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The monopole bubbling effect is the screening of magnetic charges of singular Dirac monopoles by
regular ’t Hooft-Polyakov monopoles. We study the properties of a weak coupling perturbative series in the
presence of monopole bubbling effects as well as instantons. For this purpose, we analyze supersymmetric
"t Hooft loop in four-dimensional A/ = 2 supersymmetric gauge theories with Lagrangians and nonpositive
beta functions. We show that the perturbative series of the ’t Hooft loop is Borel summable along the
positive real axis for fixed instanton numbers and screened magnetic charges. It turns out that the exact
result of the "t Hooft loop is the same as the sum of the Borel resummations over instanton numbers and

effective magnetic charges. We also obtain the same result for supersymmetric dyonic loops.
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I. INTRODUCTION

Progress on quantum field theory (QFT) hinges on
understanding nonperturbative effects such as instantons,
monopoles, vortices, and so on. One of the much less
understood nonperturbative effects is the monopole bub-
bling effect, which is the screening of magnetic charges of
singular Dirac monopoles [1] by regular 't Hooft-Polyakov
monopoles [2,3]. The aim of this paper is to understand the
properties of a weak coupling perturbative series in the
presence of monopole bubbling effects as well as instantons.

The monopole bubbling effects typically appear in a
’t Hooft loop [5], which is a magnetic version of a Wilson
loop and detects the Higgs phase by an area law, while an area
law of the Wilson loop implies confinement [6]. The 't Hooft
loop can be defined as a partition function with singular
boundary conditions for gauge fields given by Dirac monop-
oles [7]. For example, a straight 't Hooft line along the
Euclidean time at spatial origin in R* is described by

B xH

BN

dx¥ A dx?, (1)

where B is a flux on $? surrounding the loop B = 5- [ F.
It is known that the °t Hooft loop receives not only instanton
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corrections but also monopole bubbling effects. In this paper,
we study perturbative series of half-Bogomolnyi-Prasad-
Sommerfield ’t Hooft loops in 4d N = 2 supersymmetric
(SUSY) gauge theories. To preserve SUSY, we need an
additional boundary condition for the adjoint scalar ® in the
N = 2 vector multiplet: ® = %‘. Here we analyze the SUSY
’t Hooft loops put on a curved space.

Before going to our setup in detail, let us recall the
general expectation on a perturbative series in QFT.
A perturbative series in QFT is typically not convergent
[8]. In mathematics, there is a standard way to resum a
nonconvergent series called Borel resummation. Given a
perturbative series > % ;g™ of a quantity I(g), its
Borel resummation along R, is defined by

Sol(g) = A ” dte="9BI(1), (2)

where BI(¢) is an analytic continuation of the formal

Borel transformation 3% ;571" after the summa-

tion. A perturbative series in typical QFT is expected to be
non-Borel summable due to singularities along R, of BI(t)
and the Borel resummation formula has ambiguities, since
the integral depends on how to avoid the singularities.
However, it is unclear, in general, when perturbative series
in QFT are Borel summable. Another important question is,
in the case that we do not have Borel ambiguities, how the
resummation is related to exact results.

In Ref. [9], one of the authors initiated to address these
questions. It has been proven that perturbative series in
4d N =2 and 5d N =1 SUSY gauge theories with
Lagrangians are Borel summable along R, for various
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observables in sectors with fixed instanton numbers [10].
This result for the 4d N = 2 case is expected from a recent
proposal [13] on a semiclassical realization of IR renor-
malons [14], where the semiclassical solution does not
exist in the 4d A/ = 2 theories [15] (see also [16]). In this
paper, we study the t Hooft loop in the 4d N = 2 theories,
which receives monopole bubbling effects in addition to
instanton effects.

Now we explain the details of our setup. Let us consider
4d N = 2 theories with Lagrangians and nonpositive beta
functions. In this class of theories, we study the super-
symmetric 't Hooft loop placed at a circle in a squashed
sphere S}, which is defined as the hypersurface in R3:

X3+ b2 (X2 + X3) + bX(X3+ X3) =% (3)

In this geometry, we can place half-Bogomolnyi-Prasad-
Sommerfield line operators on the circles S} and S}? I
which are given by X5 = X, = 0 and X; = X, = 0 at fixed
X, respectively. Although we explicitly discuss the case
for S} at X, = 0, the result for Sllj_] is simply obtained by
the replacement b — b~!, which does not change our
interpretation on the results.

The *t Hooft loop receives both instantons and monopole
bubbling effects [17,18]:

T(B) = Ze_ksinﬂ_l_{ginsl_tr(vz)Smono T(k’]_c'”) (g’ 9) s (4)
kv

where v denotes a screened monopole charge and

. - - nb?
Sinsl = —2nir, Sinst =2riT, Smono = _Tgv (5)
with a complex gauge coupling 7=60/27+i/g.

Equation (4) is schematic in the sense that theories
with a product gauge group have multiple couplings and
multiple (k, k, v). Here we are interested in weak coupling
expansion by (the square of) Yang-Mills coupling g:

kk1 chkL nJrf’ (6)

where ff is a leading-order exponent. In this paper, we show
that the perturbative series in the sector with fixed (, k, v)
is Borel summable along R, [19] in the case that explicit
expressions for instantons and monopole bubbling effects
in the SUSY localization formula [20] are available. Our
main result is

TE (g, 0) = ST (4. 0). 7)

Thus, we can rewrite the whole exact result in terms of the
Borel resummation:

T(B) = Ze_ksinst_ksiml_tr v mf‘"“SO k k v (g, 9) (8)

k,k,v

This equation can be understood as “‘semiclassical decod-
ing” [21] of the "t Hooft loop in 4d N = 2 theories, though
the resurgence structure itself is trivial for this case.

II. °T HOOFT LOOP AND BOREL
RESUMMATION

A. Exact result

Instead of a path integral expression, we use a conjec-
tural finite-dimensional integral representation for the ’t
Hooft loop [22-24] which has passed various nontrivial
tests. There are exact results for the 't Hooft loop in the
4d N =2 theories on round S* [24], S' x R3 [22], and
S x $3 [25] by SUSY localization [20]. Although there is
no explicit computation for our S} case, one can find the
reasonable expression for the exact result by combining the
results for round S* [24], S' x R? [22], and the partition
function on Si [26] (see also [27]). The expression is
consistent with the exact results on round S* for » = 1, the
partition function on S‘b1 for B = 0, and the Alday-Gaiotto-
Tachikawa relation [28] for some specific theories.

Let us consider the 4d A/ =2 SUSY gauge theories
with a semisimple gauge group G =G x---x G,
which are coupled to hypermultiplets of representations
(Ry,...,Ry,). According to Refs. [22-24], the 't Hooft
loop is given by [29]

Z/dc Zv 11100pZI<\;13)" (9)

where v describes the screened magnetic charges. The

classical contribution Z}(a) is

Hexp{ S(a-v)|, (10)

where g, is proportional to the square of the one-loop
effective Yang-Mills coupling at scale 1/r and tr,, denotes
trace in the group G, C G. The one-loop determinant

Z<1 1230 has contributions from both the poles and the equator

of S4 [30]:

2 (@) = |Zy () PZeq ).
[loea, Y(ia-a)Y(=ia-a)1/2
ZN(a): N; . 0 )
H[:lH/},ER T(lpl'a—'—f)
IL,, 11/ |mz\ lcosh%[”b(p,.ajqb(k_%))}
Zeq(a) ’

[lea TG sinbt [ mb(a-a-+ ib(k-"51)|
(11)
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where Q = b+ b™', ay = a + £, and Y(x) is the Upsilon
function defined by

Y) = [[ (mb+mb™ +x)(mb+mb+0-x).

my,my>0
(12)

zfv”ll expresses nonperturbative effects, which are more
involved:

Zip(a) = Z{(@) Zigono (@),
_ _ k, k v
70 = 12 (ay)P = e SmBmz K80 (13)
k, k

where Zg’gk is the Nekrasov instanton partition function
[32] with Q-background parameters (¢}, ¢,) = (b, b~!) and
thf(),no is a contribution from monopole bubbling effects.

Note that ngfgno(a) for v = B is trivial:
Zgrﬁ))no(a) =1, (14)

which reflects the absence of the monopole screening.
Now we are interested in the properties of small-g expan-
sion of the object

11oo

T(k./},m(g’g):/ d'Slg Z(w)g(u) pZﬁ;’_"”), (15)
where

k.k,v k.k.w v
28 (@) = 2 (@) Zigdno ). (16)

st

B. SU(N) superconformal QCD

We first discuss a 4d N'=2 SU(N) superconformal
QCD for simplicity of explanations, which is SUSY QCD
(SQCD) with 2N fundamental hypermultiplets. We will
consider more general theories later. The 't Hooft loop of

our SQCD in the sector (k, k, v) is
k.k,v
T(SQCD)(g 0)
= /dNa5 (Zaj) o192, @ b8 vy
J
Y (iay.i;) Y (=ia.;)|
1<i<j<N H\z,,\ 1 | sinh [zb(a;; + ib(k _M))H

vj|=1 U/ _
HHl - cosh"[zb(a; + ib(k — | )] k&)
X (iay; + P A

X

(17)

where a;; = a; — ajand v;; = v; — v;. Let us study small-g
expansion of this object. Instead of explicitly computing
perturbative coefficients, we explicitly find Borel

transformation, somehow already hidden in Eq. (17) as
in Refs. [9,33]. To see this, first we make a change of the
variables as a; = \/chj, where X = (%, ..., Xy) is the unit
vector in RY. Then, we rewrite the ’t Hooft loop as

00 = [ a0, (9

where
(kj,v) (1) — 44 N-1 kkv
f ()=t ANld x5(2x>
ko N —bo v;a; k.k,v
WEO(1,5) = 2z 2G| )

The exponent {f is a constant depending on N and v;;,
whose detail is not important for our purpose [34]. The
functions f**?) and h*k?) depend on €, but we do not
often write 6 explicitly in the arguments for simplicity.
Since the expression (18) is the form of the Laplace
transformation and similar to the Borel resummation (2),
one may wonder whether the function f**v)(z) of the
perturbative series is the Borel transformation. Indeed, we
can prove that this is the case as in Refs. [9,33] and the
function f%2)(¢) itself is the Borel transformation of the
perturbative series:

FEED (1,6) = BTt (1,6). (20)

The proof takes the following three steps. (i) We show that
the integrand A(*%¥)(z, %) is identical to analytic continu-
ation of a convergent power series of ¢. (ii)) We exchange the
order of the power series expansion of 2(5%)(¢, %) by t and
integration over X. This is rigorously justified by proving
uniform convergence of the small-¢ expansion as a suffi-
cient condition. (iii) It is easily seen that the coefficient of
the perturbative series of f(“5)(7) is given by ¢/ r(H9)
as guaranteed by the Laplace transformation (18).

First, let us focus on the perturbative sector (k, k, v) =
(0,0, B). We will consider nonperturbative effects later.
To prove the uniform convergence of the small-f expansion
of h®k?)(¢ %), it is convenient to use the Weierstrass M
test; i.e., we find a sequence {M,} such that |h(f0) (%) <M,
and Y% M 1*+7 < oo for fixed 7. We can easily find such
a series as in Refs. [9,33] by replacing all the sources of
negative contributions to the small-¢ expansion by positive
definite larger values [35]. As an explicit example, the
following function generates M ,:

P(t)ebex/?zj|1;]»\—4(5N2—4N)b2t
(1= 620V T (1 = 267 (20 & v/20) V)

(21)
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where P(t) is an appropriate finite-order polynomial. Thus,
f©0B)(¢) is actually the Borel transformation.

Now we can explicitly study analytic properties of the
Borel transformation. Since we have expressed the Borel
transformation in terms of the one-loop determinant Z(fl'z)op,
this problem boils down to analytic properties of the one-
loop determinant, whose details are studied in Appendix A
for the general case. As a result, the one-loop determinant

in our SQCD has degree-2N poles at

a; = iiKm, +|U"|T+l>b+ <m2 +%>b"], (22)

where my, m, € Z,. We emphasize that all the apparent
branch cuts are canceled in the whole expression. The most
important point here is that the one-loop determinant does
not have singularities for « € R. Thus, the Borel trans-
formation has singularities (poles) only along R_ for b € R
and the perturbative series is Borel summable along R, .

C. General AN =2 theories with a Lagrangian

We can easily generalize the above analysis to general
N =2 theories with a Lagrangian and nonpositive

function. Taking the polar coordinate af"' ) = \/Efc,(-p ) with
) € §16:-1 we find [36]

7 (k) (g’ 9) _ /°° d'te” ZZ:l(tp/gp)f(kjc'v)([)’ (23)

0
where [37]
kD) (1) =t / dih®&k0) (1,%),
sphere
K)oy =Y Opw,va,(v) (kje,v)
BERD (1,5) = P2 a ) (ke oo @9
where ¢! = =1 tf,” with a constant {f,, unimportant for our

purpose [38]. Again, Eq. (23) is similar to the form of Borel
resummation. Indeed, one can show that the function
F&E2) (1) is nothing but the Borel transformation of the
perturbative series. Let us focus on the sector with
(k,k,v) = (0,0, B) again. As in the previous case, we
can always show that f(%7)(z) is the Borel transformation:

Br{kknh (1,0) = fHkE2N (1, 6). (25)
Let us look at analytic properties of the Borel trans-

formation. According to Appendix A, the one-loop deter-
minant has singularities at

p.aziiKml +W>b+ <m2+%>b‘1]. (26)

This shows that the one-loop determinant does not have
singularities for real a and, therefore, the perturbative series
is Borel summable along the positive real axis.

D. Instanton corrections

Generalization to the nonzero instanton sector is also
straightforward, because Zyq(a) with a fixed instanton
number and omega background parameters (e;,€,) =
(b,b™") is a rational function, which does not have poles
for real a unless m;b + myb™" (m,, € Z) is purely imagi-
nary. Therefore, Eq. (25) still holds in nonzero instanton
sectors.

For example, the Nekrasov partition function for U(N)
SQCD with N, fundamental hypers is given by

(T, nf(a )™
ZN k(a) = e_‘y‘sinm =1 J , (27)
’ ; H{'\,]jzl ni;(a.Y)
where Y = (Y, ..., Yy) denotes a set of Young tableau in

U(N), |Y] is the total number of boxes of ¥, and

n!;(a.Y) = [ Eij(a.$)(Q - Ejj(a.s)).

SEY;

Eij(a,s) = —=bAy (s) + b7 (Ly,(s) + 1) — i,
nl(a.Y) = [[;(a.5)(b;(a.s) + Q).

SEY;

¢i(a.s) =—ia;+b(s, — 1)+ b7'(s, — 1). (28)

The indices s = (s, 5,) label a box in Young diagram at
the s,th column and s,th row, and Ly(s) [Ay(s)] is the
leg (arm) length of Young tableau Y at s. The vector
contribution gives poles at

ajj = —ib <% _AYj(S)) — b~ (Ly,(s) +1) (29)

and

a; = ib(l - % +ij(s)> —ib 'Ly (s).  (30)

Although the contribution from each Young diagram may
have poles at a;; = 0, this type of pole is canceled after
summing over Young diagrams with the same instanton
number [20]. Thus, the Borel transformation has singular-
ities only along R_ and especially a perturbative series is
Borel summable along R even if we include the instanton
corrections.

E. Monopole bubbling effects

Now let us add monopole bubbling effects. As in the
instanton corrections, generalization is straightforward as

025012-4
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long as we know explicit expressions of Zsffgno(a), because
the monopole bubbling effect is described by a ratio of
finite products of hyperbolic functions, whose poles are not
on the real axis. Hence, Eq. (25) still holds in the presence
of the monopole bubbling effects.

For example, for SU(N) or U(N) gauge theory with
fundamentals and adjoints, the contribution from the
monopole bubbling effects is given by

Zino(a) =Yz @] [Z8@). (1)

where
Zvec (Cl) — 1
Y A ., 2mba;i+inb*(Ay,(s)~Ly,(s)£1)’
Hi,j,seYl-,i sinh 2 :
A A 2rha;; + inb*(Ay (s) — Ly (s))
adj - 2 tj i
Zy'(a)= Hi,j,seY,»COSh 2 : ’
. A 2zba; +inb* (s, + s, —1)
fund _ J v h
Zy(a)=]] oy cosh 5 . (32)

The sum in Eq. (31) is over a set of Young tableau with the
total number of boxes % tr(B? — v*). Note also that we have

put the symbol ~for the sum and product, which means the
sum over Y and product over s are constrained. Namely, we
include only Y and s satisfying the constraints in contrast to
the instanton corrections. We explain the details on this in
Appendix B, because the constraints are quite complicated,
and, nevertheless, their details are not so important for our
purpose.

The most important thing for us is a singularity structure
of Zr(ff())no(a). For a given single set of Young diagram Y, the
vector contribution gives poles at

I ib
a;; = ib m—?(Ayi(s)—LY,,(s):Izl). (33)
When Ay, (s) — Ly,(s) £ 1 # 0 or m # 0, the poles are not
located along the real axis unless b? is purely imaginary.
When Ay, (s) — Ly (s) £ 1 =0, we have apparent poles
at a;; = 0, but this type of pole is finally canceled from
other Young diagrams as long as we consider well-defined

’t Hooft loops. Thus, Z,(;fgno(a) does not have singularities
along the real axis, and the perturbative series is Borel
summable along R, . Furthermore, the Borel transforma-
tion has singularities only along R_ for » € R including all
the nonperturbative corrections.

F. Dyonic loop

The supersymmetric dyonic loop can be computed
by putting a SUSY Wilson loop on S} [26] in the setup
of the 't Hooft loop. If we assume the conjectural
expression (9) for the ’t Hooft loop, then the exact result
for the dyonic loop should be given by

D = (trge™) . (34)

where (- - -),,), denotes the unnormalized expectation value
in the matrix model (9). Since this is just an insertion of a
function of a without singularities, we can still apply the
above technique for the ’t Hooft loops to this case as well.

Then, the Borel transformation is simply given by f (kkv) i
Eq. (24) with the extra insertion of trge®® to the integrand.
Thus, the analytic properties of hkk2) do not change, and
the perturbative series is still Borel summable along R,

including the instantons and the monopole bubbling effects.

III. CONCLUSION AND DISCUSSIONS

In this paper, we have studied weak coupling pertur-
bative series in the presence of monopole bubbling effects
and instanton effects. We have shown that the perturbative
series of the ’t Hooft loop in the 4d N = 2 supersym-
metric gauge theories are Borel summable along R,.
It has turned out that the exact result is the same as the sum
of the Borel resummations over instanton—anti-instanton
numbers (k, k) and screened magnetic charges v. Our
result is also nontrivially consistent with the conjecture
that 4d N = 2 theories do not have IR renormalon-type
singularities [13,15].

There is a confusing point on our results. According to
Lipatov’s argument [39] and topological selection rule
[13,40] (see also [41]), it is expected that Borel singularities
come from saddle points with the same topological number.
Hence, one may expect that there are Borel singularities
coming from instantons and anti-instantons with the
same k — k in our setup. However, we have seen that we
do not have such singularities. The absence of this type of
singularities as well as IR renormalons leads the Borel
summability along R, and makes the perturbative series in
every sector isolated in contrast to the usual resurgence
scenario in quantum mechanics [42] and QFT [13,33,
40,43]. It would be interesting to find physical interpreta-
tions for this point. One of the possible scenarios would be
“Cheshire cat resurgence,” which has recently appeared in
some SUSY theories [44]. Another possibility is that there
may be something like a generalization of the topological
selection rule particular for our setup.

We have found that the Borel transformation has
infinitely many singularities in the Borel plane. It would
be interesting to find their physical interpretations.
Technically, these singularities come from singularities
of the one-loop determinant, Nekrasov partition functions,
and monopole bubbling effects. At least for those from the
one-loop determinant, we expect that they can be explained
by complexified SUSY solutions as in 3d N =2 case
[33,45], which formally satisfy SUSY conditions but may
not be on the original path integral contour.

The formula for the "t Hooft loop, which we have used,
has not been explicitly derived by the supersymmetry
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localization despite it having passed the nontrivial checks.
It would be nice if one could directly derive the localization
formula.

It is known that the 't Hooft loop operator is S-dual to the
SUSY Wilson loop, whose perturbative expansion is also
Borel summable along R, [9]. It would be illuminating to
study whether there are implications of the S-duality for
structures of Borel singularities.
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APPENDIX A: ANALYTIC PROPERTY
OF ONE-LOOP DETERMINANT

We discuss details on analytic properties of the one-loop
determinant Zgiif)op(a) as a function of a.

1. Hypermultiplet contribution

We study an analytic property of a contribution from a
weight vector p:

L0 cosh! 2 [mb(p - a + ib(k = 12471))
Y (ip-ay + %)|

(A1)

From the infinite product representation (12) of Y (x), we
derive the following convenient identity:

. ibv 0
‘T(l(x+7)+§)
v|—1 N y 2

0m220|:<m2+2> b + <x+ib<k_|”|2>> }
1 1 2 2
Xml,mzzoK(ml—i_'Ul; )b+ (m2—|—§>b‘]> +x2} .

(A2)

2

»-
Il

2

Then, recalling cosh (zx) = [[®, (1 + (2::%])2),

term cancels the equator contribution, and we find that
Eq. (Al) is proportional to

the first

1
w20 ((my +25E)b + (my +1)b7")

P+(p-a?
(A3)

Thus, we do not have branch cuts but have simple
poles at

. 1 1
sl )]

2. Vector multiplet contribution

(A4)

Next, we study an analytic property of each positive root
contribution:

|T(ia- ay)Y(—ia- ay)]
1 T10" sinh'2[zb(+a - a + ib(k —5H)))

(A5)
For this case, it is convenient to use the identity
ib b
(e ) e+ 3)
Hﬁl sinh [ b(i— + 'b(k vl = 1))]
oS inh |7 X+ -
£ k=0 2

1 1 2
HK(’”*H; )”*(’”Z*z)b_l)
+ <ﬂ:x+§>2]2.

Then, the first term cancels the equator contribution, and
Eq. (AS5) becomes proportional to

H a-v +1 1
my,my>0
| RLULY -

FO\ 2
+<a~a—|—l2Q>}, with a € A.

2

(A6)

(A7)

Thus, the vector one-loop determinant does not have any
singularity. Note also that this has simple zeros at

i0 . a-v|+1 Iy, _
a-a:—7i1{<ml+%)b+ <m2+§)b 1}

(A8)

Therefore, the whole one-loop determinant does not have a
branch cut and is a meromorphic function of a whose poles
are not located on the real axis. This point is directly
connected to Borel summability along R .
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APPENDIX B: DETAILS ON MONOPOLE
BUBBLING EFFECTS

We explain details of the monopole bubbling effect (31).
As we mentioned, the sum over Y in Eq. (31) and the
product over s in Eq. (32) are constrained. Y in Eq. (31)is a
set of Young diagrams (Y = {Y/, ..., Yy }), and the sum is
over all possible configurations of p boxes distributed to Y.
The number of the boxes p is determined by the dimension
of a vector K = (Kj,...,K,), which is specified by the
following equation [25]:

tr(a?) = tr(@”) + a ! (a — 1)?tr(ak), (B1)
where a is an arbitrary element of U(1) and the trace is the
sum over all components of the vector. Taking a = ¢’ and
comparing O(e?), this condition uniquely determines p as
p = 1tr(B*> — v?). Especially when v = B, we do not have
solutions, and, therefore, the monopole bubbling effect is
trivial as mentioned in Eq. (14). The products in terms of i,
J, s in Eq. (32) have two constraints. One is

Vi) + 55— 5, € {K,}, (B2)
where i(s) is a gauge group index of Young tableau to
which s belongs. The other constraint depends on the
representation. The constraint for vector and adjoint rep-
resentations is

vij+ Ly,(s) + Ay (s) + 1 =0, (B3)
while the one for fundamental representations is
Vi(s) = Sy T Sp = 0. (B4)

In order to find (B, v) for SU(N), it is convenient to start
with the vectors (B, #) satisfying the above constraints for
U(N) and impose the traceless condition:
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