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Abstract

In a previous study we investigated the spherically symmetric Schwarzschild and
Schwarzschild–de Sitter solutions within a Finsler–Randers-type geometry. In this work, we
extend our analysis to charged and rotating solutions, focusing on the Reissner–Nordström
and Kerr-like metrics in the Finsler–Randers gravitational framework. In particular, we ex-
tract the modified gravitational field equations and we examine the geodesic equations, ana-
lyzing particle trajectories and quantifying the deviations from their standard counterparts.
Moreover, we compare the results with the predictions of general relativity, and we discuss
how potential deviations from Riemannian geometry could be reached observationally.

Keywords: general relativity (GR); modified gravity theories; anisotropy; Finsler geometry;
Finsler–Randers cosmology; black holes; Schwarzschild; Kerr; Reissner–Nordström

1. Introduction

General relativity (GR) has been remarkably successful in describing gravity, black
holes, and cosmic expansion based on Riemannian geometry, which is a homogeneous
and isotropic model. However, the nature of dark energy, responsible for the accelerated
expansion of the universe, and dark matter, inferred from galactic dynamics, remain
unresolved. Additionally, GR faces singularity issues, while it is non-renormalizable,
which motivates the search for alternative theories. Modified gravity theories are obtained
through extensions and modifications of general relativity [1]. These theories are crucial to
modern cosmology, offering key insights and a foundational framework for interpreting
the universe’s physical phenomena [2] (see Figure 1 for a schematic summary of some
classes of modified gravity theories).
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Figure 1. Schematic summary of some classes of modified gravity theories, including Finsler–Randers
as an innovative extension of Finsler gravity.

On the other hand, observations of the cosmic microwave background (CMB) reveal
that the universe is not perfectly isotropic. On local scales, structures such as galaxies,
clusters, voids, and cosmic filaments introduce local anisotropies, challenging the assump-
tion of large-scale homogeneity and symmetry. In addition, the directional asymmetry
of mass particles has recently been investigated [3]. Moreover, cosmic expansion may
exhibit directional dependence, influenced by factors such as primordial magnetic fields
or asymmetric galaxy rotation [4]. Extra-dimensional theories extend GR by introduc-
ing additional degrees of freedom, offering alternative explanations for cosmic evolution,
gravity, and high-energy phenomena. The anisotropy observed in the universe may be
directly related to its matter content [5]. Specifically, it is considered that anisotropies
emerging during the cosmic expansion could have contributed to the generation of particle
creation, through mechanisms activated under conditions of rapid spacetime variation
causing an anisotropic dark energy. In addition, anisotropy in cosmological models may
provide insight into dark matter and the large-scale structure of the universe. Advances in
observational and computational techniques may offer new ways to test these theories and
refine our understanding of fundamental forces and spacetime structure.

Anisotropy can also be produced by the interaction between the internal and external
structures of spacetime. There are differences between internal and external anisotropy,
with a vector field playing a key role in influencing the metric, for instance, the structure
of Riemann spacetime. A primordial vector field, such as a magnetic field, can be embed-
ded within the structure of spacetime and cause anisotropic effects, influencing the event
horizon. Another investigation with a different perspective [6–8] proposes an ellipsoidal
universe model to explain cosmic anisotropies, linking CMB quadrupole anomalies and
cosmic parallax to intrinsic geometric properties rather than observational artifacts. In [4] a
significant rotational asymmetry is uncovered in galaxies observed by the Advanced Deep
Extragalactic Survey, suggesting early-universe structure could influence galaxy formation
and contribute to the Hubble tension. The authors of [9] detect variation in H0, pointing to
large-scale anisotropies that challenge the assumption of cosmic isotropy. In [10] galaxy
cluster–velocity dispersion scaling relations are used to rule out temperature measurement
biases as an explanation. In [11], a Bianchi anisotropic universe is explored, deriving a
cosmic shear expression in terms of eccentricity, offering a powerful approach to under-
standing deviations from homogeneity. In this paper, cosmic anisotropy is investigated
using a Bianchi model, highlighting the connections between cosmic shear, eccentricity, and
CMB quadrupole anomalies. It emphasizes the importance of considering both anisotropy
and inhomogeneity for a comprehensive cosmological framework.
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A promising geometric framework is Finsler geometry, which extends Riemannian
geometry by incorporating spacetime anisotropy, and the gravitational interactions depend
on both position and direction. In recent years, significant research has explored the
physical and cosmological implications of Finsler geometry in different ways, investigating
its potential applications to fundamental problems such as the Hubble tension, dark matter,
and dark energy [12–51], and with Lorentz violation [16,18,52–54]. Finslerian gravitational
theories play a significant role by introducing corrections to the Einstein field equations
and the Friedmann–Robertson–Walker cosmological equations, particularly in the context
of anisotropic cosmological phenomena. These issues can be studied within the framework
of Finsler or Finsler-like cosmology, offering alternative approaches to their resolutions.
Furthermore, we present some works relevant to these applications, which have contributed
to the development of this investigation in a different perspective.

In Finslerian geometry, geodesics follow a modified variational principle, leading
to equations of motion with anisotropic corrections. These modifications influence astro-
physical phenomena such as deviations from standard GR predictions, the motion of test
particles, and the structure of black hole accretion disks. By deriving solutions within the
Finsler–Randers framework, researchers obtain information about the role of anisotropic
effects in black hole physics, cosmic acceleration, and the broader implications for modi-
fied gravity theories. Understanding these effects may play a crucial role in refining our
knowledge of the fundamental structure of spacetime and its evolution.

In this context, Finsler–Randers geometry is a special case of Finsler geometry incor-
porating an additional vector field, which provides a framework for modeling anisotropic
gravitational interactions, where the gravitational field is described in the metric of the tangent
bundle of spacetime. Finsler–Randers (F-R) space was introduced by G. Randers in 1941 [55]
as a Finslerian extension of Riemannian geometry, motivated by its applications in general
relativity and electromagnetic theory [12,25,28–30,33,56–74]. This model incorporates both
forms of anisotropy, providing a framework for understanding deviations from isotropy. The
correlation between an anisotropic scalar parameter and dark energy comes from the structure
of Finsler–Randers spacetime; this is a key feature which modifies standard gravitational
dynamics. This metric has also been introduced in cosmology by [75].

In an alternative way, anisotropy has been studied in the Schwarzschild–Finsler–Randers
model (SFR), which explores modifications to gravity through Finsler–Randers geometry,
focusing on Schwarzschild-like solutions and their astrophysical implications [10–12]. These
works examine anisotropies on a cosmological scale. In addition, other relevant studies
include [76–80].

In this work, we extend Reissner–Nordström solution, which describes a charged, non-
rotating black hole, as well as the Kerr solution, which describes the spacetime around a
rotating, uncharged mass in general relativity, derived by R. Kerr in 1963 [81]. It extends the
Schwarzschild solution by incorporating the source’s angular momentum, and is therefore
essential in modeling rotating black holes; it features an event horizon and ergosphere,
which have important astrophysical implications. Modifications to these features of black
holes’ spacetime provide deeper insights into black hole thermodynamics, stability, and
gravitational lensing, highlighting the role of locally anisotropic geometries in gravitational
and electromagnetic phenomena. This generalized framework for R-N and Kerr with
Finsler geometry has also been considered in [60,75,79,81–89].

The paper is organized as follows: in Section 2 the geometric structure of the Reiss-
ner–Nordström and Kerr spacetime models is given. In Section 3, we study the extension of
the Finsler–Reissner–Nordström spacetime, derive the field equations and their analytical
solutions, and examine the behavior of geodesics and trajectories. In Section 4, we explore
a solution for a Kerr-like spacetime, solving the field equations analytically for the polar
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and radial components, and numerically for the time and azimuthal components of the
anisotropy-inducing one-form. We also analyze the corresponding geodesics and trajecto-
ries, and additionally discuss the physical implications of the results and illustrate modified
trajectories with figures. Furthermore, we briefly address the structure of the black hole
horizon in Kerr-like spacetime. Finally, in Section 5 we summarize all the findings in
the conclusions.

2. Geometrical Structure of the Models

In this section, we review the geometric and physical framework upon which we build
our models. The geometrical structure which describes our generalized space is a Lorentz
tangent bundle TM, i.e., an 8-dimensional tangent bundle of a 4-dimensional manifold with
local coordinates {xµ, yα}, where the indices of the x variables are κ, λ, µ, ν, . . . = 0, . . . , 3
and the indices of the y variables are α, β, . . . , θ = 4, . . . , 7. At each point on TM an
8-dimensional tangent space is defined, in which we make a special choice of basis known
as adapted basis. This is defined as {EA} = {δµ, ∂α}, with

δµ =
δ

δxµ =
∂

∂xµ − Nα
µ(x, y)

∂

∂yα
(1)

and

∂α =
∂

∂yα
(2)

where Nα
µ are the components of the nonlinear connection on TM.

The nonlinear connection induces a split of the total space TTM into a horizontal
distribution THTM and a vertical distribution TV TM. This split is expressed as the Whit-
ney sum:

TTM = THTM ⊕ TV TM. (3)

The geometry in hand is equipped with a Sasaki-type metric G on TM:

G = gµν(x, y)dxµ ⊗ dxν + vαβ(x, y) δyα ⊗ δyβ. (4)

This metric is clearly split into a horizontal and a vertical metric. For TM to be Lorentzian,
the individual metrics gµν(x, y) and vαβ(x, y) generally need to be pseudo-Finsler. Specifi-
cally, each metric tensor gµν and vαβ is derived from its own Finsler metric function F(x, y),
which we will write as Fg(x, y) for the horizontal metric gµν and Fv(x, y) for the vertical
metric vαβ, respectively, for which the following rules hold:

1. F is continuous on TM and smooth on T̃M ≡ TM \ {0}, i.e., the tangent bundle
minus the null set {(x, y) ∈ TM|F(x, y) = 0} .

2. F is positively homogeneous of first degree on its second argument:

F(xµ, kyα) = kF(xµ, yα), k > 0. (5)

3. The form

fαβ(x, y) = ±1
2

∂2F2

∂yα∂yβ
(6)

defines a nondegenerate matrix:

det
[

fαβ

]
̸= 0. (7)
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The tensor fαβ(x, y) that is derived from the Finsler metric function via relation (6)
is called a Finsler metric. If fαβ(x, y) has a Lorentzian signature of (+,−,−,−), then it is
called a pseudo-Finsler metric.

2.1. Linear Connection, Curvature, and Torsion

In this work, we consider a d−connection D on TM. This is a linear connection with
coefficients {ΓA

BC} = {L
µ
νκ , Lα

βκ , C
µ
νγ, Cα

βγ}, with non-vanishing components:

Dδκ
δν = L

µ
νκ(x, y)δµ D∂γ

δν = C
µ
νγ(x, y)δµ (8)

Dδκ
∂β = Lα

βκ(x, y)∂α D∂γ
∂β = Cα

βγ(x, y)∂α. (9)

The d−connection is metric-compatible when the following conditions are met:

Dκ gµν = 0, Dκ vαβ = 0, Dγ gµν = 0, Dγ vαβ = 0. (10)

A d−connection is uniquely defined when imposing the additional conditions:

• The d−connection is metric compatible;
• The coefficients L

µ
νκ , Lα

βκ , C
µ
νγ, and Cα

βγ depend solely on the quantities gµν, vαβ, and
Nα

µ ;

• The coefficients L
µ
κν and Cα

βγ are symmetric on the lower indices, i.e., L
µ

[κν]
= Cα

[βγ]
= 0.

We use the symbol D instead of D for a connection satisfying the above conditions, and
call it a canonical and distinguished d−connection. The nonzero components of this
connection are as follows:

L
µ
νκ =

1
2

gµρ
(
δkgρν + δνgρκ − δρgνκ

)
(11)

Lα
βκ = ∂βNα

κ +
1
2

vαγ
(

δκvβγ − vδγ ∂βNδ
κ − vβδ ∂γNδ

κ

)
(12)

C
µ
νγ =

1
2

gµρ∂γgρν (13)

Cα
βγ =

1
2

vαδ
(
∂γvδβ + ∂βvδγ − ∂δvβγ

)
. (14)

The generalized Ricci scalar curvature is defined as

R = gµνRµν + vαβSαβ = R + S (15)

where
Rµν = Rκ

µνκ = δκ Lκ
µν − δνLκ

µκ + L
ρ
µνLκ

ρκ − L
ρ
µκ Lκ

ρν + Cκ
µαΩα

νκ (16)

with

Ωα
νκ =

δNα
ν

δxκ
− δNα

κ

δxν
(17)

being the non-holonomy coefficients. For a more detailed analysis, see [90].

2.2. Field Equations

A Hilbert-like action on TM is [44]

K =
∫

N
d8U

√
|G| R+ 2κ

∫

N
d8U

√
|G| LM (18)
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for some closed subspace of the Lorentz tangent bundle N ⊂ TM, where |G| is the
absolute value of the metric determinant, LM is the Lagrangian of the matter fields, κ is a
constant, and

d8U = dx0 ∧ . . . ∧ dx3 ∧ dy4 ∧ . . . ∧ dy7 (19)

is the 8-volume element.
Variation in the action with respect to gµν, vαβ, and Nα

κ yields the field equations:

Rµν −
1
2
(R + S) gµν +

(
δ
(λ
ν δ

κ)
µ − gκλgµν

)(
DκT β

λβ − T γ
κγT β

λβ

)
= κTµν (20)

Sαβ −
1
2
(R + S) vαβ +

(
vγδvαβ − δ

(γ
α δ

δ)
β

)(
DγC

µ
µδ − Cν

νγC
µ
µδ

)
= κYαβ (21)

gµ[κ∂αL
ν]
µν + 2T β

µβgµ[κC
λ]
λα =

κ

2
Zκ

α (22)

with

Tµν ≡ − 2√
|G|

∆
(√

|G| LM

)

∆gµν = − 2√−g

∆(
√−gLM)

∆gµν (23)

Yαβ ≡ − 2√
|G|

∆
(√

|G| LM

)

∆vαβ
= − 2√−v

∆
(√−vLM

)

∆vαβ
(24)

Zκ
α ≡ − 2√

|G|
∆
(√

|G| LM

)

∆Nα
κ

= −2
∆LM

∆Nα
κ

(25)

where LM is the Lagrangian of the matter fields; δ
µ
ν and δα

β are the Kronecker symbols; |G|
is the absolute value of the determinant of the total metric (4), with

Rµν ≡ Rµν − Cκ
µαΩα

νκ (26)

and
T α

νβ = ∂βNα
ν − Lα

βν (27)

are torsion components, where Lα
βν is given by (12). From (4), it immediately follows that√

|G| = √
g
√

v, with g, v being the determinants of the metrics gµν, vαβ, respectively. The
constant κ is found by taking the GR limit of the theory:

κ = 8π (28)

where we assume units where c = 1 (the speed of light in vacuum) and G = 1 (the
Newtonian gravitational constant), a condition that holds for the rest of this work unless
specified otherwise.

2.3. The Finsler–Randers Metric

A special class of Finsler metric functions is the Finsler–Randers metric function. In
some previous works, it has been proposed that the vertical metric tensor vαβ of the Sasaki
metric (4) is derived by the Finsler–Randers metric function

Fv(x, y) =
√

gµν(x)yµyν + A(R)γ(x)yγ (29)

where gµν(x) is a pseudo-Riemannian Lorentzian metric tensor and |A(R)γ(x)| ≪ 1. The
metric tensor derived from (29) by using the rule (6) is a Finsler–Randers metric tensor.
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The horizontal Finsler metric function in this approach is defined as

Fg(x, y) =
√

gµν(x)yµyν (30)

When we apply the metric function (30) in relation (6), we get the Riemannian metric gµν(x)

as the horizontal metric of the Sasaki metric tensor.
A notable application of this metric class is the Schwarzschild–Randers metric, which

has been studied in a recent series of works [13,76–80]. The pseudo-Riemannian metric
gµν(x) takes the form of the classic Schwarzschild metric:

ds2 =

(
1 − RS

r

)
dt2 −

(
1 − RS

r

)−1

dr2 − r2dΩ2 (31)

where
RS = 2M (32)

is the Schwarzschild radius, M the mass equivalent of the Schwarzschild body, and

dΩ2 = dθ2 + sin2 θ dϕ2 (33)

the metric of the 2-sphere. The nonlinear connection is

Nα
µ =

1
2

yγgαβ∂µgβγ (34)

where the metric gµν is lifted to the vertical subspace via the relation

gαβ = δ̃
µ
α δ̃ν

βgµν (35)

with δ̃
µ
α equal to 1 if α = µ + 4 and equal to 0 otherwise.

The Randers one-form A(R)γ(x) is obtained as the solution of the field
Equations (20)–(22), with the condition |A(R)γ(x)| ≪ 1 [12]:

A(R)γ(x) =

[
Ã0

∣∣∣∣1 −
RS

r

∣∣∣∣
1/2

, 0, 0, 0

]
(36)

with Ã0 a constant.

2.4. Reissner–Nordström and Kerr Metrics

In this work, we study Finsler–Randers generalizations of two classic GR solutions,
the Reissner–Nordström metric,

ds2 =

(
1 − RS

r
+

Q2

r2

)
dt2 −

(
1 − RS

r
+

Q2

r2

)−1

dr2 − r2 dθ2 − r2 sin2 θ dφ2 (37)

and the Kerr metric:

ds2 = −
(

dr2

∆
+ dθ2

)
ρ2 +

(
dt − a sin2 θ dϕ

)2 ∆

ρ2 −
((

r2 + a2
)

dϕ − a dt
)2 sin2 θ

ρ2 (38)

where
∆ = r2 − RSr + a2 (39)

a =
J

M
(40)
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ρ2 = r2 + a2 cos2 θ (41)

Q is the charge of the body, J the angular momentum of the body, and RS the
Schwarzschild radius.

3. Finsler–Randers–Reissner–Nordström Spacetime

The Reissner–Nordström (R-N) metric (37) describes a spherically symmetric space-

time, where f (r) = gtt = 1 − 2M
r + Q2

r2 . The solution of the field Equations (20)–(22) for
the Randers one-form is therefore inferred from the general solution of the spherically
symmetric problem [12] to be

A(R)γ(x) =

[
Ã0

∣∣∣∣1 −
2M

r
+

Q2

r2

∣∣∣∣
1/2

, 0, 0, 0

]
(42)

where Ã0 is an unspecified normalization constant that satisfies the perturbative assump-
tion |A(R)γ(x)| ≪ 1.

The line element of a curve in a Randers-type spacetime is defined to be

ds =
√

gµνdxµdxν + A(R)µdxµ (43)

with A(R)µ being the anisotropy-inducing Randers one-form, and the Lagrangian is given

as L = ds
dλ with respect to an affine parameter λ such that

√
gµν

dxµ

dλ
dxν

dλ = σ is a constant
along the curve. We posit that physical trajectories are geodesics of our spacetime which
extremize the length

∫ B
A ds between points A and B of the manifold, and are therefore

found by solving the corresponding Euler–Lagrange equations. However, we characterize
these geodesics as timelike, lightlike, or spacelike depending on the sign of the Riemannian
line element:

• Timelike: σ2 = 1 along the curve;
• Lightlike: σ2 = 0 along the curve;
• Spacelike: σ2 = −1 along the curve.

This choice is made in order to preserve the invariance of the speed of lightlike
signals for all observers in our spacetime. Because the spatial metric can always be
made locally Minkowski by a diagonalizing transformation of the spatial coordinates,
in this locally Lorentz frame (t, X) the Riemannian line element can be written as√

gµνdxµdxν =
√

dt2 − dX2. This choice of reference frame allows us to see that setting
σ = 0 amounts to

∣∣ dX
dt

∣∣ = 1 for a lightlike trajectory.
The Euler–Lagrange equations for L of a unit-charge particle, with the addition of an

electromagnetic tensor Fµν, furnish the geodesic equations

ẍµ + Γµ
νρ ẋν ẋρ − σgµνΦ(R)νρ ẋρ = σgµνFνρ ẋρ (44)

which we write compactly by defining Φµν = Fµν + Φ(R)µν, or Φµν = ∂µ Aν − ∂ν Aµ with
Aµ = A(R)µ + A(EM)µ, where A(EM)µ is the electromagnetic 4-potential:

ẍµ + Γµ
νρ ẋν ẋρ = σgµνΦνρ ẋρ. (45)

We take the indices to correspond to the usual spherical coordinates, i.e.,
(x0, x1, x2, x3) ≡ (t, r, θ, ϕ). The unified one-form Aµ is only nonzero in its time component,
which we denote as A0 = F(r):

F(r) = A(EM)0 + A(R)0 =
Q

r
+ Ã0

√
f (r) (46)
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where, for the Reissner–Nordström metric, f (r) = 1 − 2M
r + Q2

r2 .
The resulting equations for µ = 2, 3 are readily integrated to give, respectively,

d

dλ
(r2θ̇) =

1
2

r2 sin 2θ(ϕ̇)2

d

dλ
(r2ϕ̇) = −2r2 cot θ θ̇ϕ̇

(47)

which we shall simplify by restricting our attention to trajectories that lie on the equatorial
plane θ = π

2 with no loss of generality, as spherical symmetry dictates that all orbits be
confined in the plane spanned by the radial direction vector and the velocity vector. Of
the above equations, one is therefore satisfied trivially and the other yields the angular
momentum conservation law

r2ϕ̇ = l (48)

where l is an integral of motion corresponding to the orbital angular momentum.
The µ = 0 equation reads

ẗ +
f ′(r)
f (r)

ṫṙ = −σ
F′(r)
f (r)

ṙ (49)

which, by recalling that d
dλ F(r) = F′(r)ṙ, gives us the energy integral

f (r)ṫ = −σF(r) + E (50)

where E is the resulting integral of motion. Note that f ′(r) denotes differentiation of f (r)

with respect to the variable r.
Lastly, we write the µ = 1 equation:

r̈ − f ′(r)
2 f (r)

(ṙ)2 +
f (r) f ′(r)

2
(ṫ)

2 − r f (r)
(

sin2 θ(ϕ̇)
2
+
(
θ̇
)2
)
= −σ f (r)F′(r)ṫ. (51)

Substituting the previous expressions for ṫ and ϕ̇ in terms of E and l and rearranging
permits us to integrate the equation, introducing an integration constant ϵ, reaching the
resulting expression

(ṙ)2 + f (r)

(
l2

r2 + ϵ

)
= E2 + σ2F2(r)− 2σEF(r) (52)

which completes the set of equations required to describe a geodesic trajectory in our
Finsler-like spacetime, as at every point all yα coordinates are given by the tangent vector
components yα(λ) = δ̃α

µ
dxµ(λ)

dλ .
We can immediately identify the integration constant ϵ as the square of the Riemannian

interval, by evaluating the expression σ2 = gµν ẋµ ẋν, which gives us the equation

(ṙ)2 + f (r)

(
l2

r2 + σ2
)
= E2 + σ2F2(r)− 2σEF(r) (53)

and so we conclude that ϵ = σ2. One can therefore proceed to restrict these geodesic equations
to lightlike or timelike trajectories by setting σ = 0 or σ = 1, respectively. In the former case
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we observe that all of our equations return to their GR counterparts as all of the additional,
perturbing terms are weighted by σ and are therefore lost. That is, lightlike curves satisfy

f (r)ṫ = E

(ṙ)2 + f (r)
l2

r2 = E2,
(54)

which are the same equations that define lightlike trajectories in a classical Reissner–
Nordström spacetime. We therefore find no observable imprint of the Finsler–Randers
geometry on lightlike trajectories, and expect all related quantities, such as the amount of
the deflection of light rays, to remain unchanged.

On the other hand, timelike trajectories satisfy

f (r)ṫ = −F(r) + E

(ṙ)2 + f (r)

(
l2

r2 + 1
)
= E2 + F2(r)− 2EF(r)

(55)

where we identify the effective radial potential

Ve f f (r) =
f (r)

2

(
l2

r2 + 1
)
− 1

2
F2(r) + EF(r) (56)

and observe a correction term in the energy of the orbit in addition to the standard effective
potential of a spherically symmetric spacetime

Ve f f ,GR(r) =
f (r)

2

(
l2

r2 + 1
)

. (57)

In Figure 2 we qualitatively plot a timelike orbit of a unit mass and charge particle
in the above potential. The motion is compared to the respective orbits in the standard
GR Schwarzschild and Reissner–Nordström spacetimes with identical initial conditions,
whereas the orbital energy differs as a result of the modified energy integral. The orbits are
quickly precessing Keplerian ellipses and fall back to the classical Schwarzschild orbit in
the zero charge and Ã0 limit.

In Figure 3 we illustrate the dependence of the effective potential on the black hole
charge Q and the Randers one-form magnitude Ã0, stressing that our solution is found to
the first order in Ã0. The potential well that confines stable orbits is seen to descend and
diminish in depth before it disappears as Q increases.

Figure 2. Cont.
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Figure 2. (Top) Bounded timelike orbits of a unit mass and charge particle in a Finsler–Randers–
Reissner–Nordström, classical Reissner–Nordström, and classical Schwarzschild spacetime. The
black hole Schwarzschild radius Rs is set to 1 and the photonsphere (red dashed circle), identical
for all three spacetimes, lies at 1.5Rs. (Bottom) The radial motion of the orbits (black trail) on the
respective effective potential. For all orbits we choose l = 2.65 and determine the initial conditions
so that E = 0.97 for the FRRN orbit (green dashed line). For the spacetime parameters we have
additionally set Q = 0.1M and Ã0 = 0.01. The radial motion integration is performed using a nested
4th-order Runge–Kutta algorithm.

Figure 3. The radial effective potential for timelike trajectories in the Finsler–Randers–Reissner–
Nordström spacetime for a massive, charged particle. The potential is taken as a function of the black
hole charge Q and plotted for values of the Randers one-form magnitude Ã0 ranging linearly from
0 (green) to 0.1 (purple). It is defined with (ṙ)2 + Ve f f (r) = E2, with parameters l = 2 and E2 = 0.97
in units where c = 1, G = 1, and M = 0.5. The bold line on the Ã0 = 0 sheet, Q = 0, represents the
Schwarzschild effective potential.
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4. A Kerr-like Approach for a Finsler–Randers Spacetime

We now treat the case of the Kerr spacetime with a Finsler–Randers perturbation to
the line element. The solution of the field equations is derived analytically for the A5, A6

components of the Randers one-form, which are independently found to vanish, and
numerically for the A4, A7 components, which satisfy a nested PDE system. We find that
any nonzero components of Aµ diverge at the limit of radial infinity, and go on to restrict
our region of interest in the vicinity of the black hole so that our assumption that Aµ is of
perturbative nature and negligible in terms of order that is quadratic or higher is respected.

The following should therefore be understood as an application of a first-order scheme
that is only locally applicable as, at greater distances, the full nonperturbative solution must
be utilized. Depending on the latter’s behavior, one may find either that the divergence is no
longer present, or that the complete solution for the Finsler–Randers (F-R) Kerr spacetime
diverges at infinity, in which case the model would exhibit some exotic or unphysical
properties. One such example would be the influence of the black hole on geodesics on the
asymptotically flat background far away from the black hole, diverting them from being
straight lines.

4.1. Solution of the Field Equations

We proceed to employ the Kerr metric (38) as an ansatz for the Riemannian part of the
Finsler–Randers metric function (29). The Kerr metric describes a rotating, non-charged
black hole in vacuum; thus, the momentum tensors vanish:

Tµν = Yαβ = 0. (58)

Moreover, similarly to the Reissner–Nordström case and the Schwarzschild case studied
in [12], the Riemannian metric gµν is independent of y, implying that the Cartan tensor
Cκ

µα vanishes. As a consequence, the Ricci tensor R̄µν reduces to its general relativity limit
through (26)—which vanishes for the Riemannian Kerr metric—and the S-curvature tensor
vanishes as well. Thus, Equation (20) reduces to the same form as (A2) for the R-N case.

Assuming |A(R)γ| ≪ 1 and neglecting quadratic terms in A(R)γ, following the same
analysis as presented in [12] and outlined in Appendix A, and substituting (A12) and (A14)
into (A15), we arrive at

∂µ∂ν Aγ − 1
2

gβδ∂νgδγ ∂µ Aβ −
1
2

gβδ∂µgδγ ∂ν Aβ

+
1
4

Aβ

(
1
2

gβϵgδζ∂νgϵδ ∂µgγζ +
1
2

gβϵgδζ ∂µgϵδ ∂νgγζ

− ∂µgβδ ∂νgγδ − ∂νgβδ ∂µgγδ − 2gβδ∂µ∂νgγδ

)

− 1
2

gκλ(∂µgκν + ∂νgκµ − ∂κ gµν)

(
∂λ Aγ − 1

2
Aβgβδ∂λgγδ

)
= 0

(59)

by direct application of Equation (A15). We now proceed to solve (59) in order to determine
the components of A(R)γ. In the following we assume that the Randers 1-form components
A(R)γ(r, θ) are independent of t, ϕ, reflecting the spacetime’s axisymmetry and stationarity.
Selecting (µ, ν) = (0, 0), (0, 3) and γ = 6, we obtain the equations

∂1 A6 −
A6

2
g22∂1g22 = 0

∂2 A6 −
A6

2
g22∂2g22 = 0,

(60)
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which admit the solution A6 = Ã6ρ, where Ã6 is a constant. Similarly, for γ = 5, we obtain

∂1 A5 −
A5

2
g11∂1g11 = 0

∂2 A5 −
A5

2
g11∂2g11 = 0,

(61)

which admit the solution A5 = Ã5
ρ√
∆

. In both the γ = 5 and the γ = 6 cases, by substitution

of the aforementioned solutions into the equation corresponding to (µ, ν) = (1, 1), one
shows that it is satisfied only if Ã5 = 0 and Ã6 = 0. Thus, the components A5 and A6

reduce to the trivial solutions
A5 = 0, A6 = 0. (62)

Equation (59) for the components A4 and A7 yield, with the choices
(µ, ν) = (0, 0), (0, 3), (3, 0), (3, 3), the following nested set of PDEs:

∂1 A7 −
1
2
(g00∂1g03 + g03∂1g33)A4 −

1
2
(g03∂1g03 + g33∂1g33)A7 = 0

∂2 A7 −
1
2
(g00∂2g03 + g03∂2g33)A4 −

1
2
(g03∂2g03 + g33∂2g33)A7 = 0

∂1 A4 −
1
2
(g00∂1g00 + g03∂1g03)A4 −

1
2
(g03∂1g00 + g33∂1g03)A7 = 0

∂2 A4 −
1
2
(g00∂2g00 + g03∂2g03)A4 −

1
2
(g03∂2g00 + g33∂2g03)A7 = 0.

(63)

The solutions are determined numerically up to a normalizing factor and depicted in
Figure 4. The nested set of PDEs is integrated within a confined region of the (r, θ)

plane in the ranges r/Rs ∈ (2, 10) and θ ∈ (0, π) by evaluation of the partial deriva-
tive on grid points and propagation of the function in the respective direction through
a simple Euler-like algorithm. The data points are then fit with a Fourier series of the
form f f it(r, θ) = ∑n,m(sin( nπr

8 ) + cos( nπr
8 ))(sin(mθ

2 ) + cos(mθ
2 )) up to terms of

nmax = 15, mmax = 15, and so the solution is obtained within the restricted region in
terms of its Fourier coefficients.

Both functions appear to diverge in an oscillating manner at the limit of infinite r, and
so the solutions are restricted to a finite region with a radial cutoff such that the first-order
approximation in the magnitude of Aµ is respected, and the maxima of the absolute values
of its components remain well below 1. One should note that these solutions have not been
verified to satisfy all choices of indices µ, ν in (59) as no complete explicit expressions have
been obtained.

Figure 4. Numerical solutions for the A4, A7 components of the Randers one-form in the Kerr–
Randers spacetime. The normalization is arbitrary and was chosen for the initial grid point so that
the maximum absolute values are in the order of 10−5. Beyond the radial cutoff, the A4, A7 functions
continue to increase indefinitely and diverge at radial infinity.
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4.2. Geodesics in the Kerr F-R Spacetime

The procedure for obtaining the geodesics follows the same principles that were stated
in Section 3 for the Reissner–Nordström spacetime. Minimization of the action given by
the Kerr line element with a Randers perturbation, as shown in (43), yields the vacuum
equations of motion:

ẍµ + Γ
µ
νρ ẋν ẋρ = σgµνΦ(R)νρ ẋρ (64)

with Φ(R)µν = ∂µ A(R)ν − ∂ν A(R)µ. As before, we note that lightlike geodesics, found with
σ = 0, are identical to their Riemannian counterparts, and so all associated quantities
remain invariant in transitioning to the Finsler–Randers framework.

Timelike geodesics are characterized by σ = 1 and therefore differ from the Rieman-
nian trajectories. We illustrate this difference by performing a numerical integration of one
such orbit in Figure 5, where the timelike motion in the F-R Kerr spacetime is contrasted
with the corresponding geodesic path in the classical Kerr spacetime obtained via the
same initial conditions. The integration is performed using a 4-dimensional nested Runge–
Kutta 4-th order algorithm on the Boyer–Lindquist coordinate basis, and graphed using
an asymptotically Cartesian grid (ρ cos ϕ, ρ sin ϕ, z) where ρ =

√
r2 + α2 sin θ, z = r cos θ.

Since we do not have an analytical expression for A4, A7 but rather a Fourier series approx-
imation, we integrate the geodesic equation ẍµ + Γ

µ
νρ ẋν ẋρ = σgµνΦ(R)νρ ẋρ directly with

numerical methods.

Figure 5. Orbit of a timelike particle in the Kerr and Kerr–Randers (F-R) spacetime plotted in Boyer–
Lindquist coordinates. The particle is given identical initial conditions and the equations of motion are
then integrated numerically; in the latter case with the inclusion of the perturbing Randers one-form
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components A4, A7. The initial conditions are chosen such that the orbits are restricted within the
(r, θ) domain where the solutions of the A4, A7 components are defined. The black hole’s parameters
are set to M = 0.5 and α = 0.3.

4.3. Quasinormal Modes of Background Fields

A generic field ϕI(x, y) with a collection of tensor or spinor indices I will be governed
by a Lagrangian density L[ϕI , ∂µϕI ] that furnishes the field equations upon minimization
of the action with respect to ϕI . Transferring this field to our 8-dimensional Finslerian
manifold, we may generalize the Lagrangian LF[ϕ

I , ∂µϕI , ∂αϕI ] to admit derivatives of the
field along the tangent directions as well.

We may postulate, however, that the field ϕI is constant over the vertical part of the
tangent bundle; that is, that the field is uniquely determined and single-valued everywhere
in spacetime. This has been utilized in Appendix A to justify that the field’s energy–
momentum tensor coincides with its Riemannian energy–momentum tensor. With this
ansatz, all derivatives along the tangent directions thus vanish and the Lagrangian reduces
to its initial form LR[ϕ

I , ∂µϕI ]. Variation of the action with respect to the field ϕI will
therefore produce the same equations of motion one would obtain in the Riemannian
setting, supplemented by the fact that all inner products along the spatial (that is, non-
tangent) vector, including derivatives, are taken with the spatial metric gµν and hence no
additional contribution from our Randers perturbation emerges, with the field equations
consequently remaining the same as those used in the Riemannian setting, and admitting
the same oscillatory modes.

We will demonstrate the above for a massive Klein–Gordon scalar field ϕ(x, y). We
write a Klein–Gordon Lagrangian density with the addition of a quadratic term on the
tangential space:

1√−g
L =

1
2

gµνDµϕ · Dνϕ +
1
2

vαβDαϕ · Dβϕ +
1
2

m2ϕ2. (65)

The Euler–Lagrange equations with respect to ϕ give us the field equation

gµνDµDνϕ + vαβDαDβϕ = m2ϕ (66)

which can be examined for oscillatory modes in the entire 8-dimensional manifold. Choos-
ing to restrict the dependence of ϕ to the horizontal part results in the standard massive
Klein–Gordon equation

gµνDµDνϕ = m2ϕ (67)

that one obtains classically. From this point onward the procedure of solving for the field’s
quasinormal modes reduces to the analysis performed by [82] for a massive scalar field in
the Kerr manifold.

5. Conclusions

In this article, we extended the Finsler–Randers cosmological framework to in-
corporate charged and rotating spacetimes, focusing on generalizations of the Reiss-
ner–Nordström and Kerr solutions. Building upon previous investigations of spherically
symmetric configurations, our analysis explored the consequences of local anisotropy
introduced via internal coordinates on the structure of black hole solutions.

Through the modified gravitational field equations we derived solutions for the
perturbing Randers one-form on the manifold and analyzed the geodesic motion of the
test particles. Within our formulation of timelike and lightlike character based on the
Riemannian line element, these results confirm that lightlike geodesics remain unaffected by
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Finsler–Randers perturbations, preserving observational predictions from general relativity
(GR). However, timelike geodesics exhibit significant deviations, particularly in the form of
modified energy integrals and effective potentials. These corrections manifest as shifts in
orbital dynamics, including precession and energy variations, which vanish in the isotropic
or uncharged limits.

The exploration of timelike orbits and the radial effective potential reveals key mod-
ifications in particle dynamics within the Finsler–Randers–Reissner–Nordström (FRRN)
spacetime. We have qualitatively compared bounded orbits in the Finsler–Randers, stan-
dard Reissner–Nordström, and Schwarzschild spacetimes, where in the limit of vanishing
charge and of vanishing perturbing field, the orbits approach the Schwarzschild solution
(see Figure 2). We have examined the radial effective potential’s dependence on the per-
turbing one-form’s magnitude Ã0 and the black hole charge Q, with the stable region
seen to become shallower and reduce the stability of orbits, eventually vanishing (see
Figure 3). These results highlight the significant influence of anisotropic perturbations on
the spacetime structure and provide a framework for further investigations of deviations
from general relativity in locally anisotropic spacetime.

To further research the impact of Finslerian geometry on a rotating spacetime, we
partially derived an analytical solution for the Randers field in the Kerr spacetime and
supplemented our result with numerical solutions for the remaining components. By
performing simulations of particle motion in the perturbed Kerr spacetime, we found
similar deviations from the classical trajectories when it comes to timelike orbits.

Our results demonstrate that the inclusion of internal anisotropic degrees of free-
dom leads to measurable deviations in the geometry, particularly near strong gravita-
tional regions such as black hole horizons. Modifications in the causal structure indi-
cate that Finsler–Randers gravity may offer an enriched phenomenology compared to its
Riemannian counterpart.

This investigation highlights the potential of Finsler–Randers cosmology to serve
as a viable extension of general relativity, capable of accommodating anisotropies and
direction-dependent phenomena within a consistent geometric framework in FRRN and
Kerr-like solutions. Further investigations may elucidate observational signatures of such
deviations, particularly in high-precision astrophysical or cosmological settings. Such
systems allow one to study in particular the effect of modified timelike geodesics on the
motion of particles in the vicinity of a black hole and the resulting emission spectra [85,91],
which can, in principle, be compared to observations.
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Abbreviations

We remind the reader of the meaning of the following symbols:

F-R Finsler–Randers
R-N Reissner–Nordström
FRRN Finsler–Randers–Reissner–Nordström

Appendix A

In this appendix we derive the solution for the anisotropy-inducing Randers one-form
A(R)µν, which we denote here simply as Aµν, using the generalized Einstein equations as
stated in (20)–(22). The first of these, taking S = 0, as one finds by taking the trace of the
second equation, reads

Rµν −
1
2

Rgµν + (δ
(λ
ν δ

κ)
µ − gκλgµν)(DκT β

λβ − T γ
κγT β

λβ) = Tµν. (A1)

At this point, one ought to recognize that Tµν is the same energy–momentum tensor
that describes the electromagnetic field of the Reissner–Nordström spacetime in its GR
treatment. This is because Tµν results from the variation of the electromagnetic Lagrangian
with respect to the metric gµν, and there is no obvious reason why this should differ once
we move to a Finslerian perspective.

The definition of the curvature tensor in a Finsler spacetime guarantees that it reduces
to its Riemannian counterpart as long as the metric has no dependence on y and thus
all derivatives acting on it reduce to partial derivatives. It therefore satisfies, for the
Reissner–Nordström metric, R = 0, and consequently Rµν = Tµν. We are thus left with

(δ
(λ
ν δ

κ)
µ − gκλgµν)(DκT β

λβ − T γ
κγT β

λβ) = 0. (A2)

The torsion terms
T γ

κγT β
λβ

are neglected, as they are of first order on wαβ, as demonstrated if we substitute (12) and
the non-linear connection

Nα
µ =

1
2

yγgαβ∂µgβγ (A3)

into relation (27), taking

T α
µα = −1

2
δµw (A4)

with w = gαβwαβ. By taking the trace on the remaining terms of (A1), we obtain the
following equation, which we then substitute into the same relation

gµνDµT α
να = Tµν (A5)

concluding that
D(µT α

ν)α = Tµν − Rµν (A6)

Proceeding with the application of the non-vanishing components of the linear con-
nection (d-connection) (8), (9), we receive the definition for partial covariant differentiation
given below, e.g., for X ∈ TTM:

XA
|ν ≡ DνXA = δνXA + LA

νBXB (A7)
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which is the h-derivative. In view of this, equation (A6) becomes

δ(µT α
ν)α − Lκ

µνT α
κα = Tµν − Rµν. (A8)

Returning to equation (A4), we proceed by substituting w with its explicit
analytical expression,

wαβ =
1
σ

(
Aβgγβyγ + Aγgαβyγ

)
+

1
σ3 Aγδαϵgβηyγyϵyη (A9)

and we obtain T α
µα in terms of Aγ:

T α
µα = −5

2
δµ

(
Aγ

yγ

σ

)
(A10)

Moreover, we can show that

δν

(
yβ

σ

)
= −E

β
γν

yγ

σ
(A11)

with
E

β
γν(x) ≡ 1

2
gαβ∂νgαγ (A12)

Using (A10) and (A11), we finally acquire

T α
µα = −5

2
Kγν

yγ

σ
(A13)

where
Kνγ(x) ≡ ∂ν Aγ − AβE

β
γν (A14)

From relation (A13) we can further calculate (A8):

[
1
2

∂(µKν)γ − 1
2

E
β

γ(µ
Kν)β −

1
2

Lλ
µνKλγ

]
yγ

σ
=

1
5

(
Rµν − Tµν

)
(A15)

Relation (A15) must be satisfied for every choice of y. Since the expression enclosed within
parentheses does not exhibit any dependence on y, we are compelled to conclude that,
when the right-hand side vanishes, the expression must vanish identically for the relation
to hold universally.
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