,000 steps and a test
set of NTe = 5,000 steps. One of the main motivations behind using quantum reservoir
computing is its potential for exponential scaling with respect to the Hilbert space
dimension. Figure II.5 presents both the information processing capacity up to third
order (a) and the Lorenz task performance (b), as a function of the number of spin
sites Ns. The parameters are kept fixed with a clock cycle of T = 50 and V = 50
measurements, where all spins are measured along the σz-axis.

Panel (a) illustrates that a five-site system reaches an information processing capacity
of IPC = 120, which is notably high. Initially, the IPC appears to increase exponentially
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before transitioning into a linear regime. This behavior may arise from several factors.
First, while the readout dimension increases linearly, the Hilbert space dimension grows
exponentially. Second, the IPC calculation is limited to third-order correlations, which
may restrict its ability to fully capture the reservoir’s representational capacity. Despite
these limitations, the exponential growth observed from Ns = 2 to Ns = 4 indicates
that the system’s data expressivity increases rapidly with size—even in this unoptimized
setup.

The IPC is a well established data expressivity, but more insights might be gained
from the behavior of task performance. Therefore, panel (b) of Figure II.5 shows the
Lorenz prediction task results for x→ x and the cross-prediction task x→ z. In the
logarithmic plot, the prediction error for the direct task (orange) decreases linearly,
which indicates exponential improvement as the number of spin sites increases. On the
other hand, the cross-prediction task (green) flattens out, showing diminishing returns
with higher Ns.

Understanding whether a quantum reservoir truly leverages its exponentially growing
Hilbert space for learning remains an open research question. This work does not
attempt to resolve these issues, but instead aims to offer a clearer picture of what
quantum reservoir computing could potentially achieve. The core idea is compelling:
achieving a nonlinear boost in performance through a modest increase in system size.

Ultimately, the objective is to design systems with minimal readout dimensions and
few qubits that still offer exponential gains in learning performance.

Another important aspect of quantum reservoir computing concerns the readout
dimension of the system, i.e., the number of measurements V . Figure II.6 shows the
IPC and Lorenz task performance versus the number of measurements for a system
with four spin sites Ns = 4 and a clock cycle of T = 50.

The IPC (Figure II.6.a) increases and then saturates around IPC ≈ 63 for approxi-
mately V ≈ 25 measurements. This is somewhat atypical, since in classical reservoir
computing there is a region with optimal readout dimension and no saturation. The
Lorenz task performance shows a steep initial improvement: up to V = 5 for the predic-
tion task (orange), and up to V = 15 for the cross-prediction task (green). Beyond these
points, the performance gradually transitions into a saturation phase around V ≈ 35
for both tasks.
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Figure II.5: Quantum reservoir performance as a function of the number of spin sites Ns.
(a) Information processing capacity (IPC) up to third order. (b) Prediction
error for the Lorenz task using direct prediction x→ x (orange) and cross-
prediction x → z (green). The plots demonstrate strong scaling in task
performance for small system sizes.
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Figure II.6: Effect of the number of measurements V on quantum reservoir computing
performance for a system with Ns = 4 spin sites. (a) Information Processing
Capacity (IPC) shows rapid growth followed by saturation. (b) Lorenz task
prediction error for direct prediction x→ x (orange) and cross-prediction
x→ z (green), both showing early improvement and eventual saturation.
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Figure II.7: Dependence of information processing capacity (a) and Lorenz task perfor-
mance (b) on the clock cycle T for a quantum reservoir with Ns = 4 spin
sites and V = 30 measurements. Both metrics show saturation behavior
around T ≈ 20, which differs from typical classical reservoir behavior.

Lastly, the behavior of the IPC and task performance is analyzed as a function of
the time interval between two inputs, i.e., the clock cycle T , for a four-qubit system
(Ns = 4) with V = 30 measurements per observable. A saturation effect is observed
once again. This behavior is atypical, as most classical reservoir computers exhibit a
distinct region of optimal performance with respect to the clock cycle T .

Figure II.7.a displays the IPC, where saturation occurs around T ≈ 20. The Lorenz
task performance also increases up to T ≈ 20, after which it saturates, with minor
oscillatory fluctuations observed.
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Evolution

As discussed in Section II.2, quantum systems are described by a Hamiltonian H acting
on a Hilbert space H. This description will be briefly revisited in the context of this
chapter. In the case of pure states |Ψ⟩ with initial condition |Ψ0⟩, the dynamics are
governed by the Schrödinger equation

∂t |Ψ(t)⟩ = −iH |Ψ(t)⟩ , (III.1)

|Ψ(0)⟩ = |Ψ0⟩ . (III.2)

This results in the unitary time evolution of the quantum state, described by

|Ψ(t)⟩ = e−iHt |Ψ0⟩ . (III.3)

The density matrix

ρ(t) = |Ψ(t)⟩ ⟨Ψ(t)| (III.4)

is introduced and is an important concept in quantum mechanics.
Observing a quantum system typically requires the application of a measurement

process, usually described by Hermitian observables O, with eigenvalue equation O |oi⟩ =
oi |oi⟩. The probability of measuring the eigenvalue oi at time t is given by

P (m = oi, t) = | ⟨oi|Ψ(t)⟩ |2 = ⟨oi|Ψ(t)⟩ ⟨Ψ(t)|oi⟩ = ⟨oi| ρ(t) |oi⟩ . (III.5)
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The probabilistic nature allows the definition of an expectation value of the observable
O, given by

⟨O⟩ = ⟨Ψ|O |Ψ⟩ = Tr(ρO). (III.6)

If the quantum state is described by a density matrix as

ρ0 =
∑

i

pi |Φi⟩ ⟨Φi| . (III.7)

, then this state is called mixed, where pi represents the probability of the state being
in |Φi⟩ ⟨Φi|. The equation of motion for such systems is

∂tρ(t) = −i[H, ρ], ρ(0) := ρ0. (III.8)

The solution to this equation is the unitary time evolution for observables:

ρ(t) = e−iHtρ0e
iHt. (III.9)

Similarly, instead of describing the evolution of states, one can describe the evolution
of an operator, which results in the Heisenberg equation

∂tO(t) = i[H, O], O(0) := O0 (III.10)

with the solution

O(t) = eiHtO0e
−iHt. (III.11)

In this chapter, Krylov-based information measures are discussed mathematically,
particularly with respect to how well they capture the behavior of time evolution in
quantum mechanics. These measures are defined based on how effectively the state or
operator evolves over time within the Krylov basis. Throughout this work, the term
”Krylov complexity” will be used to refer to all measures that are defined in relation to
the Krylov space. Special focus is given to Krylov operator complexity introduced in
[14] and Krylov spread complexity introduced in [16]. These measures have recently
garnered significant attention and were initially proposed to quantify quantum chaos in
systems ranging from Ising to SYK models [14, 55, 56, 57, 58, 59, 60, 61, 62, 63]. The
authors demonstrated that Krylov complexity can successfully differentiate between
integrable and chaotic systems. Several relationships involving Krylov complexity have
been explored. It has also been discussed in connection with Nielsen complexity [64],
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operator entropy [65], and its geometrical aspects have been analyzed in [66]. Krylov
complexity has been studied in the context of phase transitions [67, 68], as well as
in open and driven quantum systems [69, 70, 71, 72]. Another field that has seen
widespread use is quantum field theory [73, 74, 75, 76, 77], while [78] analyzes quantum
scars using Krylov complexity. An extension to multiple operators was proposed in [79],
and a detailed explanation of these methods is provided in [80].

An interesting interpretation of Krylov complexity is that a Krylov operator can
be defined such that its expectation value corresponds to Krylov spread and operator
complexity. A major challenge in computing spread and operator complexity lies in the
requirement of classical simulation to construct Krylov spaces. This work addresses
that limitation by introducing quantum-mechanically measurable Krylov spaces for
computing spread complexity. This is achieved by demonstrating that time-evolved
states and operators can be used in constructing the Krylov space, based on results
from [81, 82]. Additionally, Krylov expressivity and Krylov observability are introduced
as indicators of the effective space dimension of Krylov spaces.

Finally, this work disproves the widely held assumption that Krylov spaces constructed
from Hamiltonian powers always minimize spread complexity, showing through multiple
simulations that time-evolved states and operators can exhibit slower growth in Krylov
spread and operator complexity.
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III.1 Krylov Spaces for Pure States

This section discusses Krylov spaces for pure states. First, a definition of a Krylov space
is provided in Def. 4. Theo. 1 demonstrates that the space in which all future states lie
consists of different powers of the Hamiltonian H i applied to the initial state |Ψ0⟩, i.e.,

|Ψ(t)⟩ ∈ Span{|Ψ0⟩ ,H |Ψ0⟩ , . . . ,Hm−1 |Ψ0⟩} := Km (III.12)

for some m ∈N [14, 16]. Based on this, spread complexity (Def. 6) is introduced as a
measure to quantify how the time-evolved states |Ψ(t)⟩ spread in Km.

While this approach has yielded valuable insights into various phenomena in quantum
mechanics, it encounters significant limitations in the context of quantum reservoir
computing and quantum machine learning. A primary challenge is the requirement
of complete knowledge of the Hamiltonian H. In practical settings, especially in
experimental implementations, this information is often unavailable or only partially
accessible due to noise, decoherence, or limited control over the system. As a result,
the applicability of spread complexity remains constrained in real-world scenarios.
To overcome this limitation and enhance the interpretability of quantum systems,
it is essential to develop a formulation of spread complexity that is experimentally
measurable.

To address these challenges, this work demonstrates that instead of constructing the
space through powers of the Hamiltonian Hn, an equivalent space can be constructed
by measuring the state at discrete times t0 < t1 < t2 < . . . < tm−1 < TP , where tm−1 is
assumed to be smaller than the period TP :

|Ψ(t)⟩ ∈ Span{e−iHt0 |Ψ0⟩ , e−iHt1 |Ψ0⟩ , . . . , e−iHtm−1 |Ψ0⟩} := Gm. (III.13)

Furthermore, it is demonstrated that Gm is independent of the global phase and that
the number m equals the number of pairwise distinct eigenvalues of the quantum system.
Since Gm is independent of a global phase, it can be measured and used to construct
the Krylov space.

Definition 4 (Krylov Space). Consider a linear function f : CN → CN satisfying the
following properties for all v, w ∈ CN and α ∈ C:

f(v + w) = f(v) + f(w), f(αw) = αf(w). (III.14)
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Let v0 ∈ CN \ {0} be a non-zero vector. There exists a uniquely defined smallest
m ≤ N ∈N such that the vectors

v0, f(v0), f2(v0), . . . , fm−1(v0)

are linearly independent, while the vectors

v0, f(v0), f2(v0), . . . , fm(v0) (III.15)

are linearly dependent.
The integer m is referred to as the grade of the vector v0 with respect to f . The j-th

Krylov space of f with respect to v0 is defined as

Kj(f , v0) = Span{v0, f(v0), . . . , f j−1(v0)} ⊆ CN . (III.16)

It follows that KM (f , v0) = Km(f , v0) for all M ≥ m. When the initial state v0 and
the function f are clear, the Krylov space with grade m is denoted by Km.

Definition 5 (State Evolution). Consider a quantum system described by the Hamilto-
nian H ∈ CN×N , where H = H†. Let |Ψ0⟩ , |Ψ(t)⟩ ∈ CN represent the initial state and
the state at time t ∈ R≥0, respectively. Given the initial condition |Ψ(0)⟩ = |Ψ0⟩, the
state at time t is determined by

|Ψ(t)⟩ = e−iHt |Ψ0⟩ . (III.17)

To gain insight into the time evolution of quantum states, the results will be discussed
for a transverse field Ising model with six sites. The inter-spin couplings are sampled
from a uniform distribution Ji,j ∈ U([0.25, 0.5]), resulting in

HS =
6∑

i=1,j>i

Ji,jXi−1Xi +
1
2

6∑
i=0

Zi. (III.18)
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III.1.1 Spread Complexity through the Krylov spaces of the Hamiltonian

Theorem 1 (Time Evolution as a Map onto a Krylov Space). Using the notation
introduced in Def. 5, let t ∈ R, and let |Ψ(t)⟩ = exp(−iHt) |Ψ0⟩ represent the time-
evolved state at time t, where |Ψ0⟩ ̸= 0 is the initial state. For all t ∈ R, the following
holds:

|Ψ(t)⟩ ∈ Km(−iH, |Ψ0⟩) : = Span{f0(|Ψ0⟩), . . . , fm−1(|Ψ0⟩)}

= Span{H0 |Ψ0⟩ , . . . ,Hm−1 |Ψ0⟩}, (III.19)

where m ∈ N is the grade of the initial state |Ψ0⟩ with respect to the linear function
f := −iH [14, 16].

Proof. The time-evolved state is defined as |Ψ(t)⟩ = exp(−iHt) |Ψ0⟩. Introducing the
linear function f : CN → CN as f(|Ψ⟩) := −iH |Ψ⟩, the Taylor expansion of the time
evolution can be expressed as

|Ψ(t)⟩ = e−iHt |Ψ0⟩

=
∞∑

k=0
(−iH)k t

k

k!
|Ψ0⟩ =

∞∑
k=0

fk(|Ψ0⟩)
tk

k!
. (III.20)

This implies that |Ψ(t)⟩ is a superposition of vectors fk(|Ψ0⟩) with coefficients tk

k! .
Therefore, the state |Ψ(t)⟩ satisfies:

|Ψ(t)⟩ ∈ Span{f0(|Ψ0⟩), f1(|Ψ0⟩)t, f2(|Ψ0⟩)
t2

2!
, . . .}. (III.21)

For t = 0, |Ψ(t)⟩ = |Ψ0⟩. For t > 0, the coefficients tk

k! > 0, so the span becomes:

Span(f , |Ψ0⟩) = Span{f0(|Ψ0⟩), f1(|Ψ0⟩), f2(|Ψ0⟩), . . .}. (III.22)

By the linearity of f and the properties of the Krylov space in Def. 4, there exists an
m ≤ N such that the following vectors are linearly independent:

|Ψ0⟩ , f(|Ψ0⟩), f2(|Ψ0⟩), . . . , fm−1(|Ψ0⟩), (III.23)

while the set

|Ψ0⟩ , f(|Ψ0⟩), f2(|Ψ0⟩), . . . , fm(|Ψ0⟩), (III.24)
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is linearly dependent. Thus, it follows that:

Span(f , |Ψ0⟩) = Span{f0(|Ψ0⟩), f1(|Ψ0⟩)t, f2(|Ψ0⟩)
t2

2!
, . . .}

= Span{f0(|Ψ0⟩), f1(|Ψ0⟩), f2(|Ψ0⟩), . . .}

= Span{f0(|Ψ0⟩), f1(|Ψ0⟩), . . . , fm−1(|Ψ0⟩)}

= Km(−iH, |Ψ0⟩), (III.25)

which confirms that |Ψ(t)⟩ ∈ Km(−iH, |Ψ0⟩), where m is the grade of |Ψ0⟩ with respect
to f := −iH[14, 16].

Definition 6 (Spread Complexity). Assume the quantum system is described by the
Hamiltonian H with initial state |Ψ0⟩ and the corresponding Krylov space

Km = Span{f0(|Ψ0⟩), f1(|Ψ0⟩), . . . , fm−1(|Ψ0⟩)}.

The space Km is then orthonormalized, resulting in

Km = Span{|k0⟩ , |k1⟩ , . . . , |km−1⟩}.

Any time-evolved state can be represented in this basis via

|Ψ(t)⟩ =
m−1∑
n=0
|kn⟩ ⟨kn|Ψ(t)⟩ . (III.26)

With αn := ⟨kn|Ψ(t)⟩, the spread complexity KS is defined as

KS(t) =
m−1∑
n=0

(n+ 1)|αn(t)|2. (III.27)

One interpretation of spread complexity arises from defining the Krylov operator

KS :=
m−1∑
n=0

(n+ 1) |kn⟩ ⟨kn| , (III.28)

which leads to the computation of its expectation value as

⟨KS⟩ = ⟨Ψ(t)|KS |Ψ(t)⟩ =
m−1∑
n=0

(n+ 1) ⟨Ψ(t)|kn⟩ ⟨kn|Ψ(t)⟩

=
m−1∑
n=0

(n+ 1)αnα
∗
n =

m−1∑
n=0

(n+ 1)|αn(t)|2 = KS(t). (III.29)
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This shows that KS can be interpreted as the expectation value of the Krylov operator
KS .

The definition of spread complexity can be generalized to arbitrary spaces. Let

Um = Span{|b0⟩ , |b1⟩ , . . . , |bm−1⟩} = Span(B)

be a space such that |Ψ(t)⟩ ∈ Um for all t ∈ R. Spread complexity with respect to this
basis is written as

KS(B, t) =
m−1∑
n=0

(n+ 1)|⟨bn|Ψ(t)⟩|2. (III.30)

In the paper [16], the authors claim that the Krylov basis BK = {|ki⟩}i=0,...,m−1 is
the basis that minimizes Krylov complexity KS , i.e.,

KS(BK , t) ≤ KS(B, t) (III.31)

for all bases B.
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Figure III.1: Amplitudes ai = |⟨Ψ(t)|ki⟩|, where |ki⟩ corresponds to the i-th Krylov
subspace vector a) and the spread complexity KS as a function of time in
b). In both plots the Lanczos algorithm is used for orthonormalization.
The spread complexity increases and then saturates, similar to the behavior
of the maximum amplitude max(ai)i.

Figure III.1 shows the basis representation and spread complexity as a function of
time t. The index with the maximum amplitude αi increases over time until the highest
value is reached. As t grows, the spread over the basis also increases. This is observed
around t ≈ 25, after which any time-evolved state consists of a superposition of all
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III.1 Krylov Spaces for Pure States

previous states. When the basis representation reaches maximal scrambling, spread
complexity KS reaches its maximum at approximately the same time (Figure III.1.b).

Before discussing this further, note the top-left corner of the amplitude plot in
Figure III.1.a. This region shows that even at small times t, large amplitudes αi exist
beyond the maximum range (e.g., α30, . . . ,α64). This is a numerical artifact caused by
the unstable structure of the Lanczos algorithm, failing in representing time-evolved
states which is vivid by the large reconstruction error δ ≈ 0.47, where δ is given by

δ =

∣∣∣∣∣|Ψ(t)⟩ −
m−1∑
i=0
⟨ki|Ψ(t)⟩ |ki⟩

∣∣∣∣∣. (III.32)

This instability arises from the vectors not being entirely orthogonal in the reconstruction.
To resolve this issue, the Arnoldi algorithm is used, and the results are shown in
Figure III.2. This algorithm is more stable, as evidenced by a reconstruction error of
approximately δ ≈ 3× 10−5. The artifacts in the top-left corner are no longer visible,
and the spread complexity KS increases more slowly but reaches the same maximum.
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Figure III.2: Amplitudes |⟨Ψ(t)|ki⟩|, where |ki⟩ corresponds to the i-th Krylov subspace
vector a) and the spread complexity KS as a function of time in b)
computed using the Arnoldi algorithm. The spread complexity increases
and then saturates, similar to the behavior of the maximum amplitude
max(αi)i.

The Krylov spaces and spread complexity, constructed using two distinct orthonormal-
ization algorithms, have been discussed in an example, demonstrating that the Lanczos
algorithm faces certain challenges. However, no statement has yet been made regarding
the minimality of the number of basis vectors in the construction of Km. The question
is, whether there exists a basis B with dim(B) < m such that |Ψ(t)⟩ ∈ Span{B}. The
following lemma establishes that this is not the case.
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Lemma 1 (Km consists of the minimum number of basis states.). Assume |Ψ(t)⟩ is
a time-evolved state under Hamiltonian H, and assume that the corresponding Krylov
space is given by Km, such that |Ψ(t)⟩ ∈ Km for all t ∈ R. Then it holds that there
exists no basis B with dim(B) < m such that |Ψ(t)⟩ ∈ Span{B}.

Proof. The proof proceeds as follows. Take L > m time-evolved states |Ψ(tj)⟩ =
e−iHtj |Ψ0⟩ at times 0 = t0 < t1 < t2 < . . . < tL < TP , where L is very large, such that

|Ψ(tj)⟩ =
∞∑

k=0
(−iH)k

tkj
k!
|Ψ0⟩ =

L−1∑
k=0

(−iH)k
tkj
k!
|Ψ0⟩+ ε, (III.33)

where ε is negligible. Introduce the substitution:

h
(L)
j (|Ψ0⟩) :=

L−1∑
k=0

fk(|Ψ0⟩)
tkj
k!

, (III.34)

with fk(|Ψ0⟩) := (−iH)k |Ψ0⟩ .

For simplicity |Ψ0⟩ is ignored in the following calculations. The vectors h(L)
j can be

written as

h
(L)
i =

n−1∑
j=0

f j t
j
i

j!
=
(
f0 f1 . . . fn−1

)


1
ti/1!
t2i /2!

...
tn−1
i /(n− 1)!


. (III.35)

Writing all vectors h(L)
0 , . . . ,h(L)

n−1 yields(
h
(L)
0 h

(L)
1 . . . h

(L)
n−1

)
=
(
f0 f1 . . . fn−1

)
Θ,

Θ =



1 1 . . . 1
t1/1! t2/1! . . . tn−1/1!
t21/2! t22/2! . . . t2n−1/2!

...
... . . . ...

tn−1
1 /(n− 1)! tn−1

2 /(n− 1)! . . . tn−1
n−1/(n− 1)!


.

(III.36)
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Theo. 1:

Lem. 1

Lem. 1

Figure III.3: Sketch showing the properties of Km. This shows that any time-evolved
state lies in Km, and using Lemma 1, which concludes that the number of
basis states in Km is minimal.

Since all times ti are pairwise distinct by definition, the columns of Θ are linearly
independent. Therefore, Θ is invertible, and its inverse Θ−1 exists:(

h
(L)
0 h

(L)
1 . . . h

(L)
n−1

)
Θ−1 =

(
f0 f1 . . . fn−1

)
. (III.37)

Since all vectors {f0, f1, . . . , fL−1} can be represented as linear combinations of vectors
{h(L)

0 ,h(L)
1 , . . . ,h(L)

L−1}, the spans of both sides are equal:

HL
L = Span{h(L)

0 ,h(L)
1 , . . . ,h(L)

n−1} = Span{f0, f1, . . . , fL−1} = KL. (III.38)

Since KL contains only m linearly independent vectors, HL
L must also contain only m

linearly independent vectors; that is, HL
m = Km. This implies that there cannot exist a

basis B with dim(B) < m such that |Ψ(t)⟩ ∈ Span{B}. If such a basis existed, then the
L vectors h(L)

j would not be able to represent the vectors f j , and the matrix Θ would
not be invertible—contradicting the fact that Θ is indeed invertible.

Figure III.3 shows a sketch illustrating Theo. 1 and Lemma 1, and how they interact.

III.1.2 Spread Complexity via Measurable Krylov Spaces

In this subsection, the connection between Krylov spaces and the eigenstates of the
Hamiltonian is discussed. Afterwards, measurable Krylov spaces are proposed and
explored in more detail.

The eigenvalue equation of the Hamiltonian is given by

H |ϕn⟩ = εn |ϕn⟩ . (III.39)
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For a Hermitian Hamiltonian, i.e., H† = H, it follows that all eigenstates |ϕn⟩ are
orthogonal to each other. The spectral decomposition is thus given by

H =
∑

n

εn |ϕn⟩ ⟨ϕn| . (III.40)

Inserting this into the time evolution and assuming H ∈ CN×N results in

|Ψ(t)⟩ = e−iHt |Ψ0⟩ =
N−1∑
n=0

e−iεnt |ϕn⟩ ⟨ϕn|Ψ0⟩ . (III.41)

It is apparent that |Ψ(t)⟩ ∈ EN = Span{|ϕ0⟩ , . . . , |ϕN−1⟩} for all t ∈ R. The following
theorem makes a connection between the number of pairwise distinct eigenvalues and
the Krylov rank.

Theorem 2. Given a Hamiltonian H ∈ CN×N with d pairwise distinct eigenvalues,
satisfying the eigenvalue equation

H |ϕj⟩ = εj |ϕj⟩ , (III.42)

it follows that the time-evolved state |Ψ(t)⟩ ∈ Ed, i.e.,

|Ψ(t)⟩ ∈ Ed = Span{|ξ0⟩ , |ξ1⟩ , . . . , |ξd−1⟩}. (III.43)

With ⟨ϕj |Ψ0⟩ = αj, the vectors |ξp⟩ are defined as

|ξp⟩ =
1√
|Jp|

∑
j∈Jp

αj |ϕj⟩ , (III.44)

where Jp is an index set such that all eigenstates |ϕj⟩ with j ∈ Jp share the same
eigenvalue εp, and |Jp| is the number of indices in the set, used for normalization.

Proof. With αj := ⟨ϕj |Ψ0⟩, it follows:

|Ψ(t)⟩ = e−iHt |Ψ0⟩ =
∑

j

e−iεjt |ϕj⟩ ⟨ϕj |Ψ0⟩ =
∑

j

e−iεjtαj |ϕj⟩ . (III.45)

Given that H ∈ CN×N and is Hermitian, it possesses N eigenvalues, of which only d
are distinct. Let these d distinct eigenvalues be ε0, ε1, . . . , εd−1. Since H is Hermitian,
its eigenstates |ϕj⟩ form an orthogonal basis of CN .

Suppose ji eigenvectors correspond to the eigenvalue εi. Define the index sets
J0 = {0, . . . , j0} and Jk = {jk−1 + 1, . . . , jk} for k ∈ {1, . . . , d− 1}. These index sets
categorize the eigenstates |ϕj⟩ such that all |ϕa⟩ with a ∈ Jk share the eigenvalue εk.
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III.1 Krylov Spaces for Pure States

The time evolution can be rewritten as:

|Ψ(t)⟩ =
∑

j

e−iεjtαj |ϕj⟩ =
d−1∑
p=0

∑
j∈Jp

e−iεptαj |ϕj⟩ =
d−1∑
p=0

e−iεpt
∑
j∈Jp

αj |ϕj⟩ . (III.46)

The inner sum over Jp is time-independent and can be represented by the vectors

|ξp⟩ =
∑
j∈Jp

αj |ϕj⟩ . (III.47)

Normalizing the vectors via |ξp⟩ ← |ξp⟩√
|Jp|

, it follows that for all t ∈ R,

|Ψ(t)⟩ ∈ Span (|ξ0⟩ , |ξ1⟩ , . . . , |ξd−1⟩) =: Ed. (III.48)

Hence, the space Ed consists of a superposition of d linearly independent vectors
|ξ0⟩ , . . . , |ξd−1⟩.

Lemma 2 (Em consists of the minimum number of basis states.). Given an initial
state |Ψ0⟩, a Hamiltonian H, and the corresponding space of eigenstates Ed, such that
|Ψ(t)⟩ ∈ Km for all t ∈ R, there exists no basis B with dim(B) < d such that any
time-evolved state is in the span of B.

Proof. Assume times t0 < t1 < . . . < td−1 and the states evolved at those times are
given by

|Ψ(tj)⟩ = e−iHtj |Ψ0⟩ =
N∑

k=0
e−iεktj |ϕk⟩ ⟨ϕk|Ψ0⟩

=
d−1∑
p=0

e−iεptj
∑
j∈Jp

αj |ϕj⟩ =
d−1∑
p=0

e−iεptj |ξp⟩

=
(
|ξ0⟩ |ξ1⟩ . . . |ξd−1⟩

)

e−iε0tj

e−iε1tj

...
e−iεd−1tj

 (III.49)
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III Chapter: Krylov Complexity in Unitary Time Evolution

Here, |ξp⟩ =
∑

j∈Jp
αj |ϕj⟩ and αj = ⟨ϕj |Ψ0⟩ is used. Writing the d states in terms of

the |ξp⟩ basis results in(
|Ψ(t0)⟩ |Ψ(t1)⟩ . . . |Ψ(td−1)⟩

)
=
(
|ξ0⟩ |ξ1⟩ . . . |ξd−1⟩

)
Σ

Σ =


e−iε0t0 e−iε0t1 . . . e−iε0td−1

e−iε1t0 e−iε1t1 . . . e−iε1td−1

...
... . . . ...

e−iεd−1t0 e−iεd−1t1 . . . e−iεd−1td−1


(III.50)

If the matrix Σ is invertible, then it follows that any d time-evolved states span Ed.
If |εj | < π, we can write xt

j = (e−iεj )t. If this is not the case, the Hamiltonian can
be rescaled as H ← H/|εmax| and time as t ← t · |εmax|, which results in the same
dynamics. With this, the matrix in Eq. (III.50) can be rewritten as(

|Ψ(t0)⟩ |Ψ(t1)⟩ . . . |Ψ(td−1)⟩
)
=
(
|ξ0⟩ |ξ1⟩ . . . |ξd−1⟩

)
Σ (III.51)

where

Σ =


xt0

0 xt1
0 . . . x

td−1
0

xt0
1 xt1

1 . . . x
td−1
1

...
... . . . ...

xt0
d−1 xt1

d−1 . . . x
td−1
d−1

 (III.52)

For pairwise distinct times, the columns are linearly independent if td−1 < TP , where
TP is the period of the system. Σ is a generalized Vandermonde matrix, for which an
inverse exists. Therefore,(

|Ψ(t0)⟩ |Ψ(t1)⟩ . . . |Ψ(td−1)⟩
)

Σ−1 =
(
|ξ0⟩ |ξ1⟩ . . . |ξd−1⟩

)
(III.53)

Since all time-evolved states lie in Ed, and since these d time-evolved states span the
space, it follows that Ed consists of the minimum number of basis vectors.

Theorem 3. Given the previous definitions and notation, it holds that Em = Km and
m = d.

Proof. Lemma 1 showed that m and d are the smallest possible dimensions such that
all future states lie in |Ψ(t)⟩ ∈ Km (Theo. 1) and |Ψ(t)⟩ ∈ Ed (Theo. 2). This implies
that m = d, and thus Em = Km.
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III.1 Krylov Spaces for Pure States

Theo. 1:

Lem. 1

Theo. 2

Lem. 1

Lem. 2
Lem. 2

Theo. 3:

Figure III.4: The sketch is extended to show that Ed also consists of the minimum
number of basis states. Theo. 3 concludes that m = d and that Km = Em

holds.

Figure III.4 shows how the proven theorems and lemmas support this conclusion.

Theorem 4 (Measurable Krylov Spaces). Let us assume that our quantum system is
described by a Hamiltonian H ∈ CN×N and that the initial state |Ψ0⟩ is given. Let
Km = Span{H0 |Ψ0⟩ , . . . ,Hm−1 |Ψ0⟩} be the corresponding Krylov space. Then it holds
that

Km = Span{H0 |Ψ0⟩ , . . . ,Hm−1 |Ψ0⟩}

= Span{e−iHt0 |Ψ0⟩ , . . . , e−iHtm−1 |Ψ0⟩} =: Gm, (III.54)

where 0 = t0 < t1 < . . . < tm−1 are times smaller than the period of the system, i.e.,
tm−1 < TP . From this, it follows that Km = Em = Gm.

Proof. This follows directly from Lemma 2, where it was shown that d time-evolved
states can be used to construct the space of eigenstates, i.e., Gd = Ed. In Theo. 3, it
was shown that d = m and Km = Em. Thus, it follows that

Km = Em = Gm, (III.55)

and a visualization is given in Figure III.5.

Lemma 3. For equidistant times tn = nTG/m, the space Gm becomes a Krylov space
and consists of m linearly independent basis states. While this result is already implied
by Theo. 4, we provide an alternative proof here due to its significance for later sections
of this work and to support the reader’s understanding.
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III Chapter: Krylov Complexity in Unitary Time Evolution

Theo. 1:

Lem. 1

Theo. 2

Lem. 1

Lem. 2
Lem. 2

Theo. 3:

Theo. 4:

Figure III.5: The sketch is extended to show that Ed also consists of the smallest number
of basis states. Theo. 3 concludes that m = d and that Km = Em. From
the previous theorems and lemmas, Theo. 4 concludes that the three
spaces—constructed from powers of the Hamiltonian (Km), eigenvectors
(Em), and time-evolved states (Gm)—are equivalent.

Proof. For equidistant times tn = nTG/m with n = 0, . . . ,m − 1, define the time
evolution operator as U = e−iHTG/m. The space Gm can then be written as:

Gm = Span{|Ψ0⟩ ,U |Ψ0⟩ ,U2 |Ψ0⟩ , . . . ,Um−1 |Ψ0⟩}. (III.56)

If m is the grade such that

Uk |Ψ0⟩ ∈ Gm (III.57)

for all k ∈ N, then in the limit of small ∆t = tn − tn−1 → 0, any time-evolved state
|Ψ(t)⟩ can be approximated as |Ψ(t)⟩ = Uk |Ψ0⟩+ ε for some k and a small error term
ε→ 0 as ∆t→ 0.

However, from earlier results, we know that all time-evolved states lie in the Krylov
space

|Ψ(t)⟩ ∈ Km = Span{|Ψ0⟩ ,H |Ψ0⟩ , . . . ,Hm−1 |Ψ0⟩}. (III.58)

This implies that Gm = Km, i.e., the space generated by time evolution at equidistant
intervals is itself a Krylov space.

It has been shown that as long as pairwise distinct times t0 < t1 < . . . < tm−1 are
used, the space can be equivalently reconstructed through time-evolved states |Ψ(ti)⟩.
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III.1 Krylov Spaces for Pure States

The times are arbitrary, so it makes sense to pick a total time TG and then measure
time-evolved states at equidistant points ti = iTG/m. This results in the space

Gm = Span{Ψ(0), Ψ(TG/m), . . . , Ψ((m− 1)TG/m)}. (III.59)

Orthonormalization of this space yields

Gm = Span{|g0⟩ , |g1⟩ , . . . , |gm−1⟩}. (III.60)

Spread complexity can be computed in regards to the space Gm, which gives

KS(Gm, t) =
m−1∑
n=0

(n+ 1)|⟨gn|Ψ(t)⟩|2. (III.61)

This is equivalent to the expectation value of the operator

GS :=
m−1∑
n=0

(n+ 1) |gn⟩ ⟨gn| , (III.62)

i.e., KS(Gm, t) = ⟨GS⟩.

In the following study, the basis representation and spread complexity for the spaces
Gm will be shown. Equidistant state sampling is used with tn = nTG/m and TG =

10, 40, 60 for visualization. We show that the Krylov basis does not minimize spread
complexity, contrary to the claim in [16].
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Figure III.6: Amplitudes |⟨Ψ(t)|gi⟩|, where |gi⟩ is the i-th basis state of Gm with TG = 10
a), and the spread complexity KS as a function of time in b), computed
using the measurable Krylov basis. The spread complexity increases and
then saturates.
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III Chapter: Krylov Complexity in Unitary Time Evolution

Changing the total time in the construction of Gm to TG = 40 gives Figure III.7. This
behavior is somewhat similar to the Krylov space Km in Figure III.2. The maximum
is reached around t ≈ 75. The basis representation is nearly linear up to t = 40, after
which the state spreads across the whole basis. The slope of the maximum amplitude
index change decreases with time.
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Figure III.7: Amplitudes |⟨Ψ(t)|gi⟩|, where |gi⟩ is the i-th basis state of Gm with TG = 40
a), and the spread complexity KS as a function of time in b), computed
using the measurable Krylov basis. The spread complexity increases and
then saturates.

The results for TG = 60 are shown in Figure III.8. Here, a smaller slope is observed
in the basis representation, with more distinct parallel lines. The spread complexity
increases more slowly and reaches KS = 27 at t = 100, which was the saturation point
for previous cases. Oscillations in the spread complexity are due to oscillations in the
diagonal lines of the amplitude plot.

Figure III.9 compares spread complexity KS computed via different powers of the
Hamiltonian (using Lanczos and Arnoldi algorithms) in (a), and via the time-evolved
states in (b). The spread complexity from Arnoldi is also shown in (b) for reference. It
is observed that KS using Gm with TG = 10 (green) is larger than that from Km. For
TG = 40 (red) and TG = 60 (grey), the spread complexity is smaller and grows more
slowly. The spread with TG = 60 shows stronger oscillations and an overall smaller
spread.

These findings contradict the claim in [16] that the Krylov basis minimizes spread
complexity. While this work does not propose an alternative optimal basis, it disproves
a foundational assumption in the field.
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Figure III.8: Amplitudes |⟨Ψ(t)|gi⟩|, where |gi⟩ is the i-th basis state of Gm with TG = 60
a), and the spread complexity KS as a function of time in b), computed
using the measurable Krylov basis. The spread complexity increases and
then saturates.
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Figure III.9: Comparison of the spread complexities KS computed via Hamiltonian
powers Hk using Lanczos and Arnoldi algorithms (a). (b) shows KS

computed via powers of H (blue), and via time-evolved states in Gm with
TG = 10, 40, 60. We observe that for TG = 40 and 60, the spread is smaller
than for Km, while it is larger for TG = 10.

III.1.3 Krylov Expressivity: Phase Space Measure on the Krylov Space

Section III.1.1 introduced spread complexity, as discussed in [16]. In [81], it was shown
that a measurable Krylov basis can be defined to compute spread complexity. Building
upon this, Section III.1.2 further contradicts the assumption made in [16], where the
authors claim that the Krylov basis minimizes the spread. This work demonstrates
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III Chapter: Krylov Complexity in Unitary Time Evolution

that this is not the case, as measurable Krylov spaces can be constructed that exhibit a
slower increase in spread complexity.

This section proposes a new measure, Krylov expressivity, as an effective tool to
capture the phase space dimension of the corresponding Krylov space.

Definition 7 (Krylov Expressivity). Let H be a Hamiltonian with initial condition
|Ψ0⟩, and let m denote the grade of the Krylov space Km or Gm. At any given point in
time t, define a discretization tn = nt/(m− 1) for n = 0, . . . ,m− 1. The time-evolved
states at these times, given by |Ψ(tn)⟩ = e−iHtn |Ψ0⟩, are:

|Ψ(t0)⟩ , |Ψ(t1)⟩ , . . . , |Ψ(tm−1)⟩ .

Note that the discretization depends on the evolution time t, and therefore these
vectors are functions of it. Next, define a similarity function f between two pure states
|Φ1⟩ and |Φ2⟩ such that:

f(|Φ1⟩ , |Φ2⟩) = 1 if |Φ1⟩ = |Φ2⟩ .

Now compute the pairwise similarities between adjacent time-evolved states:

fi = f(|Ψ(ti)⟩ , |Ψ(ti+1)⟩). (III.63)

This function measures how similar two consecutive time-evolved states are. If fi is
smaller than a threshold λ, the two vectors are considered linearly independent, and the
effective phase space dimension is increased by 1. If fi ≥ λ, the increase is interpolated.
In this work, linear interpolation is used. The cutoff parameter λ is inspired by the 3
dB threshold in signal processing, with λ = 1/

√
2. For pure states, fidelity is used as

the similarity measure:

fi := F (|Ψ(ti)⟩ ⟨Ψ(ti)| , |Ψ(ti+1)⟩ ⟨Ψ(ti+1)|) = |⟨Ψ(ti)|Ψ(ti+1)⟩| . (III.64)

The Krylov expressivity EK for a given threshold λ ∈ [0, 1] is then defined as:

ϵi =

1 if fi < λ,

1− 1
1−λ · (fi − λ) if fi ≥ λ,

EK = 1 +
m−1∑
i=1

ϵi. (III.65)

Note that different similarity functions f and different cutoff values λ may be used
depending on the application.
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Figure III.10: Comparison of Krylov expressivities EK for different cutoff parameters:
λ = 0 (blue), λ = 0.25 (orange), λ = 0.5 (green), and λ = 1/

√
2 (red)

in (a). Plot (b) shows the spread complexity computed via powers of
the Hamiltonian (orange) and via the measurable Krylov space Gm with
TG = 40 (red).

Figure III.10.a shows Krylov expressivity as a function of evolution time t for various
cutoff parameters λ ∈ {0, 0.25, 0.5, 1/

√
2}. Clearly, higher cutoff values result in an

earlier increase in EK . The expressivity saturates at the Krylov space dimension m = 64
for all cutoff values except λ = 0.

For λ = 0, the Krylov expressivity simplifies to a parameter-independent form:

EK = 1 +
m−1∑
i=1

(1− |⟨gi|gi+1⟩|) = m−
m−1∑
i=1
|⟨gi|gi+1⟩| . (III.66)

Figure III.10.b presents the Krylov spread complexity KS for the Krylov space Km

(orange) and for the time-evolved space Gm with TG = 40 (red), as well as the Krylov
expressivity for λ = 0 (blue, right axis). All three measures saturate around t ≈ 150.

A deeper connection between Krylov spread complexity and Krylov expressivity
requires further benchmarking in domains where spread complexity has been success-
ful—most notably, quantum chaos. However, such an analysis lies beyond the scope of
this chapter, which aims to provide conceptual intuition and introduce recent ideas.

The results on Krylov expressivity (especially the parameter-free case with λ = 0),
alongside the earlier result showing smaller spread complexity for time-evolved bases,
are meant to engage the reader and highlight promising directions for future research.
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III Chapter: Krylov Complexity in Unitary Time Evolution

III.2 Krylov Spaces for Operators

This section addresses Krylov spaces for operators, with particular focus on their
applications to observables, first discussed in [14]. The analysis begins by establishing
that any time-evolved operator O(t) lies within a Krylov space generated by successive
powers of the Liouvillian, defined as L(O) = HO−OH, such that

O(t) ∈ Span{O,L(O),L2(O), . . . ,LM−1(O)} := LM , (III.67)

where M denotes the grade of the corresponding Krylov space LM [14].
Subsequently, it is shown that time-evolved operators O(tj) at discrete time points

can be used to construct an equivalent space:

O(t) ∈ Span{O(t0),O(t1),O(t2), . . . ,O(tM−1)} := FM . (III.68)

It follows that LM = FM . The analysis is then extended to consider multiple
observables O1,O2, . . . ,OK , and a space F is constructed containing the minimal
number of basis elements such that

Oj(t) ∈ F (III.69)

for all j ∈ {1, 2, . . . ,K}. This implies that no space V exists for which Oj(t) ∈ V
and dim(V) < dim(F). Based on the space F , the concept of Krylov observability is
introduced to characterize the effective phase space dimension of multiple operators Oj

with respect to time evolution governed by the Hamiltonian H.

Definition 8 (Operator Evolution). Let the quantum system be described by a Hamil-
tonian H ∈ CN×N , where H = H†. Let O,O(t) ∈ CN×N represent an operator and its
time-evolved form at time t ∈ R≥0, respectively. Given the initial condition O, the time
evolution of the operator is defined as

O(t) = eiHtOe−iHt. (III.70)

To evaluate Krylov operator complexity, the framework is applied to an Ising model
consisting of four spins, yielding 44 = 256 total degrees of freedom. The corresponding
Hamiltonian is defined as
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III.2 Krylov Spaces for Operators

HO =
4∑

i=1,j>i

Ji,jXi−1Xi +
1
2

4∑
i=0

Zi, (III.71)

where the coupling constants Ji,j are selected from the set {0.3, 0.35, 0.4, 0.45, 0.5, 0.55, 0.65},
ordered according to increasing indices (i, j).

III.2.1 Operator Complexity through the Powers of the Liouvillian

This section introduces how Krylov spaces can capture the time evolution of operators
under the von Neumann or Heisenberg equation. It is structured similarly to the
previous discussions but with a different focus. We first revisit the proof proposed in
[14], which shows that any time-evolved operator lies in the Krylov space formed by
powers of the Liouvillian L.

Theorem 5. Let O ∈ CN×N be an operator that evolves as O(t) = eiHtOe−iHt (see
Def. 8). Then, there exists M ∈N such that for any time-evolved operator O(t), the
following holds:

O(t) ∈ Span{O,L(O),L2(O), . . . ,LM−1(O)} := LM , (III.72)

where the Liouvillian is defined as L(H,O) = HO−OH.

Proof. The time evolution of the operator can be written as a series:

O(t) = eiHtOe−iHt =
∞∑

k=0

(it)k

k!
Lk(O), (III.73)

where L(O) = HO−OH is the Liouvillian. This shows that:

O(t) ∈ Span{L0(O),L1(O),L2(O), . . .}. (III.74)

It is straightforward to verify that L is linear in O:

L(O1 +O2) = L(O1) +L(O2), (III.75)

L(µO1) = µL(O1). (III.76)

Following [14], and by applying the Krylov space properties (see Def. 4), there exists a
minimal M ∈N such that

O(t) ∈ Span{L0(O), . . . ,LM−1(O)} = LM . (III.77)
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Definition 9 (Operator Complexity via Liouvillian Powers). Given a Hamiltonian H

and an operator O evolving under Def. 8, define the Krylov space

LM = Span{O,L(O),L2(O), . . . ,LM−1(O)}. (III.78)

After orthonormalizing the basis, we obtain:

LM = Span{K0,K1, . . . ,KM−1}. (III.79)

The time-evolved operator O(t) can now be represented in this orthonormalized Krylov
basis:

O(t) =
M−1∑
n=0

inβn(t)Kn, (III.80)

where βn(t) = (Kn,O(t)) is the scalar product between the time-evolved operator and
the basis operator Kn.

The operator complexity KO is then defined as:

KO(t) =
M−1∑
n=0

(n+ 1)|βn(t)|2. (III.81)

While spread complexity KS captures how a quantum state spreads over the Krylov
basis formed from powers of the Hamiltonian Hn (see Def. 6, [16]), operator complexity
measures how an operator spreads over the Krylov basis formed from the powers of the
Liouvillian [H,O]n [14].

Similarly, the Krylov operator for observables can be defined as:

OK :=
M−1∑
n=0

(n+ 1)KnKd
n, (III.82)

where Kd
n is the dual of Kn, such that Kd

nO = (Kn,O).
The expectation value of this operator is:

(OK) = O(t)dOKO(t) =
M−1∑
n=0

(n+ 1)|βn(t)|2 = KO(t). (III.83)
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Lemma 4 (LM Consists of the Minimum Number of Basis States). Let O be an operator
and H the Hamiltonian under which O evolves. Then, there exists no space W such
that O(t) ∈W for all t and dim(W ) < dim(LM ).

Proof. Let 0 = t0 < t1 < . . . < tQ be a time discretization with tQ < TP , where TP is
the period of the system. Define:

Õ(ta) =
Q∑

k=0

(ita)k

k!
Lk(O)

as an approximation of the time-evolved operator at time ta. Then,

Õ(ta) = (i0L0(O), i1L1(O), . . . , iQLQ(O))


1
ta
...

tQ
a

Q!

 .

Writing all Õ(ta) with pairwise distinct ta gives:

(Õ(t0), . . . , Õ(tQ)) = (i0L0(O), . . . , iQLQ(O))Θ, (III.84)

with

Θ =



1 1 . . . 1
t0 t1 . . . tQ

t20/2! t21/2! . . . t2Q/2!
...

... . . . ...
tQ0 /Q! tQ1 /Q! . . . tQQ/Q!


. (III.85)

Since the times ta are pairwise distinct, Θ is a generalized Vandermonde matrix and
hence invertible. Therefore:

(Õ(t0), . . . , Õ(tQ))Θ−1 = (i0L0(O), . . . , iQLQ(O)). (III.86)

This shows that the time-evolved operators can reconstruct the powers of the Liouvil-
lian. Since by Theo. 5, all time-evolved operators lie in LM , and each Liouvillian power
can be expressed using the time-evolved operators, it follows that LM has the minimum
possible number of basis elements.

Therefore, no space W of lower dimension than LM can contain all O(t) for arbitrary
t.
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III Chapter: Krylov Complexity in Unitary Time Evolution

Up to this point, only a single operator has been considered. However, in general,
quantum systems involve multiple operators. While individual observables may be
compared to one another to gain insight, it is often more informative to analyze the
behavior of a set of observables O1,O2, . . . ,OK . In particular, it is relevant to study
the vector space spanned by multiple operators and to explore how operator complexity
can be generalized in such scenarios.

In [79], a framework was proposed for constructing operator complexity from multiple
operators, termed multiseed operator complexity.
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Figure III.11: Amplitudes (Kn,O(t)), where Kn denotes the n-th basis state of LM ,
computed using the Arnoldi algorithm in a), and the operator complexity
KO as a function of time in b). The complexity is computed using the
basis formed by the powers of the Liouvillian, i.e., Lk.

Figure III.11.a presents the basis representation within the space spanned by powers
of the Liouvillian Lk, as a function of time t, computed using the Arnoldi algorithm. A
comparable pattern is observed in the context of spread complexity (see Figure III.2),
highlighting conceptual similarities between operator and spread complexity.

However, a key distinction lies in the treatment of initial conditions. For operator
complexity, the initial operator is fixed—specifically, the observable Z1 is analyzed in
terms of its expansion in the Krylov space LM . In contrast, spread complexity involves
randomly chosen initial states |Ψ0⟩, and the results are averaged. The absence of
averaging in operator complexity, along with the use of a four-qubit system (as opposed
to six qubits in the spread complexity analysis), results in stronger oscillatory behavior
in the complexity values. Nevertheless, many insights derived from spread complexity
remain applicable to the operator setting.

To mitigate these oscillations, one strategy is to average operator complexity over a
set of observables. However, such an approach reduces the ability to track the dynamics
of specific operators, which is often essential in this context. Therefore, the task becomes
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III.2 Krylov Spaces for Operators

Algorithm 1 Construction of Krylov Spaces for Multiple Operators
1: IO = {1, 2, . . . ,K}
2: L(B) = ∅
3: L = Span(L(B))

4: L̃(B)
1 , L̃(B)

2 , . . . , L̃(B)
K = ∅

5: i = 0
6: while i ∈M− 1 do
7: for k ∈ IO do
8: if LiOk /∈ L then
9: L(B) = L(B) ∪LiOk

10: L(B)
k = L(B)

k ∪LiOk

11: L = Span(L(B))

12: Lk = Span(L(B)
k )

13: end if
14: end for
15: end while
16: L ← orthonormalize(L)

identifying a minimal vector space L such that all time-evolved operators Ok(t) lie
within it, i.e., Ok(t) ∈ L. This problem is addressed via the concept of multiseed
operator complexity, defined below.

Definition 10 (Multiseed Operator Complexity [79]). Let O1, . . . ,OK be a collection
of K operators, each evolving under Oj(t) = eiHtOje

−iHt, with H as the system
Hamiltonian. The following algorithm constructs a Krylov space L that captures all
time-evolved operators, i.e., Oj(t) ∈ L.

In the original formulation in [79], orthonormalization is included within the loop to
enable a termination condition. For clarity, the process is presented here as occurring
at the end. To determine whether LiOk ∈ L, a rank comparison can be used. If
rank(L(B)) = rank(L(B) ∪LiOk), then the element is already in the span.

The orthonormalized basis elements are indexed as:

Lk = Span{K0,k,K1,k, . . . ,KMk−1,k}, (III.87)

L = Span
(
K0,1, . . . ,KM1−1,1,K0,2, . . . ,KM2−1,2, . . . ,K0,K , . . . ,KMK−1,K

)
, (III.88)

where Mk = dim(Lk), and the union of all Lk defines the full space L.
Each time-evolved operator On(t) can then be expressed as:

On(t) = eiLtOn =
K∑

k=1

Mk−1∑
j=0

(Kj,k,On(t))Kj,k. (III.89)
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III Chapter: Krylov Complexity in Unitary Time Evolution

Defining γ(n)j,k = (Kj,k,On(t)), the operator complexity for On(t) becomes:

KO(On) =
K∑

k=1

Mk−1∑
j=0

(j + 1)
∣∣∣γ(n)j,k

∣∣∣2 . (III.90)

Finally, the multiseed operator complexity Kmult is defined as the average:

Kmult(t) =
1
K

K∑
n=1
KO(On). (III.91)

The block-Lanczos algorithm is used for orthonormalization.

At this stage, numerical results for multiseed operator complexity are omitted. The
rationale is that different operator combinations describe distinct measurement regimes
and experimental configurations, requiring case-specific analysis. A detailed discussion
of these variations lies beyond the scope of this chapter, which focuses primarily on
formal mathematical foundations. The broader goal is to demonstrate how Krylov-
based complexity measures can be employed in quantum machine learning, particularly
in quantum reservoir computing. In this context, a shift from Liouvillian powers to
time-evolved operators is explored for Krylov space construction.

III.2.2 Operator Complexity through Time-Evolved Operators

The construction of Krylov spaces using time-evolved operators follows a similar approach
to that used in Section III.1.2, where it is demonstrated that time-evolved states can
be used to compute the Krylov space. First, Theo. 6 establishes the equivalence
between time-evolved operator spaces and Krylov spaces constructed via the Liouvillian.
Subsequently, operator complexity on this new space F is defined in Def. 13.

Theorem 6 (Equidistant Time-Evolved Operators Construct FM = LM ). Let
O ∈ CN×N be an operator that evolves under unitary time evolution governed by
a Hamiltonian H ∈ CN×N . Then, the first M time-evolved operators in an equidistant
time discretization ti = iτ span the Krylov space LM .

Proof. By Lemma 4, there exist at least M time-evolved operators that construct
the Krylov basis LM . In the equidistant case, the unitary time evolution is given by
U = e−iHτ , so the time evolution becomes

O(τ ) = U †OU . (III.92)
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III.2 Krylov Spaces for Operators

The time-evolved operator at time tn = nτ is then

O(nτ ) = (U †)nOUn. (III.93)

The space spanned by all time-evolved operators is

FQ = Span{O,U †OU , (U †)2OU2, . . .} = LQ, (III.94)

where the equality FQ = LQ follows from Lemma 4. To confirm this, the linearity of
g(O) = U †OU is verified:

g(O1 +O2) = U †(O1 +O2)U = g(O1) + g(O2), (III.95)

g(µO1) = µg(O1). (III.96)

By the definition of a Krylov space, there exists a minimal K such that the set

O,U †OU , . . . , (U †)K−1OUK−1 (III.97)

is linearly independent, and the inclusion of (U †)KOUK makes the set linearly dependent.
According to Lemma 4, the maximum number of linearly independent time-evolved
operators is M . Therefore, K =M , and the first M equidistantly sampled time-evolved
operators span the Krylov space LM . Thus,

FM = Span{O,O(τ ),O(2τ ), . . . ,O((M − 1)τ )}, (III.98)

LM = Span{O,L(O),L2(O), . . . ,LM−1(O)}, (III.99)

and it follows that

FM = LM . (III.100)

The space FM can be used as a basis for computing operator complexity.

Definition 11 (Operator Complexity Using Time-Evolved Operators O(t)). Given a
Hamiltonian H and an operator O evolving under Def. 8, consider the Krylov space

FM = Span{O,O(τ ),O(2τ ), . . . ,O((M − 1)τ )}. (III.101)
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III Chapter: Krylov Complexity in Unitary Time Evolution

This space can be orthonormalized to yield the basis Gi, such that

FM = Span{G0,G1, . . . ,GM−1}. (III.102)

Any time-evolved operator O(t) can then be represented in this basis as

O(t) =
M−1∑
n=0

inβn(t)Gn, (III.103)

where βn(t) = (Gn,O(t)) denotes the scalar product. The operator complexity KO(FM , t)
is defined as

KO(FM , t) =
M−1∑
n=0

(n+ 1)|βn(t)|2. (III.104)

The associated Krylov operator is given by

OG :=
M−1∑
i=0

(i+ 1)GiGd
i , (III.105)

where Gd
i is the dual of Gi such that Gd

i (O) = (Gi,O).

The results of operator complexity KO computed on spaces FM with construction
times TG = 10, TG = 40, and TG = 150 are illustrated in Figure III.12, Figure III.13,
and Figure III.14, respectively. In Figure III.12, the basis representation (Figure III.12.a)
demonstrates rapid spreading of the observable within FM .
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Figure III.12: Amplitudes (Kn,O(t)), where Kn denotes the n-th basis state of FM with
TG = 10 using QR decomposition in a) and the corresponding operator
complexity KO over time in b).
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Figure III.13: Amplitudes (Kn,O(t)), where Kn denotes the n-th basis state of FM with
TG = 40 using QR decomposition in a) and the corresponding operator
complexity KO over time in b).
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Figure III.14: Amplitudes (Kn,O(t)), where Kn denotes the n-th basis state of FM with
TG = 80 using QR decomposition in a) and the corresponding operator
complexity KO over time in b).

To provide further insight, Figure III.15 presents a comparison between operator
complexities computed using the Liouvillian Krylov space LM and the spaces FM

constructed from time-evolved operators at TG = 10, TG = 40, and TG = 80. The
operator complexity KO for TG = 10 (green) exceeds the value obtained from the
conventional Liouvillian construction. At TG = 40, results from time-evolved operators
(red) and Liouvillian powers (orange) are nearly identical. For TG = 80, the time-
evolved operator space yields lower operator complexity across all times compared to
the Liouvillian-based approach.

These results raise questions about whether operator and spread complexity are
appropriate measures. In general, any complexity measure should ideally be constructed
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Figure III.15: Comparison of operator complexities KO computed using the powers
of the Liouvillian Lk via the Arnoldi algorithm (orange), and operator
complexities computed on the spaces consisting of time-evolved operators
FM using three different construction times: TG = 10 (green), TG = 40
(red), and TG = 80 (grey).

to be minimal. Therefore, the minimization of Krylov operator complexity and Krylov
spread complexity serves as a foundational assumption. With respect to Krylov spread
complexity, these findings directly contradict the proof presented in [16].

Such a contradiction suggests the need to re-evaluate existing literature that derives
physical insights based on this complexity measure. Many works that compute spread
complexity rely on the assumption that the Krylov basis minimizes the measure, using
this minimization as justification for its utility.

Definition 12 (Multiseed Operator Complexity Using Time-Evolved Operators). In-
stead of using powers of the Liouvillian, as outlined in Theo. 5, time-evolved operators
can be utilized for constructing Krylov spaces when equidistant sampling is employed. Let
O1,O2, . . . ,OK be operators that evolve under the time evolution Ok(t) = eiHtOke

−iHt,
and define the space F constructed from time-evolved operators such that for all
k ∈ {1, . . . ,K} and all t ∈ R,

Ok(t) ∈ F := Span{O1(t1), . . . ,O1(tM1),O2(t1), . . . ,O2(tM2), . . . ,OK(t1), . . . ,OK(tMK
)}.

(III.106)

The corresponding subspaces Fk are defined as

Fk = Span{Ok(t1),Ok(t2), . . . ,Ok(tMk
)}. (III.107)
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III.2 Krylov Spaces for Operators

Algorithm 2 Construction of Observability Spaces
1: IO = {1, 2, . . . ,K}
2: T = {t1, t2, . . . , tR}
3: F (B) = ∅
4: F̃ (B)

1 , F̃ (B)
2 , . . . , F̃ (B)

K = ∅
5: while tj ∈ T do
6: for k ∈ IO do
7: if Ok(tj) /∈ F then
8: F (B) = F (B) ∪Ok(tj)

9: F (B)
k = F (B)

k ∪Ok(tj)

10: F = Span{F (B)}
11: Fk = Span{F (B)

k }
12: end if
13: end for
14: end while
15: F (B) ← orthonormalize(F (B))

The following algorithm can be used to construct these spaces:
The index set IO and the time set T are initialized in lines 1 and 2. It is required

that R > M , and for the purposes of this implementation, R = dim(H) is used. Lines
3 and 4 initialize the basis sets as empty. The while-loop in line 5 iterates over all time
steps tj, and the for-loop in line 6 processes each operator Ok. If a time-evolved operator
Ok(tj) is not already in the space F = Span(F (B)), it is added to the basis in lines 8
and 9.

Verification can be performed via orthonormalization or matrix rank comparison: if

rank(F (B)) = rank(F (B) ∪Ok(tj)),

then it follows that Ok(tj) ∈ F . Lines 10 and 11 update the spaces F and Fk, and
the final orthonormalization is applied to F (B). This construction ensures the returned
spaces satisfy:

F =
K⋃

k=1
Fk =

K⋃
k=1
F̃k, dim

 l⋃
j=1
F̃j

 =
l∑

j=1
dim(F̃j).

This ensures that the spaces Fk are linearly independent and that each observable Ok is
mapped to its corresponding space. After orthonormalization, the bases are denoted as
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III Chapter: Krylov Complexity in Unitary Time Evolution

Gj,k = Ok(tj):

F = Span{G1,1, . . . ,GM1,1, . . . ,G1,K , . . . ,GMK ,K}, (III.108)

Fk = Span{G1,k,G2,k, . . . ,GMk,k}. (III.109)

Each time-evolved operator On(t) can then be represented in F as

On(t) = eiHtOne
−iHt =

K∑
k=1

Mk−1∑
j=0

(Gj,k,On(t))Gj,k. (III.110)

With η(n)j,k = (Gj,k,On(t)), the operator complexity of On(t) is defined by

KO(On) =
K∑

k=1

Mk−1∑
j=0

(j + 1)|η(n)j,k |
2. (III.111)

Finally, the multiseed operator complexity is defined as

Kmult,(F)(t) =
1
K

K∑
n=1
KO(On). (III.112)

III.2.3 Capturing the Phase Space Dimension of Operators with Krylov
Observability

The previous section discussed operator complexity and its construction using time-
evolved operators. Subsequently, multiseed operator complexity was introduced, along
with its counterpart based on time-evolved operators. In analogy to Krylov expressivity
for pure states, this section proposes an effective phase space measure for multiple
operators O1, . . . ,OK measured V times. This measure is referred to as Krylov
Observability.

Definition 13 (Krylov Observability). Let K observables O1, . . . ,OK be given. For
each observable Ok, compute the space Fk with dim(Fk) = Mk, and let T > 0. Two
cases are distinguished:

1. When considering full Krylov observability for understanding system evolution, set
Rk =Mk for each observable.

2. When observables Ok are measured Vk times, set Rk = min(Vk,Mk). This case is
particularly relevant in applications such as quantum reservoir computing (where
Vk < Mk is common) and quantum machine learning (often Vk = 1). This ensures
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that Krylov observability reflects only the minimally necessary number of linearly
independent basis elements.

Define the discretization up to time t as τk = t/Rk. The time-evolved operators are
listed as:

Pk = {Ok(τ1),Ok(τ2), . . . ,Ok(τMk
)}. (III.113)

The observability of the k-th operator is defined by:

pk(T ) = 1 +
Rk−1∑
j=1

(1− f(Ok(τj),Ok(τj+1))) , (III.114)

where f(A,B) = 1 if A = B. In this context, the normalized fidelity function is used:

f(A,B) := F(A,B) =

∣∣∣∣∣Tr
(

A†B

∥A∥∥B∥

)∣∣∣∣∣ . (III.115)

The Krylov Observability OK(T ) for the multiplexed observables O1, . . . ,OK is
defined as:

OK(T ) =
K∑

k=1
pk(T ). (III.116)

Figure III.16 presents the Krylov observability for the Ising Hamiltonian in Eq. (III.71),
considering measurements at one (a), two (b), three (c), and all four (d) sites in the
Pauli-Z direction. A consistent trend is observed: increasing the number of observables
leads to higher overall Krylov observability. When only one site is measured, the highest
values of OK appear in the upper right corner, as indicated by the brightest region in
(a). With more observables included, this region shifts towards smaller times t and
fewer measurement steps V . This behavior reflects the fact that the number of basis
states depends on both the number of observables and the number of measurement
instances. This chapter introduced several theoretical results and proposed novel
quantum information measures that quantify the phase space dimension of the Krylov
space. These developments raise a number of open questions, the exploration of which
lies beyond the scope of this thesis.
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Figure III.16: Krylov observability OK computed for the Ising Hamiltonian HO

(Eq. (III.71)), considering one (a), two (b), three (c), and four (d) ob-
servables. The observability is shown as a function of the number of
measurements V and time t.
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The previous chapter discussed how Krylov spaces can be used to understand time
evolution in quantum mechanics. Krylov spread and operator complexity were defined
and examined in terms of how a time-evolved quantum state or operator evolves
distributes over the Krylov basis [14, 16]. It was then shown that time-evolved states
and time-evolved operators can be used to construct spaces equivalent to the Krylov
spaces involved in defining Krylov complexity. In the context of quantum states and
spread complexity, it was demonstrated that such spaces can be reconstructed via
quantum measurements, making them experimentally accessible. Additionally, this
method allows for the determination of the number of pairwise distinct eigenenergies
present in the system. The findings further challenge the widely accepted assumption
that the Krylov basis is the optimal basis for minimizing Krylov spread complexity [16].
In fact, it was shown that multiple alternative bases exist that yield a smaller spread
than the Krylov basis.

Similar conclusions were drawn for Krylov operator complexity: the constructed
time-evolved spaces can exhibit reduced complexity, provided that the evolution times
are chosen appropriately. Typically, a complexity measure should be defined in such
a way that it is minimized—this is the main argument in favor of Krylov spread
complexity over operator complexity. One might assume that this weakens the concept
of Krylov complexity; however, it instead highlights an important aspect of this novel
complexity measure, thereby deepening our understanding of its limitations, potential,
and applications. These time-evolved spaces were then used to introduce a measure of
the effective phase space dimension of the Krylov space, namely Krylov expressivity
for states and Krylov observability for operators and mixed states [81, 82, 83]. This
chapter will explore the extent to which these measures can be employed to explain
task performance in quantum reservoir computing [26].

Before delving into the interplay between quantum reservoir computing and Krylov-
based information measures, a brief recap will be provided. This serves two purposes:
it helps the reader refresh their memory and provides context.
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IV.1 Summary of Krylov Spaces and Quantum Reservoir
Computing

The first information measure that will be discussed as a predictor for quantum reservoir
computing task performance is the fidelity F of two quantum states ρ and σ.

F(ρ,σ) =
(

Tr
[√√

ρσ
√
ρ

])2
. (IV.1)

In the case of pure states, i.e., if ρ = |ψ⟩ ⟨ψ| and σ = |ϕ⟩ ⟨ϕ|, the fidelity simplifies to:

F = |⟨ψ|ϕ⟩|2. (IV.2)

For Hermitian operators, a normalized inner product is defined as

F (A,B) :=

∣∣∣∣∣Tr
(

A†B

∥A∥∥B∥

)∣∣∣∣∣. (IV.3)

Table IV.1 summarizes how Krylov spaces are used to describe pure quantum states.
First, the Schrödinger equation is presented as the equation of motion, followed by the
unitary time evolution. Then, the Krylov space property of the time evolution is shown;
that is, it is demonstrated that there exists a Krylov space Km such that |ψ(t)⟩ ∈ Km

holds.
Based on this, Krylov spread complexity KS is introduced and interpreted as the

expectation value of the corresponding Krylov spread operator KS . The evolved Krylov
spaces Gm are presented as an alternative construction for Krylov complexity. Finally,
the definition of Krylov expressivity EK is given. Compared to Krylov spread complexity
KS , Krylov expressivity EK can be understood as an effective phase space dimension at
each point in time.
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Table IV.1: Summary: Krylov spaces for pure state evolution

Equation of motion
∂t |Ψ(t)⟩ = −iH |Ψ(t)⟩

|Ψ(0)⟩ := |Ψ0⟩

Time evolution |Ψ(t)⟩ = e−iHt |Ψ0⟩ =
∑∞

k=0(−iH)k tk

k! |Ψ0⟩

Krylov space
|Ψ(t)⟩ ∈ Km := Span{H0 |Ψ0⟩ , . . . ,Hm−1 |Ψ0⟩}

Orthonormalizing results in Km = Span{|k0⟩ , |k1⟩ . . . , |km−1⟩

Spread complexity KS

KS(t) =
∑m−1

n=0 (n+ 1)|αn(t)|2.

with αn := ⟨kn|Ψ(t)⟩

Interpretation of KS

Krylov spread operator:

KS :=
∑m−1

i=0 (n+ 1) |kn⟩ ⟨kn|

KS is the expectation value of the Krylov spread operator

KS(t) = ⟨ψ(t)|KS |ψ(t)⟩

Evolved Krylov space
|Ψ(t)⟩ ∈ Gm := Span{eiHt0 |Ψ0⟩ , . . . , eiHtm−1 |Ψ0⟩}

Orthonormalizing results in Gm = Span{|g0⟩ , |g1⟩ . . . , |gm−1⟩

Krylov expressivity EK

For any t discretize with tn = nt/(m− 1) to get the states

|Ψ(t0)⟩ , |Ψ(t1)⟩ , . . . , |Ψ(tm−1)⟩ .

Compute overlap: fi = |⟨Ψ(ti)|Ψ(ti+1)⟩|

and the effective dimension epsiloni with λ = 1√
2

ϵi =

1 if fi < λ

1− 1
1−λ · (fi − λ) if fi ≥ λ

resulting in Krylov expressivity

EK = 1 +∑m−1
i=1 ϵi
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Table IV.2: Summary: Krylov spaces for operator evolution

Equation of motion
∂tO(t) = i[H, O]

O(0) =: O

Time evolution
O(t) = eiHtOe−iHt =

∑∞
k=0

(it)k

k! L
k(O),

with L(O) = [H,O]

Krylov space
O(t) ∈ Span{L0(O),L1(O), . . . ,LM−1(O)} = LM

Orthonormalizing: LM = Span{K0,K1, . . . ,KM−1}

Operator complexity KS

KO(t) =
∑M−1

n=0 (n+ 1)|βn(t)|2

with βn(t) := (Kn,O(t)) = Tr
(
W †

nO
)

Interpretation

Krylov operator:

KO :=
∑M−1

i=0 (n+ 1)KiKd
i

KS is the expectation value of the operator KO

KO(t) = ⟨KO⟩

Evolved Operator spaces O(t) ∈ FM = Span{O,O(t1),O(t2), . . . ,O(tM−1)}

Krylov observability

For operators O1, . . . ,OK , calculate the spaces

Fk(t) and F(t) = ∪kFk(t).

Define Krylov observability OK on F(t).
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Table IV.3: Summary: Quantum Reservoir Computing

Input Time series u = (u1,u2, . . . ,uNU
)

Encoding |Ψn⟩ =
√

1−un
2 |0⟩+

√
1+un

2 |1⟩

Input state ρn = |Ψn⟩ ⟨Ψn| ⊗Tr1(ρn−1(T ))

Measurement

Compute the expectation values O1,O2, . . . ,OK at times τj = jT/V :

⟨On,i(τj)⟩ = Tr(Oiρn(τj))

Construct state matrix S ∈ RNU ×NR . NR is the readout dimension.

Output Y = SW

Training
Weights W are computed using a training set uTr and target ŶTr:

W = (ST
TrSTr)

−1ST
TrŶTr

Evaluation Evaluate NRMSE on a testing uTe and target ŶTe.

Lorenz Task

Equation:

σ = 10.0, ρ = 28.0, β = 8
3

dx
dt = σ(y− x),

dy
dt = x(ρ− z)− y,

dz
dt = xy− βz

Discretization with tn = n∆t

x→ x Input: x(tn); Target: x(tn+p)

x→ z Input: x(tn); Target: x(zn+p)

IPC
The IPC measures how the reservoir can map and retain

data from a uniform time-series u ∈ U([−1, 1]) non-linearly.
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The summary for Krylov operator complexity is given in Table IV.2. This table
is organized similarly to Table IV.1, where the equation of motion considered is the
Heisenberg equation for operators, resulting in unitary time evolution. The corresponding
Krylov space LM consists of different powers of the Liouvillian Lk, with L := [H, ·].
Any time-evolved operator is then represented in the orthonormalized basis of LM , and
Krylov operator complexity is defined based on this basis representation in the Krylov
space LM . The interpretation that Krylov operator complexity can be understood as the
expectation value of the corresponding Krylov operator KO is provided. Similar to the
case of quantum states, it is shown that time-evolved operators can be used to construct
a Krylov space FM equivalent to LM , i.e., FM = LM . The discussion regarding Krylov
spread and operator complexity of these time-evolved spaces is not revisited, but their
significance in exhibiting smaller Krylov complexity is noted. Lastly, the idea behind
Krylov operator complexity—which aims to quantify an effective phase space dimension
across multiple operators measured V times—is presented. The last aspect to be
revisited is quantum reservoir computing, which is summarized in Table IV.3. The time
series u = (u1,u2, . . . ,uNU

) is encoded into one qubit as

|Ψn⟩ =
√

1− un

2 |0⟩+
√

1 + un

2 |1⟩ . (IV.4)

The full system state is represented by the density matrix

ρn = |Ψn⟩ ⟨Ψn| ⊗Tr1 (ρn−1(T )) , (IV.5)

where T (referred to as the clock cycle) is the evolution time before the next input is
introduced. The system evolves under the Hamiltonian H according to

ρn(t) = e−iHtρne
iHt. (IV.6)

To extract features from the reservoir, the expectation values of K observables
O1,O2, . . . ,OK are measured at discrete time points τj = jT/V . This yields the
values

⟨On,i(τj)⟩ = Tr (Oiρn(τj)) , (IV.7)

resulting in a total of NR = V K readout values per input. These are arranged row-wise
for each input n to form the state matrix S ∈ RNU ×NR . To account for shot noise and
provide regularization, Gaussian noise N is added as S← S + ηN . The final output of
the reservoir is computed as Y = SW, where W denotes the readout weights, trained
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using a labeled training set uTr. The weights are calculated via ridge regression as

W =
(
ST

TrSTr
)−1

ST
TrŶTr. (IV.8)

The evaluated measures are the Lorenz prediction tasks and the information processing
capacity and the quantum reservoir is described by the Ising Hamiltonian

HI =
NS∑

i=1,j>i

JijXiXj +
NS∑
i=1

hZi (IV.9)

, where NS is the number of sites.
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IV.2 Quantum Reservoir Computing Maps Data onto the
Krylov Space

The definitions of Krylov expressivity and observability might seem interesting up
to this point, but the question arises whether it is necessary to introduce them. It
may well be that Krylov complexity can fully describe task performance in quantum
reservoir computing, and that introducing a measure of the Krylov space dimension
does not provide additional insight, thus resulting in redundant propositions. In this
regard, scientific rigor requires a test of whether, and to what extent, quantum reservoir
computing task performance can be explained by Krylov complexity, expressivity, and
observability. Since the initial motivation of this work was to explain the saturation
behavior as a function of the clock cycle T and the number of measurements V , observed
in Section II.4, it only makes sense to examine whether quantum fidelity, Krylov
complexity, Krylov expressivity, and Krylov observability can explain this behavior.

Krylov spread complexity was first explored to gain understanding in quantum
reservoir computing in [84]. The authors showed that quantum reservoirs with larger
mean spread complexity tended to perform better. However, this observation was
valid only for the same reservoir with different clock cycles T . The authors analyzed
different classes of reservoirs, which made effective comparison difficult. The results
were shown for one clock cycle T , where Krylov spread complexity is a measure of how
spread complexity evolves over the clock cycle. Therefore, it would be reasonable to
discuss the late time behavior of spread complexity in relation to task performance,
requiring different clock cycles for each quantum reservoir. However, this would not
make sense from the perspective of reservoir computing. Ideally, one defines quantum
reservoirs that exhibit similar complexity growth. In this work, the Ising model with
slightly modified inter-spin couplings is analyzed as a quantum reservoir. Initially, our
results show that Krylov complexity and fidelity exhibit an anticorrelation with task
performance and fail to explain performance in quantum reservoir computing beyond
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the initial increase in time. Additionally, it is shown that the introduced measures of
Krylov expressivity and Krylov observability successfully capture this behavior of task
saturation and outperform Krylov spread complexity in this regard.

Saturation in task performance was also discussed in [85] for quantum extreme
learning machines. The authors show that in quantum extreme learning machines, state
estimation can occur beyond the scrambling time, which challenges the common belief
that information cannot be retrieved after this point [85]. A similar pattern is observed
in quantum reservoir computing, where task performance initially increases and then
saturates [86]. This phenomenon can be explained by Krylov expressivity and Krylov
observability, where the data is encoded into the initial state. The initial state then
evolves into the corresponding Krylov space, where Krylov expressivity and observability
increase before reaching a saturation point. Beyond this point, further increases in time
do not enhance the system’s expressivity, resulting in stable task performance.
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IV.2.1 Understanding Saturation in Quantum Reservoir Computing

Figure IV.1 shows the NRMSE for the Lorenz prediction and cross-prediction tasks
(a), Krylov spread complexity KS and fidelity F (b), and Krylov expressivity EK and
observability OK (c), as functions of the clock cycle T .
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Figure IV.1: Lorenz task performance for the five-step-ahead prediction (with dis-
cretization ∆t = 0.02) of the x-variable (green) and cross-prediction of
the z-variable (blue) are shown in (a) as functions of the clock cycle T ,
when measuring all sites V = 30 times under the HI4 Hamiltonian. The
bold lines represent the first-order Savitzky–Golay filtered NRMSE, used
to better illustrate the saturation in task performance (computed using
scipy.signal.savgol filter). Fidelity F (black) and spread complex-
ity KS (red) are shown in (b), while Krylov observability OK (red) and
expressivity EK (blue) are shown in (c).
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The normalized root mean square error (NRMSE) is shown in Figure IV.1(a) for the
Lorenz tasks. The green curve represents the NRMSE for the five-step-ahead prediction
of the x-variable, while the blue curve represents the cross-prediction of the z-variable.
An initial decline in error is followed by saturation in performance around T ≈ 14.

The first question to be addressed is whether spread complexity and fidelity can
explain this saturation in task performance. Figure IV.1(b) shows fidelity and spread
complexity, averaged over twenty randomly selected initial states. The spread complexity
KS increases with the clock cycle T , while fidelity F exhibits a decreasing trend. An
inverse relationship emerges: as fidelity reaches a minimum around T ≈ 36, spread
complexity peaks. Conversely, when fidelity increases, spread complexity declines.

This behavior captures some aspects of the NRMSE. A decrease in fidelity F indicates
how far the system state has deviated from its initial configuration, aligning with
the expectation that the system must evolve from its initial condition to perform
computation. At T = 0, the reservoir behaves like an identity operation. In contrast,
spread complexity KS characterizes how the evolved state distributes across the Krylov
basis over time. Higher spread complexity implies a broader distribution within the
Krylov basis at a given clock cycle.

However, neither fidelity nor spread complexity alone fully account for the saturation
observed in NRMSE. The oscillatory behavior of these quantities in Figure IV.1(b) is
not reflected in task performance in Figure IV.1(a).

Figure IV.1(c) presents Krylov expressivity EK and observability OK . Both metrics
show an initial increase followed by a plateau, around which oscillations occur. This
behavior closely resembles the saturation trend in task performance, suggesting that
EK and OK are more indicative of performance saturation than fidelity and spread
complexity.

IV.2.2 Krylov Observability in Quantum Reservoir Computing

After discussing the saturation behavior and demonstrating that Krylov spread complex-
ity and fidelity cannot fully account for it, it is reasonable to investigate to what extent
the data generalization capabilities of quantum reservoir computing can be explained
by the proposed Krylov-based measures.

In reservoir computing, data generalization is commonly quantified by the information
processing capacity (IPC), which depends on the encoding, the reservoir dynamics, and
the readout dimension. The encoding defines how macroscopic input data is mapped
into the system’s quantum states. The reservoir dynamics are governed by unitary
time evolution, determined by the system Hamiltonian. The readout dimension is
characterized by the choice of observables and the number of measurements performed.
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Figure IV.2: Krylov observability OK and information processing capacity (IPC), aver-
aged over ten Hamiltonians, are shown as functions of clock cycle T , shown
for different numbers of measurements: V = 5 (a), V = 10 (b), V = 20
(c), and V = 30 (d). These plots illustrate how both metrics evolve with
increasing T , highlighting the onset of saturation and oscillatory behavior
in both observability and generalization performance.

In quantum reservoir computing, the evolution of the reservoir and the readout play
a crucial role in determining the system’s ability to express data. This is especially
important because standard encoding methods often produce mixed quantum states, as
the system evolves continuously over time. Krylov observability, which describes a set of
observables O1, . . . ,OK under unitary time evolution and across multiple measurements
V , offers a compelling framework for characterizing the data generalization capacity of
quantum reservoirs, while also providing a physical interpretation.

In this context, Figure IV.2 shows the information processing capacity IPC and
Krylov observability OK as functions of the clock cycle T , for V = 5, 10, 20, and
30 measurements. Plotting both quantities as functions of T enables evaluation of
how effectively Krylov observability OK captures the expressivity of the quantum
reservoir, as indicated by the IPC, under continuous unitary time evolution defined by
U = exp(−iHT ).
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Figure IV.3: Krylov observability OK and information processing capacity (IPC), av-
eraged over ten Hamiltonians, are shown as functions of the number of
measurements V , shown for different clock cycles: T = 2.5 (a), T = 5.0 (b),
T = 10.0 (c), and T = 20.0 (d). These plots illustrate how both metrics
evolve with increasing V .

In all cases, an almost identical behavior between IPC and OK is observed, where
both increase and then saturate. This is quite surprising, as IPC represents a black-box
approach that quantifies how well data can be projected onto the Legendre basis, while
Krylov observability OK quantifies an effective dimension at each clock cycle T . In the
case of V = 30 (Figure IV.2d), a more noticeable deviation is observed; however, the
overall trend and saturation values still remain close.

The second aspect that Krylov observability OK must capture is which observables
are measured and how often they are measured. Our analysis initially focuses solely on
the number of measurements V . Figure IV.3 shows both the information processing
capacity IPC and Krylov observability OK as functions of V for clock cycles T = 2.5
(a), T = 5 (b), T = 10 (c), and T = 20 (d). Note that IPC increases and then saturates
for all values of T , whereas OK exhibits a small peak when T = 2.5 and T = 5.0.
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For simplicity, assume a single observable is measured V1 and V2 times when con-
structing the state matrix, so that for each input the output vector is

Si =
(
⟨O( T

Vj
)⟩, ⟨O( 2T

Vj
)⟩, . . . , ⟨O(T )⟩

)
, j = 1, 2. (IV.10)

If
IPC(V2) = IPC(V1) even though V2 > V1,

then the reservoir with V1 measurements already captures all of the information con-
tained in ⟨O(t)⟩ for t ∈ [0,T ]. Further increasing the number of measurements yields
expectation values that are linearly dependent, and so IPC remains unchanged.

The time evolution of the observable is then

O(t) = eiHtO e−iHt =
∞∑

k=0

(iτ )k

k!
Lk(H, O(t)) ≈

nT∑
k=0

(iτ )k

k!
Lk(H, O(t)), (IV.11)

where the series is truncated at some order nT depending on the clock cycle. Assume
this map yields NT linearly independent measurements. If V1 already samples all NT

independent modes, then increasing to V2 > V1 measurements will not improve task
performance, as observed. This argument explains the saturation of IPC at larger values
of V .

In the case of Krylov observability, the reasoning is slightly different. We consider
the sequence of time evolved observables(

O( T
Vj
), O( 2T

Vj
), . . . ,O(T )

)
(IV.12)

when computing OK . We compute the normalized fidelity between two neighboring
elements with τj = T/Vj as

O(tn) = O
(
nτ1

)
, O(tn+1) = O

(
(n+ 1)τ1

)
, ,

to quantify their linear independence, and then sum over all contributions. If for some
V1 and V2 > V1 one finds

V1∑
n=1

[
1−F

(
O(nτ1), O((n+ 1)τ1)

)]
=

V2∑
n=1

[
1−F

(
O(nτ2), O((n+ 1)τ2)

)]
, (IV.13)

then this implies a linear relation of the form

O(t+ τ ) = O(t) + τ L
(
O(t)

)
, (IV.14)
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where L is a linear map acting on O(t) and τ ∈ [0, max(τ1], τ2)] must hold. For
sufficiently small τ , the series expansion yields

O(t+ τ ) =
∞∑

k=0

(iτ )k

k!
Lk(H, O(t)) ≈ O(t) + iτ [H, O(t)] +O(τ2), (IV.15)

where [H, O(t)] is the commutator. For small τ , the term of order τ2 is negligible,
and since L is linear in O(t), the desired linear relation is recovered. This explains the
saturation of Krylov observability OK and information processing capacity.
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IV.2.3 Quantum Reservoir Computing Maps Data onto the Krylov Space
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Figure IV.4: Krylov observability OK and information processing capacity (IPC), aver-
aged over ten Hamiltonians, are shown as functions of multiplexing V and
clock cycle T . The rows correspond to cases where one (first row), two
(second row), three (third row), and four (fourth row) sites are measured
in the σz basis for the computation of IPC and Krylov observability.

Examining individual clock cycles T and numbers of measurements V provides valuable
insights and reveals notable behavior. Initially, the saturation in task performance is
explained. As a subsequent step, it is relevant to investigate how Krylov observability
adapts to different sets of observables. In this context, Figure IV.4 presents the
information processing capacity IPC (first column) and Krylov observability OK (second
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column) as functions of the clock cycle T and the number of measurements V , when
measuring one site (first row), two sites (second row), three sites (third row), and all
sites (fourth row).

To evaluate the capability of Krylov observability OK in quantifying the computational
power of a quantum system, a comparison is made with the information processing
capacity (IPC). The analysis considers ten different Ising Hamiltonians, each consisting
of four sites and uniformly distributed coupling constants Ji,j within the interval
[0.25, 0.75].

Figure IV.4 shows the IPC (a, c, e, g) and OK (b, d, f, h) as functions of the
number of measurements V and the clock cycle T . Each row corresponds to a different
number of measured observables, where the first, second, third, and fourth row represent
measurements on one (Z1), two (Z1,2), three (Z1,2,3), and four (Z1,2,3,4) sites, respectively.
An increase in T and V results in an increase in the information processing capacity
IPC, until saturation is reached at Tsat(Z1) ≈ 36 and Vsat(Z1) ≈ 110. This trend closely
matches the behavior of Krylov observability OK (Figure IV.4.b). The saturation of
OK suggests that increasing the number of measurements V beyond a certain point
no longer yields linearly independent expectation values. Since linearly dependent
outputs do not enhance the computational power of the reservoir, saturation of the
information processing capacity follows. To quantify the similarity between IPC and
OK , the Pearson correlation factor is computed for each case:

PC =
Cov(IPC,OK)

σ(IPC)σ(OK)
(IV.16)

For the case of one measured observable (first row), a Pearson correlation factor of
PC = 0.97 is obtained, indicating an almost identical relationship between IPC and OK

(Figure IV.4.a and Figure IV.4.b).
Figure IV.4.c–d illustrate the behavior of IPC and Krylov observability when two sites are
measured. The saturation thresholds shift to Tsat(Z1,2) ≈ 30 and Vsat(Z1,2) ≈ 95, with
a Pearson correlation factor of PC = 0.97, again showing close agreement. Qualitatively,
the region of optimal performance moves toward lower values of both T and V compared
to the single-site measurement case. Extending the analysis to three measured sites
(Figure IV.4.e–f) continues this trend, with saturation occurring at Tsat(Z1,2,3) ≈ 20
and Vsat(Z1,2,3) ≈ 80, which aligns closely with the behavior observed when all four
sites are measured (Figure IV.4.g–h).

In all cases, Krylov observability accurately captures the expressive power of the data,
as evidenced by consistently high correlation values of PC = 0.97. Krylov observability
offers a way to capture the data generalization capabilities of quantum systems. Yet
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fully grasping its significance requires more than formal analysis. One must develop
a physical interpretation of the observed effects, integrate these findings with existing
theories, and situate them within the broader context of the field. We now address
these challenges.

Krylov Observability Quantifies Data Expressivity in Quantum Reservoir Computing

The results indicate that Krylov observability effectively captures the generalization
capabilities of a quantum reservoir, as evidenced by its strong agreement with the
information processing capacity (IPC), showing correlation factors of PC = 0.97. This
supports the interpretation of quantum reservoir computing as a mapping of classical data
onto Krylov spaces, offering both a theoretical framework for understanding quantum
reservoirs and a practical, physically grounded tool based on quantum information
measures.
An additional advantage of Krylov observability is its computational efficiency. Even
with unoptimized code, the computation takes only a few seconds, which is four orders of
magnitude faster than highly optimized code for calculating the information processing
capacity. Moreover, Krylov observability is not a black box technique. It offers a
physically interpretable framework that reveals the structure of the spaces through
which measured observables evolve.

Quantum Reservoir Computing Showcases the Utility of Krylov-Based Information
Measures

Quantum reservoir computing tests the physical relevance of Krylov spaces in quantum
mechanics by evaluating the system’s ability to generalize macroscopic data encoded
into the system externally. This ability is quantified by the information processing
capacity IPC. The central question is how well a measure defined on the Krylov space,
namely Krylov observability OK , can predict a quantum system’s ability to retain
and process macroscopic data such as encoded input sequences, as evaluated by the
information processing capacity. Another question is whether insights from Krylov
spaces can apply to other areas such as quantum machine learning. The almost identical
behavior of Krylov observability and the information processing capacity shows that
Krylov complexity is an effective and insightful metric for studying time evolution in
quantum systems.
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The Information Processing Capacity Captures Quantum Evolution

From a quantum information perspective, a quantum reservoir computer encodes
macroscopic data into quantum states. A central question is how effectively a quantum
mechanical system can perform complex operations on this encoded data or act as a
surrogate for another physical system, such as the Lorenz attractor. In this context, the
information processing capacity (IPC) is especially important. The linear component,
or memory capacity IPC1, quantifies how well the system can reconstruct past inputs.
If the input u is encoded at time t, yielding the quantum state ρ(u, t), the question is:
up to what time T can the macroscopic data u be reliably recovered?

This question mirrors those in quantum dynamics, where measures such as Krylov
complexity, out of time order correlators (OTOCs), and Loschmidt echoes estimate how
long information about the initial state remains accessible. The time after which this
information becomes unrecoverable is known as the scrambling time.

Higher order components of the IPC, for example IPC2, also have clear physical
interpretations. The term IPC2 measures how well the system can process pairs of
inputs (ui,uj) encoded at times (ti, tj). First, u1 is encoded into the quantum state,
starting from an initial state ρ0:

ρ(u1) = UE

(
u1, ρ0

)
. (IV.17)

Then the system evolves for time t2 before the second input is encoded:

ρ
(
t2,u1

)
= e−iHt2 ρ(u1) e

iHt2 , (IV.18)

ρ
(
t2,u1,u2

)
= UE

(
u2, ρ(t2,u1)

)
. (IV.19)

Finally, the system evolves for an additional time t3:

ρ
(
t3,u1,u2

)
= e−iHt3 ρ

(
t2,u1,u2

)
eiHt3 . (IV.20)

Reconstructing a target function such as ytarg = u1 u2 at time t3 reveals how the system
correlates.

Although this view may seem interpretive, Figure IV.4 shows that the connection is
direct. Krylov observability was devised to quantify an effective dimensionality for a
chosen set of observables, not specifically to explain the IPC. In the quantum regime,
one can set the number of measurements V equal to the rank M of the Krylov space
F . The fact that the IPC closely follows the behavior of OK indicates that the IPC
is a systematic and powerful tool for understanding quantum systems. A natural
direction for future work would be to investigate whether OTOCs can be interpreted as
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components of the information processing capacity. This analysis lies beyond the scope
of the present thesis but offers a promising avenue for further research.
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IV.3 Engineering Quantum Reservoir Computers

In the previous section, an analysis based on random Hamiltonians was conducted
and then the Krylov based information measures were applied in that regard. This is
consisted in most literature, where the error is averaged over many realizations of some
Hamiltonian. The following section focuses on evaluating Krylov-based information
measures in the context of unique Hamiltonians. This evaluation aims to determine
whether certain characteristics are better captured by Krylov observability or Krylov
expressivity, and whether these measures can serve as efficient pre-processing tools for
selecting suitable quantum systems for computational tasks.

As before, transverse field Ising Hamiltonians with varying inter-spin couplings are
employed as quantum reservoirs. These systems are analyzed with respect to spread
complexity, fidelity, Krylov observability, Krylov expressivity, and task performance.
The Hamiltonian is defined as:

HIα =
NS∑

i=1,j>i

JijXiXj +
NS∑
i=1

hZi, (IV.21)

where α ∈ {1, 2, 3, 4} indexes the four different Hamiltonians, NS is the number of
qubits, and Xi,Yi,Zi denote the Pauli-x, y, and z matrices acting on the ith qubit,
defined as:

Xi,Yi,Zi =

( i−1⊗
k=1

I2

)
⊗ σx,y,z ⊗

( NS⊗
k=i+1

I2

)
, (IV.22)

with h = 0.5 fixed for all Hamiltonians. The number of pairwise distinct eigenvalues d,
along with the inter-spin coupling values Jij , are listed in Table IV.4.
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HI1 HI2 HI3 HI4

# of eigenvalues d 9 16 15 16
J1,2 0.5 0.4 0.35 0.35
J1,3 0.5 0.5 0.4 0.4
J1,4 0.5 0.5 0.45 0.45
J2,3 0.5 0.5 0.5 0.5
J2,4 0.5 0.5 0.55 0.55
J3,4 0.5 0.5 0.6 0.65

Table IV.4: The number of pairwise distinct eigenvalues d and the inter-spin couplings
Jij for the different Ising reservoirs.
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Figure IV.5: The first row displays the information processing capacity (IPC, black),
Krylov expressivity EK (red), and Krylov observability OK (purple). The
right axis indicates the value of Krylov expressivity EK . The second row
shows Lorenz task performance: the five-step-ahead prediction (∆t = 0.1)
of the x-variable (green) and the cross-prediction of the z-variable (blue),
both as functions of the clock cycle T for the quantum reservoirs a) HI1,
b) HI2, c) HI3, and d) HI4. The state matrix is constructed by measuring
the Z1 observable V = 30 times. The bold lines of the NRMSE in the
second row represent the first-order Savitzky–Golay filtered NRMSE, used
to better illustrate the saturation in task performance (computed using
scipy.signal.savgol filter).
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Figure IV.5 presents results for the case in which only the first observable Z1 is
measured, while Figure IV.6 displays the outcomes when all four observables Z1, Z2, Z3,
and Z4 are included. In all experiments, the observables are time-multiplexed V = 30
times.

The Krylov expressivity EK for the Hamiltonians HI1, HI2, HI3, and HI4 is bounded
above by 9, 16, 15, and 16, respectively, corresponding to the dimension of the Krylov
space, or equivalently, the number of distinct eigenvalues[81].
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Figure IV.6: As in Figure IV.5, but with the state matrix constructed through measure-
ment of all four sites.

Table IV.5 lists the NRMSE values at saturation for the Lorenz task, comparing
scenarios in which only Z1 is measured versus all four sites. For HI1, task performance
remains unchanged regardless of the number of measured observables. In the case of
HI2, a slight reduction in error is observed when all sites are included. Hamiltonians
HI3 and HI4 exhibit identical performance, with errors reduced by half when additional
observables are incorporated.

Figure IV.5.a illustrates the behavior for HI1, where the normalized root mean square
error (NRMSE) for the Lorenz task, the information processing capacity (IPC), and
Krylov observability OK all saturate around T = 12. In contrast, the Krylov expressivity
EK reaches saturation earlier, at T = 6. A modification to one of the inter-spin couplings
in HI1 yields HI2, which results in increased values for IPC, EK , and OK , along with
improved task performance (Figure IV.5.b).
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The results for HI3, constructed using evenly spaced but distinct inter-spin couplings,
are shown in Figure IV.5.c. In this configuration, EK , IPC, and OK saturate at
approximately T = 8, T = 13, and T = 20, respectively. Task performance saturates
at around T = 18, closely aligning with the behavior of OK , suggesting that Krylov
observability is the most accurate performance predictor in this case.

Taking a closer look at IPC and OK reveals similar behavior for HI1 and HI2, whereas
for HI3, IPC and OK appear to behave differently. This discrepancy is attributed to
IPC being upper-bounded by the readout dimension NR = 30, i.e., IPC ≤ NR, leading
to premature saturation. In contrast, OK continues to track the system’s dynamics
more effectively, making it a better indicator of task performance in cases where the
reservoir is undersampled.

Next, a closer look at Krylov expressivity and observability is taken. In the case of
HI1, the lowest performance for both Lorenz tasks is explained by consistently lower
values across all three metrics: IPC, EK , and OK .

Comparing HI2 and HI3 reveals that EK(HI3) < EK(HI2) and OK(HI3) > OK(HI2).
Furthermore, HI3 outperforms HI2 in cross-prediction tasks, while HI2 shows slightly
better results for predicting the x-component. To probe this further HI4 is introduced.
HI4 is nearly identical to HI3 except for one modified inter-spin coupling, increasing
its Krylov expressivity to match that of HI2, i.e., EK(HI4) = EK(HI2). Despite the
enhanced expressivity, the Lorenz task performance, IPC, and OK of HI4 remain almost
identical to those of HI3.

Next, the typical QRC scheme will be employed, to test Krylov expressivity and observ-
ability. In that regard, Figure IV.6 considers a typical quantum reservoir configuration
in which all observables are measured, resulting in a readout dimension of NR = 120.
Under this configuration, HI1 continues to exhibit the lowest task performance among
the tested Hamiltonians. Although the Lorenz task performance remains unchanged, the
information processing capacity increases from IPC = 20 in Figure IV.5.a to IPC = 40
in Figure IV.6.a.
For HI2, HI3, and HI4, as shown in Figure IV.6.b–d, both IPC and OK provide consis-
tent and reliable explanations for the saturation behavior of the Lorenz task NRMSE.
The improved performance of IPC in Figure IV.6 compared to Figure IV.5 is attributed
to the increased number of readout nodes, with NR = 120. In this case, IPC is upper-
bounded by IPC ≤ NR = 120, which is sufficiently large to avoid saturation effects
that could otherwise limit the observed capacity. The results for other configurations of
quantum reservoirs are shown in Appendix B.
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Hamiltonian
Z1

x→ x
NRMSEsat

All sites
x→ x

NRMSEsat

Z1
x→ z

NRMSEsat

All sites
x→ z

NRMSEsat
HI1 0.08 0.08 0.30 0.30
HI2 0.04 0.03 0.20 0.15
HI3 0.06 0.03 0.16 0.08
HI4 0.06 0.03 0.16 0.08

Table IV.5: Saturation values of NRMSE for the Lorenz task for Hamiltonians HI1
to HI4, comparing single-site measurement Z1 (rows one and three) to
measurement of all sites (rows two and four).

To explore the differences in expressivity and observability between HI2 and HI3, task
performance under full measurement is examined in Figure IV.6. The cross-prediction
task for HI3 results in an error of NRMSE = 0.08, while HI2 yields a higher error of
NRMSE = 0.15. Notably, the Krylov expressivity of HI2, with EK(HI2) = 16, exceeds
that of HI3, which has EK(HI3) = 15. This was observed in the case, when the system
was undersampled, but is now seen in the typical QRC scheme. One would assume that,
if the Krylov space onto which data is mapped is larger, then better task performance is
achieved. However, the ability to access this information depends on the measurement
process. In this instance, the number of linearly independent measurements in HI2 is
lower than in HI3, as indicated by the reduced Krylov observability: OK(HI2) = 60
versus OK(HI3) = 85. This discrepancy likely results from partial commutation between
the measured observables and the time-evolution under HI2. The use of pairwise distinct
inter-spin couplings in HI3 appears to allow the observables to probe a larger portion of
the quantum state, thereby enhancing overall observability.

To examine this effect in greater detail, both IPC and OK are evaluated across
varying clock cycles T , numbers of virtual nodes V , and measurement configurations
for HI2 (Figure IV.7) and HI3 (Figure IV.8). The first and second rows display results
based on measurements from one and two observables, respectively, while the third row
corresponds to measurements of all four observables.

For HI2, the observed values of IPC and OK do not exceed 85. In contrast, HI3

reaches a maximum value of 105, suggesting that the increased IPC is a result of
improved Krylov observability.
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Figure IV.7: Observability OK (right column) and IPC (left column) color-coded from 0
to 90, depending on the number of measurements V and the clock cycle T
for HI2. The rows correspond to cases where one (first row), two (second
row), three (third row), and four (fourth row) sites are measured in the σz

basis for the computation of IPC and Krylov observability. The Pearson
correlation coefficient PC is calculated between the two images in each row,
indicating a strong correlation between OK and IPC.

Additionally, increasing the number of measured observables shifts the optimal
performance region. This shift reflects a transition from requiring longer clock cycles
and more measurements to achieving similar performance with shorter cycles and fewer
measurements. Each plot includes the Pearson correlation coefficient PC between IPC

108



IV.3 Engineering Quantum Reservoir Computers

and OK . For HI2, the correlation is consistently strong: PC = 0.94 for one or two
observables and PC = 0.96 when all four are measured. For HI3, the corresponding
coefficients are PC = 0.91 for one observable and PC = 0.95 for two or four observables.
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Figure IV.8: Same as in Figure IV.7, shown here for HI3.

Conclusion

Krylov-based information measures are analyzed to evaluate their ability to explain
and predict task performance in quantum reservoir computing, specifically applied to
chaotic time-series prediction using the Lorenz63 system.
The analysis focuses on Krylov expressivity EK [81] and Krylov observability OK [82],
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both of which exhibit saturation behavior at larger clock cycles. These measures are
compared to the information processing capacity (IPC), which quantifies the system’s
ability to retain and non-linearly transform input data. Four quantum reservoirs are
evaluated in an undersampled regime, revealing that Krylov observability OK more
effectively correlates with task performance than IPC. In such scenarios, IPC reaches
its upper bound while the prediction error for the Lorenz tasks continues to decrease
with increasing clock cycle duration T .

Further simulations involve scenarios in which all qubit sites are measured, as
illustrated in Figure IV.6. Results indicate that IPC and OK display nearly identical
behavior under full observability. Additionally, HI3 demonstrates superior Lorenz task
performance and higher IPC compared to HI2, despite having lower Krylov expressivity.
Although Krylov expressivity provides insights into the mapping of input data onto the
system’s state space, the volume of information extracted from this space is smaller in
the case of HI2, as evidenced by its reduced Krylov observability.

Krylov expressivity provides a framework for analyzing how input states are projected
into the Krylov space, offering valuable insight into input encoding strategies. While this
concept may have limited applicability in quantum reservoir computing—where system
dynamics are governed by temporal evolution—it holds significant potential in variational
quantum machine learning and quantum extreme learning machines, where input
encoding plays a central role [87, 88, 89, 90, 91, 92, 93, 94, 95, 96, 97]. In such frameworks,
inputs xi may be encoded into a quantum system via a unitary transformation UE(xi),
yielding a set of initial states defined by |x⟩ ∈ {UE(xi) |s⟩ | xi ∈ X}, where X denotes
the input set. Krylov expressivity can then be utilized to evaluate and compare different
encoding strategies in variational quantum algorithms and quantum extreme learning
models.

Existing research on the explainability and expressivity of quantum machine learning
remains limited, with most approaches adapting techniques from classical machine learn-
ing [98, 99, 100, 101]. A notable exception is [102], which investigates the development
of explanation methods tailored to parameterized quantum circuits. However, many
of these methods lack physical interpretability and are often data-driven or resemble
black-box models, similar to the information processing capacity (IPC). In contrast,
Krylov observability and expressivity provide interpretable insights into the structure
of the underlying Hilbert space and are independent of the input data. This physical
interpretability may contribute to a more comprehensive understanding of phenom-
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ena in quantum machine learning, such as barren plateaus, and offers a meaningful
quantum-mechanical measure for examining system dynamics.

Finally, the superior performance of Krylov observability and expressivity, compared
to Krylov complexity in the context of quantum reservoir computing, highlights their
potential as effective tools for advancing research in areas where Krylov complexity has
traditionally been applied. These include quantum chaos, driven and open quantum
systems, integrability, and SYK models, among others [14, 16].
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IV.4 Memory-Restricted Quantum Reservoir Computing

The previous chapter discussed how Krylov-based information measures can be used
to understand the generalization capabilities of quantum reservoir computing. In that
context, the standard quantum reservoir computing scheme was employed, specifically the
one explored with the Ising model in [26, 27, 28, 29, 30, 31, 32, 33]. Early implementations
of quantum reservoir computing were carried out on IBM’s quantum processor [34, 35,
36, 37]. One particularly interesting aspect is that quantum reservoir computing appears
capable of leveraging dissipation and noise as computational resources—whereas, in
contrast, these are major challenges in variational quantum machine learning [38, 39, 40].

However, a key challenge in quantum reservoir computing remains largely unaddressed:
the issue of measurement and the associated collapse of the quantum state. In quantum
mechanics, the measurement of a quantum state |ϕ⟩ with respect to an observable O,
defined by the eigenvalue equation O |oi⟩ = oi |oi⟩, results in the collapse

|ϕ⟩ measurement−−−−−−−−→ |oi⟩ , with probability pi = |⟨oi|ϕ|oi|ϕ⟩|2 (IV.23)

where the measurement outcome is the eigenvalue oi, occurring with probability pi.
This collapse causes a loss of information about the original state.

In the first quantum reservoir computing scheme proposed by the authors of [26],
the state matrix is constructed through successive measurements of the evolved system.
This approach necessitates re-initializing the system with the complete input time series
up to the current time step. The procedure is outlined in Algorithm 3.

The algorithm takes as input a unitary operator U , a set of observables {Oα}α to be
measured, an initial quantum state |Ψ⟩, a time-series input u = {ui}Mi=1 of length M ,
and an encoding scheme that maps each input value to a quantum state |Ψϵ(ui)⟩. At
each time step i, the reservoir is reset to |Ψ⟩ and sequentially fed all inputs up to ui.
Once the system has evolved through these inputs, the observables {Oα}α are measured.
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T1(M) =
M∑

i=1
i =

M(M + 1)
2 ∈ O(M2). (IV.24)

This quadratic scaling renders the method impractical for very long or continuous
input sequences (M → ∞). As a result, much of the existing research in quantum
reservoir computing for time-series analysis focuses on understanding reservoir behavior
under this computationally intensive scheme.

Algorithm 3 Typical Quadratic complexity quantum algorithm (QCQA).
Require: U , |Ψ⟩, |Ψϵ(um)⟩, {Oα}
Require: u← [u1,u2, . . . ,uM ] ▷ Input series

1: i← 1
2: while i ≤M do
3: ρ(0)← |Ψ⟩ ⟨Ψ|
4: j ← 1
5: while j ≤ i do
6: ρ̂(j)← |Ψϵ(uj)⟩ ⟨Ψϵ(uj)| ⊗Tr1[ρ(j − 1)]
7: ρ(j)← Uρ̂(j)U †

8: j ← j + 1
9: end while

10: Si,α ← Tr[ρ(i)Oα] ▷ Collapse of state
11: i← i+ 1
12: end while
13: return S

To address the time complexity for time-series tasks, weak measurements [41, 42]
and reinitialization schemes [103, 43] have been proposed. Other approaches include
reintroducing measured outputs [44, 45] and continuous measurements [46].

The key insight explored in this section is that introducing artificial memory restriction
in quantum reservoir computing can not only reproduce the performance of classical
approaches, but can even enhance it. This improvement is attributed to the ability to
tune the system’s sensitivity to nonlinear features in the input data. These findings
build upon the work presented in

• Enhancing the performance of quantum reservoir computing and solving the time-
complexity problem by artificial memory restriction, S. Čindrak, B. Donvil, K.
Lüdge, and L. C. Jaurigue, Phys. Rev. Res. 6, 013051 (2024).

This work proposes an alternative scheme for reservoir computing, based on the
commonly assumed fading memory property of reservoir systems [19, 20], along with
the well-established trade-off between memory capacity and nonlinearity [52, 104, 54].
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The fading memory property describes the tendency of a reservoir to gradually lose
sensitivity to inputs from the distant past. This property can be quantified via the linear
contribution to the information processing capacity, denoted as IPC1. The information
processing capacity, which generalizes the concept of linear memory capacity [51],
captures the reservoir’s ability to perform nonlinear transformations of past inputs
and has been used to predict performance on various tasks [105, 106]. In the proposed
scheme, only the most recent n inputs, i.e., (ui−n+1,ui−n+2, . . . ,ui), are injected into
the system at the ti-th time step, where ui corresponds to the input at time step ti.
The memory window n may be considerably shorter than the full fading memory length
of the reservoir. Consequently, each input requires n unitary operations, resulting in a
total computational cost of

T2(M) = nM ∈ O(M), (IV.25)

which scales linearly with the length of the time series M . This linear scaling makes the
approach suitable for large or continuous input sequences (M →∞), as only n unitary
operations are needed per input, enabling real-time computation. The linear-time
algorithm is formally described in Algorithm 4.

Algorithm 4 Linear complexity quantum algorithm (LCQA).
Require: U , |Ψ⟩, |Ψϵ(um)⟩, {Oα}
Require: u← [u1,u2, . . . ,uM ] ▷ Input series

1: i← 1
2: while i ≤M do
3: ρ(0)← |Ψ⟩ ⟨Ψ|
4: k ← 0
5: while k ≤ n do
6: j ← i− n+ k
7: k ← k+ 1
8: ρ̂(j)← |Ψϵ(uj)⟩ ⟨Ψϵ(uj)| ⊗Tr1[ρ(j − 1)]
9: ρ(j)← Uρ̂(j)U †

10: end while
11: Si,α ← Tr[ρ(i)Oα] ▷ Collapse of state
12: i← i+ 1
13: end while
14: return S

Figure IV.9.d shows the linear memory capacity as a function of steps into the past.
When the system is reset using the complete input history—corresponding to the
classical scheme (QCQA)—the recall capability of the Ising model reservoir declines
to zero after approximately dF = 15 steps into the past, which indicates the fading
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memory limit of the reservoir. This suggests that restricting the system using the
LCQA algorithm should result in identical performance if the reservoir is limited to this
many past inputs, i.e., n = dF .
Since, in classical reservoir computing, data expressivity is quantified by the information
processing capacity (IPC), it is meaningful to examine how IPC values change as
a function of the reset length n. This provides a more quantitative understanding
than evaluating performance across multiple specific tasks. The first- to third-order
information processing capacities (IPC1–IPC3) are shown in Figure IV.9.a, while
Figure IV.9.b displays the fourth- to sixth-order capacities (IPC4–IPC6). Figure IV.9.c
shows the total IPC, i.e., IPC =

∑6
i=1 IPCi. In each case, the IPC values approach the

QCQA limit (dashed lines) as n increases toward the reservoir’s maximum recall depth
(n→ dF ).
For small values of n, IPC values are lower due to the artificially limited memory of
the reservoir. However, within a specific intermediate range of n, both the total IPC
and higher-order components (IPC2–IPC6) exceed the QCQA benchmark. Notably, the
higher-order nonlinear terms IPC4, IPC5, and IPC6 show significant increases: IPC4

increases by half, while IPC5 and IPC6 increase by approximately four- and five-fold,
respectively.
This implies that restricting the reset length to n < dF is not only computationally
more efficient but also enhances the nonlinear dynamics of the reservoir. To gain
more insight into this effect, in Figure IV.9.d the linear memory in dependence of the
reconstructed input d steps into the past is plotted for n = 6, 10, 15. Here, it can be
seen that the distribution of the linear IPCs is changed compared with the QCQA case.
Although the summed linear IPC (IPC1) is decreased for n = 6 (see Figure IV.9.a IPC1

at n = 6), the capacities for the past inputs which can be reconstructed are higher. For
n = 10 < dF the IPC1 reaches the QCQA limit, as can be seen in Figure IV.9.a. This
seems at first surprising, since only ten inputs are considered. However, in Figure IV.9.d
the case of n = 10 is shown to have an increase around d = 10 as well, resulting in the
same area under curve and therefor IPC1 as the QCQA limit. Further increasing to
n = 15 results in almost identical behavior to the QCQA limit, with again a small
increase at d = 15.
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Figure IV.9: Information processing capacities (IPCs) of the Ising model reservoir as
a function of the reset length n. a) IPC1–IPC3 (linear to third-order),
(b) IPC4–IPC6 (higher-order nonlinearities), .c total IPC across all six
orders, and (d) IPC1 as a function of past input delay d, highlighting
the fading memory property. The QCQA baseline is shown as dashed
lines. As n increases toward the fading memory depth dF = 15, IPC values
approach the QCQA limit. At intermediate reset lengths, higher-order IPCs
(especially IPC4–IPC6) exceed QCQA values, demonstrating enhanced
nonlinear memory and suggesting an optimal regime for performance and
efficiency.

Using the LCQA scheme introduces two key changes in the reservoir dynamics that
may contribute to improved task performance:

• For small values of n, information about the initial state is still present at the time
of measurement. This could indicate that the system is better able to generalize to
this type of behavior. In the QCQA limit, by contrast, each new input effectively
corresponds to a random initial state, as the current state depends on inputs
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beyond the fading memory window, and no information about the original state
can be recovered.

• In the QCQA limit, the repeated overwriting and re-encoding of multiple inputs
leads to highly mixed quantum states. In contrast, the LCQA scheme, with a
short reset length n, begins from a pure initial state and does not have sufficient
time to become as mixed as in the QCQA scheme.

To analyze this influence, consider using the LCQA scheme with a small reset length
n = 3. Based on the encoding scheme described in Algorithm 4, define the map

UE(ρ(j − 1)) = |Ψϵ(uj)⟩ ⟨Ψϵ(uj)| ⊗Tr1[ρ(j − 1)]UR, (IV.26)

with the initial state ρ(0) = |0000⟩ ⟨0000|. Let the reservoir evolve under the unitary
operator UR = e−iHT , so the time evolution of the state is given by

ρ(j) = URUE(ρ(j − 1))U †
R. (IV.27)

With n = 3, the state after three time steps becomes

ρ(n) = URUE

(
URUE (ρ(n− 2))U †

R

)
U †

R

= URUE

(
URUE

(
URUE (|0000⟩ ⟨0000|)U †

R

)
U †

R

)
U †

R. (IV.28)

The key point is that the larger n is, the more frequently the operations UR and UE are
applied during the system’s evolution, leading to greater loss of information about the
initial state |0000⟩ ⟨0000|. The improved performance observed with a restricted reset
length is attributed to the preservation of some information about the initial state,
which enables better generalization to new data during training.

To discuss this in the context of the fading memory capacity cutoff dF , consider the
following cases:

• n > dF : This results in IPC(d = n) = 0, i.e., the reset length exceeds the fading
memory capacity cutoff. Now, imagine the point in time n steps in the past with
input ui−n, when the system was first initialized as ρ(0) = |0000⟩ ⟨0000|. This
implies that any information encoded into the reservoir at that time (ui−n) will be
forgotten after n > dF steps. If the data is randomly generated or derived from a
chaotic time series, then from the perspective of the future, the current encoding
will appear to originate from a random initial state. Since new data is encoded at
every time step and is uncorrelated with future inputs, the reservoir effectively
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encounters a random initial state at each point in time. Additionally, this leads to
repeated overwriting of pure states, progressively increasing the mixedness of the
system. In this case, the quantum state becomes highly mixed over time.

• n < dF : Now consider the opposite case—a small n—where the data is encoded
such that IPC1(d = n) > 0. This implies that some information about the initial
state ρ(0) is still retained in the future. As a result, the system exhibits improved
training capabilities, as each input sequence begins from the same initial state,
allowing the reservoir to learn a consistent transformation. For small n, the
information about the initial state, including its purity, is still preserved. This
could therefore be an indicator that the reservoir generalizes better when starting
from a pure state.

Both points are currently only a hypothesis based on interpretation. Therefore, tests
are required to verify whether the reduced performance of the QCQA scheme is indeed
due to poorer trainability and increased state mixture.

Name Starting State

Up ρ(0) = |0000⟩ ⟨0000|

Entangled ρ(0) = |Ψ⟩ ⟨Ψ|, |Ψ⟩ = 1√
2 (|0000⟩+ |1111⟩)

Mixed ρ(0) = 1
16I16

Same Random ρ(0) = ρrand, same at each step

New Random ρ(0) = ρrand(t), different at each step

QCQA The reservoir evolves according to Algorithm 3.

Table IV.6: Initial states used for the reservoir, with corresponding definitions of the
starting density matrix ρ(0).

To test this hypothesis, Table IV.6 summarizes the different initial states ρ(0) used to
initialize the reservoir in order to evaluate task performance under the LCQA scheme.
These include a pure computational basis state (Up), a maximally entangled state
(Entangled), a fully mixed state (Mixed), and two random initialization schemes: one
where the same random state is reused at each step (Same Random), and another
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IV.4 Memory-Restricted Quantum Reservoir Computing

where a new random state is generated at every step (New Random). Additionally,
the behavior of the QCQA scheme is also included for comparison. These variations
are used to study the influence of the reservoir’s initial condition on its memory and
processing capabilities.
Figure IV.10 shows how well the system can reconstruct past inputs d steps into the past,
as indicated by IPC1, for n = 6 (a, b), n = 10 (c, d), and n = 15 (e, f). The first row
shows results when the up state (red), the entangled state (blue), and the mixed state
(green) are used, while the second row shows results when the same random (turquoise)
and new random (violet) states are used at each step. In all plots, the performance of
the QCQA scheme is also shown for comparison. For n = 6 (Figure IV.10.a–b), the
up, entangled, mixed, and same-random states all show nearly identical performance,
outperforming the QCQA limit up to d = 6. The only outlier is the new random
initial state (violet), which shows lower performance than the QCQA scheme—already
indicating that trainability depends on the initial state.
When increasing to n = 10, the up, entangled, and same random states outperform
the QCQA limit, while the mixed state performs slightly better than QCQA. The new
random state performs worse for all d except at d = 10, where it slightly outperforms
QCQA. At n = 15 (Figure IV.10.e–f), it is clearly visible that the up, entangled, and
same random states again exhibit a slight increase in performance compared to the
QCQA limit. The new random and mixed states behave more similarly to the QCQA
scheme.
Since the up, entangled, and same random states consistently perform better across all
realizations, this suggests that the performance gain is due to the use of a fixed initial
state. In contrast, the new random, mixed, and QCQA schemes all result in highly
mixed initial states, which make training more difficult. This indicates that using a
quantum reservoir where information about the initial state is retain results in better
memory capacity of the reservoir.
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e) IPC1, reset length n=15
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Figure IV.10: Reconstruction performance of past inputs measured by IPC1 for different
reset lengths n = 6, n = 10, and n = 15, across various initial reservoir
states. The first row (a–c) compares fixed initial states: up (red), entan-
gled (blue), and mixed (green). The second row (d–f) shows performance
with random initializations: same random state (turquoise) and new
random state at each step (violet). The QCQA baseline is included in all
plots. Results show that fixed initial states (up, entangled, same random)
consistently outperform QCQA, especially for small n, while random and
mixed states exhibit similar or degraded performance, highlighting the
importance of initial state consistency for effective training.
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To test the hypothesis of whether the nature of the quantum state—i.e., mixed or
pure—affects the reservoir’s capabilities, a direct comparison between mixed states and
the QCQA scheme must be made. Similar to the case of a new random state at each
step, the mixed state performs poorly and exhibits behavior close to the QCQA limit
as n increases. For n = 6, the mixed state appears to perform slightly better than the
QCQA limit, but this performance advantage diminishes at n = 10. Therefore, the
mixed state performs marginally better than the QCQA limit for small n, but worse
than pure states for any n, suggesting that the nature of the quantum state contributes
to the performance of quantum reservoir computing. Since the up, entangled, and fixed
random pure states consistently outperform other configurations across all realizations,
this suggests that the performance gain is due to the use of a fixed pure initial state. A
fixed mixed state performs worse, while a new random initial state at each step leads to
performance similar to the QCQA limit.

0 5 10 15 20

reset length n

10 2

10 1

100

N
R

M
SE

x→ x

x→ z

Lorenz prediction task

Figure IV.11: Normalized root-mean-squared error (NRMSE) for two Lorenz time-series
prediction tasks as a function of reset length n. The tasks include:
predicting the x-variable one step ahead (LXX) and cross-predicting
the z-variable from the x-input (LXZ). The QCQA baseline is indicated
by dashed lines. Both tasks achieve their minimum error at n = 3,
which coincides with the peak of higher-order nonlinear capacities IPC5
and IPC6 [see Figure IV.9.c]. These results highlight the importance
of nonlinear processing and demonstrate that optimal reset lengths can
enhance task performance without altering the physical reservoir.

To demonstrate that the observed increases in IPCs can translate into improved
performance on a time-series prediction task, two tasks related to the Lorenz chaotic
attractor are evaluated. In both tasks, the x-variable of the Lorenz system serves as the
input to the reservoir.
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Figure IV.12: Task performance improvement for LCQA compared to QCQA across
different quantum reservoir sizes NS = 4 (red), NS = 5 (blue), and
NS = 6 (green). Panels (a–c) show the normalized root-mean-squared
error (NRMSE) for predicting the Lorenz x-variable one, two, and three
steps ahead, respectively. Panels (d–e) display results for cross-predicting
the Lorenz z-variable from the x-input for the same prediction horizons.
In all cases, the ratio R = NRMSE(QCQA)/ minn NRMSE(LCQA,n)
quantifies performance gain. Significant improvements are observed for
all reservoir sizes, with larger gains for bigger systems and shorter predic-
tion horizons. Even as tasks become more complex, LCQA consistently
outperforms QCQA, demonstrating its effectiveness and scalability.

The first task (Lorenz x→ x) involves predicting the x-variable one step ahead. The
second task (Lorenz x→ z) involves cross-predicting the z-variable one step ahead. The
discretization parameter of the Lorenz time series is set to ∆t = 0.1.
Figure IV.11.a shows the normalized root-mean-squared error (NRMSE) for the LXX
and LXZ tasks as a function of the reset length n. For both tasks, lower NRMSE values
are achieved at small n, compared to the QCQA limit (dashed lines). For this particular
reservoir, the minimum NRMSE for both tasks occurs at n = 3, which corresponds to
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the reset length at which IPC5 and IPC6 reach their maxima [see Figure IV.9.c].
These results demonstrate that the reset length n can be used as a tuning parameter
without requiring any changes to the physical reservoir. In general, the optimal reset
length will depend on both the task and the specific reservoir being used. Notably,
examining the information processing capacities in Figure IV.9 reveals that optimal
performance coincides with the peak of IPC5 and IPC6. This suggests that higher-order
nonlinear IPCs play a more significant role in the Lorenz task, which is reasonable given
the chaotic nature of the Lorenz attractor.
To quantify the utility of the LCQA scheme and how it scales with larger numbers of
qubits, Figure IV.12 shows the results for quantum reservoirs consisting of NS = 4 (red),
NS = 5 (blue), and NS = 6 (green) sites. Figure IV.12.a-c display results for predicting
the x-variable one (Figure IV.12.a), two (Figure IV.12.b), and three (Figure IV.12.c)
steps into the future, while Figure IV.12.d-e show corresponding results for predicting
the z-variable.
In all cases, the ratio

R =
NRMSE(QCQA)

minn NRMSE(LCQA,n) (IV.29)

is computed, representing the relative improvement in task performance at the optimal
reset length n compared to the QCQA limit.
For the one-step-ahead prediction of the Lorenz x→ x task (Figure IV.12.a), performance
increases of R = 7.3, R = 10.8, and R = 24.7 are observed for four, five, and six qubits,
respectively. This shows a significant performance boost for all system sizes, with
improvements increasing alongside reservoir size.
Increasing the task difficulty through multi-step prediction results in a larger NRMSE.
Yet even for the two-step prediction task, performance increases of R = 2.6, R = 3.5,
and R = 5.8 are observed. Notably, the QCQA limit exhibits errors of approximately
NRMSE ≈ 0.1, while optimal LCQA configurations achieve errors around NRMSE ≈
3 · 10−2. Although the relative improvement is smaller for more complex tasks, the
absolute error reduction is more substantial. A similar trend is observed for p = 3,
where the task becomes even more difficult, yet performance improvements of up to
R = 3 are still achieved.
Analyzing the results for the cross-prediction task x → z reveals similar patterns,
although with smaller improvement ratios R and higher NRMSE overall. The cross-
prediction task x→ z is typically more challenging, as it requires not only predicting
future values but also doing so without any direct information about the z variable,
making the task inherently more complex. Nevertheless, the LCQA scheme consistently
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outperforms QCQA across all three prediction horizons (p = 1, p = 2, and p = 3).
For p = 1, the largest performance improvements are observed, ranging from R = 4.2
to R = 12.5, while for p = 2, improvements of R = 1.5 to R = 1.7 are recorded.
Notably, even for p = 3, Figure IV.12.e shows a meaningful absolute NRMSE reduction
of approximately ∆NRMSE ≈ 0.1.

To conclude, this chapter addressed the time-complexity problem arising from state
collapse due to measurement in quantum reservoir computing and introduced the
LCQA algorithm in this context (Algorithm 4). The LCQA scheme for quantum
reservoir computing is introduced as a method that enables the reset length to serve
as a tuning parameter, controlling the nonlinearity of the reservoir response. This
approach significantly reduces the time complexity of quantum reservoir computing
for time-series tasks, lowering it from quadratic (Algorithm 3) to linear and thereby
facilitating physical implementations for long time series. A comparison between LCQA
(Algorithm 4) and the established QCQA (Algorithm 3, [26]) was conducted using a
fully connected Ising model. The results indicate that LCQA outperforms the QCQA
scheme in both information processing capacity and Lorenz time series prediction tasks.
.
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As discussed in Section II.1, chaos is quantified by a positive Lyapunov exponent.
Quantum systems, on the other hand, evolve unitarily and are therefore non-chaotic
in the strict sense. Nevertheless, certain observables in quantum systems can exhibit
behavior that appears chaotic. As the system size increases, it is expected that chaotic
features eventually emerge.

To explore this further, the following section delves into key aspects of quantum
mechanics, with a particular focus on quantum measures used to characterize quantum
phases and quantum chaos. Along the way, historical context is included. In particular,
the 150-year-old debate on the arrow of time involving Loschmidt, Boltzmann, and
Kelvin remains especially insightful.

The classical limit of some quantum systems can follow chaotic paths. However, the
quantum evolution remains unitary and not chaotic, which has led to the development
of several tools to connect classical and quantum mechanics [107].

Although chaos is fundamentally a dynamical phenomenon, it is often described using
spectral and eigenvector statistics [1, 2, 3]. Recent studies show that isolated quantum
systems can thermalize locally, consistent with the eigenstate thermalization hypothesis
(ETH) [2, 3]. However, ETH fails in systems exhibiting many-body localization (MBL),
where strong disorder increases the number of local integrals of motion and prevents
thermalization [4]. The transition between localization and thermal regimes, known as
a dynamical phase transition [5, 6], has gained substantial interest.

In quantum computation, it has been shown that MBL can improve trainability in
quantum machine learning [108] while it is unfavorable in quantum annealing [109, 110]
and quantum random walks [111, 112]. [29] found that task performance in quantum
reservoir computing is optimal at the transition between localized and ergodic phases.
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Quantum phase transitions remain an active research area with many conflicting
views on quantum chaos, MBL and thermalization. Some studies suggest that quantum
chaos appears at the transition from localized to the ergodic phase. Others argue that
the ergodic phase is both chaotic and thermal which seems counterintuitive from a
macroscopic perspective. The debate is further complicated by questions over whether
MBL truly exists. Some suggest that MBL disappears in the thermodynamic limit
and is merely an artifact of small system sizes. Others argue that MBL is a robust
and intrinsic phenomenon. Defining quantum chaos as a phase transition becomes
problematic if the underlying phase does not persist in the thermodynamic limit. If
the MBL phase ultimately vanishes and all systems thermalize as size increases, then
every quantum system would approach thermalization. In that case, chaos might not
be a distinct concept but merely describe unusual trajectories on the path to thermal
equilibrium.

Despite these uncertainties, this work proceeds with current knowledge and caution.
For clarity, the thermalizing phase will be referred to as ergodic or thermal. The
transition from localization to ergodicity is described as more chaotic, even though
the thermal phase itself is treated as non-chaotic throughout this work. The model
of interest is the transverse field Ising model (TFIM) with on-site disorder across the
MBL, spin glass (SG), and ergodic regimes, originally explored in [29] as a quantum
reservoir. The quantities used in this work to probe phase transitions are level spacing
statistics, Loschmidt echo, out of time order correlators and Krylov complexity. Krylov
complexity in particular has not been fully explored as a phase transition indicator.

The most well-established quantifier of phase transitions used here is level spacing
statistics. By analyzing adjacent gaps in the energy spectrum, one can probe quantum
chaos, thermalization, and localization. This work computes the level spacing ratio
and demonstrates that it successfully captures thermalization and, to some extent,
localization. However, for small system sizes, its ability to resolve phase transitions is
limited due to the small number of eigenvalues.

A dynamical measure is the Loschmidt Echo, which quantifies the overlap between a
forward-evolved quantum state and a perturbed backward-evolved state. Perfect recon-
struction implies non-chaotic behavior, while a strong response to small perturbations
suggests chaos. The results show that the initial decay rate (Lyapunov exponent) is
largest in the SG phase, and essentially zero in both the ergodic and MBL phases.

Operator dynamics can also be analyzed through Out-of-Time-Order Correlators
(OTOCs), which measure how the commutator of two operators grows with time. While
typically evaluated at finite temperature, in this work OTOCs are considered for a
pure state, as would be relevant in a quantum reservoir computing setup. The results
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indicate that the Lyapunov exponent of the OTOC reaches it’s maximum near the
phase transition.

The last quantity examined is Krylov complexity which captures how a state or
operator evolves in its Krylov basis. It shows clear differences between ergodic and
localized phases. After rescaling time by the system’s Heisenberg time one can distinguish
not only between ergodic and localized systems but also between the two localized
regimes, MBL and SG. As the system moves from the SG phase toward ergodicity the
late-time average of Krylov spread complexity increases and shifts to a behavior with a
peak at early times. In the MBL phase rescaling shows that all trajectories follow the
same growth rate and reach the same saturation value. These findings indicate that
Krylov complexity may serve as a useful tool to distinguish between MBL, SG, and
ergodic behavior, but require a fundamental analysis in future work.

Finally, these same quantum systems are used as quantum reservoirs to compute
their information processing capacities (IPCs). The aim is to assess their expressivity
in handling input data. The results show that linear memory capacity—or first-order
IPC—is highest in the localized regime, particularly in the SG phase. Higher-order
IPCs, however, peak near the transition from SG to ergodic, mirroring the behavior of
the critical Krylov time introduced in this work.

Below is a short summary of the four methods discussed and how they can be
interpreted.

• Loschmidt Echo measures the decay of overlap between time evolved states under
perturbed and unperturbed Hamiltonians.

• Level Spacing Statistics studies the distribution of energy level spacings to distin-
guish between chaotic and regular behavior.

• OTOCs track the growth of operator commutators over time to detect signatures
of quantum chaos.

• Krylov complexity follows how the operator or state evolves within its Krylov basis
where deeper levels contribute more to the overall complexity.

V.1 Level spacing statistics, Loschmidt Echo and Correlators

V.1.1 Transverse-Field Ising Model

The Transverse-Field Ising Model (TFIM) describes systems of interacting spins
under the influence of a transverse magnetic field. This model exhibits quantum phase
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transitions, which will also be discussed. The Hamiltonian is given by:

H =
∑
i>j

Jijσ
(i)
x σ(j)x +

1
2

N∑
i=1

(h+Di)σ
(i)
z , (V.1)

where σ(i)x,z are the Pauli matrices acting on the i-th site, defined as:

σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
, I2 =

(
1 0
0 1

)
.

In a system with N sites (also referred to as qubits), the spin operators are expressed
as:

σ(j)α =
j−1⊗
i=1

I2 ⊗ σα ⊗
N⊗

i=j+1
I2 (V.2)

for α ∈ {x, y, z}, where ⊗ denotes the tensor product. The commutation relations
between the Pauli matrices are:

[σm
x ,σn

y ] = 2iσm
z δm,n, [σm

y ,σn
z ] = 2iσm

x δm,n, [σm
z ,σn

x ] = 2iσm
y δm,n.

The first term of the Hamiltonian, ∑i>j Jijσ
(i)
x σ

(j)
x , models the interaction between

sites with coupling strength Jij . These interactions encourage the spins to either align
or anti-align, depending on whether Jij is positive or negative.

The second term, 1
2
∑N

i=1(h+Di)σ
(i)
z , models the influence of a transverse magnetic

field and local disorder. The parameter h represents the strength of a uniform transverse
field applied to all spins, while Di introduces site-dependent disorder. The Pauli-Z
operators σ(i)z measure spin orientation along the z-axis. This term competes with the
spin-spin interaction by encouraging spins to flip due to the transverse field.

To study phase transitions in the Ising model the coupling constants are sampled
uniformly from Jij ∈ U

(
−1

2 , 1
2

)
and the external field from h ∈ U [10−2, 102]. The

on-site disorder is sampled from a uniform distribution Di ∈ U([−W ,W ]) where W is
varied within W ∈ [10−2, 102]. For each pair of W and h values, an average over 50
Hamiltonians is taken unless stated otherwise.

V.1.2 Level Spacing Statistics

As already discussed, analyzing quantum chaos was mostly achieved using spectral
and eigenvector statistics [1, 2, 3]. One such tool are level spacing statistics, where
the adjacent gaps of the eigenvalues are analyzed as a quantifier of quantum chaos
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and quantum phases. It holds that in the localized phase, the adjacent gaps exhibit a
Poisson distribution and a Wigner-Dyson distribution in the quantum chaotic phase.
The distribution of adjacent gaps alone does not reveal the transition to quantum chaos,
where the ergodic behavior is addressed as chaotic. This is addressed by the introduction
of the dimensionless level spacing ratio [113].

Theory of Level Spacing Statistics

Let H be a Hamiltonian with eigenvalue equation H |ϕn⟩ = En |ϕn⟩, and let the
eigenvalues be ordered increasingly, i.e., E1 < E2 < . . .. Then, the level spacings s′

n are
given by

s′
n = En+1 −En.

This can be normalized to the average level spacing:

⟨s⟩ = 1
N

N∑
n=1

sn,

resulting in

sn =
s′

n

⟨s⟩
. (V.3)

Quantum chaos can be assessed by studying the distribution of these normalized level
spacings. For regular (integrable) systems, the spacings are typically predictable, while
in chaotic systems, the spacings exhibit more randomness. Analyzing these distributions
helps classify the system as either chaotic or integrable.

1. For integrable systems, the distribution of sn follows a Poisson distribution, given
by

PPoi(s) ∝ e−s. (V.4)

2. For chaotic systems, the distribution follows the Wigner-Dyson distribution,
characteristic of random matrices:

PWD(s) ∝ se− π
4 s2 . (V.5)
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When the level spacing cluster around zero than an analysis with this can fail. This
issue can be addressed using the level spacing ratio, defined as:

rn =
min(sn+1, sn)

max(sn+1, sn)
. (V.6)

The corresponding distributions of the level spacing ratio are given by:

PPoi(r) ∝
1

(r+ 1)2 , PWD(r) ∝
r+ r2

(1 + r+ r2)5/2 . (V.7)

The expectation value of rn is called the level spacing ratio ⟨r⟩ and is given by

⟨r⟩ = 1
N − 2

N−2∑
n=1

rn. (V.8)

It has been shown that ⟨r⟩ ≈ 0.38 indicates the system is in the localization phase,
while ⟨r⟩ ≈ 0.54 corresponds to the thermodynamic (chaotic) phase.

The authors in [29] showed that the dynamical phases influence task performance in
quantum reservoir computing, with the best performance observed in the transition from
many-body localization (⟨r⟩ = 0.384) to the thermodynamic phase (⟨r⟩ = 0.54)[113].

Level Spacing Statistics of the Ising Model

Figure V.1 show the average level spacing ratio ⟨r⟩ for the transverse-field Ising model
across varying disorder strengths W and external field strengths h. The figure shows
results for three different system sizes: a four-site system (a), a six-site system (b), and
an eight-site system (c). The color-coded heatmaps reveal how ⟨r⟩ transitions with
changes in W and h.

Localization is quantified by a level spacing ratio of approximately ⟨r⟩ ≈ 0.38, while
the ergodic phase exhibits a level spacing ratio closer to ⟨r⟩ ≈ 0.53. Intermediate values
indicate potential quantum chaotic behavior.

In particular, Fig. V.1(a) shows a small region of the ergodic phase which grows as
the system increases to six and eight qubits. The bottom left region for h < 100 and
W < 100 corresponds to the spin glass phase while the top right region with h > 100

and W > 3 · 100 represents the MBL phase. Another ergodic region is expected between
h < 100 and 100 < W < 101 but is only slightly visible. To clearly capture the expected
phase transitions using level spacing statistics larger systems need to be simulated.
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Figure V.1: Average level spacing ratio ⟨r⟩ for the transverse-field Ising model as a
function of disorder strength W and external field strength h. The figure
presents results for system sizes of four (a), six (b), and eight (c) qubits. The
color-coded heatmaps illustrate the transition between localized and ergodic
phases, with ⟨r⟩ ≈ 0.38 indicating localization and ⟨r⟩ ≈ 0.53 signifying
ergodic behavior. The ergodic region (blue) becomes more prominent as the
system size increases, suggesting an expansion of quantum chaotic behavior
with larger system sizes.

V.1.3 Loschmidt Echo

A related question to quantum chaos is the problem of irreversibility in quantum me-
chanics. Reconciling the arrow of time with quantum theory is difficult because the
Schrödinger and von Neumann equations describe unitary evolution. This keeps eigen-
values fixed and prevents a classical interpretation using eigenvalue analysis or Lyapunov
exponents (see Section II.1). The idea of irreversibility dates back to Boltzmann [114].
The issue was raised before the discovery of quantum mechanics about 150 years ago by
Loschmidt [115], with the first publication by Thomson, later known as Lord Kelvin [116].
Boltzmann, Loschmidt and Kelvin explored the question of irreversibility where Kelvin
presented a modern view on the arrow of time and reversibility.

”If we allowed this equalization to proceed for a certain time, and then reversed
the motions of all the molecules, we would observe a disequalization. However, if the
number of molecules is very large, as it is in a gas, any slight deviation from absolute
precision in the reversal will greatly shorten the time during which disequalization
occurs... Furthermore, if we take account of the fact that no physical system can be
completely isolated from its surroundings but is in principle interacting with all other
molecules in the universe, and if we believe that the number of these latter molecules is
infinite, then we may conclude that it is impossible for temperature-differences to arise
spontaneously...[116]”
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He argued that even a small disturbance in the reversed time evolution is sufficient to
prevent the system from returning to its original state. He also emphasized that every
physical system interacts with its environment; therefore, achieving perfect reversibility
would require either eliminating all interactions or reversing the environment itself.
Consequently, the disequalization time fundamentally depends on imperfections in the
reversed evolution. This concept is closely related to the field of echo dynamics. The
measure that quantifies sensitivity to reversed time evolution in quantum mechanics
is known as the Loschmidt Echo or Fidelity [7, 117]. The Loschmidt Echo is defined
as the overlap of a time-evolved state with the reversed evolution under a perturbed
Hamiltonian.

In the case of identical forward and reversed evolution the Loschmidt Echo equals
one. For different evolutions it decreases and the decay time is interpreted as the
disequilibration time discussed by Loschmidt and Kelvin. Although promising for
studying irreversibility the Loschmidt Echo has only recently been used for this pur-
pose [7]. It was mainly used as a standard experimental method in nuclear magnetic
resonance where the first measurements were performed [118, 119, 120, 121]. In quantum
information the Loschmidt Echo is known as fidelity and is widely used to describe
system quality [9, 122, 8]. The main motivation for studying the Loschmidt Echo comes
from the quantum chaos community [8]. It has been shown that in the classical limit
the Loschmidt Echo behaves similarly to its classical counterpart. Fidelity was first
introduced by Peres [117, 123]. An important insight came from defining the Lyapunov
exponent using the initial decay of the Loschmidt Echo. This will be referred to as
the Loschmidt Lyapunov exponent or simply the Loschmidt exponent. A review of the
main aspects of Loschmidt Echoes is given in [124].

The Loschmidt Echo G(t) is defined as the absolute value of the overlap between
the forward time-evolved state |ψ(t)⟩ = e−iHt |ψ0⟩ and the perturbed backward-evolved
state ⟨ψ′(t)| = ⟨ψ0| e−iH′t, where |ψ(0)⟩ is the initial state. It is given by

G(t) =
∣∣〈ψ′(t)

∣∣ψ(t)〉∣∣ = ∣∣∣⟨ψ(0)| eiH′te−iHt |ψ(0)⟩
∣∣∣

Here one considers a Hamiltonian H and a perturbed Hamiltonian H ′ = H + ϵV , where
V is a potential and ϵ is a small parameter. If G(t) decays exponentially fast for a small
perturbation, it implies that the system is chaotic. If G(t) ≈ 1 or remains constant, the
system is considered not chaotic. The decay can be quantified by fitting an exponential
function to the initial decrease of the Loschmidt Echo:

G(t) ∝ e−λLt, (V.9)
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where λL is interpreted as a Lyapunov exponent of the Loschmidt Echo. Larger values
of λL for small perturbations indicate more chaotic behavior. In Appendix A more
results are presented on the behavior of the Loschmidt exponent λL for the TFIM and
the method used to compute λL is explained.

V.1.4 Out-of-Time-Ordered Correlators (OTOCs)

Instead of analyzing the evolution of quantum states the dynamics can be studied through
the evolution of operators. In this context operator correlators were introduced and
first discussed by Larkin and Ovchinnikov in 1969 to investigate the use of semiclassical
methods in superconductivity [125]. In this approach two observables are considered.
One evolves in the Heisenberg picture while the other remains fixed. The commutator
of these operators is computed, squared, and its expectation value is taken with respect
to a quantum state.

Out of time ordered correlators (OTOCs) have gained attention only recently, mainly
due to their relevance in studies connecting black hole horizons to quantum chaos [10,
11, 12]. Black holes are known to show early exponential growth in OTOCs, which
is a key feature of classical chaotic behavior. The Lyapunov exponent for OTOCs is
similar to that of the Loschmidt Echo but involves two observables instead of comparing
perturbed and unperturbed time evolution. The Sachdev-Ye-Kitaev (SYK) model has
also been shown to scramble information rapidly [13]. OTOCs are used in many fields,
and more details can be found in [126]. Interesting links between OTOCs and Loschmidt
Echoes are discussed in [127, 128].

Growth in OTOCs can also describe the spread of quantum information, known
as information scrambling [12]. The time when scrambling takes place is often called
the scrambling time and marks when the subsystem reaches maximal entanglement
entropy [129].

Typical OTOC behavior shows three phases. First, there is exponential growth where
the OTOC Lyapunov exponent is defined. Then follows an intermediate stage and
finally long time saturation [130]. Chaotic systems tend to show stable long time values,
while oscillating OTOCs are often linked to non chaotic systems. The oscillations in the
late time behavior can also help quantify quantum chaos [131, 132]. A full review of
OTOCs is given in [133].

Theory of OTOCs

The OTOC for two operators A(t) and B(0) in the Heisenberg picture is given by:

OTOC(t) = ⟨[A(t),B(0)]†[A(t),B(0)]⟩.
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If the OTOC grows exponentially,

OTOC(t) ∝ e2λOt, (V.10)

with a Lyapunov exponent λO > 0, then the system is considered chaotic. If λO ≤ 0,
the system is not chaotic. Here, λO is interpreted as the Lyapunov exponent associated
with the OTOC. In Appendix A the OTOC exponent λO is analyzed in detail for the
TFIM and the method used to compute λO is explained.
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V.2 Understanding Phase Transitions using Krylov Complexity

Krylov complexity is the most recent quantity used to study quantum chaos [14, 15]. In
this setting the Krylov space of the Liouvillian is used to describe operator growth which
leads to the definition of Krylov operator complexity. The spread of a time evolved
operator in Krylov space serves as the basis for defining a complexity measure.

It has been shown that Krylov operator complexity gives useful insights into quantum
chaos [61], spin chains, SYK models [16, 69, 58], two dimensional conformal field theories
(2D CFTs) [74], and also in closed, driven [72] and open quantum systems [71].

In a similar way the idea of Krylov spread complexity was introduced [16]. Instead of
describing operator scrambling this measure studies how a pure state evolves under the
Schrödinger equation and spreads within a basis built from powers of the Hamiltonian.
This method has gained interest and a full review of both Krylov operator and spread
complexity is given in [134].

V.2.1 Revisiting Krylov spread Complexity

Assume an initial state |ψ0⟩ and a quantum system described by a Hamiltonian H. The
time evolution is given by

|ψ(t)⟩ = e−iHt |ψ0⟩ . (V.11)

This can be expanded as

|ψ(t)⟩ =
∞∑

n=0

(−it)n

n!
Hn |ψ0⟩ . (V.12)

135



V Chapter: Probing Quantum Phase Transitions

Since the coefficients (−it)n

n! are just constants, it follows that the time-evolved state lies
in the span of successive powers of the Hamiltonian acting on the initial state, i.e.,

|ψ(t)⟩ ∈ Span
{
|ψ0⟩ ,H |ψ0⟩ ,H2 |ψ0⟩ , . . .

}
. (V.13)

Since H is a linear operator and the system is finite-dimensional, the Krylov subspace
property implies that there exists an integer m such that

|ψ(t)⟩ ∈ Span
{
|ψ0⟩ ,H |ψ0⟩ ,H2 |ψ0⟩ , . . . ,Hm−1 |ψ0⟩

}
:= Km. (V.14)

Orthonormalizing this basis using the Lanczos or Arnoldi algorithm yields

Km = Span
{
|ψ0⟩ ,H |ψ0⟩ , . . . ,Hm−1 |ψ0⟩

}
ONB−−−→ Span

{
|k0⟩ , |k1⟩ , . . . , |km−1⟩

}
= Km.

(V.15)

Any time-evolved state with initial condition |ψ0⟩ can now be represented in this basis
as

|ψ(t)⟩ =
m−1∑
n=0
⟨kn|ψ(t)|kn|ψ(t)⟩ |kn⟩ . (V.16)

With αn = ⟨kn|ψ(t)|kn|ψ(t)⟩, the Krylov spread complexity is defined as

KS =
m−1∑
n=0

(n+ 1)|αn|2. (V.17)

Typically, KS is studied as a function of time for integrable and chaotic systems,
where chaotic systems tend to exhibit larger spreading and distinct time-dependent
behavior[16].

Krylov spread complexity has been analysed in some recent works, with [15] analyzing
the suppression of localization in the complexity. [135] showed that the Lanczos
coefficients in the computation of Krylov operator complexity scale asymptotically in
the MBL phase, similarly to ergodic systems. [136] also analyses how the Lanczos
coefficients evolve over time. [137] shows that the peak of Krylov spread complexity is
associated with ergodic behavior, which falls off towards the MBL regime. This is similar
to observations made for integrable and chaotic systems, where chaotic systems show
the same peak in Krylov spread complexity at short time scales [16], while integrable
systems increase and then saturate.
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V.2.2 Spread Complexity at the Spin Glass to Ergodic Transition

The behavior of the spread complexity KS is first analyzed across different regimes in
the parameter space defined by the external field h and disorder W .
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SG to ergodic transition with NS=8 sites.

Figure V.2: Time evolution of LKrylov spread complexity KS averaged for 20 Hamit-
lonians with NS = 8 sites, where the on-site disorder was sampled from
Di ∈ U([−0.06, 0.06]) , and varying external fields h. (a) Shows behavior
for h = 0.01 (SG), h = 0.18 (early SG), h = 0.41 (late SG), and h = 1.67
(early ergodic). (b) Shows h = 0.41 (late SG), h = 1.67 (early ergodic),
h = 2.66 (late ergodic), and h = 6.73 (ergodic). A continuous increase in
both late-time values and initial growth rates of KS is observed across the
transition from the localized to the thermal regime.

Figure V.2 shows the time evolution of the Krylov spread complexity KS averaged
over 20 Hamiltonians with NS = 8 sites and interaction strength W = 0.06, as a
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function of the external field h. The points in parameter space are chosen to reveal the
transition from the spin glass (SG) phase to the ergodic phase. In panel (a), four values
of h are shown: h = 0.01 (SG), h = 0.18 (early SG), h = 0.41 (late SG), and h = 1.67
(early ergodic). In the SG regime, KS grows slowly and saturates at a low value. As
h increases toward the transition, the late time value of KS also increases, indicating
stronger spreading in the Krylov subspace (red). Closer to the transition, at h = 0.41
(orange), KS grows and saturates at a value similar to that of the early ergodic case
(h = 1.67, green).

Panel (b) shows KS for h = 0.41 (late SG), h = 1.67 (early ergodic), h = 2.66 (late
ergodic), and h = 6.73 (ergodic). As the system enters the ergodic regime, KS reaches
its saturation value more quickly and shows an early peak that decays toward saturation.
The late SG (orange) and early ergodic (green) curves differ in their initial growth,
with stronger oscillations seen in the late SG case. A peak becomes more visible as the
system moves deeper into the ergodic phase. This change in early behavior—from slow
growth to a peak followed by saturation—is clearest in the late ergodic case (blue). The
ergodic case (dark black) shows the largest peak and the highest saturation value of
Krylov spread complexity. This trend from slow growth and low saturation in the SG
phase to fast growth, an early peak, and high saturation in the ergodic phase shows
that Krylov spread complexity captures key features of the phase transition.

At this point it is important to note the difference in speed between quantum systems.
Depending on the value of h the faster growth of Krylov spread complexity might result
from larger eigenvalue differences ωij = εi − εj , where εi are the eigenvalues of the
system. For this reason it makes sense to rescale the time axis using the Heisenberg time
TH which can be calculated from the level spacings of the eigenvalues. The Heisenberg
time is given by

TH =
2π
s̄

(V.18)

where sn = εn+1 − εn are the level spacings and s̄ = ⟨sn⟩ is the average spacing.
Figure V.3 shows how the rescaled Krylov complexity behaves during the transition

from the SG phase to the ergodic phase. In the spin glass regime, KS(t/tH) (Figure V.3.a)
shows similar behavior to KS(t) in Figure V.2.a.
On the other hand, Krylov complexity changes noticeably in the early, late, and
fully ergodic cases after rescaling, as shown in Figure V.3.b. In absolute time, the
ergodic regime displays the fastest growth and the highest peak in Krylov complexity
(Figure V.2.b). After rescaling, Figure V.3 shows that the early ergodic (b, green) and
late ergodic (b, blue) cases reach their maximum values faster than the fully ergodic
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case (b, dark blue). These results demonstrate that Krylov spread complexity effectively
captures the phase transition from the SG phase to ergodic behavior.
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Figure V.3: Same as Figure V.2, but with rescaled time t/TH , where TH represents the
Heisenberg time.
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V.2.3 Spread Complexity at the MBL to Ergodic Transition

Figure V.4 shows the time evolution of the Krylov spread complexity KS across the
transition from the many body localized (MBL) to the ergodic regime. The data is
averaged over 20 Hamiltonians with NS = 8 sites and fixed external field h = 6.73,
while the disorder strength W is varied to explore different regimes.
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Figure V.4: Time evolution of Krylov spread complexity KS averaged for 20 Hamitloni-
ans with NS = 8 sites, where the external field is fixed at h = 6.73 and the
on-site disorder was sampled from Di ∈ U([−W ,W ]). (a) Shows behavior
for W = 27.19 (SG), W = 17.07 (early SG), W = 3.20 (late SG), and
W = 1.67 (early ergodic). (b) Shows W = 3.20 (late SG), W = 1.67 (early
ergodic), W = 0.87 (late ergodic), and W = 0.06 (ergodic). A continuous
increase in both late-time values and initial growth rates of KS is observed
across the transition from the localized to the thermal regime.
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Panel (a) shows KS(t) for four values of disorder strength: W = 27.19 (MBL),
W = 17.07 (early MBL), W = 3.20 (late MBL), and W = 1.67 (early ergodic). The
curves, especially in the MBL phase, show strong oscillations which make interpretation
of the growth more difficult compared to the SG to ergodic transition where the late
time average changed more clearly.

Figure V.4 (b) shows the transition into the ergodic regime with W = 3.20, W = 1.67,
W = 0.87, and W = 0.06. Here KS shows a trend similar to what was seen in Figure V.2.
The early time peak grows larger as the system moves deeper into the ergodic phase.
This similarity supports the strength of KS as an indicator of ergodic dynamics.

0.0 0.2 0.4 0.6 0.8 1.0

time t/TH

0

20

40

60

80

100

120

S
p
re

ad
 c

om
p
le

x
it
y
  
K
S

a) Localized transition

W=27.19, MBL

W=17.07, early MBL

W=3.20, late MBL

W=1.67, early ergodic

0 1 2 3 4 5

time t/TH

90

100

110

120
b) Ergodic transition

W=3.20, late MBL

W=1.67, early ergodic

W=0.87, late ergodic

W=0.06, ergodic

Rescaled MBL to ergodic transition with NS=8 sites.

Figure V.5: Same as Figure V.4, but with rescaled time t/TH , where TH represents the
Heisenberg time.
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In Figure V.5 the time axis is rescaled to the Heisenberg time. Figure V.5.a shows
that the rescaled Krylov spread complexity behaves the same for all systems in the
MBL phase. This is clearly different from the behavior in the SG phase (Figure V.3.a),
where the spread complexity KS saturates to larger values as the system gets closer to
the ergodic phase. This difference shows that the rescaled Krylov complexity KS(t/tH)

can be used to tell apart the MBL and SG phases even though both are localized.
Using level spacing statistics would result in both phases showing a Poisson distribution
and therefore not being distinguishable. In addition, the difference with the ergodic
regime, where the rescaled curves stay distinct, further supports that KS captures and
distinguishes the nature of quantum dynamics across localized and ergodic phase.

V.2.4 Krylov saturation time

Even though this is quantitatively analyzable for points in the parameter space, it would
require examining the time evolution of KS at each point in parameter space. One
interesting feature observable in Figure V.2 is that during the transition, the time it
takes to reach saturation appears to increase. In the SG region, KS remains small, such
that saturation is reached quickly, while in the ergodic case, the dynamics are fast and
scramble over the whole Krylov space. In the transition region, however, it takes longer
to spread over the full Krylov space.

In that regard, this work investigates the time τK , when the Krylov spread complexity
reaches 3 dB below its saturation value, i.e.,

KS(τK) =
K̄S√

2
. (V.19)

If the initial speed of spreading into the Krylov basis differs between dynamical phases,
then this time is expected to become dependent on the phase. In the following, this
time will be referred to as τK , the critical Krylov time.

Again, the TFIM is again considered with the same parameters as before. For each
Hamiltonian, 20 random initial states |ψ0⟩ are sampled, and the spread complexity is
averaged over time. For each parameter pair (h,W ), 20 Hamiltonians are computed. In
each case, the late-time average of the spread complexity K̄S is calculated by averaging
over the interval t = 60 to t = 120. The time τ (l)K is then determined for each Hamiltonian
H (l)(h,W ) such that

KS(τ
(l)
K ) =

K̄S√
2

,

where the superscript (l) denotes the index of the Hamiltonian. The critical spreading
time τK is then averaged over all Hamiltonians as τK = 1

20
∑20

l=1 τ
(l)
K .
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Figure V.6: Critical Krylov time τK for systems with 4, 6, and 8 sites shown in

panels (a), (b), and (c), respectively. The critical Krylov time is defined
as the time when the Krylov spread complexity first reaches -3 dB of its
late-time value, i.e., KS(τK) = K̄S/

√
2. The second row (d–f) shows the

OTOC Lyapunov exponent λO, computed with respect to the up state |up⟩.
The third row (g–i) presents the level spacing ratio ⟨r⟩. Systems with four,
six, and eight qubits are shown from left to right. Note that the peak of
the critical Krylov time τK appears before the maximum λO and ⟨r⟩.

Figure V.6 shows the critical Krylov time τK , the OTOC Lyapunov exponent λO,
and the average level spacing ratio ⟨r⟩ as functions of disorder strength W , for spin
chains with 4, 6, and 8 qubits. The OTOC is computed using an exponential fit on the
initial increase and is discussed in detail in Appendix A.
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The first row (a–c) shows the critical Krylov time, defined as the time when the
Krylov spread complexity first reaches K̄S/

√
2, which corresponds to a 3 dB drop from

its saturation value. The second row (d–f) shows λO, computed from the out of time
ordered correlator, and the third row (g–i) shows the level spacing ratio ⟨r⟩, which is
used to identify the ergodic to many body localized transition.

For all system sizes the maximum of τK appears at lower disorder values than the
peaks of both λO and ⟨r⟩. This shows that Krylov spreading slows down before the
system reaches the actual phase transition. The consistency of this behavior across
different system sizes suggests that τK is sensitive to early dynamical changes and may
be useful for detecting the approach to the SG transition even before changes appear in
spectral or OTOC based measures.
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V.3 Quantum Reservoir Computing and Quantum Phase
Transitions

At this point, the question arises how Quantum Reservoir Computing (QRC) and phase
transitions are connected. In the calculation of task performance in QRC, only four
and six qubits are considered. For each point in the parameter space of h and W , the
results are averaged over 20 Hamiltonians. [29] discussed dynamical phase transitions
and quantum reservoir computing task performance for this Hamiltonian within the
same parameter space. The authors computed the level spacing ratio while varying
h and W . For task performance in QRC, they restricted their study to either fixing
h and sweeping over W , or fixing W and sweeping over h, to isolate the influence of
each parameter. This was most likely due to their use of 10 sites, where averaging
task performance becomes significantly more difficult and resource intensive. This work
therefore limits the analysis to four and six sites and samples the full parameter space
of h and W . The information processing capacity is computed instead of full reservoir
task performance to allow comparison of different task complexities, where higher order
IPCs typically correspond to tasks that require more nonlinearity.

Figure V.7 shows the relationship between the IPC of quantum reservoir computers
and quantum phase transitions in a disordered spin chain model. The localized and
ergodic phases are identified using the averaged level spacing ratio ⟨r⟩ in Figure V.7.f.
A value of ⟨r⟩ ≈ 0.38 indicates Poisson statistics and localization, while values around
⟨r⟩ ≈ 0.54 are consistent with Wigner Dyson statistics and ergodicity. The transition
between these phases occurs near W ≈ 2 and h ≈ 1.

Panels (a) to (d) show IPC1 through IPC4, each as a function of the parameters W
and h, averaged over 20 Hamiltonians with four qubits. IPC1 in panel (a) represents the
linear memory capacity of the QRC. It measures how well the system can reconstruct
past inputs without applying transformations. Interestingly, IPC1 is highest in the SG
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phase, where ⟨r⟩ is smallest. This suggests that QRCs are well suited for memory tasks
in localized regimes.
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Figure V.7: First four orders of the IPC are shown in a) IPC1, b) IPC2, c) IPC3, and
d) IPC4, and the total IPC in e), for different values of W and h, averaged
over 20 Hamiltonians. The level spacing ratio is shown in f), the Loschmidt
Lyapunov exponent λL in g), the critical Krylov time τK in h), and the
OTOC Lyapunov exponent λO in i). It is clearly visible that the memory
capacity IPC1 is maximal in the SG phase. Higher order IPCs tend to
perform better near the phase transition from SG to ergodic.
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Panels (b), (c), and (d) show IPC2, IPC3, and IPC4, which reflect higher order
processing capacity. These values are largest near the phase transition, around h ≈ 0.5
and W ≈ 1. The total IPC in Figure V.7.e peaks at the SG to ergodic phase transition,
indicating enhanced data expressivity.

Panel (g) shows the Loschmidt Lyapunov exponent λL, which is largest in the SG
phase. A more detailed discussion of how this was computed is given in Appendix A.
The memory capacity IPC1 and λL both show large values in the bottom left region
of the parameter space. In contrast, IPC4 is largest where λL is small. Figure V.7.h
presents the critical Krylov time τK , a dynamic quantity capturing the spread behavior
of Krylov complexity. Among all measures, τK shows the best match with the peak of
IPC4. Above panel (e), the total IPC again reaches its maximum around h ≈ 0.8, just
before the phase transition. The final panel (i) shows the OTOC Lyapunov exponent
λO, which is largest deeper in the ergodic phase.

These patterns reveal that different quantum measures track similar underlying
dynamics. In the SG phase, localization limits information flow, explaining the high
memory but low complexity. Since interaction between localized sites is weak, complex
correlations are minimal, as shown by the small values of λO and higher order IPCs.
The critical Krylov time τK appears to detect the onset of phase transitions earlier than
other quantities.

To study larger reservoirs, a system with six sites is analyzed in Figure V.8. Similar
behavior is observed. The linear IPC1 performs best outside the ergodic regime. Higher
order IPCs peak near the phase transition. The total IPC reaches its maximum at h = 1
and W ≈ 2, while τK peaks slightly before. The Loschmidt Lyapunov exponent λL is
largest in the SG phase and then decreases, while the OTOC exponent λO increases
deeper into the ergodic regime.
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Figure V.8: Same as Figure V.7 for a system with NS = 6 sites.

V.3.1 Conclusion

Lastly, it should be noted that this is not a complete analysis of quantum phase
transitions. Research in this area requires careful and detailed investigation. The goal
of this chapter was twofold. First, to provide an overview of how phase transitions
can be probed and how concepts such as quantum chaos relate to them. Second, to
connect these ideas to classical reservoir computing, where optimal task performance
often appears near the edge of chaos or at the transition to chaotic behavior. It was
shown that Krylov complexity is a promising candidate for identifying phase transitions.
After rescaling time by the system’s individual Heisenberg time, it became possible to
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distinguish between the spin glass and many body localized phases, something that
level spacing statistics fail to do. The critical Krylov time was introduced as a feature
of Krylov spread complexity that captures early dynamical changes. This chapter also
revisits the results of [29]. Instead of computing task performance at select points in the
parameter space of h and W , this work calculates different orders of the information
processing capacity (IPC). The results suggest that memory and nonlinearity exhibit
best performance in different regions of the phase diagram. Additionally, the relationship
between various dynamical quantities and quantum reservoir performance was explored.
The observation that rescaled Krylov complexity can distinguish between different
localized regimes is particularly intriguing and calls for further investigation. Overall,
this chapter is intended as an outlook for future research. It highlights strong connections
between quantum phase transitions and information-theoretic measures. The role of
Krylov complexity, especially the origin of its peak in the ergodic regime, remains not
fully understood and presents an interesting direction for future work.
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Summary

This thesis explored the interface between quantum dynamics, quantum reservoir
computing (QRC), and quantum information measures, with the goal of improving the
interpretability and performance of quantum reservoir computers.

A central contribution was the reformulation of Krylov complexity in terms of time-
evolved quantum states and operators. In the case of states, it was shown that the
Krylov space can be constructed directly through quantum measurements, without
requiring explicit knowledge of the system’s Hamiltonian. This finding challenged earlier
claims that Krylov bases formed from Hamiltonian powers necessarily minimize spread
complexity. On the basis of these constructions, two new quantities were introduced:
Krylov expressivity and Krylov observability. These measures capture the effective
dimension of the evolving Krylov spaces over time.

The Krylov-based measures were used to assess quantum reservoir performance.
While Krylov complexity captured only the initial trends in task accuracy, Krylov
observability closely reflected the full information processing capacity. This indicates
that QRC effectively projects data into the Krylov basis, with observability serving as a
reliable and interpretable indicator of computational power. Analysis across individual
Hamiltonians further showed that low-performing reservoirs correspond to lower Krylov
observability, highlighting a practical tool for system design. These results validate the
utility of Krylov complexity in evaluating and optimizing quantum learning systems.

To address the time complexity problem caused by repeated quantum measurements,
a memory-restricted version of QRC was proposed. By exploiting the fading memory
property of reservoir computers, the approach avoids full reinitialization of the quantum
state at each time step, thereby improving both computational efficiency and task
performance.

In the final part of the thesis, quantum information measures were employed to
investigate phase transitions in disordered systems. Krylov complexity was shown to
distinguish not only between localized and ergodic regimes but also between different
forms of localization, including spin glass and many-body localized phases. A critical time
scale derived from Krylov complexity was found to align with optimal task performance
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in QRC, suggesting broader relevance for these diagnostics in the study of quantum
dynamics.

Together, these results establish new links between quantum complexity, machine
learning, and dynamical phase transitions. The methods developed in this work not
only advance the understanding of QRC but also offer generalizable tools for exploring
structure in quantum systems.
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Outlook

This thesis has explored the interplay between quantum dynamics, quantum reservoir
computing (QRC), and quantum information measures. The primary goal was to
develop tools that provide deeper insights into how quantum systems process information,
particularly in the context of machine learning tasks such as chaotic time-series prediction.
Building on these results, several promising directions for future work are outlined
below.

Krylov Complexity in Dynamical Systems

The Krylov-based measures introduced here were shown to capture properties of ho-
mogeneous differential equations. A natural extension is to investigate whether Krylov
complexity can be generalized to arbitrary dynamical systems, including nonlinear or
chaotic systems. Furthermore, Krylov complexity may serve as useful tools for probing
the phase space of classical reservoir computers.

Beyond the Krylov Basis

A major theoretical insight of this work is that the standard Krylov basis, constructed
from repeated Hamiltonian powers, does not necessarily minimize Krylov spread com-
plexity. This calls for a more systematic investigation into alternative basis constructions
and their implications. A goal would be to develop criteria or proofs for when a particu-
lar basis yields minimal complexity. An important point to consider is that such a basis
may not preserve sensitivity to integrability or chaos, which could limit its usefulness in
characterizing dynamical phases. But also the other case might very much be the case.

Applications in Quantum Machine Learning

The Krylov measures proposed here offer immediate applicability to other areas of
quantum machine learning. For instance, Krylov expressivity can be used to evaluate
the effectiveness of quantum data encodings, where input states |x⟩ = UE(x) |s⟩ are
generated by parameterized circuits. Comparing expressivity across different encod-
ing strategies could guide the design of more expressive quantum models. Krylov
observability may also offer insight into the informativeness of various measurement
schemes and could help identify configurations prone to barren plateaus. These tools
are model-agnostic and require no additional assumptions, making them broadly useful.
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Quantum Phase Transitions and Krylov Complexity

Initial results showed that Krylov complexity is sensitive to both the localized-to-ergodic
transition and distinctions between different localized regimes, such as spin glass and
many-body localization. Notably, this was observed even in small systems when time
was rescaled by the Heisenberg time. Extending this analysis to larger systems would
help establish the robustness of Krylov-based diagnostics for phase transitions. This
could open a path toward more refined characterizations of disordered quantum systems,
complementing traditional spectral approaches.

In summary, the methods developed in this thesis suggest that Krylov complexity
and its associated measures offer a promising framework for analyzing the structure of
quantum dynamics. They have the potential to impact multiple areas, including quantum
information theory, machine learning, and the study of dynamical systems—quantum
and classical alike.
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Appendix A – Loschmidt Echo and Out of Order
Time Correlators

Loschmidt Echos of the Ising Model
Figure A.1 illustrates the results for the Loschmidt echo of the Ising model. The first

row (Fig. A.1a–c) presents the Loschmidt echo Lyapunov exponent λL for system sizes
of four (a), six (b), and eight (c) qubits, while the second row (Fig. A.1d–f) shows the
level spacing ratio ⟨r⟩ for the same system sizes.

To compute the Loschmidt Lyapunov exponent, an exponential fit is typically required,
which is often numerically challenging. Therefore, the following steps are used to estimate
λL using a linear fit:

1. Determine the saturation value of the Loschmidt Echo, denoted as Gs, such
that G(t) → Gs as t → ∞. If G(t) remains close to one, the system cannot
be considered chaotic, as the forward and backward time evolutions stay nearly
indistinguishable. To account for this, introduce a threshold: if G(t) > α, with
α = 0.9, then set λG = 0.

2. Identify the fitting time tfit, defined by G(tfit) = Gs/
√

2.

3. For t ≤ tfit, take the natural logarithm of the Loschmidt echo, assuming

G(t) ≈ e−λLt ⇒ y(t) = lnG(t) = −λLt.

4. Perform a linear fit on y(t) in the interval [0, tfit]. The slope yields λL:

y(t) ≈ −λLt+C.

This method extracts λL as the rate of exponential decay during the early-time
dynamics, prior to saturation.

The Loschmidt echo Lyapunov exponent λL appears larger in the localized phase
(where ⟨r⟩ ≈ 0.38), suggesting increased sensitivity to perturbations. However, λL

changes continuously with respect to h and W , implying that only subtle changes in
effective behavior are observed—except near h ≈ 100, where λL changes drastically,
aligning with the shift in level spacing statistics to ⟨r⟩ ≈ 0.54. Notably, in Fig. A.1(c),
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Figure A.1: Loschmidt echo Lyapunov exponent λL for the transverse-field Ising model
as a function of disorder strength W and external field strength h. The
figure presents results for system sizes of four (a), six (b), and eight (c)
qubits. The level spacing ratio ⟨r⟩ is shown in the second row for four
(d), six (e), and eight (f) qubits. At the transition from localized to
ergodic phases—indicated by the change from ⟨r⟩ ≈ 0.38 to ⟨r⟩ ≈ 0.54—the
Loschmidt Lyapunov exponent λL exhibits small value.

λL exhibits oscillations as a function of h, implying a highly sensitive dependence on
initial conditions, indicative of quantum chaos.

Another transition is observed around W ≈ 100, where λL decreases significantly,
signaling a dynamical shift and further reinforcing the connection between spectral and
dynamical properties during the localization-to-ergodicity transition.

Figure A.2 shows the behavior of the Loschmidt echo G(t) across various points
in phase space. In the localized phase, G(t) decays quickly and remains near zero,
indicating strong localization and irreversible quantum evolution. In the transition
region, oscillations emerge, reflecting competition between localization and ergodicity.
In the ergodic phase, G(t) approaches a stable, near-constant value, demonstrating
recoverable quantum information and high reversibility.

OTOCs of the Ising Model
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Figure A.2: The Loschmidt echo G(t) is shown for different regions in phase space,
illustrating the transition from localization to ergodicity. In the localized
phase (blue), it decays to zero. Near the transition (orange), it oscillates
around G(t) ≈ 0.5. Deeper into the ergodic phase (green), it oscillates
slightly around G(t) ≈ 0.9, and in the fully ergodic phase (gray), it remains
unchanged with G(t) = 1.

Figure A.3 shows the Lyapunov exponent of the out-of-time-ordered correlator
(OTOC). The OTOC C(t) is given by:

C(t) = −⟨[A(t),B(0)]†[A(t),B(0)]⟩, (A.1)

where time evolution is defined as:

O(t) = eiHtO(0)e−iHt. (A.2)

The OTOC Lyapunov exponentλO is computed as follows

1. Determine the saturation value of the Loschmidt echo, denoted as OTOCs, such
that OTOC(t) → OTOCs as t → ∞. If the OTOC remains close to zero,
the system cannot be considered chaotic, since the forward and backward time
evolutions remain nearly identical. To account for this, introduce a threshold: if
OTOC(t) < β, with β = 0.05, then set λO = 0.

2. Identify the fitting time tfit, defined by OTOC(tfit) = OTOCs/
√

2.
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3. For t ≤ tfit, take the natural logarithm of the Loschmidt echo, assuming

OTOC(t) ∝ e−2λLt ⇒ y(t) = ln
(
OTOC(t)

)
= 2λLt.

4. Perform a linear fit on y(t) in the interval [0, tfit]. The slope yields λL:

y(t) ≈ 2λLt+C.

Similar to the computation of the Loschmidt exponent λL, the logarithm of O(t) is
taken, followed by a linear fit. Since C(0) = 0 is possible when the two observables
commute, the fit must start at a minimum time tmin to ensure proper evaluation. In
this analysis, the choice of observables is A(0) = σ

(1)
x and B(0) = σ

(2)
x , allowing for the

study of how local observable correlations evolve over time. The method can also be
extended to global observables, such as magnetization, enabling a broader exploration
of different system behaviors. The expectation value is computed with respect to the
up state, defined as |up⟩ = |00 . . . 0⟩, resulting in the OTOC:

C(t) = ⟨00 . . . 0| [σ(1)x (t),σ(2)x ]†[σ(1)x (t),σ(2)x ] |00 . . . 0⟩ , (1.64)

as well as with respect to the ground state |gs⟩ of the corresponding Hamiltonian:

C(t) = ⟨gs| [σ(1)x (t),σ(2)x ]†[σ(1)x (t),σ(2)x ] |gs⟩ . (1.65)
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Figure A.3: OTOC Lyapunov exponent λO for different system sizes and initial states.

The first row (a–c) shows results for the up state |up⟩, the second row (d–f)
for the ground state |gs⟩, and the third row (g–i) shows level spacing ratios
⟨r⟩. Systems with four, six, and eight qubits are shown from left to right.
λO peaks near the transition from localized to ergodic phases, indicating
quantum chaos.

Another family of states that is often analyzed in relation to the OTOC is the Gibbs
state, which results in the following OTOC:

C(t,β) = Tr
(

e−βH

Tr(e−βH)
[σ(1)x (t),σ(2)x ]†[σ(1)x (t),σ(2)x ]

)
, (1.66)
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where β = 1
kBT is the inverse temperature, with kB being the Boltzmann constant.

Although the thermal behavior of quantum systems is not analyzed in this study, its
relevance is noted to illustrate the possible applications of OTOCs.

Figure A.3 presents the OTOC Lyapunov exponent λO for the up state |up⟩ in the
first row (a, b, c), for the ground state |gs⟩ in the second row (d, e, f), and the level
spacing ratio ⟨r⟩ in the third row (g, h, i), for different values of h and W . As in
previous cases, the first, second, and third rows correspond to system sizes of four, six,
and eight sites, respectively. The OTOC Lyapunov exponent λO exhibits small values
in the localized phase (indicated by ⟨r⟩ ≈ 0.38). At the transition from the localized
to the ergodic phase, around h = 100, λO reaches a maximum, similar to the behavior
observed in the Loschmidt Lyapunov exponent. However, an additional region emerges
where λO increases for increasing W , around W ≈ 100 and h ≲ 0.5. This suggests
another phase transition, which is only weakly visible in the level spacing statistics
(Figure A.3g–i). It is clearly evident that the OTOC successfully captures the phase
transition and shows a maximum at the boundary between the localized and ergodic
phases, which is precisely where quantum chaos is expected.
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Figure B.1: Task performance of the Ising Hamiltonians with one observables measured.
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Figure B.2: Task performance of the Ising Hamiltonians with three observables mea-
sured.
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Figure B.3: Krylov observability OK computed for the Ising Hamiltonian HI1
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162



0

25

50

75

100

125

V
(Z

1,
2,

3,
4
)

a) IPC

PC=0.91

b) OK

0

25

50

75

100

125

V
(Z

1,
2,

3,
4
)

c)

PC=0.95

d)

0

25

50

75

100

125

V
(Z

1,
2,

3,
4
)

e)

PC=0.95

f)

10 20 30

clock cycle T

0

25

50

75

100

125

V
(Z

1,
2,

3,
4
)

g)

10 20 30

clock cycle T

PC=0.96

h)

0

20

40

60

80

100

Hamiltonian HI4

Figure B.4: Krylov observability OK computed for the Ising Hamiltonian HI4
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chronization transitions in delay-coupled networks of type-I and type-II excitable
systems, proc. of the international symposium, hanse institute of advanced studies,
delmenhorst, 13-16 november, 2012. In A. Pelster and G. Wunner, editors, Self-
organization in Complex Systems: The Past, Present, and Future of Synergetics,
pages 25–42, Berlin, 2016. Springer. doi: 10.1007/978-3-319-27635-9 3. ISBN
978-3-319-27635-9.

[92] E. Farhi and H. Neven. Classification with Quantum Neural Networks on Near
Term Processors. arXiv, 1802.06002, August 2018. doi: 10.48550/arxiv.1802.06002.
URL http://arxiv.org/abs/1802.06002. arXiv:1802.06002 [quant-ph].

[93] D. Brunner, M. C. Soriano, C. R. Mirasso, and I. Fischer. Parallel photonic
information processing at gigabyte per second data rates using transient states.
Nat. Commun., 4:1364, January 2013. doi: 10.1038/ncomms2368.

[94] Z. Li, X. Liu, N. Xu, and J. Du. Experimental Realization of a Quantum
Support Vector Machine. Phys. Rev. Lett., 114(14):140504, April 2015. doi:
10.1103/physrevlett.114.140504. URL https://link.aps.org/doi/10.1103/

PhysRevLett.114.140504. Publisher: American Physical Society.

[95] Y. Li, G. W. Holloway, S. C. Benjamin, G. A. D. Briggs, J. Baugh, and J. A.
Mol. Double quantum dot memristor. Phys. Rev. B, 96(7):075446, August 2017.
doi: 10.1103/physrevb.96.075446. URL https://link.aps.org/doi/10.1103/

PhysRevB.96.075446. Publisher: American Physical Society.

[96] V. Saggio, B. E. Asenbeck, A. Hamann, T. Strömberg, P. Schiansky, V. Dun-
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