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The monopole bubbling effect is the screening of magnetic charges of singular Dirac monopoles by
regular ’t Hooft-Polyakov monopoles. We study the properties of a weak coupling perturbative series in the
presence of monopole bubbling effects as well as instantons. For this purpose, we analyze supersymmetric
’t Hooft loop in four-dimensionalN ¼ 2 supersymmetric gauge theories with Lagrangians and nonpositive
beta functions. We show that the perturbative series of the ’t Hooft loop is Borel summable along the
positive real axis for fixed instanton numbers and screened magnetic charges. It turns out that the exact
result of the ’t Hooft loop is the same as the sum of the Borel resummations over instanton numbers and
effective magnetic charges. We also obtain the same result for supersymmetric dyonic loops.
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I. INTRODUCTION

Progress on quantum field theory (QFT) hinges on
understanding nonperturbative effects such as instantons,
monopoles, vortices, and so on. One of the much less
understood nonperturbative effects is the monopole bub-
bling effect, which is the screening of magnetic charges of
singular Dirac monopoles [1] by regular ’t Hooft-Polyakov
monopoles [2,3]. The aim of this paper is to understand the
properties of a weak coupling perturbative series in the
presence of monopole bubbling effects as well as instantons.
The monopole bubbling effects typically appear in a

’t Hooft loop [5], which is a magnetic version of a Wilson
loop anddetects theHiggs phase by an area law,while an area
law of theWilson loop implies confinement [6]. The ’t Hooft
loop can be defined as a partition function with singular
boundary conditions for gauge fields given by Dirac monop-
oles [7]. For example, a straight ’t Hooft line along the
Euclidean time at spatial origin in R4 is described by

F ¼ B
4
ϵμνρ

xμ

jxj3 dx
ν ∧ dxρ; ð1Þ

where B is a flux on S2 surrounding the loop B ¼ 1
2π

R
S2 F.

It is known that the ’t Hooft loop receives not only instanton

corrections but alsomonopole bubbling effects. In this paper,
we study perturbative series of half-Bogomolnyi-Prasad-
Sommerfield ’t Hooft loops in 4d N ¼ 2 supersymmetric
(SUSY) gauge theories. To preserve SUSY, we need an
additional boundary condition for the adjoint scalarΦ in the
N ¼ 2 vectormultiplet:Φ ¼ B

2jxj. Herewe analyze theSUSY
’t Hooft loops put on a curved space.
Before going to our setup in detail, let us recall the

general expectation on a perturbative series in QFT.
A perturbative series in QFT is typically not convergent
[8]. In mathematics, there is a standard way to resum a
nonconvergent series called Borel resummation. Given a
perturbative series

P∞
l¼0 clg

aþl of a quantity IðgÞ, its
Borel resummation along Rþ is defined by

S0IðgÞ ¼
Z

∞

0

dte−ðt=gÞBIðtÞ; ð2Þ

where BIðtÞ is an analytic continuation of the formal
Borel transformation

P∞
l¼0

cl
ΓðaþlÞ t

aþl−1 after the summa-

tion. A perturbative series in typical QFT is expected to be
non-Borel summable due to singularities alongRþ of BIðtÞ
and the Borel resummation formula has ambiguities, since
the integral depends on how to avoid the singularities.
However, it is unclear, in general, when perturbative series
in QFTare Borel summable. Another important question is,
in the case that we do not have Borel ambiguities, how the
resummation is related to exact results.
In Ref. [9], one of the authors initiated to address these

questions. It has been proven that perturbative series in
4d N ¼ 2 and 5d N ¼ 1 SUSY gauge theories with
Lagrangians are Borel summable along Rþ for various
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observables in sectors with fixed instanton numbers [10].
This result for the 4dN ¼ 2 case is expected from a recent
proposal [13] on a semiclassical realization of IR renor-
malons [14], where the semiclassical solution does not
exist in the 4d N ¼ 2 theories [15] (see also [16]). In this
paper, we study the ’t Hooft loop in the 4dN ¼ 2 theories,
which receives monopole bubbling effects in addition to
instanton effects.
Now we explain the details of our setup. Let us consider

4d N ¼ 2 theories with Lagrangians and nonpositive beta
functions. In this class of theories, we study the super-
symmetric ’t Hooft loop placed at a circle in a squashed
sphere S4b, which is defined as the hypersurface in R5:

X2
0 þ b−2ðX2

1 þ X2
2Þ þ b2ðX2

3 þ X2
4Þ ¼ r2: ð3Þ

In this geometry, we can place half-Bogomolnyi-Prasad-
Sommerfield line operators on the circles S1b and S1b−1 ,
which are given by X3 ¼ X4 ¼ 0 and X1 ¼ X2 ¼ 0 at fixed
X0, respectively. Although we explicitly discuss the case
for S1b at X0 ¼ 0, the result for S1b−1 is simply obtained by
the replacement b → b−1, which does not change our
interpretation on the results.
The ’t Hooft loop receives both instantons and monopole

bubbling effects [17,18]:

TðBÞ ¼
X
k;k̄;v

e−kSinst−k̄S̄inst−trðv2ÞSmonoTðk;k̄;vÞðg; θÞ; ð4Þ

where v denotes a screened monopole charge and

Sinst¼−2πiτ; S̄inst¼ 2πiτ̄; Smono ¼−
πb2

2g
; ð5Þ

with a complex gauge coupling τ ¼ θ=2π þ i=g.
Equation (4) is schematic in the sense that theories
with a product gauge group have multiple couplings and
multiple ðk; k̄; vÞ. Here we are interested in weak coupling
expansion by (the square of) Yang-Mills coupling g:

Tðk;k̄;vÞðg; θÞ ≃
X
l

cðk;k̄;vÞl ðθÞg♯þl; ð6Þ

where ♯ is a leading-order exponent. In this paper, we show
that the perturbative series in the sector with fixed ðk; k̄; vÞ
is Borel summable along Rþ [19] in the case that explicit
expressions for instantons and monopole bubbling effects
in the SUSY localization formula [20] are available. Our
main result is

Tðk;k̄;vÞðg; θÞ ¼ S0Tðk;k̄;vÞðg; θÞ: ð7Þ
Thus, we can rewrite the whole exact result in terms of the
Borel resummation:

TðBÞ ¼
X
k;k̄;v

e−kSinst−k̄S̄inst−trðv2ÞSmonoS0Tðk;k̄;vÞðg; θÞ: ð8Þ

This equation can be understood as “semiclassical decod-
ing” [21] of the ’t Hooft loop in 4dN ¼ 2 theories, though
the resurgence structure itself is trivial for this case.

II. ’T HOOFT LOOP AND BOREL
RESUMMATION

A. Exact result

Instead of a path integral expression, we use a conjec-
tural finite-dimensional integral representation for the ’t
Hooft loop [22–24] which has passed various nontrivial
tests. There are exact results for the ’t Hooft loop in the
4d N ¼ 2 theories on round S4 [24], S1 ×R3 [22], and
S1 × S3 [25] by SUSY localization [20]. Although there is
no explicit computation for our S4b case, one can find the
reasonable expression for the exact result by combining the
results for round S4 [24], S1 × R3 [22], and the partition
function on S4b [26] (see also [27]). The expression is
consistent with the exact results on round S4 for b ¼ 1, the
partition function on S4b for B ¼ 0, and the Alday-Gaiotto-
Tachikawa relation [28] for some specific theories.
Let us consider the 4d N ¼ 2 SUSY gauge theories

with a semisimple gauge group G ¼ G1 × � � � ×Gn,
which are coupled to hypermultiplets of representations
ðR1;…;RNf

Þ. According to Refs. [22–24], the ’t Hooft
loop is given by [29]

TðBÞ ¼
X
v

Z
djGjaZðvÞ

cl Z
ðvÞ
1 loopZ

ðvÞ
NP; ð9Þ

where v describes the screened magnetic charges. The

classical contribution ZðvÞ
cl ðaÞ is

ZðvÞ
cl ðaÞ ¼

Yn
p¼1

exp

�
−
trpa2

gp
− bθptrpða · vÞ

�
; ð10Þ

where gp is proportional to the square of the one-loop
effective Yang-Mills coupling at scale 1=r and trp denotes
trace in the group Gp ⊂ G. The one-loop determinant

ZðvÞ
1 loop has contributions from both the poles and the equator

of S4b [30]:

ZðvÞ
1 loopðaÞ¼ jZNðaNÞj2ZeqðaÞ;

ZNðaÞ¼
�Q

α∈Δþϒðiα ·aÞϒð−iα ·aÞQNf

I¼1

Q
ρI∈Rm

ϒðiρI ·aþQ
2
Þ

�
1=2

;

ZeqðaÞ¼
Q

I;ρI

QjρI ·vj−1
k¼0 cosh

1
2

h
πbðρI ·aþ ibðk− jρI ·vj−1

2
ÞÞ
i

Q
α∈Δ

Qjα·vj−1
k¼0 sinh

1
2

h
πbðα ·aþ ibðk− jα·vj

2
ÞÞ
i ;

ð11Þ
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whereQ ¼ bþ b−1, aN ¼ aþ ibv
2
, andϒðxÞ is the Upsilon

function defined by

ϒðxÞ¼
Y

m1;m2≥0
ðm1bþm2b−1þxÞðm1bþm2b−1þQ−xÞ:

ð12Þ
ZðvÞ
NP expresses nonperturbative effects, which are more

involved:

ZðvÞ
NPðaÞ ¼ ZðvÞ

instðaÞZðvÞ
monoðaÞ;

ZðvÞ
inst ¼ jZðvÞ

NekðaNÞj2 ¼
X
k;k̄

e−kSinst−k̄S̄instZðk;k̄;vÞ
inst ; ð13Þ

where ZðvÞ
Nek is the Nekrasov instanton partition function

[32] withΩ-background parameters ðϵ1; ϵ2Þ ¼ ðb; b−1Þ and
ZðvÞ
mono is a contribution from monopole bubbling effects.

Note that ZðvÞ
monoðaÞ for v ¼ B is trivial:

ZðBÞ
monoðaÞ ¼ 1; ð14Þ

which reflects the absence of the monopole screening.
Now we are interested in the properties of small-g expan-
sion of the object

Tðk;k̄;vÞðg; θÞ ¼
Z

∞

−∞
djGjaZðvÞ

cl Z
ðvÞ
1 loopZ

ðk;k̄;vÞ
NP ; ð15Þ

where

Zðk;k̄;vÞ
NP ðaÞ ¼ Zðk;k̄;vÞ

inst ðaÞZðvÞ
monoðaÞ: ð16Þ

B. SUðNÞ superconformal QCD

We first discuss a 4d N ¼ 2 SUðNÞ superconformal
QCD for simplicity of explanations, which is SUSY QCD
(SQCD) with 2N fundamental hypermultiplets. We will
consider more general theories later. The ’t Hooft loop of
our SQCD in the sector ðk; k̄; vÞ is

Tðk;k̄;vÞ
SQCD ðg; θÞ

¼
Z

dNaδ

�X
j

aj

�
e−ð1=gÞ

P
j
a2j−bθ

P
j
vjaj

×
Y

1≤i<j≤N

jϒðiaN;ijÞϒð−iaN;ijÞjQjvijj−1
k¼0 j sinh ½πbðaij þ ibðk − jvijj

2
ÞÞ�j

×
YN
j¼1

Qjvjj−1
k¼0 coshN ½πbðaj þ ibðk − jvjj−1

2
ÞÞ�

jϒðiaN;j þ Q
2
Þj2N Zðk;k̄;vÞ

NP ;

ð17Þ
where aij ¼ ai − aj and vij ¼ vi − vj. Let us study small-g
expansion of this object. Instead of explicitly computing
perturbative coefficients, we explicitly find Borel

transformation, somehow already hidden in Eq. (17) as
in Refs. [9,33]. To see this, first we make a change of the
variables as aj ¼

ffiffi
t

p
x̂j, where x̂ ¼ ðx̂1;…; x̂NÞ is the unit

vector in RN . Then, we rewrite the ’t Hooft loop as

Tðk;k̄;vÞ
SQCD ðg; θÞ ¼

Z
∞

0

dte−ðt=gÞfðk;k̄;vÞðt; θÞ; ð18Þ

where

fðk;k̄;vÞðtÞ ¼ t♯
Z
SN−1

dN−1x̂δ
�X

j

x̂j

�
hðk;k̄;vÞðt; x̂Þ;

hðk;k̄;vÞðt; x̂Þ ¼ e−bθ
P

j
vjajZðvÞ

1 loopZ
ðk;k̄;vÞ
NP

���
aj¼

ffiffi
t

p
x̂j
: ð19Þ

The exponent ♯ is a constant depending on N and vij,
whose detail is not important for our purpose [34]. The
functions fðk;k̄;vÞ and hðk;k̄;vÞ depend on θ, but we do not
often write θ explicitly in the arguments for simplicity.
Since the expression (18) is the form of the Laplace
transformation and similar to the Borel resummation (2),
one may wonder whether the function fðk;k̄;vÞðtÞ of the
perturbative series is the Borel transformation. Indeed, we
can prove that this is the case as in Refs. [9,33] and the
function fðk;k̄;vÞðtÞ itself is the Borel transformation of the
perturbative series:

fðk;k̄;vÞðt; θÞ ¼ BTðk;k̄;vÞ
SQCD ðt; θÞ: ð20Þ

The proof takes the following three steps. (i) We show that
the integrand hðk;k̄;vÞðt; x̂Þ is identical to analytic continu-
ation of a convergent power series of t. (ii) We exchange the
order of the power series expansion of hðk;k̄;vÞðt; x̂Þ by t and
integration over x̂. This is rigorously justified by proving
uniform convergence of the small-t expansion as a suffi-
cient condition. (iii) It is easily seen that the coefficient of

the perturbative series of fðk;k̄;vÞðtÞ is given by cðkÞl =Γð♯þl
2
Þ

as guaranteed by the Laplace transformation (18).
First, let us focus on the perturbative sector ðk; k̄; vÞ ¼

ð0; 0; BÞ. We will consider nonperturbative effects later.
To prove the uniform convergence of the small-t expansion
of hðk;k̄;vÞðt; x̂Þ, it is convenient to use the Weierstrass M

test; i.e., we find a sequence fMlg such that jhð0Þl ðx̂Þj < Ml

and
P∞

l¼0 Mlt♯þl < ∞ for fixed t. We can easily find such
a series as in Refs. [9,33] by replacing all the sources of
negative contributions to the small-t expansion by positive
definite larger values [35]. As an explicit example, the
following function generates Ml:

PðtÞebθ
ffiffi
t

p P
j
jvjj−4ð5N2−4NÞb2t

ð1 − b2tÞ4N2Q
�ð1 − 2b2ð2t� ffiffi

t
p

QÞÞ2ðN2−NÞ ; ð21Þ

RESUMMING PERTURBATIVE SERIES IN THE PRESENCE OF … PHYS. REV. D 100, 025012 (2019)

025012-3



where PðtÞ is an appropriate finite-order polynomial. Thus,
fð0;0;BÞðtÞ is actually the Borel transformation.
Now we can explicitly study analytic properties of the

Borel transformation. Since we have expressed the Borel
transformation in terms of the one-loop determinant ZðvÞ

1 loop,
this problem boils down to analytic properties of the one-
loop determinant, whose details are studied in Appendix A
for the general case. As a result, the one-loop determinant
in our SQCD has degree-2N poles at

aj ¼ �i

��
m1 þ

jvjj þ 1

2

�
bþ

�
m2 þ

1

2

�
b−1

�
; ð22Þ

where m1, m2 ∈ Z≥0. We emphasize that all the apparent
branch cuts are canceled in the whole expression. The most
important point here is that the one-loop determinant does
not have singularities for a ∈ R. Thus, the Borel trans-
formation has singularities (poles) only alongR− for b ∈ R
and the perturbative series is Borel summable along Rþ.

C. General N = 2 theories with a Lagrangian

We can easily generalize the above analysis to general
N ¼ 2 theories with a Lagrangian and nonpositive β

function. Taking the polar coordinate aðpÞi ¼ ffiffiffiffi
tp

p
x̂ðpÞi with

x̂ðpÞi ∈ SjGpj−1, we find [36]

Tðk;k̄;vÞðg; θÞ ¼
Z

∞

0

dnte−
P

n
p¼1

ðtp=gpÞfðk;k̄;vÞðtÞ; ð23Þ

where [37]

fðk;k̄;vÞðtÞ¼ t♯
Z
sphere

dx̂hðk;k̄;vÞðt; x̂Þ;

hðk;k̄;vÞðt; x̂Þ¼e−b
P

p
θptrpv·aZðvÞ

1 loopZ
ðk;k̄;vÞ
NP

���
aðpÞi ¼ ffiffiffi

tp
p

x̂ðpÞi

; ð24Þ

where t♯ ¼ Q
n
p¼1 t

♯p
p with a constant ♯p unimportant for our

purpose [38]. Again, Eq. (23) is similar to the form of Borel
resummation. Indeed, one can show that the function
fðk;k̄;vÞðtÞ is nothing but the Borel transformation of the
perturbative series. Let us focus on the sector with
ðk; k̄; vÞ ¼ ð0; 0; BÞ again. As in the previous case, we
can always show that fðk;k̄;vÞðtÞ is the Borel transformation:

BTðfk;k̄;vgÞðt; θÞ ¼ fðfk;k̄;vgÞðt; θÞ: ð25Þ

Let us look at analytic properties of the Borel trans-
formation. According to Appendix A, the one-loop deter-
minant has singularities at

ρ · a ¼ �i

��
m1 þ

jρ · vj þ 1

2

�
bþ

�
m2 þ

1

2

�
b−1

�
: ð26Þ

This shows that the one-loop determinant does not have
singularities for real a and, therefore, the perturbative series
is Borel summable along the positive real axis.

D. Instanton corrections

Generalization to the nonzero instanton sector is also
straightforward, because ZNekðaÞ with a fixed instanton
number and omega background parameters ðϵ1; ϵ2Þ ¼
ðb; b−1Þ is a rational function, which does not have poles
for real a unless m1bþm2b−1 (m1;2 ∈ Z) is purely imagi-
nary. Therefore, Eq. (25) still holds in nonzero instanton
sectors.
For example, the Nekrasov partition function for UðNÞ

SQCD with Nf fundamental hypers is given by

ZNekðaÞ ¼
X
Y

e−jYjSinst
ðQN

j¼1 n
f
j ða; YÞÞNfQ

N
i;j¼1 n

V
i;jða; YÞ

; ð27Þ

where Y ¼ ðY1;…; YNÞ denotes a set of Young tableau in
UðNÞ, jYj is the total number of boxes of Y, and

nVi;jða; YÞ ¼
Y
s∈Yi

Eijða; sÞðQ − Eijða; sÞÞ;

Eijða; sÞ ¼ −bAYj
ðsÞ þ b−1ðLYi

ðsÞ þ 1Þ − iaij;

nfj ða; YÞ ¼
Y
s∈Yj

ϕjða; sÞðϕjða; sÞ þQÞ;

ϕjða; sÞ ¼ −iaj þ bðsh − 1Þ þ b−1ðsv − 1Þ: ð28Þ

The indices s ¼ ðsh; svÞ label a box in Young diagram at
the shth column and svth row, and LYðsÞ [AYðsÞ] is the
leg (arm) length of Young tableau Y at s. The vector
contribution gives poles at

aij ¼ −ib
�
vij
2

− AYj
ðsÞ

�
− ib−1ðLYi

ðsÞ þ 1Þ ð29Þ

and

aij ¼ ib
�
1 −

vij
2

þ AYj
ðsÞ

�
− ib−1LYi

ðsÞ: ð30Þ

Although the contribution from each Young diagram may
have poles at aij ¼ 0, this type of pole is canceled after
summing over Young diagrams with the same instanton
number [20]. Thus, the Borel transformation has singular-
ities only along R− and especially a perturbative series is
Borel summable along Rþ even if we include the instanton
corrections.

E. Monopole bubbling effects

Now let us add monopole bubbling effects. As in the
instanton corrections, generalization is straightforward as
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long as we know explicit expressions of ZðvÞ
monoðaÞ, because

the monopole bubbling effect is described by a ratio of
finite products of hyperbolic functions, whose poles are not
on the real axis. Hence, Eq. (25) still holds in the presence
of the monopole bubbling effects.
For example, for SUðNÞ or UðNÞ gauge theory with

fundamentals and adjoints, the contribution from the
monopole bubbling effects is given by

ZðvÞ
monoðaÞ ¼

X̂
Y

Zvec
Y ðaÞ

Y
I

ZRI
Y ðaÞ; ð31Þ

where

Zvec
Y ðaÞ¼ 1Q̂

i;j;s∈Yi;� sinh
2πbaijþiπb2ðAYi

ðsÞ−LYj
ðsÞ�1Þ

2

;

Zadj
Y ðaÞ¼

Ŷ
i;j;s∈Yi

cosh2
2πbaijþ iπb2ðAYi

ðsÞ−LYj
ðsÞÞ

2
;

Zfund
Y ðaÞ¼

Ŷ
j;s∈Yj

cosh
2πbajþ iπb2ðsvþ sh−1Þ

2
: ð32Þ

The sum in Eq. (31) is over a set of Young tableau with the
total number of boxes 1

2
trðB2 − v2Þ. Note also that we have

put the symbol ^ for the sum and product, which means the
sum over Y and product over s are constrained. Namely, we
include only Y and s satisfying the constraints in contrast to
the instanton corrections. We explain the details on this in
Appendix B, because the constraints are quite complicated,
and, nevertheless, their details are not so important for our
purpose.
The most important thing for us is a singularity structure

of ZðvÞ
monoðaÞ. For a given single set of Young diagram Y, the

vector contribution gives poles at

aij ¼ ib−1m −
ib
2
ðAYi

ðsÞ − LYj
ðsÞ � 1Þ: ð33Þ

When AYi
ðsÞ − LYj

ðsÞ � 1 ≠ 0 or m ≠ 0, the poles are not
located along the real axis unless b2 is purely imaginary.
When AYi

ðsÞ − LYj
ðsÞ � 1 ¼ 0, we have apparent poles

at aij ¼ 0, but this type of pole is finally canceled from
other Young diagrams as long as we consider well-defined

’t Hooft loops. Thus, ZðvÞ
monoðaÞ does not have singularities

along the real axis, and the perturbative series is Borel
summable along Rþ. Furthermore, the Borel transforma-
tion has singularities only along R− for b ∈ R including all
the nonperturbative corrections.

F. Dyonic loop

The supersymmetric dyonic loop can be computed
by putting a SUSY Wilson loop on S1b [26] in the setup
of the ’t Hooft loop. If we assume the conjectural
expression (9) for the ’t Hooft loop, then the exact result
for the dyonic loop should be given by

D ¼ htrRebaiMM; ð34Þ

where h� � �iMM denotes the unnormalized expectation value
in the matrix model (9). Since this is just an insertion of a
function of a without singularities, we can still apply the
above technique for the ’t Hooft loops to this case as well.
Then, the Borel transformation is simply given by fðk;k̄;vÞ in
Eq. (24) with the extra insertion of trReba to the integrand.
Thus, the analytic properties of hðk;k̄;vÞ do not change, and
the perturbative series is still Borel summable along Rþ
including the instantons and the monopole bubbling effects.

III. CONCLUSION AND DISCUSSIONS

In this paper, we have studied weak coupling pertur-
bative series in the presence of monopole bubbling effects
and instanton effects. We have shown that the perturbative
series of the ’t Hooft loop in the 4d N ¼ 2 supersym-
metric gauge theories are Borel summable along Rþ.
It has turned out that the exact result is the same as the sum
of the Borel resummations over instanton–anti-instanton
numbers ðk; k̄Þ and screened magnetic charges v. Our
result is also nontrivially consistent with the conjecture
that 4d N ¼ 2 theories do not have IR renormalon-type
singularities [13,15].
There is a confusing point on our results. According to

Lipatov’s argument [39] and topological selection rule
[13,40] (see also [41]), it is expected that Borel singularities
come from saddle points with the same topological number.
Hence, one may expect that there are Borel singularities
coming from instantons and anti-instantons with the
same k − k̄ in our setup. However, we have seen that we
do not have such singularities. The absence of this type of
singularities as well as IR renormalons leads the Borel
summability along Rþ and makes the perturbative series in
every sector isolated in contrast to the usual resurgence
scenario in quantum mechanics [42] and QFT [13,33,
40,43]. It would be interesting to find physical interpreta-
tions for this point. One of the possible scenarios would be
“Cheshire cat resurgence,” which has recently appeared in
some SUSY theories [44]. Another possibility is that there
may be something like a generalization of the topological
selection rule particular for our setup.
We have found that the Borel transformation has

infinitely many singularities in the Borel plane. It would
be interesting to find their physical interpretations.
Technically, these singularities come from singularities
of the one-loop determinant, Nekrasov partition functions,
and monopole bubbling effects. At least for those from the
one-loop determinant, we expect that they can be explained
by complexified SUSY solutions as in 3d N ¼ 2 case
[33,45], which formally satisfy SUSY conditions but may
not be on the original path integral contour.
The formula for the ’t Hooft loop, which we have used,

has not been explicitly derived by the supersymmetry

RESUMMING PERTURBATIVE SERIES IN THE PRESENCE OF … PHYS. REV. D 100, 025012 (2019)

025012-5



localization despite it having passed the nontrivial checks.
It would be nice if one could directly derive the localization
formula.
It is known that the ’t Hooft loop operator is S-dual to the

SUSY Wilson loop, whose perturbative expansion is also
Borel summable along Rþ [9]. It would be illuminating to
study whether there are implications of the S-duality for
structures of Borel singularities.
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APPENDIX A: ANALYTIC PROPERTY
OF ONE-LOOP DETERMINANT

We discuss details on analytic properties of the one-loop
determinant ZðvÞ

1 loopðaÞ as a function of a.

1. Hypermultiplet contribution

We study an analytic property of a contribution from a
weight vector ρ:

Qjρ·vj−1
k¼0 cosh1=2½πbðρ · aþ ibðk − jρ·vj−1

2
ÞÞ�

jϒðiρ · aN þ Q
2
Þj : ðA1Þ

From the infinite product representation (12) of ϒðxÞ, we
derive the following convenient identity:

����ϒ
�
i

�
xþ ibv

2

�
þQ

2

�����
2

¼
Yjvj−1
k¼0

Y
m2≥0

��
m2 þ

1

2

�
2

b−2 þ
�
xþ ib

�
k−

jvj− 1

2

��
2
�

×
Y

m1;m2≥0

���
m1 þ

jvj þ 1

2

�
bþ

�
m2 þ

1

2

�
b−1

�
2

þ x2
�
2

:

ðA2Þ

Then, recalling cosh ðπxÞ ¼ Q∞
n¼1 ð1þ 4x2

ð2n−1Þ2Þ, the first

term cancels the equator contribution, and we find that
Eq. (A1) is proportional to

Y
m1;m2≥0

1

ððm1 þ jρ·vjþ1
2

Þbþ ðm2 þ 1
2
Þb−1Þ2 þ ðρ · aÞ2

:

ðA3Þ

Thus, we do not have branch cuts but have simple
poles at

ρ ·a¼�i

��
m1þ

jρ ·vjþ1

2

�
bþ

�
m2þ

1

2

�
b−1

�
: ðA4Þ

2. Vector multiplet contribution

Next, we study an analytic property of each positive root
contribution:

jϒðiα · aNÞϒð−iα · aNÞjQ
�
Qjα·vj−1

k¼0 sinh1=2½πbð�α · aþ ibðk − jα·vj
2
ÞÞ�

: ðA5Þ

For this case, it is convenient to use the identity

����ϒ
�
i

�
xþ ibv

2

��
ϒ

�
−i
�
xþ ibv

2

������
2

∝
Y
�

Yjvj−1
k¼0

sinh

�
πb

�
�xþ ib

�
k −

jvj − 1

2

���

×
Y

m1;m2≥0

���
m1 þ

jvj þ 1

2

�
bþ

�
m2 þ

1

2

�
b−1

�
2

þ
�
�xþ iQ

2

�
2
�
2

: ðA6Þ

Then, the first term cancels the equator contribution, and
Eq. (A5) becomes proportional to

Y
m1;m2≥0

���
m1 þ

jα · vj þ 1

2

�
bþ

�
m2 þ

1

2

�
b−1

�
2

þ
�
α · aþ iQ

2

�
2
�
; with α ∈ Δ: ðA7Þ

Thus, the vector one-loop determinant does not have any
singularity. Note also that this has simple zeros at

α · a ¼ −
iQ
2

� i

��
m1 þ

jα · vj þ 1

2

�
bþ

�
m2 þ

1

2

�
b−1

�
:

ðA8Þ

Therefore, the whole one-loop determinant does not have a
branch cut and is a meromorphic function of a whose poles
are not located on the real axis. This point is directly
connected to Borel summability along Rþ.
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APPENDIX B: DETAILS ON MONOPOLE
BUBBLING EFFECTS

We explain details of the monopole bubbling effect (31).
As we mentioned, the sum over Y in Eq. (31) and the
product over s in Eq. (32) are constrained. Y in Eq. (31) is a
set of Young diagrams (Y ¼ fY1;…; YNg), and the sum is
over all possible configurations of p boxes distributed to Y.
The number of the boxes p is determined by the dimension
of a vector K ¼ ðK1;…; KpÞ, which is specified by the
following equation [25]:

trðαBÞ ¼ trðαvÞ þ α−1ðα − 1Þ2trðαKÞ; ðB1Þ

where α is an arbitrary element of Uð1Þ and the trace is the
sum over all components of the vector. Taking α ¼ eiϵ and
comparing Oðϵ2Þ, this condition uniquely determines p as
p ¼ 1

2
trðB2 − v2Þ. Especially when v ¼ B, we do not have

solutions, and, therefore, the monopole bubbling effect is
trivial as mentioned in Eq. (14). The products in terms of i,
j, s in Eq. (32) have two constraints. One is

viðsÞ þ sh − sv ∈ fKtgpt¼1; ðB2Þ

where iðsÞ is a gauge group index of Young tableau to
which s belongs. The other constraint depends on the
representation. The constraint for vector and adjoint rep-
resentations is

vij þ LYj
ðsÞ þ AYi

ðsÞ þ 1 ¼ 0; ðB3Þ

while the one for fundamental representations is

viðsÞ − sv þ sh ¼ 0: ðB4Þ

In order to find ðB; vÞ for SUðNÞ, it is convenient to start
with the vectors ðB̃; ṽÞ satisfying the above constraints for
UðNÞ and impose the traceless condition:

B ¼ B̃ −
1

N

XN
i¼1

B̃i; v ¼ ṽ −
1

N

XN
i¼1

ṽi: ðB5Þ
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