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Abstract: Quantum entanglement in macroscopic systems plays an important role in quantum

information processing. Here, we show that the steady-state entanglement between the two cavity

modes in the macroscopic Laguerre–Gaussian (L–G) cavity optorotating system can be enhanced

by placing a degenerate optical parametric amplifier (OPA) inside the cavity. The two L–G cavity

modes are coupled to the same rotating mirror and are respectively driven at the red and blue

mechanical sidebands. We use the logarithmic negativity to quantify the steady-state entanglement

between the two cavity modes. We study the influences of the nonlinear gain and phase of the OPA,

the temperature of the environment, and the angular momentums of the two cavity modes on the

entanglement between the two cavity modes. In the cryogenic environment temperatures, when the

angular momentums of the two cavity modes are identical, the enhancement of the entanglement

between the two cavity modes by the OPA is the most significant.

Keywords: optomechanics; rotating mirror; enhanced entanglement; optical parametric amplifier

1. Introduction

Quantum entanglement is the essence of quantum mechanics [1] and is widely used
in a variety of quantum processes as an important resource, especially in quantum com-
munication and quantum computation, so achieving the highly entangled quantum states
is significant. Up to now, there have been many achievements in the study of quantum
entanglement at the microscopic scale, while the progress is slow at the macroscopic scale.

Radiation pressure was first predicted by Johannes Kepler in 1619. Radiation pressure
can lead to the interaction between a cavity field and a mechanical oscillator, which is the
foundation of cavity optomechanics [2]. The optomechanical system is regarded as one of
the best platforms to prepare entangled states, and the entanglement in the optomechanical
system has been implemented between different modes, such as a cavity mode and a
movable mirror [3–5], two cavity modes [6,7], two mechanical oscillators [8], even among
an atom, a cavity mode, and a moving mirror [9].

In recent years, the Laguerre–Gaussian (L–G) cavity optorotating system has attracted
a great deal of interest in quantum optics, in which the L–G beam interacts with the rotating
mirror by the transfer of orbital angular momentum [10]. The rotating mirror is a spiral
phase element [11] and can change the orbital angular momentum of the L–G beam via
reflection or transmission [12]. Many phenomena have been observed in the L–G cavity
optorotating system. The rotation mirror can release excitation quanta to implement the
cooling of the rotational mirror by exchanging the orbital angular momentum with the L–G
cavity mode [13]. A scheme to cool the rotation mirror in a Double L–G cavity optomechan-
ical system was proposed with fewer strict limitations [14]. The L–G cavity optorotating

Photonics 2023, 10, 926. https://doi.org/10.3390/photonics10080926 https://www.mdpi.com/journal/photonics

https://doi.org/10.3390/photonics10080926
https://doi.org/10.3390/photonics10080926
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/photonics
https://www.mdpi.com
https://orcid.org/0009-0006-5345-3232
https://orcid.org/0000-0002-7953-3752
https://doi.org/10.3390/photonics10080926
https://www.mdpi.com/journal/photonics
https://www.mdpi.com/article/10.3390/photonics10080926?type=check_update&version=1


Photonics 2023, 10, 926 2 of 13

system can generate the L–G sum-sideband effect in matching conditions [15] and the
second-order sideband effect [16]. Moreover, one can observe optomechanical-induced
transparency (OMIT) [17] and Double-OMIT [18] in the L–G cavity optorotating systems,
and the orbital angular momentum in the L–G cavity optorotating system can be detected
via OMIT [17]. The L–G cavity optorotating system can also generate Fano resonance and
realize slow-to-fast light conversion [19]. In addition, the L–G cavity optorotating system
can be used to prepare the entanglement between various kinds of modes such as the cavity
mode and a rotating mirror [10], among the cavity mode, a rotating mirror, and a magnon
mode [20], and two rotating mirrors [21].

It is well known that an optical parametric amplifier (OPA) can be used to generate
the squeezing of the cavity mode [22]. It has been reported that adding the OPA into an
optomechanical cavity can produce many physical phenomena. The OPA can enhance
the cooling of mechanical oscillators [23] and increase normal mode splitting [24]. It can
also enhance single-photon weak coupling to strong coupling [25]. Furthermore, the OPA
can enhance the entanglement between the two cavity modes [26], the entanglement
between the cavity mode and a movable mirror [27,28], the entanglement between the two
mechanical modes [29], and even the entanglement between the atom and the mirror [30].

In this paper, we study the enhancement of the entanglement between the two L–G
cavity modes in the L–G cavity optorotating system with one rotating mirror via a de-
generate OPA. The two cavity modes interact with the same rotating mirror. We choose
the appropriate parameters to prepare the entangled state between the two cavity modes.
The results indicate that the OPA can significantly enhance the stationary entanglement
between the two cavity modes. In the steady state, we find that the enhancement of the
entanglement is related to the nonlinear gain of the OPA, the phase of the optical driving of
the OPA, the angular momentums of the cavity modes, and the temperature of the environ-
ment. The optimal nonlinear gain of the OPA to maximize the entanglement is influenced
by the phase of the OPA and the temperature of the environment. For the higher nonlinear
gain of the OPA, the entanglement between the two cavity modes is not larger. In addition,
when the two cavity modes have identical angular momentums, the enhancement of the
entanglement is the most significant, and the effect of the different angular momentums on
the entanglement of the two cavity modes is similar to that of the large nonlinear gain on
the entanglement of the two cavity modes.

The structure of this paper is as follows: in Section 2, we introduce the studied system
and write the Hamiltonian. We then derive the quantum Langevin equations and give
the mean values of the system operators. We use the Logarithmic negativity to quantify
the entanglement between the two cavity modes. In Section 3, we show the results of
the numerical calculations and we analyze the effects of the nonlinear gain and phase of
the OPA, the temperature of the environment, and the angular momentums of the L–G
cavity modes on the entanglement between the two cavity modes. In Section 4, we draw
the conclusions.

2. Langevin Equations of the System

The system to be studied is shown in Figure 1, in which a degenerate OPA is placed in
the L–G cavity optorotating system formed by two cavity modes and two cavity mirrors.
The two cavity mirrors are the spiral phase elements [13]. The input mirror is fixed and the
rear mirror is set on support S and can rotate about the Z axis. We use φ to represent the
angle of its rotation. So we can treat the rear mirror as a harmonic oscillator with frequency
ωφ, which is described by the angle φ and the angular momentum Lz. The input mirror can
reflect and transmit the light. It can remove the topological charge, 2l, of the cavity mode
in reflection and does not change the angular momentum in transmission. The rear mirror
is considered as a completely reflecting mirror and can add the topological charge, 2l, to
the cavity mode. After a photon moves through a system one cycle, the torque exerted by
the photons in the cavity on the rear mirror is given by M = clh̄

L , where c is the speed of
light in vacuum and L is the length of the cavity [13].
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Figure 1. Sketch of the studied system. One red-detuned laser with frequency ωc1 and one blue-

detuned laser with frequency ωc2 drive the two cavity modes in an optical cavity with two spiral

phase elements (IC and RM) and a degenerate optical parametric amplifier (OPA). The RM is set on

support S and can rotate about the Z axis. We use φ to represent the angle of its rotation. The two

cavity modes interact simultaneously with the RM by the angular momentum exchange [13].

The two cavity modes with frequencies ωci(i = 1, 2) are driven by two Gaussian laser
beams with frequencies ωLi(i = 1, 2) and topological charge 0 through the left cavity mirror.
For simplicity, the OPA is driven by two lasers with frequencies 2ωLi(i = 1, 2), and we
assume that two frequencies, ωLi(i = 1, 2), are very close so that |ωL1 − ωL2| << ∆c, where
∆c =

πc
L is the free spectral range of the optical cavity, and c is the light speed in vacuum.

When L = 5 mm, ∆c is approximately 1011 Hz. Under this condition, the two cavity modes
can interact with the OPA simultaneously, so the nonlinear processes can be written in
the same form [26]. The two cavity modes, which are influenced by the OPA, interact
simultaneously with the rear mirror by the angular momentum exchange. We can write the
Hamiltonian of the whole system in the rotating frame at the frequencies of the input lasers
as the following form:

H =
h̄ωφ

2
(L2

z + φ2) +
2

∑
i=1

h̄(ωci − ωLi)a†
i ai −

2

∑
i=1

h̄gia
†
i aiφ

+
2

∑
i=1

ih̄G(eiθa†2

i − e−iθa2
i ) +

2

∑
i=1

ih̄εi(a†
i − ai),

(1)

where ai and a†
i are the annihilation and creation operators of the cavity mode with fre-

quency ωci. The first term is the energy of the rear mirror, where φ and Lz are the dimen-
sionless angle and angular momentum operators (they obey the standard commutation
relation [φ, Lz] = i). The second term is the energies of the cavity modes. The third term

describes the interactions of the cavity modes with the rear mirror, and gi =
cl
L

√

h̄
Iωφ

is the

optomechanical coupling coefficient of a photon with frequency wci, where I is the moment
of inertia of the rear mirror. The fourth term is the interactions of the cavity modes with
the OPA, G is the nonlinear gain of the OPA, which is associated with the power of the
driving field of the OPA, and θ is the phase of the optical field driving the OPA. Because the
two cavity modes interact with the OPA simultaneously, G and θ are identical for the
two cavity modes. The last term is the interactions of the cavity modes and the driving

lasers, εi =
√

2κPi
h̄ωLi

is the coupling between the driving laser and the cavity mode, where

κ = πc
2FL is the decay rate of the cavity with the cavity finesse, F, and Pi is the power of the

driving laser. It has been shown that the effect of the degenerate OPA on the optomechnical
entanglement is equivalent to that of a periodically modulated external field [5,28].
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The Langevin equations of the system can be derived from the Heisenberg equation
of motion. Considering the Brownian noise, the vacuum noise, and the damping of the
system, we can write Langevin equations in the interaction picture:

φ̇ = ωφLz,

L̇z = −ωφφ + g1a†
1a1 + g2a†

2a2 −
Dφ

I
Lz + ξ,

ȧi = −(κ + i∆0i)ai + igiaiφ + εi + 2Geiθa†
i +

√
2κaiin ,

(2)

where ∆0i = ωci − ωLi is the cavity detuning, Dφ is the intrinsic damping constant of the
rotating mirror, and i = 1, 2. aiin is the operator of the input vacuum noise of the cavity
mode, whose only nonzero correlation function is [22]

〈aiin(t)a†
iin
(t)〉 = δ(t − t′). (3)

ξ is the Hermitian Brownian noise operator, whose correlation function is [31,32]

〈ξ(t)ξ(t′)〉 = Dφ

ωφ I

∫

dω

2π
e−iω(t−t′)ω[1 + coth(

h̄ω

2kBT
)], (4)

where kB is the Boltzmann’s constant and T is the temperature of the environment.
We then calculate the expectation values of the system operators in the steady state.

We use the expectation values of the system operators to rewrite Equation (2). Because the
system is in the steady state, their expectation values do not change with time. We can
obtain 〈a†

i ai〉 = 〈a†
i 〉〈ai〉 and 〈aiφ〉 = 〈ai〉〈φ〉 due to the large amplitudes of the cavity

modes. The mean values of the system operators in the steady state are given by:

Lzs = 0,

φs =
g1|a1s|2 + g2|a2s|2

ωφ
,

ais =
εi

(κ − 2Gcosθ) + i(∆i − 2Gsinθ)
,

(5)

where subscript s represents the steady-state value of operators, ∆i = ∆0i − giφs is the
effective cavity detuning, and i = 1, 2. At the steady state, the angular momentum, Lzs,
of the rotating mirror is zero, and the angle, φs, of the rotating mirror depends on the
steady-state amplitudes, ais, of the two cavity modes. We can see that the OPA changes the
decay rate, κ, to κ − 2Gsinθ and the effective cavity detuning, ∆i, to ∆i − 2Gsinθ, and ais

depends on the OPA. By choosing the appropriate parameters of the system, ais can be a
real number (ais = a∗is). We use two high-power lasers to drive the two cavity modes, so
we can rewrite each operator as the steady-state mean value plus a fluctuation operator,
φ = φs + δφ, Lz = Lzs + δLz, ai = ais + δai, and insert them into the Langevin equations of
Equation (2); we obtain the quantum Langevin equations:

˙δφ = ωφδLz,

˙δLz = −ωφδφ + g1a1s(δa†
1 + δa1) + g2a2s(δa†

2 + δa2)−
Dφ

I
δLz + ξ,

˙δai = −(κ + i∆i)δai + igiaisδφ + 2Geiθδa†
i +

√
2κaiin(i = 1, 2),

(6)

where we have ignored small quantities of higher order and i = 1, 2. We define the
amplitude fluctuation operators and the phase fluctuation operators of the cavity modes
as δXi =

1√
2
(δai + δa†

i ), δYi =
1√
2i
(δai − δa†

i ) and the quadrature operators of the vacuum

noise as Xiin = 1√
2
(aiin + a†

iin
) and Yiin = 1√

2i
(aiin − a†

iin
). Finally, the linearized Langevin

equations are given as:
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˙δφ = ωφδLz,

˙δLz = −ωφδφ + G1δX1 + G2δX2 −
Dφ

I
δLz + ξ,

˙δXi = −(κ − 2Gcosθ)δXi + (∆i + 2Gsinθ)δYi +
√

2κXiin ,

˙δYi = −(κ + 2Gcosθ)δYi − (∆i − 2Gsinθ)δXi + Giδφ +
√

2κYiin ,

(7)

where Gi =
√

2giais is the effective optomechanical coupling strength and can be adjusted
by changing the powers of the input lasers, i = 1, 2. We can rewrite Equation (7) in the
following form:

u̇(t) = Au(t) + n(t), (8)

where u(t) = (δφ, δLz, δX1, δY1, δX2, δY2)
⊤ is the vector of fluctuation operators,

n(t) = (0, ξ(t),
√

2κX1in
(t),

√
2κY1in

(t),
√

2κX2in
(t),

√
2κY2in

(t))⊤ is the vector of noises,
and A is a 6 × 6 matrix:

A =



















0 ωφ 0 0 0 0

−ωφ −Dφ

I G1 0 G2 0
0 0 −κ + 2Gcosθ ∆1 + 2Gsinθ 0 0

G1 0 −∆1 + 2Gsinθ −κ − 2Gcosθ 0 0
0 0 0 0 −κ + 2Gcosθ ∆2 + 2Gsinθ

G2 0 0 0 −∆2 + 2Gsinθ −κ − 2Gcosθ



















. (9)

The system is stable only when all of the eigenvalues of matrix A have negative real
parts. We can obtain the stable conditions by the Routh–Hurwitz criterion [33], but the
process of the calculation is too complex and we will not write it in this paper. The quantum
noises of the system are in a Gaussian state, and the quantum Langevin equations are
linearized, thus the system is always in a three-mode Gaussian state with two cavity modes
and one mechanical mode, which can be described by the 6 × 6 convariance matrix V, with
its elements defined by Vij = (〈ui(∞)uj(∞) + uj(∞)ui(∞)〉)/2. In the system we observe
the entanglement of the two cavity modes in the steady state, which can be calculated by
covariance matrix V of the system. Covariance matrix V of the system can be obtained via
solving the Lyapunov equation:

AV + VA⊤ = −D, (10)

where the elements of matrix D are given as 1
2 〈ni(t)nj(s) + nj(s)ni(t)〉 = Dijδ(t − s).

Currently, the quality factor, Q =
ωφ

Dφ/I ≫ 1, of the rotating mirror can be achieved in the

experiment [8]. In this limit, the correlation of ξ is given by [34]:

1

2
〈ξ(t)ξ(t′) + ξ(t′)ξ(t)〉 ≃ Dφ

I
(2n̄ + 1)δ(t − t′), (11)

where n̄ = (e
h̄ωe f f

kBT − 1)−1 is the mean number of thermal phonons of the rotating mir-
ror and ωe f f is the effective frequency of the rotating mirror. We can then write ma-

trix D as D = diag[0,
Dφ

I (2n̄ + 1), κ, κ, κ, κ], which is a diagonal matrix and obtained via
Equations (11) and (3). After we insert matrices A and D into Equation (10) to obtain matrix
V, the entanglement, EN , of the two cavity modes can be quantified by the logarithmic
negativity, which is defined as [35,36]:

EN = max[0,−ln2η−], (12)

where η− ≡ 2−
1
2 {∑(V′)− [∑(V′)2 − 4detV′]

1
2 } 1

2 with the 4 × 4 matrix V′ and V′ consists
of the elements of V associated with the two cavity modes and det is the determinant of the
matrix. We can rewrite matrix V′ in the form of a 2 × 2 block:
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V′ =
(

A C

C⊤ B

)

, (13)

to calculate ∑(V′) ≡ detA + detB − 2detC. Here, A and B represent the variances of cavity
mode 1 and cavity mode 2, respectively, while C describes the correlation between the
two cavity modes.

3. Numerical Calculation of EN and Discussion

In this section, we numerically investigate the influence of the OPA on the steady-
state entanglement between the two cavity modes. In order to observe the influence
of the OPA obviously, we need to choose the appropriate effective cavity detunings to
generate the large entanglement. Similar to [26], we set the effective detunings of the
two cavity modes in the red and blue mechanical sidebands (∆1 = ωφ and ∆2 = −ωφ)
to generate entanglement efficiently. The other parameters are given as follows [3,8,37]:
the length of the cavity, L = 5 mm, the finesse of the cavity, F = 105, the mass of the
rotating mirrors, m = 5 ng, the radius of the rotating mirrors, R = 10 µm, the resonance
frequency of the rotating mirror, ωφ = 2π × 10 MHz, the effective frequency of the rotating
mirror, ωe f f = 0.8ωφ, the quality factor of the rotating mirror, Q = 107, the powers of two
driven lasers, P1 = 100 mW, P2 = 95 mW, and the wavelengths of the two input lasers,

λ = 1064 nm. Under these conditions, we can obtain κ = 3π × 105 and
Dφ

I = 2π. Thus,

our system is working in the resolved sideband limit, ωφ >> κ >>
Dφ

I . When cavity
mode 2 is driven by a blue-detuned laser, ∆2 = −ωφ, the entanglement between cavity
mode 2 and the rotating mirror is created. When cavity mode 1 is driven by a red-detuned
laser, ∆1 = ωφ, the quantum state of the rotating mirror is transferred to cavity mode 1.
Undergoing these two processes, quantum entanglement is created between the two cavity
modes. Moreover, an L–G laser beam with a topological charge value up to l = 1000 can be
generated by using spiral phase elements experimentally [11].

Figure 2 shows the entanglement, EN , of the two cavity modes as a function of phase
θ of the OPA in the range of θ ∈ [0, π]. By numerical simulations, we find that the system is
stable in the range of phases θ ∈ [0, π], while the system is unstable in the range of phases
θ ∈ [π, 2π]. Without the OPA (G = 0), when the phase of the OPA is changed from 0 to π,
EN remains unchanged (EN = 0.264). With the OPA (G 6= 0), EN is larger than 0.264 when θ

is larger than 0 but less than π, which indicates that the OPA can enhance the entanglement
between the two cavity modes by squeezing the optical field [38]. Meanwhile, we find there
is an optimal phase, θ, to achieve the maximum entanglement in a lower gain, G, which is
θ = π

2 . With the gain increasing, the optimal phase moves toward 0 and π.
Figure 3 shows the entanglement, EN , of the two cavity modes as a function of

the nonlinear gain, G, of the OPA for the various phases, θ, of the OPA. When θ = 0,
the entanglement between the two cavity modes decreases by increasing the parametric
gain, G, of the OPA. When θ is nonzero, by increasing the parametric gain, G, of the OPA,
the entanglement between the two cavity modes first increases then decreases. For a larger
parametric phase, θ, the maximum entanglement becomes larger and happens at a lower
parametric gain, G, of the OPA. Figure 4 shows the effect of the nonlinear gain, G, of the
OPA on the entanglement between the two cavity modes for different temperatures, T,
of the environment. Compared to the entanglement without the OPA (G = 0), it is seen
that the maximum entanglement is significantly enhanced by the OPA, which increases
by 114% for T = 10 mK, increases by 89% for T = 50 K, increases by 75% for T = 100 K,
and increases by 66% for T = 150 K. Thus, the enhancement of the entanglement by the
OPA is the most significant for the lowest temperature, T = 10 mK. We also see that the
maximum entanglement decreases with the increase in temperature, T, of the environment.
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Figure 2. The entanglement, EN , of the two cavity modes as a function of the phase, θ, of the OPA for

various nonlinear gains, G, of the OPA. The solid, dot-dashed, dotted, and dashed curves represent

G = 0, 3κ, 6κ, 9κ, respectively. The other parameters are l1 = l2 = 100h̄, T = 10 mK.

0 5 10 15 20 25 30
G/✁

0.1
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0.4

0.5

0.6

EN

θ=0

θ= /6

θ=π/4

θ=π/3
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Figure 3. The entanglement, EN , of the two cavity modes as a function of the nonlinear gain, G, of the

OPA for the various phases, θ, of the OPA. The thick-solid, dot-dashed, dotted, dashed, and thin-solid

curves represent θ = 0, π/6, π/4, π/3, π/2, respectively. The other parameters are l1 = l2 = 100h̄,

T = 10 mK.

0 5 10 15 20 25 30
G/✁

0.1

0.2

0.3

0.4

0.5

0.6

EN

T=10mK

T=50K

T=100K

T=150K

Figure 4. The entanglement, EN , of the two cavity modes as a function of the nonlinear gain, G,

for various system temperatures, T. The dot-dashed, dotted, dashed, and solid curves represent

T = 10 mK, 50 K, 100 K, 150 K, respectively. The other parameters are l1 = l2 = 100h̄, θ = 0.85π.

From Figures 3 and 4, it is noted that the bigger nonlinear gain, G, of the OPA does
not lead to the larger entanglement between the two cavity modes. Thus, there exists
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an optimal nonlinear gain, G, to achieve the maximum entanglement. Figure 5 plots the
optimal nonlinear gain, G, for achieving the maximum entanglement as a function of the
temperature, T, of the environment, where l1 = l2 = 100h̄, θ = 0.85π. It is seen that the
optimal nonlinear gain, G, decreases with the increase in temperature, T, of the environment.
For example, when T = 10 mK, 50 K, 100 K, 150 K, 200 K, 250 K, the optimal nonlinear
gain, G, is 6.5κ, 4.2κ, 3.3κ, 2.8κ, 2.4κ, 2.1κ, respectively. It is seen that the entanglement can
exist even at T = 250K; thus, the entanglement is robust against the temperature of the
environment in the presence of the OPA.

0 50 100 150 200 250
T(K)

3

4

5

6

G/κ

Figure 5. The optimal nonlinear gain, G, for the entanglement as a function of the temperature, T, of

the environment. The other parameters are l1 = l2 = 100h̄, θ = 0.85π.

The explanation of reducing the entanglement for a larger nonlinear gain are as follows.
On the one hand, the effective detuning of the two cavity modes are different (∆1,2 = ±ωφ).
With the increase in the nonlinear gain, G, photon number |a1s|2 increases, while photon
number |a2s|2 decreases, as shown in Figure 6, which makes the difference between G1 and
G2 larger for a larger nonlinear gain. This can also explain the phenomenon in Figure 3,
when θ = π

2 , the increasing of the difference between |a1s|2 and |a2s|2 is the fastest, so the
entanglement can reach the maximum value for the lowest nonlinear gain, G, and then
reduce. On the other hand, the squeezings of the two cavity modes are different for a larger
nonlinear gain, and the difference between the squeezing degrees of the two cavity modes
is larger with the growing of the nonlinear gain [26], as shown in Figure 7. Figure 7 shows
the degree of squeezing of the two cavity modes as a function of the nonlinear gain, G, of
the OPA. In this figure, we use the ratio 〈δX2

1〉/〈δY2
1 〉 to represent the degree of squeezing

of cavity mode 1 and the ratio 〈δY2
2 〉/〈δX2

2〉 to represent the degree of squeezing of cavity
mode 2. Without OPA (G = 0), 〈δX2

1〉/〈δY2
1 〉 and 〈δY2

2 〉/〈δX2
2〉 are equal to 1; thus, the two

cavity modes 1 and 2 are not squeezed, because without OPA the cavity modes are in the
thermal states [26] due to their interactions with the rotating mirror in thermal equilibrium
with its surrounding environment. With the increase in the nonlinear gain, G, 〈δX2

1〉/〈δY2
1 〉

and 〈δY2
2 〉/〈δX2

2〉 increase, which shows that the OPA squeezes the phase quadrature of
cavity mode 1 and the amplitude quadrature of cavity mode 2, and the degrees of squeezing
for the two cavity modes are very close for a lower nonlinear gain, G, while the difference
of squeezing degrees between the two cavity modes is more obvious for a higher nonlinear
gain, G. For a lower nonlinear gain G, the squeezings of the two cavity modes increase the
entanglement of the two cavity modes, but for a higher nonlinear gain G, the squeezings
of the two cavity modes decrease the entanglement of the two cavity modes. Therefore,
for a larger nonlinear gain, G, the optical noise becomes an important effective thermal
bath coupled to the mechanical oscillator, giving rise to the decrease in the entanglement
between the two cavity modes [26].
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Figure 6. The Logarithmic number of photons, |ais|2, as a function of the nonlinear gain, G, for the

various phases, θ, of the OPA. The thick-solid, dot-dashed, dotted, dashed, thin-solid, and solid

curves represent |a1s|2 when θ = π/2, |a2s|2 when θ = π/2, |a1s|2 when θ = π/3, |a2s|2 when

θ = π/3, |a1s|2 when θ = π/6, and |a2s|2 when θ = π/6, respectively. The other parameters are

l1 = l2 = 100h̄, T = 10 mK.

0 5 10 15 20
G/κ
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Figure 7. The degrees of squeezing of the two cavity modes as a function of the nonlinear gain, G,

of the OPA. The solid and dot-dashed curves represent 〈δX2
1〉/〈δY2

1 〉 and 〈δY2
2 〉/〈δX2

2〉, respectively.

The other parameters are l1 = l2 = 100h̄, T = 10 mK, θ = 0.85π.

Figure 8 shows the entanglement, EN , of the two cavity modes as a function of
the nonlinear gain, G, for various angular momentums of the two cavity modes. When
G = 0, for l2 = 100h̄, 95h̄, 90h̄, 85h̄, EN = 0.264, 0.439, 0.508, 0.542. The maximum
values of EN for l2 = 100h̄, 95h̄, 90h̄, 85h̄ are 0.565, 0.569, 0.569, 0.569. This shows that the
enhancement of entanglement by the OPA is the largest when the angular momentums of
the two cavity modes are the same and reduces with the increasing of the difference between
the two angular momentums of the two cavity modes. The difference of the angular
momentums of the two cavity modes has no distinct effect on the maximum entanglement.

Figure 9 shows the entanglement, EN , of the two cavity modes as a function of the
parametric phase, θ, of the OPA for various angular momentums of the two cavity modes. It
shows that the effect of the parametric phase, θ, of the OPA on the entanglement, EN , of the
two cavity modes is smaller for the larger difference between the angular momentums of
the two cavity modes. For G = 6κ, with increasing the difference between the two angular
momentums, the optimal phase, θ, is shifted to θ = 0, π. When θ = π

2 , the entanglement
becomes weaker with the increasing of the difference between two angular momentums.
Comparing Figure 9 with Figure 2, it can be seen that the effect of the different angular
momentums on the entanglement of the two cavity modes is similar to that of the large
nonlinear gain on the entanglement of the two cavity modes. The numerical calculations
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show that the angular momentum only influences the optomechanical coupling coefficient,
gi, so that the effective optomechanical coupling strength, Gi, is changed. The effective
optomechanical coupling strength, Gi, is plotted as a function of the nonlinear gain, G,
for the different angular momentums of the two cavity modes, as shown in Figure 10.
From Figure 10, it can be seen that G1 increases with the increase in the nonlinear gain, G,
while G2 decreases with the increase in the nonlinear gain, G. When G = 6κ, the difference
between G1 and G2 increases with a decrease in the angular momentum, l2, leading to the
weaker entanglement between the two cavity modes shown in Figure 9.

0 5 10 15 20 25 30
G/✁

0.1

0.2

0.3

0.4

0.5

0.6

EN

l1=100ℏ, l2=100ℏ

l1=100ℏ, l2=95ℏ

l1=100ℏ, l2=90ℏ

l1=100ℏ, l2=85ℏ

Figure 8. The entanglement, EN , of the two cavity modes as a function of the nonlinear gain, G,

for various angular momentums of the two cavity modes. The solid, dot-dashed, dashed, and dot-

ted curves represent l2 = 100h̄, 95h̄, 90h̄, 85h̄, respectively. The other parameters are l1 = 100h̄,

T = 10 mK, θ = 0.85π.

0.0 0.2 0.4 0.6 0.8 1.0
θ✴π

0.25

0.30

0.35
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l1 100ℏ, l2 90ℏ

l1 100ℏ, l2 85ℏ

Figure 9. The entanglement, EN , of the two cavity modes as a function of the parametric phase, θ, of

the OPA for various angular momentums of the two cavity modes. The thin-solid, dotted, dashed,

and dot-dashed curves represent l2 = 100h̄, 95h̄, 90h̄, 85h̄, respectively. The other parameters are

l1 = 100h̄, T = 10 mK, G = 6κ.

Through the comparisons of the logarithmic negativity, EN , of the two cavity modes in
the presence of the OPA in the L–G cavity optorotating system and that in the optomechan-
ical system, we find that the L–G cavity optorotating system has some advantages over the
optomechanical system. The obvious advantage of the L–G cavity optorotating system is
that the entanglement between the two cavity modes in the presence of the OPA is more
robust against the temperature of the environment. The entanglement in the L–G cavity
optorotating system with the OPA at T = 100 K is stronger than that in the optomechanical
system with the OPA at T = 0.1 K [26], which means that we can implement the same
entanglement of the two cavity modes in the L–G cavity optorotating system with the OPA
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at a higher temperature of the environment. Thus, the L–G cavity optorotating system
with the OPA releases the limitation of the cryogenic temperature to achieve the entangle-
ment. We also observe that the maximum optimal nonlinear gain, G, in the L–G cavity
optorotating system with the OPA is approximately 6κ, similar to that in the optomechan-
ical system with the OPA. In addition, in the optomechanical system with the OPA [26],
for different nonzero parametric gains, G, the maximum entanglement always happens at
θ = π/2. However, in the L–G optorotating system with the OPA, for different nonzero
parametric gains, G, the maximum entanglement does not always happen at θ = π/2.
For G = 3κ, the maximum entanglement happens at θ = π/2. With further increasing the
parametric gain G, the maximum entanglement moves away from θ = π/2 toward θ = 0
and π, as shown in Figure 3, and the entanglement at θ = π/2 decreases. Furthermore,
the maximum entanglement between the two cavity modes and the enhancement of the
entanglement between the two cavity modes induced by the OPA are also improved in the
L–G cavity optorotating system.

0 5 10 15 20
G/✁

6.8

6.9

7.0

7.1

7.2

7.3

7.4

7.5

log10(Gi)

G1, l1=100ℏ

G2, l2=100ℏ

G2, l2=95ℏ

G2, l2=90ℏ

G2, l2=85ℏ

Figure 10. The Logarithmic effective optomechanical coupling strength, Gi, as a function of the

nonlinear gain G. The thick-solid, dot-dashed, dotted, dashed, and thin-solid curves represent G1

when l1 = 100h̄, G2 when l2 = 100h̄, G2 when l2 = 95h̄, G2 when l2 = 90h̄, G2 when l2 = 85h̄,

respectively. The other parameters are θ = 0.5π, T = 10 mK.

4. Conclusions

We have studied the effect of degenerate OPA on the steady-state entanglement of two
L–G cavity modes, which interact with the same rotating mirror. We find that the OPA can
significantly enhance the entanglement of the two cavity modes due to the squeezing of
the two cavity modes induced by the OPA. The enhancement of the entanglement induced
by the OPA is the most significant when the system is working in cryogenic environment
temperatures and the two cavity modes have the same angular momentums. We find that
the optimal nonlinear gain of the OPA to achieve the maximum entanglement depends
on the parametric phase of the OPA and the temperature of the environment. Moreover,
the entanglement of the two cavity modes can be further improved by using measurement-
based feedback control [39] and coherent feedback control [40]. The generated entanglement
of the two cavity modes in the macroscopic L–G cavity optorotating system with the OPA
is a useful resource in the construction of quantum communication networks.
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