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ABSTRACT
This study investigates the quantum features of quantum entanglement (QE) in N-level atomic systems interacting with the thermal state
subjected to varying Stark shift (SS) parameters. The N-level atomic system does not move in the presence of the SS interacting with the
electromagnetic field. It is observed that a larger value of the SS parameter influences the quantum Fisher information (QFI) of 5-level atomic
systems and increases the value of QFI of the 5-level atoms compared to 3- and 4-level atomic systems. The von Neumann entropy (VNE)
also increases for the 5-level atoms at different values of the SS parameter. Hence, it is concluded that the SS enhances the VNE of a higher
dimensional atomic system such as the 5-level atom. The QE of a higher dimensional atomic system such as the 5-level atom increases with
the evolution of time at larger values of the SS parameter, and it also sustains as time progresses. The effect of the SS is more prominent on
the 5-level atomic system. When an atom is in motion, in the presence of the SS interacting with the thermal state, the sudden death and birth
of QE are observed. The SS environment is favorable for maintaining sudden death and birth of QE, so we can say in the case of a moving
N-level atom interacting with the electromagnetic field, the SS supports the QE to maintain and sustain. Hence, non-moving and moving-
N-level atomic systems interacting with the electromagnetic field in the presence of the SS are supportive of maintaining and sustaining the
QE.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0223882

I. INTRODUCTION

In the framework of quantum physics, notably in the study
of quantum information theory and quantum thermodynamics, the
relationship between electromagnetic field and thermal field is evi-
dent. In classical physics, thermal states refer to the distribution
of thermal energy or heat within a system. In quantum physics,
thermal states are described using concepts from statistical mechan-
ics, where the behavior of large ensembles of particles is analyzed
statistically. When quantum systems are in a thermal state, their
quantum states can exhibit quantum entanglement (QE). The QE
present in these thermal states can play a role in phenomena such
as quantum phase transitions or in the behavior of quantum sys-
tems at finite temperatures. Thermal states describe the distribu-
tion of heat or energy in classical and quantum systems, and QE
introduces a new layer of complexity by showing how quantum

states can be interconnected in ways that classical physics cannot
account for. The interplay between thermal states and QE is an active
area of research in quantum information theory, quantum thermo-
dynamics, and related fields. At temperature T, a source in thermal
equilibrium emits a thermal state. Our understanding of the ther-
mal state is therefore somewhat restricted because we only know
the energy’s mean value.1,2 QE can always happen when a single
qubit in a pure state interacts with an arbitrarily large system in
any mixed state, as recently shown by Bose et al.3 To do this, the
authors modeled the interaction between a thermal state and a two-
level atom. Using this paradigm, they studied the entangling of a
qubit with a large system specified in an infinite-dimensional Hilbert
space. When the system and thermal state get entangled, the system
is reduced to a mixed state. In this work, we look into the follow-
ing query: “Is it possible for qubits to become entangled in a thermal
state, which is an extremely chaotic field?” The issues involved in
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entangling two atoms or qubits through their mutual interaction
with a chaotic field may be entirely different from those involved
in entangling an atom and a field. It is possible for both atoms to
become entangled in the cavity field mode even if they are originally
prepared in their exited states. The two models are not identical,
though. In Ref. 4, cavity leakage and atomic spontaneous emission
are not taken into account; in contrast, cavity leakage is the main
factor in Ref. 5. In this situation, the interaction between the field
and the atoms is limited to the strong-coupling regime. However,
as Kim et al.4 recently demonstrated, QE between two atoms can
be partially induced by such an uncorrelated field. By monitoring
the evolution of two identical two-level atoms interacting resonantly
with a single-mode thermal state, they were able to calculate the QE
between the atoms as a function of time t. It is demonstrated that
the two atoms’ initial states affect their level of QE. If one atom
begins in the ground state and the other in the excited state, the
thermal state can induce low-degree two-atom QE. Conversely, if
both atoms are originally excited, resonant contact with a thermal
state cannot produce any QE. Paternostro et al.5 presented a strategy
for the development and protection of two-qubit QE more recently.
This method took into account the interaction between a leaky cavity
in a single-mode thermal state and two-level atoms. Their work has
led to the possibility of correctly modulating the atomic transition
frequency.

The splitting and shifting of atoms’ and molecules’ spectral
lines as a result of an external electric field is referred to as the Stark
shift (SS). This phenomenon was first observed by Johannes Stark
in 1913. When an atom or molecule is subjected to an electric field,
the energy levels of its electrons are altered, causing changes in the
wavelengths of light emitted or absorbed by the atom or molecule.
In theoretical studies, researchers may consider systems of entangled
atoms or molecules subjected to external electric fields. The presence
of QE can affect how the SS manifests in such systems, poten-
tially leading to unique spectroscopic signatures or interactions that
differ from those of non-entangled systems. In these applications,
researchers may explore how external fields, including electric fields
that could induce SS, interact with entangled qubits (quantum bits)
or quantum systems designed for information processing purposes.
The SS can also be used as a tool to study entangled states or to
manipulate quantum systems. For instance, researchers may investi-
gate how the SS of entangled energy levels depends on the degree
of QE or how it can be controlled to engineer specific quantum
states. Quantum QE and the Stark effect in hydrogen-like atoms
were studied by Safronova et al., who also explored the influence
of quantum QE on the SS in hydrogen-like atoms, providing theo-
retical insights into the interplay between QE and external electric
fields.6 Quantum QE and the Stark effect were studied by Vourdas,
who also discussed the connection between quantum QE and the SS,
presenting mathematical formalism and theoretical considerations
related to entangled states in the context of quantum mechanics.7
QE-assisted Stark effect was studied by S. Ghose, and B. C. Sanders
investigated how QE between two qubits can enhance or modify the
SS.8

When atoms or molecules are subjected to an external elec-
tric field (causing the SS), they are typically also influenced by
their thermal environment. The thermal motion of particles in the
environment can lead to fluctuations in the electric field experi-
enced by the atoms or molecules, affecting the SS. This interplay

between the external field and the thermal environment can be
studied theoretically and experimentally to understand how ther-
mal fluctuations impact spectroscopic measurements. It discusses
how the thermal environment influences the SS and provides the-
oretical calculations for various scenarios.9 The SS in a thermal
radiation field was studied by A. Mohan, who explored the SS in
the presence of a thermal radiation field, considering both the-
oretical models and experimental implications for spectroscopic
measurements.10

In many areas, including estimate theory, Fisher information
is an essential parameter.11–13 The quantity of knowledge a quan-
tum can absorb regarding an unknown parameter in a quantum
state is quantified by quantum Fisher information, or QFI. Due to
the wide range of scientific areas that have gained interest from
precise estimation of the values of parameters characterizing an
underlying physical state, parameter estimation theory has grown
swiftly.11,14,15 The quantum Fisher information (QFI), which is the
inverse of the classical Fisher information (CFI)16 and whose supre-
mum is used to quantify the lower bound of the mean-square error
of the unbiased estimator about the unknown parameter,17–19 is
the cornerstone of quantum parameter estimation theory. Interest-
ingly, QFI is relevant not only to describe estimation precision but
also for quantifying how well nearby quantum states can be dis-
tinguished statistically,20,21 the study of quantum correlations,22–24

the effects that are non-Markovian in nature,25–28 to analyze the
quantum phase transition,23–32 and the quantum speed limit.33–36

Quantum Fisher information (QFI) is a captivating concept in quan-
tum physics. It is like the secret sauce that flavors our quantum
measurements, especially when we are estimating parameters or
phases. The QFI quantifies how precisely we can estimate a para-
meter (such as a phase) using a given quantum state. Quantum
Fisher Information (QFI) plays a crucial role in various aspects of
quantum physics and information theory. QFI is a fundamental
tool in quantum parameter estimation, where it helps determine the
precision with which one can estimate a parameter of a quantum
state.20,37 It provides a bound on the minimum error achievable in
estimating this parameter, known as the Cramér–Rao bound. This
is crucial in experiments where high-precision measurements are
needed. In quantum metrology,38,39 QFI quantifies the sensitivity
of a quantum system to changes in a parameter, which is essential
for developing techniques that surpass classical measurement lim-
its. For instance, it can help design quantum sensors that are more
accurate than their classical counterparts. QFI can be used to assess
how distinguishable two quantum states are, which has implications
for quantum information processing tasks such as quantum com-
puting and communication.40 In quantum thermodynamics, QFI
helps in understanding the thermodynamic properties of quantum
systems. It can provide bounds on the precision of temperature
measurements and energy estimations in quantum systems.30 QFI
can be used to study quantum phase transitions by analyzing how
quantum correlations change as parameters are varied. This helps
in understanding the nature of phase transitions in quantum sys-
tems.41 In essence, QFI is a versatile and powerful tool that provides
deep insights into the limits of measurement precision, the nature
of quantum states, and the performance of quantum technologies. It
bridges theoretical and practical aspects of quantum physics, making
it indispensable in both fundamental research and applied quantum
technology.
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Entangled states often exhibit higher QFI in quantum systems
than non-entangled states. This higher QFI indicates that entan-
gled states are more sensitive to parameter changes, making them
valuable for precise measurements. Entangled states can achieve
measurement precisions that surpass the standard quantum limit,
which is achievable with non-entangled states. This is a direct con-
sequence of the higher QFI associated with entangled states. QFI
can also be used to detect QE. For instance, if the QFI for a cer-
tain parameter exceeds a certain threshold, it indicates the presence
of QE in the quantum system. The QFI of an entangled system
often scales with the number of entangled particles. For example,
in an N-particle entangled state, the QFI can scale as N2N^2, indi-
cating a quadratic improvement in sensitivity compared to N for
non-entangled states. While QFI is not a direct measure of QE, it is
strongly influenced by the presence of QE. Higher QFI values gener-
ally indicate greater QE and greater sensitivity to parameter changes,
making entangled states highly valuable for quantum metrology and
precision measurements. Calculating the Quantum Fisher Informa-
tion (QFI) for N-level atoms under the influence of the thermal
state and the Stark effect can provide several important insights. QFI
measures the sensitivity of the quantum state to changes in external
parameters. By evaluating QFI, we can understand how the N-level
atoms respond to variations in the thermal state and the Stark effect,
revealing how these external fields influence the system’s dynam-
ics. Higher values of QFI often indicate greater QE. By analyzing
the QFI, we can infer the degree of QE induced by the thermal
state and Stark effect in the N-level atomic system. This helps one
understand the QE properties and the potential for quantum infor-
mation processing. The thermal state introduces decoherence, which
can degrade QE and coherence in the system. By studying the QFI,
we can quantify the impact of decoherence on the N-level atoms,
providing insights into how thermal fluctuations affect the system’s
quantum properties. QFI is crucial for quantum metrology as it
determines the precision of parameter estimation. In the context of
N-level atoms, QFI can help optimize measurement strategies and
improve the accuracy of estimating parameters such as field or inter-
action strengths in the Stark effect. Comparing QFI under different
conditions (e.g., with and without the Stark effect) allows us to ana-
lyze how the system’s behavior changes. This comparison helps us
understand the Stark effect’s role in modifying the system’s energy
levels and overall quantum state.

Weijun Wu and co-workers studied QFI as a multipartite
QE witness.42 It is investigated that the QFI, a witness for gen-
uinely multipartite QE, becomes measurable for thermal ensembles
via the dynamic susceptibility, i.e., with resources readily available
in present cold atomic gas and condensed-matter experiments.36

This moreover establishes a connection between multipartite QE
and many-body correlations contained in response functions, with
immediate implications close to quantum phase transitions. There,
the quantum Fisher information becomes universal, allowing us to
identify strongly entangled phase transitions with a divergent mul-
tipartite QE. The relation between QFI and multiparticle QE was
studied by Philipp Hyllus and co-workers.21

The von Neumann entropy (VNE) is a fundamental concept
in quantum mechanics and quantum information theory. It is a
measure of the uncertainty or disorder associated with a quantum
state. VNE quantifies the amount of information or uncertainty in a
quantum state. A quantum state is described by the density matrix

S(ρ) = −Tr(ρ log ρ), where Tr denotes the trace operation and
log is the matrix logarithm.43 In thermodynamics, VNE is analogous
to the classical concept of entropy. It provides a measure of the dis-
order or the number of microstates corresponding to a macrostate
of the system. In particular, it plays a role in understanding the ther-
modynamic properties of quantum systems.44,45 VNE measures the
amount of information contained in a quantum state and is crucial
in the study of quantum information theory.45 It helps in quantify-
ing the information gain or loss when a quantum state is subjected
to various operations.46 In quantum communication, von Neumann
entropy is used to understand the capacity of quantum channels
and the efficiency of quantum coding schemes.47 The von Neumann
entropy is used to quantify QE in quantum systems. For a bipartite
quantum system with density matrix ρAB, the entropy of the reduced
density matrix S(ρA) or S(ρB) quantifies the QE between subsys-
tems A and B.47 For pure states of a bipartite system, the VNE of
the reduced density matrix of one subsystem is a measure of the
QE of the state.48 This is particularly useful for defining and under-
standing various QE measures. In summary, VNE is fundamental in
understanding quantum states, quantum communication, and QE.
It provides a bridge between classical thermodynamics and quan-
tum mechanics, helping to quantify information, entropy, and the
relationships between quantum subsystems.

Determining the QE dynamics of the N-level atomic system
under the influence of the SS, both in the presence and absence of
a moving atom, is the aim of the current investigation. We investi-
gate how the SS affects the dynamics of the atomic systems in QFI
and VNE for 3-, 4-, and 5-level atoms that are in motion and those
that are not. It is evident the SS is predominant during the quantum
system’s temporal growth. The SS significantly affects QFI dynamics.
Furthermore, the SS affects the VNE more strongly when there is no
motion of the atom. The von Neumann entropy is a crucial concept
in quantum statistical mechanics, where it helps describe the ther-
modynamic properties of quantum systems in equilibrium. It relates
to concepts such as temperature and free energy in the quantum
context.

The format of the document is as follows: In Sec. II, the model
of the system under the effect of the thermal state of moving 3-, 4-,
and 5-level atomic systems impacted by the SS is shown along with
the model Hamiltonian and interaction dynamics. The discussion
and numerical results are provided in Sec. III. Section IV gives a brief
conclusion.

II. HAMILTONIAN MODEL
We study the system of moving 3-, 4-, and 5-level atoms

present in the thermal state with the SS, and we study the cascade
configuration of the system.

Assuming the rotating wave approximation, the system ĤT is
given by49

ĤT = ĤAtom−Field + ĤI , (1)

where ĤAtom−Field shows the atom that does not interact with the field
Hamiltonian and ĤI represents the coupling portion. Our writing
for ĤAtom−Field will be

ĤAtom−Field =∑
j
ωj σ̂j,j + νâ †â , (2)
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where the jth level’s σ̂ j, j = ∣ j⟩⟨j∣ represents the atomic population
operator. Atomic population operators essentially refer to the oper-
ators that describe transitions between different energy levels of the
atom. These transitions play a crucial role in QE dynamics. Here,
â and â † are used for the non-resonant scenario, and the ĤI is as
follows:49

ĤI =
N

∑
s=1

Ω(t)[âe−iΔst σ̂s,s+1 + (â e−iΔst σ̂s, s+1)†] . (3)

In quantum systems, interactions play a crucial role. These
interactions determine how particles influence each other. How-
ever, not all interactions are created equally. Some are central to
the QE waltz, while others sit on the sidelines. We often study sim-
ple models in quantum mechanics and neglect some interaction
terms. We might focus on the lead couple rather than the entire
ensemble. Some interactions are negligible in specific contexts. By
excluding less relevant terms, researchers make the math more
manageable.

N = 1 depicts a two-level atom, and N = 3, 4, and 5 depict 3-, 4-,
and 5-level atoms.

When it comes to the SS, ĤI is provided by

ĤI =
N

∑
s=1

Ω(t)[âe−iΔst σ̂s,s+1 + (â e−iΔst σ̂s, s+1)†] + βâ †â. (4)

The SS parameter is denoted by β. The final density matrix
(DM), which is the DM generated by applying Eq. (4), includes
the term atomic motion. Atomic mobility is modeled by the
fundamental system Hamiltonian via the parameter Ω(t). How-
ever, for the purpose of studying information quantifiers such
as QFI, the time evolution unitary operator controls the dynam-
ics of the complete atom field interacting system to ascertain
the time-dependent density matrix of the system. When deal-
ing with time-dependent quantum systems, we often encounter
the Heisenberg picture. In the Heisenberg picture, the operators
(such as position, momentum, or field operators) evolve with time,
while the states remain fixed. The detuning parameter is described
as

Δs = ν − (ωs − ωs+1). (5)

Ω(t) describes the moving atom in Eq. (4), where atom and
field are coupled through constant g50 and the motion of the atomic
system is along the z-axis,

Ω(t) = g sin (pπvt /L) , p ≠ 0,
Ω(t) = g , p = 0,

(6)

where v is the atomic motion velocity, L is the cavity length along
the z-direction, and half of the mode’s wavelengths in the cavity are
denoted by the symbol p. Given the velocity of an atom, v = gL/π,
we write

Ω1(t) = ∫
t

0
Ω(τ)dτ = 1

p
(1 − cos (pπvt/L) for p ≠ 0, (7)

= gt for p = 0. (8)

In the presence of the thermal state, we write the initial state of
the system of N-level system as

∣Ψ(0)⟩ = 1√
2
(∣1⟩ + exp (iφ)∣0⟩)⊗ ρ f (0), (9)

where ρ f (0) denotes the thermal state density matrix, which is given
as

ρ f (0) =
∞
∑
n=0

P(n)∣n⟩⟨n∣, (10)

with

P(n) = n̄ n

(n̄ + 1)(n+1) , (11)

where ∣n⟩ indicates the number state and φ represents the phase.
With kB representing the Boltzmann constant, ω f representing
the cavity mode frequency, T representing the temperature, and
n̄ = (eh̵ω f /kBT − 1)−1 representing the average photon number, the
DM expression is shown below:

ρ̂(t) =
N

∑
m,n
∣ψn(t)⟩⟨ψn(t)∣ρ̂(t)∣ψm(t)⟩⟨ψm(t)∣. (12)

Here, we are considering an N- level atomic system with the
density operator ρ(φ). The spectral decomposition of the DM is
described as

ρφ =∑
K
λK ∣k⟩⟨k∣. (13)

The QFI, which is related to φ for this DM, is represented by51

Fφ =∑
k

(∂φλk)2

λk
+ 2∑

k,k′

(λk − λk′)2

(λk + λk′)
∣⟨k∣∂φk′⟩∣2, (14)

where ∣k⟩λk > 0 and λk + λk′ > 0. The first term in the above-
mentioned equation represents the CFI, and the second term
describes the QFI. The QFI is calculated by taking the trace over
the field. Therefore, we will be able to represent the QFI of a bipar-
tite density operator as ρAB., which is related to φ as shown in
Ref. 27.

The QFI expressed in terms of φ for a bipartite ρAB. is27

IQF(t) = I(φ, t) = Tr [ρAB(φ, t){L2(φ, t)}], (15)

where the quantum score52 SLD is represented by L(φ, t), given by

∂ρ(φ, t)
∂φ

= 1
2
[L(φ, t)ρAB(φ, t) + ρAB(φ, t)L(φ, t)]. (16)

VNE is a fundamental concept in quantum information theory
that measures the quantum uncertainty or mixedness of a quantum
state. In the context of QE, it is used to quantify how much QE exists
between subsystems of a composite quantum system. In similar vein,
the VNE is described as

SA = −Tr (ρA ln ρA) = −∑
i

ri ln ri, (17)
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where the atomic DM ρA = TrB(ρAB) eigenvalues are denoted by ri.
ρ is the density matrix of the quantum system. Tr denotes the trace,
summing over the diagonal elements of the matrix. ln ρ is the matrix
logarithm of ρ. The von Neumann entropy generalizes the classical
Shannon entropy to the quantum domain and is used to measure the
mixedness of a state, where S(ρ) = 0 for a pure state and S(ρ) = 0
for a mixed state. The von Neumann entropy (VNE) is primarily
a good measure of QE for pure bipartite states. For pure states, it
effectively quantifies the amount of QE between the two subsys-
tems. However, for mixed states, the VNE does not solely measure
QE. Instead, it captures the total correlations present in the sys-
tem, which include both quantum QE and classical correlations. QE
detection was carried out by Gühne and Tóth in 2009.53 The foun-
dations of quantum information for physical chemistry were inves-
tigated in Ref. 54. The review of basic aspects of QE, including its
characterization, detection, distillation, and quantification, and var-
ious manifestations of QE via Bell inequalities, entropic inequalities,
QE witnesses, and quantum cryptography are discussed in Ref. 55.
A concise mathematical formulation of the multipartite QE phe-
nomenon and its major features were investigated by Horodecki
and co-workers.56 Disorder enhanced exciton transport and quan-
tum information spreading with the assistance of cavity QED were
studied in Ref. 57.

The ID parameter γ has time-inverse dimensions, while p has
length-dimensions.

We have performed numerical calculations as the system is
bigger to solve analytically. We used computational languages and
software for the numerical calculations. We have clearly described
the Hamiltonian of the system and the interaction Hamiltonian. We
also mention the state and the formulas for QE quantifiers such as
QFI and VNE. To quantify QE, we construct the density matrix,

and this density matrix is solved numerically. With the help of this
density matrix, eigenvectors and eigenvalues of the density matrix
are calculated. These eigenvectors and eigenvalues are used to
calculate QFI and VNE, but this whole calculation is numerical.

III. DISCUSSIONS AND NUMERICAL OUTCOMES
We consider both the static and moving cases of the system,

and the presence of the thermal state. The system’s level is SS with
strength β. We solve the system dynamics numerically and have
chosen a 0.1 time step size.

A. VNE and QFI of N-level stationary Stark shifted
atomic systems

This section presents the results for the quantum Fisher infor-
mation (QFI) and von Neumann entropy (VNE) dynamical evolu-
tion for moving N-level atomic systems (3-, 4-, and 5-level atoms)
interacting with the thermal state in the presence of the SS. We have
taken the number of photons as α = 6. For β = 0.3, the quantifiers’
dynamic behavior is depicted in Fig. 1. A decline is seen in QFI
as time increases, but this decrease has fluctuations in amplitude,
which reduces as time progresses for φ = 0. At φ = π/4, the QFI has
almost the same decreasing pattern with the evolution of time. The
4- and 5-level atoms have the same decrease in amplitude, but the
3-level atom has a slightly different pattern of decrease in amplitude
as it has a small increase in amplitude compared to the 4-level atom.
As time goes on, the N-level atomic system’s VNE gets bigger. At
φ = 0, the 5-level atom has a greater VNE than the 3- and 4-level
atoms. It demonstrates that, in comparison with the 3- and 4-level
atoms, the VNE of 5-level atoms is more influenced by the SS. As
a result, we may state that a 5-level atom has a higher QE than the

FIG. 1. The QFI (upper panel) and VNE (lower panel) as a
function of time. α = 6, β = 0.3, and ϕ = 0 (left panel) and
π/4 (right panel). p = 0. The VNE is along the y-axis, and t
is time along the x-axis.
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FIG. 2. The QFI (upper panel) and VNE (lower panel) as
a function of time. α = 6, β = 1, and ϕ = 0 (left panel) and
π/4 (right panel). p = 0. The VNE is along the y-axis, and t
is time along the x-axis.

3- or 4-level atom, but for all kinds of atomic systems, it saturates.
The 3-, 4-, and 5-level atoms all have higher QE because of the SS;
however, the system with the 5-level atom is most affected. In the
presence of the SS, QE rises with time but becomes saturated as time
goes on. A higher dimensional atomic system, such as the 5-level
atom, exhibits a more pronounced increase in QE than do 3- and
4-level atoms. As time progresses, the rise in VNE for the N-level
system reaches saturation. The system’s QFI shown in Fig. 2 at β = 1
is about the same as that at β = 0.3. The 3-, 4-, and 5-level atoms
at φ = 0 and φ = π/4 exhibit considerable changing behavior in the
VNE. The main difference is that the QFI behavior at φ = π/4 is the
same as that at β = 0.3, where there is a minor increase in the ampli-
tude of fluctuation. The 5-level atoms have larger VNE than the 3-
and 4-level atoms, whereas the 4-level atoms have somewhat higher
VNE than the 3-level atoms. It means the SS increases the QE of
the 5-level atoms but the QE of the 3- and 4-level atoms is almost
the same at β = 1 as compared to β = 0.3. The system’s QFI shown
in Fig. 3 at β = 3 diminishes with increasing time at φ = 0 and π/4,
whereas the 5-level atom’s amplitude slightly increases at φ = π/4.
In comparison to 3- and 4-level atoms, the VNE of the 5-level atoms
increases at φ = 0 and π/4, but at φ = π/4, the VNE of the 3- and
4-level atoms is nearly equal. It is observed in Figs. 1–3 that for a
static system in the presence of SS, its QFI decreases as time pro-
gresses. The amplitude of fluctuations in the QFI at β = 1 and 3
is greater than that at β = 0.3. In comparison to the 3- and 4-level
atomic systems, the QFI of the higher-dimensional atomic system is
affected by a bigger SS parameter, which also raises the value of the
QFI of the 5-level atom. The VNE also increases for the 5-level atoms
at different values of the SS parameter. Therefore, it may be said that
the 5-level atom has a greater VNE in the presence of the SS. For the
5-level atom, for instance, the QE is maintained over time and rises

with the evolution of time for larger SS parameter values. The N-
level atomic system’s QE is reinforced and preserved. The SS effect
is stronger in larger-N systems. When the atom is not moving in the
presence of the thermal state, enhancing the QE is possible in the
SS environment.

B. VNE and QFI of N-level moving Stark shifted
atomic systems

The dynamics of the N-level atomic system moving in the pres-
ence of the SS is examined in this section. We examine the scenarios
in which the SS parameter is increased and examine the system’s QFI
and VNE dynamics. The dynamics of the moving N-level system in
the presence of the SS for β = 0.3, 1, and 3 are shown in Figs. 4–6,
respectively. For all values of β, we observe the periodic behavior of
the QFI and VNE for both phase factors of the state. The 3-, 4-, and
5-level atoms in the QFI scenario at β = 0.3 at φ = 0 exhibit periodic
behavior with the same amplitude. Still, at φ = π/4, the amplitude of
oscillation of the 4- and 5-level atom is much smaller than that of
the 3-level atom. The amplitude of oscillation of a 4-level atom is a
little greater than that of the 5-level atom. Hence, it means that the
SS influences the 4- and 5-level atoms at a large scale and it reduces
the amplitude of N = 4 and 5 as compared to N = 3. For the case of
VNE at β = 0.3 and φ = 0, the amplitude of periodic oscillation of the
5-level atom is greater than 3- and 4-level atoms, and the same pat-
tern is almost observed at φ = π/4. here the only difference is that the
periodic oscillation of the 4-level atom is less than that of both 3- and
5-level atoms. For the case of QFI at β = 1 and φ = 0, the 3-, 4-, and
5-level atoms show the same periodic behavior of oscillations. Still,
at φ = π/4, the amplitude of oscillation of the 4- and 5-level atoms is
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FIG. 3. The QFI (upper panel) and VNE (lower panel) as
a function of time. α = 6, β = 3, and ϕ = 0 (left panel) and
π/4 (right panel). p = 0. The VNE is along the y-axis, and t
is time along the x-axis.

much smaller than that of the 3-level atom. The 4- and 5-level atoms
have the same amplitude of oscillation, and there is no difference
in the oscillation. The 3-level atomic system has more amplitude
of periodic oscillation than the 4- and 5-level atomic systems. The
VNE of 3-, 4-, and 5-level atoms shows periodic responses at φ = 0,

but the amplitude of oscillation of 4-level atoms is greater than that
of 5- and 3-level atoms. At φ = π/4, the amplitude of oscillation of
3-level atoms is greater than that at N = 4 and 5. Hence, peri-
odic VNE behavior is observed for 3-, 4-, and 5-level atoms, but
there is a slight difference in the amplitude of oscillation of 3-,

FIG. 4. The QFI (upper panel) and VNE (lower panel) as a
function of time. α = 6, β = 0.3, and ϕ = 0 (left panel) and
π/4 (right panel). p = 1. The VNE is along the y-axis, and t
is time along the x-axis.
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FIG. 5. The QFI (upper panel) and VNE (lower panel) as
a function of time. α = 6, β = 1, and ϕ = 0 (left panel) and
π/4 (right panel). p = 1. The VNE is along the y-axis, and t
is time along the x-axis.

4-, 5-level atoms. At β = 0.3, the QFI at φ = 0 is periodic for 3-, 4-,
and 5-level atomic systems and their amplitude is the same, but at
φ = π/4, the amplitude of oscillation of the 3-level is much greater
than that of 4- and 5-level atoms. The amplitude of oscillation of 4-
and 5-level atoms is very small compared to that of 3-level atoms.
It is determined that, with only minor amplitude variations, the

periodic behavior of oscillation for the 3-, 4-, and 5-level atoms
nearly exhibits the same increasing value of the SS parameter. The
abrupt death and birth of QE are seen when the system is mov-
ing, although QFI exhibits diminishing periodic behavior for the 4-
and 5-level atoms. In the case of moving atoms, the SS supports the
abrupt death and birth of QE; nonetheless, QFI of the 4- and 5-level

FIG. 6. The QFI (upper panel) and VNE (lower panel) as
a function of time. α = 6, β = 3, and ϕ = 0 (left panel) and
π/4 (right panel). p = 1. The VNE is along the y-axis, and t
is time along the x-axis.

AIP Advances 15, 015305 (2025); doi: 10.1063/5.0223882 15, 015305-8

© Author(s) 2025

 12 February 2025 19:13:34

https://pubs.aip.org/aip/adv


AIP Advances ARTICLE pubs.aip.org/aip/adv

atoms reduces in comparison to that of the 3-level atoms. Therefore,
we can conclude that for a moving N-level atom, the SS supports the
QE’s sustainability and maintenance. The QFI of N = 4, 5 is less than
that of N = 3, and the SS system is favorable for maintaining the sud-
den death and birth of QE. Consequently, the QE is sustained and
maintained by the moving and non-moving N-level atomic systems
under the SS.

The Stark effect influences quantum systems at a fundamen-
tal level. The Stark effect, which refers to the shifting and splitting
of energy levels of atoms or molecules in an external electric field,
can have a significant impact on the quantum states involved in
QE. The Stark effect alters the energy levels of the quantum states
involved in the entangled system, potentially changing the dynam-
ics of the system. This shift may influence the interaction between
the qubits or particles in the entangled state. The presence of an
external electric field might induce changes in coherence, affecting
how the entangled states evolve. Depending on the field strength
and the nature of the system, it could either enhance or degrade the
degree of QE. In strong electric fields, nonlinear Stark effects can
lead to more complex changes in QE, possibly creating or destroy-
ing correlations in unexpected ways. Since QE is a critical resource
for quantum information tasks, understanding the Stark effect’s role
could be essential for fine-tuning the system’s behavior, especially in
controlled experimental setups.

IV. CONCLUSIONS
In conclusion, in the thermal state, we have found some inter-

esting characteristics in the QE dynamics of the N-level system that
experiences SS. The susceptibility of QE to outside perturbations is
seen by the reduction in QE magnitude with the increasing SS para-
meter. The intricate structure of quantum systems is highlighted by
the complex dynamics of the VNE and QFI, which fluctuate with
respect to N-levels, phase factors, and the values of the SS parameter.

Larger values of the SS parameter have been found to affect the
QFI of 5-level atomic systems in static systems, which also boosts
the QFI of the 5-level system in comparison to the 3- and 4-level
systems. The VNE also increases for the 5-level atom with differ-
ent values of the SS parameter. As a result, the 5-level atoms may be
considered to have a larger VNE with the SS. The 5-level atom expe-
riences a continuous increase in QE with increasing values of the
SS parameter throughout time. The N-level system’s QE is strength-
ened and preserved by the SS, and the 5 atomic systems exhibit a
greater effect of the SS. The SS environment helps to improve the QE
when the atom is 5-level. It is established that the periodic behav-
ior of oscillation for the 3-, 4-, and 5-level atoms almost always
shows the same growing value of the SS parameter, with only small
amplitude differences. When the system is moving in the presence
of the SS, QE abruptly dies and is revived again, while QFI shows
diminishing periodic behavior for the 4- and 5-level atoms. The
SS supports the abrupt death and birth of QE for moving atoms;
however, QFI decreases for 4- and 5-level atoms compared to 3-
level atoms. As a result, the 4- and 5-level atoms have lower QFIs
than the 3-level atom. Thus, we may infer that the SS facilitates the
upkeep and sustenance of the QE in the case of a moving N-level
atom interacting with the thermal state. The conditions in the SS are
ideal for sustaining abrupt death and birth of QE. Thus, in the pres-
ence of the SS, both moving and stationary N-level atomic systems

interacting with the thermal state maintain and prolong the
QE.
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