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Abstract
In the current noisy intermediate-scale quantum era, the limited number of high-fidelity qubits
and restricted circuit depth pose significant challenges for large-scale quantum computation.
Fortunately, distributed quantum computing (DQC) provides a feasible solution by dividing large
quantum circuits into smaller subcircuits that can be executed on existing quantum processors.
In this work, we propose a generalized model of circuit reconstruction (GMCR), which is cap-
able of handling complex cutting patterns such as U-type structures to recover the output of the
original circuit from the subcircuit results. In addition to the number of nonlocal gates and exe-
cution rounds, we introduce a new objective function in multi-objective simulated annealing
(MOSA)-based cutting algorithm, the number of required SWAP operations in the subsequent
mapping from logical qubits to physical qubits, which is used to satisfy the hardware connectiv-
ity constraints and to further decrease the complexity of quantum circuit compiling. We verified
the GMCR model by cutting five circuits: encoding circuit for the Steane 7-qubit code, circuit of
Shor’s algorithm, quantum supremacy circuit, quantum circuit of Bernstein–Vazirani algorithm,
and circuit of approximate quantum Fourier transform. In the case of the Steane 7-qubit code,
the number of reconstruction rounds was reduced from 337 to 156 under a fixed nonlocal gate
count of two, while the number of SWAP operations was also reduced from 10 to 7 compared
with the earlier MOSA-based algorithm. For the U-type subcircuits, using the GMCR model, the
original results can be obtained, but cannot be obtained by the dynamic definition, approximate
reconstruction algorithm, and fast reconstruction algorithm. This work plays an important role in
implementing large-scale DQC, a typical application of future quantum Internet.

1. Introduction

Quantum computing leverages the fundamental quantum mechanical properties, quantum state
superposition [1], quantum entanglement [2], and quantum interference [3] to enable exponential paral-
lelism and high-efficiency information processing. Consequently, it may offer significant computational
advantages over classical computing in specific domains, including machine learning [4], chemistry
[5], cryptanalysis [6], and finance [7]. However, to fully realize the computational speedup offered
by quantum computing, a large number of high-quality qubits and large-depth quantum circuits are
required. For example, Shor’s well-known algorithm for integer factorization requires millions of phys-
ical qubits to encode sufficient logical qubits to solve problems on a practical scale [8]. In the current
noisy intermediate-scale quantum (NISQ) era [9], a practical quantum computer with a relatively small
number of qubits remains insufficient for large-scale, fault-tolerant quantum computing. Fortunately,
distributed quantum computing (DQC) is a feasible method to address this problem [10].
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Using a DQC, a large quantum circuit can be divided into several small-scale subcircuits with a
small number of qubits and a shallow circuit depth. Such subcircuits can be implemented by current
quantum processors with a limited qubit coherence time. DQC can be classified into two categories: the
first category involves connecting and coordinating multiple quantum processors which contain non-
local quantum gates [11]. With the development of quantum Internet, the entangled quantum states
can be obtained on-demand at any two quantum processors in the quantum network, so that nonlocal
quantum gates can be implemented on-demand with additional measurements, classical communica-
tions and local single-qubit gates. The first scheme is scalable. The second category aims to integrate
multiple small-scale quantum processors each of which runs the subcircuit deriving from circuit cut-
ting. Since the subcircuits run independently, this kind of DQC scheme is also scalable with the cost of
quantum processors and classical reconstruction processing. In addition, the parallel execution of subcir-
cuits allows efficient processing in distributed quantum systems. While, the classical reconstruction com-
plexity grows exponentially with the number of cut qubits, the combination of two schemes is a better
choice. Quantum circuit cutting decomposes a large-scale quantum circuit into several smaller subcir-
cuits. A reduction in the number of quantum gates in the subcircuits lowers the demand for high-quality
qubits, thereby significantly improving the accuracy of the computation results. Quantum circuit recon-
struction (QCR) refers to recovering the output of the original circuit based on the results of the subcir-
cuits. In quantum circuit cutting, a well-chosen partition point can significantly reduce the dimensional-
ity of the quantum circuit and computational complexity of the reconstruction process. In addition, the
choice of the reconstruction method is another key challenge.

Grover began the first DQC work on distributed data processing using entanglement (named by
‘telecomputation’) [12]. Various circuit partitioning methods have been proposed [13–15]. In the ori-
ginal work [16] and improved works [17–21], the proposed reconstruction schemes were applied to spe-
cial quantum circuits. For more general and complex cutting scenarios, we propose a generalized recon-
struction scheme. Several studies have focused on the use of nonlocal gates and circuit cutting. In previ-
ous studies [22], both circuit cutting and nonlocal gate-based DQC were investigated. In addition, coup-
ling between qubits in NISQ hardware is limited, and two-qubit gates can only be implemented between
physically adjacent qubits [12]. Currently, the mainstream chip structure is a two-dimensional nearest-
neighbor layout that limits the operational flexibility. Additional swapping operations are required to
implement multiple-qubit gate operation among multiple non-adjacent physical qubits in practical chip.
These increase the additional overhead. In this case, swap operation becomes important step of map-
ping from logical qubits in quantum circuits to physical qubits in practical quantum processors, which
is one of the tasks in quantum circuit compiling [23–25]. While, during the procedure of cutting the
multiple-qubit gates with shorter distance between the input qubits can be located in one subcircuit for
reducing the swap operations. Hence, we add a new objective function, the number of swap operations
in the subcircuits.

The structure of this paper is arranged as follows. In section 2, we provide a comprehensive review
and comparison of existing quantum circuit cutting and reconstruction methods. In section 3, an
improved circuit cutting scheme is proposed by adding a new objective function to minimize the num-
ber of swap operations in the multi-objective simulated annealing (MOSA) algorithm. Section 4 pro-
poses a universal QCR model and validates the algorithm using simulation software developed using the
Python programming language in conjunction with IBM’s Qiskit library. Finally, we discuss the potential
advantages and limitations of the proposed reconstruction model, summarize the main contributions of
this study, and outline future research directions.

2. Related works

Reconstruction of the results of the original circuit is an important step in the DQC. The classical
resources consumed grow exponentially with the number of cut qubits. The prerequisite is a recon-
struction model, in which the correct results can be calculated efficiently. Early representative works,
such as CutQC [18], established a complete engineering framework using exact reconstruction and
dynamic definition (DD) queries, but its computational overhead scales exponentially with the num-
ber of qubits and cuts. To address this bottleneck, Chen et al [26]. pioneered a new approach by refor-
mulating reconstruction as a probabilistic sampling task. They employed Markov Chain Monte Carlo
(MCMC) methods, specifically the Metropolis-Hastings algorithm, to significantly reduce the dependency
on the qubit count. The core idea is to construct a Markov chain whose stationary distribution matches
the target probability distribution of the reconstructed quantum circuit. To guide the sampling process,
a temperature parameter (T), inspired by SA in statistical physics, is introduced. At high temperature,
the algorithm promotes broad exploration of the state space, while gradually lowering the temperature
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focuses sampling on high-probability states for exploitation, enabling efficient approximation of the
circuit output without reconstructing the full probability distribution. Although this scheme reduces
qubit-count dependence, it still proves inefficient for handling multiple cuts. Building upon this, Lian
et al [27]. further optimized the sampling process by introducing the Hamiltonian Monte Carlo (HMC)
algorithm, which substantially improved both sampling efficiency and reconstruction speed, although
their current implementation is limited to single-cut scenarios the existed works, in which it is diffi-
cult to obtain results for complex cutting method, for example a U-type cutting method (see section 4).
Accordingly, a generalized reconstruction model is required.

Many studies have been published on the QCP technology. In 2019, Perlin et al [28] developed a cir-
cuit cutting scheme that leverages Karger’s MIN-CUT algorithm to identify severe connections within
quantum circuits. This method enables the decomposition of large circuits into smaller independently
simulated modules. Circuit cutting, or fragmentation, is a technique that enables the execution of large
quantum circuits by breaking them into smaller manageable subcircuits. Ayral et al [29] provided the
first experimental demonstration of this method using a superconducting quantum processor. Their
work showed that by executing smaller circuit fragments and classically recombining their results, it is
possible to simulate quantum circuits whose width or depth exceeds the native capacity of one quantum
hardware. Tang et al proposed a circuit cutting approach, CutQC, using the mixed-integer programming
(MIP) technique [18] Lowe et al [30] proposed a circuit partitioning method based on random measure-
ment values. Saleem et al [31] reduced the overhead during reconstruction by minimizing the number
of partitions. Hou et al [22] proposed a MOSA algorithm to choose the cutting positions with minimum
reconstruction runs and minimum nonlocal CNOT gates. In these existing studies, multiple-qubit gates
on adjacent qubits in subcircuits have not been considered. We add a new objective function to address
this issue to decrease the number of swapping circuits in quantum compiling.

In summary, regarding reconstruction, our work is similar to previous studies in that it also aims to
reduce the computational cost of reconstruction, but differs in that we propose a more general recon-
struction model that can handle complex cutting methods, such as the U-type cutting scheme. Regarding
circuit cutting, our work is similar to earlier approaches in targeting the reduction of nonlocal quantum
gates and compilation overhead, but differs in that we additionally consider multi-qubit gates on adja-
cent qubits within subcircuits, and introduce a new objective function to decrease the number of swap-
ping circuits during quantum compiling, thereby further improving overall performance.

3. Distributed quantum computation based on circuit cutting and nonlocal gates

Circuit cutting can also be named as circuit partitioning, which can be divided into two categories:
qubit partitioning and gate partitioning. As shown in figure 1, qubit partitioning splits quantum cir-
cuit into two subcircuits by cutting the wire of qubit q1. Qubits q0 and q1 are in one subcircuit and
q1 and q2 are in the other subcircuit. Gate partitioning is another circuit cutting scheme by which a
multiple-qubit gate operating in one quantum circuit can be converted into one which is implemen-
ted by multiple quantum subcircuits, with one qubit in each subcircuit and classical communications
between them. This kind of multiple-qubit gate by multiple subcircuits (or multiple quantum com-
puters) is called by nonlocal quantum gate. As shown in figure 2, the second CNOT gate is converted
into nonlocal CNOT gate in which control qubit q1 is in first subcircuit and q2 is in the second sub-
circuit (typical schemes can refer to [32, 33]. In our scheme we adopt the existed nonlocal CNOT gate
design based on entangled state, single-qubit measurements and classical data-controlled single-qubit
gate. We here mainly introduce the principle of circuit cutting-based DQC for our generalized recon-
struction algorithm in section 4.

3.1. Principle of DQC based on circuit cutting
In the theoretical framework of quantum circuits, any unitary operator can be decomposed elegantly
into a linear combination of orthogonal matrix bases. Taking Pauli matrices I, Z, X, and Y as an
example, after normalization, they form a standard orthogonal basis. Any 2×2 matrix A can be precisely
decomposed into a linear combination of these bases, as expressed below,

A=
Tr(AI) I+Tr(AX)X+Tr(AY)Y+Tr(AZ)Z

2
(1)
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Figure 1. Schematic illustration of single-qubit partitioning. The figure shows a three-qubit circuit that is divided into two two-
qubit subcircuits by cutting one qubit wire.

Figure 2. Schematic illustration of gate-based partitioning. The figure shows a three-qubit circuit divided into two two-qubit
subcircuits through gate partitioning.

The Pauli matrices in the formula can be further expanded as a combination of their eigenbases:

I= |0⟩⟨0|+ |1⟩⟨1|
X= |+⟩⟨+| − |−⟩⟨−|
Y= |+i⟩⟨+i | − |−i⟩⟨−i |
Z= |0⟩⟨0| − |1⟩⟨1|

(2)

where, |+⟩ and |−⟩, |i⟩ and | − i⟩,|0⟩ and |1⟩ are the eigenstates of Pauli operators X,Y and Z, respect-

ively. By using linear combination of |0⟩ and |1⟩, |±⟩= |0⟩±|1⟩√
2

and | ± i⟩= |0⟩±i|1⟩√
2
.

For a measurement M on a quantum state with density operator (or density matrix) ρ, the mean
value of measurement results can be given by Tr(ρM). The density operator of a qubit (or qubits) in a
quantum circuit can be expressed with an equivalent form. As an example, the state with density oper-
ator A in the cutting location shown in figure 1 can be expressed in the form of equation (3) equival-
ently, where ci is the coefficient, ψi(A) = Tr(AOi), Oi is Pauli measurement operator on A and ρi is the
density operator which acts as the input to the second subcircuit [16],

A=
8∑

i=1

ciψ i (A) (3)

O1 = I,ρ1 = |0⟩⟨0| , c1 =+1/2

O2 = I,ρ2 = |1⟩⟨1| , c2 =+1/2

O3 = X,ρ3 = |+⟩⟨+| , c3 =+1/2

O4 = X,ρ1 = |−⟩⟨−| , c4 =−1/2

O5 = Y,ρ1 = |+i⟩⟨+i| , c5 =+1/2

O6 = Y,ρ1 = |−i⟩⟨−i| , c6 =−1/2

O7 = Z,ρ1 = |0⟩⟨0| , c7 =+1/2

O8 = Z,ρ1 = |1⟩⟨1| , c8 =−1/2. (4)

In equations (3) and (4), ρi is the corresponding density operator of eigenbase of Pauli operator Oi,
and the corresponding eigenvalues by 2ci. Thus, the measurement and state preparation can be per-
formed independently in parallel in the two subcircuits. We name the first subcircuit the prefix subcir-
cuit and the second one the suffix subcircuit. Since the eigenvalue of the identity matrix I is +1, and
the corresponding eigenstates can be any two orthogonal states, we can choose the eigenstates of the Z
operator. Thus, measuring a qubit in either the I or Z basis corresponds to the same quantum circuit.
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Figure 3. Example of cutting a three-qubit circuit into two smaller subcircuits, each containing two qubits. The subcircuits are
generated by cutting the q1 wire between the two CNOT gates. The three variations of subcircuit1,Z,X,Y denote Pauli measure-
ments, respectively.

Therefore, in practice, only three measurement bases (Z, X, and Y) are required for the prefix subcir-
cuit. Additionally, states |−⟩ and |−i⟩ can be obtained by applying a Z gate (phase flip) to states |+⟩ and
|+i⟩, respectively, reducing the required quantum states from six to four basic ones.

3.2. Results reconstruction
An illustration of single-qubit circuit cutting and reconstruction is shown in figure 3. Let the input
to an n-qubit quantum circuit be initialized in the product state |q0, . . . ,qn−1⟩, where each qi ∈
{|0⟩, |1⟩, |+⟩, |+ i⟩} denotes a standard single-qubit basis state. The output qubits are measured in the
basis M0, . . . ,Mn−1, with each Mi ∈ {I,X,Y,Z} representing a Pauli observable or the identity. We denote
this circuit configuration as C(|q0, . . . ,qn−1⟩;M0, . . . ,Mn−1), where C specifies a quantum circuit operat-
ing on the given input state and subject to measurements in the corresponding bases. It is important to
note that subcirc11 does not directly contribute to the final output of the original quantum circuit. As a
result, the measurement outcomes obtained from executing subcircuit 1 must be adjusted by multiply-
ing a factor of ±1, which is determined by the specific measurement results of qubits within subcirc11.
Specifically, each measurement outcome of subcircuit 1 should be attributed to the final output as:

x0, x1→+x M= I

x0→+x

x1→−x M= [Z, X, Y]

(5)

where x is the measurement outcome of the qubits in the subcirc10.
By substituting equation (4) into equation (1) and simplifying the expression, we obtain the follow-

ing result [18]:

A1 = [Tr(AI)+Tr(AZ)] |0⟩⟨0|
A2 = [Tr(AI)−Tr(AZ)] |1⟩⟨1|
A3 = Tr(AX) [2 |+⟩⟨+| − |0⟩⟨0| − |1⟩⟨1|]
A4 = Tr(AY) [2 |+i⟩⟨+i | − |0⟩⟨0| − |1⟩⟨1|] . (6)

As an illustrative example, we show how to compute the probability of the uncut circuit output-
ting the state |000⟩. In this case, the corresponding portion of subcircuit 1 is the state |0⟩. Based on
equation (5), the reconstruction process requires four terms from subcircuit 1, which are associated with
this outcome:

p1,1 = p(|00⟩ |I )+ p(|01⟩ |I )+ p(|00⟩ |Z )− p(|01⟩ |Z )
p1,2 = p(|00⟩ |I )+ p(|01⟩ |I )− p(|00⟩ |Z )+ p(|01⟩ |Z )
p1,3 = p(|00⟩ |X )− p(|01⟩ |X )

p1,4 = p(|00⟩ |Y )− p(|01⟩ |Y ) . (7)

The relevant state of subcircuit 2 is |00⟩. Hence, its four terms are:

p2,1 = p(|00⟩ ||0⟩)
p2,2 = p(|00⟩ ||1⟩)
p2,3 = 2p(|00⟩ ||+⟩)− p(|00⟩ ||0⟩)− p(|00⟩ ||1⟩)
p2,4 = 2p(|00⟩ ||+ i⟩)− p(|00⟩ ||0⟩)− p(|00⟩ ||1⟩) . (8)
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Figure 4. Four-qubit quantum processor model. Q0 is connected to Q1 and Q3 via couplers, which allows a CNOT gate to
be applied on the qubit pairs {Q0,Q1} and {Q0,Q3} in either direction. However, Q0 is not directly connected to Q2, so a
CNOT gate cannot be applied on these two qubits directly. Used with permission of Association for Computing Machinery,
from [25]; permission conveyed through Copyright Clearance Center, Inc.

Figure 5. Four-qubit circuit. This quantum circuit consists of six CNOT gates. The initial logical-to-physical qubit mapping is
given by {q0 7→ Q0,q1 7→ Q1,q2 7→ Q2,q3 7→ Q3}.

During the classical post-processing stage, the complete probability distribution of the original uncut
circuit can be reconstructed by utilizing the relevant outputs from the two smaller subcircuits. This
involves calculating and summing four specific Kronecker product pairs. Specifically,the final reconstruc-
ted probability of the uncut state |000⟩ is

p(|000⟩) = 1

2

4∑
i=1

p1,i ⊗ p2,i. (9)

The mathematical theory of circuit cutting [16] proves that CutQC [18] output strictly equals the
output of the uncut circuit.

3.3. The objective functions of optimizing circuit cutting positions
The number of nonlocal gates and the number of execution rounds required for subcircuit clusters were
used as two objective functions in previous work [22]. However, the logical quantum circuits should
run in practical quantum processors, and hardware-specific constraints, e.g. limited qubit connectivity,
should be taken into account. Therefore, these two objective functions (metrics) are insufficient. Next,
the detailed will be expressed.

Quantum circuits are composed of multiple quantum gates that are functionally analogous to the
logic gates in classical computing. However, owning to the physical implementation challenges of the
current quantum hardware, the physical qubit topology is relatively limited. Therefore, one task of a
quantum compiler is to map logical qubits into specific physical qubits in practical quantum hardware.

A 4-qubit quantum processor is shown in figure 4. It only allows two-qubit gate operations between
the following pairs of physical qubits: {Q0,Q1}, {Q1,Q2}, {Q2,Q3} and {Q3,Q0}; However, there is no
physical connection between qubits {Q0,Q2} and {Q1,Q3}, so a two-qubit gate cannot be applied dir-
ectly to them.

Suppose that we want to execute a small quantum circuit containing six CNOT gates on this 4-qubit
device, as shown in figure 5. The initial mapping from logical to physical qubits is defined as follows:
{q0 → Q0,q1 → Q1,q2 → Q2,q3 → Q3}. Under this mapping, four CNOT gates can be executed directly
on a physical device. However, the 5th and 6th CNOT gates (highlighted in red in figure 5 cannot be
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Figure 6. Decomposition of SWAP Operation. We employ SWAP operations to change the qubit mapping by exchanging the
states between two qubits. It consists of three CNOT gates. Used with permission of Association for Computing Machinery, from
[25]; permission conveyed through Copyright Clearance Center, Inc.

Figure 7. The updated quantum circuit is now executable after inserting a SWAP operation between q0 and q1 following the
fourth CNOT gate. The first four CNOT gates can be executed under the initial mapping. After the inserted SWAP, the mapping
is updated to {q0 7→ Q1,q1 7→ Q0,q2 7→ Q2,q3 7→ Q3}. The remaining two CNOT gates can now be executed under this updated
mapping.

executed directly because the corresponding pairs of physical qubits are not connected. Therefore, it is
necessary to dynamically adjust the qubit mapping during circuit execution to ensure that all CNOT
gates can be executed successfully on the hardware.

We update the qubit mapping by introducing SWAP operations, which change the physical positions
of two qubits by swapping their states. A SWAP operation consists of three CNOT gates (as shown in
figure 6). By consecutively applying multiple SWAP operations, a logical qubit can be moved to any
desired physical location. Even if the target qubits are not adjacent in the initial connectivity graph,
they can be moved to an interactive position with the help of intermediate swaps, thereby enabling the
desired two-qubit gate operations.

Figure 7 shows the updated circuit after inserting the SWAP operation following the fourth CNOT
gate. The SWAP operation acts on qubits q0 and q1, and the corresponding mapping is updated as
{q0 → Q1,q1 → Q0,q2 → Q2,q3 → Q3}. The updated mapping allows the remaining two CNOT gates
to be executed successfully in the physical architecture.

By inserting an appropriate number of SWAP operations into the quantum circuit, we can satisfy
all physical execution constraints of the two-qubit gates, thereby generating a circuit compatible with
the hardware while maintaining the functionality of the original quantum circuit. However, due to the
limitations of current NISQ devices, introducing additional SWAP operations also brings the following
issues.

First, the number of operations increased. SWAP operations consist of multiple gates, and are not
ideal operations themselves, which may introduce more noise and increase the overall error rate.

Second, the circuit depth was increased. Additional gate operations prolong the circuit execution
time, allowing more decoherence effects to accumulate and further reducing the fidelity of the circuit.

Additional SWAP operations introduce significant overhead in terms of fidelity and execution time.
Therefore, we aimed to minimize the number of SWAP operations to reduce the overall error rate and
execution time. Thus, we used the number of swap operations in the subcircuits as the third objective
function f 3. Actually, the physical mapping stage remains one of the primary bottlenecks in quantum
compilation, as it often requires inserting numerous SWAP gates to comply with hardware connectiv-
ity restrictions. The objective directs the MOSA algorithm toward coupling-aware partitioning schemes,
where logically correlated qubits are assigned to physically adjacent hardware qubits. This anticipatory
optimization minimizes inter-qubit distances within each subcircuit, thereby reducing the number of
SWAP operations required during subsequent compilation and mapping. Consequently, the compiled
circuits exhibit shallower depth, shorter execution time, and lower accumulated noise.

7
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Algorithm 1.Multi-Objective Simulated Annealing-based circuit cutting(MOSA).

Input: QC, Sinit,Tinit,Tmin,T,I,α,POP,INDinit,DS
Output: Pareto frontier
1: whileT > Tmin do
2: for i ∈ I do
3: while Snew is not valid
4: Snew = RO(Sold)
5: end while
6: ( f1,f2, f3) = (Obj1(Snew),Obj2(Snew),Obj3(Snew))
7: INDnew = ( f1, f2, f3)
8: if INDnew is superior to POP[i] then
9: POP[i] = INDnew

10: Sopt = Snew
11: Add INDnew, Sopt into DS
12: else

13: ∆f =
∣∣∣fnew1 − fold1

∣∣∣+ ∣∣∣fnew2 − fold2

∣∣∣+ ∣∣∣fnew3 − fold3

∣∣∣
14: Paccept = e(−∆f/T)

15: if random(0,1) Paccept then
16 : POP[i] = INDnew

17: end if
18: end if
19: Sold = Snew
20: end for
21: T= T ·α
22: end while
23: Choose the Pareto frontier from DS

3.4. MOSA-based circuit cutting
SA is a heuristic algorithm inspired by the metallurgy annealing process, where a metal material is
heated and then slowly cooled to achieve a stable state. It can escape the local minima by probably
accepting suboptimal solutions. SA algorithm starts with an initial solution and a high temperat-
ure. Then new solution is generated by a small change to the current solution and the temperature is
decreased slowly at each iteration. The new solution will be accepted if it is better than the current one,
or be accepted probably if it is worse than the current one. SA stops when a low temperature or the
number of iterations is reached. SA is widely applied in combinatorial optimization problems. MOSA is
an extension of SA in which there are multiple objective functions. In MOSA, a new solution is feasible
when it dominates the current one, i.e. at least one objective function value is without any deterioration.
Detailed will be given later in this section.

The process of the improved MOSA algorithm is presented in algorithm 1. The inputs of the
algorithm includes: the original quantum circuit QC, the initial cutting scheme Sinit, the initial temper-
ature Tinit, the minimum temperature Tmin, the current temperature T, the number of iterations at each
temperature I, the cooling rate α, the new cutting scheme Snew, the randomly chosen operator RO, the
previous valid cutting scheme Sold, the objective function Obj1 to calculate f1, the objective function Obj2
to calculate f2, the objective function Obj3 to calculate f3, POP represents a population, which denotes a
set of I individuals (f1, f2, f3), each individual is also called IND, the original individual is called INDinit,
new individual generated during iteration is written as INDnew, and the set of dominant individuals gen-
erated in the iterative process of population individuals is called dominant species, simplified as DS. At
the end of the algorithm, the Pareto frontier is filtered out from DS, and we can choose the most suit-
able cutting scheme from the pareto frontier points according to the actual situation. The initial Settings
are as follows: INDnew = (Obj1 (Sinit) ,Obj2 (Sinit) ,Obj3 (Sinit)), POP=

{
IND0

init, IND
1
init, ..., IND

I−1
init

}
,

T= Tinit, Sold = Sinit.
The MOSA algorithm begins by initializing the essential parameters, including the individual, pop-

ulation, temperature, and previous cutting configuration. The core execution of the algorithm spans
from Lines 1 to 22, iterating until system temperature falls below the predefined minimum threshold
Tmin. Within each temperature level T the procedure from Lines 2 to 20 performs the SA process. For
every instance in population set I, a new candidate solution Snew is randomly produced via the RO oper-
ator and assessed against the current solution using objective functions. If the resulting indicator INDnew

demonstrates superiority over the existing population entry POP[i], it replaces it, and the corresponding
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optimal state Sopt is recorded in the solution archive DS. Otherwise, POP[i] may still be updated with
INDnew based on the probability dictated by the Metropolis acceptance criterion.

The applied stochastic modification technique involves altering the position of the coordinates within
the circuit partitioning configuration. This is achieved by first selecting a subcircuit fragment at random,
then randomly selecting one coordinate from it, and finally, relocating this coordinate to a different sub-
circuit. These randomized operations can be categorized into three distinct types :(1) randomly modify-
ing the width of the selected subcircuit fragment, (2) randomly adjusting the depth of the fragment, and
(3) simultaneously altering the width and depth of the fragment in a stochastic manner.

Two distinct criteria are employed to determine whether a newly generated solution should replace
an existing one. The first is based on Pareto dominance, defined as follows. Let A, B, C represent the
objective values of the current solution, with the optimization goal being the minimization of both.
For a new candidate solution with objectives (A ′,B ′,C ′), the following scenarios are considered:(1) If
A ′ ⩽ A,B ′ ⩽ B,C ′ ⩽ C and at least one of these inequalities is strict, then (A ′,B ′,C ′) is said to dom-
inate (A,B,C);(2) if any value in (A ′,B ′,C ′) is greater than its corresponding value in (A,B,C), then
the new solution does not dominate the old one. In our method, a new individual is deemed better
than the previous one only when it satisfies the dominance condition described in Case (1). The second
replacement rule is based on the Metropolis criterion, which allows acceptance of a suboptimal solu-
tion with a certain probability. This strategy, commonly employed in SA, helps the algorithm escape
from local minima. In the MOSA framework, the Metropolis acceptance probability is defined as:
Paccept = e(−∆f/T), where the objective difference ∆f is calculated as the sum of the absolute changes:
∆f =

∣∣fnew1 − fold1

∣∣+ ∣∣fnew2 − fold2

∣∣+ ∣∣fnew3 − fold3

∣∣.
In algorithm 1, by incorporating f 3 into the MOSA framework, the search process is guided to

explore a broader and more physically realistic solution space, enabling the algorithm to achieve a bal-
anced trade-off between cutting cost and mapping cost. As a result, the optimization process converges
toward a Pareto front that more accurately reflects overall hardware feasibility. Rather than merely accel-
erating convergence in terms of iteration count, the proposed method enhances convergence quality,
allowing the algorithm to more effectively approach globally meaningful Pareto-optimal solutions in
which circuit partitions are near-optimal from both logical and physical perspectives. While, it is worth
noting that by MOSA algorithm and the new added objective function might not help to converge faster
to optimized circuits than existing works. The algorithm aims at reducing the running time of DQC
based on optimized cutting scheme, not the cutting scheme itself. In the quantum circuits examples in
section 5, we choose the number of swapping operations as one of the performance metrics.

4. Generalized model of circuit reconstruction (GMCR) in circuit-cutting-based DQC

To overcome the limited applicability, low precision, and weak scalability of current reconstruction
algorithms, as discussed in section 2, we propose a generalized QCR model that supports any num-
ber of qubit cuts and is capable of performing complete reconstruction on multi-qubit cutting cir-
cuits. Unlike existing methods, our approach does not rely on the presence or strength of entanglement
between qubits, making it applicable to a wide range of circuit structures, including weakly entangled,
strongly entangled, and even fully non-entangled circuits. While the classical reconstruction complex-
ity grows exponentially with the number of cut qubits, the approach remains practically scalable for
moderate numbers of cuts, and the parallel execution of subcircuits allows efficient processing in dis-
tributed quantum systems. In this section, we first present the reconstruction model in the L-type cut-
ting case and then the model in the U-type case. Third, we propose a method for resolving the problem
of discontinuous cutting and reconstruction order. Finally, a complete circuit reconstruction process is
proposed.

4.1. The reconcontruction of L-type cutting case
Given an arbitrary N-qubit quantum state |ψ ⟩, a direct decomposition of the identity operator I=∑
b∈{0,1}

|b⟩⟨b| on the nth qubit of |ψ ⟩ can be represented as follows:

|ψ ⟩= In |ψ ⟩ ≃
∑

b∈{0,1}

|b⟩n ⊗ (n ⟨b| ψ ⟩) (10)

where In performs the identity operation on the nth qubit, and the symbol ≃ indicates equality in cases
where the order of the quantum bits (i.e. the arrangement of tensor factors) may be different. Where

n ⟨b| ψ ⟩ represents the quantum state of a subsystem composed of N-1 quantum bits obtained by pro-
jecting the nth qubit of |ψ ⟩ into |b⟩

9
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Figure 8. Example of cutting a five-qubit circuit into two smaller subcircuits of three qubits each by single-qubit cutting.

Figure 8 show an example circuit in which 5-qubit circuit is divided into two subcircuits by cutting
the wire at position A. The output quantum state can be represented by

|ψ ⟩out0−4 = |ψ ⟩out0,1 ⊗ |ψ ⟩out2,3,4

=
∑

b1∈{0,1}
A ⟨b1| U |ψ ⟩in0,1,2 ⊗V

(
|b1⟩A ⊗ |ψ ⟩in3,4

)
. (11)

The quantum state can also be represented by the density operator as follows:

ρout0−4 = |ψ ⟩out0−4 ⟨ψ |

=

 ∑
b1∈{0,1}

A ⟨b1|U |ψ ⟩in0,1,2 ⊗V
(
|b1⟩A ⊗ |ψ ⟩in3,4

)
×

 ∑
b ′
1∈{0,1}

in
0,1,2 ⟨ψ |U+ |b ′

1⟩A ⊗
(
A ⟨b ′

1| ⊗ in
3,4 ⟨ψ |

)
V+


=

∑
b1,b ′

1∈{0,1}

TrA
[
|b ′

1⟩A ⟨b1|U |ψ ⟩0,1,2 ⟨ψ |U+
]
⊗
[
V
(
(|b1⟩A ⟨b

′
1|)⊗

(
|ψ ⟩in3,4 ⟨ψ |

))
V+

]
= TrA

[
|0⟩A ⟨0|U |ψ ⟩0,1,2 ⟨ψ |U+

]
⊗
[
V
(
(|0⟩A ⟨0|)⊗

(
|ψ ⟩in3,4 ⟨ψ |

))
V+

]
+TrA

[
|0⟩A ⟨1|U |ψ ⟩0,1,2 ⟨ψ |U+

]
⊗
[
V
(
(|1⟩A ⟨0|)⊗

(
|ψ ⟩in3,4 ⟨ψ |

))
V+

]
+TrA

[
|1⟩A ⟨0|U |ψ ⟩0,1,2 ⟨ψ |U+

]
⊗
[
V
(
(|0⟩A ⟨1|)⊗

(
|ψ ⟩in3,4 ⟨ψ |

))
V+

]
+TrA

[
|1⟩A ⟨1|U |ψ ⟩0,1,2 ⟨ψ |U+

]
⊗
[
V
(
(|1⟩A ⟨1|)⊗

(
|ψ ⟩in3,4 ⟨ψ |

))
V+

]
. (12)

According to equation (12), each possible output state of qubits 0 and 1 is determined by the meas-
urement of qubit 2 at point A using the operator |b ′

1⟩A ⟨b1|. The output states of qubits 2, 3, and 4
are obtained from operation V with the input states |b1⟩A ⟨b ′

1|, as shown in line 4 of equation (12).
Obviously, |b ′

1⟩A ⟨b1| is the conjugate transpose of |b1⟩A ⟨b ′
1|.

The matrix |b ′
1⟩A ⟨b1| can have 4 values, which are |0⟩A ⟨0|, |0⟩A ⟨1|, |1⟩A ⟨0|, |1⟩A ⟨1|. We use Pauli

matrices I, Z, X and Y to denote them, as follows:

|0⟩⟨0|= 1

2
(I+Z)

|0⟩⟨1|= 1

2
(X+ jY)

|1⟩⟨0|= 1

2
(X− jY)

|1⟩⟨1|= 1

2
(I−Z) . (13)

For each summation term in the second part of equation (12), the density operator |b1⟩A ⟨b ′
1| can be

prepared using the density operators |0⟩⟨0| , |1⟩⟨1| , |+⟩⟨+| , |+i⟩⟨+i| of the four basic input quantum
states. The states |0⟩⟨1| , |1⟩⟨0| can be prepared as follows:

10
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|0⟩⟨1|=− 1+ j

2
|0⟩⟨0| − 1+ j

2
|1⟩⟨1|+ |+⟩⟨+|+ j |+i⟩⟨+i |

|1⟩⟨0|=− 1− j

2
|0⟩⟨0| − 1− j

2
|1⟩⟨1|+ |+⟩⟨+| − j |+i⟩⟨+i | . (14)

Substituting equations (13) and (14) into equation (12), we obtain:

ρout0−4 =
1

2

[
TrA

[
(I+Z) U |ψ⟩in0,1,2⟨ψ|U†]⊗V

(
|0⟩A⟨0| ⊗ |ψ⟩in3,4⟨ψ|

)
V†

+TrA
[
(X+ jY) U |ψ⟩in0,1,2⟨ψ|U†]

⊗V

((
−1− j

2
|0⟩A⟨0| −

1− j

2
|1⟩A⟨1|+ |+⟩A⟨+| − j|+i⟩A⟨+i|

)
⊗ |ψ⟩in3,4⟨ψ|

)
V†

+TrA
[
(X− jY) U |ψ⟩in0,1,2⟨ψ|U†]

⊗V

((
−1+ j

2
|0⟩A⟨0| −

1+ j

2
|1⟩A⟨1|+ |+⟩A⟨+|+ j|+i⟩A⟨+i|

)
⊗ |ψ⟩in3,4⟨ψ|

)
V†

+TrA
[
(I−Z) U |ψ⟩in0,1,2⟨ψ|U†]⊗V

(
|1⟩A⟨1| ⊗ |ψ⟩in3,4⟨ψ|

)
V†

]
=

1

2

[
TrA

[(
U |ψ⟩in0,1,2⟨ψ|U†)(I+Z)

]
⊗V

(
|0⟩A⟨0| ⊗ |ψ⟩in3,4⟨ψ|

)
V†

+TrA
[(
U |ψ⟩in0,1,2⟨ψ|U†)(X+ jY)

]
⊗V

((
−1− j

2
|0⟩A⟨0| −

1− j

2
|1⟩A⟨1|+ |+⟩A⟨+| − j|+i⟩A⟨+i|

)
⊗ |ψ⟩in3,4⟨ψ|

)
V†

+TrA
[(
U |ψ⟩in0,1,2⟨ψ|U†)(X− jY)

]
⊗

V

((
−1+ j

2
|0⟩A⟨0| −

1+ j

2
|1⟩A⟨1|+ |+⟩A⟨+|+ j|+i⟩A⟨+i|

)
⊗ |ψ⟩in3,4⟨ψ|

)
V†

+TrA
[(
U |ψ⟩in0,1,2⟨ψ|U†)(I−Z)

]
⊗V

(
|1⟩A⟨1| ⊗ |ψ⟩in3,4⟨ψ|

)
V†

]
. (15)

In equation (15) TrA
[(
U |ψ ⟩in0,1,2 ⟨ψ |U+

)
|I
]
means the density operator of the residual qubits, q0

and q1, when the cut qubit q2 at A is measured by I after unitary operating U with input state |ψ ⟩in0,1,2.
Similarly, TrA

[(
U |ψ ⟩in0,1,2 ⟨ψ |U+

)
|X

]
, TrA

[(
U |ψ ⟩in0,1,2 ⟨ψ |U+

)
|Y
]
, TrA

[(
U |ψ ⟩in0,1,2 ⟨ψ |U+

)
|Z
]
are

the ones in X, Y, and Z measurement, respectively. If the output quantum state of U subcircuit is
denoted by |q2q1q0⟩, then there are eight possible base states. For I measurement with two eigenvalues
+1 over q2 and calculating the mean value, that is partial tracing over q2, the probabilities of state |q1q0⟩
are as follows:

p(00) = p(000 |I )+ p(100 |I )
p(01) = p(001 |I )+ p(101 |I )
p(10) = p(010 |I )+ p(110 |I )
p(11) = p(011 |I )+ p(111 |I ) (16)

V
(
(|0⟩A ⟨0|)⊗

(
|ψ ⟩in3,4 ⟨ψ |

))
V+ represents Voperation with the state of q2 |0⟩ and the state of q3 and

q4 |ψ ⟩3,4. This output state of subcircuit V can be denoted as |q4q3q2⟩. The related output probabilit-
ies were obtained via simulation on a Python-based quantum simulator. While, the same procedure can
also be executed on an actual practical quantum processor that can be accessed (this has not been imple-
mented in this paper). Furthermore, the output probabilities of the original circuit can be obtained, for
example, the probability of state |00000⟩ can be calculated by

p(|00000⟩) = 1

2
([p(|000⟩ |I )+ p(|100⟩ |I )+ p(|000⟩ |Z )− p(|100⟩ |Z )]p(|000⟩ |0⟩)

+ [p(|000⟩ |X )− p(|100⟩ |X )+ j(p(|000⟩ |Y )− p(|100⟩ |Y ))]

·
[
−1− j

2
p(|000⟩ |0⟩)− 1− j

2
p(|000⟩ |1⟩)+ p(|000⟩ |+⟩)− j p(|000⟩ |+i⟩)

]
+ [p(|000⟩ |X )− p(|100⟩ |X )− j(p(|000⟩ |Y )− p(|100⟩ |Y ))]

11
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Figure 9. Illustration of single-qubit circuit cutting and decomposition. The three variations of the U subcircuit and four vari-
ations of the V subcircuit can then be evaluated on a three-qubit quantum device.

Figure 10. Example of cutting a six-qubit circuit into two smaller subcircuits of four qubits each by inveresed L-type two-qubit
circuit cutting.

·
[
−1+ j

2
p(|000⟩ |0⟩)− 1+ j

2
p(|000⟩ |1⟩)+ p(|000⟩ |+⟩)+ j p(|000⟩ |+i⟩)

]
+ [p(|000⟩ |I )+ p(|100⟩ |I )− p(|000⟩ |Z )+ p(|100⟩ |Z )]p(|000⟩ |1⟩)

)
. (17)

As previously described, in equation (12), |b ′
1⟩A ⟨b1| in TrA

[
|b ′

1⟩A ⟨b1|U |ψ ⟩0,1,2 ⟨ψ |U+
]
represents

a measurement operator that is treated as an equivalent Pauli operator measurement and calculate the
expectation value of its measurement result. For the second part of each sum term of equation (12),

where
[
V
(
|b1⟩A ⟨b ′

1| ⊗ |ψ ⟩3,4 ⟨ψ |
)
V+

]
uses |b1⟩A ⟨b ′

1| as input, we replace |b1⟩A ⟨b ′
1| with the correspond-

ing four standard quantum states. Thus, the five-qubit circuit becomes equivalent to two sub-circuits, as
illustrated in figure 9.

The first subcircuit requires measurement n of the output of qubit 2. Because measurements in the
I and Z bases yielded the same results, only three sets of measurements were required. For the second
subcircuit, the input at position A consisted of four quantum states, requiring four different sets of
measurement data corresponding to the four inputs. By substituting the measurement results and output
probabilities of the two subcircuits into equation (17), we obtain the reconstructed results of the original
circuit.

One-qubit circuit cutting can be easily extended to two or more qubit cutting cases, an example of
two-qubit L-type cutting case is shown in figure 10.

Its output quantum state can be expressed as

|ψ ⟩out0−5 = |ψ ⟩out0,1 ⊗ |ψ ⟩out2∼5 =
∑

b1,b2∈{0,1}
A,B ⟨b1b2|U |ψ ⟩in0∼3 ⊗V

(
|b1b2⟩A,B ⊗ |ψ ⟩in4,5

)
. (18)

The density operator of this state is

ρout0∼5 = |ψ ⟩out0∼5 ⟨ψ |

=

 ∑
b1,b2∈{0,1}

A,B ⟨b1b2| U |ψ ⟩in0∼3 ⊗V
(
|b1b2⟩A,B ⊗ |ψ ⟩in4,5

)
12
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Figure 11. Example of cutting a six-qubit circuit into two smaller subcircuits of four qubits each using U-type two-qubit circuit
cutting.

·

 ∑
b ′
1 ,b

′
2∈{0,1}

in
0∼3 ⟨ψ | U+ |b ′

1b
′
2⟩A,B ⊗

(
A,B ⟨b ′

1b
′
2| ⊗ in

4,5 ⟨ψ |
)
V+


=

∑
b1,b2,b ′

1 ,b
′
2∈{0,1}

[
A,B ⟨b1b2| U |ψ ⟩in0∼3 ⟨ψ | U+ |b ′

1b
′
2⟩A,B

]
⊗
[
V
(
|b1b2⟩A,B ⊗ |ψ ⟩in4,5

)(
A,B ⟨b ′

1b
′
2| ⊗ in

4,5 ⟨ψ |
)
V+

]
=

∑
b1,b2,b ′

1 ,b
′
2∈{0,1}

TrA,B
[
|b ′

1b
′
2⟩A,B ⟨b1b2| U |ψ ⟩in0∼3 ⟨ψ | U+

]
⊗
[
V
(
|b1b2⟩A,B ⟨b

′
1b

′
2|
)
⊗
(
|ψ ⟩in4,5 ⟨ψ |

)
V+

]
. (19)

The meaning and function of each term are the same as those in the one-qubit-cutting case.

4.2. The reconstruction of U-type cutting case
The classical post-processing required for circuit cutting presents a fundamental trade-off between recon-
struction fidelity and computational cost. Existing methodologies can be broadly categorized into two
distinct paradigms: exact and approximate reconstruction.The exact reconstruction paradigm, rooted in
the foundational theory of Peng et al [28]. and advanced by frameworks such as CutQC [18], aims to
deterministically calculate the full probability distribution of the original circuit. CutQC’s DD query is
a sophisticated implementation of this, which excels at efficiently identifying all solution states for cir-
cuits with sparse outputs, such as those found in many structured quantum algorithms (e.g. Bernstein–
Vazirani (BV)). However, it still cannot support the reconstruction for all types of circuit cutting scen-
arios, despite being a general and representative case. In contrast, the approximate reconstruction
paradigm, pioneered by Chen et al [26] using MCMC and further refined by Lian et al [27] with HMC
sampling, forgoes exactness for efficiency. These methods treat reconstruction as a sampling problem,
focusing only on the identification of high-probability bitstrings. This approach is highly effective for
optimization tasks such as QAOA, where the primary goal is to find one or a few optimal solutions,
and the precise probabilities of sub-optimal states are irrelevant. By doing so, they achieve a runtime
that scales much more favorably, particularly for problems where the solution space is concentrated.
However, the inherent limitation is that they provide a probabilistic and incomplete picture of the out-
put. In particular, Lian’s method is only applicable to circuits with a single cut, and has not yet been
extended to scenarios involving multiple cuts. Therefore, extending the existing algorithms to multi-
bit cutting scenarios and expanding them to all quantum circuits is a promising direction for future
research. To address this limitation, we propose a U-type cutting scheme that serves as a general and
representative case for all bitwise cuts in circuit-cutting-based DQC.

An example of a two-qubit U-type circuit cutting is shown in figure 11. Its output state can be
expressed as:

|ψ ⟩out0∼5 = |ψ ⟩out0,4,5 ⊗ |ψ ⟩out1,2,3

=
∑

b1,b2∈{0,1}

[
A ⟨b1|U

(
|b2⟩B ⊗ |ψ ⟩in3,4,5

)]
⊗
[
B ⟨b2|V

(
|ψ ⟩in0,1,2 ⊗ |b1⟩A

)]
. (20)

13



New J. Phys. 27 (2025) 114508 Y Sun et al

Figure 12. Example of cutting a multi-qubit circuit into two smaller subcircuits by U-type N-qubit circuit cutting,demonstrating
the scalability of the proposed reconstruction model.

The corresponding density operator is:

ρout0∼5 = |ψ ⟩out0∼5 ⟨ψ |

=

 ∑
b1,b2∈{0,1}

(
A ⟨b1|U

(
|b2⟩B ⊗ |ψ ⟩in3,4,5

))
⊗
(
B ⟨b2|V

(
|ψ ⟩in0,1,2 ⊗ |b1⟩A

))
×

 ∑
b ′
1 ,b

′
2∈{0,1}

((
B ⟨b ′

2| ⊗ in
3,4,5 ⟨ψ |

)
U† |b ′

1⟩A
)
⊗
((

A ⟨b ′
1| ⊗ in

0,1,2 ⟨ψ |
)
V† |b ′

2⟩B
)

=
∑

b1,b2,b ′
1 ,b

′
2∈{0,1}

[
A ⟨b1|U

(
|b2⟩B ⊗ |ψ ⟩in3,4,5

)(
B ⟨b ′

2| ⊗ in
3,4,5 ⟨ψ |

)
U† |b ′

1⟩A
]

⊗
[
B ⟨b2|V

(
|ψ ⟩in0,1,2 ⊗ |b1⟩A

)(
A ⟨b ′

1| ⊗ in
0,1,2 ⟨ψ |

)
V† |b ′

2⟩B
]

=
∑

b1,b2,b ′
1 ,b

′
2∈{0,1}

TrA
[
|b ′

1⟩A ⟨b1|U
(
|b2⟩B ⊗ |ψ ⟩in3,4,5

)(
B ⟨b ′

2| ⊗ in
3,4,5 ⟨ψ |

)
U†

]
⊗TrB

[
|b ′

2⟩B ⟨b2|V
(
|ψ ⟩in0,1,2 ⊗ |b1⟩A

)(
A ⟨b ′

1| ⊗ in
0,1,2 ⟨ψ |

)
V†

]
. (21)

From equation (21), we can observe that U-type cutting is a general type of cutting. L-type cutting is
a special type of U-type cutting. We can also extend this to the N-qubit circuit cutting case, as shown in
figure 12.

There are m cutting qubits in the input of subcircuit V, positioned at A1,A2, ...,Am, and n cutting
qubits in the output of V located at B1,B2, ...,Bn. The output density operator, or reconstructed output
state, can be given by

ρout0∼n+m+1 = |ψ ⟩out0∼n+m+1 ⟨ψ |

=

∑
ζ

(
A ⟨a|U

(
|b⟩B ⊗ |ψ ⟩inn+1∼n+m+1

))
⊗
(
B ⟨b|V

(
|ψ ⟩in0∼n ⊗ |a⟩A

))
·

∑
ζ ′

((
B ⟨b ′| ⊗ ⟨ψ |inn+1∼n+m+1

)
U+ |a ′⟩A

)
⊗
((

A ⟨a ′| ⊗ ⟨ψ |in0∼n

)
V+ |b ′⟩B

)
=
∑
ζ,ζ ′

[
A ⟨a|U

(
|b⟩B ⊗ |ψ ⟩inn+1∼n+m+1

)(
B ⟨b ′| ⊗ ⟨ψ |inn+1∼n+m+1

)
U+ |a ′⟩A

]
⊗
[
B ⟨b|V

(
|ψ ⟩in0∼n ⊗ |a⟩A

)(
A ⟨a ′| ⊗ ⟨ψ |in0∼n

)
V+ |b ′⟩B

]
=
∑
ζ,ζ ′

TrA
[
|a ′⟩A ⟨a|U

(
|b⟩B ⟨b

′| ⊗ |ψ ⟩inn+1∼n+m+1 ⟨ψ |
)
U+

]
⊗TrB

[
|b ′⟩B ⟨b|V

(
|ψ ⟩in0∼n ⟨ψ | ⊗ |a⟩A ⟨a

′|
)
V+

]
. (22)
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Figure 13. Example of cutting a four-qubit circuit into two smaller subcircuits of two qubits each by single-qubit cutting. Here, q0
and q2 are the outputs of U, and q1 and q3 are the outputs of V. The combination of qubits in each subcircuit is not consecutive,
illustrating a discontinuous cutting scheme.

In equation (22), ζ = a1, · · ·,am,b1, · · ·,bn ∈ {0,1}, ζ ′ = a ′
1, . . . ,a

′
m,b

′
1, . . . ,b

′
n ∈ {0,1}, a= a1 · · · am,

b= b1 · · · bn, a ′ = a ′
1
· · · a ′

m
, b= b ′

1
· · · b ′

n
, A= A1, ...,Am, B= B1, ...,Bn.

Considering that projection measurements are usually applied to obtain the bases state probability

distribution, we only need to replace |b⟩B ⟨b ′| in TrA
[
|a ′⟩A ⟨a|U

(
|b⟩B ⟨b ′| ⊗ |ψ ⟩inn+1∼n+m+1 ⟨ψ |

)
U+

]
with the preparation of the quantum state and replace |a ′⟩A ⟨a| with measurement bases. The conversion
process is the same as that presented in section 4.1. Complex equations are no longer given here.

4.3. Discontinuous cutting and reconstruction order
Discontinuous cutting is a typical case in the process of QCR. Discontinuous cutting means that non-
adjacent qubits, referring to the sequence of input qubits of the original circuit, are partitioned into the
same subcircuits, and the qubits at the output of each subcircuit are nonadjcent. An example is shown
in figure 13, where q0,q2 are the outputs of U, and q1,q3 are the outputs of V. In the process of recon-
structing the results, the choice of traversal order for the Cartesian product has a decisive impact on the
final output result obtained from discontinuous cutting. If the original results generated by the computa-
tion are used directly as the reconstruction output, the sequence will not align with the expected order.
Therefore, the computed results must be reordered.

Specifically, for the circuit shown in figure 13, different traversal orders lead to two distinct output
arrangements.

V-priority traversal mode (V is the outer loop, U is the inner loop): The output sequence produced
by this mode exhibits a clear V-dominated characteristic, and the corresponding base states of the recon-
structed results are [0000, 0001, 0100, 0101, 0010, 0011, 0110, 0111, 1000, 1001, 1100, 1101, 1010, 1011,
1110, 1111].

U-priority traversal mode (U is the outer loop, V is the inner loop): This mode generates a U-
dominated sequence characteristic, and the corresponding base states of the reconstructed results are:
[0000, 0010, 1000, 1010, 0001, 0011, 1001, 1011, 0100, 0110, 1100, 1110, 0101, 0111, 1101, 1111].

Hence, different traversal orders lead to a systematic shift in the distribution pattern of the output
states in the Hilbert space. Therefore, when performing reconstruction calculations, it is important to
detemine whether the traversal mode is U-priority or V-priority.

In the reconstruction process, we need five groups of parameters for each sub-circuit: the operat-
ing results(output base state probability distribution), the qubit index positions of all qubits of in the
original quantum circuit, the front cutting positions of the sub-circuit, the rear cutting positions of the
sub-circuit, and the priorities of the sub-circuits in this reconstruction process.

After separating the original quantum circuit, we obtained the coordinate sets of each subcircuit. To
restore the subcircuits from these unordered coordinate sets, we must use the coordinate form described
in appendix. The complete coordinate information can be used to obtain the corresponding quantum
gate attributes. The index positions of the quantum bits can be directly extracted from the y-values of
the coordinate set. The front and rear cutting positions can be determined by checking whether the
quantum bit boundaries of each subcircuit match the qubit boundaries of the original quantum circuit.
If they do not, the quantum bits of that sub-circuit must lie at the cutting points. Thus, four of the five
groups of parameters for the quantum circuit were determined. The last parameter, the priority of the
subcircuit, is complex to determine, and we discuss it in detail below.
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Figure 14. This is a special case of quantum circuit reconstruction. When reconstructing in the order U→ V→W, the original
circuit output is correctly restored. However, reconstructing in the order U→W→ V causes the intermediate subcircuit V to be
discarded incorrectly.

Algorithm 2. Quantum circuit reconstruction automatic sorting (QCR-AS).

Input: SCS
Output: SSCS
1: for SC ∈ SCS do
2: if PCSC = 0 then
3: FCnew

SC = FCSC, RC
new
SC = RCSC

4: remove SC from SCS and add SC to SSCS
5: end if
6: end for
7: P = 1
8: while len(SCS)> 1 do
9: if RCold

SC is not empty then
10: for (xi,qi) ∈ RCold

SC do
11: Find all (xj,qj) ∈ FCSCRS such that xj > xi and qj = qi
12: Add them to AC
13: end for
14: SCclosest = SCS(ACmin

x
)

15: else
16: for (xi,qi) ∈ FCold

SC do
17: Find all (xj,qj) ∈ RCSCRS such that xj < xi and qj = qi
18: Add them to AC
19: end for
20: SCclosest = SCS(ACmax

x
)

21: end if
22: PSclosestSC = P, P= P+ 1
23: FCnew

SC = UP(FCold
SC ,FCSC), RC

new
SC = UP(RCold

SC ,RCSC)
24 : remove SCclosest from SCS and add SCclosest to SSCS
25: end while
26: PClast

SCC = P and add SCClast to SSCS

As shown in the figure 14, this is a special case of QCR. We found that when reconstructing in
the order of U→ V →W, the original circuit output is correctly restored. However, if the order is
U→W →V, the intermediate subcircuit V is incorrectly discarded. This situation arises because rear
cutting point A of U and front cutting point B of W are located at the same quantum bit index posi-
tion, causing the algorithm to skip over the intermediate V subcircuit during the stitching calculation.

To address this issue, we have developed a reconstruction automatic sorting (AS) algorithm that can
intelligently recognize and avoid errors such as this cross-sub-circuit stitching.

This algorithm 2, QCR-AS, is used to automatically reorder and reconstruct the sub-circuit set of
a quantum circuit. The inputs of the algorithm include the sub-circuit set of a quantum circuit SCS.
Where the sub-circuit SC, the front cutting coordinate set of the sub-circuit [(x1,q1) ,(x2,q2) ,(x3,q3) , ...]
FCSC, the rear cutting coordinate set of the sub-circuit

[(
x ′
1
,q1 ′

)
,
(
x ′
2
,q2 ′

)
,
(
x ′
3
,q3 ′

)
, ...

]
RCSC, the

priority of sub-circuit of the sub-circuit PSSC, the sub-circuit cluster composed of the current sub-
circuit and its closest adjacent sub-circuit, along with the newly generated front cutting coordinate set
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Figure 15. Example of N-qubit cutting and N-qubit circuit reconstruction. Six subcircuits are reconstructed sequentially in a
predefined order to restore the output probability distribution of the original circuit.

[(
xnew1 ,qnew

1

)
,
(
xnew
2
,qnew

2

)
,
(
xnew
3
,qnew

3

)
, ...

]
FCnew

SCC, and the one from the previous iteration is denoted
as FCold

SCC, the sub-circuit cluster composed of the current sub-circuit and its closest adjacent sub-circuit,
along with the newly generated rear cutting coordinate set [xnew1

′,qnew1
′),(xnew2

′,qnew2
′),(xnew3

′,qnew3
′), ...]

RCnew
SCC, and the one from the previous iteration is denoted as RCold

SCC, the front cutting coordinate sets
of all remaining sub-circuits [(x1,q1) ,(x2,q2) ,(x3,q3) , ...] FCSCRS, the rear cutting coordinate sets of all
remaining sub-circuits

[(
x ′
1
,q1 ′

)
,
(
x ′
2
,q2 ′

)
,
(
x ′
3
,q3 ′

)
, ...

]
RCSCRS, the set of the closest adjacent cutting

coordinates [
(
xadjacent
1

,q1
)
,
(
xadjacent
2

,q2
)
, ...] AC, the closest adjacent sub-circuit to the current sub-circuit

SCclosest. The outputs of the algorithm include the sorted sub-circuit set SSCS. Only one subcircuit has a
priority of 0 (as the starting point), and the rest have a priority of −1.

In the initialization phase(Lines 1–7), Traversing SCS, the sub-circuit with a priority of 0 is taken as
the starting point, and its FC, RC as FCnew

SC , RCnew
SC , and removed from the set, and then added to SSCS.

If the current number of SCS is greater than one, then:
If RCold

SC is not empty, find the nearest front cutting coordinate with the minimum depth. For RCold
SC ,

we must select all coordinate pairs from FCSCRS that satisfy the following conditions: the minimum front
cutting coordinate xj is found from the set of front cutting coordinates that satisfy xj > xi and qj = qi.
During this process, we will obtain AC. Next,we find the coordinates in this set with the smallest x-
coordinate (xmin

j ,qj) ACmin
x

. The sub-circuit with this front cutting coordinate is the nearest adjacent

sub-circuit SCS(ACmin
x

); if no rear cutting coordinates exist, then the front cutting coordinates are used
to find the nearest rear cutting coordinate with the maximum depth. For FCold

SC , we need to select all
coordinate pairs from RCSCRS that satisfy the given conditions:the maximum front cutting coordinate
xj is found from the set of front cutting coordinates that satisfy xj < xi and qj = qi. During this process,
we obtain AC. Next,we find the coordinate in this set with the largest x-coordinate (xmax

j ,qj) ACmax
x

. The
sub-circuit with this front cutting coordinate is the nearest adjacent sub-circuit SCS(ACmax

x
).

In algorithm 2, we define a global priority variable P, which is initially set to 1. Each time SCclosest is
found, we assign P to PSclosestSC , and then increment P. Subsequently, FCnew

SC , RCnew
SC are computed based

on (FCold
SC , FCSC) and (RCold

SC , RCSC), where this computation is performed by the function UP. SCclosest

was then removed from SCS and added to SSCS. This process is repeated until the number of SCS is less
than one, at which point the loop terminates. When only one subcircuit remains in SCS, its priority is
simply set to P and added to SSCS. The entire sub-circuit priority update, and sorting of the sub-circuits
are completed.

4.4. Complete process of QCR
We will present the complete reconstruction process of the quantum circuit, with the circuit in figure 15
as an example. Based on the AS algorithm described in section 4.3, one of the reconstruction orders was
U1 → U2 → U4 → U5 → U6 → U3.

The client is required to provide the following data for each sub-circuit: the ground state probability
distribution of various derived sub-circuits, the bit indices of each quantum bit in the original quantum
circuit, the front cutting coordinates, the rear cutting coordinates, and the reconstruction priority of the
sub-circuit in the original quantum circuit.
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For a server, upon receiving the client’s subcircuit data set, it first sorts the sub-circuits according
to their priorities. Reconstruction calculations were then performed sequentially. The basic process is as
follows. The output probabilities of the combined subcircuit of the first and second subcircuits are cal-
culated according to the GMCR algorithm. The position of this new subcircuit was also updated. The
output probabilities of further combined subcircuits of the third subcircuit and recent combined sub-
circuits from the first and the second subcircuits are calculated. This operation continues until all the
subcircuits are processed. Reconstruction work was completed.

Here, we elaborate on the reconstruction step of combining subcircuits U1 and U2. We define each
entry in the data format as a triple: [an exhaustive combination and permutation of input quantum
states (’0’, ‘1’, ‘+’, ‘i’ denote |0⟩, |1⟩, |+⟩, |i⟩, respectively; use '' if no front cutting coordinates), an
exhaustive combination and permutation of measurement bases (Z, X, Y ; use '' if no rear cutting
coordinates), and the corresponding probability distribution (CPD)].

For U1: in the original quantum circuit, the qubit indices are [1, 2, 3, 4], the front cutting coordin-
ates are [] (if none, use an empty set to represent it), and the rear cutting coordinates are [(6, 1), (4,
3), (2, 4)](the depth of the reconstruction circuit is shown at the bottom of figure 15). The desired
formats for U1 are: ['', ZZZ, CPD1], ['', ZZX, CPD2], ..., ['', YYY, CPD27]. Clearly, U1’s derived sub-
circuits have 33 = 27 sets of basis state probability distributions. For U2: in the original quantum cir-
cuit, the qubit indices are [4, 5, 6], the front cutting coordinates are [(2, 4), (2, 6)], and the rear cutting
coordinates are [(4, 4), (4, 6)]. The desired format for U2 is: [00, ZZ, CPD1], [00, ZX, CPD2], ..., [ii, YY,
CPD144]. Clearly, U2’s derived sub-circuits have 42 × 32 = 144 sets of basis state probability distributions.

The server processes these data according to the following steps:

(1) We observe that U1 has no front cutting coordinates, where U2 has rear cutting coordinates [(4,4),
(4,6)]. Because none of U1’s qubit indices in the front cutting coordinates match any qubit indices
in U2’s rear cutting coordinates, we determine that U1’s internal front cutting coordinates are [],
and likewise, its external front cutting coordinates are also []. Next, we analyze U1’s internal rear
cutting coordinates. U1’s rear cutting coordinates are [(6,1), (4,3), (2,4)], and U2’s front cutting
coordinates are [(2,4), (2,6)]. Among these, U1’s rear cutting coordinate (2,4) matches U2’s front
cutting coordinate (2,4) in terms of the same qubit index 4. The depth of the rear cutting
coordinate of subcircuit U1 is 2, which is less than or equal to the depth of the front cutting
coordinate of subcircuit U2, whose value is 2. Thus, we identify (2,4) as the internal rear cutting
coordinates of U1. The remaining coordinates (6,1) and (4,3) were considered as the external rear
cutting coordinates of U1. Internal cutting coordinates were used for the reconstruction
computation, whereas external cutting coordinates were used for grouping. Based on the external
front cutting coordinates [] and external rear cutting coordinates [(6,1), (4,3)], we regroup the 27
basis state probability distributions of U1 provided by the client into 9 groups. Here, we explain
what is meant by a grouped basis state probability distribution. Taking ['', ZZZ, CPD1], ['', ZZX,
CPD1], and ['', ZZY, CPD1], in this case, we fix Z-basis measurements on qubit indices [1,3],
while qubit index 4 is measured under Z,X, and Y measurements, resulting in three groups of
distinct outcomes. Three outcomes were prepared for use in the reconstruction formula. The
remaining eight groups followed the same logic; hence, we reorganized the 27 original datasets from
the client into a new set of nine grouped datasets.

(2) We computed the corresponding data for U2. First, we determined the internal front cutting
coordinates for U2. U2’s front cutting coordinates are [(2,4), (2,6)], and U1’s rear cutting
coordinates are [(6,1), (4,3), (2,4)]. Among these, U2’s front cutting coordinate (2,4) matches U1’s
front cutting coordinate (2,4) in terms of the same qubit index 4. The depth of the front cutting
coordinate of subcircuit U2 is 2, which is greater than or equal to the depth of the rear cutting
coordinate of subcircuit U1, whose value is 2. Therefore, U2’s internal front cutting coordinate is
[(2,4)], and its external front cutting coordinate is [(2,6)]. Next, we determine U2’s internal rear
cutting coordinates. U2’s rear cutting coordinates are [(4,4), (4,6)], and U1’s front cutting
coordinates are []. Because there are no shared qubit indices between U2’s rear cutting coordinates
and U1’s front cutting coordinates, the internal rear cutting coordinates for U2 are []. Accordingly,
the external rear cutting coordinates are [(4,4), (4,6)]. As before, internal cutting coordinates were
used for reconstruction calculations, whereas external cutting coordinates were used as the basis for
grouping. Based on the external front cutting coordinate [(2,6)] and the external rear cutting
coordinates [(4,4), (4,6)], we regroup the 144 basis state probability distributions of U2 provided by
the client into 36 groups. Take [00, ZZ, CPD1],[10, ZZ, CPD2],[+0, ZZ, CPD3],[i0, ZZ, CPD4] as an
example: in this case, we fix Z-basis measurements on qubit indices [4,5], and prepare 0-states on
qubit indices [6], when qubit 4 is prepared in the quantum states |0⟩, |1⟩, |+⟩, and |i⟩, respectively,
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Algorithm 3. N-Subcircuit n-qubit cutting-based reconstruction.

Input: Pscs
Output: Precon
1: Let Ppresc be the first element of Pscs
2: for Psc ∈ Pscs[1 :] do
3: EFC, ERC = Compute(Ppre

sc ,Psc)
4: for i ∈ EFC do
5: for j ∈ ERC do
6: Add GMCR(Ppre

SCi
,Pscj) to P cur

sc

7: end for
8: end for
9: Ppre

sc = P cur
sc

10: end for
11: Precon = Ppresc

resulting in four group of distinct outcomes. Four outcomes were prepared for use in the
reconstruction formula. The remaining 35 groups were subjected to the same logic. Hence, we
reorganized the client’s 144 original datasets into a new set of 36 grouped datasets.

(3) For the combined subcircuit of U1 and U2, a total of 41 × 34 = 324 operations are required to
obtain all possible probability distributions. For example, to perform reconstruction using the
grouped basis state probability distribution ['', ZZZ, CPD1],['', ZZX, CPD1],['', ZZY, CPD1]
from U1 and [00, ZZ, CPD1],[10, ZZ, CPD2],[+0, ZZ, CPD3],[i0, ZZ, CPD4] from U2. The result
computed through the reconstruction formula corresponds to the output of the new composite
subcircuit formed by combining U1 and U2, where the quantum state at the front cut qubit index 6
is initialized to |0⟩, and the measurement bases at the rear cut qubit indices [1, 3, 4, 6] are all set to
the Z-basis. The remaining 323 computations follow the same logic. Through these 324 rounds of
computation, we obtain the complete dataset required for the next round of reconstruction. The
new composite subcircuit involves qubit indices [1,2,3,4,5,6], with front cutting coordinate [(2,6)]
and rear cutting coordinates [(6,1), (4,3), (4,4), (4,6)]. Thus, all the data required for the next
round of computation are fully prepared.

Repeat steps (1) through (3) until the reconstruction reaches the final subcircuit. At that point, the
basis state probability distribution of the original quantum circuit is successfully obtained.

The detailed reconstruction procedure is shown in algorithm 3. The inputs of the algorithm include
all the probability distributions of the subcircuits in special configurations Pscs = {Psc1 ,Psc2 , ...}. Where
Psc denotes the probability distribution of a subcircuit in special configurations,the probability distri-
bution of the combined subcircuit computed from the previous reconstruction calculation Ppresc , the
probability distribution of the combined subcircuit computed from the current reconstruction calcu-
lation Pcursc , the internal front cutting coordinate set of the subcircuit for the current reconstruction
[(xIF1 ,q

IF
1 ),(x

IF
2 ,q

IF
2 ),(x

IF
3 ,q

IF
3 ), ...] IFC, the internal rear cutting coordinate set of the subcircuit for the cur-

rent reconstruction [(xIR1 ,q
IR
1 ),(xIR2 ,q

IR
2 ),(xIR3 ,q

IR
3 ), ...] IRC, the external front cutting coordinate set of the

subcircuit for the current reconstruction [(xEF1 ,q
EF
1 ),(xEF2 ,q

EF
2 ),(xEF3 ,q

EF
3 ), ...] EFC, the external rear cut-

ting coordinate set of the subcircuit for the current reconstruction [(xER1 ,q
ER
1 ),(xER2 ,q

ER
2 ),(xER3 ,q

ER
3 ), ...]

ERC.The outputs of the algorithm includes: the reconstructed probability distribution Precon.
In the algorithm 3, first, we set Ppresc be the first element of Pscs. Next, we retrieved the subsequent

subcircuit from the set and entered the iteration loop. In line 3, the external front and rear cut-
ting coordinate sets (EFC and ERC) are computed. We denote this computation process as function
Compute(), which takes two subcircuits as input and returns the corresponding EFC and ERC. In lines
4–8, we perform a nested iteration over the elements in EFC and ERC, corresponding to the group-
ing operation previously described. For each pair from the grouped sets, a reconstruction computation,
GMCR(PpreSCi

,Pscj) is performed. Each computation yielded a probability distribution corresponding to the
newly composed subcircuit under specific conditions. The results were successively stored in the set Pcursc .
After completing the current round of reconstruction, set PpreSCi

is updated to set PcurSCi
(as shown in line

9), and the next round begins. This procedure was repeated until all the elements in the set Pscs were
processed. In line 11, Precon is updated to PpreSCi

, thus, the reconstructed probability distribution of the ori-
ginal circuit is obtained.
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In GMCR scheme, density operator is used to represent the output state of the original circuit and
the state at the cutting points. Combined with AS algorithm QCR-AS, density operator can adapt to
complex cutting schemes which are verified in the quantum circuits in section 5. Compared with the
approaches in the existing literatures, the proposed GMCR-based DQC include complex cutting schemes,
e.g. U-type cutting (discussed in section 4.3). These schemes are obtained by optimizing for less non-
local quantum gates, less execution rounds, and less swap operations.

5. Benchmarks and discussion

5.1. Circuits
We selected five quantum circuits to evaluate the proposed algorithms. They encode circuits for the
7-qubit Steane code, circuit of Shor’s algorithm, quantum supremacy circuit, quantum circuit of BV
algorithm, and circuit of approximate quantum Fourier transform (AQFT), respectively. For conveni-
ence, we have numbered them as C1,C2, ...,C5, as listed in table 1.

Figure 16 presents circuit C1, a prototypical example of the Calderbank-Shor-Steane (CSS) class
of quantum error-correcting codes. This sophisticated encoding scheme implements a redundancy-
based approach to quantum information protection, where a single logical qubit is fault-tolerant and
encoded into a block of seven physical qubits. In this circuit, qubit q0 serves as the input qubit carry-
ing the logical information, whereas qubits q1 through q6 are initialized in the |0⟩ state and act as ancil-
lary qubits to assist in the encoding process. The encoded state enables the detection and correction of
arbitrary single-qubit errors, including bit-flip (X), phase-flip (Z), and their coherent combinations (Y
errors), thereby preserving quantum coherence against decoherence processes. The encoding circuit, as
illustrated, employs a carefully designed sequence of fundamental quantum operations, primarily con-
sisting of Hadamard gates and CNOT gates arranged in a specific topological configuration. This circuit
architecture implements the stabilizer formalism of the Steane code, where the logical state is prepared
in the simultaneous +1 eigenspace of the stabilizer generators of the code. The judicious arrangement
of these quantum gates ensures the creation of the necessary entanglement structure among the physical
qubits, while maintaining fault tolerance during the encoding process.

When users import the QASM file of the quantum circuit into a program, the system first converts
the quantum gates in the QASM file into a coordinate-based mathematical representation. This conver-
sion process fully preserves the topological relationships and temporal sequence information of quantum
gates.

The program then employs algorithm 1 in section 3.3 for optimal partitioning, with its key paramet-
ers rigorously optimized: an initial temperature of 1000 K to ensure sufficient search space, a termina-
tion temperature of 1 K to guarantee the algorithm convergence, a cooling coefficient of 0.99 to balance
convergence speed with optimization quality, and 50 iterations at each temperature to ensure thorough
exploration.

During the partitioning process, the following constraints are applied to each newly generated par-
tition in every iteration: the number of subcircuits must not exceed that of the initial scheme, and each
sub-circuit can contain no more than five qubits. These constraints ensure the physical feasibility of par-
titioned quantum circuits, while maintaining their computational integrity.

5.2. Metrics
We select the following metrics to evaluate the performance of the proposed algorithm with respect to
quantum circuit cutting:

(1) Number of edges cut Nc. This metric determinates the number of rounds of reconstruction, that is
the optimization function f 1, as defined in section 3.3.

(2) Number of subcircuits Ns. This number is the number of quantum computers related to the cost of
the DQC.

(3) Maximal depth of subcircuits d_max. The coherence time of the qubit limits the maximum depth of
a quantum circuit. The lower the circuit depth, the higher fidelity of the circuit.

(4) Number of nonlocal gates Nng. The nonlocal gate is based on a quantum-entangled state. The
greater the number of nonlocal gates, the more entangled the state is consumed.

(5) Total rounds of quantum computation Rqc. This metric determine the computation complexity,
which is an important metric.

(6) Number of swap operations Nswap. In the process of qubit mapping from logic qubits to physical
qubits, is a key function for non-adjacent qubits, as described in Sex.
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Table 1. A summary of five benchmark quantum circuits used to evaluate the performance of the proposed iMOSA-DQC and GMCR
algorithms, including the 7-qubit Steane code, Shor’s algorithm, and others.

No Quantum circuits

C1 Encoding circuit for the 7-qubit Steane code
C2 The circuit of Shor’s algorithm
C3 Quantum supremacy circuit
C4 The quantum circuit of Bernstein–Vazirani (BV) algorithm
C5 The circuit of approximate quantum Fourier transform (AQFT)

Figure 16. Encoding circuit of 7-qubit Steane code. Reproduced from [34]. CC BY 4.0.

We chose the following metrics to evaluate the performance of the proposed algorithm with respect
to the uantum Circuit Reconstruction AS:

(1) The U-type structure support Us. This metric indicates whether the algorithm supports U-type
circuit cutting, a generalized form of cutting strategy as defined in section 4.2.

(2) Multi-qubit cutting support Mqc. This metric assesses whether the original circuit can be
partitioned by cutting two or more qubits, thereby enabling flexible decomposition strategies.

(3) Multi-circuit support Mc. This evaluates the ability of the algorithm to decompose the original
quantum circuit into more than two subcircuits, which is essential for large-scale DQC.

(4) Reconstruction Accuracy Ra. This metric examines whether the reconstruction of the original
output is exact or approximate, reflecting the fidelity of the decomposition-reconstruction process.

(5) Targeting a specific circuit Tsc. This assesses whether the algorithm is designed for general-purpose
circuit decomposition or is tailored exclusively to specific types of circuits.

(6) Time complexity Tc. This metric refers to the computational complexity of the algorithm, indicating
its efficiency and scalability with respect to circuit size.

5.3. Results and discussion
As a reference, we applied Tang et al’s MIP algorithm [18] to circuit C1, with the following parameter
configuration: the initial circuit input consisted of seven qubits, each subcircuit was constrained to a
maximum of five input qubits, the maximum number of cuts was set to 10, and the allowable range for
the subcircuit quantity was [3,4].

The results show that the cutting scheme obtained through the MIP method requires a minimum
of 939 computation rounds for reconstruction, whereas the iMOSA-DQC approach achieves the same
objective in 721 rounds without employing non-local gates. The MIP method performed six cuts, gen-
erating three subcircuits, with a specific distribution of cut points and subcircuits, as illustrated in
figure 17. Meanwhile, iMOSA-DQC executed six cuts while also producing three subcircuits, although
with distinct cutting positions as detailed in figure 18. This demonstrates that while both methods yield
the same number of subcircuits, MOSA-DQC’s cutting strategy substantially reduces the required num-
ber of computation rounds.

Table 2 presents a comprehensive comparison of iMOSA with the MOSA and MIP methods. The
results of the MIP method (first row) correspond to the cutting scheme shown in figure 17. Moreover,
compared with the MOSA partitioning scheme, iMOSA achieves fewer reconstruction rounds and
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Figure 17. The MIP-based partitioning of the 7-qubit Steane code circuit, resulting in three subcircuits and requiring 939 recon-
struction rounds.

Figure 18. The iMOSA-DQC partitioning of the same circuit, also yielding three subcircuits but with only 721 reconstruction
rounds, demonstrating improved efficiency.

requires fewer SWAP gate operations, given the same number of non-local gates. These results demon-
strate that the introduction of the new objective function achieves further optimization while providing
users with a broader selection of partitioning schemes.

The experimental results for the remaining four quantum circuits are presented in tables 3–6.
Notably, the number of cutting schemes generated by the iMOSA exceeds that of MOSA by more than
a factor of two. From these results, one or two representative schemes with identical objective func-
tions were selected for tabular comparison. For the Shor’s algorithm circuit, under the condition of
identical numbers of nonlocal gates and reconstruction rounds, iMOSA utilizes fewer SWAP gate oper-
ations than MOSA. In the case of the supremacy circuit, with the reconstruction rounds fixed at one,
iMOSA uses two fewer SWAP gate operations but incurs one additional nonlocal gate compared with
MOSA. A similar trend is observed in the BV circuit. Regarding the AQFT circuit, although iMOSA
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Table 2. Performance comparison of iMOSA, MOSA, and MIP algorithms on the 7-qubit Steane code circuit, showing improvements in
reconstruction rounds and SWAP operations.

Algorithm Nc Ns d_max Nng Rqc Nswap

MIP 6 3 5 0 939 13
MOSA1 6 3 6 0 721 13
iMOSA1 6 3 6 0 721 12
MOSA2 4 3 6 2 337 10
iMOSA2 4 3 7 2 156 7
MOSA3 2 2 10 3 12 7
iMOSA3 2 2 10 3 12 7

Table 3. Comparison results for Shor’s algorithm circuit, demonstrating iMOSA’s ability to reduce SWAP operations under identical
nonlocal gate and reconstruction round constraints.

Algorithm Nc Ns d_max Nng Rqc Nswap

MIP 4 3 9 0 96 7
MOSA1 4 3 9 0 88 11
iMOSA1 4 3 9 0 88 11
MOSA2 3 3 9 1 84 7
iMOSA2 3 3 10 1 84 4
MOSA3 0 3 19 6 1 4
iMOSA3 0 2 17 6 1 2

Table 4. Performance evaluation on a quantum supremacy circuit, showing trade-offs between SWAP operations and nonlocal gate
counts.

Algorithm Nc Ns d_max Nng Rqc Nswap

MIP 4 3 10 0 103 5
MOSA1 4 3 10 0 103 5
iMOSA1 4 3 10 0 103 5
MOSA2 0 2 22 2 1 4
iMOSA2 0 3 22 4 1 2

Table 5. Results for the Bernstein–Vazirani algorithm circuit, highlighting iMOSA’s optimization in multi-objective partitioning.

Algorithm Nc Ns d_max Nng Rqc Nswap

MIP 2 3 5 0 19 5
MOSA1 2 3 5 0 19 5
iMOSA1 2 3 5 0 19 5
MOSA2 2 3 5 1 7 6
iMOSA2 2 3 6 2 7 4

Table 6. Comparison on the approximate quantum Fourier transform circuit, showing significant reduction in reconstruction rounds
despite a slight increase in nonlocal gates.

Algorithm Nc Ns d_max Nng Rqc Nswap

MIP 7 3 14 0 2065 23
MOSA1 7 3 14 0 2065 23
iMOSA1 7 3 14 0 2065 23
MOSA2 6 3 14 4 1228 15
iMOSA2 4 3 14 5 337 15

and MOSA exhibit the same number of SWAP gate operations 15, iMOSA achieves a reconstruction
round count of only 337, which is significantly lower than that of MOSA 1228. However, iMOSA incurs
one more nonlocal gate than MOSA in this circuit, and it can be observed that iMOSA is capable of
reducing the number of SWAP gates in certain circuits while keeping the other two objective functions
unchanged. However, in other circuits, trade-offs among multiple objectives are required, making it diffi-
cult to optimize all the performance metrics simultaneously.
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Figure 19. A comparative analysis was conducted between the reconstructed probability distribution and the original output
distribution of the quantum circuit.

Table 7. Comprehensive comparison of reconstruction algorithms (DD, ARA, FRA, GMCR) across multiple criteria including support
for U-type cutting, multi-qubit cutting, and reconstruction accuracy.

Algorithm Us Mqc Mc Ra Tsc Tc

DD No Yes Yes High Yes High
ARA No Yes Yes Low Yes Low
FRA No No No Low Yes Low
GMCR Yes Yes Yes High No High

In section 4, we derive a generalized reconstruction formula for circuit cutting. During the recon-
struction process, users can either employ their own customized cutting strategies or adopt the iMOSA-
DQC cutting scheme proposed in this study.

Because our reconstruction approach is based on circuit cutting, only those cutting solutions with
zero nonlocal gates are directly applicable for reconstruction. The subcircuits that include the nonlocal
gate can be constructed as a cluster. In the reconstruction, this type of cluster is taken as a subcircuit for
the use of the generalized method.

We employed Qiskit’s state vector-simulator for the subcircuit simulations. This simulator com-
putes the exact mathematical representation of the quantum state (i.e. the state vector), thereby avoiding
measurement-induced randomness and enabling ideal-state analysis and circuit verification.

In our experiment, we reconstructed a circuit based on the cutting scheme shown in figure 18. The
reconstruction results, as depicted in figure 19, perfectly match the output of the original circuit, indicat-
ing a high-precision reconstruction. For comparison, we also evaluated the DD query-based reconstruc-
tion method proposed by Tang et al [18], which achieved exact reconstruction in this case.

However, it is worth noting that the cutting pattern in figure 17 corresponds to the ‘inverted L-shape’
structure, as defined earlier, which is compatible with both reconstruction approaches. In experiments of
quantum circuit C2, the 7-qubit Shor algorithm, we employed a cutting scheme with a ‘U-shape’ struc-
ture. In this configuration, the DD method failed to produce valid reconstruction results, whereas our
method successfully reconstructed the circuit.

We also compared the Metropolis-Hastings algorithm(MH) proposed by Chen et al [26] and the Fast
Reconstruction Algorithm (FRA) proposed by Lian et al [27]. Reconstruction experiments were conduc-
ted on the five aforementioned quantum circuits, and the results are summarized in table 7.

From table 7, it is evident that the primary advantage of the FRA and approximate reconstruction
algorithm (ARA) over DD and GMCR lies in their lower time complexity, enabling rapid acquisition
of reconstruction results. However, the reconstruction outcomes of the FRA and ARA exhibit signific-
ant deviations from the original circuit outputs, representing a fuzzy reconstruction. Moreover, FRA is
limited to single-qubit cutting reconstruction, and has not been extended to circuits involving multi-
qubit cuts, which are further constrained to specific circuit types, such as QAOA. DD fails to produce
valid reconstruction results for circuits involving U-type cuts and is primarily applicable to circuits with
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output probability distributions characterized by pronounced sparsity or density, thereby restricting its
general applicability. In contrast, although the GMCR reconstruction algorithm proposed herein entails
a higher time complexity, it imposes no restrictions on the cutting schemes of circuits and can perform
high-fidelity reconstruction utilizing all qubit cutting configurations, demonstrating superior generality
and adaptability.

The quantum circuits examples in this section show that the proposed GMCR-and-nonlocal-
quantum-gate-based DQC can accept various circuit cutting schemes and can be applied to other DQC
cases of large-scale quantum circuits.

6. Conclusion

In this study,we propose a GMCR for a DQC based on circuit cutting. It can handle complex cutting
patterns, for example, one with a U-type structure, which cannot be processed by existing methods.
To decrease the overhead of subsequent qubit mapping in the quantum compiling procedure, we add a
new objective function: the number of required SWAP operations. Additionally, the solution space of the
domination set increases. Five quantum circuits are used to verify the propose model and algorithm. The
results show significant performance improvement, for example,in quantum circuits such as the encoding
circuit of the 7-qubit Steane code, our approach effectively reduces the number of SWAP gate operations
without increasing the number of nonlocal gates or reconstruction rounds, thereby further optimizing
the overall performance of the cutting schemes.

However, our experiments also revealed inherent trade-offs in multi-objective optimization. In cir-
cuits such as BV and AQFT, when one objective is held constant, the remaining two cannot be optim-
ized simultaneously, necessitating careful balancing among competing performance metrics. It is worth
mentioning that a high time cost is associated with reconstructing the results of the original circuit, par-
ticularly for large-scale circuits. The use of a high-performance computing (HPC) platform can help
reduce this cost, which remains a primary focus of future work.
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Appendix. Coordinate transformation of quantum circuits

Coordinate representation of quantum gates: Single-qubit gates (such as U2, P) are represented by
a single coordinate, in the format [(x, y), ‘gate_name’, params]. For example, U2(0, π) acting on
qubit q2 can be represented as [[(0, 2), ‘u2’, [0, π]]]. Two-qubit gates (such as CX) are represented
by two coordinates for the control and target qubits, in the format [(x_ctrl, y_ctrl), (x_targ, y_targ),
‘gate_name’, params]. For example, CX q2], q1 can be represented as [(2, 2), (2, 1), ‘cx’, []]. Multi-
qubit gates (such as Toffoli/CCX) are represented by three coordinates, in the format [(x_ctrl1, y_ctrl1),
(x_ctrl2, y_ctrl2), (x_targ, y_targ), ‘gate_name’, params]. For example, CCX q1,q2,q0 can be represented
as [(5, 2), (5, 1), (5, 0), ‘ccx’, []]. The entire quantum circuit can be represented as a list containing the
coordinate-based description of all quantum gates, i.e.:[[(0, 2), ‘u2’, [0, π]], [(1, 2), ‘p’, [π/4]], [(2, 2),
(2, 1), ‘cx’, []], [(3, 1), ‘p’, [-π/4]], [(4, 0), (4, 1), ‘cx’, []], [(5, 2), (5, 1), (5, 0), ‘ccx’, []]].

However, during the process of cutting and reconstruction, we are more concerned with the spatial
distribution of the quantum gates than with the specific parameters. In this case, we can extract only
the coordinate information, forming a more concise representation, as follows: [(0, 2), (1, 2), (2, 2), (2,
1), (3, 1), (4, 0), (4, 1), (5, 2), (5, 1), (5, 0)]. This lightweight representation allows us to quickly obtain
spatial information of the subcircuit without carrying additional redundant information, making it more
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Figure A1. Coordinate transformation of quantum circuits.

suitable for structural analysis during the cutting and reconstruction processes. However, the complete
coordinate representation is more suitable for accurately restoring the sub-circuit obtained from cutting
for data preparation during reconstruction.
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