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1 Introduction

The modern study of equilibrium phenomena within quantum field theory at high temperature
relies on the so called dimensional reduction (DR) formalism [1, 2]. This approach exploits
the hierarchy of scales between the temperature, 7', and the masses, m, of light fields to
split the dynamics of a given system into simpler single-scale problems. In practice, effective
field theory (EFT) methods are employed; the high-mass Matsubara modes [3] arising upon
compactification of the time dimension of the full 4-dimensional theory over a radius R ~ 1/T
are integrated out and their effects are captured by the Wilson Coefficients (WC) of an
Euclidean 3-dimensional EFT involving only the zero modes of bosonic fields [4, 5].

Advantages of this approach include, among others, (i) a well-defined local effective
action even when evaluated at momentum-dependent field configurations [6-8]; (ii) a better
convergence of perturbation theory near phase transition (PT) temperatures, with limited
dependence on the renormalization scale [8-10]; (iii) large-logarithms resummation, ~ log T'/m,
using renormalization group techniques [11]; (iv) the possibility of simulating the non-
perturbative dynamics on the lattice [12-23]. DR techniques have been widely applied to the
study of hot QCD [4, 24-29]; more recently, they are being utilized with increasing interest,
precision and sophistication, in the computation of first-order PT parameters [23, 30-55].
This endeavor has been boosted significantly in view of current [56, 57] and future [58—61]
observatories of gravitational waves (GW) produced during this sort of PTs, smoking guns
of physics beyond the Standard Model (SM).

Extensions of the SM studied within DR include the singlet [30, 39, 41, 50, 54], doublet [31,
33, 34] and triplet [32] extensions and, more recently, the SM EFT [8, 62, 63]; see also ref. [64]
for a tool aimed at computing the 3-dimensional EFT of arbitrary models of weakly-coupled
particles. Most of these works concentrate on the effects of the leading interactions in the
3-dimensional EFT, often neglecting higher-dimensional operators. However, recent studies
have showed evidence that higher-order corrections [28, 65-67] can be very important for
accurately describing the signatures of very strong PTs and the resulting GWs [51, 68].



(Moreover, the breaking of certain symmetries, e.g. charge-parity (CP), only manifests itself
in high-order EFT terms [69].)

Hence, in this article we compute the one-loop next-to-leading-order terms in the 3-
dimensional EFT of the electroweak (EW) sector of the SM, which includes operators of
up to dimension 6 in 4-dimensional units. We incorporate the effects of bosonic Matsubara
modes, thus extending previous calculations where only the top quark was considered [66].
We also clarify certain issues related to the gauge-dependency of dimension-6 interactions,
pointed out in ref. [8]. Furthermore, we go beyond the SM by including dimension-6 SMEFT
interactions in the full 4-dimensional theory, hence complementing recent works towards
understanding the phase structure of this theory [62, 63]; see also refs. [70-88]. Our results
might be also relevant for precise computations of other thermal parameters, e.g. the SM
pressure at high temperature [89].

The article is organized as follows. We introduce our conventions in section 2, where
we also describe precisely the full set of independent Green’s functions necessary for the
matching computations of our work. We provide our main findings in section 3, which includes
the matching corrections to all 3-dimensional parameters, resulting from equating off-shell
correlators computed within both the 4-dimensional and 3-dimensional theories. We dedicate
section 4 to discuss different cross-checks of our results, including comparison to previous
calculations in the literature as well as more formal aspects such as gauge-independence
of physical parameters. We close in section 5, where we also comment on an immediate
application of our work and on future directions.

2 Conventions

Our main goal is deriving the 3-dimensional effective theory describing the high-temperature
limit of the EW sector of the SM as well as of its extension with dimension-6 operators,
also known as SMEFT [90-93].
The former is described by the following 4-dimensional Lagrangian, written in Minkowski
space:
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where we use B and W for the EW U(1)y and SU(2); gauge bosons, with gauge couplings
g1 and go, respectively. The Higgs doublet is represented by ¢, with ¢ = iced*, while o9 is

the second Pauli matrix. We adopt the minus-sign convention for the covariant derivative.
For the SMEFT, we have:

LSMEFT LEMJrl{%(¢T¢)3+C¢D(¢T¢)D(¢T¢)+C¢D(¢TDM¢)*(cz)TD/Léf’)

A2
+c) (611D 1) By in)+e8) (61D L) @it o vr) +eopn (611 D ud) Gy vn)
+ [C@w{(giDugb)(ﬁﬁ/#dR)+CwR¢(¢T¢)%$¢R+h.C.} }, (22)



where ¥ = u,d, e and ¢, = ¢,l. That is, we only consider those effective interactions that
arise at tree-level in UV completions of the SM. (4-fermions are also disregarded, because
they do not appear in one-loop calculations of 3-dimensional parameters.) For the remainder
of the paper we will absorb the cut-off scale, A, into the WCs, turning them dimensionful.

In the 3-dimensional EFT, gauge bosons X, split into temporal components X and
spatial ones X,;. The most generic Lagrangian can be written as

Lo=LP+ LY+ L+ P+ L+ (2.3)

where Egn) contains the operators that can be generated at order O(g"), assuming the usual
power counting p? ~ P? ~ Y2 ~ X\ ~ ¢?, where P represents a physical momentum, as
well as cgn ~ cpp ~ Coyp ~ g%, Cypp ™~ g> and Cp ~ g*. Thus, the number n coincides with
the dimension of the corresponding operators in 4-dimensional units. In what follows, we
disregard odd powers of n because they are not generated in our computation, in agreement
with previous findings in the literature [66, 69].

With a little abuse of notation, we use the same name for 4-dimensional fields and
for their zero modes. With the help of Basisgen [94], Sym2Int [95] and ABC4EFT [96], we
obtain, in Euclidean form:
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Finally, we include the following operators with no 4-dimensional analog, namely involving
the 3-dimensional Levi-Civita tensor (others are absent in our calculation):
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where X" = " X ;. Some of these operators were studied in ref. [69] in the context of parity
violation. Therein, other operators are also considered (such as those including only gauge
bosons) but we neglect them as they are not generated in our work.

Operators in gray, whose WCs we name with 7, are redundant; they can be removed in
favor of shifts on the WCs named with ¢ using field redefinitions. For brevity, we highlight
here those shifts that will be relevant for later discussion:
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We refer to the set of operators in which redundant ones are removed following these
shifts as physical basis.

3 Results

In order to determine the static 3-dimensional limit of the Lagrangian in eqgs. (2.1) and (2.2),
we first compute the hard region of 1-particle irreducible off-shell correlators, namely Green’s



functions in the regime Q? ~ (7T)? > P? ~ p?, where Q and P refer to loop and external
momenta, respectively. We do so by iterating the following identity:

1 B 1 _ P242Q-P+p?)
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(3.1)

We subsequently split 4-momenta into temporal and spatial components, P* = (P?, ]3)
For external momenta, P vanishes. The result can be projected onto the EFT defined by
egs. (2.4)—(2.6). We work in dimensional regularization with space-time dimension D = 1+d,
with d = 3 — 2¢, and employ the background-field method [97] in the Feynman gauge;'
section 4 though for comments in general R¢ gauge. We use Feynrules [98] for the generation
of Feynman rules (with the modifications explained in ref. [51] to account for Euclidean
space-time), as well as Feynarts [99] and FeynCalc [100] for the computation of Feynman
diagrams and amplitude manipulations.

We write our results in terms of the sum-integrals I, = I, 0,0, that we obtain from the
following expressions for bosons and fermions respectively:
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upon using the recursion relations [30]
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In the equations above, vg is the Euler-Mascheroni constant and i represents the MS
renormalization scale.

We provide the full set of relations determining how the 3-dimensional EFT WCs
depend on the UV parameters in the supplementary material files matching_fer.txt and
matching bos.txt, which include fermionic and bosonic modes contributions, respectively.
For illustration, we show below the results for the Higgs operators:
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'This implies that gauge couplings do not have to be matched separately. Likewise, wave-function
renormalization factors are different from those derived without the background-field method; but matching
conditions agree upon normalizing canonically all fields.
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where N¢ stands for the number of fermion colors. Note that the WC r((zi)DQ corresponds to

a CP-violating operator and as such is not generated by considering only SM interactions
(the SM CP-violating phase does not appear at this order) but it is instead induced by new
sources of CP-violation captured by the SMEFT; the result is proportional to the leading
invariants introduced in ref. [101].

4 Cross checks

We have compared our results to order O(g*) with previous works in the literature [8, 30],
with full agreement. Moreover, we have verified that the UV divergences arising in the
computation of the hard region of the one-loop processes involving SMEFT operators match
those obtained at zero temperature [102]. Likewise, we have checked that 3-dimensional
Ward-identities hold, and that certain Green’s functions for which there is no 3-dimensional
operator vanish; e.g. the one with six B, vectors, despite the fact that the counterpart with
temporal components is non-zero.

Beyond this, there is little to cross-check against existing results, as we discuss fur-
ther below.

4.1 Comparison with ref. [66]

To our knowledge, it is only in ref. [66] that a non-negligible part of our computations were
performed before. However, only loops of fermions and only within the SM were included,
and g1 (and correspondingly B and By operators) was neglected. The results of ref. [66] are
expressed in terms of operators different from ours. Explicitly, using a for the WCs therein:
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This Lagrangian can be projected onto our Green’s basis simply using integration by
parts and certain algebraic identities. In practice, we do so by equating off-shell amplitudes



at tree level [103]. We obtain the following relations:
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all others vanish.

Using the matching conditions in ref. [66] and egs. (4.2)—(4.16), we obtain that all results
agree with ours (in the limit of no bosons and g; — 0) with the exception of the following
Ones: Ce2yy2, c%&w, rg2wp2 and ry2yypo.

It seems to us that this discrepancy lies in that 3-point functions with a single W were
not computed in ref. [66]. This amounts to assuming that 742y p2 and cyy2yype vanish. Since
these operators enter into the matching conditions for Green’s functions relevant for fixing

%LWQ and CE%WQ (e.g. WoWoWW),

corw2 (e.g. poWW), as well as into those relevant for c ;
with one of the W's coming from the covariant derivative, then the matching conditions of
these WCs get spoiled. The fact that operators like rw2wp are absent in ref. [66] seems to
contradict also similar calculations in hot QCD [28, 65]. Of course, nothing of the above

changes any of the conclusions drawn in ref. [66].

4.2 Gauge independence

The results presented in section 3 were obtained in the Feynman gauge. However, as a
consistency check of our computations, we have also performed some calculations in arbitrary
R¢ gauge, and tested that the WCs in the physical basis (which themselves are directly
related to physical quantities) are independent of £.2

2Right before the submission of this work, ref. [68] appeared on the arXiv and shows gauge dependence
canceling in the Abelian Higgs model. See also ref. [104] for a recent discussion of gauge dependence in the
functional approach.



We have paid particular attention to the computation of cye, since ref. [8] found that the
one-loop matching of this parameter was seemingly gauge dependent. As it was also correctly
anticipated there, the problem stems from the fact that certain redundant interactions
contribute to this parameter upon field redefinitions; see eq. (2.15). Indeed, in R¢ gauge
and considering only SM contributions ensuing from bosonic loops, the matching conditions
are given by:

1
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3 1
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where the G superscript in ch serves to specify that the WC is defined in the Green’s basis
and we set the gauge parameter associated to all gauge bosons to be the same, £, for simplicity.
The gauge-dependent result for cg(a agrees with what was obtained in ref. [§].

Hence, following eq. (2.17), we obtain that

cpo = 5= {—8X[5(2d — 3)g3g3 + (1 — 2d)g5 + 25¢1| + 5d(gf + 3g193 + 39193 + 305)

1
240
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which, as expected given that cys is related to a physical quantity, is independent of §. The fact
that more coefficients are necessary to be considered (besides just computing the correlator of
#%) not only cancels the unphysical gauge-dependence but also changes the numerical factors
of ¢% and introduces new terms, such as those scaling as )‘9411,2 which were absent for cgf;.
At O(g%), we also obtain that mi and )y are gauge-dependent in the Green’s basis; after
canonically normalizing the Higgs field, in R¢ gauge we obtain:

1
m§ = = {3[dlg? +363) + 24\ I} — 9m2 (g3 + 393 — 8N I3+
+m |g3(3€ — 10) + g3(9¢ — 30) + 72A| 1§} . (4.19)

This dependence is once again canceled when going to the physical basis following the
shift of egs. (2.15). The same cancellation is obtained for A.

5 Discussion and outlook

We have computed the one-loop effective action describing the high-temperature limit of the
EW sector of the SM and of the SMEFT at the soft scale ~ ¢gT to order O(g%). To this
aim, we have worked out for the first time a basis of independent 3-dimensional Green’s
functions involving the zero-temperature modes of the Higgs, the EW gauge bosons and their
temporal components, including the removal of some unphysical terms via field redefinitions.
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Figure 1. Scalar potential at different orders in ¢ at temperatures 10% above (left), at (middle) and
10% below (right) the critical temperature 7, computed at O(g?) for the case cs = 2.9; all in TeV units.
The orange band encodes the difference between including (solid) and neglecting (dashed) redundant
operator contributions to cgs. For the latter case, we consider the results in the Feynman gauge.

Our work extends previous results in the literature, that include the full O(g*) as well as the
one-loop O(g%) corrections in the SM only, and elucidates the seemingly gauge-dependence
of certain physical parameters.

Our work is technical in nature, but it finds immediate applications to different aspects of
thermal field theory. To highlight one, we very roughly estimate the size of the higher-order
corrections in the determination of PT transition parameters in the SMEFT when the only
non-vanishing dimension-6 WC is c4. The 3-dimensional tree-level scalar potential, ignoring
light Yukawas and for g = 4nT, reads:

1
Vs = [_MQ + E(g% + 395 + 8\g + 41@2)T2] o]

+ [A¢T _Sersy

T
AL+ a9l + 2910 + 393)] 6" — 6200 + O(%) . (5.1)

In figure 1, we depict this quantity at temperatures around the critical temperature T,
defined as that at which the O(g*) scalar potential presents two degenerated minima. In
figure 2, we show the nucleation temperature, the strength and the inverse duration time
of the PT computed with the help of FindBounce [105], all derivative interactions being
neglected.? For each value of cp, we fix u? and X to fit the Higgs vaccum expectation value
v ~ 246 GeV and the mass mp ~ 125GeV at zero temperature. We also show the GW
spectrum for ¢, = 2.9, obtained with PTP1ot [61, 119] (for simplicity we have simply assumed
the bubble wall velocity to be v, = 1). The sensitivity curve of LISA is drawn too. It is
evident from the figure that O(g%) corrections can modify the leading-order results by 50 % in
the strongest PTs. This reflects in sizable changes in the GW spectrum. We have also checked
that non-vanishing values for cyp or c¢,4 reduce the allowed range of values for ¢4, where a
PT takes place. (We acknowledge that the large values of ¢y require a rather low cut-off.
While the phenomenological viability of this has been discussed elsewhere [76, 79, 84, 85],
here we simply use it as a toy example.)

3A proper computation of the PT parameters should include the non-negligible effect of derivative
interactions in the EFT, via appropriate perturbative functional analysis as worked out in ref. [51]; see also
refs. [106-108]. It should also include higher-loop corrections [89, 109-111], to quartic and mass terms, as well as
quantum corrections in the EFT [112-118] (e.g. the effective potential). This is beyond of the scope of our work
though, and our naive estimation suffices to demonstrate the importance of O(g®) terms in the SMEFT PT.
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Figure 2. Nucleation temperature Ty (top left), latent heat a (top right), inverse-duration time 3/H,
(bottom left) of the PT taking place in the SMEFT as a function of ¢, and GW spectrum at ¢y = 2.9
(bottom right), at different orders in g for A = 1; all in TeV units. The orange band encodes the
difference between including (solid) and neglecting redundant (dashed) operator contributions to c.

Our work paves the way for accurate computations of thermal parameters (and most
precisely of PT and GW ones) in the SMEFT, and so within any extension of the SM in which
there is a gap between the new physics and the EW scales, and provided that T" < A. Still,
achieving full O(g%) requires a substantial amount of further computations. This includes,
among others: (i) the extension of the 3-dimensional basis with gluonic operators [28, 65] (they
do not intervene in the leading soft-scale Higgs potential, but they contribute at one loop);
(ii) the computation of relevant 2- and 3-loop matching corrections, which would then involve
4-fermion SMEFT (see ref. [89] for results within the SM); (iii) 2- and 3-loop running within
the 3-dimensional theory; (iv) the EFT at the ultrasoft scale, resulting from integrating out the
temporal components of 3-dimensional gauge fields with Debye masses; (v) the computation
of the 3-loop effective potential. We plan to address some of these points in future works.
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