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The di screpancy between cal cul at i on C 7 . 9MC 1 ± . 33) SNU )i) and 

obs er va ti ons C 2. 1 ±0. 3SNU ) 2:) i n  the 
3'7 

Cl solar neutr i no 

exper i ment i s  a l ong-standi ng puzzl e. Many di ££er ent expl anations 

have been pr oposed so £ar . Acording to the expl anati on , suggested 

by Mik heyev and Smi rnov
3)

, l arge par t or th13' electron neutri nos 

born i n  the solar i nterior tr ans£orm on thei r way to the surrace 

i nto some other neutr i nos C £or exampl e i nto 

Two di££erent approaches have been 

v or v ) .  
µ T 
used i n  order to 

i nvesti gate in detai l thi s possi bi l i ty: C i ) numer i cal sol uti on or 

the neut r i no evol ution equati on in the sun , and C i i ) anal ytical 

sol uti on or the same equat i on .  In the begi ni ng , the anal yti cal 

r esul ts have been obtai ned assumi ng that the el ectron number 

densi ty var i es l i near l y  i n  the vi c i n i t y  or the• resonant l ayer
4-6) 

Acor di ng to the standard solar model , however , the el ectron number 

dens i t y  9i stri bution i n  the sun i s  wel l. di scri bed by an 

exponenti al £uncti on except £or smal l regi ons i n  the center and 

near the sur£ace. 

There£ore an exact anal yti cal sol uti on or the neutr i no 

evol ution equation i n  matter wi th exponenti al l y  var ying electron 

number densi ty turn out to be very i nteres·Ung £rom the solar 

neut r i no puzzl e poi nt or vi ew. Thi s sol uti on have been obtai ned i n  

Re£ . 7 together wi th ver y s i mpl e approximate sol uti on
8) 

We use these anal yti cal soluti ons to dli scr i be the nutri no 

tr ansi ti ons i n  the sun and to i nvesti gate i n  detai l the Mik heyev­

Smi rnov-Wol £enstei n expl anati on or the solar neutr i no puzzl e. 

The system or two coupled evol ution 13'quati ons
9) 

£or the 

ampl i tudes A
i

C L) C l =e , a  ; a = µ or T) or the probabi l i ti es to £ i nd 

neut r i no v
i 

at di stance L i n  matter can be wr i tten i n  the £orm: 
2 2 

. d 
[A

e
C L) J 1 

[L>m cos2e[ expC -L/r ) -1 J  L>m si n2e• ] [A
e

C L) ] 
t

dL - 4 2 2 
( 1 )  

A
0

C L) P L>m si n2e -am cos2e [ expC -L/r ) -1 J  A
0

C L) 

Eq. C 1 )  has been deri ved assumi ng that : 

C i ) £l avour neutri nos v i are superpos i t i ons or the neutri nos m
j 

C j =1 , 2) havi ng de£inite masses m
j 

C m
1 

< m
2

) i n  vacuum: 

V
e 

= cosev
1 

+ si nev
2 

v
0 

= -si nev
1 

+ cosev
2 

( 2) 

C i i )  the mai n component or the el ectron neutr i no i s  the l i ghter 

neutr i no v1 , i . e. , that 

L>m
2

cos2e > 0 

C i i i )  neutri nos are r el at i vi st i c  wi th momentum p:  

E
j 

= Jp
2 

+ m� = p + m�/2p 

( 3) 

( 4) 
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so t.hat. , in t.he convent.i on c ='h=1 , t.he t.i me var i abl e t, has been 

r epl aced wi t.h t.he di st.ance L. We not.e 

coupl i ng const.ant. , N C L) =NRexpC -L/r) 

al so t.hat. GF i s  t.he Fer mi 

i s  t.he el ect.ron number 
R e e 

densi t.y and N , cal l ed r esonance densi t.y, i s  equal t.o: e R 2 -
N = Am cos26/Z�2GFp e 7) The subst.i t.ut.i on 0£ t.he ampl i t.ude AeC L) i n  

equat. i on 0£ C 1 )  wi t.h t.he expr essi on 

t.he 

( 5) 

£ i r s t.  

2 -1 2 AeC L) =C bm si n26) { i 4p[ d/dL J +C Am si n26) [ expC -L/r ) -1 J } A0C L) ( 6) 

obt.ai ned £rom t.he second equat.i on t.oget.her wi t.h t.he t.r ans£ormat.i on 

z = i C Am2r cos26/C 2p) J expC -L/r ) A C L) =z -1 /Zu ( z) ( 7) 
1 0) a a 

l ead t.o t.he Whit.t.ak er ' s equat.i on 

C d2/dz2-1 /4+k /z +C 1 /4-m2) /z2J U  C z) =O C 9) 

where 
k =1 /Z+ i Am2rcos26/C 4p) 

a 

( 9) 

I£ we assume t.hat. el ect.ron neut. r i no has been born i ni t.i al l y  

i n  mat.t.er wi t.h elect.ron number densi t.y N i C L . )  t.han we need a e • 
sol ut. i on whi ch sat.i s£i es t.he £ol l owi ng i ni t. i al condi t.i ons : 

A C L  . ) =1 e • 

The sol ut.i on i s  gi ven by
7) 

A C L  , ) =0 a • 

A C L) = i C t.g26/Z)exp [ C L+L . ) /C 2r) J exp[ nAm2r cos26/C 4p) J a • 

xC W_k , mc -z i ) Wk • m( z) -Wk 
' mC z i ) W_k ' m( -z) J 

I t. £ol l ows £rom eq . C 6) t.hat. 

C 1 0) 

( 1 1 )  

2 -1 2 AeC L) =C t.g26/Z) [ Am rsi n26/C 4p) J exp [ C L+L i ) /C 2r) J exp[ nAm r cos26/4p J 
C 1 2) 

x[ Wk , mc z i ) W_k +l , m( -z) -C m-k +1 /Z) C m+k -1 /Z) Wk -l , m( z) W_k , mC -z i ) J 

W±k , mC ±z) are t.he Whi t.t.ak er ' s  £unct.ions. 
For t.he pr obabi l i t.i es t.o det.ect. ve or v0 in mat.t.er wi t.h 

dens i t.y N/C L/) i £  an el ect.r on neut.r i no has been born i n  mat.t.er e i wi t.h dens i t. y  NeC L i ) we have: 

P C N i Nl) = I A  C L  ) 1 2 
ve , ve e ' e e f C 1 3) 

I n  case 0£ very hi gh i ni t.i al dens i t. y  N; C N; » N: ) and £i nal 

dens i t.y equal t.o zero s i mpl e appr oxi mat.e express i ons £or t.he 

aver age neut.r i no t.r ansi t.i on probabi l i t.i es exi st.7 •
9) 

< Pexp C N i , O) >  � 1 /Z + C 1 /Z-Pexp) cos2Bi cos2e C 1 4) ve , ve e x m 

where Pexp i s  t.he ( so-cal l ed) pr obabi l i t.y £or t.ransi t.ions bet.ween x 
t.he adi abat.i c neut.r i no st.at.es whi c h ,  i n  case 0£ exponent. i al l y  
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varyi ng eleclron number densi l y ,  i s  gi ven by: 

P
exp

=<exp[ -2rr.t.m
2

r s i n
2

e/C2p) J -exp[ -2rr.t.m
2

r /( 2p) J } /  
x 

2 
{1 -exp [ -2rr.t.m r /C 2p) J }  

and e
i 

i s  lhe mi xi ng angl e i n  maller defi ned by: 
m 

C 1 !5) 

cosze
i

=C 1 -N
i 

/N
R

) /[ C l -N
i 

/N
R

)
2

+lg
2

2eJ l /i:: C 1 6) 
m e e e e 

I l  i s  easy lo ver i fy lhal eq. C 1 4) i s  val i d  al so in lhe adiabalic 

case , i . e . 

i r r especli vel y 

when 

of' 

lhe 

lhe 

pr obabi l i ly 

val ue of' lhe 

P
exp 

can 
x i 

densi ly N
e

. 

be negl ecled , 

Ther efore lhe 

sol uli on C 1 4) i s  a good appr oxi mal i on lo lhe exacl one ( 1 3) when 

ei lher N
i 

» N
R 

or P
exp 

i s  negl i gi bl e .  
e e x 

I n  case of' l i near l y  varyi ng el eclron number dens i l y  P
l i n  

i s  
x 

gi ven by lhe wel l k nown Landau-Zener f'aclor
1 1 • 4-B) 

l i n  2 2 
P 

x 
=P

L2
= exp[ -C rr/2) C .t.m /2p) r C s i n  2e/c1�s2e) J C 1 7) 

Ti l l  now lhe Mik heyev-Smi rnov-Wol f'enslei n ef'f'ecl in lhe sun 

has been i nvesli galed analyLi cal l y  under lhe assumpli on lhal lhe 

el eclron number densi ly i n  lhe solar i nler i or var i es l i near l y  i n  

lhe vi c i ni ly of' lhe r esonanl l ayer . Accor ding l o  lhe slandard 

solar model
1 )

, however , lhe densi ly dislr i bu l i on i s  descri bed by 

exponenli al , nol by l i near , f'uncl i on of' lhe di slance lo lhe cenler 

excepl for smal l regi ons near lhe cenler and cl ose lo lhe surface. 

Lel us compare lhe r esul ls for lhe el eclron neulr i no survi val 

pr obabi l i t.y < P
exp > obt.ained from t.he exponent.i al for mul a C 1 4) 
v

e
, v

e 
wi t.h lhe r esul ls obt.aned from 

C where P
exp 

is subst.i luled wi t.h 
x 

t.he corr espo1\ding l i near for mul a 

pl i n
) .  We have present.ed i n  Fi g . 1 

x 
lhe case wi t.h an el ect.ran neut.ri no born at. di st.ance L=. 044194R 0 
from t.he cenler , whi ch corr esponds t.o t.he maxi mum of' t.he spat.ial 

di st.ri bulion of' t.he mai n C wi t.h r espect. t.o lhe 
37 

Cl exper i ment. ) 
8

e neut.r i no sour c e ,  for t.wo di fferent. values of' t.he vacuum mixing 

angl e C si n
2

e=. 3 , Fi g . 1 a ,  and si n
2

e=. 02, Fi g . l b) . For t.he el ect.ran 

number dens i t. y  di st.ri but.ion i n  t.he sun we haVI!� used a cubi c spl i ne 

fi t. of' t.he dat.a gi ven by Bahcal l and Ul ri ch1 ) . 
The d i fferences bet.ween t.he exponent.i al r·esul t.s C ful l l i ne ) 

and t.he l i near r esul t.s C dashed l i ne ) are 'subst.ant.ial when t.he 

vacuum mixing angl e e i s  l arge
8) 

C see Fi g. 1 a  ) .  We not.e t.hat. for 

val ues of' t.he neut.r i no paramet.ers p[ MeVJ /.t.m2 [ E•v2 J bel ongi ng t.o t.he 

i nt.erval defi ned by t.he t.wo ver t.i cal l i nes t.hE• r esonant. densi t.y NR e 
i n  t.he sun is i n  t.he region wher e ,  accor dJl ng t.o t.he st.andard 
model , t.he el ect.ron number den.si t.y i s  well l descr i bed by an 

exponent.i al f'unct.i on .  I n  case of' small vacuum mixing angl e 
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Fig . 1 a  

SIN8A2=0. 3 

104 105 106 107 108 109 10 10 

Fig . 1 b 

SI 8"2=0.02 

104 105 106 107 108 10 9 10 10 
p[ ltlJJ/Alf-2[ et)\2] 

Fig . 1  Elec tr on neutrino survival pr obabilitie s<Pexp :> (full line ) 
ve, ye 

and <Pl in > (dashe d lin e )  f or : a )  sin29=0 . 3 ;  b) s in29=0 . 02 .  
Ve•Ve 
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C Fi g . 1 b) the two curves al mos� coincide .. 

I n  addi t i on the exponential formul a C 1 4.) and the corr espondi ng 

l i near formula have substant i al l y  di fferent asymptoti c behavi our 

i n  the i nstantaneous l i mi t ,  i . e. i n  case of' ver y l arge p/l>Jn
2 

< P
exp 

> > 1 -C 1 /2) s i n
2

<�e C 1 9) 
v

e
, v

e p//>Jn
2 --> ro 

��������> 1 -si n
2

e 
p//>Jn

2 --> ro 
C 1 9) 

Si mpl e ar guments convi nce us that the exponential r esul t i s  the 

r i ght one because i n  the i nstantaneous case , as an opposi te to the 

adiabatic case, the densi ty decreases so f'a!�t that the electron 

neutr i no state j ust born has no t i me to change. Ther efore out of' 

the sun , i n  vacuum, we have essenti al l y  the same el ectron neut r i no 

state whi c h ,  l ater on , osci l l ates ar ound the average val ue C 1 9) i n  

perfect agr eement wi th the theor y of' neutr i no osci l l at i ons i n  

vacuum. 

We conclude that the exponential formul a•� descr i be the effect 

of' r esonant ampl i fi cat i on of' neutr i no tr ar1si ti ons in the sun 

better than the corr espondi ng l i near expr1�ssi ons . 

Therefore we have used eq. C 1 4.) to obtai n detai l ed i nformation 

about possibl e i mpl i cati ons of' the MSW ef'f,.,ct on the detected 

neutr i no f l ux i n  the 
37 

Cl solar neut r i no exper· i ment . 

The data concer ning the standard solar model have been taken 

from Ref' . 1 .  The electron number densi ty profi l e  i s  a cubi c spl i ne 

f i t  C wi th conti nuous f i r s t  and second deri vati ves ) of' Bahcal l 

and Ul r i ch ' s  resul t s .  We have taken i nto account the cont r i butions 

of' all neutr i no sources whi ch are detectabl e in the 
37

c1 

experi ment C 
9

e ,  
7

Be , pep , hep, 
1 3

N ,  
1 5

0 ,  
1 7

F ) .  The neutr i no 

fl uxes , 

sun as 

the spatial distri buti ons of' the neutr i no sources i n  the 

wel l as the spectra of' 
9

e ,  
7

ee , pep and hep neut r i nos 

whi ch we used ar e gi ven i n  Ref' . 1 ,  thi r d  paper . We have cal cul ated 

the spectra of' the 
1 3

N ,  
1 5

0 and 
1 7

F neutr:l nos pr oduced in an 

al l owed �
+

-dacay trans i t i on using the Fermi function of' 

Konopi nski 
1 2) 

as wel l as the cor r ecti ons sug11ested by Bahcal l 
1 )

. 

The energy dependent 
37

c1 +v ->
37

Ar +e
-

cr os:s-secti on has been 
e 

deri ved fol l owi ng the procedure outl i ned i n  RE>f' . 1 

The dependence of' the neut r i no captur1ei rate i n  the 
37

Cl 

experi ment c i n  fracti ons of' the standard r esul t
1 )  

) on the 

neut r i no parameters 1>In
2 

and s i n
2

2e i s  present••d i n  Fi g .  2a. For the 

contour plot we have used a gr i d  wi th 2000 poi nts . 
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Fig . 2 a  

Fig . 2b 

Fig . 2 : a ) C ont our p l o t  of the dependenc e of the c ap ture rate in 
37c l  experiment on A m2 and s in2 2 e ;  b)R egi on in Am2 -sin2 2 e plane 

c orre sponding to c ap t ur e  r a t e  in a gr e ement with Davis ' s  r e s ul t .  
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I n  Fi g .  2b we present. t.he r egion i n  t.he 1:.m
2

-s1n
2

28 plane 

corr esponding t.o neut.r i no capt.ure rat.e whi ch i.s i n  agr eement. wi t.h 

t.he r esul t. of' Davi s e t . a i .
2)

. The uncer t.aint.ies of' t.he 

exper i ment.al 
2) 

as wel l as of' t.he t.heor et.ical 
1 )  

r esul t.s are t.aken 

1 nt.o account. . 

In summary we have shown t.hat. t.he anal yt.J. cal expressi ons f'or 

t.he neut. r i no t.ransit.ion pr obabi l i t. i es i n  mat.t.eir wi t.h exponent. i al l y  

var ying el ect.ron number dens! t.y descr i be t.he Mi k heyev­

Smi rnov-Wol f'enst.ei n ef'f'ect. i n  t.he sun bet.er t.h.an t.he corr espondi ng 

l i near f'ormul ae. Af't.erwar ds , we have used t.hes1e analyt.ical r esul t.s 

t.o i nvest.i gat.e i n  det.ai l t.he dependence of' t.he neut.r i no capt.ure 

rat.e in t.he 
37

c1 solar neut.r i no exper i ment. on t.he neut.r i no 

paramet.ers C J:.m
2 

and si n
2

2e ) .  

One of' t.he aut.hors C S. T. ) i s  grat.ef'ul t.1:> t.he organi zers of' 

t.he wor kshop f'or t.he k i nd hospi t.al i t.y. 
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