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Introduction

This year marks the 11%* anniversary of the discovery of the Higgs particle at

the Large Hadron Collider (LHC) at CERN, Geneva. The Higgs particle was
the last ingredient required to construct a consistent theory that describes
the interactions between all the known elementary particles in Nature: it
provides the masses to the quarks and leptons in the Standard Model of
particle physics (SM). However, there are still many open questions left in
physics and I will elaborate on some of them in the following.

First of all, we do not know how to combine the other significant theory
in physics, the theory of gravity, with the Standard Model. Indeed, the
Standard Model only describes one side of all the physical phenomena in
Nature. It is very successful in predicting the outcome of physical processes
at (sub)atomic length scales. However, large length-scale physics obeys the
rules of General Relativity. The theory of particle physics is a quantum
physical theory and results in probabilities, whereas General Relativity is
deterministic. So far physicists have been unable to join these two theories
with each other. Yes, there are proposals which result in a unified theory,
such as String Theory or Emergent Gravity, but we lack the experimental
and observational evidence to validate these theories.

Secondly, we do not know to what we should ascribe dark matter and
dark energy. Let us focus on the former quantity, dark matter. Discrepancies
between observed and predicted rotational velocity curves in galaxies hint to
unseen amounts of matter. Unseen in the sense that it is a kind of matter
which, for now, we are unable to detect directly. There are two kinds of
solutions proposed to solve this problem, either the theory of gravity has to
be modified to account for this discrepancy, or the dark matter content is a
(new) particle. In the particle physics community the latter solution is more
favourable.

Lastly, even within the domain of particle physics there remain open
questions. For instance, how do we account for the observed neutrino mass
through neutrino oscillations, even though it should be zero according to
the Standard Model? How do we explain the asymmetry between baryonic
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Introduction

matter and antimatter? Why do we not observe charge-parity-violation in
the theory which describes the strong interactions? I hope that the reader
is convinced by now that there is much unknown about the Universe. Thus,
how does one proceed?

In order to understand the challenges in searches for new physics, we will
first review the current theory of particle physics. The elementary particles
are the fundamental building blocks of the Universe at the smallest length
scale. They are described by the Standard Model of particle physics, which
is defined within the framework of Quantum Field Theory. At high energies,
the Standard Model can be divided into two sections, the strong sector and
the electroweak sector. The former sector, also known as Quantum Chromo
Dynamics (QCD), describes the quarks and gluons which are the constituents
of the hadrons such as the protons and neutrons. Massless gluons are the me-
diating particles of the strong force. Quarks and gluons are also collectively
called the partons. The latter sector describes the electromagnetic and weak
interactions. Electromagnetic interactions affect electrically charged parti-
cles such as the electrons. The corresponding force is mediated by massless
photons. Weak interactions act on the left-handed fermions in the Standard
Model. These include the leptons and their corresponding neutrinos, and the
quarks. The force is mediated by the massive W* and Z bosons, of which the
former are electrically charged and the latter is electrically neutral. As men-
tioned before, the inclusion of the Higgs particle, which provides the masses
to the quarks and leptons, renders the Standard Model self-consistent. How-
ever, one might argue for an extension of the theory if hints of new physics
were to be found.

One way to search for hints of new physics, is by conducting collision
experiments in which particles such as protons or electrons are collided into
each other. In order to do so, the theoretical predictions have to be calculated
and the results of the experiments have to be analysed. These two are then
compared against each other. If both agree, the correctness of the Standard
Model is confirmed and some of its parameters are constrained. However,
if there exists a discrepancy, this would indicate a modification of the Stan-
dard Model. In order to compare the predictions against the results, it is
imperative that the predictions are calculated to a sufficiently high accuracy.
Unfortunately, this is not the case for the predictions of some processes. For
example, the current experimental uncertainty of Higgs production at the
LHC (run 2) is 8% and it is expected to decrease to 3% with the high lu-
minosity upgrade [4]. However, in order to obtain the desired theoretical
precision for the predictions of the processes, one requires to perform cal-
culations at N3LO precision in perturbation theory (more on that later on).
Some of these calculations have yet to be performed.

14



Introduction

Now, even though most of the calculations require the usage of powerful
computers, the calculations are so complex, that an extra set of CPU cores
or more RAM is not sufficient to successfully perform the calculations at the
required accuracy. In the following I will briefly elaborate on some of the
intricacies in the calculations of these predictions.

To start, the theoretical predictions can be dissected into many ingre-
dients such as parton showers, parton distribution functions, partonic cross
sections, soft functions, beam functions, jet functions, coefficient functions,
structure functions, etc. To reach the required accuracy for the final pre-
dictions, each of the ingredients should be calculated at the same required
accuracy. Most of the ingredients are calculated in the framework of pertur-
bative Quantum Field Theory. This framework allows one to systematically
organise the calculations according to the complexity of the process under
consideration. The correlations between the interacting particles are calcu-
lated as a Taylor series in the coupling constants. These coupling constants
describe the interaction strengths between the interacting particles. One is
only allowed to calculate the Taylor series if the coupling constants are suf-
ficiently small, such that the series converges. The coefficients of the Taylor
series are organised in terms of Feynman diagrams. These diagrams visualise
the interactions between the particles. The first, leading order (LO), term in
the series is given by the simplest Feynman diagrams one can draw for the
process at the lowest power order in the corresponding coupling constant.
To obtain a more precise result for the correlation, one has to include the
next-to-leading order (NLO) term at the next power order in the coupling
constant. The corresponding Feynman diagrams are more numerous and also
more complex, because they either include a loop correction or they account
for the emission of a massless particle on top of the diagrams which were
drawn at L(ﬂ At next-to-next-to-leading order (NNLO) one has to account
for terms including two loop diagrams, diagrams including a loop correction
and an emission, or diagrams with two emissionsEl. In general, at an N*LO
accuracy one requires all the diagrams that contribute up to the k*-power
order in the expansion in the coupling constants.

Unfortunately, the calculations for the predictions get increasingly com-
plicated at each order. As mentioned before, both the number of diagrams
and their complexity increase. On top of that difficulties arise due to the
ultraviolet (UV) and infrared (IR) divergences in the calculations. The for-
mer type of divergences are well understood and are dealt with by using the
method of renormalization. For the latter type of divergences, especially for

LAt least in Quantum Chromo Dynamics, which will be explained a later paragraph.
2 Again, all on top of the LO diagrams.
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final state emissions graphs, there are many methods to choose from, each
with its own benefits and drawbacks. We will elaborate on both types in this
thesis.

One of the crucial ingredients in the predictions for collisions between
the elementary particles, are the Altarelli-Parisi splitting functions [5]. The
leading order splitting functions describe the probability to find a parton i
in a parton j at a certain momentum fraction of the parent parton. Not
only are they required for the evolution of the parton distribution functions,
which describe the splitting of initial state hadrons and partons, but they
are also needed for the computation of other theoretical constructs such as
the jet functions. We will elaborate on the jet functions in a later section of
the introduction. The NLO contributions to the splitting functions followed
not long after their invention and were calculated in [6H11]. After that it
took roughly twenty years until Moch, Vermaseren and Vogt were able to
calculate the NNLO contributions in [12}[13]. Fast forward in time, it is 2022
and so far only some parts of the N3LO splitting functions are known [14H16].
As mentioned before, there is a large demand for the N®LO contributions,
therefore it is of high importance that new methods are developed in order to
obtain the complete four-loop splitting functions. But how does one calculate
these splitting functions?

One way to obtain the splitting functions is from Deep Inelastic Scatter-
ing (DIS). DIS is interesting to study on itself, not only does it contain the
splitting functions, but high precision DIS calculations are also required to
extract DIS data for the parton distribution functions [17]. In DIS a lepton
is scattered off a hadron to produce a new hadronic final state. For a suffi-
ciently large lepton energy, one can probe the inner structure of the hadron.
The shattered target hadron will break up into its constituents, the quarks
and gluons. However, due to confinement the partons will hadronise. The
resulting hadrons are detected in the colliders. By tracing these hadrons and
by investigating their properties, one can retrieve information about the con-
stituent partons. Some of the earliest DIS experiments were conducted for
electron-proton scattering at the Stanford Linear Accelerator Center (SLAC)
in the late 60’s of the previous century [18[19] in which electrons were scat-
tered on hydrogen. As of today, most of the datasets used to describe DIS
result from experiments at the Hadron-Electron Ring Accelerator (HERA) at
DESY [20-35] at which electrons and protons were collided into each other.
The first theoretical calculations, which accounted for the observed scaling
violations at the experiments, were performed in the late 70’s [36-38]. It then
took theorists ten years to include perturbative corrections at NNLO accu-
racy in the QCD coupling constant « [39-41]. Subsequently it took another
decade to obtain the DIS coefficient functions at N3LO [42H44]. These coeffi-
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cient functions allow one to obtain the hadronic contribution to the DIS cross
section. Note however that the full analysis at N®LO only has been completed
in 2016 by computing the coefficient functions for Fy, Fy and Fp, in v — v
charged-current DIS [45]. The computations were performed in Mellin space.
The Mellin transform of a function is an integral transformation similar to
the Laplace and Fourier transforms. The Mellin moments are functions of
N, the frequency parameter of the transformation. By obtaining results for
a sufficient amount of moments, the authors in the papers were able to con-
struct results for general N. Subsequently the results were translated back
to momentum space. Before the work of this thesis, only a few low Mellin
moments were known for the coefficient functions at N*LO [46]. A part of
this thesis is dedicated to the description of a new algorithm to calculate the
DIS cross section, using the optical theorem, integration-by-parts relations
and the method of differential equations. Even though each of these meth-
ods have been well studied and applied in the past, we are the first ones to
combine them in a unique way in order to obtain results at N*LO accuracy
for DIS.

We will use the optical theorem to relate the DIS cross section to the
forward scattering amplitude. This simplifies the problem, since it is less
complicated to deal with Feynman loop integrals in the amplitude than to
calculate the full cross section and integrate over the complete phase space.
This method has been applied to DIS in the past in e.g. [42-44], but also to
the Drell-Yan cross section in [47].

The second method allows one to obtain the integration-by-parts rela-
tions (IBPs) in loop momentum space. With the IBPs one can reduce a
set of complex Feynman loop integrals to a smaller set of simpler master
intogralsﬂ The resulting set of relations which simplify the complex loop
integrals to the master integrals are stored in the reduction tables. The IBPs
were first applied in [48], however they have been modified to their currently
used form in [49]. In the past, the reduction tables were constructed by
hand for a fixed set of propagator-type (or self-energy) loop integrals. The
corresponding program was called MINCER [50] and it was implemented in
the computer algebra program SCHOONSCHIP [51]. Its ForM [52,53] imple-
mentation was introduced in [54] and used to calculate 2-loop DIS coefficient
functions [55] and 3-loop moments [56]. Later the program was extended
to the 4 loop order in FORCER [57]. FORCER was a crucial ingredient to
obtain the low moments for the 4-loop splitting functions [16] and coefficient

3At N®LO we reduced a million loop integrals to 3000 master integrals.
4FORM is a modern computer algebra program which is continuously being updated.
SCHOONSCHIP is not supported anymore.
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functions [46]. In this thesis we will use a different type of reduction pro-
cedure, called Laporta’s algorithm [58,[59], implemented in KIRA [60] and
FIRE [61]. The upside of this algorithm is that it is a procedure which can
process generic loop integrals, instead of a fixed set of integrals. However, one
still has to solve the resulting master integrals (unlike in the MINCER case).
Since the master integrals at three and four loops turn out to be relatively
complex, we will apply the sophisticated method of differential equations to
solve them.

The last step in our algorithm is the construction and solving of the sys-
tem of differential equations (DEs) for the resulting master integrals. After
being developed by Kotikov [62H66] and Remiddi [67], the first remarkable
application of the method of DEs was in [6§]. In this paper the authors
calculated the master integrals for 2-loop 4-point functions with massless
propagators. Subsequently they constructed a linear system of differential
equations (in the external variables) for the master integrals and solved them.
In other words, this method bypasses the necessity to directly compute the
loop integrals. It has been used extensively in high precision calculations
such as [6971] and many others. In 2013 Henn made significant progress
to the method of differential equations [72]. He showed that the solutions
to the differential equations simplify if one chooses the masters such that
the equations can be cast into canonical (or €) form. One can then obtain
answers to the DEs in terms of Chen’s iterated integrals or Goncharov poly-
logarithms. However, even though it might be possible, we will not apply
Henn'’s techniqud’] Instead, we will solve the DEs recursively using a power
series ansatz for the master integrals. This technique will grant us the ability
to obtain a large number of Mellin moments in a very efficient way. Con-
sequently, the large number of moments allows us reconstruct the full DIS
coeflicient functions by using Gaussian elimination.

As mentioned before, in this thesis we will also try to improve on the
calculation of final state real emission graphs. These are Feynman diagrams
in which a massless particle is emitted from the final state. We will do
so using a new subtraction scheme in the context of Soft-Collinear Effective
Theory (SCET) in QCD [73/{77]. Note that the IR singularities cancel out for
total inclusive quantities, such as the cross section due to the Kinoshita-Lee-
Nauenberg (KLN) theorem [7879]. However, in differential quantities, where
one integrates over an IR safe region of phase space, this is not necessarily the
case. Hence a subtraction procedure is required to render the quantities IR
finite. There exist two different kinds of subtraction procedures: subtraction
methods and slicing methods.

5Possible, but very hard and not guaranteed to work.
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In the former method one subtracts counterterms from the singular in-
tegrands in the quantity under consideration. These counterterms mimic
the singular behaviour of the integrands in the IR. Afterwards one adds
the integrated counterterms back to the quantity to obtain an IR finite
solution. Some well known subtraction methods are the Catani-Seymour
(CS) dipole method [80L[81], the Frixione-Kunszt-Signer (FKS) subtraction
method [82,[83] and the Antenna subtraction method [84186]. The construc-
tion of the counterterms in these methods depends on the factorisation of
the amplitudes in the soft and collinear limits, which are parametrisation
dependent. It can be very challenging to find suitable parametrisations and
might not be possible in some cases.

Slicing methods, on the other hand, slice out the IR singular regions in
phase space using a measurement function. These regions are subsequently
added back in integrated form [87]. Two modern implementations are the
kt-subtraction [88] method and the N-jettiness [89,/90] method. The singular
limits of the amplitudes are obtained from general factorisation theorems,
which are parametrisation independent. However, in order for the factori-
sation theorems to be valid, one has to choose sufficiently small slicing pa-
rameters. Unfortunately, the integrated counterterms may exhibit numerical
instabilities at such small values for the parameters [91192].

In this thesis we will apply the Geometric Subtraction scheme [93]. This
subtraction scheme combines the two aforementioned methods. By parametris-
ing the IR infinite integrals in the space of Mandelstam variables, the soft
and/or collinear singularities are sliced away in a geometrical manner. This
produces relatively simple counterterms to be integrated and added back.
The simplicity of this new subtraction scheme allows one to automate it for
a large class of observables. In particular, we will automate the subtraction
scheme in the context of one-loop jet functions. These functions describe
the collinear regime of final state particles in SCET. Apart from observable
dependent measurement functions, these jet functions also depend on the
splitting functions. This is an example of the universality and importance of
the splitting functions.

The thesis will be structured as follows: we will first explain all the nec-
essary theory and set up the frameworks in chapter [I] to get familiarised with
the topics described in the thesis. Then we will apply the Geometric Subtrac-
tion scheme to a range of one-loop jet functions and automate the procedure
for generic jet functions in chapter @ Subsequently we will calculate the
4-loop non-singlet DIS coefficient functions at order nfc in chapter . We
will demonstrate our new algorithm which involves the optical theorem, IBP
relations, the method of DEs and Gaussian elimination. Notice that these
calculations also verify for the first time the 4-loop non-singlet splitting func-
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tions at order n? The thesis concludes in chapter {4l Lastly we will give an
outlook in chapter [5| towards the calculation of the O(n;C%.) splitting func-
tions using our new algorithm. Complementary material is provided in the
appendices, in order to keep the flow of reading intact. A layman summary
is included at the end of the thesis, both in English and Dutch.
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Chapter 1

Background

1.1 Quantum Chromo Dynamics

As mentioned in the introduction, the Standard Model of Particle Physics
(SM) represents our current understanding of the interactions amongst the
fundamental particles in Nature. In this chapter we will briefly discuss the
SM, and in particular, focus on the sector which describes the strong inter-
actions, Quantum Chromo Dynamics (QCD). This chapter is based on [94]
and [95].

1.1.1 The Standard Model

The Standard Model of Particle Physics describes the fundamental interac-
tions in Nature. Before spontaneous symmetry breaking the Standard Model
can be written as

L= Evct + £Higgs + ﬁlcp + £quark~ (111)

The Lagrangian possesses an SU(3)ex SU(2), xU(1)y symmetry. In this the
subscript C' stands for colour, L stands for left-handed, meaning that it only
acts on left-handed fermions and Y stands for hypercharge. The first term
in eq. corresponds to the gauge bosons, which includes the SU(3)q
Gluon fields and the SU(2);, x U(1)y electroweak gauge fields. The second
term corresponds to the Higgs sector, which, when spontaneously broken,
generates masses for the leptons and quarks through Yukawa interactions.
And finally, the last two terms correspond, respectively, to the fermionic
lepton and quark terms. In terms of its constituent theories, the Lagrangian
is

L= £QCD + £EW + £Higgs- (1.1.2)

21



Chapter 1. Background

The first term includes the quarks and gluons. The second term describes
the electroweak interactions. These include the electromagnetically charged
particles such as the electrons. Their electromagnetic force is mediated by
the photon. The term also includes the weak interactions, which act on
the fermions such as the leptons and their corresponding neutrinos, and
the quarks. The weak force is mediated by the electrically neutral Z boson
for all fermions and by the electrically charged W* bosons for left-handed
fermions. Spontaneous symmetry breaking reduces the electroweak symme-
try as SU(2), x U(l)y — U(1)gym where EM stands for electromagnetic.
This gives rise to the massless photon and additionally the Z and W* bosons
obtain a mass.

1.1.2 Quantum Chromo Dynamics Fundamentals

In this thesis, we will be particularly interested in the sector which describes
the strong fundamental interactions, Quantum Chromo Dynamics. It’s con-
stituents are the quarks and gluons which adhere a colourﬂ SU(3)c symmetry.
The colour singlet states of quarks correspond to the baryons and mesons,
which are composite objects that contain an odd or even number of quarks
respectively. The QCD Lagrangian in eq. can be divided into three
terms

'CQCD - ‘Cclassical + ‘cgaugefﬁxing + L‘ghosh (113)

The first terms corresponds to the classical Lagrangian, similar to the one

in QED. The second term fixes a gauge, which allows us to define a gluon

propagator. The last term follows from the Faddeev-Popov procedure, which

is necessary if one picks a covariant gauge in a non-Abelian field theory.
Let us start with the classical Lagrangian,

1 o .
L‘classical - _ZFSﬂFAﬂ + Z Qa(llb - nl)abqba (114)
nf

in which we ignored the spinor indices. Here ¢ stands for a spin-% quark with
mass m (see table 7 ny is the number of flavours, g is a coupling constant,
and I = ~vuD¥ the covariant derivative. The covariant derivative uses two
different representations of the same SU(3) generators when acting on quark
and gluon fields, namely:

(Da)ab = aaéab + ig(tCAg)ab

1.1.5
(Da)AB - aaéAB + ig(TcAS)ABa ( )

"Hence the name Quantum Chromo Dynamics.
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1.1. Quantum Chromo Dynamics

Quark Mass Charge
Up 2.16 MeV | +2/3
Down | 4.67 MeV | -1/3
Strange | 83.4 MeV | -1/3
Charm | 1.27 GeV | +2/3
Bottom | 4.18 GeV | -1/3
Top | 173 GeV | +2/3

Table 1.1: Shown are the quark masses and charges in the MS subtraction
scheme [96].

respectively. A is the massless spin-1 gluon. The generators ¢t and T are in
the fundamental and adjoint representation of the colour group, respectively,
obeying the non-abelian algebra
[tA, tB} _ ifABCtC
(T4, TB) = ifABeT¢ (1.1.6)
(TA)BC —_ —ifABC,

with totally antisymmetric structure constants fA%¢. The field strength
tensor is

F(fﬁ = 8uAg — 0gAL — ngBCAaBAg, (1.1.7)
where the last term is due to the non-abelian nature of the algebra as de-
scribed in eq. ([.1.6). This term generates the self-interacting gluon Feynman
rules. The self-interactions involve the colour indices in a non-trivial way as
can be seen in table [[L2] One can also see that the gluon propagator de-
mands colour conservation. This behaviour differs from QED, where the

photon propagator is not electromagnetically charged. Additionally we have
the following relations in SU(N) (and for N = 3):

tr(t?) = Tre*? = = 645

1
2
N2 -1 4
ALA _ —
; tabtbc - C’F(Sac - W(Sac - g 5(16
tI‘(TCTD) — Z fABCfABD _ CA(SCD — N5CD =3 5C'D
AB

{tA,tB} _ %(5AB[+dABCtC — %(5ABI+dABCtC

(1.1.8)

ZdABCdABD _ N2_45CD — §5CD

¥ N 3
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Chapter 1. Background

in which d45¢ is the symmetric structure constant and we defined d44¢ =
0. The relations in eq. (1.1.8) can be useful when one wants to simplify
expressions resulting from Feynman diagrams. And finally, by combining

eq. (L.1.5) and eq. ((1.1.7) we can obtain the Ricci identity
[Da, Dﬁ] = Zglf . Faﬁ, (119)

where the colour indices are contracted. From the Ricci identity it becomes
clear why the field strength alternatively is known as the curvature tensor
ﬂ@. If the right hand side of eq. were to be zero, then two successive
covariant translations in the & and f directions would amount to the same
result as two successive covariant translations in the # and @& directions.
However, since the field strength is non-zero, the two covariant translations
do not commute. This is analogous to the situation where one applies two
successive translations on a curved space-time. Hence the analogy between
the non-abelian nature of the field strength tensor and the curvature in space-
timel

The classical Lagrangian in eq. allows for local gauge transforma-
tions. Acting on the quark field and covariant derivative, the transformations
are

Ga(z) = ¢(a) = e0@Dav g (1) = Q) apqo () (1.1.10)
and
Doq(z) = D.¢'(z) = Q(x)Dag(x). (1.1.11)

The transformation rule for the gluon field is obtained by combining eq. ([1.1.5)),
eq. (1.1.10) and eq. (|1.1.11]), resulting in

F AL = Q) A () + g(@aQ(:v))Q_l(x), (1.1.12)

from which we also can derive the transformation rule for Fiz,
t Flg(x) = Qa)t - Fop(x)Q ' (2). (1.1.13)

Another way to prove this transformation rule is by making use of the Ricci
identity in eq. (1.1.9)), given the transformation properties of the covariant
derivative in eq. (1.1.11)). Notice that a quadratic gluon term A“A, is not
gauge invariant, unlike the term ggq, forbidding a mass term for the gluong’

2For more on the geometrical aspects of QCD see section 10.3.4 and onwards of .
3 Although the quark mass term mgq is still forbidden in the Standard Model due to
electroweak interactions. The quarks obtain a mass term through the Higgs mechanism.
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1.1. Quantum Chromo Dynamics

Let us consider the latter two terms in eq. ([1.1.3)). As mentioned before,
one needs to include a gauge-fixing term to the Lagrangian in order to define
the gluon propagator. A choice is the class of covariant gauges

1
‘Cgaugc—ﬁxing = _ﬁ(aaAf)Q, (1114)

where )\ is the gauge parameter. The gauge-fixing term explicitly breaks the
gauge invariance. Covariant gauges allow for unphysical degrees of freedom
in non-abelian theories. To cancel those degrees of freedom we require an
additional term

*Cghost = aanAT(DanB% (1115)

in which the ghost n“ is a complex anti-commuting scalar field. This is
sufficient to derive the Feynman rules in a covariant gauge, as illustrated in
table[[:2] Notice that the gluon propagator depends on the gauge parameter
A. However, the final physical observables will always be independent of the
gauge parameter. Some common gauge choices are A = 1, called the Feynman
gauge and A = 0, the Landau gauge. It is also possible to introduce a different
class of gauges to fix the gauge, namely the axial gauges

1
Egauge—ﬁxing = 75(77/0‘14?)27 (1116)

with n an auxiliary four-vector. By choosing this class of gauges, one does
not require a ghost Lagrangian. The downside of this particular class of
gauges is the complexity of the gluon propagator

’

> |: . + NPy + Py _ (712 + )‘p2)pﬁp7
y

A =4
(BGC,B7) BC< n-p (n-p)?

7
P2+ i€
(1.1.17)

which is singular at n - p = 0. The propagator simplifies in the so-called
light-cone gauge in which A = 0 and n? = 0,

1

ABesy) = OBC ( >d/37(p, n),

p% + ie

gD + pan (1.1.18)
da. — — DBy T PBTy
By gpy t n-p
By taking the dot products of n and p with d, one obtains
8 P20
n’d n) =0
(p.1) - (1.1.19)
5
pﬁdﬁ"/(p7 77/) p: 07
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Chapter 1. Background

Aa asie B 64| - gof 4 (1- N B2 | i
B,
q
P A —g fA%%(p—q)" 9" +(g—r)*9¢" +(r—p)° 9]
A Cyy
A« B,s
—Zg2 fXACf‘XBD[guﬁg’yé _ gaégﬁ'y]
—ng fXADfXBC[gaﬁg'y& _ gawgﬂrS]
7292 fXABfXCD[ga'\/gﬁé _ gaégﬁfy]
Cyy D6
. p . ab i
ai—>—bj I Gmr,
A
—ig (tN)en(v*) i
b,i C,j
p i
A---+--B PP
A
% . g fABC
/' ‘\
B C

Table 1.2: Depicted are the QCD Feynman rules in a covariant gauge. From
top to bottom we have: the gluon propagator, the gluon 3-vertex, the gluon 4-
vertex, the quark propagator, the quark-quark-gluon vertex, the ghost prop-
agator, the ghost-ghost-gluon vertex.
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1.1. Quantum Chromo Dynamics

resulting in two propagating states orthogonal to n and p. It now becomes
clear why these classes of gauges are called the physical gauges, since the two
resulting states are the physical polarization states. Furthermore, d can be
decomposed in terms of the two polarizations as

2_50 i i
dop "="Y " €D (p)e (p)- (1.1.20)

Here the two polarizations are defined as

1
et =—(0,1,i,0)

V2

1 (1.1.21)
e =—(0,1,—4,0
7 )
at a fixed momentum p = (p°,0,0,p°). Lastly, in axial gauges one can

simplify the calculations using the constraint eg)(p)nﬁ = 0 on top of the
gauge-independent constraint eg) (p)p® = 0. This could correspond to the
choice n = (p°,0,0, —p°).

1.1.3 Asymptotic Freedom and Confinement

First of all I would like to mention the concept of factorization in QCD,
which allows us to perform calculations for the predictions of physical ob-
servables. To calculate hadronic observables, one can factorize the hadronic
cross sections as

1
dopp—x :Z/ dx1dzod; (1, o) 0 /p (T2, pir) X dogj—x (T1, Tocs, liR, fLF)
— Jo
J
A2
+ O<Q2>'

Here ¢;/,(21, pr) and ¢;, (2, i) are the parton distribution functions which
describe the long-distance dynamics, do;j_,x is the partonic cross section
which, as we will see, is calculable in perturbation theory and O(A2?/Q?)
are non-perturbative power corrections. The factorization scale at which the
long- and short-distance dynamics separate is pr and pg is the renormaliza-
tion scale. In section [L2.2] we will elaborate on factorization in the context of
deep inelastic scattering. Renormalization is required to remove ultraviolet
divergences in perturbative calculations and will be further explained in this
section.

(1.1.22)
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Chapter 1. Background

The last term in eq. is responsible for two key features of QCD:
asymptotic freedom and confinement. The latter feature can be described
as the phenomenon which explains why one does not see individual quarks
in Nature. The former allows one to perform calculations for partonic cross
sections perturbatively in QCD at high energy scales. To explains the fea-
tures, we will introduce concepts such as the running coupling constant, the
B function and scheme dependence. Let us start with the running coupling
constant.

We will begin with a dimensionless physical observable R, depending
solely on the scale @). In the case that () is sufficiently large, one can neglect
the quark masses. As mentioned before one needs to renormalize the theory
to remove the ultraviolet (UV) divergences which emerge in perturbative cal-
culations. Two well-known examples of renormalization schemes are minimal
subtraction (MS) and modified minimal subtraction (MS). In both schemes
dimensional regularization is used to regularise the resulting Feynman inte-
grals. Here the dimension d is re-expressed as d = 4 — 2e. This requires the
introduction of an additional scale p at which one performs the necessary
subtractions. We will explore dimensional regularization in more detail in
section Consequently, the theory (and in particular the couplings) de-
pend on the renormalization scale p. In QCD one performs computations as
a series expansion in the strong coupling constant a, = ¢g%/4m, which depends
on p2. The dimensionless physical observable R depends on the dimensionless
ratio Q?/u%. A careful reader will now probably object to the introduction
of the new parameter pu, since the bare QCD Lagrangian in eq. does
not mention this extra scale. This reader would be right, even though the
scale is necessary at intermediate steps in the calculation, the final physical
observable should be independent of the choice of the renormalization scale.
This independence is manifest in the renormalization group equation (RGE)
for the physical obselrvableﬂ7

d Q? 0 ooy 0
PRl a,) = [P+ — R=0. 1.1.23
" <M27a> [u 0 " 5 D ( )
Introducing the § function and parameter 7 as
Oag
5(045) = :u2 a'u2
s fized (1.1.24)

(%)

4For convenience we perform the calculation in the Landau gauge. Had the gauge not
been fixed, one would also need to consider variations in the gauge parameter.
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1.1. Quantum Chromo Dynamics

eq. ([1.1.23) becomes

[ a% + ﬁ(as)(f)ij R(e", as) = 0. (1.1.25)

To solve this differential equation, one defines a running coupling c,(Q?)

O‘S(Q2) dI’
T:/as B(z) (1.1.26)

as(p?) = a,.

Using the fundamental theorem of calculus, one obtains for the derivative of
-

2@ _ plan(e®)). (11.27)

At Q? = p? we also have from eq. ([1.1.24)

D05(Q%)  Blas(@%))
e = e (1.1.28)

By combining eq. (T.1.25)), eq. (I.1.27) and eq. ([.1.2§) for 7 = 0 one finds
that R(1,a,(Q?)) is a solution to the differential equation. Thus, the ability

to solve the running of the coupling, allows us to predict the dependence of
R on Q.

To investigate the running of the coupling constant, one needs to know
the f function. In the UV this is determined by

Ja
2 s
Blas) =Q 902 (1.1.29)
which can be perturbatively expanded as
Blag) = —ba2(1 + Va, + Va2 + O(a?)). (1.1.30)

The first term corresponds to the one-loop graphs as seen in figure [[.I] and

its coefficient b is given by [99,[100]

_ (110A — 271]) _ 33 — 2nf
127 127

b (1.1.31)
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Chapter 1. Background

Figure 1.1: Illustrated are some Feynman diagrams which contribute to the
[ function at one-loop order.

The higher order coefficents in MS are (two-loop [101] and three-loop [102,
103] respectively)

b, o (17031 — 5CATlf — 30an) o (153 — 19nf)
N 21(11C 4 — 2ny) ~ 27(33 — 2ny)
1

//

= 28872(11C — 2ny)

{285703’, + (54C% — 615CrCy — 1415C%)n; +

+ (66C + 790,4)71;]

(77139 — 150997 + 325n%)
B 28872(33 — 2ny)

(1.1.32)

Only the one- and two-loop coefficients are renormalization scheme indepen-
dent, the higher order coefficients are not. The one-, two- and three-loop
results are shown in figure [[.2 for four light flavours. As one can see, the
value of the  function changes significantly (in a converging manner) by in-
cluding higher order loop corrections. This marks the importance of higher
order calculations in QCD. At the time of writing this thesis, the QCD g
function is known up till five loops [104-108]. Notice that the diagrams in
figure are one-loop corrections to the gluon propagator. For the com-
plete computation one also needs to consider the one-loop corrections to the
quark propagator using quark-quark-gluon vertices (and a gluon 3-vertex self-
interaction) and the one-loop correction to the gluon propagator using the
gluon 4-vertex self-interaction. In general 5 functions describe the quantum
corrections to 2-point correlation functions for a given Lagrangian. In fact,
the § function for QED can be expanded as

1
Baen(a) = §QQ+--7 (1.1.33)

where we omitted higher order terms. Pay attention to the sign difference
between the first order QED and QCD coefficients, for it is of crucial im-
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1.1. Quantum Chromo Dynamics

B
-0.2
-0.4
-0.6
One-Loop
-0.8
-1.0 Two-Loop
-1.2 Three-Loop

Figure 1.2: The one-, two- and three-loop results for the £ function are il-
lustrated for ny = 4. As one can see, the value of the 8 function changes
significantly (in a converging manner) by including higher order loop correc-
tions. This marks the importance of higher order calculations in QCD.

portance to the predictions that QCD provides to high energy collisions at
colliders. One can now rewrite eq. ([1.1.29) as

Oag
0Q?

Neglecting the higher order terms and focussing on the first-order term (for
the time being), the differential equation can be rewritten as

Q* = —baZ(Q*)(1 + b as(Q%) + O(a?)). (1.1.34)

as(Q?) dO/ Q? d 72
/ Y (1.1.35)
as(p?) @ u? Q
which results in
2
0, (@) = —2U)__ (1.1.36)

1+ as(pu?)br

where we used the logarithmic definition for 7 as given in eq. . Now,
notice that the coupling constant decreases for increasing values of 7. For
large values of 7, thus at a high energy scale, the coupling constant is at
such a small value, that it is justified to perform perturbative calculations.
The phenomenon of «a, decreasing to zero for increasing energy scales is
called asymptotic freedom. Here I would like to highlight the aforementioned
importance of the sign of the first order coefficient of the 5 function. If the
sign were to be positive as in QED, the coupling constant would increase
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Chapter 1. Background

with energy scale. At a sufficiently large energy scale it would be impossible
to perform perturbative calculations. Note however that the value of the
QED coupling still allows to perform perturbative calculations at the LHC.

If one were to expand the solution to eq. in terms of ag as R =
Rias +O(a?), one can re-express R(1, as(Q?)) using the geometric series for
a,(Q?) as

R(1,04(Q%) = Rias (1) Y (= aslpe

=0

(1.1.37)
= Ry (1°) (1 — o (2)b7 + a2 (1P)b*7> + ..,

where we used eq. . So, by using the running coupling constant, one
automatically re-sums logarithms of Q2/ 2.

So far we have ignored the quark masses. However, we are now in the
position to justify this choice. Let us consider a quark flavour with renormal-
ized mass m. Following similar arguments as previously described, one can
again construct a RGE for the physical observable R, including variations of
the mass,

0 0 0
W+B( )aas () ma R(Q*/1?, a,m/Q) = 0.  (1.1.38)

Here ,, is the mass anomalous dimension, which only depends on «,
Ym(as) = cag(1+ dag, + O(a?)). (1.1.39)

In contrary to the 8 function, all the coefficients of ~,, are renormalization
scheme dependent. Tn MS the first two coefficients are [109,/110]

1
c=—
T
, 303 —10ny (1.1.40)
N 2r
Owing to the dimensionlessness of R, one also has that
7]
s @ | RQH 2 amfQ) =0, (L)

Consequently, by subtracting eq. (1.1.38]) from eq. ([1.1.41]), one can fix the
@-dependence of R using the resulting relation

50— )+ (5wl Y= | RIQH i, mf @) =0
(1.1.42)
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Quantum Chromo Dynamics

This equation can be solved by using a running mass m(Q?)

@5 = —m(am(@)
—

m(Q?*) = ) exp { /LQZ o - QQ))] (1.1.43)
o [ [ ]

With this, the scale-dependence of R is transferred not only to the running
of the coupling, but also to the running of the mass, such that

RQ* /12, 0y /Q) — R(L,0,(Q), m(@*)/Q). (1.1.44)

Notice that the mass is suppressed by a factor of 1/Q. Due to asymptotic
freedom at high energies, one can now perturbatively calculate the running
of the mass

m(Q?) = fn[as(QQ)]C/b{l + Lb_b/)as(cf) + O(ag)}, (1.1.45)

in which 7 is a RG invariant integration constant. The factor of a,(Q?)/

introduces a logarithmic suppression (due to the geometric series of «,(Q?)
in 7) in the running of the mass for ¢/b > 0 coming from the anomalous
dimension 7,,. It is now clear why it is justified to neglect the mass term
at high energy. At large Q? for Q > m(Q?) the mass dependence in R is
suppressed by the factor 1/Q and by the logarithm in @ which stems from
the anomalous dimension, due to the asymptotic freedom of the theory. In
cases where the quark masses are much larger than the probed energy scales,
the mass scales and their contributions to the cross section are suppressed
by inverse powers of m. That explains why we for instance choose ny =4 in
figure at the energy scale Q% ~ 50 GeV? (with o, = 0.2) in anticipation
of unpolarized deep inelastic scattering further on in this thesis.

When Q% ~ m? one has to include the mass of the quarks in the predic-
tions. The functions of a, in the regimes @ > m and ) < m have to be
related to each other by matching the full theory with the effective theory,
including the light quarks, which goes beyond the scope of this thesis.

In the previous sections one has to fix the renormalization scale p at a
conveniently high reference scale (such that one can perform perturbative
calculations) in order to extract an absolute value for a; from experiments,
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Chapter 1. Background

for instance at p = My, the mass of the Z-boson. By knowing the value of o
at this scale, one can evolve the coupling constant to other energy scales with
the renormalization group equation. An alternative description of a, requires
the introduction of the scale A at which the coupling diverges, defined by

Q2> /°° dx /OO dx
| - ar S — 1.1.46
8 <A2 @) B@)  Jagr b1+ U+ ) ( )

Roughly speaking one usually takes A = 200 MeV. Observe now that a,(Q?)
is very large for values of the light quarks (around @ =~ 1 GeV). We thus see
that the coupling constant increases for low energy scales. This hints towards
confinement of the quarks and gluons in the hadrons. At leading order,
truncating higher order coefficients, one obtains from the latter equation

1
bloa(Q2/A2)
which is in agreement with eq. (|1.1.36) for @ > A. At NLO eq. (|1.1.46))

becomes

a,(Q?) = (1.1.47)

Nog (2@ N\ o (€
(QQ) ol (1+b’oes(Q2)> = blog <A2>-, (1.1.48)
with the solution
o L [, Vlog(log(@*/A%)
s (Q7) = blog(Q2/A?) |: b log(Q2/A7) :| . (1.1.49)

The parameters A and A’ at this order are related to each other as

/

b\ 2
A:::(bl) N (1.1.50)

for the same value of a,(Q?).

Lastly I would like to describe the renormalization scheme dependence of
A. When renormalizing a quantum field theory, one always has the freedom
to choose a particular scheme. In our case, for instance, starting with the bare
coupling constant a?, consider the renormalization of o, using two different
schemes A and B,

s

o = Z2%; 1.1.51
B _ B0 (1.1.51)
S Eh
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1.2. Deep Inelastic Scattering

The infinite parts in Z4 and ZZ are equal, thus the differences are manifest
in the finite pieces of the renormalization constants,

af = a1+ cia + 0((a)?)). (1.1.52)

Notice that the one- and two-loop coefficients in [[.1.30] are invariant under
such a transformation. By using[[.1.40] we can relate the values for the scale
A in the different schemes as

AB 1 [ed@) -~
log | — | = f/ Qdix 02 Ly @2
A 2 af(QZ) b.%' (1 + ) 2b (1153)

— AP = Aew.

This is a very useful relation, because one only requires to perform the one-
loop calculations to fix ¢; in order to obtain a relation which relates the two
A’s at all orders in perturbation theory. The UV poles are manifest as poles
in the Feynman integrals as ¢ — 0. The poles usually appear in the form

I'l+e¢)

- (4m)° = % +log(47) — ve + O(e), (1.1.54)

where vp is the Euler-Mascheroni constant and the gamma-function I'(1 +¢)
is

7.[.2

1
D(14€) =1—7ge+ (12 - 27?9) e+ O(e). (1.1.55)
In MS the poles of 1/e are subtracted and of is replaced by ay(p?). In
MS, additionally, one also subtracts the constant terms in eq. (|1.1.54)). The

relation in eq. (|1.1.53)) thus becomes

Al = Afgellostm el (1.1.56)

This concludes our chapter on QCD. In later sections of the thesis we
will examine interactions which involve quarks and gluons at higher orders
in perturbative quantum chromo dynamics.

1.2 Deep Inelastic Scattering

In this section we will describe Deep Inelastic Scattering (DIS). In DIS a
lepton scatters off a hadron through the interchange of a vector boson. We
will be primarily interested in the QCD corrections to this process. DIS is
interesting for a number of reasons. For instance the factorization between
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Chapter 1. Background

Figure 1.3: The DIS Feynman diagram is illustrated. A lepton with momen-
tum k scatters a vector boson with momentum ¢ off a hadron with momen-
tum P resulting in a final state hadron with momentum X and lepton with
momentum £’.

long-distance and short-distance effects is manifest in the calculation, and
one can relate the evolution of the momentum transfer to the renormalization
group. However, with the forthcoming high-luminosity upgrade of the LHC,
the most relevant application is the extraction of the splitting functions from
the DIS cross section. In order to explain the splitting functions, we will
first describe the hadronic tensor. This is followed by an introduction of
the coefficient functions and finally we will elaborate on the evolution of the
pardon densities. This section is based on [47,/94}95].

1.2.1 The Hadronic Tensor

The DIS Feynman diagram is illustrated in figure [[:3] In this a lepton with
momentum k scatters via the exchange of a virtual gauge boson with momen-
tum ¢ off a hadron with momentum P, resulting in a final (multi-particle)
hadronic state with momentum X and lepton with momentum k’. The vertex
on the top depicts the tree-level electro-weak interaction between the leptons
and vector boson. The purple blob represents not only the tree-level inter-
action, but also includes quantum corrections between the scattered hadron
(including constituents) and the vector boson. It is convenient to choose
Q? = —¢?, since the vector boson is off-shell space-like. One can factorise
the cross section in leptonic and hadronic tensors as

B
L (e, kYW, (P, ) S (1.2.1)

do = W]

2sQ4
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1.2. Deep Inelastic Scattering

for a hadron with momentum P. Here s is the invariant mass in the process,
L is the leptonic tensor and W is the hadronic tensor. They are defined as

Ly (k, ) = 86—7:2 (K, + koK, — k- K'Y
W (P,q) = é > (H(P)|J}(0)|X)(27)"8" (Px — P — q)(X]J,(0)| H(P)).

(1.2.2)

The sum in the hadronic tensor is over final hadronic states and is fully
inclusive in QCD with momenta P and ¢ incoming. The spin is implicitly
summed over in the external states.

We define the Bjorken x variable as z = %, such that the hadronic final
state momentum Px can be written as

Py =(P+q)?*=m*+ (2P -q)(1 — x). (1.2.3)

For z = 1 the process is elastic and the invariant mass of the incoming and
final state hadrons are equal. As such, x — 1 is know as the threshold
limit. For z — 0 the process is deeply inelastic, since P% > P2. This
limit corresponds to a large momentum transfer between the lepton and the
hadron, therefore it is known as the high-energy limit. By imposing current
conservation ¢*W,,, = W,,,¢” = 0, we can express the hadronic tensor as

W[JJ/(P7 q) = - (nw/ - q;gy) WI(IaQ2)+
P P
+ (Pu - q“q2 q> (PV _ 4 - q) Wz, Q2), + (1.2.4)

iew’\” 9
- q)\Pa'W3(‘T7Q )7

2m?2

in which €, is totally antisymmetric. The last line, which breaks the par-
ity invariance, is only present in the case of charged-current exchange. For
simplicity of the description we will restrict ourselves to neutral-current ex-
change and choose J in eq. to be the electromagnetic current coupled
to an exchanged photon, such that parity is preserved. It is common the
parametrise the energy loss of the lepton as v = P - ¢, such that the scalar
functions W; and W5 can be related to the structure functions as

Fi(z, Q%) = Wi(z,Q%),

Fy(z,Q%) = vWs(z, Q7). (1.2.5)

37



Chapter 1. Background

Im () 5 Im ()

(a) (b)

Figure 1.4: The contour in (a) around the origin can be deformed into two
contours in (b) around the branch cuts.

Because the sum in eq. (|1.2.2)) is fully inclusive, we can apply the optical
theorem to the hadronic tensor

W, (P,q) =2 Im T,,(P,q), (1.2.6)

in which 7}, is the Compton scattering amplitude. This results in

quv
T;LV(Pv Q) = <77;Ll/ - 22 ) Tl(w7Q2)+
P. P
+ (Ru - qqu q> (Pu - 4 q2 q) TQ(waQ2)7

with w = 27!, There are normal thresholds at (P+¢)? > 0, which correspond
to the branch points at x & 1. The scalar functions in the hadronic tensor
then posses a cut, running from x = —1 to z = 1, and the scalar functions
in the forward scattering amplitude posses a cut along (—oo, —1] and [1, 00).
Using Cauchy’s theorem, one can relate the derivatives at w = 0 to a contour

integral around it (figure [1.44)) as
dw T, 2
- 7{ lM (1.2.8)
w=0 C

)2y L d"Ti(w, Q%)
@) = n! dw™ 2w wntl

(1.2.7)

However, the contour around the origin can be deformed into two contours
(figure [1.4b)) around the branch cuts. Now we can use the fact that the
functions 77 and 75 are symmetric in w, so that we obtain

1+ (1)) /OO deischi(w,Qz) (1.2.9)

2mi wntl '

TM(Q) =
The discontinuity is defined as

Disc,, f(w) = lli%[f(w +ie) — f(w —ie)]. (1.2.10)
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1.2. Deep Inelastic Scattering

Notice that the discontinuity across the branch cuts is the imaginary part
of the forward scattering amplitude. Therefore, by again using the optical
theorem for even n, we can go back to xz-space to obtain the Mellin moments
as

— l/ dr 2" 'Wi(z, Q%) = %MTL[VVZ(QQ)] (1.2.11)

™ Jo

7"(Q?)

By knowing a sufficient amount of Mellin moments, one can construct the
full w dependence of the coefficient functions. This has been used extensively
in the past to calculate splitting functions [12}13|111]. We will elaborate on
the coefficient- and splitting functions in the next section.

1.2.2 The Parton Model

The previous section described DIS at the hadronic level, in which the lepton
scatters off the hadron. However, in section [[.1.3 we argued that the hadron
possesses quarks and gluons as its constituents. Due to the decreasing value
of the QCD coupling (with respect to energy), one is allowed to calculate the
cross section between the photon and partons in a perturbative manner at a
sufficiently high energy scale. Notice that this is not a physically measurable
cross section, since the partons are confined at lower (relevant) energy scales.
Nonetheless we will obtain a useful result which is universally applicable to
different processes.

Let us first consider the cross section for massless quark with momentum
p and charge @ ye with a photon. At tree level the hadronicﬂ scalar functions
become

2
Wi = %5(1 — )

: (1.2.12)
Wi = 211 — x).
v
The structure functions in eq. (1.2.5)) then become
2F) (2, Q%) = B (2,Q%) = Q%(1 — x). (1.2.13)

Notice that both structure functions only depend on the dimensionless Bjorken
x variable. This behaviour is known as scaling. The scaling will be broken

when we include quantum corrections, as this will reintroduce the Q? depen-

dence to the cross section.

5Tt would make more sense to call these partonic scalar functions. Nonetheless I will
follow Sterman and refer to them as hadronic.
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Chapter 1. Background

At one loop, it will be convenient to calculate contractions with the
hadronic tensor

—g W, = (1 - O(Fo/a) — (3 20)[(Fo/2) — ]

1 (1.2.14)
PP W = (@Q*/4)[(Fy/22) = Fi] = (Q°/42”) 5 FL,

where we defined the longitudinal structure function F) 1E| Then, after in-
cluding the real and virtual contributions, we obtain for the first term

(as/m)[=g" W) = (1 = €)(as/2m) QF (47p* | Q*)

x| - f—lpqqm% + Go(F) (“ * f2>{b(gl(1—_x>x)}f
=S — 0 g2 s [F+ Tau-a) |

(1.2.15)

in which C5(F) is a colour factor. P, (z) is an Altarelli-Parisi splitting
function defined as

P(z) = Co( F){(1+2*)[1/(1 — 2)]4 + 25(1 — )} (1.2.16)

In these formulas we used the so-called plus distributions. Given a differen-
tiable function f(z), then

/ dz f(x)[1/(1 =)y = / dz[f(z) — fF(DI[L/(1 = 2)] + f(1)log(1 — 2).
’ ’ (1.2.17)

By expanding the term 4mu?/Q? eq. ([1.2.15]) we obtain a term (v, /m)Cy(F) x
x log(Q?/1?) Pyy(x) which is responsible for the previously mentioned scale
breaking. The second term in eq. (|1.2.14)) becomes

a, Q?

. 1.2.18
41 2x ( )

o .
?[p”p W = QiC(F)

6Fy, only becomes non-zero at O(a,). By neglecting partonic corrections to the struc-
ture functions, one obtains the Callan-Gross relation Fy = 2xF.
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1.2. Deep Inelastic Scattering

In terms of structure functions, the contributions can be summarised as

) . . I'l—e
C:TFQ(f,I)(%Q?)_;TQ?;U{ (4mp® Q%) e IPq(l')ﬁ

- CQ(F)<(1 +a ){lofl(_ ;) }+ - 2[1/(1 — )]+
2)&0%3;) +3+20— [Z + 7;2]6(1 —@)}

Qg , Qs
?Fl(fl ( Q2> (fl 7Q2)/2I*Q§CQ(F)%$

—(1+=

(1.2.19)

Neither Fl(f " nor FQ(f s infrared safe, but their difference is. This means
that we can calculate the difference in a meaningful way. Moreover, if one
were to measure one of the structure functions experimentally, one could
predict the value for the other one. However, experimentalists usually mea-
sure the hadronic structure functions, as the partons are inaccessible after
hadronization. Luckily it is possible to relate the hadronic and partonic
structure functions to each other.

The hadronic and partonic cross sections, differential in energy and solid
angle, can be related to each other as

o (1h) i da(lf s
dEk/dszk, Z / £dEk’dQ ¢f/h(£) (1.2.20)

where the sum runs over the quark flavours in the hadron h and ¢/,(§) is
the distribution of these quarks in the hadron. In figure this splitting is
visualised. Note that the lepton-quark cross section includes an extra factor
of ¢! when compared to the lepton-hadron cross section. The quark with
momentum fraction £ escapes the the hadron and interacts with the photon.
At tree level, the hadronic tensor then becomes

TRy [ Ewgoenaome. a2z

and likewise for the structure functions

F (z Z/ (f’o)($/§)¢f/h(§)

(1.2.22)
FP(a -3 / AEFYO (0/€)65/n(€).
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Chapter 1. Background

Figure 1.5: Illustrated is the partonic interaction of the quark with momen-
tum fraction & with the photon. Only the tree-level interaction is drawn.

One can extend this factorization theorem to include quantum corrections.
Generalising to the case that h can be either a nucleon or parton, the theorem
states

}j/ CO (/€. Q2122 (1) bn(€. €, 0x (1)) + O(m?/Q?)

F( @—Z/%d%ﬁwm%<wwu%wm0Wm%
(1.2.23)

in which p is a factorization scale. Note that the factorization scale pp
in principle is different than the renormalization scale pg, however one is
free to choose uF = /‘REI For simplicity we will use ¢ = pug = pp. The
new functions C and C’2 , called the coefficient functiond’], describe the
short-distance physics and can be calculated perturbatively. The hadronic
distribution functions ¢;/;,, which describe the long-distance correlations, are,
on the other hand, non-perturbative objects. However, if we restrict ourselves
to the cases in which we consider partonic interactions, i.e. h = j = parton,
one can calculate the distributions in a perturbative manner. At tree level
we obtain the trivial relation

G/ (€, € a5 (1)) = 6,56(1 = €) + O(ay). (1.2.24)

"Formally the factorization scale is introduced in the renormalization of the bi-local
operators which define the PDFs, however this goes beyond the scope of this thesis. For
further reading see [94] or [112].

8Do not confuse them with the colour factor Cy(F).
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1.2. Deep Inelastic Scattering

Pyy(2)=P(z) = Co(F)[(1 +2?)[1/(1 = 2)]4 + 30(1 — )]
qu(x):qu(I) =0
Pyg(xy=Pyg(x) = T(F)[2* + (1 - 2)?]
Pyy(2)=Pyq(x) = Co(F) (a1 + (1 - fE)Q])
Pag(@)=2Co(A)(@[1/(1 — z)]4 + (27" +2)(1 = 2))+

(5 Ca(A) = §ngT(F))o(1 - 2)

Table 1.3: Shown are the leading-order splitting functions in QCD. T'(F) is
a colour factor.

At one-loop the distributions are defined as

Qs

(=) Py, (1.2.25)

(bl/]( z) =

according to the MS subtractions scheme (as described in section , in
which the e pole corresponds to the collinear pole in eq. (for quarks).
Here P;;(x) are the leading-order splitting functions, summarised in table
The distribution functions are universal, in the sense that they are the same
for the cross sections for other scattering processes, like Drell-Yan. Finally, it
is possible to express the coefficient functions in terms of splitting functions
and higher order terms in e. For quarks we obtain

20 (@, Q1) = Q% H log [fﬂ + 98— 10g[47r]}P (2)+

+ Cy(F) ((1 +a ){lofl(_ l)x) }+ /0 -

— (1427 logl] +3+4+2r— (9+7T2>5(1—x)>] + O(e),

(1—ux) 23
O (@, Q) = 5OV (@.Q7) — QI + 0.
(1.2.26)

A later chapter of this thesis will be devoted to the calculation of the coef-
ficient functions at higher orders in perturbation theory. As we mentioned
before, the PDFs are non-perturbative whose central values must be ex-
tracted from experiments, but the knowledge of the splitting function allows
us to evolve them from one energy scale to another. We will dedicate the
details of this application to the following section.
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Chapter 1. Background

1.2.3 Evolution of Parton Distributions

The parton distributions obey evolution equations reminiscent of the renor-
malization group equation, described in section [[.1.3] It is convenient to
define the flavour non-singlet structure function

Fép_n) (.%, Q2) = Fép)(x7 QQ) - Fém(x? Q2)’ (1227)

for p proton and n neutron. Only diagrams in which the external quark line
flows uninterrupted to the electromagnetic vertex contribute to the flavour
non-singlet structure function. All other diagrams contribute to the flavour
singlet structure functions. Similarly to what has been done in the previous
section, one can factorize the non-singlet structure function

FF(5,Q?) = -3 / " (@€, Q12,0 Q%) x

[¢;/;f (€ e a(1?) — 0 (€, €, o (42)] + O(m?/QP),
(1.2.28)

in which the flavour-dependence of the coefficient function only stems from
an overall constant Q? The wvalence distributions are defined as

S (€ e (1)) = dymlC e, as(12) — dyp(Goes s (1.2:29)

The convolutions described above reduce to simple products in Mellin
space. For a given function F'(x), the transform is given by

F(n) = /01 dz dx" ' F(x), (1.2.30)

where n is the Mellin moment. Using eq. (|1.2.30]), we obtain

"D (0, Q) = O™ (n, a,(12), Q°/1?)6™ (n, e, a,(17)),  (1.2.31)

in which F; f"s’f ) measures the valence distributions of flavour f and ¢ cor-
responds to the combination of valence distribution functions in eq. (|1.2.28]).
Since the moments £."*) can be measured experimentally, they have to

be independent of ;2. This translates into the requirement

M%F;M’f/’”(n, Q> =0. (1.2.32)
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1.2. Deep Inelastic Scattering

For F"*/) we then obtain

d _ d _
okt (¢("S>(n, . asoﬁ))) — i log (Gi"s) (n, as(122), QW))
(1.2.33)

Notice that this relation is independent of the flavour and external hadron.
We define the right hand side of eq. (|1.2.33]) as the anomalous dimension

e (4) = Ty (éi’“> (n, (1), @W)), (1.2.31)

(S)]M

which only depends on a,(%). In the singlet case one obtains a matrix [,
for partons ¢ and 7,

d - _
N@@/h(”vﬂ as(1) = =i di (€ s (1)) (1.2.35)

Often the terms ’splitting function’ and ’anomalous dimension’ are used in-
terchangeably, since they are related by a Mellin transform. For instance, if
we consider the non-singlet structure function for only one quark flavour at
one loop order, we can relate 75 to P, (z) as

1
o a _
S'YT(LD == / dx " 1qu(z)
0

m m
(1.2.36)

s "1 2
= 5-Ca(F) <4m2_:2m i 1>.

Similar relations exist for the other anomalous dimensions and splitting func-
tions.
The solution to eq. (1.2.33)) in terms of v,, becomes

Q_s(val)(nﬂ 6 a§(@2)) = Q_s(val)(nﬂ 6 as(m2)) X

| plos(@/m?) (1.2.37)
X exp ( - 5/ dt%(as(ert))>7
0

in which m is a reference mass. By plugging this into eq. (|1.2.31)) we obtain
for the moments of the structure function

B (0,Q%) = G771, 0(Q9)61 (n, €, a5 (m?)) %

| los(@/m?) (1.2.38)
X exp < - 5/ dt’yn(as(mQGt)))
0
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Chapter 1. Background

Again, notice the scale breaking Q? dependence in the structure function.
Now we finally arrive at the evolution of the parton distribution functions.

By applying the inverse Mellin transformation to eq. , we obtain the

Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) evolution equation

d va
on O (@€, oo / 2 Py(w/€, on(1?)d} ) (€ € au(p?),  (1.2.39)
in which
e d’l] n+1 (ns) (!
Pr(Gas) = [ 5 -¢ (n', ), (1.2.40)

with Re n > 0. It is an RGE which allows one to evolve known parton
distribution functions at a certain energy scale to a different energy scale.
Likewise one can obtain similar evolution equations for the other parton
distribution functions, in which case one obtains a (2n; + 1)-dimensional
matrix equation in the space of partons.

This concludes our section on DIS. The coefficient functions which we
will calculate later on in the thesis are required to extract DIS data from
experiments to describe the parton distribution functions to high precision.
Moreover, the evolution of the parton distribution functions is governed by
the splitting functions, which will also be included in our calculations.

1.3 IR Singularities

In section [[.I] we discussed UV divergences in the context of the 8 functions,
but in section [[.2] we implicitly also dealt with IR singularities when we cal-
culated the cross section. It is useful to study IR singularities in more detail.
We will see that the IR singularities cancel when one sums over all possible
final and initial states in the cross section. To this end we will introduce the
concepts of final state radiation and jets, which will be elaborated upon in
chapter 2| This section is based on [113].

It is sufficiently insightful to take a step back and consider the abelian
gauge theory QED. In particular, it is interesting to study the process ete™ —
phrp~ (figure ‘ At tree level, the cross section, in the high energy limit
Q@ > m¢ and Q > m,, is

_‘r_ (1.3.1)
o0 = 0.
07 127Q%
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1.3. IR Singularities

P P3

P2 Pa

Figure 1.6: Illustrated is the process ete™ — uTu™ at tree level.

with Ecyy = @ and eg is the renormalized electric chargeﬂ. Let us now
consider higher-order corrections to this cross section. First, we will take a
look at the vertex correction (figure[L.7). We call this a virtual contribution to

P Ps3

P2 Pa

Figure 1.7: Illustrated is the vertex correction to the final state particles of
ete™ — utp™.

the process. By including its counterterm to renormalize the UV divergence,
we obtain at order €$

2 m2 m2 2
oy = 00% < — log? {Q;] — 3log [Q;] - g + 7;), (1.3.2)
in which we have used a Pauli-Villars cutoff to regulate the UV divergence
and m., regulates the IR divergence. Notice that this cross section is IR
divergent, because it blows up when we take m., — 0. The first term in the
brackets is characteristic of IR divergences, known as the Sudakov double
logarithm.
To cancel the IR divergence which emerge from the virtual graphs, we
need to add the real emission graphs ete™ — ut = at tree level (figure[1.8]).
The cross section becomes

e, m2 m? 2
OR =005 ; <log [QQ} + 3log [QQ} —3+5>4 (1.3.3)
Notice that this also contains IR divergences, regulated by m.. If we would
not have regulated the divergences with a fictitious mass for the outgoing

9Tn the following the on-shell subtraction scheme is used together with a Pauli-Villars
regulator to render the UV divergences finite. This results in simpler intermediate expres-
sions, such that we can focus on the IR singularities. The final cross section is regulator
and scheme independent.
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Chapter 1. Background

P Pp3 P p3

D2 ! D2 2! &
Figure 1.8: Illustrated are the final state real emission corrections ete™ —
+ —
ey

photon, the phase space integrand for the cross section would involve the
denominators E3E, (1 —cos#) and E,E, (1 —cos#), corresponding to the first
and second diagram in figure [[.§ Let us focus on the first term. Here 6 is
the angle between the muon with momentum p; and the outgoing photon.
Notice that the term diverges if F3 = 0 or £, = 0, and also if § = 1. The
first type of divergence is called a soft singularity and the second one is called
a collinear singularity or mass singularity. In chapter 2] we will consider a
new way to render these kinds of singularities finite. By adding the virtual
and real emission cross sections, we obtain

S S (1.3.4)
Otot = OV T ORrR = 0o 1672 ) -0-

which does not depend on m, anymore. The total cross section is IR finite
and therefore we call it an IR safe observable.

So far we have only described the IR divergences due to final state radi-
ation (and the vertex correction to the final state muons). Equivalently one
has to consider the IR divergences due to initial state radiation. In a similar
manner, the vertex correction to the incoming electrons has to be added to
photons radiating from the electrons. The sum of their cross sections will
be IR finite. The collinear singularities are absorbed in electron distribution
functions, the QED analog to the PDFs described in section [[.2] In general,
the IR singularities will cancel out if one sums over all initial and final states
in a finite energy range. This is known as the Kinoshita-Lee-Nauenberg
(KLN) theorem.

Lastly, let us introduce jets. Jets are collimated collections of particles.
Going back to QCD, consider the production of a hard particle at a collider.
As the parton moves through the collider, it will radiate gluons (collinear
to its moving direction). These gluons in turn produce gluons and quark-
antiquark pairs. At some point the particles will have lost enough energy
to hadronize into hadrons, which in turn decay into (meta)stable particles.
These are the particles that one detects at the colliders. The collection of
radiated particles, moving collinearly to the initial hard parton, constitute
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1.4. Integration By Parts

a jet. The momentum of the initial hard parton can then be approximated
by adding the momenta of the particles in the jet. In figure 24 a jet for a
sophisticated jet observable is illustrated.

This concludes brief description on IR singularities. In chapter 2 we will
study functions related to jets. In particular, we will apply a new subtraction
method to render the jet functions IR finite and to parametrise their poles.

1.4 Integration By Parts

In this section we will explain the Integration By Parts (IBP) technique for
the reduction of scalar integrals to master integrals. First will derive the
relation in the context of dimensional regularization, then we will apply it to
a simple example and finally we will discuss an algorithm to automate the
procedure. This section is based on [114}]115].

1.4.1 Dimensional regularization

Often one encounters UV and IR divergencies in Feynman graphs. There are
many ways to regulate them, such as imposing a fixed cut-off to regulate the
divergencies. However, in QCD it is convenient to regularize the divergent
integrals by using the method of dimensional continuation. This is based on
the observation that the divergencies are eliminated by changing the dimen-
sion of the integrals. The main advantage of the method is that the gauge
and Poincaré symmetries of the theory are preserved, which isn’t necessarily
true in other regularization schemes.

In dimensional regularization one works with integrals in d finite non-
integer dimensions. On the contrast, in ordinary integration the dimension
is either finite and integer or infinite. Therefore one cannot assume that the
properties for ordinary integration also hold in d-dimensional integrals. Thus
there is a need to proof that the required properties of the integrals (with
which we are familiar in ordinary integration) also hold in d dimensions.
Among many existing useful properties, we are interested in one particular,
which we will come to call the integration by parts identity. In order to derive
the identity, we will first need to establish a definition for d-dimensional
integration. To do that, we will first explain the setup.

Suppose that f is a function of a finite set of vectors, e.g. a scalar f(p?,p-
q1,q,..) or a tensor

fip,q) =p'd 10 p-¢.46%) + 97 fo(V*.p - 0. ¢, (1.4.1)
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Chapter 1. Background

in which p and ¢; are vectors in a d-dimensional space. We would then like
to split our d-dimensional space as a finite integer subspace containing all
the ¢’s and the remainder, calling them parallel space and transverse space
respectively,

p=p|+pr
J
= Zplei + pr,
=1

in which the e;’s span an orthonormal basis containing all the ¢;’s with i =
{1,...,J}. One is now able to express the d-dimensional integral in terms of
an ordinary integral as

/ddp f(p) = d J)/Q /d pH/ dpr 5" f(p).- (1.4.3)

However, notice that this definition is problematic at pr = 0 for small d. In
order to derive an adequate definition for the continuation to small d, we will
consider a function f(p?) that vanishes as p — oo and is analytic at p = 0
such that

(1.4.2)

7l'd/2 o
/ddp f*) = %/{) dp p*~ f(p?), (1.4.4)

converges at p — oo for d > 0. By adding and subtracting the leading
behaviour at the p — 0 limitiﬂ7 one obtains expressions for the dimensional
continuation for d < dyay. For —2 < d < dya We can split the integral at a
fixed constant C' as

/ p f(p7) = 27;722{ dp p™ ' f(p?) + /Ocdpp“f(pQ)}

27.[.d/2

_ { dp o F )+ (1.45)

F
/ p ot (167) - 101+ 7)) .

Subsequently we integrate over the last term as

le} q|C
/0 dp P £(0) = £(0)2 (1.4.6)

1By expanding f(p?) as f(p?) = f(0) + f'(0)p? + L50p* + ...
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1.4. Integration By Parts

such that eq. ([1.4.5)) becomes

d 2y _ 2m/? = d—1p( 2 ¢ d—17 p(, 2 %
[t st =2 [Tt [ [f(p)—f(0)1(+f(0))d},
1.4.7

which is independent of the choice of C'. In the case that dp.x = 0 we can
use this freedom to choose C' — oo to obtain

[t 560 = 20 [T a ot - g0 (4
I'(d/2) Jo ’ h
At d = 0 we first rewrite the gamma function as

1 d 1
NCEICENT)

(1.4.9)

This term will contribute a factor of zero at d = 0 to the expression. Then
we choose C' = 1, such that the log(C') terms vanish in the d-expansion of

the last term in eq. (1.4.7)),

f(())%d = @. (1.4.10)

This results in

[evsor=a [~ aser [ arisen - son) -l
B (1.4.11)

Notice that the first term on the right hand side vanishes, since the terms
inside the brackets are finite (because the first integral does not contain a
divergence and in the second integral we subtract the divergent behaviour at
p — 0). In the second term the zero from the gamma function (eq. (L:4.9))
cancels the pole in d (eq. ([1.4.10)). Finally we obtain

[ 16%) = 10) (1.4.12)
This procedure can be extended to lower d, for —2I — 2 < d < —2] with [ a
positive integer,

d
g 2

d 9y _ 2T * d—1 2 2 P~ La
[ a09 =25 [T (560) - 50 =270 - - B0,
(1.4.13)
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with
/dinp F(p?) = (_F)flf(b(o). (1.4.14)

But what if eq. diverges at p = oo for d > 0 as a power-law? This
occurs often in Feynman integrals at d = 4. Well, in this case one can again
use eq. to apply dimensional continuation in order to regulate the
integral with d — 4 perpendicular dimensions. This is a negative number of
dimensions, thus one can apply eq. to the pr-integral in which d is
replaced by (d — J).

Because we systematically related d-dimensional integration to ordinary
integration and showed that dimensional continuation is not problematic, we
can extend the property of translational invariance, which holds for ordinary
integration, to d-dimensional integration,

/ddp flp+q) = /ddp f(p), (1.4.15)

in which ¢ is included in the parallel space. By considering an infinitesimal
translation, one can expand the left hand side to the first order as

[t (10)+ 0 510). (14.10)

which suggests that]

/ddp 0zif(p) =0. (1.4.17)

Here we assumed f to be a scalar function, but of course the same also holds
for tensor functions. Replacing f(p) — fi(p) = k' f(p) with k' € {p, ¢'}, we
obtain

/ddp a% (/cif(p)> =0. (1.4.18)

This is our desired result. Historically it has been called the integration-
by-parts (IBP) relation, because it is reminiscent of the surface term in the
integration-by-parts relation of calculus.

1By Gauss’s law this was to be expected, since we assumed that f — 0 for p — co.
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1.4.2 Applications of the IBP relation

To demonstrate the method, we will first apply the identity to the simple
case of one-loop vacuum massive Feynman integrals

ddp
Fla)= | —— % . 1.4.19
@ = [ s (1.4.19)
Let us start with the IPB relation
B, 1
dp— -p———— =0 1.4.20
J 5y =g =0 420

in which the dot product sums over the indices u = 1,2, ..,d. The integrand
becomes

d(p* —m?)" —p- 9, ((p* —m*)")

(p2 o m2)20¢
d 2ap?
= — 1.4.21
(P2 —m?)® (= m2)a+1 ( )
B d B 20 B 2aem?
o (p2 _ mQ)O‘ (pz _ m2)a (p2 B m2)a+1’
such that the relation results in
(d —2a) F(a) — 2am*F(a + 1) = 0, (1.4.22)
or
d—2a+2
F =——Fla—1). 1.4.23
(@ = g e =D (1423

Using the fact that the integrals with integer o« < 0 vanish herﬁﬂ one can
reduce all the integrals to a single master integral (MI) F(1) = I as

(11— d/2)as
(a— 1)(m?)T

F() I (1.4.24)

for integer positive ar. The master integral I is

I = —ir®2T(1 — d/2)(m?)(& V. (1.4.25)

20ne way to see this, is to apply eq. ([.4.13)) to eq. ([.4.19) with —28 —2 < d < —23,
in which 8 = —a. This results in [d f(p?) = [dp(f(p?) — (p?)?/m?), which implies
that [ dp(p?)? = 0, for every . For negative values of a eq. will consist of linear
combinations of such integrals and will therefore vanish.
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Here (), is the Pochhammer symbol, which is defined as

IMNa+n)
«=——". 1.4.26
(@) = =0 (1.4.26)
Let us now consider a slightly more realistic and complicated example, a
massless one-loop propagator

dk
Flowon) = [ i =i (1427

Notice that these integrals vanish if a; and/or ap < 0, because the integrals
will be scaleless or have an odd power in k. The corresponding IBP relation

is

a9 ! -
/d ko vt~ = (1.4.28)

The left hand side becomes

d B 20&1 o k 1
= dF (a1, a2) + /d k( (k2o ((q — k)2)e +2 (q—k) (B ((q - k’)2)“2>

=dF (o, ) — 200 F(aq, ) — aoF(an, an) — aoF(an — 1, a0 + 1)+
+ @’ F oy, ag + 1),

(1.4.29)

in which we rewrote
k’ k‘2 2
2 — 1 I
(q—Fk) (¢—Fk)?  (¢—k)

Adopting the definition n*F(a,,) = F(a, % 1), the IBP can be written as

(1.4.30)

d—2a; —ay — a2t (17 — ¢*) =0, (1.4.31)

in which we implicitly act on F'(aq,az). To obtain a recursive relation one
can isolate the term proportional to ¢2, shift .y — a — 1 and divide by ¢2,
such that one obtains

1
¢*(ag — 1)

— (ag — 1)F(ay — 1,a2)>.

F(ag,a9) = — ((d =201 —ag+ 1) F(ag,ap — 1)+

(1.4.32)
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q — K : q

Figure 1.9: The one-loop self energy graph of a massive propagator is illus-
trated. The dashed line corresponds to the propagator with as, the solid line
with momentum £ corresponds to «;.

Notice that this relation only is valid if ag > 1 due to the pole on the right
hand side. Now, you might wonder how far we can reduce an integral with
respect to . Say we reduced an integral to the form F(aq, ag = 1), then one
can use the symmetry F(z,y) = F(y, ) for this specific family of integrals,
because we are free to shift k — k£ — ¢. Thus, by interchanging oy <> @ on
the left and right hand side of eq. and using the identity on the right
hand side, we obtain

1
F(al,a’,g) = _m ((d — 20&2 —aq + 1)F(C¥1 — 1, a2)+

— (1 = 1) F(ar, 0 — 1)>7

with ap =1 =

(1.4.33)

1
F N)=———d—ay — 1)F(ay — 1,1).
(alv ) q2(a1 . 1)( aq ) (0[1 ’ )
Subsequently it is possible to reduce a; to a; = 1, such that one obtains an
expression in terms of the master integral I; = F(1,1).
Lastly, let us take a look at the one-loop self energy graph of a massive
propagator (see figure [1.9))

dk
F(Ozl, CMQ) = / (k‘2 — m2)al((q — k)Z)ag . (1434)

Again, for values of a; < 0 the integral is scaleless and will therefore vanish.
Also, the integral can be evaluated in terms of gamma functions for ay <0
(see [115] for all the formulae required). After taking the corresponding
derivatives, we obtain the following set of integration by parts relations,

d—2a; — ay — 2mPa 1T — 20027 (17 — ¢* +m?) =0
=0.

1.4.35
ay—ay — o1 +m?—27) — 2T (17 — ¢* +m?) ( )
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By multiplying the first equality in eq. (T.4.35]) by (¢® +m?) and the second
one by 2m? and by taking the difference of the two resulting relations, we
obtain

(* —m?)?an2" = (¢* — m*)apl 2"+

1.4.36
—(d =201 — a2)q® — (d — 3az)m® + 2m*ay 1727, ( )

We see that this relation allows us to reduce the index s, as the values of
as on the right hand side will be smaller than or equal to the value of ay on
the left hand side. It is convenient to rewrite the equation as

1 2 ) Flay — 1, o
T o2 D e L+

—{(d—2a; —as + 1)¢* + (d — 3aa + 3)m*} F(ay, i — 1)+

P"(Oél7 O[Q) =

+ 2m2a1F(a1 + 1, Qg — 2):| .
(1.4.37)

By repeatedly applying the relation, one can reduce asy to one (due to the
pole in ay = 1 on the right hand side) or a value < 0. Notice that the first
term on the right hand side also reduces ;.

Now, one might wonder whether the integrals with an, = 1 will be prob-
lematic (unlike the integrals with ay < 0 which can be expressed in terms of
gamma functions). It turns out that these integrals can be re-expressed by
using eq. . Taking the difference of the two relations with ap = 1, we
obtain

(@ —mPolt =a; +2—d+a 1127, (1.4.38)

which either lowers the index a; keeping as = 1 fixed or keeps a; fixed and
lowers ay. By repeatedly applying the relation, one will obtain a solution
which will be a linear combination of the master integral I; = F(1,1) and
integrals with apy < 0 and 7 > 0. Naturally the question arises whether one
can obtain a minimal set of irreducible master integrals. I.e. can we reduce
the sum of integrals with as < 0 to a set of master integrals? The answer
is yes: by applying the first relation in eq. to the integral, we can
reduce the index a; to one. Subsequently we multiply the same relation by
27 to re-express the last term in eq. , resulting in

(d—ay—1)27 = (¢* —m*)?a2t + (¢ +m?)(d — 20y — 1).  (1.4.39)

This relation allows us to increase as to either zero or one. Therefore we are
left with two master integrals I = F'(1,1) and I, = F(1,0), meaning that we
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1.4. Integration By Parts

can express F'(aq,as) as a linear combination of both, including coefficients
which depend on d, ¢*> and m?. Notice that it is impossible to relate I; and I,
to each other at general d, because the former integral depends on ¢? whereas
the latter does not.

1.4.3 General structure of the reduction

In this section we will discuss the general structure of the IBP reduction
process. Our starting point will be a family of scalar Feynman integrals
parametrised as

F(Qlw'?qmalw': / / dd =N  —a. (1440)
H H] lE !

in which we have n external momenta and N integer indices for general d.
The denominators in eq. (1.4.40) are defined as

E, = Z Afry -1y —m}, (1.4.41)

i>5>1

where the momenta r; either are loop momenta (k; with ¢ = 1,..,h) or ex-
ternals rp+1 = ¢1 until rp4,, = ¢ and N = h + n. The integration by parts
relation will then be of the form

h 9 N
d A
/../Hd ki,ak_(rj 115 > =0. (1.4.42)
i'=1 ¢ j'=1

Subsequently one takes the required derivatives. The resulting scalar prod-
ucts can be rewritten in terms of the denominators using eq. (|1.4.41]), such
that the IBP relations can be expressed as

ZaiF(al + bi,h ., QN + bi,N) =0, (1443)

in which we omitted the external momenta from the arguments. The b; ; are
integers and the coefficients a; are polynomials which depend on «;, masses,
dimension d and kinematic invariants. By explicitly substituting all values
for (a,..,ay), one obtains a large set of relations between the Feynman
integrals in the family. Of course, one should not forget about the shift
symmetries amongst the integrals,

F(ay, ..,ay) = (=1)Z%% F(ag), ., a(ny), (1.4.44)
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Chapter 1. Background

in which the 7; depicts a permutation and d; is a fixed integer that can either
be zero or one. We encountered this symmetry in the example of the massless
one-loop propagatoﬁ. Moreover, parity conditions can constrain the number
of non-vanishing integrals in the family. The boundary conditions

F(ay,..,an) =0for a;; <0,..,04, <0,(1,..,%) C(1,...,N), (1.4.45)

are related to the scaleless integrals, as discussed in the previous section.
On the more formal mathematical side of this discussion, the Feynman
integrals and the relations amongst them can be viewed as follows: each
integral is an element of the field of functions F with N integer arguments.
The previously described relations are then elements in the adjoint space F*,
such that for each r € F* and f € F there exists a (r, f). A trivial example

in the adjoint space is the set of elements H;

(Hpy ans [) = flaa, . an). (1.4.46)

By fixing a set of IBPs and relations, one generates the subspace R C F*.
One can relate an integral (v, .., ay) to other integral(s) F(af, .., a/y) given
that there exists an element r € R such that

(r,F) = F(ox,...an) + Y kaya F(0], . ay) = 0. (1.4.47)

In particular, we are interested in the set of solutions of all the elements in
R, since all the independent solutions correspond to the master integrals of
the given family. This finite set S is defined as

S={feF:(rf)=0VreR} (1.4.48)

Now, you might wonder how one chooses these master integrals. Indeed,
there is some freedom in choosing them[} We will define an orderding scheme
between different points (s, .., an). They will be ranked according to the
simplicity of the integrals, using the lower symbol <. Notice that integrals
in section simplified if (some of) the indices reduced to a non-positive
value, since these resulted in vanishing integrals or known expressions. It is
convenient to decompose the space of integer indices in sectors. For N indices
there are 2V sectors, labeled by v C {1,.., N} in which o, = {(ay,..,an) :
a; > 0if i € v, else a; < 0}. In this way 0, < g, if v C p, i.e. having more
non-positive indices. Moreover, on the level of the integrals, if the sector of

13The righthand side of eq. (1.4.44)) could become a sum of integrals if the topology
definition includes numerators.
MFor instance if two integrals are equivalent to each other by symmetry.
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1.4. Integration By Parts

the indices in F(ay,..,ay) < the sector of the indices in F'(e, ..,y ), then
F(ay,..,an) < F(af, .., ay).

An alternative way to define sectors, is by making use of the sets of
directions v = {dy, ..,dy}. Each element can either be -1 or 1. The sectors
are then defined as o, = {(a1,..,ay) : (v — 1/2)d; > 0}. The corner point
a; = (d; +1)/2 for i = 1,..,N is the lowest point in the sector o,. After
one has introduced an ordering scheme inside the sectors, the masters can be
chosen as the integrals F'(a,..,an) for which there exists no relation that
produces an integral F’ lower than F'.

1.4.4 Laporta’s Algorithm

Laporta’s Algorihtm [59] is a method that is frequently used in automated
reduction programs which implement integration by parts relations. Consider
a set Fay C F generated by Hq, 4, with >, Ja;| < M. In the adjoint space
we consider Ry = R N (subset of F* generated by Hj ), with again
> las] < M. Then,
lim |dim(Fy;) — dim(Ry)| = dim(S), (1.4.49)
M—o00
which is exactly the number of masters in the system. The trick is then, to
find the value of M for which R, is sufficiently large to express any integral
in the family in terms of its masters and only its masters. Indeed, at any
value of M one can express an integral in terms of other integrals. However,
these ’other integrals’ only tend to stabilise to a fixed set of integrals, the
masters, once a certain value of M has been reached. Starting from a minimal
value of M, one repeatedly solves the system of linear equations, until the
solutions remain unchanged, i.e. until all the integrals have been expressed
in terms of the master integrals of the system.
Let us apply the algorithm to the one-loop self energy graph of a massive

propagator eq. . It is convenient to rewrite eq. as
Ly, 00) =0 (1.4.50)
Ly, ) = 0,
with
Li(ay, as) = (d — 201 — a) F(ay, ) — 2mPoq Fag + 1, )+
—ay(Flog — 1,0 + 1) + (m? — ¢*)Flay, ay + 1))
Ly(ay, ap) = —ay(m?* + ¢)F(ay +1,00) — Fag + 1,0 — 1))x  (1.4.51)
X (g — a1)F(ag,an) — ao(Flag — 1L, + 1)+
+ (m? — ) F(aq, a9 + 1)).
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Following the terminology of the previous section, we wil consider the sector
with a; > 0 and as < 0. The values allowed for M are then dictated by
a1 + |ag] < M. Thus we will start to solve the system at M = 1 with a; =1
and ap = 0, i.e. Ly 23(1,0) = 0 to obtain

F2,-1) = Wm,o) i)
(d—2) o
S F(1,0).

F(2,0) =

If we increase M by one, we have to solve Ly 23(1,0) = 0, L{19(2,0) = 0
and Ly 21(1, —1) = 0, which results in

(d+2)m* +2(d + 2)m?*¢* + (d — 2)¢*

F(2,-2) = o F(1,0)
F@E-1) = = 2)(74qsr:4d<m = ))F(l’o) (1.4.53)
F(3,0) = %F(l,o)

F(1,-1) = (m* + ¢*)F(1,0)

and the two solutions from eq. (1.4.:52). Now, notice that all the integrals can
be expressed in terms of F(1,0). This means that we have found the master
integral corresponding to this sector. In this example the solution stabilised
early on, but it could happen that one needs to proceed to higher values of
M for more complicated problems.

1.4.5 Lorentz Identities

Apart from the IBP relations, there exists another class of identities used by
reduction programs, called the Lorentz Identities (LI). The Lorentz Identities
result from the fact that all the Feynman integrals are invariant under Lorentz
transformations. The Lorentz identities are of the form

B
qé‘q?(qu[uaqM>F(a1,..,aN) =0. (1.4.54)

They can be expanded as

h+n h n
0 0 0
Tip 7 = ki —— + Qify—— - 1.4.55
;[M] PO T ;[8#] (1.4.55)

i=1 i i
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We are then able to show that the Lorentz Identities can be derived from the

IBP relations. To this end, let us rewrite eq. (1.4.54) as

n 6 h+n 6 h a
8% _ o Hov Mov
GG Gu——F =64 ) rp——F—q ¢ Y kgy—7F
y ; v o / ; ¥ o / ; Y ok

h

0
— _ AtV
= —q;'q; E ks[yak“]F

s=1 S

(1.4.56)

h
0 7]
=3 (0 kg k]

h
0 9

where we used eq. (1.4.55)) to go from the first to the second line. By ex-
pressing (¢; - k) and (g; - k;) linearly in the denominators of the Feynman
integrals, and by identifying the generators of the IBP relations as

9
Ok

we conclude that the Lorentz Identities can be derived from the IBP relations.

Oz’j = * Ty, (1457)

1.4.6 FIRE

The DIS calculations in the latter part of this thesis relied on the pro-
gram FIRE [61], which implements Laporta’s algorithm. We initially used
KIRA [60] to reduce the integrals required for DIS up till three loops. How-
ever, FIRE seemed better suited for the type of integrals we encountered,
where only a small subset involves the most complicated combinations of
risen propagators and numerators. This allowed us to push the calculations
to the 4*"-loop order. The downside of FIRE, when compared to KIRA, is
the manual labor required. Indeed, KIRA is more automated and requires
less manual interference. However, to streamline the process, all the individ-
ual steps which require human interference have been chained together and
automated by the author of this thesis. I'll briefly describe the steps required
in order to obtain reductions for a set of integrals in FIRE.

We will describe the reduction for the one-loop topology as depicted in
figure [F-1] We can define the topology as

rioenen = [ oG ) (=i ) (g ) 049
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Figure 1.10: The one-loop DIS forward scattering diagram is illustrated.

For the generation of the so-called ’startfile’, FIRE requires the parametrisa-
tion of each topology. In our case the topology is supplemented as

Propagators = {{1,{k? (P — k)% (Q +k)*}}}

in the corresponding MATHEMATICA file. One also needs to define the vari-
ables of the problem, which in our case are the dimension d and the inverse
Bjorken variable w = 222, The startfile now contains all the necessary IBP
relations as as wel information on zero-sectors. However, for more compli-
cated problems it is useful to include the program LITERED [116], which
generates all the internal symmetries and external symmetries in the cor-
responding topology. The internal symmetries correspond to the mappings
inside sectors and the external symmetries correspond to mappings between
different sectors. The LITERED inputfiles require no additional information
of the topology. In our experience this decreased the reduction time by a
significant amount. For example, the reduction of topology 30 of the N*LO
DIS non-singlet coefficient function took two weeks to finish using KIRA.
However, using FIRE and LITERED, the computation time reduced to two
days. Moreover, in some cases it uncovered symmetries among masters, such
that we obtained reductions in terms of the minimal set of masters. Not only
does this mean that we had to solve less master integrals (manifesting itself
in a smaller differential system), but it was also crucial to obtain the mini-
mal set of master integrals for the expansions of the solutions of the master
integral{™] The expansions rely on the fact that coefficients of the masters
in the differential equations are factorised in terms of € and w. If their exist
relations among some masters in the reduction table, the coefficients in the
differential equations turn out to be algebraically involved and unfactorised.

15See app. [F| for a one-loop example of this algorithm.
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In principle one can still expand the coefficients of the master integrals in
the case of unfactorised expressions in the differential matrix, but one then
needs to take care of spurious poles in € in the expansions of the differential
matrix.

As a next step, one needs to supplement the integrals to be reduced. Let
us for now choose just one integral, F'(—1,2,1). It is possible to supplement
a preferred list of master integrals to FIRE, however this is not necessary.
The configuration file "ties” all the different files together, includes optional
functionalities (such as the inclusion of LITERED generation files, specifying
the number of cores to use, usage of a hints folder, using a larger bucket size,
etc.) and enjoins FIRE the location to save the results. The results are saved
as a .tables file, in which the integrals are identified with unique 10 + - digit
numbers. One need to convert the .tables file to a more convenient format
by using MATHEMATICA. In our case we obtain

{F[1,{-1,2,1}]— > (2 —-2*w + d*xw) = F[1,{0,1,1}])/(2 * (1 + w))}

If one were to include more integrals to be reduced, their reductions would
be appended to this list. Notice that the reduction is performed in C++,
while the start files are generated in MATHEMATICA, as is the conversion of
the .tables file to a MATHEMATICA reduction table.

I would briefly like to mention that there exist programs which search
for an optimal basis of master integrals [I117,[118]. Sometimes the reduction
tables include coefficients in which the kinematical invariants mix with the
dimension d, resulting in unfactorised expressions in the differential equa-
tions. This can happen due to a degeneracy in the minimal set of master
integrals. These programs then search for a different basis of master integrals,
such that the denominators are decomposed in products of polynomials of
the kinematical variables, which do not depend on the dimension, and poly-
nomials up till order O(d') in which the coefficients are rational numbers.
This always resulted in factorised expressions for the differential equations.
It is not guaranteed that these procedures result in factorised expressionﬂ
Nonetheless the program in [118] performed well when we required its usage.

This concludes our section on IBP relations. We will exhaust the method
to reduce all the Feynman integrals required to calculate three- and four-loop
DIS amplitudes.

16There could still exist hidden relations amongst the master integrals, independent of
the IBP relations.
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Chapter 2

One-loop Jet Functions by
Geometric Subtraction

This chapter is based on [1]. We will study the GOJET program, which
is an automated implementation of the Geometric Subtraction scheme in
the class of one-loop jet functions. As explained in section [[.3, physical
observables are IR finite if one sums over all the final (and initial) states
in a finite energy range. The IR divergences from the virtual contributions
cancel against the IR poles which result from real radiation. In Soft-Collinear
Effective Theory (SCET) the collinear regime of the final state particles is
described by jet functions. In this chapter we will focus on the subtraction of
the IR divergences of final state radiation in jet functions at one-loop order
in the QCD coupling ;. As a result we will obtain regularized jet functions
in which the IR poles are identified and the finite contribution is calculated.

2.1 Introduction

Experimental studies at the Large Hadron Collider (LHC) impose restrictions
on QCD radiation in the final state, to stress test the Standard Model and
search for New Physics. If these restrictions are tight, they lead to large
logarithms in the corresponding cross section. For example, for Higgs plus
one jet production with a veto on additional jets with transverse momentum

veto

above py*°, the cross section takes the following form

veto
veto n mpg Pr
o(py*°) = ag [1 + ; Crym Oy 1n7n(@) + O(mg)] , (2.1.1)
2n>m>0

where oy is the leading-order cross section, and the coefficients ¢, ,, are in-
. iet .
dependent of p¥*°. For a tight veto p§™'® < mpy ~ py, the expansion
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in a, deteriorates due to the large logarithms and resummation is crucial
to improve convergence and reduce the theory uncertainty. Resummation
captures the dominant effect of higher-order corrections, effectively treating
In(mpg/pF©) ~ 1/as.

Large logarithms arise because the cross section involves multiple scales
that are widely separated. Resummation of these logarithms can be achieved
by factorizing the cross section into components that each involve a sin-
gle scale, using diagrammatic methods in QCD, see e.g. [119-126], or Soft-
Collinear Effective Theory (SCET) [73H77]. For exclusive Higgs plus one jet
production, discussed in eq. , this takes on the following (schematic)
form 0 ~ HSBBJ [127,[128]. The hard function H describes hard scatter-
ing, the soft function S encodes the effect of soft radiation, and the beam
functions B and jet function J account for initial- and final-state collinear ra-
diation. The structure of this factorization not only depends on the process,
but also on the observable and can involve convolutions between ingredients
(though it is simply a product in the above example). Because each ingre-
dient in the factorization involves a single scale, the large logarithms can be
resummed by evaluating each ingredient at its natural scale and using the
renormalization group to evolve them to a common scale. Alternatively, an
automated approach to resummation was pursued in refs. ,.

In this chapter we focus on calculating one-loop jet functions, which enter
in resummed cross sections starting at next-to-leading logarithmic (NLL') ac-
curacy. Resummation at NLL' includes the two-loop cusp anomalous dimen-
sion and one-loop (non-cusp) anomalous dimensions. Jet functions have been
calculated for a wide range of observables, including the invariant mass [131
, the family of ete™ event shapes called angularities with respect to the
thrust axis [137{139] or Winner-Take-All axis [140,[141], Sterman-Weinberg
jets [142,[143], the cone and the k7 family of jet algorithms for exclusive [143]
and inclusive jet production. Jet functions have also been con-
sidered for a range of jet substructure observables, such as the jet shape [147
. In our calculations we treat quarks as massless and restrict to infrared-
safe observables. An example of a massive quark (initiated) jet function is
given in refs. , and an example of an infrared-unsafe jet observable
is the electric charge of the jet ,.

We briefly comment on the other ingredients in the factorization: A gen-
eral approach to calculating soft functions has been developed in refs.
. In particular, the SOFTSERVE package [157] provides two-loop soft
functions for processes with two collinear directions (i.e. two jets in e*e™ or
0 jets in pp collisions), and an extension to N jets is in progress [158]. Hard
functions can be obtained from the IR finite part of helicity amplitudes, as
long as the color of the initial (final) particles is not averaged (summed) over,
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see e.g. ref. [159)].

The difficulty in calculating jet functions lies in the phase-space integra-
tion, which depends on the observable. When feasible, an analytic approach
is superior. However, there are observables for which even the one-loop
jet function is highly nontrivial, such as jet broadening [13§] and the jet
shape [149], for which fully analytic results are difficult to obtain or have
not been obtained yet. The numerical approach we develop here offers a
promising alternative, addressing the collinear and soft divergences in a gen-
eral way, thereby automating the calculation of one-loop jet functions for a
broad range of observables. At minimum, our work provides a valuable cross
check for analytic calculations.

The poles in the dimensional regulator are obtained analytically, possi-
bly up to an integral over the azimuthal angle, and depend on the collinear
and soft behavior of the observable. This soft behavior is described by a
power law, and therefore simply characterized by the exponent and coeffi-
cient. Extracting these parameters may require solving non-trivial algebraic
equations, and we develop a procedure to simplify this step. The full detail-
s/complications of the measurement only enter in the finite term, which can
be integrated numerically. We have implemented our approach in a MATHE-
MATICA package, Geometric One-loop Jet functions (GOJET), which accom-
panies the GOJET paper [1]. GOJET can handle a large class of infrared-safe
observables, including all the observables listed above.

Using GOJET we provide explicit examples of the method for the angu-
larities with respect to the Winner-Take-All axis, the cone and kp-clustering
jet algorithms and the jet shape. Furthermore we calculate for the first
time the one-loop jet function for angularities with respect to the thrust axis
including recoil. We cross check our result against existing results in the
literature for the specific case of jet broadening [138] and for the case of no
recoil [137,[160].

The remainder of the chapter is structured as follows: In section 2.2 we
discuss how we use geometric subtraction to calculate jet functions, including
a simple example. The GOJET package, which provides a MATHEMATICA
implementation, is discussed in section[2:3] In section2:4] we use our package
to calculate several one-loop jet functions, and we conclude in section

2.2 General Method

In section [2:2.1] we will discuss geometric subtraction and how we apply it to
calculate one-loop jet functions. Technical aspects related to the treatment of
Heaviside theta functions in our calculation and infrared safety are discussed
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in sections 2:2.2) and 2:2.3] respectively. We illustrate our method by calcu-
lating the jet function for the e™e™ angularity event shapes in section ,
with further examples in section -4}

2.2.1 Subtraction scheme

The jet function depends on the flavor i = ¢, g of the initiating parton and
the jet observable, and has a perturbative expansion in as

as\" _(n
me:§:(zﬁxﬁ£y (2.2.1)

n

At tree level the jet consists of a single quark or gluon, and in general ji(o) =1
in the appropriate units[] The one-loop contribution is given by the collinear
limit of two final-state partons

T [e%) 1
= [(a0 ["as [[2Qus.50) Mas.2.0),
0 0 0

gy Y (VY P iny
Qz( ) >¢) \/EF(% _ 6) <w> Zs+n(1 _ Z)6+7131+ea

1+ 22
1—2

P(2) = CF[ . z)],

241@}+a412 1—z

1-2
- + +2(1-2)

Py(z) =nsTr {1 — — .
(2.2.2)

Here s denotes the invariant mass of the two partons, and z and 1 — z the
momentum fractions of the partons. The squared matrix element is contained
in Q;(s, z,¢), with P;(2) the (sum of) splitting function(s). The calculation is
performed in d = 4 — 2¢ dimensions and the MS-renormalization scheme with
renormalization scale p is employed. For certain observables an additional
rapidity regulator n and corresponding rapidity scale v are required [161H166],
which is included in eq. for generality. This arises when the collinear
and soft functions have the same invariant mass scale p, with transverse
momentum measurements being the typical example. We will use , but
at one loop this is essentially equivalent to almost all other choices. For the
extension of eq. to a two-loop example, see ref. .

The measurement in a jet function can often be written as §[O— f (s, z, ¢)].
To avoid distributions, we require the user to rewrite the measurement as

1 An exception is the jet shape, discussed in section 2:4.3} which contains a theta func-
tion that sets it to zero if the recoil from soft radiation is too large.
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Ry

Ry

Figure 2.1: For an example of a generic observable the phase space can be
constrained to several representative regions (blue). The collinear singularity
C' (red line), soft singularities Sy and S; (purple lines), and soft-collinear
singularities (black dots) are indicated.

a Heaviside theta function by integrating, i.e. ©[O — f(s, 2, ¢)], where we
are now cumulative in O We therefore assume that the measurement
Mons(s, 2, ¢) is a Heaviside theta function, which cuts out a certain region
of the collinear phase space, as illustrated in figure (suppressing ¢ de-
pendence). An advantage of cumulative distributions is that they involve
logarithms rather than plus distributions:

¢ n
/dt [G(t)ln t} _ L e (2.2.3)
0 +

t n+l

In section a technical point related to rewriting measurement delta
functions in terms of theta functions will be discussed. There are also mea-
surements that are naturally theta functions. For example, the kp-family of
jet algorithms requires both particles to be clustered into a jet with radius
parameter R, My,.(s,2,¢) = O(s < z(1—2)p3R?), where pr is the transverse
momentum of the jet. In principle these phase-space constraints My,s can
depend on the azimuthal angle ¢ as well, but since there is no singularity
associated with the ¢ integration, we will only include ¢ when needed.

The jet function in eq. has divergences as s — 0 (collinear di-
vergence), and z — 0 and z — 1 (soft divergences), which occur at the
phase-space boundaries in figure 2.1 Infrared-safe observables must always
either include or exclude the entire collinear divergence (the red line in fig-
ure [2.1]), as will be discussed more in section m From the point of view of

2 Alternatively, one can consider a conjugate space, as was employed in automated

calculations of soft functions [155}[156].
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Chapter 2. One-loop Jet Functions by Geometric Subtraction

collinear subtraction, one can consider the jet function (as long as it contains
the collinear divergence) as a collinear counterterm. Different observables
can then be viewed as different schemes, differing in the extent that soft
and soft-collinear divergences are included in the observable. For instance,
region 1 of the generic observable illustrated in figure 2-I] only contains the
collinear and part of the soft-collinear singularities. By contrast, region 2
only contains part of the soft and none of the collinear divergence. Region
3 does not contain any soft or collinear divergent parts of phase space and
does therefore not have to be regulated. Another possibility would be to
consider an observable which corresponds to the complement of region 1,
which naively causes problems because it develops a logarithmic singularity
for s — oo. However, its one-loop jet function is given by minus the jet
function for region 1, because the integral over the full collinear phase space
results in a scaleless integral.

To define a general subtraction scheme for calculating jet functions for
infrared-safe observables, we follow the approach of geometric subtraction
[93]. We would like to define a finite part of the jet function as follows:

T e 1-A
Finite(.ji(i])gs) = {/ do ds/ dz Qisj(8, 2, @) Mons(s, 2, @)
' 0 Bp? A A

)
,B—0

(2.2.4)

where we introduced the dimensionless slicing parameters A and B, that
remove the soft and collinear divergence, and which we subsequently want to
take to zero. The central idea of geometric subtraction rests on the identity:

{/1011 @} _ {/ld;z; flz) = f(x)0(x < a)

X X a—0

_ / 1o 1) =108 <) 025)

x

where we exploited that a is small on the second line to replace f(z) by
f(0) in the second term. However, the expression on the second line is
now regulated for any 0 < a < 1, leading to a duality between slicing and
subtraction schemes. To obtain the full jet function from the above finite
part, counterterms need to be added to reinstate the part of the integral that
is removed by the cuts. The counterterms generated in this way are added
back in integrated form, regulated dimensionally and if needed also with a
rapidity regulator, and may give a finite contribution to the jet function.
While a subtlety arises in general when different limits do not commute,
here we do not face this problem as the collinear and soft singularities are
factorized. For the small A limit in eq. we can then straightforwardly
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2.2. General Method

apply eq. . However for the parameter B nothing is gained from this
procedure, because the jet function is already in the limit of small s and the
counterterm generated is the original integral itself.

To obtain a simpler counterterm in the s < B region, we can however
use a simpler observable, which we choose to be the jet mass, as a collinear
counterterm. (This was also used in the geometric subtraction scheme [93].)
Since the region of the s-z plane corresponding to the jet mass is box-shaped,
we will refer to this collinear counterterm as the boz. A subtlety now appears
due to the difference of soft and soft-collinear divergences included in the
box counterterm and the given observable Mg, which as discussed above
may not be the same. To deal with this problem we introduce separate soft
counterterms for both the box counterterm and the M, term in the region
s < Bp?, as discussed in detail below.

These considerations lead us to the following final decomposition of the
jet-function into finite and divergent parts:

1 _
‘Yi,obs - Gi,obs,l + Gi,obs,? + Gi,obs,S )

™ 1 o)
Gi,obs,l = / d¢/ dZ/ ds |:QiMobs - Qi,()]\/[obs,()@(z < A) - Qi,lMobs,le(l —z< A)
0 0 Bu?

+ /Owdqﬁ /0le /OBMQdS [Qi(Mobs —1) = Qi o(Mabsp — 1)O(2 < A)

—Qin(Mops1 —1)0(1 — 2 < A)} ,
™ 1 00
Gi,obs,Q = / d¢/ dz / ds |:Q@'70M0b5709(2 < A) + QiﬂlMobs,l@(l —z < A)i| R
0 0 0

Giobss = /Owdgi)/oldz /OBHZdS |:QZ —QipO(z < A) - Qi1O0(1 -z < A()Q} ; 5

where the arguments s, z, ¢ are suppressed and A, B are positive real numbers
with A < 1. The first term in G;ops1 corresponds to the finite part defined
in eq. , and the other terms correspond to integrated counterterms.
The box counterterm G; 3 leads to Mops — (Mops — 1) in the box region
s < Bp? in Giops1. It is straightforward to check that the sum of Gy, G
and G35 is equal to the original one-loop jet function.

The advantage of the above decomposition is that G5 is observable inde-
pendent, Go only depends on the soft limit of the observable (which can be
encoded by a few parameters at one-loop order, see eq. ) and G is
finite. In eq. 7 Qo and () denote the soft z — 0 and z — 1 limit of Q.
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Chapter 2. One-loop Jet Functions by Geometric Subtraction

Explicitly,
Qq,O(Su Z, ¢) = Qq(87 Z, ¢)‘z~>0 =0

B ~ (pPeE) vy 20p(sing) >
Qq-,l(svzv(b) - Qq(S,Z,Qs)‘Z_ﬂ - ﬁI‘(% _ 6) (;) (1 _ Z)1+7]+€81+E ’

2 V€ n C : —2e
Qute20) = 0 L () o eegree = Quals 1= 2.0)

(2.2.7)

Similarly, Mouso and Mgps1 denote the soft z — 0 and z — 1 limit of the
measurement M,,s. The soft limit can contain multiple boundary conditions
on the phase space, which we account for by writing Mopso and Mops1 as a
sum of Heaviside theta functions that constrain the integration over s as a
function of z. Moreover, they will follow a power-law behavior parametrized
by

Mops(s, 2, )| :50 = O(P) XT: obs = Z @( o )e(s - %) ’
(2.2.8)

M52 = O8) 35, = O T qrz)% s)@(s—(f_“j)l)

where the sum on r is over different regions (see figure , and the param-
eters ¢;, o; depend on the observable, and can depend on ¢ as wellﬂ We
also allow for a constraint ® on the azimuthal angle, as will be discussed in
section 2:2.3] Depending on the observable, each soft boundary condition
will therefore follow one out of three distinet behaviors shown in figure 2-1}
the upper boundary of R; corresponds to a < 0, the lower boundary of Ry
to a = 0, the upper boundary to @ > 0 and R3 does not extend into the soft
region. Finding ¢y and g can be nontrivial, and we will discuss a strategy
to do so for an involved example in section 242

We will now discuss the decomposition in eq. in more detail, using
the graphical representation in figure 2.2 for the kr algorithm. In order to
get a finite Gy in figure 2:2a], we subtracted the collinear singularity and the
soft singularities. The collinear singularity is removed by the box, replacing
Meps by Myps — 1 when s < Bp?, such that Mys(s = 0,2,¢) — 1 = 0. The
soft singularities get accounted for by subtracting the z — 0 and/or z — 1

3n general ¢y = ¢; and ag = a1, but we will show examples where this is no longer
true because the observable depends on the azimuthal angle, which differs by 7 between
the two partons.
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0.0 z S
0.0 0.2 0.4 0.6 0.8 1.0 0. N
80 0.2 0.4 0.6 0.8 1.0 %

(a) G1: Numerical contri-

bution (b) Ga: Soft counterterm (c) G3: Box counterterm

Figure 2.2: A graphical representation of our subtraction scheme in
eq. . We have only included the soft counterterms for z — 1 for
legibility. Shown are the restrictions on the measurement from the observ-
able M5 (blue line), the soft limit of the observable M1 (red line), the
box s < Bu? (green line) and the cut on z arising from A (pink line). Blue
plus (minus) areas correspond to positive (negative) contributions of the full
integrand @Q;, while red plus (minus) areas correspond to positive (negative)
contributions of ;1.

limits of the integrand. Indeed, one can see that in figure 2:2a] the blue
plusses and red minuses cancel as z — 1. The resulting integral G is now
finite. For general observables, G, in eq. may be hard to calculate
analytically, and one has to resort to numerical integration techniques. In
the examples in section section 2.4 we will use the CUBA implementation
of VEGAS to perform the integrations. Convergence problems in the
numerical integration may arise due to the mismatch of the observable and
its soft approximation, which generally can lead to integrable singularities.
If these problems are severe it can help to find an explicit remapping of the
counterterm, which decreases the mismatch between the observable and its
soft limit. We present a method for how this can be achieved with a worked
through example in app. [B]

Let us now discuss the integrated counterterms. Due to their simplicity,
the counterterms can be calculated analytically, which we discuss for a single
region r in the sum in eq. . Let us first focus on the soft countert-
erms, which are contained in Gy shown in figure 2:25 The soft limits of the
integrand Q; Mobs are given by Q; 0Mobso and Q;1Mops 1, see eqgs. and
(2.2.8). The constants ¢; and «; are user input in our code, see sectlon
For values a # 1, no rapidity regulator is needed and 7 can be set to 0,
leading to the following soft counterterm

2CF i

Gua="a" Jerr =g ) w0O@sme

(1—01) (1—-ay)
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Chapter 2. One-loop Jet Functions by Geometric Subtraction

_ CA ( +) ‘ 76(17(13’)
Gua =3t =g | dwe@smer | {1 s
()™ jetmag) . ()™ 4caary _ (@) 4 cioar
A €e(1 a(J)+ 1 A e(l—aj) _ 1 A e(l—ay) )
(I—aq) (1-af) (1—oy)

(2.2.9)

For a = 1 one needs a rapidity regulator and the corresponding expression
is given in app. [A] The box counterterm G3 in figure is given by

B (A=A -1 —¢ _ .
)ﬁr(%_d( 2I'[2 — 2€] 24 )’

Gq,3 = CF](¢+7 ¢ €

(2.2.10)
1pe ge
‘ (— (gcA(36—4)+26 nfTR)x

Gys=1(¢".075¢) NV L)
1€

(1 _ 6)F2[1 _ 6] —€
Bo2grz—2q 2044 )

The integral over ¢ has been carried out for O(®) = O(¢pt — ¢)O(¢ — ¢7)
leading to the function

b
I(a,b;e) = / de sin™* ¢ . (2.2.11)

The evaluation of this integral and its expansion to order €? is presented in
app. [C

The chosen subtraction bears fruit in the simplicity of the integrated
counterterms. The corresponding Laurent series in € can be expressed solely
in terms of the Riemann zeta function at integer values, given that only pure
Gamma functions appear. From an analytic point of view, the potentially
more complicated pieces are instead captured in the finite part, which de-
pends on the details of the observable and can be calculated numerically to
arbitrary high order in e. Notice that the soft counterterm G; 5 can give rise
to more complicated integrals if the coefficients ¢;° depend on the azimuthal
angle ¢. One may be able to carry out this integral analytically in certain
cases, but this can certainly not be done in general. This is not a problem,
because one can expand in ¢ and 7 before integrating over ¢.

2.2.2 Delta and theta functions

In our subtraction scheme we assume that the observables restrict the integra-
tion to certain regions of phase space via Heaviside theta functions. However,
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2.2. General Method

many observables O are naturally expressed in terms of Dirac delta functions,
requiring one to rewrite it using

d
O[O — f(s,2,0)] = :I:@G[:I:(O — f(s,z,9))], (2.2.12)

where f is a function of the kinematics of the collinear splitting, and possibly
external parameters. The sign &+ should be chosen such that the theta func-
tion does not vanish at tree-level, which ensures that the poles are included
in the one-loop jet function. For example, if O > 0 and at tree-level O = 0,
one needs to choose the plus sign in eq. [2:2.12).

In perturbative QCD one often works with the following convention for
the Dirac delta function,

g(0) = / dz g(z)o(z) for ¢ > 0. (2.2.13)
0
This differs from the definition given in standard math literature
g(0) = / dz g(z)o(z) forc>0>b, (2.2.14)
b

where the lower boundary b must be strictly less than zero. If the delta
function that encodes the measurement satisfies eq. (2-2.13)), this has impli-
cations for the definition of the Heaviside function on the right-hand side of
eq. (2.2.12)). In particular, one must demand then that ©(0) = 0. To see
this, consider a function g(z) with 0 <z < 1. From

90) = [ e g(@)6a) = [ de glo) L 00) = 0@~ [ do otw)

=9(1)6(1) = 9(0)8(0) — (9(1) — 9(0)) = g(0)(1 - ©(0)), (2.2.15)
we conclude that ©(0) = 0. While this is not of much concern when a theta
function is integrated over, there are situations where it must be taken into
account. As an example, the jet shape calculation involves a jet function
describing the energy fraction z inside a cone, see section 2.4.3 Switching
to a cumulant variable for z, we need to choose §(z —..) = —d/dz[—(z —..)],
because 0 < z < 1 and z = 1 at tree-level. If we now want to calculate the
average momentum fraction from the cumulant tree-level result

/1dzz6(z—1)——/1dzz(i9(1—z)
= —20(1 —z)|(1)+/1 dz0(1—2)=1-0(0)=1, (2.2.16)
0

we have to take #(0) = 0 to find agreement with the direct evaluation using
the delta function.
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Chapter 2. One-loop Jet Functions by Geometric Subtraction

)

Figure 2.3: IR unsafe observables that our code (a) can and (b) can’t handle.

2.2.3 Infrared safety and limitations on the observable

While so far our discussion was mostly based on the s-z plane, there are
observables which depend also on the azimuthal angle ¢. The integration
domain is then parametrized by coordinates (s, z, ¢) and IR safety requires
the full s = 0 plane to be included or excluded by the observable, i.e. the set
of points

{(s,2,0)[s=0,0<2<1,0<¢<7}. (2.2.17)

However, our method allows for a special class of IR-unsafe observables,
where only subdomains of the collinear plane with the azimuthal angle bounded
between constant values are included/excluded by the observable, i.e.

{(5,2,9)[s =0,0<2< 1,6~ <9< ¢t} (2.2.18)

with 0 < ¢~ < ¢t < 7. This is illustrated in figure An IR-unsafe
observable which is not of this form, and currently not supported by GOJET,
is illustrated in figureR.3b] Here ¢* vary as functions of z across the collinear
plane in such a way that not the full s = 0 plane is included in the integration
domain. For s > 0 the bounds on ¢ can depend on z. GOJET can also handle
IR-unsafe observables that include just z = 0 and/or z = 1 of the s = 0 plane,
which only require soft counterterms.

2.2.4 Example: Angularities with the Winner-Take-
All axis

We will now illustrate our scheme by considering the family of ete™ event
shapes called angularities [169]

_1 . \1-b poig1 27 b+1
ep = 0 ZEi(sm@-) (1 —1cosb;])” = ) ZE@ , (2.2.19)
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2.2. General Method

parametrized by lﬁ Here @ is the center-of-mass energy, and the sum runs
over all particles 7 in the final state with energy E; and angle 6; with respect
to some axis. The final expression is only valid in the small-angle limit,
which is appropriate for the jet function calculation, highlighting that e,
probes the angular distribution with exponent 1+ b > 0. While angles were
originally taken with respect to the thrust axis, we will here use the Winner-
Take-All axis [140]. For the one-loop jet function this axis is simply along
the most energetic particle in the jet, so the only non-zero contribution in
the sum on i in eq. comes from the least energetic particle, with 6;
the angle between the two partons in the jet. Noting that s = 2p; - po =
1

12(1—2)(1—cos0)Q* ~ {2(1—2)0%Q?, we obtain the following measurement

function for a cut on the angularity e, < ef,

My(s,2) = O=(1 - 2) Q? (672)2/ o ). (2.2.20)

min(z, 1 — 2]

For angularity exponent b < 1, the observable is unbounded from above,
similar to the top curve of region 2 in figure . In the notation of eq. 7
we see that the soft limit of the observable is characterized by ¢y = ¢; =
Q(e5)¥ "tV /1?2 and g = a; = 2/(1 +b) — 1. The one-loop contribution to
the jet function is obtained by plugging in these these constants in egs.
and to calculate Ga, performing the integration over s and z for Gy,
and adding these contributions to the box (5. Performing the integration
over s analytically and the integration over z numerically for b = 2, we obtain
using GOJET

.C 2 \/3 3
T = a.2 v (QQ(MC)Z/J (2 G- 1.909961286856877), (2.2.21)
’ T e € €

where we used p = Q(e5)"/? to calculate the constant contribution and re-
instated the logarithmic behaviour afterwards. Our result agrees with the
expression in refs. , up to order 10’11E| For b = 0 the rapidity
regulator is required. In that case we find

n 2 €

(l)zozsCF 2v I 2 3—410g2_1 1349734
Tier =5 ( o) \Fer (en + 2% 1.8693096781349734),
(2.2.22)

in agreement with ref. [140].

4Our b is related to the parameter a in ref. |\ by b=1-—a.
SRefs. , both use 8 = 1+ b instead of b, and ref. [140] also removes the 27°
from the definition in eq. (2.2.19) and takes @ to be the jet energy.
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2.3 GOJet Program

The GOJET MATHEMATICA-package automatically performs the subtrac-
tion, given the observable and its soft limit (see eq. ) as input. One
can either let MATHEMATICA perform the numerical integration or choose
to export the integrand. The latter feature may be useful if NIntegrate
either has difficulty converging or is not fast enough. In such cases it can
be advantageous to use algorithms such as VEGAS, that are faster due to
their implementation in C++ or Fortran. A general overview of the various
functions included in the package is given in section 2.3.1 A detailed de-
scription of their input is given in section 2.3.2], with a worked-out example
in section 2233

2.3.1 Functions

There are a total of 12 different functions, listed in section 2.3.2] which the
user can access. As indicated by their names half of these are for calculating
gluon jet functions while the other half are for calculating quark jet functions.
Restricting to the former, PolesGluon returns the pole terms in € and 7 for
the gluon jet function and GluonJet returns the integrand of the finite terms,
by which we here refer to the ¢®n°-term. In addition, GluonJetN performs
the numerical integration over the cube 0 < s,z,¢ < 1 of this integrand.
This integration domain is the result of mapping s — s/(1 —s) and ¢ — 7o,
which also stabilizes the integration over s. Note that GluonJet also contains
the €"n%pieces of the counterterms Gy and G, which are already integrated
over analytically. For the convenience of the user these pieces are simply
added in integrated form since they are not altered by the trivial numerical
integration over the unit cube.

Let us now discuss the arguments of the functions in general terms. The
first arguments encode the measurement 0 and its soft limit Oy and 0; cor-
responding to the limits z — 0 and z — 1, respectively. The observable
should generally be IR safe, with some exceptions discussed in section [2.2.3]
Furthermore, we require certain restrictions on the form of the soft limits.
Specifically, it is not possible to restrict the ¢-integration boundaries via 0y
and 01, whose format is fixed. It is however possible to apply s, z-independent
constraints on the boundaries of the ¢-integration through the separate ar-
gument ®, which are the same for the finite part as well as the counterterms.

The next set of arguments specify the regularization and IR scheme: the
need of a rapidity regulator or collinear regulator is controlled by the switches
rr and box, respectively. The explicit cut for the soft limits and box is
specified by A and B (see eq. ) The independence of the final result on
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these parameters provides a useful cross-check for the calculation. A specific
choice of these parameters can also be used to improve the convergence of the
numerical integration. For the gluon jet function, the number of quark flavors
is specified through the argument nf. The number of colors has been fixed
to three, but the full dependence on the Casimirs can be easily reconstructed
from the answer. The final set of arguments enables the user to specify the
integration method or output format for the integrand.

Finally, we also allow for more complicated observables, where the phase-
space restriction due to the measurement breaks up into more than one re-
gion. The corresponding functions have “Regions” appended to their name,
and contain additional arguments specifying possible dependence on external
parameters in the regions.

2.3.2 Input format

Here we specify the syntax of each of the functions:

GluonlJet [0, 0y, 0, ®, rr, box, A, B, s, z, ¢, nf, format, file]
GluonJetRegions([R, O, Ry, Op, Ry, 01, @, rr, box, A, B, s, z, ¢, nf,
format, file]

GluonJetN[0, 0y, 0y, ®, rr, box, A, B, s, z, ¢, nf, method]

GluonJetRegionsN[R, O, Ry, Oy, Ry, 0y, &, rr, box, A, B, s, z, ¢, nf,
method]

PolesGluon[Qy, 0;, ®, rr, box, A, B, ¢, nf]

PolesGluonRegions [0y, 0;, ¢, rr, box, A, B, ¢, nf]

QuarkJet [0, Oy, 0y, ®, rr, box, A, B, s, z, ¢, format, filel

QuarkJetRegions[R, O, Ry, Og, Ry, 01, ®, rr, box, A, B, s, z, ¢, format,
file]

QuarkJetN[0, Oy, 0y, ¢, rr, box, A, B, s, z, ¢, method]
QuarkJetRegionsN[R, O, Ry, Op, Ry, 01, @, rr, box, A, B, s, z, ¢, method]
PolesQuark[Qy, 0;, ®, rr, box, A, B, ¢]

PolesQuarkRegions[Qg, 0y, ®, rr, box, A, B, ¢]

The variables used to describe the input are:

e 0: The list of argument(s) of the Heaviside theta function encoding the
bounds imposed by the measurement. More specifically, 0 contains the
arguments of the Heaviside theta functions Mg in eq. (2.2.2). For
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the case of a single region, the elements of the list correspond to the
arguments of Heaviside theta functions, whose product constrain the
region. In the case of multiple regions, 0 is a list of lists. The entries
of the outer list correspond to the different regions, each entry is again
a list of constraints containing the arguments of the Heaviside theta
functions M, constraining the particular region. This allows the user
to implement arbitrary sums of products of Heaviside theta functions.

Ry (Ro): List of lists which contain arguments of Heaviside theta func-
tions which depend only on external parameters for each region in the
limit 2 — 1 (¢ — 0). The length of this list is therefore equal to the
number of soft regions that emerge in the soft limit. Regions that do
not depend on external parameters need {1} as input in their respec-
tive position in the list. The number of soft regions can be less than
the number of regions, but should match with the lists for 0y and 0y
below. In particular, regions may merge or disappear in the soft limit.
R; (Rp) can also be used in cases with just one region where there is
dependence on external parameters in the soft limits.

0, (00): List {{c7, a7}, {cf,ai}} describing the lower and upper bound-
ary of the region in the limit where z — 1 (and similarly for z — 0),
see eq. . If there is no lower boundary, ¢ is just 0. When con-
sidering multiple regions, 07 (Qp) is a list of lists where each region has
an upper and a lower boundary of the aforementioned format.

®: List of arguments of the Heaviside theta functions that impose
constraints on the azimuthal angle ¢, i.e., the input {¢™ — ¢, — ¢~}
will constrain ¢~ < ¢ < ¢t. In the case of multiple regions that
contain collinear and/or soft divergences we require the range on ¢ to
be the same for all regions. (Arbitrary constraints on ¢ can of course
be encoded in 0; but these are not allowed to survive singular limits;
that is the they should match the boundaries imposed by @ in these
limits; see section for more details.)

rr: Boolean variable specifying whether a rapidity regulator should be
included, which we implemented as

21— 2)2)) " (2.3.1)

This corresponds to the more conventional factor (v/((1— z)z w))",
for the scale choice v = %w. The user can always reconstruct the full
dependence on the scale v a posteriori, given the knowledge of the 1/n

pole.
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e box: Boolean controlling whether a box is needed to handle the collinear
divergence. It should be included when the region of phase space in-
cludes s = 0 and not otherwise (in line with the restrictions outlined

in section [2.2.3)).

e A: Real number specifying the region where the soft counterterms are
subtracted. Explicitly, the z — 0 (2 — 1) counterterms are subtracted
in the phase-space region where z < A (1 — z < A), and therefore
0<A<I

e B: Postive real number specifying the size of the box.

e s: Variable used to describe the invariant mass of the parton that
initiates the jet. In the code we have made this variable dimensionless

by rescaling with the renormalisation scale 12, ie., s = M%

e z: Variable encoding the momentum fraction z of one of the partons
in the collinear splitting.

e ¢: Variable corresponding to the azimuthal angle of the collinear split-
ting.

e nf: Variable specifying the number of (massless) quark flavors. This
variable does not need to be set to an integer, but can be left in symbolic
form.

e format: String specifying the output form of this function. One can
choose between “Mathematica”, “Fortran” and “C”. Note that when
performing the numerical integration in Fortran or C, the user needs
to provide a function HeavisideTheta that satisfies ©(0) = 0, as de-
scribed in section2:2.2} In addition, for exporting to C, one needs to in-
clude the MATHEMATICA header file mdefs.h provided by MATHEMAT-
1CA in the directoryf|$InstallationDirectory/SystemFiles/IncludeFiles/C.

e file: String with the filename to which the integrand will be exported.
For an empty string the integrand will be printed to the screen.

e method: This string can specify which method NIntegrate uses in
MATHEMATICA, and we refer the reader to the MATHEMATICA docu-
mentation for the available options. For an empty string the default
method of NIntegrate will be used.

SThe installation directory can be determined by running $InstallationDirectory
in MATHEMATICA.
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2.3.3 Example: kp clustering algorithms

To illustrate the use of our code we now calculate the jet function for the
family of kr clustering algorithms. At one-loop order, where there are at
most two particles in the final state, they are clustered into a single jet if the
angle between them is less than the jet radius parameter R, which for the
case of an ete™ collider corresponds to a single rcgionﬂ

s < z(1—2)E*R?, (2.3.2)

where FE is the jet energy. The z — 0 and z — 1 limits of eq. (2.3.2)) are
described by

z—0: s=zE°R? —  of = EB*R*iP of = —1,
z—=1: s=(1-2)E’R* — ¢ =FE*R*/)i® af =—1. (2.3.3)

These are no lower constraints, i.e. ¢; = 0. Calculating this observable
requires a box since the s = 0 line is inside the domain of integration. Since
«; # 1, a rapidity regulator is not needed. The constraint in eq. due
to the measurement does not depend on ¢, and so we take ® = {}.

We now calculate the quark jet function. As eq. is a relatively
simple expression, for which the jet function can be easily calculated analyt-
ically, we will use MATHEMATICA to perform the numerical integration over
the subtracted integral by using QuarkJetN with the the ‘LocalAdaptive’ in-
tegration method. In the following we set © = E'R for simplicity. Note how
this, since the variable s corresponds to u%’ cancels the factor E?R? in the
obsevable.

wp= O = z(1 — z) — s

0o = {{0,0},{1,-1}};

0; = {{0,0},{1,-1}};

method =“LocalAdaptive”;

box = True;

rr = False;

A=0.6;

B=20;
nei= QuarkJetN[O, Og, O1, {},rr, box, A, B, s, z, phi, method]
oupl= —1.2029367022

nar= PolesQuark[Og, O1, {}, rr, box, A, B, phi]

"The corresponding result for pp collisions can be obtained by simply replacing the jet
energy E by the jet transverse momentum pr, and R then corresponds to a distance in
(n, ¢) instead of an angle.
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2
Out[3]= ? + E
From this answer it is straight forward to reconstruct that the full color-

dependence of the regulated one-loop quark jet function is given by:
& 1 3
J;" =Cr| - + 5= —0.9022033008 |. (2.3.4)
€ 2e

The poles match exactly with the result by [144] and the finite term agrees
up to order 107%. Similar agreement is found for the gluon jet function:

1 11 2
= 0422426 + — + — | —nyTr | — +2. : 2.3.
J, Ca <00 6+62+66 nylg 36+ 55555 (2.3.5)
The accompanying MATHEMATICA notebook contains several hands-on ex-
amples to further illustrate the use of the different functions.

2.4 Applications

To validate the method and corresponding code, the jet functions for several
known examples have been checked. Some of these were used throughout
the chapter to explain our approach, namely the kp family of clustering
algorithms (section , and angularities with respect to the WTA axis
(section . In addition, we provide results in section for the cone
algorithm and in section 2.4.3] for the jet shape. The latter is more chal-
lenging due to its azimuthal-angular dependence, which arises because the
jet axis is along the total jet momentum and thus sensitive to recoil of soft
radiation. In section 2.4:2] we present, for the first time, the one-loop jet
functions for angularities with respect to the thrust axis, taking into account
recoil. Although for b > 0 this recoil is formally power-suppressed, it can be
numerically large [160].

2.4.1 Cone jet

At one-loop order, the condition that both partons are within a cone jet in
an ete™ collisions is that their angle with the jet axis is less than R (for
pPP). Since the jet axis is along the total jet momentum, one simply needs
to consider the angle with the parton that initiates the jet, leading to the
following condition

SSEQRQmin{liz,lz } (2.4.1)
z —Zz
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Sll
3]

Figure 2.4: The setup of our calculation. The recoil is quantified by 6.

As we focus on the finite term in the jet function, we fix g = ER finding

1 3
Cone __
Joome = CF(1.46711 + 5+ —26)7
Jeene = ¢ (2 23477 + = + —H) T (—2 +2 20197) (2.4.2)
= . —n . , A
g A € 6e TR 3¢ ’

which agrees up to order 107¢ with ref. [144].

2.4.2 Angularities with recoil

In this section we determine, for the first time, the one-loop angularity jet
function that includes the recoil of the thrust axis due soft radiation. While
this recoil is power-suppressed for b > 0, ref. [160] noted that it has a numer-
ically large effect and presented a factorization framework to include it. The
one-loop jet function we calculate here will start to contribute at NLL' accu-
racy. This should be contrasted with the calculation in section 2.2.4] where
we considered the angularity with respect to the WTA axis. To clearly dis-
tinguish these two cases in the notation, we will use 7, instead of e;, where
n refers to the thrust axis.

The setup underpinning our calculation is illustrated in figure 2.4} Here
0 is the angle between the thrust axis 7 and the direction 7’ of the initial
collinear parton due to the recoil from soft radiation, which is treated as an
external parameter in our calculation. The momenta of the two massless
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partons in the jet are denoted by p; and p3, where we use (un)primed coor-
dinates to denote light-cone components with respect to the 7’ (1) direction.
Explicitly,

o (1—2z)s ™ _n/t e
Pt :ZQ7+T7+I’,{1 =p 7+P/1+7 +p1L,
p_ o ntoo ot +_ 0.3
R R S RS I U S U (2.4.3)

and similarly for p,. Here we chose n* = (1,0,0,1) and #* = (1,0,0,—1),
z is the momentum fraction of the parton, s the invariant mass of the jet,
and () the center-of-mass energy of the eTe™ collision. The expression in the
recoiled frame follows from the definition of z and s through pj~ = 2Q and
s = (py +ph)? as well as p, = —pJ, and the on-shell condition p2 = pZ = 0.
Note that [p}, [ = 2(1 — 2)s.

The rotation between the two frames is described by

cost) 0 —sinf
p=0 1 0 |p, (2.4.4)
sinf 0 cosé

implying |py |> = [P/ |> + 0*(p?)? — 20 cos ¢'|p/, ||p}] in the small § approxima-
tion, where ¢’ is the azimuthal angle around the 7" axis. The large momentum
components are the same in both frames, p; = p,”. The expression for the
angularity 7, becomes

1, pr)%_l <|pu|1+">
T"_in:lpd(pi _QZ: (i) (245)

) W - (42(1 — 2)s+ (0Q)*2* — 40 Qos ¢’ z3/(1 — 2)s ) 5

1+b
1 2T

+ gy (127 (420 = 2)s + 000 = 2P +40Q cos (1= )35 ) 7

where b > —1. Using the delta function trick (see section [2.2.2)), we switch
to a cumulative measurement, writing the observable as

Mobs = 9[7—5 - Tn} . (246)
Unfortunately is it not possible to invert eq. (2.4.6)) to obtain an analytic

solution for s and subsequently extract the soft limit 2 — 0. We can, how-
ever, use the power-law ansatz in eq. (2.2.8)) to find the soft behavior of the
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observable. Since the equation is symmetric in z — 1 — z, we focus on finding
the soft behavior in the z — 0 limit. Using

a0 = col6)20u2, (24.7)

in eq. (2.4.5) and taking the z — 0 soft limit, we find

2Q\ 1+b 0Q\2 0 —ag \ 2~

A (1 () (1) cni )
1 I

w
i <4 o 210 4+ (%)2 + 4\/67)(%) cos ¢'(2) =N )2.
(2.4.8)

There is a single solution for s in either of the soft limits and therefore this
observable only has an upper boundary over the full range of b, i.e. ¢ = 0.
The leading terms in eq. are used to solve for o and cf, and differ
for =1 <b<0,b=0and b > 0. We will analyze the last case in some detail
and only provide the solutions for the others.

Assuming b > 0, the leading behavior in the z — 0 limit of eq. is

1+b
T;(@)” o mao0n/2 | (“3) 7 (2.4.9)
I 2p

and from this we infer

2(-c\2/(1+b) s
o = %(1 kY af = — (2.4.10)

where

k=10 (r6)~1/0+0) (2.4.11)

1
2 n

Similarly, for b = 0 we obtain

QQ(Tc)Q/UH:) 1— k2
A n T=1. 2.4.12
“ 12 (24 2k cos ¢)?’ %o ( )

For —1 < b < 0 the solution is a bit more difficult and reads

QZ(TTC')Z/(1+I>)
u?

o4

1+ k? cos2¢ — 2k|cos |/ 1 — kQSinng)} ,

(2.4.13)

o
S+
Il
—_
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WMNHHHH
IR R ”U“i“{ |
(a) b (b)k

Figure 2.5: The offset between our results for (a) different values of b with
6 = 0 and (b) different values of the recoil parameter k with b = 0 and the
known results from the literature is shown.

In order to use GOJET, we rescale s and choose an energy scale u. To be
able to smoothly turn off the recoil, we choose p in terms of the angularity,
= Q(15)Y+Y  The only independent variable left is then given by k in
eq. (2.4.11)). To be complete we also give the resulting observable input for

GOJET:

14b
0=1-2" (z(l — 2)s+ k%22 — 2k cos ¢ z2/(1 — z)s) ’
, 14b
—(1=2)" (z(l —2)s+k* (1 —2)* + 2k cos ¢/ (1 — z)%\/g) ’
(2.4.14)

The jet function for § = 0 (without recoil) was calculated analytically
in refs. [137,[160] and we obtain the same results as can be seen in fig-
ure The error bars indicate the uncertainty from our numerical in-
tegration. Ref. includes a zero-bin subtraction to avoid double
counting with the soft function in their factorization, which we do not in-
clude. The zero-bin subtraction depends on the details of the factorization
theorem (indeed it vanishes in ref. [137]), so we do not offer this as a stan-
dard functionality of GOJET. The numerical integration for small values
of b is particularly challenging (as can be seen for b = é), because the sub-
leading terms with respect to the leading soft behavior of the observable in
eq. (2.4.10) are particularly large in this case. A more detailed discussion
of this issue and a method to cope with it is presented in app. In fig-
ure we reproduce the known results for b = 0 (broadening) and general
recoil [165]. Our new results for general b including the effect of recoil, are

shown in figure 2.6l The error bars are not shown in this plot as they are
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200

0.2 0.4 0.6 0.8

Figure 2.6: The results for the finite part of qu for different values of b as a
function of k.

negligibly small.

2.4.3 Jet shape

As another nontrivial example, we calculate the jet function for the classic
jet shape observable, reproducing the one-loop result of ref. . The jet
shape describes the average energy fraction z, inside a cone of angular size r
around the jet axis. As in section 2:4.2] recoil from soft radiation displaces
the jet axis from the initial parton by an angle 6. This breaks the azimuthal
symmetry, requiring one to integrate over ¢. We have checked that our poles
match exactly with the poles in for all values of # and r. The difference
between the finite term is always below 0.5%. This has been illustrated in
figure[2.74] for gluon jets and figure 2.70] for quark jets. We note that run time
is not an issue, as less precision is needed in phenomenological results and
the distribution can be interpolated. Our calculation represents the second
independent calculation of this observable and thereby delivers a useful cross

check of the results of ref. [149].

2.5 Conclusions

In this chapter we developed an automated approach for calculating one-loop
jet functions, and provide an implementation in the accompanying MATHE-
MATICA package called GOJET. We use geometric subtraction to isolate
the soft and collinear singularities. The collinear counterterm does not de-
pend on the details of the observable, except that certain observables do not
require it. We find that the soft counterterm depends on the behavior of the
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Figure 2.7: The offset between our finite result of the (a) gluon and (b) quark
jet function and || for several values of g

% offset
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observable in the soft limits, which can be described by a power law. While
the user must provide GOJET with this power law as input, we present a
strategy to extract this in a highly nontrivial example. We employed cumu-
lative distributions, such that observables correspond to integrating over cer-
tain regions of phase space, and thereby avoiding plus distributions. We have
demonstrated our approach by reproducing the known one-loop jet function
for a range of observables, and calculating, for the first time, the jet function
for angularities including recoil. For broadening (b = 0 in our conventions)
the effect of recoil must be kept [138], while for b > 0 it is formally power
suppressed but can be numerically large [160]. For b close to 0, we encoun-
tered numerical convergence issues, due to an integrable divergence. We
addressed this problem by substantially improving the counterterm through
a remapping.

Our approach focusses on IR-safe observables, and we did not address
the TR-unsafe case. Jet functions containing IR divergences are sensitive to
nonperturbative physics, and our purely partonic calculation must be sup-
plemented by a (universal) nonperturbative function that subtracts these
divergences. A prime example is initial-state jets, which are described by
beam functions [171]. Beam functions contain infrared divergences, which
are removed by matching onto parton distribution functions, leaving finite
matching coefficients.

The automated approach and code presented here provides a very useful
tool, calculating jet functions at one-loop order. Very few two-loop jet func-
tions are known, and an automated approach would allow many resummation
calculations to be extended to NNLL/ or N®LL accuracy. At this order the
singular limits become more complicated, the order of subtractions matter,
and the parametrization of the observable in these limits will no longer be a
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simple power law, complicating the counterterms.
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Chapter 3

Four-loop large-n¢
contributions to the non-singlet
structure functions Fo and Fy,

In section [I.2) we described the process of inclusive Deep Inelastic Scattering
(DIS) in which a hadron scatters against a lepton by exchanging a vector
boson to produce a new lepton-hadron final state. The total cross section
can be factorized into a leptonic tensor and a hadronic tensor. Corrections to
the hadronic tensor involve higher powers of the strong coupling constant ay
and are dominant in comparison to the electro-weak corrections required for
the leptonic tensor. The hadronic tensor can be written in terms of structure
functions, which include both perturbative contributions from small-scale
dynamics and non-perturbative contributions from large-scale dynamics. We
will focus on the coefficient functions at N*LO which perturbatively describe
the partonic interactions in the hadronic tensor. As a byproduct we will also
obtain the N?LO splitting functions, the same functions which we already
have encountered (at LO) in the previous chapter, cf. eq. , to describe
the jet functions. Moreover, the splitting functions are required to evolve the
non-perturbative parton distribution functions (PDFs) with respect to the
energy scale. These PDFs and splitting functions are universal objects and
essential to the factorization of other processes in QCD. In fact, the PDFs
also require the coefficient functions to evaluate experimental data for DIS.
We will obtain the first ever analytic 4-loop results for DIS at order n? in
both Mellin-moments space and Bjorken-x space by using an algorithm based
on the optical theorem, the integration-by-parts technique and the method
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of differential equationsﬂ. This chapter is based on .

3.1 Introduction

Inclusive deep-inelastic lepton-nucleon scattering (DIS) via the exchange of
an electro-weak gauge boson is an experimental and theoretical benchmark

process of perturbative QCD.
Data on its main structure functions provide a rather direct determination

of (linear combinations of) the quark momentum distributions of the nucleon.
The structure function Fy(z, Q?), in particular, has been determined in the
past decades over a wide range of the scale Q% (= —¢?, where ¢ is the
momentum of the exchanged boson) and the Bjorken variable z (= Q2/(2p-
q), where p is the momentum of the nucleon) in fixed-target experiments and
at the electron-proton collider HERA, see ref. and references therein.
Further measurements of inclusive DIS are planned for future facilities, in

articular the Electron Ion Collider (EIC) at Brookhaven National Lab [172,
3] and the Large Hadron Electron Collider (LHeC) [174,[175].

Pre(nse determinations of the quark momentum distributions ¢;(¢,Q?)
(with £ = x at the leading-order of perturbative QCD) as well as, less di-
rectly, of the gluon distribution g(¢,Q?) and the strong coupling a, from
structure-function data require higher-order calculations of the corresponding
coefficient functions (partonic structure functions). These coefficient func-
tions are of relevance also beyond the cross sections for inclusive DIS, see,
e.g., refs. [L76L[177] on Higgs production in vector-boson fusion and ref.

on jet production in DIS.
For the quantities under consideration in this chapter, the flavour non-

singlet contributions to F» and the longitudinal structure function Fp, the
second-order corrections have been calculated and verified long ago [39][111]
,. The corresponding three-loop expressions were obtained in ref.
and recently re-calculated in ref. [I81]. At the fourth order, only the lowest
five Mellin-N moments have been computed so far , using the
FORCER program , in addition to the leading terms in the limit of a

large number of ﬂavours ny q1!h
In the present chapter, we e next step towards the determlnatlon

of the fourth-order non-singlet coefficient functions 02( () and c t,( ) and
compute their doubly fermionic nf contributions. These results are obtained
by a new method which allows the determination of their moments up to

very high (even) values of N, beyond N = 1000, from which the analytic

IThe integration-by-parts technique is explained in section In app. EI provide a
one-loop example of the recursive algorithm.
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dependence on N, and hence on z, can be re-constructed in terms of harmonic
sums [187] and harmonic polylogarithms (HPLs) [I88], respectively. As a by-
product, we have checked the nf—contributions to the four-loop non-singlet
splitting function P& (2) of ref. [14].

The remainder of this chapter is organized as follows: In section [3.2] we
briefly recall the theoretical framework for the coefficient functions in inclu-
sive DIS and their determination to the fourth order in ay. In section B.3]
we describe our method of the calculation based on iteratively solving a sys-
tem of recurrence relations which is derived via the method of differential
equations [62,/64,/67,[68]. The analytic results for the coefficient functions in
N-space are presented in section [3.4] which also includes a resulting partial
prediction for the five-loop non-singlet splitting function Pn(s4)(N ). The cor-
responding z-space coefficient functions and their threshold and high-energy
limits are written down and discussed in section We summarize our
method and results and give a brief outlook in section [3.6

3.2 Theoretical framework and notations
The subject of our computations is unpolarized inclusive lepton-nucleon DIS
lepton(k) + nucleon(p) — lepton(k’) + X (3.2.1)

at the lowest order of QED (i.e., via the exchange of one photon with mo-
mentum ¢ = k — k’). X stands for all hadronic states allowed by quantum
number conservation. The double-differential cross section in Q% = —¢?
and £ = Q?%/(2p - q) for this process can be expressed as the product of a
calculable and well-known leptonic tensor and the hadronic tensor

e 1
Wpl/(p7 q) = < ;2 _guu> Fl(x'/QQ)_ (qu'i'zxpu) (qu+21'pu) WFQ(‘/I;:QQ) .

(3.2.2)

Neglecting contributions that are suppressed at large scales by powers of
1/Q?, the structure functions F, = 1/x Fy and Jg, = 1/x (Fy — 22F}) can be
expressed in terms of the universal but perturbatively incalculable quark and
gluon parton distribution functions (PDFs), ¢,(£,Q?%) and g(&,Q?), and the
perturbative coefficient functions C, (7, @?). In the present chapter, we are
specifically interested in non-singlet (combinations of) structure functions
Fions, such as FProton — proeutron “which decouple from the gluon distribution,

Viz

-Fa,ns(x7Q2) = I:Cmns ®qns] (1:7(22) (323)
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where ® abbreviates the Mellin convolution. The non-singlet combinations
qns Of quark distributions are normalized such that the expansion of the
coefficient functions in powers of a; = a(Q?2)/(47) is given by

Cons(2,Q%) = (1=6,)6(1—2) + Y _al'c(x) . (3.2.4)
n=1

Here and below we identify the MS renormalization and mass-factorization
scales p? and p?, at which the strong coupling and the PDFs are evaluated,
with Q2. The dependence on p? and p? can be readily reconstructed a
posteriori, see, e.g., eqs. (2.17) and (2.18) of ref. [189].

In terms of the general framework, our determination of the coefficient
functions uses the method set out (and applied to the lowest moments at
the third order) in refs. ,, see also refs. ,,: The cross sec-
tion for inclusive DIS for quark external states, projected onto the structure
functions F,, is related by the optical theorem to the imaginary parts of the
corresponding amplitudes for photon-quark forward scattering. Via a disper-
sion relation the coefficients of [(2p-q)/Q?YN = 1/z" lead to the even-integer
(see also ref. [191]) Mellin-N moments

~ 1 ~
Fom(N.Q%) = / do eV Fyne(,Q7) | (3.2.5)
0

of the bare partonic structure functions. These are computed from Feynman
diagrams in dimensional regularization with D = 4 — 2¢ dimensions.
After the MS renormalization of the coupling constant to the fourth order,

bare __ BO 602 /61 2 ﬁg 751ﬁ0 52 3
CLS = (ls< Eas+<8228)as — <53 652 +3€>ab+>
(3.2.6)

with 8y = 11—2/3n; etc. in QCD [102][103], the left-hand-side of eq. (3.2.5)

can be written as

Fans(N,Q%) = Cans(N,a;) Zys(N, ) . (3.2.7)

The D-dimensional coefficient function (Zws includes additional terms with
positive powers of ¢ on top of the Mellin transform of eq. (3.2.4), i.e.,

Came(N) = clL(N) + eally

a,ns ,ns

(N) + £2p M)

a,ns

(N) + e3dm

a,ns

(N) + ... . (3.2.8)

The quantity Z,s which renormalizes the non-singlet quark distributions is
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given by
1 1 1
Zns =1 + as — ’71(15> + a 2 {(’\/ns ﬁO) ,VHS } 2 ’YY(ls):|

. 1
+ %3 623 {(’Yr(l(s)) - 250) (’Yr(lg) - ﬁo) %(12)}

+

1
gz {0119 = 280) 2 =280} + o)

1
+ CLS4 ﬁ {(71(12) 3ﬁ0) (’Yns - 2ﬁ ) (fYns ) ’yns>}

12 s (B2~ 78) 72 +35) 7 —2 (292 — 350) ﬁwﬁ?}

{2 (472 —360) 72 +3 (32 = 261) 7 — 6810} + -

42

to the fourth order. Here *yr(g)(N ) — the arguments N have been suppressed
in eq. (3.2.9) for brevity — are the N"LO non-singlet anomalous dimensions
related by

1
HWIUN) = - / dz 2N P () (3.2.10)
0

to the expansion coefficients of the MS-scheme splitting function for the
evolution of flavour differences of the sums (hence ‘+’) of quark and antiquark
PDFs,

(w,a5) = > a' P (x) (3.2.11)

n=0

Inserting the expansions (3.2.4), (3.2.8) and (3.2.9) into eq. (3.2.7]), the

anomalous dimension and (D-dimensional) coefficient functions can be ex-
tracted order by order from the results of the dlagram calculations. In order
to obtain the fourth-order coefficient functlom 8 s, the lower-order calcu-
lations need to include terms up to €*~" at order a,(n). In particular, the
determination of the n? contributions to céfﬂs requires the n, parts of a,(,?r)ls
which were beyond the scope of ref. [43] — at the time only the integrals
required for one simpler Lorentz projection of W, were extended to this

accuracy for ref. [192].

3.3 Method and computations

In terms of the diagram sets and the treatment to the point at which the
Feynman integrals are evaluated, our computation is closely related to that
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of third-order fermionic (n; and nf2) contributions in ref. and the non-
singlet part of ref. [14]. Our evaluation of the Feynman integrals is entirely
different, though, from both. In ref. the analytic IN-dependence was
determined by setting up and solving, in a far from fully automated manner,
complicated systems of difference equations. In ref. the even moments
were computed to N =22 for the CrC, nf2 terms and to N =42 for the C'2 nf
terms using FORCER . From these it was possible, just, to reconstruct
the analytic N-dependence of the four-loop anomalous dimensions using all
available physics constraints and systems of Diophantine equations.

Below we give details on the methods used in the present computation.
We believe that some of the techniques we have used here have been em-
ployed for the first time in a multi-loop calculation, and that these should be
useful not only for tackling DIS at four loops but also for other multi-loop
calculations. Using these techniques we have been able to generate a very
large number of Mellin moments, up to N = 1500, by evaluating the series
expansion of the forward scattering amplitude around 1/x = w = 0, recall
the discussion above eq. . With that many moments, it is possible to
reconstruct the analytic N-dependence of the fourth-order coefficient func-
tions by a direct (and over-constrained) Gaussian elimination for a sufficiently
general ansatz in terms of harmonic sums.

Our basic setup relies on QGRAF and FOrRM ,,, employing
the program MINOS as a diagram database tool. Many of the FORM
libraries we use have been employed in a substantial number of earlier calcu-
lations, e.g., in refs. ,,,, and have been highly optimized for
multi-loop perturbative QCD calculations. In particular, as in refs. ,,
the database combines diagrams whose underlying graph topology is equiv-
alent and whose colour factors are the same. Such sets of diagrams lead to
faster evaluation times as they allow to realize algebraic cancellations be-
tween the individual diagrams.

As the n; contributions at three loops, the present an contributions at four
loops are special since they do not yet involve the more difficult topologies
in their respective orders. In fact, the most difficult four-loop cases derive
from the hardest three-loop diagrams shown in fig. B-I] by simply inserting
an additional quark loop into one of the gluon propagators, i.e., no ‘genuine’
(non-insertion) four-loop self-energy topologies are required [46].

The best route to determine the all-N expressions for the nf2 four-loop
contributions is via the large-n. limits and the C’lgnf2 terms. The former
do not involve alternating harmonic sums, as even and odd N-values must
lead to the same z-space function. For the latter one expects a somewhat
simpler form than for the C’FC’Anf2 terms, since only two-loop diagrams with
two one-loop or one two-loop self-energy insertion(s) contribute. In practice,
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AL

e x

Figure 3.1: The hardest diagrams contributing to the n; contributions to the
third-order coefficient functions for Fyns and Fp . In the notation of MINCER
[50,/54], the two on the left are of the BE topology and the two on the right are
04 cases. All four diagrams have the colour factor Cp Cy .

the non-{ part of céi)s was the most difficult case, which we solved in FORM
using an ansatz with a little less than 600 even-NV coefficients. All other cases
required fewer than 400 coefficients.

3.3.1 Topologies for the non-singlet an structure func-
tions

As discussed at the end of section [B.2], we also need the lower-order corrections
to a sufficient power in €; in particular we have to compute the ! terms for
the n; parts at three loops.

The diagrams contributing to the final result are organized into topolo-
gies, and described in terms of a linear independent set of propagators and
scalar products ready to be reduced to a smaller set of master integrals [59].
In order to obtain a more efficient reduction, especially at four loops, we
build our topologies by keeping the number of propagators within a topol-
ogy as low as possible. In practice, a four-loop DIS topology has 18 linearly
independent scalar products; instead of describing them in terms of as many
linearly independent propagators, we opt for at most 12 propagators and 6
scalar products that will appear only in the numerator. At three-loop, this
results in a topology described by 10 propagators and 2 scalar products.

We further simplify the expressions of the diagrams by rewriting multi-
loop self-energy corrections in terms of chained bubbles which has the addi-
tional benefit of keeping all the propagator powers as whole numbers more
suited for the Laporta reductions,

q q=% q—% ..... @_q. @31)

In fig. -2 we show the range of topologies that are required for the non-
singlet nfz correction at the fourth order, with diagrams ranging from 12 to 9

97

Y
iy
Y



Chapter 3. Four-loop large-n¢ contributions to the non-singlet structure
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distinct scalar propagators, one propagator short from the most complicated
case one can encounter at four loops.

(IR ER N N B d)
& HH I H
OROBONORORY

AR AR

Figure 3.2: Three- and four-loop propagator topologies used for the reduction to
master integrals and the expansion in w using differential equations. The external
double line represent the off-shell photon while the simple lines the parton. Each
diagram allows for two independent flows of the external momenta resulting in the
same topology up to a sign inversion w +» —w.

The number of scalar propagators in the definition of each topology is
not the only factor to take into account when considering the problem of
reducing our integrals to master integrals (very important is also, for example,
the dimensionality of the numerator). However, it remains a key aspect
since it drastically reduces the degrees of freedom one has to consider during
the reductions by effectively vetoing some of the sectors. To perform the
reductions to master integrals we have used both the FIRE [61] and KIRA [197]
programs.

3.3.2 Series expansion and differential equations

Once all the diagrams appearing in the process are reduced to master inte-
grals, we build a system of differential equations by acting on them with the
differential operator d/0w and further reduce the resulting integrals. This
step may also involve extending the initial set of master integrals to achieve
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a closed system. The resulting differential equations can be written as

9 (w,e) = A(w,e)- M(w,e), (3.3.2)
ow

where A € Q"*"(w, €) is a square matrix whose elements are rational func-
tions in w and the dimensional regulator € over the field Q, with n being the
number of master integrals. The general ansatz for this system of differential
equations can be written as a linear combination of meromorphic functions,

M(w,e) = W& Z Z ﬁi,gs)(w,s)wk“'a , aez, (3.3.3)

where @ defines the leading power of each master and the sum over s goes
over a finite set of integers which multiply € in the power of w, and represent
independent (not necessarily physical) solutions to the differential equations.
The space of solutions is reduced by noticing that the boundary conditions
for the master integrals in the limit w = 0 are finite (o > 0) and support only
the regular sector s = 0. This may in fact not be true for individual integrals,
but it is well known that the forward amplitudes for DIS are regular at p = 0
and hence w = 0. We can thus safely ignore solutions with s # 0. The general
problem of obtaining series expansions from differential equations is of course
not new in the context of Feynman integrals and indeed has been employed
successfully in, e.g., refs. [59,[181,198-206], and public implementations exist
[207H209).

Here we present a new method which takes advantage of the specific
analytic properties of the problem and which is well suited for obtaining
many coefficients in the expansion, while at the same time being simple
enough to be implemented purely in FOrRM. We describe this procedure in
the following.

We make use of the information coming from the boundary conditions to
simplify the ansatz for the master integral expansion, and at the same time
we consider the differential matrix to contain at most simple poles at w = 0,
viz.

00 A 00
w
k=0 k=0

In general, the matrix A can contain higher order poles around w=0, depend-
ing on the choice of master integrals. While it is known in the Mathematics
literature since the 1950s that a basis transformation to remove higher poles
exists [210], finding the transformation to bring the differential equations
into a so-called canonical form is non-trivial in practice. By now there exist
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nevertheless several strategies/algorithms to solve this problem [72}211], and
some implementations are now publicly available [2124214]. The feasibility
to run these algorithms on systems containing hundreds master integrals is
however questionable. For our purpose, we do not actually require the com-
plete reduction of the system into the canonical form — as it is sufficient to
simply remove higher order poles at w = 0.

We achieve this by applying a rescaling transformation 7" to the master

integrals,
oT

M —-T-M, A%%T’1+T-A~T’l, (3.3.5)

with the transformation matrix taking the form
B
w
In general we found that the form of T" required to remove all poles is not
unique. We explored several algorithms allowing to construct a suitable T
the probably simplest was based on constructing 7' by iteratively removing
a pole of order k in the j™ row by setting 8; = w*~. While this particular
pole would be removed, new poles could be created in other rows in the
transformed matrix A. In all cases we found that iterating this procedure
allowed to eventually remove all non-simple poles from A. We actually have
no proof for this simple procedure to terminate and it remains to be seen
whether it will also work for even more complicated cases. The advantage of
the procedure in comparison to the much more involved algorithms to bring
A into a Fuchsian form is that it is computationally far simpler and can be
applied with ease also to comparably large systems of sizes around the 100s
or even 1000s. It is not clear to us that the same holds for the algorithms
mentioned above.

By using the definitions in eq. it is possible to rewrite eq.
into a recursive expression that allows for an efficient extraction of the ex-
pansion coefficients of the master integrals,

k
(B4 D)1= ALy) gy, = 3 Ay (3.3.7)
—_— -
=By 7=0

where 1 is the identity matrix. Note that we can have at most n cases where
det(By) = 0, corresponding to positive integer values of the eigenvalue of
A_;. In these cases the system cannot be inverted and is solved by means of
Gaussian elimination. For high enough k we have det(By) # 0 and we can

write
My = Byt (ZAj m,”) : (3.3.8)
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The inversion of the matrix B is performed for generic values of &, avoiding
the expensive procedure of performing a new inversion for every step of the
expansion, especially for high values of k.

We have implemented the Gaussian elimination for the arbitrary steps of
eq. (3.3.7) in C++ while the case of non-singular By matrices in eq. has
been implemented in FORM. The required boundary conditions have been
computed using FORCER in the limit of w = 0 for all the master integrals,
where the external parton is taken to be soft. The performances of eq.
can be further improved by truncating the expansion in the dimensional
regulator to the required order to obtain an amplitude known up to €*~™ at
the n-th order.

One can benefit from the combined expansion only when the two limits
g,w = 0 of the differential matrix A commute. For example, the series
expansion in w of a denominator of the form (w—¢) has a convergence radius
that goes to zero as e vanishes. These kind of poles are unphysical and will
lead to arbitrary high poles in € when expanding the differential matrix and
will cancel in the final expression of the expansion coefficients M, 1.

To circumvent this problem one can transform to a basis of master inte-
grals in which the reduction coefficients — and therefore also the coefficients of
the differential equation matrix A — have the property that their dependence
on ¢ factorizes from their dependence on w. The existence of such a basis was
proven in ref. [215], and two independent implementations which construct
the corresponding basis of master integrals have been published [117,[118] as
complementary codes to both the FIRE and KIRA reduction programs respec-
tively. We used the former one in our reductions with FIRE.

With this implementation, and after obtaining a factorized form for the
differential equations, we were able to push the recursive algorithm in eq.
up to O(w'™?) within no more than a few days for all of the masters. Such a
large number of coefficients was necessary to be certain to fully constrain the
expression of the coefficient functions in N-space from an ansatz in terms of
harmonic sums and rational coefficients.

3.3.3 Four-loop rescaling example

Here we expand on the method used to bring the differential system into the
form with at most simple poles in w. We will illustrate this method with one
of the four-loop topologies we encountered in our computation.

4
dek; 1
@ : Ly vgging] = /(H (271’)]‘1) Hls Do (3.3.9a)
n=1 n

Jj=1
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Dy = ki, D7 = (ky — ks)?, D13 = 2k - ky,

D, = k3, Ds=(ks+p—q)? D1y =2ky - kg,

Dy = k3, Dy = (ks — ks +q)*, D5 =2k - p,

Dy = ki, D= (ki—ks—p+q)°, Dig=2ky-p,

Ds = (ks —q)?, Dy = (ks —ks—p+q)° D7 =2k - q,

Dg = (k1 — ks)?, Dyy= (ks +ka+p—q)°7 Dig = 2ky - q.
(3.3.9b)

The reduction of this topology produced a set of 55 distinct master integrals:

{ 110,0,1,1,0,1.1,0,0,1,0.1,0000000 110,0,1,1,0,1,1,0,1,1,0,1,0,0,0,0.0,01> 10,0,1,1,1,1,1,0,1,1,0,1,0,0,0,0,0,0]»
110,1,0,1,0,1,1,0,0,1,0,1,0,0,00,0,0s 10,1,0,1,0,1,1,0,1,1,0,1,0,0,0,0,0,0]» 1[0,1,0,1,1,1,1,0,0,1,0,1,0,0,0,0,0,0]
L110,1,0,1,1,1,1,0,0,2,0,1,0,0,0,0,0,0, 10,1,1,1,0,1,1,0,1,1,0,1,0,0,0,0,0,01s 1[1,0,0,1,0,1,1,0,0,0,0,1,0,0,0,0,0,0]
111,00,1,0,1,1,0,1,0,0,1,0,0,00,0,0, 11,0,0,1,1,1,1,0,0,0,0,1,0,0,0,0,0,01s 1[1,0,0,1,1,1,1,0,0,0,1,1,0,0,0,0,0,0]
111,00,1,1,1,1,0,0,1,0,1,0,000,0,0], 11,0,0,1,1,1,1,0,1,1,0,1,0,0,0,0,0,0]s 1[1,0,1,1,0,0,1,0,0,1,1,1,0,0,0,0,0,0]
111,0,1,1,0,0,1,0,1,1,0,1,0,000,0,0], 11,01,1,0,1,00,1,0.0,1,0,0,000,0] 1[1,0,1,1,0,1,0,0,1,0,0,2,0,0,0,0,0,0]
111,0,1,1,0,1,00,1,1,0,1,0,00000) 11,01,1,0,1,1000.1,1000000] 1[1,0,1,1,01,1,00,1,0,1,00,00,0,0];
111,01,1,0,1,1,0,1,00,1,0,0000,0)s 11,01,1,0,1,1,0,1,1,0,1,0,0,0000]» 1]1,0,1,1,0,1,1,01,1,0,2,0,0,0,0,0,0]
111,0,1,1,0,1,1,0,1,2,0,1,0,0,0,0,0,0» 1[1,0,1,1,0,1,2,0,1,0,0,1,0,0,0,0,0,0]s 1[1,0,1,1,0,1,2,0,1,1,0,1,0,0,0,0,0,0]
111,0,1,1,1,0,1,0,0,1,1,1,0,0,0,0,0,0, 11,0,1,1,1,0,1,0,1,1,0,1,0,0,0,0,0,01s 1[1,0,1,1,1,1,0,0,1,1,0,1,0,0,0,0,0,0]
111,0,1,1,1,1,1,0,0,0,1,1,0,0,00,0,0, 11,0,1,1,1,1,1,0,0,0,1,2,0,0,0,00,00s 1[1,0,1,1,1,1,1,0,0,1,0,1,0,0,0,0,0,0]
111,0,1,1,1,1,1,0,0,1,0.2,0,0,00,0,0], 1(1,01,1,1,1,1,00,1,1,1,0,0,0,00,0]» 1[1,0,1,1,1,1,1,00,1,1,2,0,0,0,0,0,0]
111,01,1,1,1,1,0,1,0,0,1,0,000,0,0]s 1(1,01,1,1,1,1,0,1,1,0,1,0,0,000,0] 1[1,0,1,1,1,1,1,01,1,0,2,0,0,0,0,0,0]
111,01,1,1,1,1,0,1,2,0,1,0,0000,0)s 1(1,01,1,1,1,1,02,1,01,0,0,0,000]s 1[1,1,0,1,00,1,00,1,0,1,00,0,0,0,0];
111,1,0,1,0,0,1,0,1,1,0,1,0,0,0,0,0,0]» 1[1,1,0,1,1,0,1,0,0,1,0,1,0,0,0,0,0,0]> 1[1,1,0,1,1,0,1,0,0,1,1,1,0,0,0,0,0,0]
111,1,0,1,1,1,1,0,0,1,0,1,0,0,0,0,0,0, 1(1,1,0,1,1,1,1,0,0,1,0,2,0,0,0,0,0,01s 1[1,1,1,1,0,0,0,0,0,1,1,1,0,0,0,0,0,0]
111,1,1,1,0,00,0,1,1,0,1,0,0,00,0,0, 1[1,1,1,1,0,0,0,0,1,1,0,2,0,0,0,0,0,01s 1[1,1,1,1,0,0,1,0,1,1,0,1,0,0,0,0,0,0]
11,1,1,1,0,1,0,0,1,1,0,1,0,0,00,0,0], 11,1,1,1,0,1,00,1,1,0,2,0,0,0,00,0]» 1[1,1,1,1,1,0,0,0,0,1,1,1,0,0,0,0,0,0]
T11,0,1,1,1,0,1,0,0,1,1,1,0,0,0,0,0,0] }-

For the purpose of the rescaling, the only information we are concerned

about is the leading behaviour in w of each of the coefficients of the matrix A

appearing in the differential euqations. We represent the leading behaviour
for the topology of eq. (3.3.9)) using the following colour coding

{-4,-3,-2,-1,0,1,2} _
w ! ={m,mm o mnn.

We also use a circle, instead of a square, to highlight the position of the deep-
est poles at each step of the transformation. The elimination is performed
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row-wise, where we rescale each master whose row contains at least one of the
deepest poles by a factor of w. In the current example the iterative rescaling
procedure leads to the following sequence of transformations:
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where the transformation map is defined as

ALy, <A T — aTu_l> (3.3.10)
Ow
with
w, a=1,14¢€{39,40,41}
w, a=2,1¢€{25,39,40,41}
(T)y; = 0 x4 w, a=3,i€{23,24,25,27,32,34,..,41,47,52, 53}
w, a=4,1i€{38}
1

(3.3.11)

Here we use .. as a short-hand for sequence of consecutive integers. The
complete transformation for the matrix A can then be build by combining
the intermediate steps

T=T,T3Tp T = diag(l,l,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,w,w,

W l,w,1,1,1,1,w, 1, w,w,w w w,w,ww1,1,1,

Ll,w,l,Ll,Lw,w,l,l) . (3.3.12)

Alternatively, one could decide remove the deepest pole by rescaling
column-wise, where each master, whose column contains one of the deep-
est poles, is rescaled by a factor of w™! or, equivalently, all the others are
rescaled by w. We use the latter because it does not affect the ability to
express each master integral as a Taylor expansion.

If we were to start with the same matrix but cancel all the poles column-
wise, the resulting transformation matrix would have been

5 a:1,2¢{9,10}
. a=2 i¢{39,40,41}

(Ta)i; = dij X ,
i L a=3,i¢{1,.,6,9,..,19,21,22,23,24, 26, .., 30, 37, 42, 44}

= & & &

(3.3.13)
and T = T3 . T2 . T1 with
T= dizaug(¢uz7w2,(;.)2,cA127(4}2,(,;12,0.)3,w37 1,1, 0% w? w?, w? w? w? w,w, w?,
W w? w? W W W WP WP W W Wt W Wl W W W W W
w3,w3,w3,w3,w2,w3,w2,w3,w3,w3,w37w3,w3,w3,w3,w3,w3,w3) .
(3.3.14)
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In general, one could combine the two approaches by alternating between
column- and row-wise rescaling at any step of the procedure. Such a combi-
nation will generate different rescaling matrices 7. We have observed that a
column-wise approach is generally preferred for our computation because it
requires the rescaling of fewer integrals, resulting in the ability to truncate
the expansion for a larger set of master integrals.

3.4 Results in N-space

We are now ready to present our new analytic even-N expressions for the
n? contributions to the fourth-order coefficient functions cg(jln)s and cgi)ls in
eq. . The corresponding nfg results were derived long ago [185]/186].
We confirm those results and include them below for completeness; for the
case of C, in a more transparent form than given in ref. [186].

The quantities under consideration can be expressed in terms of harmonic
sums. Following the notation of ref. [187], these sums are recursively defined

by

Sen(M) = 3 (ﬁ)i (3.4.1)
and Iy (il)i
Sy myoamy (M) = > o Sy, (1) - (3.4.2)

i=1
The sum of the absolute values of the indices my, defines the weight w of the
harmonic sum. In the n-loop coefficient functions one encounters sums up to
weights 2n for Cy and 2n—1 for Cp,. The present non-singlet an contributions
only include sums op to w = 6 for C; and w = 5 for C;, for the nf3 terms
the corresponding maximal weights are lower by 1. Below all harmonic sums
have the argument N, which is omitted in the formulae for brevity, and we
use the short-hand

D, = (N+a)™". (3.4.3)

We first present the result for the coefficient function for F; which we
write as

cﬁ?ls(]\f ) = n/ and n/ contributions
216 1 216 ()N
+ CpCyny (N) + Cr (Cp — 5Cy) 1y 9 CLns (N)

9 CLns

16
+Cpnf o cihr(N) (3.4.4)
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where C;, = n. and Cy = (n. — n;')/2 in SU(n.), with n. = 3 colours in

QCD. For compactness, we have decomposed the nf2 part into leading (L)

and non-leading (N) contributions in the large-n. limit. The factors 16/9

and 16/27 have been put in order to shorten, on average, the lengths of the

fractions in the expressions below. The an contributions are given by

Cimm(N) =
+ 8,4 (~=80D_5+40D_; — 40 Dy +80 Dy — 120 D3) + Sy 5 (32D 5 + 16 D_,
— 16Dy + 32Dy — 48 D3) + S35 (32 D_y — 16 D_1 + 16 D1 — 32 Dy + 48 D3)
+ 841 (80D 5 —40D_; +40 Dy — 80 Dy 4+ 120 D3) + Sy 15 (40D _5 —20D_,
+20D; —40 Dy + 60 D3) +S125(8D_y —4D_1 + 4D, — 8Dy + 12 Ds)
+S131(—8D 9 +4D 1 —4D; +8Dy —12D3) +Sy,5(8D_5— 4D
+4D; —8Dy+12D3) 4+ Sy, (—8D_5+4D_y —4 D, +8 Dy — 12 D)
48511 (—40D 5 +20D_; — 20Dy +40 Dy — 60 D3) +S115, (—18 D 4+ 72 D,
—60D3) +S1211 (18 D) — 72Dy + 60 D3) + S, (120D_5 —40D_; — 55/3 D,
— 80Dy + 180 D3) + S, 5(—40D_5 432 D_; — 16 Dy + 65 D, — 24 Dy + 12 Dy
—48D2,+24D? )+ Sy5(=12D_5+4D_; + 38Dy + 8Dy — 18 D)
+ S5, (=8D_5 —16D_1 4+ 16 Dy + 9 Dy + 56 Dy — 84 D3 4+ 48 D2, — 24 D?))
+S112(=34D1 +16 Dy =8 D3) + Sy 21 (=38 Dy — 72 Dy + 90 D)
4+ 8011 (46 Dy +56 Dy —82D3) +36 D1 Sy 111 +S3(=30D 5 —4D 4
—26 Dy +1097/9 Dy + 56 Dy — 108 D3 + 72 D?, — 24 D?, — 18 D?)
+812(=10D_y+4D_y +65/3 Dy —895/6 Dy + 56 Dy — 116/3 D3 + 29 D7)
+ 85, (10D_y —4D_y +91/3Dy — 913/6 D, — 163/3 D3 + 25 D?)
+ 8111 (=25Dg+293/2 D1 — 25 DY) + S5 (=30 D_5 + 16 D_; +410/3 D,
—1493/4 Dy — 16 Dy — 11/2 D3 — 35 D§ + 263/3 D} — 27 D) + S, , (45D,
—20D_; — 140 Dy + 14351/36 Dy + 16 Dy — 5 D3 + 39 DZ — 99 D + 25 D)
+ S, (135/2 D_y — 20 D_y — 4045/12 Dy + 1030465/1296 Dy — 152 D,
+2431/12 D3 — 54 D%, +24 D?, + 911/6 DZ — 75/2 D@ — 10565/36 D}
+245/3 D} —37/2 D}') — 75/2 D_5 — 714425/1296 Dy + 3332269,/2592 D,
—935/12 D3 + 18 D2, + 3355/12 DZ — 3661/36 D + 115/6 D,
— 785749/1296 D} + 3491/18 D — 125/36 D;* — 115/6 D}

+ G [Sz (112D_y — 56 D_; + 56 Dy — 112 Dy + 168 Dy) + Sy, (=80 D_y + 40 D_,
+32D; — 208Dy + 120 D3) + Sy (80 D_y — 64 D_y + 32 Dy — 254/3 D,

107



Chapter 3. Four-loop large-n¢ contributions to the non-singlet structure
functions F, and Fy,

4368 Dy — 400 D3 + 96 D2, — 48 D%,) + 32 D_; — 14/3 Dy — 253/3 D,

+356 Dy — 144 D2, + 48 D2, +50/3 Df]

+G [ — 240 D_y + 120 D_; + 240 Dy — 1200 Dy + 840 D (3.4.5)

and

Cims (N) =
+288D,S 5 —288D; S5 —256 D1 S 5 5 — 288Dy S o 5 — 576D, S, 4
—560 D1 Sy 5 —T2D;Sy5 — 368D, S5 o+ 112D, Sy5 + 344D, Sy,
+192D1S 5 91 +128D1S1 5 9+544D1S11-5+88D1S113
+352D1 S5 9+64D1S120—184D1S1 31 +352D1 Sy, 5 +56D1 S5
- 16 D, 52,2.1 — 168 D, S:ﬁ‘l,l — 320D, S].],sz — 72D, S],I.I‘Q
+32D1S, 191 +40DyS 511 +S 4 (576/5D_ + 576 Dy — 664 D,
+864/5 D3 — 432 DY) + S, (1138/3 Dy — 144 D) + S 3, (—224/5 D_,
+112D_y — 224 Dy + 224 Dy — 336/5 Ds + 224 D2) +S 5, (—64/5D_,
—32D_y — 64Dy + 336 D; — 64 Dy — 96/5 D3 —32D2) +S_, (—144/5D_,
+ 72Dy — 144 Dy + 144 Dy — 216/5 D3 + 144 D2) + S, 5 (—272/5D_,
— 136 D_y — 272 Dy + 1040 Dy — 272 Dy — 408/5 D3 — 16 D2) + S, 5 (—16/5 D_,
—8D_; — 16Dy + 126 D; — 72Dy — 724/5 D3 + 72 D3) +So_ 5 (—176/5D_
—88D_) — 176 Dy + 688 Dy — 176 Dy — 264/5 Dy — 16 D) + Su5 (—32/5 D,
—16D_; — 32Dy + 176 D; — 32Dy — 48/5 D3y +8 D?) + Sy, (64/5D_,
+32D_1 +64 Dy — 370 Dy + 120 Dy 4 796/5 D3) +S 511 (128/5D_5 — 64 D_,
+ 128 Dy — 128 Dy +192/5 Ds — 128 D) + S, 5 (32 D_5 + 80 D_; 4 160 Dy
— 672D, + 160 Dy + 48 D3 + 32 D) + S1.15(16/5 D_5 + 8 D_; + 16 Dy
— 188Dy +48 Dy +544/5 D3 — 32 D2) + S, 5, (—16/5D_5 — 8 D_, — 16 D,
+8D; — 16 Dy — 24/5 D3 — 8 DE) + Su11 (=56 Dy — 32 Dy — 104 Dy + 40 D)
+72D1S 111+ S 5(—1576/25 D_5 + 136 D_; — 1384 Dy + 2492/3 D,
+ 272 Dy — 2724/25 Dy + 576/5 D2, + 576 D + 824 D — 240 D)
+85(24/5D_y +8D_y — 48 Dy — 2672/9 Dy + 72 Dy + 1086/5 D3 + 160 D}
—48 D) +S 5, (1232/25 D5 — 160 D_; + 448 Dy — 48 D; — 368 D,
+ 1968/25 D3 — 192/5 D%, + 96 D?, — 192 D¢ — 352 D + 96 D)
+S1.5(32/25D_5 + 80 D_y + 432 Dy — 2200/3 Dy + 208 Dy + 168/25 D
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3.4. Results in N-space

—192/5D2%, — 96 D?, —192 D¢ + 16 D) + S, 5 (—24/5D_5 —8D_,

+178/3 Dy — 319/3 Dy +100 Dy — 8/15 D5 — 34 D2 4+ 24 D) + S, (24/5D_,

+8D_1 +134/3 Dy + 5/3 Dy — 132 Dy — 2332/15 D3 + 106 D{ — 24 D})

+ 8111 (=50 Dy + 73Dy — 50 D2) + S_, (5432/375 D_p — 136 D_,

+3856/3 Dy — 2194/3 Dy — 320 Dy + 3606/125 D3 — 944/25 D2, + 384/5 D3,

+96 D2, — 928 D7 + 384 D¢ — 1828/3 D} + 344 D} — 96 D ')

+ S5 (—12D_5 — 56 D_y + 244/3 Dy + 801/2 Dy — 276 Dy — 98 D3 — 30 Dy
—320/3D2+6D) +S,,(96/5D_5+ 64 D_y — 82Dy — 3721/18 Dy + 96 D,

—506/5 D3+ 34 D¢ —34 D +42 D) + S, (924/25 D_5 + 208 D_,

—499/6 Dy — 418193/648 Dy + 244 D, — 21269/150 Dy — 144/5 D2, — 96 D?,

+65/3D2 — 15 D + 4699/18 D? + 46/3 D} + 3 D{') + 10663/125 D_,

—1031/648 D, — 421403/1296 D, + 153647 /750 D3 — 2388/25 D, + 288/5 D,

+307/6 D¢ — 1285/18 D¢ + 115/3 Dy + 256829/648 D — 2269/9 D
+2251/18 D} — 115/3 D}
+ 3 [f 192D;S 5 — 432D, S, + 288D, S, + S, (=48 D, —120D_,

— 240 Dy + 1964/3 Dy — 64 Dy + 416 D3 — 192 D2) — 1776/25 D_,
— 40 D_, —3916/3 Dy + 3196/3 Dy + 584 Dy + 3076/25 D3 + 576/5 D2,

+96 D2, + 576 D2 + 172/3 Dﬂ + G [180 Dl} .

The C2 contribution includes, as the corresponding lower-order
quantities, only the denominator Dy = 1/(N+1) at the maximal overall
weight w = 5 of the sums and Riemann (-values. The CrC) part, and hence
the large-n. coefficient (B.4.5)), does not have this expected property, but
instead involves the linear combinations

2D s —D 1+ Dy —2Dy+3D3 and 3Dy —12Ds+ 10D3 .

The presence of terms with D_5 = 1/(N—2) and D_; = 1/(N—1) does not
imply poles at N =2 or N = 1, as the corresponding numerators also vanish
at this point. This feature already occurred in the second-order coefficient
functions of refs. [39,[111}[179,/180]. At N =2 these functions are given by

WL N _9) — 1058755 6713 = o 1 94c A
CL,ns( ) 2916 135 <3 3 Ca + Cg ; (3 7)
1720051 247
IN(N=2) = 30 3.4.8
Chms ( ) 20160 270 G+30G - (3.4.8)
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Chapter 3. Four-loop large-n¢ contributions to the non-singlet structure
functions F, and Fy,

Note the ¢ term which does not occur at higher N. The nf3 contribution to

eq. (3.4.4) reads

cie(N) =
— 12Dy S3+12D, S5+ 12D Sy, —12D; S, 11 + Sy (=12 Dy + 50 D,
—12D3) + S, (12D — 50 Dy + 12 D?) + S, (38 Dy — 317/3 Dy — 12 D¢
+50 D2 —12DP) +203/3 Dy — 8609/54 D, — 38 DZ +12 D¢ + 317/3 D}
- 50D} + 12D} . (3.4.9)

The corresponding result for C, can be decomposed as

Cz(il)s(N ) = nfo and an contributions
16 1 16 N
+CpCynf 9 Cz(ﬁn)sL(N) +Cp (Cr—5Cy)nf n céfi?s (N)

1 16
+Cp (Cp = Ca)nf 5 G sl (N) + Cpnf oF ey (N)3.4.10)

In addition to the structures present in eq. 7 the nf2 coefficient function
for F5 includes a (4 contribution, which is proportional to (Cp—C}) and hence
vanishes vanish for Cy = Cp which is part of the choice of the colour factors
that leads to a A/ =1 supersymmetric theory. The three an coefficients in

eq. (3.4.10) read

i (N) =
—1951/12S4 4+ 671/6 S, 5 + 352/3S,., + 335/2S;5 + 643/3 S, + 1445/6 S |
—265/3S114—89S125—117Sy 30 —412/3S; 41 — 1195513 — 1255555
— 13785531 —169S312 — 1885351 —688/3S411 + 71511135+ 81S1122
+98S1,131 +103S1 2194+ 108S 291 + 13551311 + 10955114+ 122S85 121
+ 13952911+ 17683111 — 70811112 —82S11121—94S11211 — 114519111
+S14(—9995/36 — 20 D_5 + 265/6 Dy — 505/6 Dy + 120 Dy — 180 Dj)
+So3(—13373/36 — 8 D_y +89/2 Dy — 121/2 Dy + 48 Dy — 72 D)
+ S35 (—9817/18 4+ 8 D_5 + 117/2 Dy — 85/2 Dy — 48 Dy + 72 D3)
+ S41(—12343/18 + 20 D_5 4+ 206/3 Dy — 86/3 D1 — 120 Dy + 180 Ds)
+S1,15(8495/36 + 10 D_5 — 71/2 Dy + 111/2 Dy — 60 Dy + 90 D3) + Sy 2 (803/3
+2D_y—81/2Dy+89/2 Dy — 12 Dy + 18 Dy) + Sy 5, (12263/36 — 2 D_y — 49 Dy
445Dy + 12 Dy — 18 D3) + Su.1 5 (4283/12 + 2 D_y — 103/2 Dy + 111/2 D,
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3.4. Results in N-space

— 12Dy + 18 D3) + Ss5, (4835/12 — 2 D_5 — 54 Dy + 50 Dy + 12 Dy — 18 D)

+ S50 (19967/36 — 10 D_y — 135/2 Dy + 95/2 Dy + 60 Dy — 90 Dy)

481112 (=1279/6 + 35Dy — 35 Dy) + Sy 10,1 (—=1511/6 + 41 Dy — 71 Dy + 108 D,
—90D3) +S121.1 (—605/2 447 Dy — 17 Dy — 108 Dy + 90 D3) + Su1 11 (—2135/6
+57Dg —57Dy) +Sy11.1.1 (226 — 40 Dy + 40 Dy) + S, (—152383/144 + 30 D_,
+5929/36 Dy — 1906/9 Dy — 120 Dy + 270 D3 — 319/6 D + 20 D})

+ 515 (3800/9 — 13D_5 + 6 D_y — 4369/36 Do + 7735/36 Dy — 36 Dy + 18 D3
—12D?,+54Dg —T1/2 D) + S, (24305/36 — 3 D_y — 827/6 D,

+1235/6 Dy + 12 Dy — 27 D3 + 57 D¢ — 55/2 D) + S5, (17689/18 + D_,
—6D_; —6559/36 Dy + 8071/36 Dy + 84 Dy — 126 D3 + 12 D2, + 63 Dy
—19DJ) + S5 (—27307/72 + 1237/12 Dy — 4073 /24 Dy + 24 Dy — 12 Dy

—49 D¢ +59/2 D) + Sy, (—10459/24 + 805/6 Dy — 593/3 Dy — 108 D,

+135 D3 — 111/2 D 4+ 51/2 D) + S.11 (—23191/36 + 613 /4 Dy — 1837/8 D,
+ 84Dy — 123 D3 — 64 D +47/2 D) + S1.1.1.1 (25979/72 — 231/2 Dy

+357/2 Dy + 52 D3 — 23 DY) + S35 (842039/648 —3D_5 — 6 D_; — 18863/72 Dy
+11233/24 Dy + 84 Dy — 162 D3 + 18 D2, + 3107/18 Dy — 283/4 D}
—421/4DE +91/4 D) + S, 5 (—147071/324 — 5/2 D_5 + 2005/9 Dy

— 34157/72 Dy + 84 Dy — 58 D3 — 1969/12 DZ +143/2 D¢ + 134 D — 24 DY)

+ 8o (—1178369/1296 + 5/2 D_5 + 557/2 Dy — 11939/24 Dy — 163/2 D5
—1127/6 D¢ + 81 D@ +323/3 D —49/2 D) + S, 1, (46483/108

— 8321/36 Dy + 32905/72 Dy +2009/12 DZ — 75 D¢ — 1331/12 D + 21 D)

+ Sy (—5764837/5184 — 15/2 D_5 + 1006649/2592 Dy — 2225699/2592 Dy — 24 D,
—33/4 D3 — 12665/36 D& + 16325/72 D¢ — 1025/12 D + 875/3 D}

—7073/72 D} 4 263/12 D) + S, , (2134163 /5184 + 45/4 D_, — 356983 /864 D,
+ 780301/864 D; + 24 Dy — 15/2 D3 + 1090/3 D§ — 17063/72 D¢ + 1115/12 D
—7363/24 D} + 6887/72 D —239/12 D) + S, (33182/81 +27/2D_5 + 6 D_,
— 1115063/1728 Dy + 243035/162 Dy — 228 Dy + 2431/8 Dy — 27/2 D2,
+275219/432 D3 — 22763 /48 D¢ + 19123/72 Dy — 1069/12 D}

— 1669825/2592 D2 + 34919/144 D — 604/9 D;* 4 32/3 D}) — 18199451 /27648
—33/4 D_y — 2362801/2304 Dy + 5233867/2304 Dy — 935/8 D3 +9/2 D2,

+ 9889087/10368 D — 1874987/2592 D¢ + 63839/144 Dy — 14161/72 D§
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Chapter 3. Four-loop large-n¢ contributions to the non-singlet structure
functions F, and Fy,

+1951/48 D¢ — 3790549/3456 D + 367649/864 D} — 12191/144 D!
—41/3 D} +149/16 D}

+ G [ —331/6Ss +121/3S,, 4+ 166/3S,, —14S, 1, + S, (215/2+28 D_,
—121/6 Dy +457/6 Dy — 168 Dy + 252 D3) + S, (—111/2 =20 D_5 + 7 D,
— 312Dy + 180 D3) + S, (—274/3 +26 D_5 — 12 D_; — 29/3 Dy — 497/4 D,
+ 73 Dy + 552 Dy — 600 D3 + 24 D2, — 25 D¢ +133/3 D) +2083/32 — 9 D_,
+12D_y —101/24 Dy — 6115/24 Dy + 534 D3 — 36 D2, — 122/3 D?

+257/12 D¢ 4+ 401/3 D} — 33/4 D} (3.4.11)

+G [— 191/2S, + 693/8 — 60 D_y + 191/4 Dy + 1729/4 Dy — 1800 Dy + 1260 D |

) =
— 1508 4 —1051/6 S5 +6S_5; +408S_4 o +510S_5 5+ 352S_5 4
+450S; 5 +446/3S, 5 + 538 S, 4 + 548/3S;4 4 586 S5 3 + 273 S5 3
+434S, 5 +968/3S,2+932/3S;51 +8S 411 —264S_3 91 +4S 31 9
—216S_5 31 —136S_5 55 —4S; 41 —220S, 55 —252S _5_3—520S,, 4
—T770/3S114—496S,5 5 —302S,53—336S,35 5 —160S,35+4/3S,4,
— 48, 51 —140S, 5 5 —496S51 3 — 3265515 — 320855 > — 314559,
— 645,51 —4S3 91 —344851 5 — 344 S50 — 276 S35, — 1016/3S41,
+8S 3111 +112S 5 911 —8S1 311 +144S1 9 91 —8S1 912+ 112S11 9 o
+ 44851 11,3+ 27451113+ 288511220+ 25251 122+ 5851131 +288S121,2
+254S1 212+ 18851221 + 88513511 =889 01,1 +2888591,1,-2+314S5 1
+ 21082121 +216S2911 +302S3111 —16S1 9111 —256S1 1112 —244S1 1112
+S 5(310/3 — 297 Do + 585 D1) + S5 (3463/9 — 7/3 Dy — 857/3 D)
+8S_41(—40/34+2Dy—2D;) +S_3_5(—1192/3 4 174 Dy — 430 D)
+8S 5 3(—392+ 198 Dy — 486 D;) + Sy 4 (—448 4+ 404 Dy — 980 D)
+S1.4(—6395/18 4+ 385/3 Dy — 385/3 D1) + So 5 (—460 + 388 Dy — 948 D)
+ So3 (—6125/18 4+ 169 Dy — 241 D) 4+ S35 (—376 + 260 Dy — 628 D;)
+ S50 (—5683/9+4 52Dy + 60 Dy) + Sy (—7129/9 — 260/3 Do + 1292/3 D;)
+8S.311(—40/3+4Dy—4Dy)+S_5 5, (160 — 120 Dy + 312 D)
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+S 91 24Dy —4Dy)+40/3S, 5, +S; 2 (512/3 —88 Dy + 216 D;)

+ 5113 (1360/3 — 360 Dy + 904 Dy) + Sy 1.3 (7679/18 — 159 Dy + 247 Dy)
+S192(880/3 — 232 Dy + 584 Dy) + S 55 (1417/3 — 142 Dy + 206 D;)
+S131(5885/18 + 17 Dy — 201 Dy) +40/3 S5, 51 + Sa1, - (880/3 — 232 D,

+ 584 Dy) 4 Sy.15 (1027/2 — 141 Dy + 197 Dy) + So51 (1250/3 — 90 Dy + 74 Dy)
+ 8311 (6313/9 — 2Dy — 166 D1) +S 5111 (8 Dy —8Dy) +80/3S; 51,
+S11,1,-2 (=800/3 4208 Dy — 528 D) + Sy 112 (—1163/3 + 140 Dy — 212 D)
+S1121 (=1015/3 +66 Dy — 34 Dy) + S; 011 (=413 + 62 Dy — 22 Dy)

+ 80111 (—1343/3 +92 Dy — 92 Dy) + Sy 1111 (320 — 80 Dy + 80 D)

+ S 4 (—1270/9 4 144/5 D_5 + 1094 Dy — 1182 D; + 1296/5 D3 — 625 D¢

— 707 D) + S, (—18371/72 4 1105/18 Dy + 2344/9 D, — 133/3 DZ — 206 D?)

+S 51 (38/9 —56/5D_5 — 692/3 Dy + 20/3 Dy + 336 Dy — 504/5 D3 + 166 D
+386 DY) +S 5 (200 — 16/5D_5 — 796/3 Dy + 1612/3 D1 — 96 Dy — 144/5 Dy
+ 110 D¢ =54 D) +S 55 (—36/5D_5 — 140 Dy — 4 Dy + 216 Dy — 324/5 Dy

+ 104 D§ + 248 DE) + S, 5 (2338/9 — 68/5 D_ — 2624/3 Dy + 4928 /3 D,

— 408 Dy — 612/5 D3 4+ 388 Dy — 44 DY) + S1 5 (4369/9 — 4/5 D_5 — 5005/18 D,
+3524/9 Dy — 108 Dy — 1086/5 D3 + 156 D + 53 D) + So_5 (1522/9
—44/5D_5 — 1712/3 Dy + 3248 /3 Dy — 264 Dy — 396/5 D3 + 252 D§ — 36 D7)

+ S5 (12331/36 — 8/5 D_5 — 920/3 Dy + 1541/3 Dy — 48 Dy — 72/5 D3 + 160 D¢
—32 D7) + Sy (23429/36 + 16/5 D_y + 1067 /18 Dy — 2239/9 D; + 180 D,
+1194/5 D3 — 25Dy — 14 DE) + S 51, (32/5 D5 +296/3 Dy + 88/3 D,

— 192Dy +288/5 D3 — 84 D¢ — 220 D) —76/9S, 21 +S11 2 (—496/3 +8D_,
+1600/3 Dy — 3136/3 Dy + 240 Dy + 72 D3 — 232 D¢ + 56 D)

+ 8112 (—15511/36 +4/5 D_5 4+ 799/3 Dy — 1372/3 D1 + 72 Dy + 816/5 D;

— 156 D¢ +6 D) + Sy (—1839/4 — 4/5 D_5 + 398/3 Dy — 593/3 Dy — 24 D,
—36/5D3 — 84 D§ + 32 D) + Sy, (—3491/9 + 184 Dy — 341 Dy — 48 Dy

— 156 D3 — 97 Dg 4+ 97 D) + Sy 111 (12119/36 — 165 Dy + 291 D, + 104 D§
—46 D) + S 5 (4346/27 — 214/25 D_y — 16850/9 Dy + 11870/9 Dy + 408 Dy

— 4086/25 D3 + 144/5 D?, 4+ 1533 D¢ — 776 D¢ + 3839/3 D — 408 D7)

+ S35 (—103447/1296 + 6/5 D_5 — 3599/36 Dy — 1963/12 D, + 108 Dy + 1629/5 D3
+2131/18 D§ — 197/2 D¢ +530/3 D} — 171/2 D) + S 5, (248/25 D,
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Chapter 3. Four-loop large-n¢ contributions to the non-singlet structure
functions Fy and Fr,

+24 Dy +4208/9 Dy — 608/9 Dy — 552 Dy 4 2952/25 D3 — 48 /5 D2,
—1220/3 D§ + 206 D — 1636/3 D + 178 D) + S, 5 (—2428/27 — 52/25 D_,
— 24 Dy +2420/3 Dy — 1108 Dy + 312 Dy + 252/25 D3 — 48/5 D2, — 1766/3 D¢
+ 266 D +106/3 D — 10 D) + Sy 5 (—110893/324 — 6/5 D_, + 4537/18 Dy
—11255/36 Dy + 150 Dy — 4/5 D3 — 237 D + 146 D¢ + 475/6 D + 5 D})
+ Sy (—81845/648 4 6/5 D_5 + 146 Dy — 3817/12 Dy — 198 Dy — 1166/5 Ds
—935/6 D + 112D +1411/6 D} — 58 D) + S1.11 (26339/108 — 2957/18 Dy
4 11089/36 Dy + 1091/6 DZ — 129 D& — 1061/6 D2 + 43 D) + S, (—232/3
+23/375D_5 + 24 D_; + 88627/54 Dy — 58711/54 Dy — 480 Dy + 5409/125 Ds
—116/25 D2, + 96/5 D?, — 27859/18 D + 3611/3 D — 589 D,
— 17027/18 D +1609/3 D — 177 D) + S, (162721 /1296 — 3 D_,
— 66817/1296 Dy + 566587/1296 Dy — 414 Dy — 147 Dy — 4849/36 D¢
+6167/36 D¢ — 707/6 Dy — 1307/12 D — 1355/36 D — 61/6 D})
+ 511 (239633/2592 + 24/5 D_y + 26327/432 Dy — 71081/432 Dy + 144 D,
—759/5 D3 + 385/3 D3 — 5999/36 D¢ + 731/6 Dy — 1475/12 D}
+5471/36 D{ — 113/6 D}') + S, (161929/1728 + 186/25 D_5 — 24 D_,
+ 33065/96 Dy — 1073755/1296 D; + 366 Dy — 21269/100 D5 — 36/5 D2,
— 1819/216 D¢ — 687/8 D¢ + 4237/36 D} — 287/3 Dy + 493793/1296 D}
+2093/72 D} — 1285/18 D;! — 43/6 D}) — 61555/512 + 1807/125 D_,
—269059/1296 Dy — 810827/5184 Dy + 153647/500 D3 — 507/25 D2,
+72/5 D3, + 460601/2592 D¢ — 271195/2592 D¢ + 3533/72 Dy — 595/9 D§
+1951/24 D$ + 57113/96 D — 380303/864 D} + 17011/72 D} — 1087/12 D}
+149/8 D}

+ [436 S 3 +1061/3S; —200S, 5 —496/3S;5 — 100/3S,, +44S; 1,
+S_5(—388 4 148 Dy — 340 Dy) + S, (—28 + 572/3 Dy — 1868/3 D)
+ 511 (35 =94 Dy + 382 Dy) + S (—397/6 — 12 D_y — 1396 /3 Dy + 1005 D,
— 96 Dy + 624 D3 + 142 D¢ — 688/3 D) — 15883/16 — 264/25 D _5 +24 D_,
—19655/12 Dy + 22715/12 Dy + 876 Dy + 4614/25 D3 + 144/5 D2, + 3947/3 D§
—3955/6 D¢ + 964/3 D — 51/2 D}

+ ¢ [81 S, —513/4 —171/2 Dy + 531/2 D, (3.4.12)
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and

esnZ(N) = 248, —80S, +33+ 64Dy — 64 D; — 12 DZ + 12 D2 (3.4.13)

2,ns

Unlike the above expressions for Cp, eqs. (3.4.11) and (3.4.12) include har-
monic sums (up to w = 6) without prefactors D,; these are the terms that
do not vanish in the soft-gluon limit N — oco. As in eq. , only non-
alternating sums occur in the large-n, result , and additional denom-
inators (here in addition to Dy and D7) occur with w = 5 sums in the form

D_y — 6Dy +9D; .

Again as for Cr, terms with D,, a # 0, 1, are not present with w = 5 sums
in the Cgnf coefficient (3.4.12). The situation at N' = 2 is the same as that
for C;, above, with

WL y_gy _ 1163333 4613 200 o,
CQ,ns ( ) 5832 540 <3 3 CS + CB ) ( S )
1720051 247
()N
N=2) = ——— 4+ —_G+30( . 3.4.15
Cans ( ) 29160 + 270 (3 + C5 ( )
Finally the nj coefficient in eq. (3.4.10) is given by

o (N) =

2,ns

—119/2S5+ 128, 4+ 24853+ 36 S50 +48S4; —12S1 13— 12525 — 128, 3,

—248519—24S5251—36S311+ 1281112+ 1251121+ 1251211 +24S211,

— 12811111 +S,(853/6 —6 Dy + 6 Dy) +S; 5(—29 46 Dy — 6 Dy)

+ 895 (=67 +6Dy —6D;) + S35, (=105 +6 Dy — 6 D1) +S1.12 (29 — 6 Dy + 6 D)

+S121(29—6Dg+6D1)+ So11(67—6Dg+6D1)+Si111 (=294 6D,

—6D;) +S3(—=524/34+ 13Dy — 34Dy — 12D¢ +6 D?) + S, (235/6 — 13 D,

+34D, +12D§ —6 D) +Ss, (641/6 — 13 Dy + 34 Dy + 12 D¢ — 6 D7)

+ 5111 (=235/6 4+ 13Dy — 34 D; — 12 D + 6 D) + S, (14321/108 — 161/6 D,

+280/3 Dy +29D¢ —18 D¢ — 34 D} + 6 D) + S, (—4429/108 + 161/6 Dy

—280/3D; —29DZ +18 D¢ +34 D2 — 6 D) + S, (—25279/648 4 5729/108 Dy

—9259/54 Dy — 325/6 DZ + 45 D — 24 Dy 4+ 280/3 D — 34 D + 6 D)

+ 281971/3456 + 55157/648 Dy — 39803/162 D, — 9847/108 D¢ + 161/2 D¢

—721/12 D + 119/4 DJ + 9241/54 D} — 277/3 D{ + 397/12 D! — 23/4 D}
+Gs[S2=5/3 S, +1/84+11/6 Dy — 11/6 Dy — 1/2 D3 +1/2 D}

e [3/2 S, —9/8—3/4Dy +3/4D] . (3.4.16)
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functions F, and Fy,

The numerical size of the above fourth-order results is shown in figs. 5.3
and for QCD, i.e., Cy = 3 and Cp = 4/3, with n; = 4 light flavours,
together with the corresponding third-order contributions for the physically
very wide range 2 < N < 50. The coefficient functions cggs vanish for

N — oo, yet only slowly: the size of the an parts of cgi)ls in the right part
of fig. B-3] decreases only by a factor of 2 from N =10 to N =50. A further
reduction by another factor of 2 and 4 is only reached at N = 175 and
N = 540, respectively.

The shape of the leading large-n; contributions (~ nf"’1 at order ag(n))
in fig. is similar to that of the subleading large-n; contributions (~ nfnf2
at order ais(n)) in the N-range of the figure; its relative size is decreasing for
ny = 4 from about 1/10 at n = 3 to about 1/15 at n = 4. This pattern of a

reduced numerical significance of the leading large-n, term at the fourth order

is also seen for CQ(ZA)S in fig. . Here the subleading large-n; contributions
are larger by factors between 10 and 15 at 4 < N < 50 for n = 3; the
corresponding range for n = 4 is 19 to 24.

Also shown in fig. @ are the dominant contributions to Cy ¢ in the large-

N threshold limit, where our new contributions (3.4.11) — (3.4.13) to c;:ﬂ)s

lead to the numerical expansion

0.7233196 In° N + 12.339095 In° N

+87.721224 In*N + 293.04552 In®* N
+233.48456 In®N + 65.035706 In N — 12175.412

3 ms(N)

n.

+N! (2.1069959 In°N + 67.193416 In* N
+691.16782 In®N + 3429.9787 In2N
+8755.5832 In N + 12282.167) + O (N™2)  (3.4.17)

with In N = In N + 7., where 7, is the Euler-Mascheroni constant. Keeping
only the In’N terms in the first three lines, and the corresponding contribu-
tions at the third order, one arrives at the upper dotted curves in the figure.
Adding to these the constant-N contributions yields the lower dotted curves.
Neither of these results can quantitatively replace the exact expressions at
physically interesting moderate values of V.

An analytic z-space expression corresponding to eq. (3.4.17)) and a further
discussion of the threshold and high-energy limits can be found in section
below.
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Figure 3.3: The leading (dashed) and sub-leading (solid) large-n; contributions to
the three-loop (left panel) and four-loop (right panel) coefficient functions for the
structure function Fp, s for QCD with ny = 4 flavours. The results in eqs.
- have been converted to an expansion in ag, and the leading large—nf
curves have been scaled up by a factor of 10 for better visibility.
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Figure 3.4: As fig. but for the structure function Fb.s. In addition the
In‘N and In®N+const. threshold contributions are shown here, respectively, by the
upper and lower dotted curves.
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3.4. Results in N-space

3.4.1 A five-loop prediction

It is possible to predict a small part, the (4 coefficients of n3 and njﬁﬂ of
the n =4 ﬁve—loop non-singlet anomalous dimension in eq. , from
our result and eq. (3.4.16) for ¢, ns(N ). This p0551b111ty arises from
the no-m2 conjecture/theorem [216, - for Euclidean (space-like) physical
quantities in a suitable renormalization scheme, which was investigated in
the context of inclusive DIS in ref. [218]. For this one considers the physical
evolution kernels which were expressed in terms of the splitting functions and
coefficient functions for the non-singlet case to the fifth order in eqgs. (2.7) -
(2.9) of ref. [219)].

Keeping only the terms with ¢4 simplifies the fifth-order MS kernel for
FQ,ns to

RiMN) = = F39(N) = 3816 (N) = 460 (E0(N) = efh(N) e (V))

(3.4.18)
where the tilde indicates the contribution with ¢, =1/90 7. At this order,
a scheme transformation removing the (4 term of the five-loop beta function

[104,[106.[107] needs to be performed, and the prediction of the no-r? theorem

becomes [218]
50K(4)+l[34[((0) =0. (3.4.19)

Since Sy includes n, and K2 ns ~ Cp, only the ¢4 nf terms in S, can contribute,
but there is no such term. Hence already the quantity m ) has to vanish
for the nf and nf terms.

(3) (

2,ns

The three-loop coefficient function ¢, (N) does not include a {4 term
with nf Since the prefactors 51 and [ (321115 include no more than one power

in ny, the two terms with 02 ) do not contribute to the nf and nf parts of
eq. (3.4.18). So we end up w1th a simple relation for the (4 nj and (4 nf

contributions,

PO(N) = —FD(N) = 451 (N) (3.4.20)

ns

which leads to

PW(N ) = n/, n} and n} contributions
64 1568 176~ 1360 1360 32 32
CpCynt [ =8y — 22 g 4~y 20 ) 228 p 22 p2 g 22 2
+1“‘”f<32 o7 Ity Ty Pom gy iy Pt
64 640 88 512 512 32 32
+C;nf3<—382 + 25 Si— 5 = Dot 2 Di+ D§-Df>
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Chapter 3. Four-loop large-n¢ contributions to the non-singlet structure
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64 16 32 32
Cpnf | ——=Si+—+=—=Dy——=D
* F”f< o7 Ty Tar Ty 1)
At N =2 and N = 3 this result agrees with those obtained by diagram
calculations in ref. [220] using the program of ref. [221] for the R* operation.
Its last line was derived long ago as part of the complete leading large-

n; result [222]. Due to egs. (3.4.10) and (3.4.16), the whole of (3.4.21)) is

proportional to By and the lowest-order anomalous dimension 7§3>(N ) for
Cp=0C,.

3.5 The x-space coefficient functions

The coefficient functions c{"x(z) are obtained from the N-space results of
the previous section by an inverse Mellin transformation, which expresses
these functions in terms of harmonic polylogarithms (HPLs) H,,, . m, (2),
m; = 0,£1. Following ref. [188], to which the reader is referred for a detailed
discussion, the lowest-weight (w = 1) functions H,,(x) are given by

Hy(z) = lnz | Hy(z) = FIn(1F2) , (3.5.1)

and the higher-weight (w > 2) functions are recursively defined as

i'lrlwzr7 if my,...;m,=0,...,0
Hml »»»»» mw(%') = z b
/ Az finy (2) Himg....m0 (2) else
' (3.5.2)
with
1 1
folz) = P fa(z) = ETh (3.5.3)

The inverse Mellin transformation exploits an isomorphism between the set
of harmonic sums for even or odd N and the set of HPLs. Hence it can be
performed by a completely algebraic procedure [111[188], based on the fact
that harmonic sums occur as coefficients of the Taylor expansion of harmonic
polylogarithms. A FORTRAN program for the HPLs up to weight w = 4 has
been provided in ref. [223], later this was extended to w = 5 and w = 6.

In our results below, the argument x of the HPLs is suppressed for brevity,
and we use the abbreviations

Ty = 1—2 and z, = 1+2 . (3.5.4)
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3.5. The x-space coefficient functions

Analogous to eq. (3.5.5) above, the x-space coeflicient function for F7 s is
decomposed as

cgzs(x) = nfo and nfl contributions
16 (ar 1 16 (o~ 216 (pF
+ CFCA an 3 Cl(/,r)ls (.I) + C’F (CF ) CA) an ? Cl(/,l)ls (I,‘) —+ Oan3 ﬁ Cl</,r)xs (rX355)

The two nf2 contributions in the second line are given by

4L
ci(z) =

+ Hop001 (402 + 802 — 1202°) + Hy o010 (=16 + 322% — 48 2°)

+ Hop011 (202 + 402 — 602°) + Ho 100 (162 — 322 +482°) + Hy 101 (—42
+82% —122%) + Hyp110 (4 — 822 +122%) + Hy 1000 (402 — 80 2% + 120 2%)
+Hop001 (—48272 4+ 2407 — 4w + 82 —122%) + Hy 1010 (47 — 82 +122°)
+Hop011 (=182 +722% —602°) + Hy 1100 (48272 — 2427 + 202 — 40 2% + 60 2%)
+Ho101 (182 — 7222 +602%) + Hi 001 (—80272 + 402" — 402 + 8022
—1202°) + Hy010 (=322 2+ 1607 — 162 + 3227 — 482%) + H, 0011 (—40272
+2027 =202 +402% —602%) + Hy 0100 (322072 = 1627 + 162 — 3227 + 48 2%)
+Higp01 (82 2 +4at —4dx + 822 —122%) + Hio1,10 8z 7% —4z ' +42 —8a7
+122%) + Hy 10008022 =402 + 402 — 80 2% + 120 2%) + Hy 1 0, (—8 272
+drt —4x 4+ 827 —122%) + Hy 0108272 — 407! + 42 — 827 +122%)
+Hig000 (—182 + 7222 —602°) + Hy 1100 (40272 — 2027 + 202 — 40 2% 4 60 2%)
+Hyq100 (182 — 7227 +602°) + 188/3 2 H 000 + Hogo1 (807! +115/2

+ 184 2% —1022%) + Ho 10 (3227 + 862 + 482%) + Hyo1 .y (40271 + 86 2 + 76 22
—82%) + Hor00(=3227 + 910 — 11222 + 1022°%) + Ho 101 (827" + 612 + 1222)
+Hot10(=827 1+ 652 — 282 +82%) + 612 Hy 11 + Higoo (—80z7! +115/3
—1202%) + Hy 01 (16 = 20272 — 42 + 72 + 7622 — 1022°) + Hy 910 (—827"
+40x —122%) + Hyg11 (42 + 7627 —82%) + Hy 100 (=16 +20072 — 2827 + 75z
— 12422 +1022%) + Hy 10,1 (802 — 602%) + Hy 110 (347 — 1627 + 82%)

+ 362 H, 111 + Hooo (125/6 + 10969/36 x + 120 2 + 40 (2 — 80 (2% + 120 G )
+Hoop (—23/2 — 12271 +1613/6 2 + 290 2% — 197/32° + 4w — 8 (o a® + 12 2°)
+Hpio(=23—-32271 +1307/62 — 202° +197/32° + 48 (oo > — 24 Gz  +4 G
—8Ga? +12Ga*) + Hoyy (=29 — 402~ +471/22 + 822 — 18z + 72 2°
—60Ca®) +Hygo(—24 — 36271 +1439/92 — 902® + 80 e v 2 — 40 Gt
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+40G 7 —80Ga? + 120G a®) + Hy o, (—85/3 —8x~ ! + 721 /6 2 + 152 2°
—197/32° + 8 x ? —4Ga +4Gr — 8% +126 %) + Hy,0(—71/3
+8271 +997/6x — 1002 +197/32° + 8 G o ? — 4Gt +4x — 8y 2?
+12¢a®) + Hy (=25 +293/22 — 18 o + T2 (a2 — 60 (p 2%)

+ Hoo (—3301/36 +2471/32 4+ 21022 — 80 G~ — 115/2 (G — 184 (y a2

+102¢ 2% — 28w+ 56 (3 a® — 84 (3 2%) + Hy, (—941/6 — 36 27" + 10169/18 =
+611/32% —8Ca ' —61Gr —12Ga* —48¢Gr 2 +24 G +62Go

— 3043 2® + 216 (3 2°) + Hy (—464/3 + 3227 +4565/12 2 + 43/3 2> + 20 (v 2
+46Gr —16G - TGr —T6(Ga” +102¢2° —56Gr 2 +28CGa " — 28
+56 (3% — 84 (za®) + Hyy (—155 + 400~ + 14459/36 v + 8 22 — 80 (o & + 60 (p 22
— 562 + 28 ¢ 4 622 — 304 G 2% + 216 G 2®) + Hy (—3679/12
+839905/648  + 587/3 % + 12 (oo™ +23/2 ¢, — 1613/6 (2 — 290 ( 2°
+197/3 ¢ 2® + 56 (32! — 605/6 (3 + 164 (3 2? — 1103 2® — 53¢ o

+106 ¢y 2* — 159 ¢y a®) + H, (—4483/12 + 84271 + 842437/1296 = + 587/3 2
+8Ca  +85/3C —T721/6(x — 152G a* +197/32® — 20 2 + 44 3ot

+ 16 +397/3C3 2 — 136 Gy 2% — 110G a® — 106 G 272 + 532t — 53 G

+ 106 ¢y 2% — 159 ¢4 2®) — 763025/1296 + 3130309/2592 2 + 36 G v~ + 941/6 &
—10169/18 G & — 611/3 G a® +12¢s " — 13/6 (3 — 391 (3 + 650 (3 2°

— 197 (23 +2203G2 —80C Gl + 720 Ga® +106 G 2™ +33¢

+263¢ a2 —192¢ 2% + 140G @ — 640 G 22 + 480 G5 2° (3.5.6)

and

4)N
e (@) =

=320 H 1 10 +544aH 100+ 3520 H 4 10-10—9762H 1 1000
+352xH 1 _1,10—560xH_1_100—368xH_100-104+288xH_1 0000
+352xHo 11,10 —560xHy 1 _100—368xHy 1010+ 1442 Hy 1000

— 224z HO.fLO,O,l — 144« anl,o,w —128% Hofl,oﬁu — 384z Ho,o,flfl,o

+48x Hoo, 1,00 — 2882 Hop, 101 — 487 Hp 100 — 1602 Ho 10,10

— 144z Ho,w‘,o,o — 184z H(),L[L(),l + 956 Ho,l,o,w +16x H(J;u,().o — 40w HUA1,1.0A1
+40x H(),l,l,LO — 2887 H1.0,711040 - 1922 H1,0,7140,1 — 2567 H1,010471,0

— 288z 0000 —344xH 9001 — 1122 H 0010 — 1682 H 0011 +72xHi 0100
—16xH; 0101 +956xH; o110 — 12821010 —184xH; 1001 +64xH; 1010
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3.5. The x-space coefficient functions

— 402 Hy 1011 +88xHy1100—322H 1101+ 722 H 1100 +H 1110 (160
+322072—802 ' + 6722 + 1602 —482°) + H 10 (—272 —272/527 2+ 1362~"
— 10402 — 2722% 4+ 408/52%) + H 110 (—176 — 176/527> + 882~ — 688«

— 176 2% 4+ 264/52%) + H 1 00 (576 + 576 /5272 + 664z — 864/52%) + H ;5 (224
+224/5272 + 1122071 — 224 2% — 336/52%) + H 1010 (144 + 144/527 % + 727"

— 1442% —216/52%) + H 11, (128 +128/5207% + 642" — 12827 — 192/52°)
+Ho 110 (=192 -192/5272 + 962" — 6882 — 160 2% + 48 2%) + Hy 10, (576
+576/527% + 216 + 2722 — 408/52%) + Hy 10, (192 +192/5272 + 96 2~
—3523) + Hoo 10 (384 +384/5272 + 242 + 2402 — 168/52%) + Hy 00 (—248/3 x
+864/52°) + Hopo1 (1272 + 344 22 + 1132/52%) + Ho 10 (136 2 + 11227
+168/52°) + Hy 11 (148 ¢ + 160 2 + 712/52°%) + Ho 100 (=347 — 7227
—724/52%) + Hy 10, (982 + 162° +24/52%) + Hy 10 (1542 — 48 2% — 544/52°)

+ 1222 Ho 10 +Hig 10(64+64/5272+32207" — 3362 + 6422 + 96/5 2°)
—1138/3 2 Hy 00+ Higo1 (64 +64/5257% 4+ 3227 — 370z + 120 2% 4 796 /5 2°)
+Hi10(—32-32/527% - 160 + 1762 — 322% — 48/52%) + H, 011 (56 7 + 3222
+1042%) + Hy 100 (=16 —16/5272 — 827 + 1262 — 722% — 724/52%) + H, 10, (16
+16/527 2+ 8z ' —8x + 162> +24/52) + Hy 110 (16 — 16/527% — 82+

+ 1882 — 482 —544/52%) + 720 H, 11, —160GaH | +H | 1 0(-336
—1232/25272 + 128 27" — 2752/3x — 320 2% + 1968/25 2% + 112 ¢, )

+ 176 oo H 1 1 +H 10 (6104/5+3616/25272 + 272/52~ + 17152/15 %

— 408/5 2% — 5784/25 2% — 56 (o) + H_1 01 (448 + 1232/25 272 + 1602~ + 48

— 36827 — 1968/252°%) + 176 (o w Hy 11 + Ho 1 (784 +2384/25272 + 112/527*
+1264/5x + 296 2° — 1968/25 2% + 120 (o ) + 96 Cox Ho o1 + Ho 0 (289/15
—576/527" —73891/90 x + 864/5 2 + 5784/252%) + Hy o1 (—143 — 288/527"

— 143/15 2 + 424 2% +18104/752° + 192 (o ) + Hy 10 (—342/5 — 112/527"
+2383/152 — 476/52° — 488 /3 2° + 288 (, ) + Hy 11 (216 (o v — 426/5 — 128527 "
+659/52 — 328/52%) + 192w Hy o1 + Hy o (—192/5+ 16/527" — 6862/45
+724/52% + 400 G ) + Hy g (192 oz — 814/15 — 16/527" — 301/15 2 + 716/5 2
+488/32%) + Hy 1 (—746/15+16/52~" + 3131/152 — 196/5 2 — 488/3 2

+296 ¢y x) +Hyyy (=50 + 732+ 192 x) + H | | (16622 — 402~ +80(
+336 o x + 80 a? — 24 (o a® + 1603 x) + H_ 1 (85732/75 + 32252/37522
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+1632/25271 +79732/75 2 — 2568/25 2% — 17916/125 2% — 56 (a2 — 84 Gt
—280(y — 176 (o + 168 (o 2? + 84 (o a® — 80 (s x) + Hy_; (—288/5C a2

— A48 G —288C +8Cx — 80y +24 (o’ — 112 (3 x) + Hy (—12541/450
—3616/25z" — 41282/25 x + 4444/25 2% + 17916/125 2 — 103 (o v — 344 (o 2°

— 260 (o 2% 4+ 96 (3 2) + Hyy (—7937/75 — 752/25 271 — 67831/225 1 — 1283675 22
—96/5C 12 —48C ™ —96C + 246 (o — 96 (o 2 — 144/5 G 2 + 160 (3 )
+Ho(=536/15+112/527 1 = 799/6 v + 320/3 2> — 24 (2% — 60 oz — 120 (s
+ 546 (o — 176 Gy v — 176 (o 2® 4+ 56 (3 v) + Hyq (—122/5 + 128 /527"
—13169/90 v — 328/52% —96/5 22 — 48 Gt — 96 (o + 344 G — 96 (p 22
—144/5C2° + 80 w) + H | (—1848/25 v 2 — 96 (o a™ ! — 616 (o

—1520/3 G v + 208 (o % + 2952/25 (o a® — 144 /5 (327> + 8 Gz~ — 144 (3
—336(3x — 163 2? +216/5 (3 * — 100 ¢y ) + Ho (—16081/250 4 628 /375 27"

— 39052717/40500 & + 41888 /375 2% + 80 Gy v~ + 143 (o + T87/3 (y v — 424 (p 2°
—24008/75 G +115/3 (3 + 16 (3 2 + 872/5 3 + 12y x)

+ H; (13997/150 + 1712/25 27" — 7089221/16200 x — 7916/75 2% — 616/25 (o 22
—304/5C ™" —1706/15 (y + 7181/15 (o w — 1516/5 (o a* — 15152/75 G o
—88/5¢3 72 — 44z — 88 (3 +362/3 (3 + 1088/5 (3 2* — 190 ¢y )

— 3918163/81000 + 49532/375 2 — 54681799/162000 = + 27156/125 >
+2384/25 Cox ™t + 7937/75 (o + 307027/225 Gy v + 12836 /75 (o 2°

—17916/125 (o 2® +232/5 (s o~ + 1591/15 3 + 1052/15 (3 v — 4/5 (3 2°

+1456/5 3 a® — 136 (3 G v + 301 Gy v + 302y a® + 677/5(ya® +296 G . (3.5.7)

The nf3 coefficient in the last line of eq. (3.5.5)) reads

4)F
e (@) =

—48x HU.U,U —36xHyg1 —24xHy;0— 24$Ho,1,1 —12x Hl.o,o =12z H,,
—122Hy,0—122H; 1, +Hyo (12 - 150z) + Hp; (12 — 100z) + Hy o (12 — 50 z)
+H;;(12—-502) + Hy (38 —634/32 4+ 36 (ax) + Hy (38 —=317/3x + 12 2)
+203/3 —8609/54x —12¢ 4+ 100Gz + 123« . (3.5.8)

The corresponding results for Fy ;¢ are written in a very similar manner as
céji)s(x) = nfo and n; contributions
24 (4L 1 24 (4N 34 (4F
+ CpCynf § es (2) + C (Cp — 5 Ca)nf § e300 (x) + Cpnf 37 ¢330 (£3.5.9)
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with

Com (z) =
+ Hoo000 (1951/4 — 1951 /3 2, + 1951 /4 2) + Ho 00,01 (607 — 2890/3 2, + 411
+ 480 2% — 720 2%) + Ho .10 (1547/3 — 2572/3 2,1 4+ 1391 /3 + 192 2% — 288 2°)
+ Ho o011 (1637/3 — 2752/3 2,1 + 1343 /3 2 + 240 2% — 360 %) + Hy 100 (387
— 6707, + 475 — 192 2° + 288 2°) + Hy o101 (428 — 7523, + 400 x + 48 22
—722%) 4+ Hoo110 (390 — 676 2, + 436 7 — 48 2% + 722°) + Hy o111 (404 — 704 3}
+ 404 x) + Ho 1 000 (770/3 — 1408/3 2, + 1250/3 x — 480 2 + 720 2°)
+ Ho 1001 (296 — 48272 — 548z, + 256 2 + 48 2% — 722°) + Ho 1 0.1 (272 — 500 2}
+ 2882 — 48 2% + 722%) + Hy 1011 (300 — 556 2, + 162 = + 432 2% — 360 2%)
+ Hop1.00 (260 + 482572 — 476 2, 4 364 2 — 240 2% + 360 2°) + H 1101 (266
— 4887, + 386w — 4322° + 360 2°) + Ho 1110 (240 — 436 2! + 258 )
+Ho111 (252 — 4602, +2523) + Hy 0000 (671/3 — 1342/3 2.} + 671/3 2)
+ Hig00.1 (824/3 — 8022 — 1648/3 2,,' +344/3 2 + 480 2% — 720 2%) + H, 00,10 (234
— 32272 — 468z, + 1702z + 19222 — 288 2%) + H, 01,1 (270 — 40272 — 540 2!
+ 1902 + 240 2% — 360 %) + H, 0100 (178 + 32272 — 356 2, + 2422 — 192 2°
+2882%) + Hy 101 (216 — 8272 — 432z, + 200z + 48 2% — 722°) + H, 0110 (206
+ 8272 — 4122, + 2222 — 4827 + 722%) + Hy 011, (228 — 456z, + 228 7)
+Hi1000(530/3 4+ 80272 —1060/3 2, +1010/3 2 — 480 2% + 720 %)
+Hi1001 (196 — 8272 =392z, + 1802 + 48 2% — 722%) + Hy 110 (162 + 8272
— 3243, + 1782 — 482 + 722%) + Hy 10,1, (188 — 376 2, + 68z + 4322 — 360 2°)
+Hyg100 (1424402572 — 2842, 4+ 2222 — 240 2% + 360 2°) + Hy 110, (164
— 3282, + 2842 — 43227 +3602%) + Hy 1 110 (140 — 280 7, + 140 7)
+Hy 00 (160 — 3202, + 160 7) + Ho 000 (2997/2 — 20567/9 z,,' + 11249/6 x)
+ Hoo0, (3441/2 + 802~ — 24686/9 x,," + 3717/2x + 1104 2° — 612 2°)
+ Hoo1,0(23231/18 + 3227 — 19634/9 2, + 30677/18 = + 288 x%)
+ Hoo11(23231/18 + 402~ — 19967/9 2" + 15163/9 z + 456 2% — 48 2%)
+ Ho100 (7015/9 — 32271 — 13373/9 2! + 11956/9 v — 6722° + 612 2°)
+ Ho 10, (2593/3 + 827! — 4835/3 2, + 3628/3 2 + 722%) + Ho 11,0 (2302/3
— 8z —4283/3 2, +7361/6 5 — 168 2% + 48 %) + Hp 111 (2261/3 — 4270/3 2,

m

+3473/32) + Hy 0.0 (3706/9 — 80 2~ — 9995/9 2} + 8704/9 2 — 720 2°)
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+Hig01 (5740/9 — 8272 — 162~ — 12263/9 2, + 7963/9 x + 456 22 — 612 2°)
+Hyg10(1546/3 — 82~ — 3212/3 2, ' +2506/3 2 — 722%) + H, o1 (597

— 12102,," + 1333/2 2 + 456 2% — 48 2%) + H, 1 0 (3946/9 + 8272 — 162"
—8495/9 7,1 +8275/9x — 744 x* + 6122%) + H, 1, (1412/3 — 3022/3 2}
+3128/3 2 — 360 %) + Hy 11 (1321/3 — 2558/3 2! +4073/6 x — 96 % + 48 )
+Hy0 (442 — 904 2,! + T14.3) + Hy o (22496/9 — 152383 /36 2,1 + 39667/9 =
+ 7202 +2890/3 G, — 607 (o — 411 (o v — 480 (p 22 + 720 Gy %)

+ Ho o, (73799/36 — 24271 — 35378/9 2,,' + 136907/36 = + 1740 2* — 394 2°

+ 752G, — 428 ¢ — 400 (o v — 48 G + T2 ) + Ho 10 (3868/3 — 3227
—24305/9 2, +53105/18 2 — 120 2% + 394 2° + 48 (a2 + 548 (y o, — 296 (y
— 256 (o — 48 (o a® + T2 (o) + Hy 1 (10021/9 — 402~ — 23191/9 3}
+26957/9 2 + 48 2 + 488 Gyt — 266 (o — 386 (o + 432 (o 2° — 360 (p 2°)
+Hygo(11321/18 — 24271 — 15200/9 2! + 12601/6 7 — 540 2 + 80 (22
+1648/3 Cy w,,t — 824/3 Gy — 344/3 (o — 480 G 4 720 (o ) + Hy 1 (3763/6
— 821 —10459/6 x,,} + 10787/6 2 + 9122% — 394 2% + 8o a2 + 432y 7,
—216¢ — 200y — 48 G + 72 ¢ ) + Hy 1 (11303/18 + 827!
—27307/18 x4+ 35993/18 x — 6002 + 394 2° + 8 oz ™2 + 392 (o, — 196 (o
— 180 (o — 48y a?® + T2 o a®) + Hy 11 (9337/18 — 25979/18 1,1 + 32905/18
+ 328G, — 164G — 284 Gy + 432 G a® — 360 Gy 2°) 4 Mo (498587/216
—842039/162z,,! + 1618205/216 x + 1260 2° — 80 (o o+ + 24686/9 (o !
—3441/2 ¢, — 3717/2 (o v — 1104 (2% + 612 (e 2® + 1160/3 (3 2, — 769/3 G5
—1339/3 (s + 336 (3 22 — 504 G %) + Ho ; (86396/81 — 24 27"

— 1178369/324 ' +439538/81x + 122222 — 8y v~ +4835/3 (v,
—2593/3(y — 3628/3 G — T2 2 — 483272 +976/3 G x,t — 520/3 (3
+818/3 (3 — 1824 (3 2 + 1296 (3 2°) 4 H,, (168623/648 + 322~

— 147071/81 2" + 2253563/648 x + 86 2% + 8y v 2 + 16 (o a ™' + 12263/9 (G 1,
—5740/9 (o — 7963/9 (o v — 456 (o % + 612 (o 2® — 56 (3272 + 944 /3 (3 ;!
—472/3 (3 — 808/3 (3 + 336 (302 — 504 (3 %) + H, ; (15961/216 + 40 2~

— 46483 /27 x;,! + 784189/216 = + 48 2° + 3022/3 (o ;! — 1412/3 ¢, — 3128/3 (x
+360Ca* — 56 (s 2 + 176 Gy, — 88 (s + 400 (o — 1824 (3 2% + 1296 (3 °)
+ Hy (1578379/2592 — 5764837/1296 =, + 25289039/2592  + 1174 2°

126



3.5. The x-space coefficient functions

+24 Gt +35378/9 Gyt — 73799/36 ¢ — 136907/36 (o — 1740 ¢y 22
+394 2 + 56 GGt 4 3085/3 3wy, — BTT1/9 (3 — 24019/18 (3 ¢ + 984 (3 22
— 660 (3 2° — 2506/3 (4, 4 5755/12 (4 + 3463/12 (4 + 636 (4 2% — 954 (4 )
+ H, (—601625/648 + 723" — 2134163/1296 ;' + 831119/162  + 1174 2>
+ 8¢ a4+ 10459/6 (o ;! — 3763/6 C — 10787/6 (o — 912 (G 2% + 394 Gy 2®
— 82 +32G x4+ 5879/9 (s x,,t — 3823/9 (s + 9187/18 (3 — 816 (3
— 660 (3 2° — 106 ¢y v7% — 1400/3 (4 ;" + 700/3 ¢4 + 64/3 (4 v + 636 (4 2°

— 954 ¢y 2%) — 12941689/5184 — 132728 /81 x,,! + 4964587 /576 & + 24 Gy ™"
+1178369/324 , x,," — 86396/81 (, — 439538 /81 (o v — 1222 ( 2*

+13247/9 (3 2, — 11459/12 (3 — 120413 /36 (3 ¢ + 3900 (3 2° — 1182 (3
—980/3 (3 Cox,t 4209 s Co + 405 Gy G v — 480 (s Co 22 + 432 (3 G

+106 ¢y ™t — 72041/36 ¢y, 4 87439/72 ¢y + 98209/72 ¢y v + 1578 (4 22

— 1152 ¢, 2 +1036/3 (5 @, — 206 (5 + 834 (5 & — 3840 (5 22 + 2880 (5 2°

+0(1 — ) (—18199451/6912 — 5764837/1296 (2 — 29/648 (3 + 68705/72 (4

+4300/9 (3 Co + 3091/6 (5 + 35/3 (2 + 521/2G6) (3.5.10)
Come (2) =
FH o 10(192 - 10242, = 21122) + Hoy 4 100 (=352 + 17922, ' + 3616 2)

+H 1 1010 (—224 411522, +23362) + H_1 1000 (464 — 2080z, ' — 3920 )
+H 0110 (—2244+ 11522, + 2336 2) + H_1 0100 (432 — 1984 2, ' — 3792x)
+H 100-10(304 = 134d 2" — 25122) + H_1 0000 (—612 4 1800z, ' + 2340 )

+H 10001 (—8+16 ﬂU;l +8z)+H 19011 (16 —32 37;1 —162)+H 10111 (—32
+ 647" +322) + Ho 1110 (—224 + 11527, 42336 ) + Ho 11,00 (432
—1984z," —3792x) + Ho 1010 (272 — 12802, ' — 2480 2) + Ho,__1,00,0 (—1060
+ 1408z, + 21522,  + 1092 %) + Ho 100, (—216 4+ 864 2, + 162, " — 1544 x)
+ Ho 1010 (128 + 544 21 —9922) + Hy 10,11 (—80 + 448z, — 322" — 830 )
+ Hoo—1.-1,0(296 + 16 2! — 1376 2, — 2616 ) + Ho 1,00 (—1280 4 2040z,

+ 23442, +3922) + Hoo 101 (—248 + 1056 ;' 4+ 162, ' — 1960 )

+ Hoo-10(—1012 416322, + 1736 2, ' + 522) + Ho o000 (1951/2 — 2102/3 2,
—600z," +751/22) + Hog00,1 (884 — 3728/3 2, — 242" + 860 )

+ Ho o010 (2458/3 — 3872/3 2,1 + 2458 /3 ) + Ho 0,11 (2506/3 — 4064/3 !
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Chapter 3. Four-loop large-n¢ contributions to the non-singlet structure
functions F, and Fy,

+ 322, " 42602/3 ) 4+ Ho o100 (698 — 10922, + 410 2) + Ho 10,1 (656

— 1104 2, + 656 2) + Hy o110 (792 — 1376 2" +7922) + Hy o111 (724 — 1208 2,,}
=322, 4+6922) + Ho 1010 (120 + 560 2" — 1080 ) + H 1,000 (1660/3
—2192/3 2, —932/3x) + Ho 100, (356 — 256 2, — 748 1) + Hy 010 (616

— 1256 2, +9522) + Hy 010 (476 — 864 2,1 + 476 2) + Ho 1100 (680 — 1304 2}
+T762) + Ho 10, (504 — 840" + 264 3) + Hy 1110 (632 — 1256 2,1 + 872 2)

+ Hoy 100 (504 — 9202, +5042) + Hyg 1 10(—16+ 32z, — 162)

+Hio 100 (=216 + 1008 2, — 1944 2) + H, o 101 (=96 + 576 2, — 1248 7)
+Higo 10 (=184 + 880z, — 1720 3) + Hy 000 (1756/3 — 1784/3 2, ' — 3428/3 x)
+Hyg00.1 (1024/3 +16/3 2, — 5168/32) + Hy 0010 (432 — 640 2,," — 240 1)
+Hig011 (344 — 3523, — 664 2) + Hy 0100 (532 — 1208 2, + 964 7)

+Hig101 (392 = 7522, +296x) + Hy 0110 (452 — 1016 2, + 788 )

+Hig11.1 (368 — 7362, +3682) + Hi 1o 10(—96 + 4482, — 864 )

+Hy 1000 (1540/3 — 3080/3 2,1 4 1540/3 ) + Hy 1 001 (300 — 23221 — 804 )

+Hy 000 (440 — 1008 2," + 824 2) + Hy 101 (328 — 576 2, + 88 z)

+Hy 1100 (460 — 1096 " + 988 ) + Hy 1104 (328 — 592, + 136 7)

+Hy 11,0 (416 — 976 x:nl +848x) + Hy 1111 (320 — 640 x;ll +320x)

+H 1 110(3200/3 432277 +3200/3x," + 12544 /3 x + 960 ° — 288 2°)

+H_y 100(—5056/3 —272/5 7% — 5440/3x, ' — 19712/3x — 1632 2° + 2448 /5 2%)
+H 10 10(—3328/3 - 176/527% — 3520/3 2, ' — 12992/3 x — 1056 2* + 1584 /5 2°)
+H_1000(2584 +576/5 272 + 17922, " + 4728 x — 5184/52°) + H_, 00,1 (2608/3
+224/527% +160/3 2, +80/3x — 13442” — 2016/52°) + H_1 1,0 (560 + 144/5 2>
— 162 —8642° —1296/52%) + H_1 011 (1504/3 + 128/527% — 320/3x," — 352/3
— 768 2% — 1152/52%) + Ho 1 1,0 (—3544/3 — 192/527% — 3520/3x, " — 12968/3 =
—9602” 4 2882°) + Ho 1,0 (2724 + 576/5 277 + 1568z, + 1840z, " + 1452z
+16322% — 2448 /5 2%) + Hy 101 (2800/3 +192/527> + 6402, + 160/3z, "
—6544/3 ) + Ho 1,0 (5164/3 + 384/527% + 4768 /32, + 1504z, + 532/3x

+ 1440 2% — 1008/5 %) 4 Ho 0,0 (1688 — 13852/9 x," — 1240/3 2, " + 2584/3 x
+5184/52%) 4+ Ho 0.1 (2751 — 28516/9 x,," — 160/3 2, " + 8981/3 x + 2064 2>
+6792/52%) + Ho 10 (16565/9 — 22732/9 x, 1 + 22841 /9 + 672 2% + 1008 /5 2°)
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+ Hoo11 (18773/9 — 25252/9 2, 4 160/3 2, " + 25169/9 x + 960 2 + 4272/5 2%)
+ Ho100 (7988/9 — 12250/9 .} + 7736/9 v — 4322 — 4344/5 2%) + Hy 10,1 (3130/3
—5000/3 2, +5194/3 2 + 96 2> + 144/52%) + Hy 110 (1106 — 2054 2" + 2146 =
— 28827 — 3264/52%) + Hy 1 (3190/3 — 5372/3 2, + 5614/3 x)

+Hio 10 (1136/3 4+ 64/5272 + 2048 /3 2,,' — 6448/3 x + 384 2% + 576/5 2%)

+ Hy 000 (10580/9 — 12790/9 x,," — 9376/9x) + H, 0,1 (13904/9 + 64/5 2>
—11770/9 2, — 8956/9 x + 720 2% + 4776 /5 2%) + H, 01,0 (1988/3 — 32/5 32

— 5668/3 x,," +6164/3x — 1922% — 288/52%) + Hy 1, (916 — 1652z, + 1364 =
+ 19227 4+ 624 2%) + H, 1 (5348/9 — 16/52~ 2 — 15358/9 ;! + 14096 /9 x

— 43227 — 4344/52%) + H, 101 (2468/3 + 16/5 2% — 4060/3 x,, + 2372/3 x
+962% +144/52°) + Hy 1 1 (1456/3 — 16/5272 — 4652/3 ;! + 5488 /3 v — 288 2
—3264/52%) 4+ Hy 11, (620 — 12802, + 1164 2) + H_y 1 1 (—512¢z, ' + 96
— 1056 () + H 1 10 (—7648/3 — 992/25 x> — 1282~ ' — 1984/3z," — 5536 «

— 1920 2% + 11808/25 2% + 352 Gy, ' — 64 (o + 736 G ) + Hoy 01 (576 a2,

— 112G + 1168 G @) + H_1,0 (289016/45 + 2896/25 2> + 272/5 2" + 9352/9 z,*
+ 321856/45 x — 2448 /52 — 34704/25 2% — 248 (" + 68 (» — 404 ( x)

+H 101 (16528/9 4+ 992/25 27> — 96z~ + 304/9z, ' + 2432/9 2 — 2208 2>
—11808/252" — 16 oz, + 8 — 8 @) + Hy 11 (576 G a, ' — 112G,

+ 1168 (o) + Hy 1 (42214/9 +1904/25 22 + 112 /52~ + 800 z;,!

+6088/92, " +63946/45 2 + 1776 2> — 11808/252° — 864 (r x,," — 376 ("
+292C + 844 G w) + Hopo 1 (—1048 oz, — 704 Ga " + 396 (p + 652 (3 )

+ Ho .0 (65087/45 — 576/52~" — 18371/18 x;,! — 5080/9 z,* — 176803 /45 x
+5184/5 2% + 34704/25 2 4 3572/3 (y x," + 76 G o, — 884 (o — 808 (y )

+ Hoo1 (41267/18 — 288/5207" — 23429/9 2, ! — 152/9 x, " + 139937/90 & + 2544 2
+36208/25 2 + 416 (' + 8o, — 508 (y + 652 Gy ) + Ho 10 (12734/15
—112/527" — 12331/92,' + 79654 /45 x — 2856/5 2% — 976 2° — 104 (y 2,

— 280y + 1448 (o) + Ho 11 (47296/45 — 128/5 2 — 13964/9 x, + 84266/45 =
— 1968/5 2% + 264 (y x;,t — 392 (o + 904 G ) + Hy g1 (=560 G x,,t + 88 ¢,

+ 1240 Gy @) + Hy o (69457/45 +16/5 271 — 17476/9 x,,* + 3181/15 2 + 4344 /5 2
—T712/3 G x;,! — 844/3 (o + 6356/3 (o) + Hy o, (6267/5 — 16/527 " — 1839 2,1
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+17429/15 2 + 4296 /5 2% + 976 2° + 176 G, — 280 G, + 872y @)
+Hy10(32257/45 +16/52 1 — 15511/9 2, + 83923/45x — 1176/5 2% — 976 2°
— 120Gy, — 236 Gy + 1540 Gy ) + Hyy (6205/9 — 12119/9 2, + 11089/9 «
+80Cx,! — 23204+ 920Gx) + H 1 (162> +1600/3 G @, !

+1600/3 C + 6272/3 (& + 480 G a® — 144 G 2® + 5125 2, ' — 96 (3

+ 1056 (3 ) + H_1 o (4252378/675 + 21512/375 2% + 1392/25 2~ " + 9712/27 z*
+4279178/675 x — 15408/25 ° — 107496/125 2 — 56 (2> — 896/3 (y ;!

— 3704/3(y — 3352/3 (y x + 1008 (y 2” + 504 G 2® — 256 (s 2, ' + 48 (3

—528(¢3x) + Ho 1 (—288/5 ™ — 640G, — 640 G, — 1524,

+20(x — 480G a? + 144 G a® — 224Gy ;)| — 560 C3 ' + 152 (5 — 728 (3 @)

+ Ho (—350027/5400 — 2896/25 x~" + 103447/324 x,," — 17384/27 "

— 16956149/1800 = + 26664,/25 22 + 107496 /125 * 4 28900/9 (5 x,,!
+32/3Cx, " — 2751 ¢y — 8449/3 (y & — 2064 ( 2” — 1560 (2 + 5260/3 (3 2,

+ 148 (3, ' — 3230/3 (3 — 1346/3 (3 ) + Hoy (1332331/2025 — 512/25 27

— 81845/162 x,' — 2398349/2025 2 — 25672/25 x% — 96/5 (22 + 1080 (y x,,)!

— 1634 (, + 430y v — 576 G a® — 864/5 (o a® +1976/3 Gz x,} — 1532/3 (3

+ 1348/3 (3 ) + Hy o (2535097/1620 + 112/5 2 — 110893 /81 z,,! — 46891/324 x
+6402% — 24 G2+ 9562/9 G @, — 17192/9 G + 18772/9 (@ — 1056 G 2

— 1056 (o 2 + 2008/3 (3 2, — 1172/3 (3 — 164/3 (3 ¥) + H, 1 (654959/540
+128/5271 —26339/27x,,} — 159709/540 x — 1968 /5 2* — 96/5 Cy x>

+ 820y x,,! — 1356 Gy + 1300 G v — 576 (o v — 864/5 G o + 504 (3 2,
— 3323+ 148(32) + H_y (—1488/25 (2> + 32 a2 — 3280/9 (!
—28000/9 (o — 27344/9 G v + 1248 (o + 17712/25 (o a® — 144/5 (3272

— 4803 a, "t — T84(3 — 2032 (3w — 96 (32 + 1296 /5 (3 2° — 516 (g x, ' + 158y
— 758 ¢y x) + Hy (—74841839/81000 + 7768/375 2~ + 162721 /324 x,
—928/3 " —423561229/81000 x 4 83776/125 2 + 80 G 2! + 2665 (3,
—404/9 Gy, — 41267/18 C, — 803/6 (y v — 2544 (2 — 48016/25 ¢ «°
+10856/3 (3 )" + 280 (3o, ' — 19552/9 (3 — 13840/9 (3 + 96 (3 2

+5232/5 C32° — 3287/3 ¢y w;,)! 4300 (ya,t + 1961/3 (4 +2645/3 (4 x)

+ M, (6570689/4050 + 1472/25 x~* — 239633/648 x,' — 16747063/8100 =
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— 15832/25 7% — 496/25 (o v 2 +336/5 G~ + 4525 /3 G ;! — 37921 /15 ¢,
+24091/15 G & — 9096/5 (o 2* — 30304/25 (G 0® — 88/5 (3272 + 11626/9 (3 ;!
—10424/9 (3 + 1180/9 (3 ¢ + 6528/5 (3 2® — 484/3 (ya,! +812/3 ¢4

—2608/3 ¢4 v) — 79641581/162000 + 35192/375 2" — 161929/432 .}

— 113391919/162000 z + 162936/125 % + 1904 /25 (o ' + 52709/162 ¢, =,
+4856/27 (y " — 1332331/2025 ¢ + 15235883/2025 (3 & + 25672/25 (3 2
—107496/125 Go 2° +232/5 (s o~ 4 31993/9 (3 @, + 356 (3, ' — 42073/30 (3
—4933/90 (3 — 24/5 (32 + 8736 /5 (32° — 3628/3 (3 (o xy,)! — 523 oy !

+842(3 o — 10 (s G — 4T453/18 (2, + 3488 /3 (y ;' 4 69301/36 (4

+ 144733 /36 (4 v + 1812 (4 2 4 4062/5 (4 2° + 44/3 (s 2, + 508 s @)

— 4485 + 1660 (5 + 0(1 — ) (—61555/128 + 212833 /324 ¢, — 707833/162 (3

+ 123449/36 4 + 7322/9 (3 o + 1394/3 (5 + 976/3 ¢ + 1124/3 C6) (3.5.11)

and

4)F
el (z) =

+ Ho 000 (=119 + 238 2,1 — 1193) + Ho g1 (=96 + 192 2,1 — 96 2) + Ho g1 (—72
+ 144zt —722) + Hogpq (=724 1442, — 722) + Ho 00 (—48 + 96 2, — 48 7)
+ Hot 01 (—48 + 962, —482) + Hy 10 (—48 + 962, — 482) + Hy 11, (—48

+ 96z, —487) + Higo0 (=24 + 482, —24x) + Hy g0, (—24 + 482, — 24 2)
+Hig10(—24+48z, —24x) +Hi 1 (24 + 48z, — 243) + Hy 100 (—24

+ 482,  —242) + Hy 1o (=24 + 48, —242) + Hy 110 (—24+ 487, — 24 7)
+Hyyg (=24 + 48, — 242) + Ho o (—985/3 + 1706/3 ;! — 1621/3 )

+ Hoo (—240 4+ 4202, — 408 ) + Hy 1o (=152 + 2682, — 2722) + Ho 14 (—152
+268 2, —2722) + Hy g0 (=64 + 1162, — 136 2) + H, o, (—64 + 116, — 136 )
+Hy 10 (=64 + 1162, —1362) + H, 11 (=64 + 1163, — 136 2) + Ho o (—1130/3
+2096/3 2, — 1116z — 192 x;," + 96 (o + 96 (o ) + Ho 1 (—632/3

+1282/3 2, —2240/3 2 — 96 (o ;! + 48 (o + 48 Co ) + Hy (—148/3

+470/3 2, — 1120/3 2 — 48 (o ;" + 24 Co + 24 (o ) + Hy y (—148/3 + 470/3 z;,}!
—1120/3 2 — 48 (ot + 24 Gy + 24 (p ) + Hy (—4474/27 + 14321/27 x;,}!
—37000/27 x — 420 (o ;" + 240 (o + 408 (o v — 44 (3 x,," + 22 (3 + 22 (3 @)

+ T, (1300/27 4 4429/27 ;! — 18518/27 2 — 116 (y ;" + 64 (o + 136 (o )

+ 14939/81 + 25279/162 x,,' — 79606/81 = — 1282/3 (y x;,} + 632/3 (o
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+2240/3 Cy  — 436/3 C3 ;1 + 266/3 G + 386 /3 (s + 102 Ca )t — 51 ¢4 (1 4 )
+0(1 — 2) (281971/864 + 14321/27 5 — 1/6 (s + 4 (3 Co + 1027/6 ¢4 + 2¢5) - (3.5.12)

The structure of these expressions reflects the N-space results presented
above. The large-n, coefficients ([3.5.6)), (3.5.9), (3.5.10) and (3.5.12)) include
only HPLs with non-negative indices corresponding to the non-alternating
harmonic sums in eqs. (3.4.5), (3.4.9), (3.4.11) and (3.4.16]). At the highest
weight, w = 5, the nf2 coefficients (3.5.6) and (3.5.10]) do not only appear with
factors z for Cp, and z,,! = 1/(1—x), 1 and z for Cy, but also include additional
fixed combinations of z* with a = —2, —1, 2, 3. These do not occur with
w = 5 HPLs in the C}an coefficients and corresponding to
eqs. and , which however include HPLs with negative indices
and terms with z,;' = 1/(1 + z).

Up to terms that vanish in the corresponding limit, the large-z and small-
x behaviour of the coefficient functions is given by plus-distributions,

In"(1-—
-2 |,
the o-function §(1—z) and powers of the logarithms
Ly = In(l-z), Ly = Inz . (3.5.14)
The nf and n coefficients of D,, and d(1—z) for C are
(4) _ % 2, 2
CQ,ns(z)‘D5 - 27 Can ) (3515)
44 640 8
cgf;;(x)‘m = — 5 CCinf == CEnf + = Cpnf (3.5.16)
1540 32 24238 928
(4) _ 2 2,2
Cons(7) by CpCang ( o7 5(2) + Cpny ( 213 77C2)
232
— = Cr nd (3.5.17)
7403 688
02(435(13) b CpCynf ( - o7 + o (o + 16 Cs)
52678 6104 304 940 32
2, 2( v 3 (2 _ 22
+Cinf (= G+ gy G G) e (-5 6)
YN , (315755 9848 64 , 688
Coms(T) o CpCyny (W T G+ 5 G — 9 C3)
239633 50140 1312 19304
2,2 _ 2 _
+Cinf (Sgg s @t S G)
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+Cp ”f3 ( - % 164 Cz) ; (3.5.18)
cimu(®) b CpCynf ( - 37568135209 + 132f378 G — ? ¢+ % G— ? G G2
1192 Cs) n CF ; ( 169179229 n 387523900 G — 1?224 sz " 38912 G
13%3@42 <)4+C}nﬁ(%%%§«—1§?)@ 8 <3}519)
s, - o (B2 T
17477 G+ 284 C3 o — 604 <3 n %Q 878 Cﬁ)

n C’FQ an (_ 6;225 n 217228933 Gt 244608598 <22 _ 14;;866 G

29288 GGt 3904 C3 55;6C 4496 Cﬁ)

The coefficients of D,, have been obtained from the soft-gluon exponentiation
in egs. (5.6) - (5.9) of ref. [224] forn =2, ..., 5, and in eq. (A.4) of ref. [225]
for n = 1 and n = 0; our results in eqgs. - agree with these
predictions. On the other hand, the coeflicient of 6(1—x) in eq. (3.5.20) is a
new result of the present chapter.

The corresponding terms with powers of In(1—z), which are subleading
for Cy but leading for Cr, in the threshold limit, are given by

64
Cﬁ@ﬁ:—ﬁ%#, (3.5.21)
44 1352 8
C2(4ns(z) 14 = j CF C’A an CF ;o ?7 CF np , (3.5.22)
3652 448 70132 224
@;@)szcgq“¢<_ 27 57@) CF?(‘ 243 4*@)
592
T (3.5.23)
32249 122221
Cz(ﬁl)s(x) 2 CrCy "12 (7 209¢ — 112 Cs) +Cin ¢ ( 213
6300 848 L/ 32 32
7T7C2+T<3) +CFTLf (* 871+§<2) R (3.5.24)
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4 1120828 30136 512 6734
C2<n)s(‘r) .= Cp Cynf? (— W‘F 7(2 - EC22+ TC@)

Ly
o (367028963 N % - % o 35056 @)
+ Cpny (137626924 - % 2) , (3.5.25)
Cz(is(x) o = CpCy nf (36222203 - 542445394 G+ % G5 — % G
2704 e 1912 Cs) L Cn ( 707620990 B 11;2310 ‘o
611?5)6 2 1983136 ¢, 5688 LI 1504 Cs)
+ Cpnf (—%Zfﬁ%@—%@—%@) (3.5.26)
and
cih(@) w ? Cinf (3.5.27)
@], = et (~ 57 + 5 G) + i} (- 57 — )
+ 2—3 Cpnf | (3.5.28)
N ED) s = OO n/ (32900 64Co — @Q)
+C2n? ( 1581172 + @ G+ 128 45) % Cpnf (3.5.29)
C£4315($) 1 = CpCyny ( - 3528746 + 6232 G+ 13;6 ¢+ 29944 C3)
+Cnp (49;122942 2032 2 ot @ o 12512 Cs)
+Cpnf (32118 ol Cg) ; (3.5.30)
e (2) - CpCyn? (272542378 - 12320 - 704 2 ;LM@ 660
) (- 00 R
- @ G3Go + 160 <5) + Cpnf ( % % CQ) (3.5.31)

The coefficients 3.5.21 and ([3.5.22) have been predicted in ref. [226] up to
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one number that was determined as &g, = 100/3 a little later ,;
eq. provides the first check of this result by a four-loop diagram
calculation. Also the coefficient has been predicted before [226/229];
all other results in egs. - are new.

The small-x limit of the non-singlet splitting functions and coefficient
function is given by the terms with z°In‘z = 2OL§. Their nf2 and nf3 contri-
butions read
1951 o

cimn () - To20 CF 1 (3.5.32)
Cae(@) oo % CpCynf — % Cinf + % Cpnf . (3.5.33)
CQ(j;)s(x) 1 = CpCy nf2 ( - % + % CQ)
+CEnf (- %333 + 22?6 G)+ % Cpnf . (35.34)
@), = CrCanf (- % + 16954 2 — ? &)
ey (0 g
+Cpnf (% - % Cz) ) (3.5.35)
C2(,4n)s(~73) n CpCynf (* 29189% + @@ — 224G — %Q)
+Cinf (*%+gi8<2+%§3*iﬁf4)
+ Cpnf (% - ? G2 — % C’a) ; (3.5.36)
02(,4135(35) o CrCynf ( - 1911116267437 + 3027782 Go—328(3 + ? (3G
S B0 oy (- B3
%43* %Q@Jr%@Jr%@)
+Cpnf (% - 22(1)0 2~ % G+ % C4) (3.5.37)
and
cih(@) LT 98%0 Cind, (3.5.38)
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cih(@) m o 1? CpCynf — %110 CEnf + % Cpnf | (3.5.39)
Cl(:lr)ls(x) 1 = CpCy ”f2 ( - 4(;& + ? Cg)

+CEnf (- @ + ? G)+ % Cpnf . (3.5.40)
Cl(/4r)1€(r) 1 = CpCy an ( - %4722 + ? G2 — 64§3)

Gy ( a 2702692 * 1(2)4;0 Gt 32?;2 C3)

+Cpnyf (352% - % Cz) : (3.5.41)

Egs. (3.5.32)) and (3.5.38) agree with the resummation predictions (4.5) and
(4.6) of ref. [230] after using that In‘z transforms to (—1)* ¢! N1 All
other small-z coefficients are new.

In the case of QCD, eqs. (3.5.32) — (3.5.41)) lead to the numerical small-x

expansions

s (@) — 2.1410151 In°z — 57.187471 Inz — 358.88192 In’x
! — 945.87933 In’z — 1327.8897 Inz — 688.88341 + (B(5)12)
and
cffjls(x)‘ = —20.192044 In®z — 347.47874 In*z — 1539.0328 Inx
”f

— 2177.6994 + O (x) (3.5.43)

which yield the successive approximations shown in fig. 3.5} The pattern
seen in this figure is the same seen for the complete third-order non-singlet
coefficient functions in the right parts of fig. 2 and fig. 7 in ref. [43] and for
the four- and five-loop resummation predictions in figs. 1 — 3 of ref. [230]:
the leading, next-to-leading and next-to-next-to-leading logarithmic small-x
approximations wildly oscillate and thus, in general, cannot be used to obtain
any reliable prediction for even the rough shape of high-order coefficient
functions at any physically relevant small values of z.

3.6 Summary and outlook

As a step towards the determination of the fourth-order QCD coefficient func-
tions 0(5,4)(37) in inclusive deep-inelastic scattering (DIS), we have computed
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Figure 3.5: Successive small-z approximations for the n? contributions to the
fourth-order coefficient functions for F ;s (left panel) and Ff, ¢ (right panel). The
coefficients in eqgs. (3.5.42)) and ({3.5.43)) have been converted to an expansion in

Qs.

the double-fermionic (an) non-singlet contributions to the structure functions
Fy and F,. Our results are applicable to electromagnetic DIS (where we have
ignored the very small [43,56] contributions in which the photon couples to
different quark lines) and to charged-current (W*++W ™) exchange. The
analytic dependence of these coefficient functions on Mellin-/V, and hence
Bjorken-z, has been reconstructed from a very large number of even values
of N, up to N ~ 1200.

Our calculations verify the corresponding contributions to the next-to-
next-to-leading order splitting function Pt () obtained in ref. , and
the much simpler (and much smaller) C' an3 leading large-n; contributions to
c £4) () and 02(4> (x) ,. The coeflicients of all large-z plus-distributions
in Cy at this order, [(1—z)~'In‘(1—x)], with 0 < ¢ < 5, have been predicted
by the soft-gluon exponentiation [224,225]; we agree with these predictions.
Our results for both structure functions make contact, just, with the re-
summations of In(1—x) and Inz double logarithms in refs. [2261230], as the
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leading terms of the an parts contribute to the overall next-to-next-to-leading
logarithms; also here we find full agreement. Finally we have predicted the
analytic form of the (4nf3 contributions to the Mellin-N moments of the five-

loop splitting function Pi® (z), and verified the corresponding Qm;l parts of
ref. [222].

To compute the large number of moments required for the reconstruc-
tion of the all-N coefficient functions, we have developed a new approach
based on the method of integration by parts, differential equations and the
optical theorem. By employing the knowledge that the Mellin moments of
the forward scattering amplitude correspond to the coefficients of the Tay-
lor series around w = 1/2 = 0, we derive a system of recurrence relations
which holds for any linear system of differential equations, whose matrix
contains no higher-order poles in w. While such higher poles are generically
present, we find a simple algorithm which allows to change the basis of mas-
ter integrals into a form where only simple poles appear in the differential
matrix. The thereby obtained recurrence relations for the master integrals al-
low to obtain the Mellin moments at, in principle, arbitrary high N from the
knowledge of the boundary conditions, which we compute using the FORCER
program [184].

In practice, we find that the algorithm starts to become computationally
demanding for the problem under consideration at values of N around about
1000. One element which allowed us to speed up the calculation considerably
was to convert the basis of master integrals into one where the e-dependence
of the reduction coefficients factorizes from the dependence on . An impor-
tant feature of the method is the simplicity with which the recurrences can
be solved - a procedure which we have implemented in Form [52]53/[195].

In spirit the method is not dissimilar from the ‘method of arbitrary high
moments’ [199], which was used recently to recompute the 3-loop DIS coef-
ficient functions [181]. Their method also derives recurrence relations from
differential equations, but differs from our method in several ways, e.g., it
relies on more advanced combinatorial algorithms to construct and recur-
sively solve to high N the differential equations, and is implemented largely
in MATHEMATICA. While it is possible that their approach leads to a faster
algorithm at very large N, it is difficult at this stage to comment on timings
without explicit performance benchmarks.

We plan to present the an fourth-order contributions to the structure
function F3 in (W*++W ™) charged-current DIS in a forthcoming publication.
The computation of its ‘standard’ CpC, nf2 and CZ nf2 parts is not much
more difficult than that presented in this chapter, but some additional con-
tributions with the group invariant d®°dy,., for the third-order results see
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refs. ,,, prove to be more challenging. We have also started to

work on a first set of nf1 contributions, the C2 n; terms, where we hope to

be able to provide the first exact results of n/ parts of Pat®(2) beyond the
large-n, limit of ref. [15].

FoRrM files with our results can be obtained from the preprint server https://arXiv.org
by downloading the source of the article on which this chapter is based. They

are also available from the authors upon request. These files include also the
analytic N-dependence of the third-order quantities agzs(N ) and a(L”’Z‘S(N ) in

eq. (3.2.8) which we have not included in section above.
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Chapter 4

Overall Conclusions

This thesis consists of two different studies in the field of precision calcu-
lations for elementary particle interactions in QCD. In the first study in
chapter ] we developed an automated algorithm to calculate one-loop jet
functions. The algorithm has been implemented in the MATHEMATICA pack-
age GOJET [1]. By using the geometric subtraction scheme, we regulate the
soft and collinear singularities in order to render jet functions finite. The
package allows one to calculate jet functions for generic IR-safe observables
at one-loop order in QCD. While the collinear counterterm (which is not
always required) does not depend on the specifics of the chosen observable,
the soft counterterm does. The power-law behaviour of the observable in the
soft limit should be extracted by the user and provided to the program. This
has been demonstrated in a systematic manner in the non-trivial example of
the jet function for angularities with recoil. Up to an integration over the
azimuthal angle, one can analytically obtain the IR poles in the dimensional
regulator. The finite term is given as an expression to be integrated over
numerically. We have verified our algorithm by recalculating the jet func-
tions for the jet shape, angularities and jet functions for the k7 and cone
algorithm. The previously mentioned jet function for angularities with re-
coil accounts for the formally power-suppressed but potentially large effect of
recoil in ete™ collision measurements and has never been calculated before.
While performing the numerical integration of the finite term, we encoun-
tered convergence issues due to an integrable divergence. We presented an
approach to improve the convergence of the numerical integral by remapping
the counterterm.

Even though one might consider analytic approaches to calculate jet func-
tions preferable, we have shown that our program is capable to compute one-
loop jet functions for highly non-trivial observables for which analytic results
are too difficult to obtain. Efforts to calculate resummed cross sections at
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next-to-leading logarithmic accuracy should therefore benefit from our algo-
rithm. Moreover, in the case that one obtains analytic results for a one-loop
jet function for any given IR finite observable, our algorithm should allow
one to crosscheck the obtained results.

A possible next step would be an automated implementation of the ge-
ometric subtraction scheme at NNLO. However, at this order the collinear
and soft singularities are no longer factorized in our framework. Due to the
non-commutativity of the collinear and soft limits, one has to keep track of
the specific ordering of the subtractions. Furthermore, the soft limit of the
observables will no longer be described by a power-law. We expect the math-
ematical behaviour of the soft limit of the observables to be more involved.
This complicates the construction of the counterterms.

In the second study in chapter [ we calculated, for the first time ever,
the doubly fermionic n?c non-singlet coefficient functions Cy and C7, for in-
clusive Deep Inelastic Scattering (DIS) at order N*LO in the strong coupling
constant a,. By using the optical theorem, the integration-by-parts tech-
nique and the method of differential equations we were able to recursively
compute a sufficiently large number of Mellin moments (N = 1500), which
allowed us to reconstruct full analytic expressions in both Mellin-N space
and Bjorken-z space, in terms of harmonic sums and harmonic polyloga-
rithms respectively. We verified the C an3 leading large-n, contributions to

024) (z) and ¢ (z) [185,186]. On top of what we agree with the coefficients of
the large-z plus-distribution in Cy of [224,[225] and with the resummations of
log(z) and log(1 — ) in [226/230]. As a byproduct we obtained the N°LO n}

non-singlet splitting function pe H(x). Therefore we are also the first ones
to verify the results of [14]. Furthermore, the no-7* theorem of [218] allowed
us to predict the (4-terms of the 5-loop non-singlet splitting function at order
CpCan} and order CEni.

The main bottleneck in our algorithm is the reduction of the scalar Feyn-
man integrals to master integrals. We found that FIRE [61] was the most
effective reduction program for the type of integrals that we encountered,
which depend on the variables of dimension d and inverse Bjorken-x w. The
program FIRE was complemented by the program LITERED [116] to ex-
haust all the internal- and external symmetries for each topology in order to
speed up the reduction procedure. Another bottleneck is the expansion of the
differential matrix. Unfactorized expressions in the differential matrix result
in spurious poles in € when performing expansions of the differential matrix.
These expressions result from coefficients in the reduction table in which the
kinematical invariants mix with the dimension. To solve this problem we
employed an algorithm [118] which searches for an improved basis of master

142



integrals, such that the kinematical variables do not anymore mix with the
dimension in the reduction table, resulting in a factorized differential matrix.

The resulting differential matrix could however still contain higher order
poles in w. We constructed an approach to scale away these poles by changing
the basis of master integrals. Consequently the differential matrix contains
only simple poles, allowing one to obtain recurrence relations for the master
integrals. These recurrence relations have been implemented in FOrRM [52]
53},[195] to compute the Mellin moments N, using the FORCER program [184]
to provide the boundary conditions.

The study in chapter [ serves a proof of concept for our algorithm. The
strength of our algorithm lies in the modularity of our approach and in the
recursive algorithm. In particular, the differential equations are solved by
using a power-series ansatz for the master integrals. This bypasses the ne-
cessity to fully solve the differential systems, which we expect to be a much
harder problem. As mentioned before, the main bottleneck of our algorithm
is the reduction of scalar Feynman integrals to master integrals. Therefore,
as reduction programs improve, we expect our algorithm to become more
powerful. In the next section we will give a preview of our approach to cal-
culate the N*LO DIS non-singlet splitting function at order C3ny in which
we replaced FIRE by a new reduction algorithm which is fine tuned to the
specific problem.
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Chapter 5

Outlook

In chapter [3] the non-singlet N*LO DIS coefficient functions at order n? have
been calculated using our new algorithm. This algorithm combined the op-
tical theorem, integration by parts technique and the method of differential
equations to calculate 1500 Mellin moments. Subsequently we were able to
reconstruct an all- NV expression for the coefficient functions by Gaussian elim-
ination. Lastly these coefficient functions were transformed to momentum-
fraction = space. The N*LO non-singlet quark-quark splitting functions at
order n7 have already been calculated in [14].

As a next step we would like to calculate the non-singlet N*LO splitting
functions at order ny. At this order, the diagrams are more numerous and
complex, since one has to replace a quark self-energy loop by a more compli-
cated loop which results from the different vertices such as the gluon vertices.
Due to the complexity we have to split up the diagrams in subsections. The
simplest subsection is a set of diagrams at order Ciyn;. Using our same
topologisation routine as before, we obtain 91 new topologies. Including the
13 topologies at order n?, our library contains 104 topologies. In table a
subset of characteristic topologies is illustrated.

Topo 66 has been used as a benchmark to test reduction algorithms, be-
cause we a priori expected it to be the most difficult topology due to its pla-
narity. It took FIRE (including LITERED) two weeks to reduce the integrals
required for the g, polarization. Of this, one day was spent to produce the
LITERED symmetry files. Even though we do not expect all of the topologies
to be of the same complexity (we count approximately 20 toplogies of a sim-
ilar complexity), it would be unrealistic to pursue the splitting functions and
DIS coefficient functions at O(ns) using FIRE. Therefore our collaborator
Andrea Pelloni has written his own reduction routine, which uses finite field
methods. Using this new reduction routine, called LACHIAVE, he has been
able to reduce the integrals required for topo 66 to masters integrals in a cou-
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v Topo 20

P Q
Q
P o
Topo 66
Q —
P
{
Q W Q
Topo 104

P —P

Table 5.1: Depicted are three out of 104 topologies which are required to
calculate the DIS Mellin moments for the contributions to the non-singlet
splitting functions at order n;C% at N*LO. Note that propagators which do
not include a loop momentum term, are not present in our actual topology
definitions.
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ple of days. With LACHIAVE one has to run multiple reductions for a fixed
set of parameters (i.e. assigning a numerical value to each parameter, the
finite field). This allows one to parallelise the reduction process in a highly
efficient manner, since each of the finite fields can be run on a different CPU
core. For a sufficient number of finite fields, one is able to reconstruct full
algebraic expressions for the reduction tables. The upside of this routine is
the speed at which it reduces the integrals. The downside is that it does not
allow the user to submit a basis of preferred masters. Therefore one might
end up with unfactorised expressions in the differential matrix.

The recursive calculation of the coefficients of the master integrals relies
on the factorisation of the differential matrix. Without a factorised differen-
tial matrix, the recursive algorithm slows down by a significant factor. We
would not have been able to calculate 1500 moments at order n; with an
unfactorised differential matrix. In fact, using unfactorised expressions, we
could only calculate moments up till O(~ w?°) at that order. We there-
fore choose to process the master integrals resulting from LACHIAVE with
FIRE and LITERED (and the improved masters routine if necessary). So
far this has always resulted in factorised expressions for the differential ma-
trix. The first and the second reductions (to close the differential system)
have been performed for all topologies with LACHIAVE, except for topo 20
(see table . Topo 20 truly turns out to be the most complicated topology.
We do not yet know which topologies require additional factorisation.

This calculation should result in the first (non-leading-N,) full all-a ex-
pressions that contribute to the non-singlet quark-quark splitting function
which is not n2 or n; The next subsection of diagrams are of order C%Can;.
After that one should tackle diagrams at order dfzny. This is a quartic
Casimir invariant which is defined as [232]

4) — jabed jabed
dlt) = detdged, (5.0.1)

Here x and y denote the representations. The totally symmetric tensors d;de
can be expressed in terms of the group generators T,* as

1
debet = Etr(ﬂ‘.’ﬂ’ﬂ‘i’Tf + five bed permutations ). (5.0.2)
This would be sufficient to obtain the complete ny part of the splitting func-

tion, because the expressions at order CrC%n;y can already be inferred from
the leading-N.. results [15].
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Appendix A

(Go Subtraction Term for
Rapidity Divergences

When the soft limit of the observable scales as 1/z, we need a rapidity reg-
ulator to control the singularities. The resulting expressions for Gy with
rapidity regulator are given by

20 evee v\" [T
G o=+~ (= do O(d)(si —2€
o= ra=g() [ e
[ (C1+)76 Afnfs(lfaf) _ (617)76 A7}e(1(xl):|
[n+e(l—af) n+e(l—ay) 7
Cy evee v\" [
Gpa= 2 ¢ (¥ 6 O(®)(sin ¢)
= P (%) [ we@ing
[ (03)76 Afnfs(lfaar) _ (65)76 Afnff(lf(xg)
n+e(l—af) n+e(l—aq)
(CIL)7€ 77]76(17(1f) (617)76 —n—e(l—ay ):|
n+e(l—af) n+el—ap)
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Appendix B

Counterterm Mapping

In this appendix we discuss how to improve the convergence of the soft
subtraction through a mapping. For simplicity, we consider only the soft
singularity at z = 0, for which the finite term generated by the geometric
subtraction is of the form:

/0le {f(z)@(O(z)) -~ f(O)G(Oo(Z))} . (B.0.1)

z

Here we suppressed the dependence (and integrals) over s and ¢, extracting
the 1/z singularity from the integrand @, i.e. f = 2Q). While this integrand
is by construction integrable, poor numerical convergence may be caused by
mismatch of the observable O and its soft limit Oy. This problem can become
particularly severe if O(z) has a fractional power series in z, as we illustrate
below.

To improve the convergence of the integral, we apply the following map-
ping (to the counterterm only):

G:z— 2H9(2) (B.0.2)

1+g(2)°
This maps the interval 0 < z < 1 onto itself, as long as z + g(z) > 0, and
the subtracted integral will remain the same as long as the function g(z)
decreases faster near z = 0 than z itself, i.e., it satisfies

lim @ —0. (B.0.3)
Applying this map, we can replace eq. with:
Lo 1f(2)8(0(2)  f(0)8(04(G(2)))|9G(2)
/0 dz [ z B G(2) ) 0z H (B.04)
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0.2 0.4 0.6 0.8 10°

Figure B.1: The plot shows the observable (blue), its soft approximation in

eq. (B.0.7) (red) and the remapped soft approximation in eq. (B.0.8) (or-
ange).

One can now construct the function g(z) to map Oy(G(z)) closer to O(z) in
the region z — 0.

For the angularities with recoil in section 242 we encounter the following
instructive example

O(z)=1/s — ol B.0.5
B =1/ (22 + (1 — 2)b) 140 ( )

which has poor convergence for small positive values of b. Already b = 1/10
yields a sufficiently challenging scenario, for which the power series around
z = 0 is given by:

O( ) 1/ 9 n 20 101 n 90 56 60 123 n 195 iy 936 29
B T R DY T T T 146417~ 161051
BAG0 - 35880 s 255645 s 1931540 m

+ 255 — Z110 + 255 — z1
1771561 19487171 214358881 2357947691
25922165435 5136983395938

it i+ 0(2%). (B.0.6)

T 95037424601 3138428376721

o
ol

It is thus apparent that the leading term approximation
Ools,2,¢) =1/s — z11 (B.0.7)

gives only a poor approximation of the full result. Substituting z = G(z)

with
11
ma e
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into eq. we can match eq. (B.0.6)) by iteratively solving for the con-

stants ¢;. This procedure yields:

20 110 220 3% 1232 15400
AT 9 TR ST oy T 7106837 T 1mTiaT T T 4782969
74800 402050 20906600 345319185959
=, 8= oo = oo - Cl0— “Tor o —aiioo
T 430467217 ° 387420489’ ° 31381059609’ *° 282429536481
.. _ (0338162484818 (B.0.9)
9541865828329 o

The resulting curves are plotted in figure [B-I] highlighting the improvement
due to the remapping. A VEGAS run using 5 - 10° points for the finite part
of the quark jet function of this observable yields —48.63(2) without the
mapping, while we obtain —48.745(9) after the mapping. The true value is
—48.7731, indicating that the remapped counterterm yields a result signifi-
cantly closer to the true value. In both cases it becomes clear that the offset
is not completely covered by the uncertainty. While the remapping may thus
improve convergence, it may not completely solve the issue.
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Appendix C

Azimuthal Integral

In this appendix we evaluate the integral

I(a,b;e):/dqb(sin(b)_ze. (C.0.1)

One can convert this integral into a Gauss-type hypergeometric integral using
the transformation cos¢ = 1 — 2x. However this leads to square roots in
the denominator which do not naively lead to a polylogarithmic expression.
Instead, one can rewrite the integral as a contour integral in the complex
plane using the transformation z = ¢’ such that

sing = , (C.0.2)

leading to the following representation

Eib 27 _9¢
I(a,b;e):—i/ %(z 1) . (C.0.3)

ja 2 2iz

The integrand can be chosen to have branch cuts on the real axis for z < 0
and for z > 1. For 0 < a,b < m, which is the range of physical interest, no
branch cuts are ever crossed.

It is convenient to perform the integral on a contour along the real axis
from0<z< Awith0< A<1,ie.,

Adj(l _22)—26.

z

(C.0.4)

z

F(4;¢) = —i2266_m/
0

The result can be analytically continued to the case of interest with A = €®.
We then obtain (in essence via the residue theorem)

I(a,b;e) = F(e'";¢) — F(e;¢). (C.0.5)
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While the divergence at z = 0 requires careful treatment, this drops out in the
difference of the two terms in eq. . We performed the integral using the
Maple package Hyperint , finding that the integral can performed order
by order in € in terms of harmonic polylogarithms. This is to be expected,
given that its singularities are located at z = 0, —1, 1. Up to order € we can
express the result in terms of the classical polylogarithms:

I(a,b;e) = Zl(”)(a,b)e” (C.0.6)
n=0

with

IO, b) =b—a,

T (a,b) = 2i Lig(el®) — 2i Liy(e®) + 2i Lig(—€'?) — 2i Liy(—e®) +i(a — b)(—a + 7 — b)
+(—2a+2b)In2,

1®(a,b) = —2iln®(e” + 1) — 2iln*(e” + 1) In(1 — €*) — 4bIn(e” + 1) In(1 — ")
+2iIn?(e 4+ 1) In(1 — ) + 4aln(e + 1) In(1 — ) — 2iln(e® + 1) In*2
—2iIn(1 — €®)In?2 + 2iIn(e!* + 1) In®2 + 2iIn(1 — €*) In* 2 — 4i Liz(e!)
+ 4i Lig[— (=14 ¢€) /(" 4 1)] — 4i Lig[— (=1 + €*)/(e® 4 1)]

+ 2a1n®(e* + 1)

—2bIn*(1 — ) — 2bIn*(e® + 1) + 4iLis(5 + 3€) — 8iLiz[1/(e + 1)]
+4iLig(3 — 3e) — 8iLiz(1 — €) + 4i Lis(e™) — 4i Lis(3 — 1)
+8iLis(1 — €”) + 4i Lig(—e®) + 8iLiz(1/(e” 4+ 1)) — 4iLis(3 + 1€*)
+2(b—a)In*2+2i(a —b)(—a+7 —b)In2 — 4iln(e* + 1) In(1 — €*) In 2
+ (27 — 4a)Liz(—€') + 3ir* In(1 — €*) + 4iIn 2 Liy(—€)
— 4iIn 2 Lig(e) + 4iln(e® + 1)Lig(e®) + 4iln(1 — €®)Liy(e®)
— 4iln(e + 1)Lig(e') — 4iIn(1 — €*)Liy(e') + 4iIn 2 Lig ()
+ Ha —b)(37% — 6ma — 6mb + 4a® + dab + 46°) + Ziln’(e™ + 1)
+ (=27 + 4b)Liy(e”) + (27 — 4a)Liz (') — 3in’ In(1 — €*)
+4iln(e® + 1) In(1 — €®) In2 4 4iIn(e® + 1)Lig(—e)
+4iln(1 — e®)Liy(—€®) — 4iIn 2 Liy(—€®) 4 in? In(e® + 1)
—in?In(e" + 1) — 4iln(e" 4 1)Lig(—€") — 4iIn(1 — €'*)Lig(—e')
+ 2aln®(1 — €“) — 4i Lig(—¢) 4+ (=27 + 4b)Lig(—€®). (C.0.7)

After this article was posted, we were informed that the azimuthal integral
in app. [C] was evaluated before in terms of so-called Log-sine functions, which
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were introduced and studied in , and have been implemented in a
C++ library in [236]. Relations can also be found in these references to
convert them into Nielsen polylogarithms, although not directly into classical
polylogarithms (which is only possible up to order €?).
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Appendix C. Azimuthal Integral
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Appendix D

Harmonic Sums

The results in Mellin space for DIS involve so-called harmonic sums [187].
The simplest harmonic sum one can define is

n

Sm(n) = 2%7 (D.0.1)

i=1

in which the index m is a positive integer. For a negative index one obtains
an alternating sum

Sem(n) =>" @ (D.0.2)

am
i=1

with m > 0. Notice that eq. (D.0.1)) generalises to the Riemann zeta function
for n — oo,

m) =3 kim (D.0.3)

In general harmonic sums depend on a vector of integer indices 1 = {my, ma, .., m, }.

These are defined recursively as

n

1 .
S’rnh’rnz,“ﬂnp (TL) = Z TJ,,TlSmQ,M/mp (Z) (D04)
i=1
and
(Y ,. 5
Sfml,mz,..,mp(n)_z jm1 Smg,umzp(‘)a ( 05)
i=1
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Appendix D. Harmonic Sums

with again m; > 0 and S(n) = 1. By summing the absolute values of all the
indices in a harmonic series, one obtains the weight of the series,

W (Smyms,..my (1)) = Z |- (D.0.6)
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Appendix E

Harmonic Polylogarithms

To describe the results of DIS in z-space, one requires the harmonic polylogarithms
(hpl’s) [188]. The Mellin transforms of the hpl’s are related to the harmonic
sums, described in app. [D} Let us first define the hpl’s.

Just like the harmonic sums, the harmonic polylogarithms depend on a
vector of integer indices m = {mq, ma,..,m,} (and of course its argument
x). The weight w is defined as the dimension of the vector. In the case that
w = 1, the hpl’s are

Ho(x) = log(x),

€T d:LJ
Hl(x) :/0 1— o/ = 710g(1 - I)v (EO].)
T dm/
H_ = = log(1 + x).
1(x) /0 T og(1+x)
By taking the derivatives of the hpl’s in eq. (E.0.1)) as
d
oo Ha(2) = fa(2), (E.0.2)
one obtains the three rational fractions
fO(I) = ;a
1
1
Jalw) = 1+
An hpl with a null vector of weight w is defined as
1
Hy = —log"(z). (E.0.4)

w!
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Appendix E. Harmonic Polylogarithms

Using this as a boundary condition, one can define arbitrary hpl’s recursively
as

H{mlﬂnz‘,“mw}(l‘):/ d-L. fml( )H{mz ms,. mw}( ) (EO5)

For example, this allows us to calculate the hpl’s for unit vectors of weight
wand (—-1),,

w

Hy (2) = — (~log(1 - 2))",
w: (E.0.6)

1 w
H(:nw(a:) = log"”(1+ x).

The method also applies to more general hpl’s.
Lastly, by applying the Mellin transform to the hpl’s, one obtains har-
monic sums. At w = 1 they are related to each other as

/ dx " Ho(x (n+1)27
n Si(n+1)
/o dx " Hq(z) = Tl (E.0.7)

[ et = o2 2B

(n+1) (n+1)

The Mellin transforms of more complicated hpl’s can be calculated in a re-
cursive manner.
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Appendix F

One-loop Example Recursive
Algorithm

In this appendix we will explicitly show a one-loop example of our recursive
algorithm, which we used to calculate the bare Mellin moments in DIS.

F.1 Master integrals

\
A

\

Q(-Q) -Q(Q)
Figure F.1: The topology of the master integral topol (topo3) is illustrated.
Using IBP relations, we find that the following master integrals are present

at one loop for DIS: topol(1,0,1), topol(0,1,1) and topo3(1,0,1). Here the
topologies are defined as

vt a2.49) = [0 () (=) (g

topo3(Al, A2, A3) = /dDK <((P_1K)2)A1> ((Ki)m) (((K —1Q)(21;f“;2)’
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Appendix F. One-loop Example Recursive Algorithm

The diagrams corresponding to the topologies are illustrated in figure[F21] In
the following we only focus on topol, because one can relate topo3 to topol
by exploiting the symmetry w — —w.

F.2 Derivation of the differential equation

Say that M;(z) is a master integral that depends on the variable z, then in
general it should obey an equation of the form

7]
where A;;(z) is a N x N matrix, given that there are N master integrals
for a given topology. In our case x = ﬁ. Before constructing a system of
differential equations, one has to choose (obtain) suitable differential opera-
tors. We will discuss the construction of the differential operator in section

section . We choose the operator p - %, which can be rewritten as

2] oM _ Ox

opP
_ oMy, 0 (1
 0r 0P \2P-Q

oM (—1) .
-5 (@map)
oM

= —r—

Ox '

(F.2.2)

Now, M; = topol(1,0,1), which has no P or x dependance, therefore 9, M; =
0. Thus the first master is not part of the system of differential equations.
For the second master topo1(0,1,1) = M, we obtain

= o) O (o) (@rwp) P29

Here we use that

9 1  —5(P-K)?
op ((PK)2> - (P=K)p
—2(P - K)

((P—K)*)>

(F.2.4)
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F.3. Construction of the differential operators

thus

5=t | Ok (@eer)

e i (ewr)

since P? = 0. Notice that —2P - K = (P — K)? — K?, therefore

oo (@) - (i) ()|

(F.2.6)

(F.2.5)

We recognize the first term on the right hand side as topo1(0,1,1), however we
need to reduce the second term topol(-1,2,1) to a master integral. According
to KIRA we have the following relation

20+ D —2
topol(—1,2,1) = topol(0,1,1) <2x =2 ) (F.2.7)
Then eq. (F.2.6) becomes
M. -
0 ¢y (F.2.8)

9r  x(l+xz) >

with D = 4—2¢. As a boundary condition one could take My(z — c0) = My,
given that the solution to M; is known.

F.3 Construction of the differential operators

We would like to construct differential operators (DOs) from the kinematic
invariants in our calculation. A suitable choice of kinematic invariants is the
orthogonal basis P - P, @ - @ and 2P 9 — . However, since P? = () we are

confined to the Q% — w plane.
Let us start with the ansatz 0g2 = (aP + Q) - Og, which has to fulfil the
following conditions:

1. 0g2 (Q?) =
2. (9@2 (w) = 07

3. P2 =0or g (P?) =0.
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Appendix F. One-loop Example Recursive Algorithm

The first condition fixes the normalisation, the second condition corresponds
to the orthogonality of the basis and the third is the on-shell condition. It is
convenient to begin with the second condition:

Oz (w) = aP - (Jqw) + BQ - (Iqw)
= aélﬂ + Bw =0 (F.3.1)
= p=0,

since P? = (0. Thus we are left with g2 = aP - 0. Notice that this operator
satisfies the third condition dg2 (P?) = 0. For the normalisation we obtain

D2 (Q%) = aP - (0Q°)
=2aP-Q=1 (F.3.2)
1

1
2P-Q  wQ@?

=a=

resulting in Og2 = %QzP - 0g.
Likewise one can make an ansatz for the differential operator in the w
direction, d,, = (P + Q) - 9p. The corresponding conditions are
1. 9, (w) =1,
2. 0, (Q%) =0,
3. 0, (P =0.
Starting with the third condition,
O (P2) =aP- (8PP2) + 5Q - (8PP2)
=26Q-P=0 (F.3.3)
= 5=0.
The first condition then becomes

Oy (W) = aP - (Opw)

2Q)
N aP . <>
Q* (F.3.4)
=aw=1
1
> o= —.
w

Thus 9, = %P - Op. In our setup we choose to continue with this second
operator.
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F.4. Series solution

F.4 Series solution

Let us now solve eq. (F.2.8)) using a series solution. We make the ansatz

E x“g "y

n=0
r— 0 (F.4.1)

o0
= g "y .
n=0

From now on we will omit the r = 0 label on the coefficients. It will be

convenient to expand in w = ;, with a = —w? —w, such that eq. -
becomes
0]%2 €
= ——M,. F.4.2
ow l+w 2 ( )

In terms of w the series of My and its derivative are

= Zw”an(e)
5 =0 (F.4.3)
M2 UJ E Z n W n

Notice that the left hand side of eq. ([F.4.2)) always is of a higher order in n for
fixed w than the right hand side. This allows us to derive a recursive relation
for the coefficients. Expanding both sides of the differential equation,

(14 w) in W' ta, = —eiw"an
n=0

"0 (F.4.4)

= Zw" ((n + 1)an+1 +n an) — _Ezwnan'
n=0 e

This results in

— 1 a,_
o = letn=Dana (F.4.5)
n
Thus by knowing a,—g, one can recursively obtain all the coefficients. In
other words, a,—¢ is our boundary condition. And indeed, at My(x — o0) =
My(w — 0) = an—o, thus a,—o has to be M;.

169



Appendix F. One-loop Example Recursive Algorithm

F.5 Full solution

By dimensional analysis one finds that

= ()= (¢ 40
F((P+Q)P) = ((P+Q)°) "Ale)
. (2P-Q (F.5.1)
— (@) ( 2 1) A0
= (@) @+ 1) A,
in which A(e) is dimensionless. By taking the derivative, we obtain
(@) 1 A
¢ (F.5.2)
= - M2a
14w
which is equal to eq. . After rewriting this as
(9M2 o 8&)

it becomes obvious that one can obtain the full solution by integrating both
sides,

[ drogoty =~ [ 12 (F.54
dlog(Ms) = —e/ + constant. F.54
Mz(0) ? 0o 1+

Thus

log <%22((°5))> = —elog (1 +w)

= My(w) = My(0) (1 +w) ™ .

(F.5.5)

Of course, we want to compare this with the solution found in eq. (F.4.3]) and
eq. (F.4.5). Let us choose the boundary condition to be M5(0) = 1, which

corresponds to a,—o = 1. We then find that eq. (F.5.5) and egs. (F.4.3)) and
(F-4.5) result in the same expression for small w, e.g. up to O(w?®) we obtain

w2€ 7_U36 w2e2 ’w3€2 U}3€3

M. =1- _— - — — . F.5.
2(w) we + 5 3 + 5 5 5 (F.5.6)
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Appendix G

The Larin Scheme for the
Non-Singlet Axial Current

In this appendix we will describe the Larin scheme for the non-singlet axial
current [237,[238]. It provides a prescription to deal with the ~s-matrix in
dimensional regularization.

Let us recall the four spinor gamma matrices v* with p = {0,1,2,3}
obeying the Clifford algebra

{77} = 29" (G.0.1)
It is convenient to define a fifth gamma matrix as
1 LV (oa
v = Jewpa’y’ AV Py (G.0.2)

which anti-commutes with the four gamma matrices. The Levi-Civita tensor
€uvpa VY YPy7 is completely anti-symmetric in four dimensions. However,
this tensor cannot be generalised to arbitrary non-integer dimensions with-
out losing its properties. Therefore we require a prescription to resolve this
issue. We will do this in the context of a non-singlet axial current, which oc-
curs in the expressions for the deep inelastic scattering non-singlet coefficient
function Cj.
The non-singlet axial current is defined as

Af(2) = ()15t P (2), (G.0.3)

in which ¥ is a quark and t* a flavour group generator. We will employ
the R-operation in dimensional regularization to renormalize the theoryﬂ

!The R-operation is a procedure to renormalize Feynman graphs by summing over
all the UV-divergent 1PI subgraphs and multiplying each subgraph by it’s corresponding
counterterm. For further reading see [239H241] or [114].

171



Appendix G. The Larin Scheme for the Non-Singlet Axial Current

Whenever we use this operation, we take the Levi-Civita tensor outside of
the operation, keeping the four-dimensional structure intact. All the indices
inside of the operation are d-dimensional. Note that the v5; matrix does not
anticommute with 7, in d dimensions. To correct for this, we will use the
symmetric form of the axial current

1-
Al(x) =S¥ (@) (s — 15710 (2), (G.0.4)
which is equivalent to [242]
Al(r) = 3,6Wpa¢%mat . (G.0.5)

The axial Ward identity is violated if one uses eq. (G.0.2). In MS the
renormalization constant for the axial current is not equal to one and receives
higher order corrections in a, [114] P} At two-loop order it is

1/22 4
ZA(CL) =1+ a2€(3CFCA — 3Oan>, (G06)

with a = §=. To obtain the expected value (from the axial Ward identity) of
zero for the anomalous dimension of the axial current, we introduce an extra
renormalization constant Zs(a), such that the expression of the renormalized
axial current becomes

1 -
(A%) g = 2524 (A%) = Zs Zaigy€umpo VY11t U, (G.0.7)

in which g are the bare quark fields. The anomalous dimension v, then

becomes

Odlog Z dlog Z
g 45 T ’uz g2 A
da ou

Y4 = ,ﬂd%z log(Z5Z4) = B(a) =0, (G.0.8)
where (8 is the QCD beta function. This equation can be solved to find an
expression for Z5. However, recall that the beta function (eq. (1.1.30)) starts
at O(a?). This renders it impossible to perturbatively obtain Zs(a) at the
same order in a as the known approximation for Z4(a). Alternatively one
can require that the renormalized vector and axial vertices coincide as

(RarsV) s = Zs Rars A (G.0.9)

w

2Recall that renormalized operators (O)g are related to the bare operators (O)p as

(O)r = Z(0)5.
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which effectively restores the anticommutativity of vs. Here Vi = ﬁfyutad) is

the vector non-singlet quark current. Note that eq. satisfies eq. ,
since the anomalous dimension for the vector current vanishes. Finally one
obtains a result for Z5, which at two-loop order becomes

107

2
Zs =1+ a(—4Cp) + a® (220,% - ?CFCA + chnf>. (G.0.10)
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Appendix H
N = 100 3-loop DIS

The calculation of the 4-loop coefficient functions in chapter J] required
around 1500 Mellin moments. We were able to achieve such a high number,
by using our new sophisticated and efficient algorithm. In principle we would
be able to provide all the 1500 moments to the reader in this thesis, however
the expressions become increasingly complex and lengthy at each succeeding
moment. To demonstrate this, as a proof of concept, we will print the 100"
Mellin moment for the non-singlet splitting functions pg%,),ns(N = 100) and
coefficient functions cg;)LS(N = 100), C(L%)M(N = 100) and r({?w(N = 101) at
3-loop order (order o), calculated using our new algorithm as explained ear-
lier in the thesis, and in agreement with [12], [43] and [44]. Higher moments
would be too lengthy to print in a thesis. On top of that, we also provide for
the first time ever the O(¢) contributions to the 100" Mellin moment of the
coeflicient functions at 3-loop ordcrﬂ The higher O(e) terms are required for
the renormalization of 4-loop coefficient functions.

The following results will include the G-scheme constant Gy for gener-
ality. The constant represents the fundamental one-loop integral. In general
the G-functions are defined by the integral [243]

d4—26p p(uq,”,un) 1 AT~
= (n)
/ (27T)4_2€p20‘(p — k)Qﬁ - (471—)2 (kQ)a+ﬂ_2+€G (a, ﬂ)7
) =

GO(a, G(a,B) = G(B,a),

in which the tensors p(e--#n) and k#ar#n) are traceless and symmetric. Ex-
plicitly they can be calculated as

(H.0.1)

a4+ 5—-2+¢€)

G0, ) = Um) Bln+2—a—e2= =0 x = or

. (H.0.2)

1For ¢3 we provide the 101** moment.
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Appendix H. N = 100 3-loop DIS

in which B(a,b) is the Euler beta-function

[(a)I'(b)

B(a,b) = Tath)

= /1 dr(l —z)* 2t~ (H.0.3)

We define G(0,0) = Ggp. One normally neglects this constant, however if it is
consistently provided a different value, QCD observables should remain un-
affected. Note that the splitting functions at O(e~!) and coefficient functions
at order O(e”) remain invariant. Higher order terms in e will differ.

As explained in app. Q the operator renormalization in c3 ,s requires spe-
cial attention due to the ;5 originating from the axial-vector coupling of the
W-boson. The value of the constant Z4 has been inserted and the O(€%)
parts of Zs have been substituted. The Z5 terms are kept open for generality
at higher orders in €. By using the fact that ¢ and c¢3 become identical in
the soft limit, one can fix the coefficients of Z5 at the different order in «y, €
and colour factors.

P2 (N =100) =
+C(

— 526157017682052035590161402948771842527011902371885529774307793272
754614469166157721484922616589287061198171235024111571174221185902585
798824663457638702069600464965593792193564457223262524795684 778161147
592947701 /33817031875127029884959496403553805613265624055141577497830
81176872329126794889358674055985779175910231164451384558 7164006559058
516556895775995223986476571289883372231100987417334849887008991286197
104640000000000

+ 137330585797559864276651550142241940646269342400477431535195411889
13671016888438479/362219161238280186895347600369529741321744716147316
481578188199010598884440440000( ;)

+ C40%(

— 241630725825751820705309081659119993968258084196022976517388641907
733459856884710363458093255372053088080780343352180612500969960997532
046786276639733399710424742978789880652678860978742410433/
440969379132504164520403558950536682762329164189068145117525908125882
535569107434279831384412811018409365417452479541710548004530868840184
1550520975574864671795788113860538588282880000000000

— 137330585797559864276651550142241940646269342400477431535195411889
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13671016888438479/241479440825520124596898400246353160881163144098210
987718792132673732589626960000¢3)

+ C30x(

+ 272780668692195751322772300410694974556378106121932738420200243492
252526860404042108174954425024500263988267682414129042639539518554944
838797842296080658285650962030380661/
635133429943650364046684529279031204879806738017704337654648071602877
869794936464640201328888151201665642422726621909000366129507254586561
134197701174803021824000000000

+ 137330585797559864276651550142241940646269342400477431535195411889
13671016888438479/724438322476560373790695200739059482643489432294632
963156376398021197768880880000(3)

+nyCh(

— 106241733900341856546875447724257436114237282755084703240194251891
444021253291419685352651336355981658071878278316015842037599758488440
81625136526293922681818766438561595757/
768377041392273038152634280639497558307903474214316017414895709373438
641418046131963440658560775973997685901064332296001586308660235882785
07840928849877503148236800000000

+ 31246589580262017971960074362943348349524891 /220054934318780006050
559834452079458101150(3)

+ n;CaCp(

— 438521882246775353997206828340983512413978350138506237837272291138
846823892881081287505882991924272713948147944974879757301955788379050
088505111704781/11271970634510094912738512768470280323186780497162251
470746860733028698432094848046182461798257207407885368969700579311114
350237221663077068800000000

— 31246589580262017971960074362943348349524891 /220054934318780006050
559834452079458101150(3)

+n5Cp(

— 764618759589378287499209497078589053101005916220431936837453063605
405600559548229173590037846685142292168942246311704296890440881/
196410994882320885652593227825077464195129304709686687203387624005411
615381328825645590814639586733066928129849222388608768000000)
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Appendix H. N = 100 3-loop DIS

o)) (N = 100) =

+Cp(

+ 870428654015078951219549159187643535972390571435951269203263593935
872331253377371593947103501969436715490097410037252333195666622569451
041601298911346339386347118469802350808327821898912359697587007774565
854103115351210107335151399211249579680767393582059393369/
245275291839401071410471414811179938261687300226513560910473469829069
600389414494475101922509624464688562660187924654688640412708134256642
693306237664864089591239334204993419175374652490709504012411054424103
73161669767074025344482182086150291456000000000000

+ 184369585650133256712391915159670412705885379706018826366059758558
579179949053391348181697690501517443380781579405299720150499370981/
403316038135547273170197417583392719539440159192538452590688302881925
7652367796858352442964090397429404624675931001998944000000(3

+ 137330585797559864276651550142241940646269342400477431535195411889
13671016888438479/724438322476560373790695200739059482643489432294632
963156376398021197768880880000(4

— 346874762066880121174840575440619118191578563/62872838376794287443
01709555773698802890(5)

+ CaC%(

+ 184963427523969443529482964892942507804125085617542270519609481446
215585735580980914145014548925032599058419827693449731400113184530755
068664506777193488810956927105251014227424271900766954929211681764075
1416886846466355369967066063421659/
606004218307367512534358014743108840408447017829916354150296319210687
903284102024724126661710854052213806550255875245482118459644013398473
923134768630351429835144944828696238021894775708440838207338227451859
96724286788730880000000000

— 761043391539873536313304149868107970495471878545818189634863429722
0506640036681560700872682766594900335522801457524146833016321393989/
187317893267398622427936133944286840852762207269423414647675234005161
077632193231865702350998865125054570346059906537284283000000(3
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— 137330585797559864276651550142241940646269342400477431535195411889
13671016888438479/482958881651040249193796800492706321762326288196421
975437584265347465179253920000(4

+ 133235190664280708268868528314805257456559559/25149135350717714977
20683822309479521156(5)

+ CACH(

+ 4490745845274620408716195107135486440062864228976393583 76542298934
027034702784774296021434943024443916291745819800842971302776432877498
341555998487148268245624786868748192784546325273292898908581228304429
46968136572263/230331476105934058426096616670085718853102720920839965
295012186518496850363500837680394791193382348271421621648164422146923
290070279989623808201910469051404989357566299987945699549876630993663
2975720448000000000000

+ 221109924013392596255251083727874142559332602131016082669260665169
93029784300298822890767457371202410948932661 /
137396205149658873624931721030054644306896799889380841754946493350293
05426021624490092551147132666704000000¢3

+ 137330585797559864276651550142241940646269342400477431535195411889
13671016888438479/144887664495312074758139040147811896528697886458926
5926312752796042395537761760000(,

— 341271466883348638892459002792698348923564213 /293406579091 70667473
407977926943927746820(5)

+ nfow(

— 899455605932450077972769975103318789650427467769349233841126285331
194058043066379378855879148522289229320708167821421449038879108159586
854144052280994565238279245843584460565054853960712128958719324037289
203553017877501/10031484335437682145074385013150200897119114719717197
548956532003074077121724359793570719676215347420109726228587154976330
9056791183514375629912232433484101074310035386337969074782098 70482347
1751375091204096000000000

— 602711952525646156276193861435952249612166646718265821947926644040
937995614735511867751/13680520962263001589066679532105202974648485250
41628433231914676138596247255961476800(3

+ 31246589580262017971960074362943348349524891 /440109868637560012101

179



Appendix H. N = 100 3-loop DIS

119668904158916202300¢4)

+ nfCAOF(

— 184846395882508945799614704766413599807115671888479287131198761776
308047899884147373458058666100881050869824340997792398199966265446663
062429106038022559977454625360823913604222544367371444123311/
348390864593038091344102925409500714421033353866420031696545326846045
264607297663276196329560235068805808302822541365198021022897825637656
85659087593959371171204791888199311971632640000000000

+ 676893868303290299338435730994050933226724454418799500664571165717
35610986290368120173/929563645271219288715460655452692883154138970616
52096996926836856631467004384830000¢3

— 31246589580262017971960074362943348349524891 /440109868637560012101
119668904158916202300¢4)

+ nchF(

+ 163836931859299757843369748314125627789658498579759920696563294411
669073841376990463402888166944160087167095337083211497093819283692576
6580001222051703656009852212244111514343/
414923602351827440602422511545328681486267876075730649404043683061656
866365744911260257955622819025958750386574739439840856606676527376703
9423410157893385170004787200000000

+ 31246589580262017971960074362943348349524891,/594148322660706016336
5115530206145368731050(3

)

) (N = 100) =

+Cp(

— 609147246477604304735828772177608286630890539376845633557523807837
285530381441714615068256964240195545893143492519005615846711118339774
23336350032240816791127312237245283854234713102579308228313/
157198599071120040403410843793260348754906307704576162134170721139590
32956795926648384774987975273081257103236301896912783078 7466538443877
25359831989801547922107228668002613707171840000000000

180



— 417857672263426965859578123849997518788437655902957148713940259053
658222848661480013485989/39901519473267087968111148635306842009391415
313714162635930844720709057211632209740000(3

+ 1611840/101¢5)

+ C4C%(

+ 839468122107342915036345592465981392184443815576200211465096917852
841644485554583897078224975261839919429896136578927158602420637362955
752942654339938289675744872532832163474721218353113239281659/
215146639187279663426533736393235528905620597475403247644182377280364
794985559258724949312289829375823937758936025544824041052736902849921
427228049703047344776562925344669435333591040000000000

+ 844932546645814524259903166054625220595354629341177245757281066618
413644597785645181161299/79803038946534175936222297270613684018782830
627428325271861689441418114423264419480000(3

— 1612640/101¢5)

+ CACF(

— 503156465077490075738228952028313758566317562511990184670404330584
889056033104052898962666661971732804626942088033327455631120882331043
49940987832117946743403728912157125739/
560732085293108464258358627277773263736743662992773258100817868929397
890761815335925206316075539203756238596064360485374608954336404763563
97276311332289752498176000000000

— 428650304918601725427852769025821526852573191556741285397720941021
57354094587298850497851/159606077893068351872444594541227368037565661
25485665054372337888283622884652883896000( 3

+403360/101¢5)

+ 1 C%(

— 112435762527684201020219516279162646688123949839725354388315718259
070152828782838714426758018154915081465757797972269808891745503371065
775969367653996971/21986683220776597008228515311949311162896014533496
044134408673538568290585453007042081778141363074124543405010961586232
535484784590680185765011200000000

— 480414539333753162588447359213502070946197002,/33998487352251510934
811494422846276276627675(3)

181



Appendix H. N = 100 3-loop DIS

+ TLfCACF(

— 130650414750560699441140177157865385281663576102077801882497537866
536550233184000909652712173633118997533551048769069884099991943776372
461093934629950584971/65280857071747385255718486848983756747814424141
631620940856168522236227532333146057222610188435234341268082125615450
29121525918022824924858625305600000000

+ 25625220434926117896969311985587217964141754764642/280375325647812
5352261099510568863865704654474225(3)

+ TL?cCF(

+ 6343491175726639348317210396092737889290669826143838095068728975161/
5217505736497266095375656610116722484070574294596562374874093270000

)

) (N =101) =
+ 164349012000605756828319589219300768 183683853181886882447709026000223
082488763426293884062907458598660088306324292098711378285807972780409157
8244026218259605507336590319841959/
41492360235182744060242251154532868148626 7876075 73064940404368306 1656866
365744911260257955622819025958750386574739439840856606676527376703942341
0157893385170004787200000000C >

+ 1252652671632905412915875168184201074406811/2376593290642824065346046
21208245814749242Ckn2(s

— 221990991508168332828611396538998332873874437150924082114317589812228
735529948782364632482797714428850257752548821827766031160343756209246701
40967013073441165728353049096995500644128547131373407/
417547103632105577640872419966442803800489412873612023007095522811739642
975038397934018072881180606808459389150611374020100102349453947753535989
0647965168080444020001581940011581440000000000C ;C 7 ¢

— 1252652671632905412915875168184201074406811/1760439474550240048404478
6756166356648092C»C 4n ;C4

+ 329143061282214192204789868345316503322230245121721054356080734363497
8424357731144490379/4560173654087667196355559844035067658216161750138761

182



444106382253795320824186538256000C »C'am 13

+ 473196313669475993618073546280433315011649390704025953677894889313372
256822929661572994203520080346861297400434670538578915790022452144826747
208350200164766181157653072120090389804335301942973983525964674906296162
493/39039233238293908207812985876285715059847918800142366999154607884490
991587034040284812676473454635300240952821722783414732761028861015190475
966425503229051693111451915252194186364385869659942931791872000000000000
CrC3 + 107860021987265044581147076645670301017955815/
5868131581834133494681595585388785549364C'rC% (s

+ 274661144856911747872874079174626414568313258512994270880938896437968
0723812190531 /2897753289906241495162780802956237930573957729178531852625
50559208479107552352000C C% (4

— 248744536445185265419936402276245613579046867703816688519139243601036
790590557374257844552730495625074258263783/13739620514965887362493172103
005464430689679988938084175494649335029305426021624490092551147132666704
000000C C4 (3

— 906899749313008454709967346282514409302542989956880352479542575835231
477252349861826809875785991769127059963698080167982531722021050976670696
606104676032148702096351784149560266321679851869203907508834280477741304
816561,/10031484335437682145074385013150200897119114719717197548956532003
0740771217243597935707196762153474201097262285871549763309056 79118351437
562991223243348410107431003538633796907478209870482347175137509120409600
0000000C7n ¢

+ 1252652671632905412915875168184201074406811/1760439474550240048404478
6756166356648092C7n (4

— 293273222480185581303677425511394028384110578189896589729016148846979
7146070698653835983 /6840260481131500794533339766052601487324242625208142
166159573380692981236279807384000C 7:n £ (3

+ 916241283215449798644071034343109524977845924941517183614407687003488
518753372146150458914014233376233844154374199196857118200609483305318688
627317532769289182970625353749642621380190236465553304929748229239471262
49521658572190981431076941/
151501054576841878133589503685777210102111754457479088537574079802671975
821025506181031665427713513053451637563968811370529614911003349618480783

183



Appendix H. N = 100 3-loop DIS

692157587857458786236207174059505473693927110209551834556862964991810716
9718272000000000000C%C 4

— 168657033814165713886193809023010872398117305/25149135350717714977206
83822309479521156 C2CACs

— 274661144856911747872874079174626414568313258512994270880938896437968
0723812190531,/9659177633020804983875936009854126435246525763928439508751
6853069493035850784000C%C 4¢4

+ 716027610473561713830728578276364874628651156452746527934811504475621
2639723670422947485084907895250718802729497640990081853048468403/
187317893267398622427936133944286840852762207269423414647675234005161077
632193231865702350998865125054570346059906537284288000000C%C (s

+ 296420256988464040213296625610088145111362417128514152665762278196459
944411532059154800597565356066359473108410960428205048901778473902194324
039750657770061461720590592546170334989472081490446456388235202127524841
2268064379610258208901571490242956447082976517/
476262702600778779437808572448893084003276311119443807593152368600135146
387212610631265868950727115900121670267814863473088180015794673092608361
626533716678817940454766977512961892529108173794198856416357482974013005
185903404747226836624277504000000000000C

+ 81574097846365270300564351190368618987327225 /1257456 76753588574886034
1911154739760578C%.(5

+ 274661144856911747872874079174626414568313258512994270880938896437968
0723812190531 /1448876644953120747581390401478118965286978864589265926312
75279604239553776176000C5.¢,

— 622654001141921570098564757627435647747757522546561948982878808028878
6778459410762888573649348209841435523710813189680894214213/
1873535737146593920054802887459435683278859846669477644774879467096 78898
702457233165440747158935171152720986478887072000000C3 (5

The following are the O(e) contributions to the coefficient functions.

91N = 100) =

+C3(
349684394506601771858047279080055124189358526766403935342876278714311

184



316251831708808542513531545278381782709752335212573729607382419954022
192075067759518259499990247123278425584420451311108065980151503896620
336762451592482824329707681838986227574731892046842273109563090758037
2508319031412460399646008921733/
426956232059989788648491574767419479659653824816286102114980381318917
559520918116953494621466978605491675014768075509569185169727604285140
013589400078546144575858228987765190936225665288882087727996980699006
672932885640725196961567703101941886871708035418970240991507093454142
81320737013760000000000000

— 458377465019485018519314525228127315819264819351916452765271070815
299296639041152379636459089655387804432666368662744738067911086452588
879459196019611524768423717868130236932810948871994180128378607608726
38597017043/361921411372596975357426048466127685493143802596832936431
634105886001779456309229021972546973022170994639673726775514 798732404
639642080489910316778450585378353266859998405216506593711165313619116
4907520000000000¢2GoCa

-+ 346568908967995659673448589198898994027013445189368416313790881216
312000338393334853405578211883409634275641282152914854310362632104266
77988124876538910503103517719977447920697 /
812570976089575823540799151047092264362893536477240692658954204619498
658971695715111656892610772757988581511602023657125282012417906945820
06547489450593145025881600000000¢3

— 793715381941185551259339682590756392327407545797804820533306808697
1680255779721204441/4966581960824880254930439212759128953123153511789
166372408618959510711627039110000¢3C2GooC2

— 3693783881329131225217122819443657390685906479/3143641918839714372
1508547778868494014450¢;

-+ 184369585650133256712391915159670412705885379706018826366059758558
579179949053391348181697690501517443380781579405299720150499370981 /
268877358757031515446798278388928479692960106128358968393792201921283
8434911864572234961976060264952936416450620667999296000000¢4

— 241706963938392401712738811060020987998492732152011998750392289794
628257190123933534585131/21000799722772151562163762439635180004942850
16511271717680570774774160905875379460000¢5

185



Appendix H. N = 100 3-loop DIS

— 346874762066880121174840575440619118191578563 /25149135350717714977
20683822309479521156(;)

+ C40%(

+ 326587820993512134162148070806082496467093915063166310815981761006210
7953499580402661368740389584198265772027057327288388554256396 74666838
765895311675236365001779161290500024090327353602370408155573917996387
050556522713883108171869789278647295753562829192175528828794954179147
059513/
823587236353236786965341917431539789736262961494823279294156395245249
420185358901564505450502920819211433592698629570196698167532311927056
079917421522958584997481488502273733035608552970784238798745189960012
714230128154028609031645968445353101225349647809634107392000000000000
— 337493304005820001163564665983490112838048044445919101042540232436
167378142596986042347898477451474470227115555548670230851398710460185
30564343952198939459365184689562016443450848177149701793861/
225175853174044679755099689676869795453104254053992244315332378617471
933056565498355658579274626903017548298273606574490492598058316003498
2919414966250994726023381164524530342952960000000000¢2G o0 Ca

— 519717940228509558736016006342619100007475620408559466945409915107
791413612629219837742448767151501988017234739685698878173284364732718
2235346718349685967226725736216225822096071/
135861867202177077696021618055073826601475799298994643812577143012380
175780067523566669032444521205135690828739858355471347152476274041341
11494740236139173848327403520000000( 5

+ 114738780871741279952440638561833973596417205150023231649274169411
9645446748561997723599,/1033049047851575093025531356253898822249615930
452146605460992743578228018424134880000(3(>GooC2

+ 49119930846562868839692236356427334379662546293 /440109868637560012
101119668904158916202300¢2

— 761043391539873536313304149868107970495471878545818189634863429722
0506640036681560700872682766594900335522801457524146833016321393989/
124878595511599081618624089296191227235174804846282276431783489336774
051754795487910468233999243416703046897373271024856192000000(,

+ 379389505092015732409930272967649624945952195901979545919955339568

186



410729800745535349506229,/44335021636963431075679054039229824454879350
34857129181770093857856561912403578860000( 5

+ 666175953321403541344342641574026287282797795/50298270701435429954
41367644618959042312¢5)

+ C50x(

+ 745655913615671305688627992642311910100829097844807824160784460432
102401519586703405814889124291012784490129062422221042194112341791605
481207507966603138306506988651079267000426047797594207963208616360054
2623139692104643401073234096382723777107931262613855944251087/
551296893115796620842198315924100684543323242991570696416315524876317
162600046358950757326029214860219871772200006431872130404857114155058
657855703036583430102539284063688882108384395966605522694985626661212
99578758028388317031830002482994059673600000000000000

— 464793346419649005405603001230484153892505014947085122769786 776946
471701210533694086687722890950528889449789142438760689820034137306544
7264213695042409694092691035810734221/
127026685988730072809336905855806240975961347603540867530929614320575
573958987292928040265777630240333128484545324381800073225901450917312
2268395402349606043648000000000¢,GooCa

4 41004683282892498422021571781394720261365394150572906 7201904400232
997897965205377461805284799979166640730785135248722654888530974693591
444151379855347574500991233288460309278617/
203792800803265616544032427082610739902213698948491965718865714518570
263670101285350003548666781807703536243109787533207020728714411062011
672421103542087607724911052800000000¢3

+ 102468834860950679194956367583005501847755469992228040424105966 772
8686989121987518321,/1448876644953120747581390401478118965286978864589
265926312752796042395537761760000¢3¢,G o0

— 215206734459685740277941700951746196217462309/86296052674031374921
78817037336449337300¢2

+ 221109924013392596255251083727874142559332602131016082669260665169
93029784300298822890767457371202410948932661
915974700997725824166211473533697628712645332595872278366309955668620
3617347749660061700764755111136000000¢ 4

187



Appendix H. N = 100 3-loop DIS

— 827012477494238165373895271836641391466787003845648212726446021537
554192323139430309649969,/79803038946534175936222297270613684018782830
627428325271861689441418114423264419480000¢5

— 341271466883348638892459002792698348923564213/11736263163668266989
363191170777571098728(s)

+nyCr(

— 934281362335128697167069347589103478775865996165765477078944325352
701897103228223566256341038827308872830918316677640405771185807115545
362361105905740232451305911244054724922980694951897183938113942612575
776103757272614123755571230492941246027210885880700143417/
141879143893061764017008385963083376010972506413932730214271771947457
599663655699155832912704759957110126803787188427843762513212708057194
509852116416881719777592987985198018533175650159596090773061922671436
62678284231708667521132550395919859712000000000000

+ 343296322815534833344838482178221968692278668744258198936846963171
832056906343438076242278355646086725810964597120422910975172354513485
54042313666855387444602910714221687429/
113833635761818227874464337872518156786356070253972743320725290277546
465395266093624213430897892736888546059416938117926160934616331241894
08569026496278148614553600000000¢2 G p¢2

— 815579930203428150552086016694561792599960064794825010503152068950
2360743711006663670166709240134860371318008716757763126234566989521 /
572451715578720405463835591757210664188496371886007160588115193152036
2163682740415588112506899383656887473982336264617446208000000(;

+ 20962137030127130465419692206895430451861323/440109868637560012101
119668904158916202300(3¢2Go0C2

— 602711952525646156276193861435952249612166646718265821947926644040
937995614735511867751,/91203473081753343927111196880701353164323235002
7752288821276450759064164837307651200¢,

— 25013588034725722513450751844126428411546971/200049940289800005500
50894041098132554650C5)

+ TLfCACF(

— 309196222879269299242865283584434808497126416991060391730486262273
735608954657450215941713327116343759733124859267247329504165901789820

188



211321911117214011839049305335869057001808821311020705515633159152050
702959927440686208677475872880961499/
626382177056787793325566180379716901767252190436520935777533396141892
373271296300555518949102891574040010256435254148983365752917253989866
268085251167041064183474642797407678420166237356383126956915974184836
2443103657335193600000000000

+ 178911840106831547483822093910838565732721993484267797706823863569
841352848503885222478455614429179243370046566823463520051845679178133
76417740879/142345102969183567669045671826504208494531569764369767002
695948174082736186302443673269173033756314927810613965257567847430078
08633815040000000{2Gg0C2

4+ 939693063615950237645918963405019060118093967113912695191726811761
25562815795658296629506417865638546443392886473449989250838514575821/
913914142415150121003667348243967902476371400730292133570499694330443
7840265427681026635756628840575030879515659650529607104000000(3
—26104363305194574218689883284919389400693107 /440109868637560012101
119668904158916202300(3(2G o2

+ 676893868303290299338435730994050933226724454418799500664571165717
35610986290368120173/619709096847479525810307103635128588769425980411
01397997951224571087644669589920000(,

+ 2874138474437166555136855589884227914766160693/1789394071171132154
463762864360330330348825(5)

+ nch 7 (

4 106963724894313924921874355943219881515242841943658856349558 775320
875709909849949268514872651017203988963730752353177984003113893125239
017309193324900391603735696679441223657176568204025858270872044107508
502142436746983/29217915540109753820605004892670488049861499183642322
958125821368176923655507844058943843717132079864397260859962587309701
667026558305157950459873524315757594459233607671253128577310302375768
471274298408960000000000

— 287786247463969247791895796868267956487550934146995062036732124116
1664945196314692745567984973334981046162770240487748179833016647/
280587135546172693789418896892967805993041863870980981719125177150588
02197332689377941544948512390438132589978460341229824000000(2G 902

189



Appendix H. N = 100 3-loop DIS

— 664290151329703350323468266536427350656378918121233501680805955635
1362152441807905406481 /4183848643798879126753401992828290230110944518
3311937521170206114918234746177462640000¢;

+ 31246589580262017971960074362943348349524891/396098881773804010891
0077020137430245820700(4

)

PR (N =100) =

+Cp(

+ 500487761292753334114233383802143431708507147913862899182721171441
757052303416383099594829242643515137841940427058024497682391478635348
258622173347169897959054192960343157721395697564505908711553378470026
407884264264600440802324698884109837/
469067104393716088757062978227125094253651363577724689897733081008094
215614919149047997742691816570325909936183918912109410590452133287524
123688318308150738435640837875961827689119892239204616061825861620662
14577585971961856000000000000

— 163595957208195871092440097174303013487885580455587303351273609587
605813387605080057824412929135207536459779839027079635256428015422300
01131058821/131726084913918056416003076540374919023206270056045841987
507715648570301137558824518313564236173643444342886590967927895512903
8332220221440000000{2G0¢2

— 184168122206759900817311979250100213078055253578395971521636443024
7101855089309929756369859794704392689582018310683576128215319022380063 /
14470307254906543582558066347196158455875880511562958781532911826898
6932470869271616255066146623309104655592331277800052112480000003

— 31246589580262017971960074362943348349524891/3704258061032796 76851
7757213276670878036025(3¢2GooCa

+ 3553344/101¢3

— 417857672263426965859578123849997518788437655902957148713940259053
658222848661480013485989,/26601012982178058645407432423537894672927610
209142775090620563147139371474421473160000¢,

190



+ 1170185496411019789411783636743494688278465565427 /1760947293629437
2330338261213884481558663565C5

+4029600/101¢6)

+ CAC%(

— 115372227747727795945204361546191576324805002175376679112196759537
999372675310807639090730310868942247964649169416880052445648842503582
992734078302934566804623566884685306185538721966886444992063 768857349
24585204490783343559357476428173074699/
988291879356265185024782195710220000566109011577621920893441580579430
188939156385320929897473451150152016182375623212840421521269445184011
222978951841331456822815547524798781507373396717848933643134092602741
629911910379552763000000000000

— 402504975612677290660108575159883546720128616191755215731507450991
680951934821676243685462467348421356854769823232807632838727768779997
565679995047 /22771657847495141237855581350445010753912687873055053476
256284309148885721403733426631235956075166480576502969092079416392626
741861945610240000000(>Go0Ca

+ 843987913669747393518919474178965527773904893309075425356768277801
2528572298582725530073272533546844534164154584882265573590339464383 /
654765034158667130432491689918378210673116765229093157535425874520302
86185913697563916319523358963395771761235872307715888000000(3

+ 5426810620191830595361053787232691932323291/7408516122065593537035
514426553341756072050(5(>Goolo

— 3555680/101¢3

+ 844932546645814524259903166054625220595354629341177245757281066618
413644597785645181161299/53202025964356117290814864847075789345855220
418285550181241126294278742948842946320000( 4

— 10032148020914268992268473355024802636577261037731/152615432114551
226862931597186998840175084230(5

—4031600/101¢g)

+ C5C0x(

+ 219057553691923746368605843525237973487904944974415779498540461292
776556628234696253675589973998664816659378647900035209007227796035174
617645104953258709429979481871758387381267401813056094841774198129567

191



Appendix H. N = 100 3-loop DIS

79177047043513253/
521931124856046576393534933374414238921130765606623361358497614650913
862923692898183774596844204401183041394654740580584928175299254456487
549385529122870483705884245235772684955180020445831641032298253516800
0000000000

— 841366492535199718616261517624185342899927452285389593384233752696
8979494305745476413456417866356499717/1763892547857291164245292093782
295040448005133780063763202394201720844795124335969200680561294412800
000¢2G o062

— 170613047881502811357927978155845505846527348863419865032536742693
5868135265129110806541155293543947237466169307611485577102578216593/
520983159492584827454835872086270331444676166032869803115496375405893
54624975435325384362249009292206896702909550963115072000000(3

+ 176/101¢3¢2GooC2

+ 889504/101¢3

— 428650304918601725427852769025821526852573191556741285397720941021
57354094587298850497851/106404051928712234581629729694151578691710440
83657110036248225258855748589768589264000(,

+ 2704909998090486344796371857632073152728862443 /1666713856365685040
36692679854749370413270(5

+1008400/101¢5)

+ npC%(

4+ 415208170565796152245134836312345360926076736320674905865973582155
156454334228900759603648197455690168385640258730846779714496837931178
809329180319237445456089294317157811170160398758670946628813/
480330262746688288033490723655245725943880840758988475748563510686427
683913336066285361139524896140104277849601106940285604092930926279445
6273525747758497254499371024267845622710648064000000000

+ 161854380442164559523522298334246994700094282970547988582824706001
4365869882910776917695670801652708721863 /4899211551673626208691298790
480324474844334259074127102294649895279646418457843154454890258995231
55200000(2G oo

— 581311251820564381993604963763630026922060637528322667455449448410
08170376255848403906109/205492825287325503035772415471830236348365788

192



865627937575043850311651644639905880161000(3

+64/101¢3¢2GooG2

— 240207269666876581294223679606751035473098501/11332829117417170311
603831474282092092209225(4

— 9560/303Cs)

+ nfCACF(

— 723950060047084242187518140023320151841505909602638181936675759546
036438976832154190153430588710537772023690940279643309082558171301904
75288760027526174878002940978391383696810728737937818955255923129/
206678978442136405663266006546421712422276521607690379899620513843755
677521315737004774779112718379936275150596481052440435753998678603892
788415743333353446023601252940050939948769813944320000000000

+ 164855114252203169642517991134726180675778785675331814079188281612
38881405983685204977723912516373971717/970140901321510140334910651580
262272246402823579035069761316810946464637318384783060374308711927040
0000¢2G 002

+ 341451691786563802135561527663027069498217933220688411693853350287
87838685478365829015163659897,/203356521875638467106212525440585089211
288178124580869536013694443811714142229418630846244000(3

— 32/10165aGooo

+ 12812610217463058948484655992793608982070877382321 /934584418826041
784087033170189621288568218158075(4

+ 9274848640/857904201(5)

+ n5Cp(

+ 236665397969543567357345350624116892335552308368764291766511155184
35036414191375061/127892542730903165122911982752509044399889266247219
1992619481322262743922576000000

— 58687018662546871880248683327355339262904307 /400059870591542050999
917779033880454827890700(2G o2

— 64/909¢s

)

(N =101) =

3,ns

-+ 108075187249611511296999010985480277909153865812614897208924140437517

193



Appendix H. N = 100 3-loop DIS

265402927002939297174132559062808772438166849146787541938428576587147751
325014161484420239957221534701396692580794793710811439827417206217596480
889063/29217915540109753820605004892670488049861499183642322958125821368
176923655507844058943843717132079864397260859962587309701667026558305157
950459873524315757594459233607671253128577310302375768471274298408960000
000000CFn} 4 Cpn}Zs(a?, e, Cp,n})

+ 1252652671632905412915875168184201074406811/1584395527095216043564030
80805497209832828Crn5 (4

— 26454075341529980382333375428093322681755458547452869756 7337668077495
130577052978995273/16735394575195516507013607971313160920443778073324775
00846808244596729389847098505600C 13

— 288770646567628421501990854242285887014743282883953055386292794645324
1913453021600637799407341968306436556826722275123324344276231/
280587135546172693789418896892967805993041863870980981719125177150588021
97332689377941544948512390438132589978460341229824000000C n} (s

GooCa — 91840176843530526967749362430455697567342226903242448681747
4000010576393120461408587992944354771935405782295069633315815161036788
500531415891366727668780460686491290067457088678408095476189322771570901
535245648473323318152276137987985965349/
183394369365080137427279170337978969177216105241208191505999468561131375
267059947791512764479609491780786508069703276609562756524226941362907356
918898391404358872988200478124403430114854858565005942408936591230292931
82300979200000000000C »Cans + CrCansZs(al, €, Cr, Ca,ny)

+ 572437335263108034455464653357837364325724641 /35787881423422643089275
2572872066066069765C C 4n ;s

+ 324278876051187347195343937845012431153475339254906375482367259959449
5002233074736426379/3040115769391778130903706562690045105477441166759174
296070921502530213882791025504000C »C'an (4

+ 18893409128148069813221902048137205311879000994998450834656 7676601372
06558788214034701953829258796975022595873412729296625551539657553 /
182782828483030024200733469648793580495274280146058426714099938866088756
8053085536205327151325768115006175903131930105921420800000C=C'4

nCs + 1033728975849098658623066274158929536095892560582317010282398

194



604057132257752305431697269383053637433790990769053938578605489939933157
813131361180471437/819779682509825084562800928616020387140856763429981925
1452262351293598859705344033587244944187059933007541068873148589901345627
07030041968640000000C C a7 (2 GooCo

— 1041413605348686354651879792562937208806875/1760439474550240048404478
6756166356648092C C 4m 123 GlooCo

+ 186733564218751537353830912491683032584337391931269078516938265273602
135572527252162582838801715203042744785249794555707307598436895532931704
970743437379883694705121487357871575386087835741657847896039599884666714
8242738805527450991906851156510783636041996484018823/
110259378623159324168439663184820136908664648598314139283263104975263432
520009271790151465205842972043974354440001286374426080971422831011731571
140607316686020507856812737776421676879193321104538997125332242599157516
05677663406366000496598811934720000000000000C~C3 + CrC3

Zs(a? e, Cp,C) + 539300109936325222905735383228351505089779075 /
11736263163668266989363191170777571098728C+C% s

+ 113067952438294125072222495039521664474507226150221208563199867662971
20320123729377014529/158025819696107279081628311426957790136203625004808
564894775622656273493907454296000CC% (s

— 249513955194023355112236019914013919587165489783197221232966943963798
431694414585229289735594735054409682263783 /91597470099772582416621147353
369762871264533259587227836630995566862036173477496600617007647551111360
00000CFC%(y

— 863671568863672652898090183658918100990416028122291796645450144793187
018476080018010058448251707717418536214054578955994567920980071913355167
5972790640016452426795165945930335793/
407585601606531233088064854165221479804427397896983931437731429037140527
340202570700007097333563615407072486219575066414041457428822124023344842
20708417521544982210560000000C ~C2 (s

+ 241005879939253543467979575915640837731979499/58681315818341334946815
95585388785549364C - C% (3

— 466242464854445107513371245114931681893904214176724792698718305999241
942328341764191126123665879675810335798419434221806497428799893487573633
4411532307083805276753560645497 /

195



Appendix H. N = 100 3-loop DIS

127026685988730072809336905855806240975961347603540867530929614320575573
958987292928040265777630240333128484545324381800073225901450917312226839
5402349606043648000000000C 2 (2 GooCa

+ 204940219517124605947921855065053472299911291932528588557401366193503
357200517897469/28977532899062414951627808029562379305739577291785318526
2550559208479107552352000C+C2 (23GooCo

— 976544922855672645496274385872067936997718329861983761831416899145215
247520801727647623022468792735788041506379390402600095699843031091637468
692042186044047750179144280831478996347773299094717107616983132474071789
202709975153441237633960706382578713832071156341 /
141879143893061764017008385963083376010972506413932730214271771947457599
663655699155832912704759957110126803787188427843762513212708057194509852
116416881719777592987985198018533175650159596090773061922671436626782842
31708667521132550395919859712000000000000C2n C2n s

Zs(a3, €, C%, ny) + 5580594929677923726111563990204608995868175429
637688908974347723/909280046443771934407416546981968649534677305204772930
73648000020, Zs(a2, €, ny) + 412519129136857029517897181494817557
428289459019301732295650779945800339017222932281460422387272009578690
82501402354492366832577299 /26188132650976118087012430376676995226017
240627958224960451683200721548717510510086078775285278231075590417313
2296518145024000000C2 1 Zs (cvs, €) — 996605318561124736232244409
855396388831131/800199761159200022002035761643925302186C 21,1

— 285976944633645313789508529760937920130964719389674571418445937240907
2012883714041739983 /4560173654087667196355559844035067658216161750138761
444106382253795320824186538256000C %4

— 762308757518537441510463195580869214648065827425197696690283317492808
1527741750176769243863181435112567815251265269669330337061620933/
572451715578720405463835591757210664188496371886007160588115193152036216
3682740415588112506899383656887473982336264617446208000000C2n,1(;

+ 207269862279344349452260916006403105070452060675115966839001636341152
494405054949471706622006303820108790041973934307307342375765791455073027
64413781791393789495857092071947/
683001814570909367246786027235108940718136421523836459924351741665278792
371596561745280585387356421331276356501628707556965607697987451364514141

196



5897766889168732160000000C 272 1 C2GooCo

+ 830174539064467296387884416941673343206939/17604394745502400484044786
756166356648092C 21 1¢2(3GooCa

+ 969311353780260373868031223678798656408172014301087738855432440262166
664841726963186058588050361577043302980523890571896621060521002086538168
224086072382795632537158913261868966441082451255658635611249427583283194
8769586663944481828501960658006843905917187470653492357381724769576201/
334582314768502444704670153956563039580356828107271957213251035568382576
950302053760580339266811582804644897033818262892408630560001 720366532466
452493701925155226854704048704045715974644381097011990233421255165155989
56257412241910617468092469737279829442266385612800000000000000C%C4

+ C2CaZ5(aP e, C2, Cy)

+ 5580594929677923726111563990204608995868175429637688908974347723/CAC 4
90928004644377193440741654698196864953467730520477293073648000

Zs(a2, €, Cy) — 6121694372007177576427122664114012770085858607523529506
216274208078804286433805394241400139184815764286097044899977061286457454
1232123294918779313669 /70726090255 74961513875145266491156281215234821 74886
366791959889131212450641245367603605446165158111867317268687095172462076
87762959454601216000000C2C 4 Zs (cvs, €)

— 843285169070828569430969045115054361990586525 /50298270701435429954413
67644618959042312C2%C (g

— 212094585892002323816018025666355793684614335050575075823666303910261
402027259307655154679 /88670043273926862151358108078459648909758700697142
5836354018771571312382480715772000C2C'4Cs

+ 719024696765840091789575556419473464082295351769057302569174308219703
8412144821340045997461067713670727533984867226036047339128468403/
124878595511599081618624089296191227235174804846282276431783489336774051
754795487910468233999243416703046897373271024856192000000C%C s (4

+ 184908423151534778120127104336765089319635990067121505410689596269410
160124364540407005143434933647011155728650821234495536034961762376416507
5807114514985250075601803410044004493 /
399593727065226699105945935456099490004340586173513658272285714742294634
647257422254908918954474132752031849234877516092197507283158945120926315
8892982109955390412800000000C2C'4 (s
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Appendix H. N = 100 3-loop DIS

+ 1147033138490795883783877480373569141606843 /5868131581834133494681595
585388785549364C5C 4(3 Zs (s, €)

— 2683266182887500443957084918303070322653730147/1760439474550240048404
4786756166356648092C 2 C 4(3

— 754726398273427521622547441079539712540969129560494528383071945035888
614844058941027335010600771057986602074157527785458385442992499918115777
737497846937799174987476218646640760111677011426009/
500390784831210399455777088170821767673565009008871654034071952483270962
347923329679241287276948673372329551719125721089983551240702229996204314
43694466549467186248100545118732288000000000C % C 4 GooCa

+ 230638187753418058545629773449909859970721417299260298470156705847634
348803323422464059,/20660980957031501860510627125077976444992318609042932
1092198548715645603684826976000C%C 4(2(3G o0

+ 454607869683324156043387232347467108084898696857863819627647740205893263
552817674758506127943000816054349602076895407549224036913899076691306908
787861562313354800983891279029986830276606112779711873081425301983478196
500474224363310098303152544975271749937354436594214162913165789101834850
178526782782730173/
207260306825237761479850279013310427019249429522468981609213777339280368
699474814055094476440280876452269424644696849305429694042526352009715334
660232303953677601082032895723755449352081981595984464553737381880064507
592585047068722185971816449937722347290762252908498589055409132624936960
0000000000000C% + C%Zs(a?, €, C3) + 558059492967792372611156399
0204608995868175429637688908974347723 /9092800464437719344074165469819
6864953467730520477293073648000C 5 Zs (a2, ¢, C)

— 875508195220574605779594755355467993785495861096011823227622989787476
368511127233254602476486975673616664436942431415410249228899229330948450
092566454116762296196603462921/51655599421329279875807346597613281230783
426837937211254782904831827807826423269375693489651144603293962077382476
1207396024409183351853973161955824200857164021760000000C % Z5 (avs, €)

+ 407870489231826351502821755951843094936636125/25149135350717714977206
83822309479521156C5Cs

+ 874810439852611313976685979953926019068033277269135859466426278117043
63813029376789349841/420015994455443031243275248792703600098857003302254
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343536114154954832181175075892000C% (5

— 624452595449582300261817368399396706003705227999364647521862692317291
5952734846657272455961075467617866184925515162839806214213/
124902382476439594670320192497295712218590656444631842984991964473119265
801638155443627164772623447435147324319258048000000C3.¢,

— 411912661612280960366814965610863344274270666155830419832019999445050
872809591602615878204753342838213278388459773910865583364061442355165964
94252671688583069964807914494619/
986129825351426970316503824086277019857880505433544529925915296868323615
256912275620942830838316453869637756798572399423885937400372507063186255
93993438282798400000000C s

— 1041413605348686354651879792562937208806875 /5868131581834133494681595
585388785549364C3(3 75 (v, €)

+ 184263187922937315784524888553280248769562745 /1257456 7675358857488603
41911154739760578C.C2

— 926178080870457423416715692191092250189852997854167338840850174178367
486549430879097619152728529544744961478577239900823986822921435983512367
0482117599941674213941663605260170045809249695872925249571918533266713527/
72384282274519395071485209693225537098628760519366587286326821177200355
891261845804394509394604434198927934745355102959746480927928416097982063
3556901170756706533719996810433013187422330627238232981504000000000C7,
(Gooly — 466698319682383485048083935484579799294368728082459809
36767272044044519983183977673/2921518800485223679370846595740664090072
4432422289213955344817408886538982583000C % (23 G0
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Appendix H. N = 100 3-loop DIS
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Appendix I
Cs at N*LO order n?(

Cé?S(N ) = n/ and n/ contributions

16 1 16
+Cp Cynf L eSO (N) + Cp (Cp — 5 Cy) nf R e SN (N)

16
+C0p (Cp = Co)n? 5 GesnZ(N) + Cpnf 2 clF(N) . (10.1)

Cim (N) =
—1951/12S6 4 671/6 S, 5 + 352/3 S5 + 335/2 Ss.5 + 643/3 S,
+1445/6 S5, — 265/3S11.4 —89S1 05 — 117S, 30 — 412/3S, 4,
— 119,15 — 125850, — 1378551 — 16985, — 188555, — 688/3 S,
+ 7151113+ 8181122 +9851 131 +103S19,12+ 10851201+ 13551311
+109S5112+ 12255151 4+ 13980511 + 17655111 —70S1 11,12
+S; (20567/36 - 671/12 Do + 671/12 Dl) +S14 (—9995/86 20D+ 265/6 D
—265/6 Dy — 20 Dy) + S5 (—13373/36 + 8 D_; +89/2 Dy — 89/2 Dy — 8 Dy)
+ S35 (—9817/18 =8 D_; + 117/2 Dy — 117/2 Dy + 8 D5)
+ S, (—12343/18 — 20 D_; 4 206/3 Dy — 206/3 D, + 20 D,)
+ 51,15 (8495/36 — 10 D_y — 71/2 Dy + 71/2 Dy + 10 D) + S5 (803/3 — 2 D_;
—81/2 Dy + 81/2 D1 +2Dy) + Sy.51 (12263/36 + 2 D_y — 49 Dy + 49 Dy — 2 D,)
+S512(4283/12 —2D_; — 103/2 Dy + 103/2 Dy + 2 D5)
+ S5 (4835/12 42 D_1 — 54 Dy + 54 Dy — 2 Dy) + Ss.1 1 (19967/36 + 10 D_,
—135/2 Do + 135/2 Dy — 10 Dy) + Sy.1.15 (—1279/6 + 35 Dy — 35 D;)
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Appendix I. C5 at N*LO order n}

+ 81191 (=1511/6 4+ 41 Dy — 29 Dy — 18 Dy) + Sy 211 (—605/2 4+ 47 Dy — 59 Dy
+ 18 Do) + So11.1 (—2135/6 + 57 Do — 57 Dy) + S1.1.1.1.1 (226 — 40 Dy + 40 Dy)
+ S, (—152383/144 — 20 D_, + 6259/36 Dy — 3647/18 Dy + 20 Dy — 319/6 D¢
+20 D) + S, 5(3800/9 + 6 D_; — 5035/36 Dy + 6277/36 D; — Dy + 12 D2,
+54 D¢ —T1/2 DY) + S5 (24305/36 +2 Dy — 941/6 Dy + 1121/6 Dy — 2 D,
+ 57D —55/2D2) + Sz, (17689/18 +2 D_; — 7225/36 Dy + 8197/36 D,
— 7Dy —12D? +63Dg —19D7) + Sy 12 (—27307/72 + 1441/12 D,
—3665/24 Dy + 4 Dy — 49 D§ + 59/2 D) + S 2,1 (—10459/24 + 865/6 Dy
—536/3 Dy + 18 Dy — 111/2 DZ + 51/2 D?) + S5 1 (—23191/36 + 741/4 D,
—1653/8 Dy — 22 Dy — 64 D + 47/2 D) + S1.1.1.1 (25979/72 — 267/2 Dy
+321/2 Dy + 52 D¢ — 23 D) + S5 (842039/648 + 8 D_; — 21523/72 D,
+29311/72 Dy — 7Dy — 12 D2, +1801/9 D¢ — 283/4 D¢ — 385/4 D}
+91/4 D) + S, 5 (—147071/324 + 2 D_; + 9607/36 Dy — 27887/72 Dy + 13/2 D,
—2311/12 D + 143/2 D¢ +239/2 D} — 24 D)
+ Sy (—1178369/1296 — 2 D_; + 3877/12 Dy — 3363/8 Dy — 57/2 Dy — 667/3 D
+81 D¢ +571/6 D —49/2 D) + S, 11 (46483/108 — 4903/18 Dy
+27127/72 Dy + 2375/12 D¢ — 75 D¢ — 1181/12 D} 4+ 21 D)
+ S, (—5764837/5184 + 8 D_; + 1108709/2592 Dy — 1703519/2592 Dy — 33/2 D,
—3953/9 D¢ +19493/72 D¢ — 1025/12 Dy + 721/3 D — 6101/72 D
+263/12 Dy') + S, (2134163 /5184 — 10 D_; — 373243 /864 Dy + 584977/864 D,
— 12 Dy +5377/12 D¢ — 20519/72 D¢ + 1115/12 Dy — 5983 /24 D}
+5987/72 D} —239/12 D)) + S, (33182/81 — 20 D_; — 3116159/5184 Dy
+2604439/2592 Dy + 21/2 Dy + 12 D?| + 327839/432 D — 29179/48 D¢
+23137/72 D — 1069/12 Dy — 1220581/2592 D + 28139/144 D}
—2083/36 D! + 32/3 D?) — 18199451/27648 — 682319/768 Dy, + 1067909/768 D,
+ 3772493 /3456 Dy — 2437127/2592 D¢ + 83797/144 Dy} — 16417/72 D)
+1951/48 D§ — 7326779/10368 D + 283373/864 D} — 13321/144 D!
—49/12 D} +149/16 D}

+ (3| —331/6S; +121/3S, 5+ 166/3S2, —14S, 1, +S2 (215/2 — 28 D_4

—121/6 Dy + 121/6 Dy 4+ 28 Dy) + S; 1 (—111/2 4+ 20 D_; 4+ 7 Dy — 55 Dy + 52 Dy)
+ 8, (=274/3 = 12D_y +122/3 Dy — 791/12 D, — 62 Dy — 24 D?, — 25 D¢
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+133/3D2) +2083/32 — 4 D_; + 535/24 Dy — 4327/24 Dy + 141 Dy + 24 D2,
—136/3 D2 + 257/12 D3 + 376/3 D? — 33/4 Df']
+ (s [ —191/2S; +693/8 + 60 D_1 + 191/4 Dy — 1151/4 Dy + 300 Dg]

Ciam (N) =
—150S_4 —1051/6S +6S_51 +408S_4 o +510S_ 5 35+ 352S 5 4
+4508S;, 5 +446/3S; 5+ 5385y 4 + 548/3 S5, + 586S; 5 + 273853
+434S4 5 +968/3842+932/3S51 +8S 411 —264S 5 51 +4S 31 o
—216S 5 31 —136S 5 25 —4S; 41 —220S; 3 »—2525; o 3
— 52081, 4 —770/3S114—496S15 5 —302S:55—336S:5 >
— 1608130 +4/3S141 —4Ss 31 —140S5 5 5 —496S5; 5 — 32652 3
— 320595 9 — 31485995 — 645937 — 453 o1 — 34453, o — 34453,
— 276835, —1016/3S411 +8S 5111 +112S 5 511 —8S; 51,
+144S1 9 91 —8S1 91,2+ 112S11 o o +448S1 11 3+ 274S1113
+ 2885112, 94+2525 1224+ 58S1 131 +288S121,9+254S151
+ 18851291 +88S1 31,1 —8S2 211 +288S511,2+314S5112
+ 21082121 +216S2911 +302S3111 —16S1 9111 —256S11,11,2
— 244511112 — 148511120 — 144511211 — 184515111 — 230521111
+439/3D,) +S 41 (—40/3+2Dy —2D1) +S 5 o (—1192/3 4 46 Dy — 46 D)
+S.5 5(=3924 54Dy — 54 Dy) + Sy 4 (—448 + 116 Dy — 116 Dy)
+S1.4(—6395/18 4+ 385/3 Dy — 385/3 D;) + So 5 (—460 + 108 Dy — 108 D)
+ S53(—6125/18 4133 Dy — 133 D) + S3_» (—376 + 76 Dy — 76 D)
+ S50 (—5683/9 + 108 Dy — 108 Dy) + S.1 (—7129/9 + 256/3 Dy — 256/3 Dy)
4+S 511 (—40/3+4Dy—4Dy) +S o 51 (160 — 24 Dy + 24 Dy)
+8S 91-9(4Dyg—4D; —4D1)4+40/3S1 31+ S 2 _5(512/3 —24 Dy
+24 D)+ S11-3(1360/3 —88 Dy + 88 Dy) + Sy15(7679/18 — 115 Do + 115 Dy)
+S12-2(880/3 — 56 Do + 56 Dy) + S5 (1417/3 — 110 Dy + 110 Dy)
+ 5131 (5885/18 — 75 Dy + 75 D1) +40/3 S5 21 + So1,—2 (880/3 — 56 Dy
+56 Dy) 4+ So15(1027/2 — 113 Dy + 113 Dy) + S04 (1250/3 — 98 Dy + 98 D)
+S51,1(6313/9 —86 Dy +86D1) +S_9111(8Dg— 8Dy —8Ds)
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Appendix I. C5 at N*LO order n}

+80/3S, 511+ S111 2(—800/3+48 Dy — 48 Dy) + Sy112 (—1163/3 + 104 Dy
—104D1) + Sy 121 (—1015/3 + 82 Dy — 82 Dy) + S101.1 (—413 + 82 Dy — 82 Dy)
+ 80111 (—1343/3 492Dy — 92 Dy) + S11.1.1.1 (320 — 80 Dy + 80 Dy)

+S 4 (—=1270/9 — 144 D_; + 330 Dy — 330 Dy + 144 Dy — 57 D¢ + 149 D7)

+ S, (—18371/72 + 5899/18 Dy — 3467/9 Dy — 349/3 D¢ + 10 D})

+S 51 (38/9+ 56 D_y — 380/3 Dy + 380/3 Dy — 56 Dy — 50 D3 — 54 D7)

+8S 5 5(2004 16 D_; — 100/3 Dy + 100/3 Dy — 16 Do + 30 D¢ — 6 D7)

+8S 55(36 Dy — 76 Dy + 76 D; — 36 Dy — 32 Dg — 32 D})

+ S 5(2338/9+ 68 D_y — 224/3 Dy + 224/3 Dy — 68 Dy + 108 Dy — 20 DY)
+S15(4369/9 +4 D_; — 5707/18 Dy + 2885/9 Dy — 102 Dy + 148 D — 55 D?)
+Ss 5 (1522/9+44 Dy — 128/3 Dy + 128/3 Dy — 44 Dy + 68 D — 12 D7)

+ S5 (12331/36 + 8 Dy — 812/3 Dy + 1001/3 Dy — 8 Dy + 132 D¢ — 44 D})

+ S5 (23429/36 — 16 D_; — 4171/18 Dy + 3134/9 Dy + 114 Dy + 67 D¢

— 14D} +S 511 (=32D_1 +152/3 Dy — 152/3 Dy + 32 Dy + 28 D¢ + 20 DY)
—76/9S, 51+ S11 2(—496/3 —40 D_; + 64/3 Dy — 64/3 Dy + 40 Dy — 56 D}
+8D2) + S5 (—15511/36 — 4 D_; + 781/3 Dy — 838/3 Dy + 72 Dy — 136 D
+54 D7)+ S0 (—1839/4 +4 D_, +686/3 Dy — 857/3 Dy — 4 Dy — 104 D§
+44 D) + So11 (—=3491/9 + 212 Dy — 313 Dy — 68 Dy — 97 D + 37 D})
+S11.11 (12119/36 — 201 Dy + 255 Dy + 104 D¢ — 46 D7)

+S_5(4346/27 + 200 D_; — 3536/9 Dy + 3536/9 D; — 200 Dy — 144 D2,

+107 D¢ — 26 D¢ — 799/3 D + 138 D) + S5 (—103447/1296 — 4 D_,

— 14155/36 Dy + 18343/36 Dy + 102 Dy + 4561/18 D§ — 245/2 D@ — 166/3 D}
—27/2DP)+S 5, (—80 D_y 4 1760/9 Dy — 1760/9 Dy + 80 Dy + 48 D2,
—92/3Dg —58D¢ +260/3 D7 —38D) +S; 5 (—2428/27 —40D_, — 8 D,

+ 8Dy +40 Dy +48 D2, —122/3DZ + 78 DZ +70/3 D2 — 14 D})

+ 515 (—110893/324 + 4 D_; + 3818/9 Dy — 15857/36 Dy + 60 Dy — 314 D¢

+ 146 D§ +1033/6 D{ — 31 D}) + Sy; (—81845/648 — 4 D_y + 1699/6 Dy
—6299/12 Dy — 128 Dy — 1229/6 D¢ + 112 D¢ + 637/6 D — 22 D})

+ 5111 (26339/108 — 2671/9 Dy + 15031/36 D, + 1409/6 D§ — 121 D¢

—959/6 D +35 D) +S 5 (—232/3 — 460/3 D_, + 13351/54 Dy — 13351 /54 D,
+460/3 Dy + 140 D2, — 96 D*, — 1297/18 D¢ +109/3 D¢ — 13 D,

204



+4231/18 D — 505/3 D + 99 D}') + S, (162721/1296 + 28 D_,
+ 518651/1296 Dy — 702953/1296 D1 — 104 Dy — 12079/36 D¢ + 8615/36 D¢
—707/6 Dy + 1385/12 D — 1463/36 D — 61/6 D})
+ 511 (239633/2592 — 32 D_; — 183109/432 Dy + 257467/432 Dy — 36 Dy
+2137/6 D¢ — 9575/36 D¢ + 779/6 Dy — 2623/12 D + 5051/36 D}
—209/6 DY) + S, (161929/1728 — 104 D_; — 1091171/2592 Dy + 407591/648 D,
— 70 Dy +48 D2, + 87833/216 D¢ — 16559/72 D¢ + 5683/36 D — 269/3 D¢
— 211555/1296 D + 7369/72 D — 398/9 D! — 175/6 D) — 61555/512
—1084/3 D_; — 840065/2592 Dy + 1650655/5184 Dy + 1084/3 Dy + 236 D2,
—96 D3, + 400535/864 D + 273677/2592 Dy — 28801/72 D + 2570/9 D§
—1649/24 D§ + 1486625/2592 D2 — 67615/96 D} + 5589/8 D} — 6661/12 D}
+3189/8 D
+ (3 [436S 5 +1061/3S5 —200S, 5 —496/3S,5 — 100/3S,, + 445,
+8 5 (=388 452Dy — 52 D;) + Sy (=28 — 76/3 Dy + 76/3 Dy) + S1.1 (35 + 50 Dy
—50Dy) + S, (—=397/6 + 60 D_; + 982/3 Dy — 607/3 Dy + 272 Dy — 98 D}
+176/3 D) — 15883/16 + 222 D_, + 5977/12 Dy + 179/12 Dy + 238 D,
— 144 D? —1553/3 D§ + 821/6 D§ — 238/3 D + 325/2 Df}
4G5 |81S, —513/4+9/2Dy — 9/2 Dl]

Coms (N) =
24S; —80S, +33+ 64Dy — 64D, —12Dj + 12D}

ciom (N) =
—119/2S5 +12S, 4 +24Sy3 +36 S350 +48S,; — 125113 — 125125
—12 Sl“‘i‘l —24 SQJ.Q —24 82.2,1 — 36 S:s.,l,l +12 Sl‘].'l.,'z +12 S1‘1‘2.'1
+ 1281211 +24S0111 — 12511111+ S4(853/6 —6 Dy + 6 D)
+8S13(=29+6Dg—6D;)+ Sos(—67+6Dg—6D1)+ S3(—105+ 6 Dy — 6 Dy)
+8112(29—6Dg+6Dy) +S121(29—6Dg+6D;) +So1,1 (67— 6Dy +6Dy)
+ 81111 (=294 6Dy —6D;) +S3(=524/3 4+ 19Dy — 28 D, — 12DZ + 6 D)
+515(235/6 — 19Dy + 28 Dy + 12 D¢ — 6 D) + Sy (641/6 — 19 Dy + 28 Dy
+12D¢ —6 D) + S, (—235/6 +19Dy — 28 Dy — 12 D3 + 6 DY)
+ S, (14321/108 — 203/6 Dy + 187/3 Dy + 41 D — 18 D3 — 28 D + 6 D})
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Appendix I. C5 at N*LO order n}

+ Sy (—4429/108 +203/6 Dy — 187/3 Dy — 41 D¢ + 18 D¢ +28 D2 — 6 D)
+ S (—25279/648 + 4631/108 Dy — 2528/27 Dy — 445/6 D + 63 D§ — 24 D,
+187/3 D — 28 D} + 6 D) + 281971/3456 + 28727/648 Dy — 36661/324 D,
—10351/108 D§ + 227/2 D¢ — 1009/12 Dy + 119/4 D + 2519/27 D}
—184/3 D} +325/12 D} — 23/4 D}

+G [SQ —5/38,+1/8+11/6 Dy — 11/6 D, —1/2 D2 + 1/203]

+ G [3/2 S1 —9/8 —3/4Dy+3/4 Dy
(1.0.2)

The z-space results are:
céjln)s(:v) = n} and n/ contributions

4 (4L 1 4 (4N 4 (4
+Cp OAnf2 9 C:a(,rzs () + Cp (Cp — 5Cy) ”f2 9 C:a(,rzs (z) +Cp nf3 57 Cs(n)ﬁ(@i)a)

Cme (@) =
Hoo.000(1951/4 —1951/3 2, +1951/42) + Hy 00,1 (607 — 2890/3z,,! + 571z
—80%) + Ho 010 (1547/3 — 2572/3 2,1 + 1583 /3 2 — 3222) + Hy 0.1 (1637/3
—2752/3 2,1 4+ 1583 /3 x — 402?) + Ho 0100 (387 — 670z, + 411z + 3227)
+ Hoo1001 (428 — 7522, + 4162 — 82%) + Ho 110 (390 — 676 2,1 + 420 2 + 8 %)
+ Ho o111 (404 — 704 2, + 404 3) + Ho 1 000 (770/3 — 1408/3 ;! + 770/3 2
+802%) 4+ Ho 1001 (296 + 48271 — 548z, + 2722 — 82?) + Hy 1010 (272 — 5002,
+ 2722 4+ 827%) + Hy 1011 (300 — 556 2, 4+ 3302 — 722%) + Ho 1100 (260 — 48 27"
— 4762, + 2841 + 40 2%) + Hy 110, (266 — 488 2,1 + 218 ¢ + 7222) + Hy 1110 (240
— 436 2,1 +2582) + Hy i 11 (252 — 460 2," + 2522) + H, 000 (671/3
—1342/3 2, +671/32) + Hy 0001 (824/3 + 802~ — 1648/3 2! + 824/3 x — 80 2?)
+Hi0010(234+ 32271 — 4682, + 2342 — 3227) + Hy 0011 (270 + 4027
— 5402, + 2702 — 402%) + Hy 0100 (178 = 32271 — 356 2! + 178w + 322?)
+Hio101 (216 + 827 — 4322, + 2165 — 82%) + Hy 110 (206 — 8271 — 4122,
+ 2067 + 82%) + Hy g1 (228 — 456 2,1 4+ 228 ) + Hy 1 000 (530/3 — 80z~
—1060/3 ;1 4 530/3 2 4+ 80 2%) + Hy 1 004 (196 + 8271 — 39221 + 196 2 — 82.2)

m

+Hy1010 (162 =827t — 3242, + 1622 + 82%) + Hy 1o, (188 — 376 2, + 236 >
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—722%) + Hy 1100 (142 — 4027 — 284 2, + 1422 + 402?) + Hy 1 1, (164

— 328z, + 1162 + 722%) + Hy 1100 (140 — 280 2, + 140 2) + Hy 111 (160

— 3202, + 160 ) + Hy 00 (8239/6 — 20567/9 2" + 3499/22) + Ho 0.1 (2755/2
— 24686/9z,,! +3871/2x — 36 x%) + Hy 10 (19199/18 — 19634/9 z;,!
+28733/18 x) + Hy 011 (18695/18 — 19967/9 2" + 14335/9 x + 16 2%)

+ Ho 100 (6457/9 — 13373 /9 2! + 9454/9 2 + 36 2%) + Ho 10,1 (2143/3
—4835/3 2,1 +3310/3x) + Hy 11 (1996/3 — 4283 /3 z,,' + 6485/6 z — 16 2%)
+ Ho 11 (1895/3 — 4270/3 2" + 3107/3 ) + Hy 00, (4456/9 — 9995/9 z;,}!
+6574/9x) + Hy 00, (4966/9 + 1627 — 12263/9 2! + 8269/9 x — 36 2%)
+Hyg10(1354/3 — 3212/3 2, +2218/32) + H, 011 (469 — 12102, + 1797/2
+162%) + Hy 100 (3820/9 — 16 57" — 8495/9 2,1 + 5917/9 x + 36 2?)

+Hy 00 (1292/3 — 3022/3 2, +1928/3z) + Hy 110 (1117/3 — 2558/3 z,,}
+3665/6 2 — 1622) 4+, 11, (370 — 904z, + 642.x) + Hy g (11431/6

— 152383/36 7" + 68785/18 = + 2890/3 (o ;! — 607 (o — 571 (o + 80 (o 2?)

+ Ho o (54551/36 — 35378/9 ;! + 128459/36 x + 34 2% + 752 (@, — 428 (y
— 416 G + 8o a®) + Hy 1 (2927/3 — 24305/9 2, + 45911 /18 v — 34 2°

— 48 Cox ™t + 548 (o, — 296 (o — 272 o + 8 G 2?) + Hy 1y (7420/9
—23191/9 2, +22106/9x + 488 (y @, — 266 (, — 218 (o — T2 2?)
+Hi00(3151/6 — 15200/9 x;,! + 28807/18 7 — 80 (y v~ " + 1648/3 (y v,
—824/3(, — 824/3yx + 80 G x®) + Hy o1 (2753/6 — 10459/6 2! + 3523/2
+342% —8Ca + 432G x;, — 216 ¢ — 216 G + 8 (o a?) + Ty 1o (7949/18
—27307/18 ;! +28031/18 2 — 342? — 8y a™' +392¢ x,, —196(, — 196 G o
+ 8¢ x?) + Hy 1, (6367/18 — 25979/18 ' + 27127/18 x + 328 (o ;! — 164 (o
— 116 G — 72 ¢ 2%) + Ho (310343/216 — 842039/162 2, + 1281401/216 x
+24686/9 Gy, — 2755/2 ¢y — 3871/2 (o  + 36 G % + 1160/3 (3 2,

—769/3 (3 — 1003/3 (3 — 56 (3 2%) + Hp 1 (51305/81 — 1178369/324 2,

+ 371453 /81 2 + 4835/3 (y ;! — 2143 /3 (y — 3310/3 (o v + 48 (3 v

+976/3 G, —520/3 (3 — 1366/3 (3 & 4 304 (3 %) + H, o (47123 /648

— 147071/81 2,,' + 1746287/648 2 — 16 o ™" + 12263/9 (o, — 4966/9 (,
—8269/9 G + 36 2? + 56! +944/3 (s a,t — 472/3 (s — 472/3 G

— 56 (3 2?) + Hy 1 (—10019/216 — 46483 /27 ;! + 574609/216 = + 3022/3 ¢, 7,
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Appendix I. C5 at N*LO order n}

—1292/3 ¢, — 1928/3 (o x + 56 (327 + 176 (3 1, — 88 (3 — 328 (3 & + 304 (3 2%)
+ Hy (212195/2592 — 5764837/1296 ;! + 661237/96  + 35378/9 ¢, x;,"
— 54551/36 Cy — 128459/36 (o v — 34 (y 2% + 3085/3 (3,1 — 5792/9 (3
—17797/18 Gz & — 20 (3 2* — 2506/3 (4 ;! + 5755/12 (4 + 6007/12 ¢y =
— 106 ¢4 %) + H, (—90473/108 — 2134163 /1296 x,," + 2631655/648 x
+10459/6 (! — 2753/6 (o — 3523/2 G — 34 (o a® + 16 G !
+5879/9 (3w, — 2317/9 (3 — 14585/18 (32 — 20 (3 v + 106 ¢ v *
— 1400/3 ¢y, +700/3 ¢4 + 700/3 4 v — 106 ¢y %) + 6(1 — 2) (—18199451 /6912
— 57648371296 (, — 29/648 (3 + 4300/9 (3 (o + 35/3 ¢ + 68705/72 (4 + 3091/6 (5
+521/2¢g) — 9928021/5184 — 132728/81 2" + 1067909/192 2
+ 1178369/324 ¢,z — 51305/81 ¢y — 371453/81 (y @ + 13247/9 (3 ;!
— 8167/12 (3 — 46241/36 (3 7 + 102 (3 2° — 980/3 (3 (o ;" + 209 (3 Co
+ 221 ¢ G+ 80 Gy Goa® — T2041/36 ¢y ;! + 62383 /72 4 + 113329/72 (4
— 96 ¢y 2 +1036/3 (5 2,1 — 206 (5 — 686 5 ¢ + 640 G5 2

Cins (&) =
+H 1110 (—832+ 102431 +1922) + H oy 1 10,0 (1440 — 17922, " — 352 7)
+H o 1010928 = 1152, — 224 2) + H 11000 (—1616 4 2080z, " + 464 )
+Ho10-1,-10(928 = 11523, " —2242) + H_1 9 100 (—1552 4 1984z, " + 432 )
+H 100-10(—1040 + 1344 2, + 304 %) + H_1 000, (1188 — 1800z, ' — 612)
+H_10001(8=162," —8x) +H_ 19011 (—16+322," +162) + H_ 0111 (32
— 64z, —32x) + Ho 11, 10(928 — 1152, — 2242) + Ho 1,100 (—1552
+19842," +4322) + Hy 1,010 (—1008 + 1280 2, " + 272x) + Hy 1,000 (516
+ 1408z, — 21522, — 1060 ) + Ho 1001 (—648 + 8642, — 16z, — 216 x)
+ Ho 1010 (=416 + 544z, — 128 2) + Hy 10,11 (—368 + 4482, + 322, — 80 )
+ Hoo 1,10 (=1080 + 16 2" + 1376 " + 296 ) + Ho0,—1.00 (200 + 2040 2!
— 23442, — 1280 ) 4 Hoo, 101 (—808 + 1056z, — 16z, — 248 x)
+ Hop0-10 (52416322, — 1736 2, — 10122) + Hy 0000 (751/2 — 2102/3 2,
+600z," +1951/22) + Ho o001 (860 — 3728/3 ;! + 24z, " + 884 2)
+ o010 (2458/3 — 3872/3 2,1 4+ 2458 /3 ) + H 00,11 (2602/3 — 4064/3 2!
— 32z, +2506/3x) + Ho o100 (602 — 1092z, + 698 2) + Ho 01,01 (656
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— 11042, + 656 2) + Ho o110 (792 — 1376 2,1 + 792.2) + Ho o114 (692 — 1208 2,
+ 322, 4+ 7242) + Ho 1010 (440 + 560 2" — 120 ) + Ho 10,00 (796/3

—2192/3 2,1 +1660/32) 4+ Ho 1001 (=12 — 256 2, + 356 ) + Ho 10,10 (728

— 12562, + 6162) + Ho 1011 (476 — 864 2, " +4762) + Hy 1100 (712 — 1304 2,
+680x) 4+ Ho 1101 (424 — 840 2,1 + 504 1) + Ho 1110 (712 — 1256 2,1 + 632 x)

+ Ho 100 (504 — 9202, +5042) + Hio 1 10(—16 + 32z, — 162)

+Hio 1.00(=792+ 10082, —2162) + Hy o 10, (—480 + 576 2, — 96 2)

+Hio0 10 (=696 + 880z, — 1843) + Hy 0000 (28/3 — 1784/3 2,1 + 1756/3 2)

+Hi 0001 (—1040/3 + 16/3 2,1 4+ 1024/3 ) + H, 0010 (208 — 640z} + 432 7)

+Hi o000 (8 =352, + 344 2) + H 00 (676 — 1208 2,,' + 5322) + Hy 1.0, (360
— 7522, +3922) + Hy 0110 (564 — 1016 2, +4522) + Hy o111 (368 — 736 2,,}
+3682) + Hy o 10(—352+448 2,1 —962) + Hy 1000 (1540/3 — 3080/3 x;, !
+1540/32) + Hy 1001 (=68 — 2322, +3002) + Hy 1010 (568 — 1008 2! + 440 )
+ Hy 01,0 (248 =576 2, +3282) + Hy 1100 (636 — 1096 x;," + 460 z)

+ 00 (264 — 59221 +3282) + Hyy 110 (560 — 976 2! + 416 7)

+ Hig01 (320 — 6402, +3202) + Hoy 1 1(2944/3 — 1602~ — 3200/3 z, "
—256/3x — 1602%) + H_y 100 (—4544/3 + 2722 + 5440/3z,' +896/3 x + 27227)
+H 1010(—3008/3 + 1762~ " + 3520/3 2, " + 512/3 % + 176 2°) + H_1 90,0 (472

= 5762 — 17922, " — 13202 — 576 2%) + H_, 00, (—1360/3 — 2242~" — 160/3 z,*
—1520/3 2 — 2242%) + H 1,0 (—304 — 14427 — 3042 — 1442%) + H_, o, (—928/3
—12827" 4+320/3x," — 608/3 2 — 1282%) + Hy 1 10 (—3032/3 + 1922~
+3520/3," +536/3x + 1602”) + Hy 100 (—156 — 576 2" + 1568 z,," — 1840z, "
— 13642 — 2722%) + Ho 101 (—2128/3 — 19227 " + 6402, — 160/3 2, ' — 1040/3z)
+ Hoo-10(—692/3 — 3842~ +4768/3z,! — 1504z, " — 3212/3x — 11227)

+ Hoo0,0 (2268 — 13852/9 2, + 1240/3x, ' + 2940 + 576 %) + Ho 0,1 (7451/3
—28516/9x,, +160/3x," + 3409z + 680 2°) + Ho 10 (14117/9 — 22732/9 z, "
+22409/9 % + 1122°) 4 Ho,11 (16157/9 — 25252/9 ' — 160/3 2, ' + 23897/9 «
+4002%) + Ho 100 (3128/9 — 12250/9 2" + 13532/9 & — 408 %) + Hy 1 0.1 (2542/3
—5000/3 x4+ 4702/3 ¢ + 16 2%) + Hy 110 (798 — 2054z, + 1806 2 — 288 2%)

+ Ho 1 (2554/3 — 5372/3 2,1 +4978/3 ) + Hy o 10 (—1648/3 — 642"

209



Appendix I. C5 at N*LO order n}

+2048/3 2,1 —400/3 2 + 64 %) + H, 000 (992/9 — 12790/9 2} + 13868/9 x)

+ Hig0 (3428/9 — 64271 — 11770/9 2! + 12536/9 2 + 456 22) + H, 010 (2420/3
+ 3227 — 5668/3 ;! +4004/3x — 322%) + H, g1, (804 — 16522, + 1252
+2722%) + Hy 100 (3944/9 + 16 27" — 15358/9 2! + 11540/9 = — 408 2%)
+Hyp00(1316/3 — 16 27" — 4060/3 2" + 3428/3 2 + 16 2%) + Hy 1 1 (1528/3

+ 1627 — 4652/3 2, + 3352/3x — 288 2?) 4+ Hy 114 (476 — 1280 2, + 1020 )
+Ho 11 (512G, — 416G+ 96 o) + Hoy 10 (—1600/3 + 3202~
+1984/3z," + 1282 +3202” — 352y z, " + 288 (, — 64 (2 7)

+H 101 (=576 a, " +464 ¢ — 112G @) + Ho 100 (—7240/9 — 107257
—9352/9 2, —16592/9x — 10722” 4+ 248 (" — 180 (y + 68 ( )

+H 10,1 (—6736/9 — 32027" — 304/92," —7040/92 — 3202> + 16 (2 2, — 8(,
+8Cx) 4+ Ho 11 (=576 G, +464 ¢ — 112G @) 4+ Ho 10 (—4714/9

— 75227 + 800, —6088/9x," —10334/9x — 3202% — 864 (x 2! + 376 (p !
+364 ¢+ 292G w) + Hopo 1 (—1048 Gyt + 704 Go )t + 268 (2 + 396 (o )

+ Ho 0,0 (23690/9 — 18371/18 2, + 5080/9 =, ' + 28822/9 x + 1072 2”
+3572/3Cx, — 76 x, — 808 ¢y — 884 (o w) + Hog (35179/18

—23429/9 2, +152/9x," + 70805/18 x + 848 2° + 416 (r x,," — 8 (o w,) !

— 116 ¢y — 508 ¢y ) + Hy 1 (140 — 12331/9 2! + 21596/9 v — 528 2% — 104 (y @,
+296 (o — 280 G ) + Hop (2294/9 — 13964/9 2, + 21604/9 & + 264 & ;!
+40¢ — 392G ) +Hyg 1 (=560 o, +472¢ +88C x) + Hy oo (353

— 17476 /9 x," +22015/9 2 — T12/3 G a,t + 1556/3 G — 844/3 Gy x)

+ Hy o, (2167/3 — 18393} + 6251 /3 2 + 528 2% + 176 (o ' + 104, — 280 (o )
+Hi10(95/9 — 15511/9 2,1 + 18449/9 & — 528 % — 120 (o ;! + 356 (o

— 236y ) + Hyp (1435/9 — 12119/9 2,1 + 15031/9 2 + 80 G, + 152G
—232C) +H 1 1 (802" —1600/3aa, " + 1472/3(, — 128/3 (x
—80Ga® —512¢sa, ' +416 (3 — 96 (3 a) + H_1,4 (—27790/27 — 3040/3 2"
—9712/27 2, — 37502/27x — 3040/32° + 280 Gz~ + 896/3 (" + 680/3 C»
+1576/3 v+ 280 o 2° + 256 (3o, ' — 208 (3 + 48 (3 ) + Ho 1 (288 o v

— 640 (o2, + 640 G oyt + 204G + 436 G v 4 80 (o 2 — 224 (3,

+ 560 (s, — 280 (5 + 152 (3) + Ho (12749/24 4 103447 /324 2!
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+17384/27 2, + 423841/216 z + 3040/3 2% + 28900/9 ( " — 32/3 (a ;!
— 8143/3(y — 3409 Gy v — 792 (o 2% + 5260/3 (3 2, — 148 (32, ' — 2498/3 (3
—3230/3(37) + Hy, (—72683/81 — 81845/162 x,,' + 211645/81x + 96 (™"
+ 1080 Gz} — 342, — 1478 G — 96 Gy 2% + 1976 /3 (3 1, — 572/3C3
—1532/3 (3) + Hy o (—111367/324 — 110893 /81 2" + 837737/324 x + 120 G ™
+9562/9 Cy x,, " — 1388/9 ¢, — 12368/9 G v — 512 (2 + 2008/3 (3 ;!
—836/3 (s — 1172/3 (3 ) + H,; (=91577/108 — 26339/27 x;,} + 241915/108 «
+96G e +820G 2, +52¢ — 1100z — 96 (2 + 504 3 2, — 1723
—332¢3x) +H_1 (480 Gz~ +3280/9 Gy, " +4336/9 (o + 7616/9 (o
+480 (2 + 144 a7 + 480 (3w, — 336 (3 + 144 G + 144 (327
+516 ¢y x, " — 358 ¢y + 158 ¢y w) + Ho (—1402631/648 + 162721/324 ;!
+928/3x," + 99875/72x + 2665 ( " + 404/9 (' — 14869/6 (;
— 70805/18 (; & — 1168 (o 2* + 10856/3 (3, — 280 (3, ' — 11314/9 (3
—28642/9 (3 + 432 (3 2* — 3287/3 Cy " — 300 Gy, ' +2501/3 ¢y
+1961/3 ¢4 ) + H, (—186851/108 — 239633/648 x, ' + 362231/162 x + 160 (y 2
+4525/3 (y x,,t — 1367/3 (o — 6059/3 (o — 688 G % 4 88 (3 v+
+11626/9 Gz 2, + 364/9 (3 — 10784/9 (3 + 576 (3 0> — 484/3 (y )}
—328/3¢4 + 812/3 ¢y x) 4+ 6(1 — x) (—61555/128 + 212833 /324 ¢, — 707833 /162 s
+7322/9 (3 Co 4+ 976/3 ¢ + 123449/36 ¢4 + 1394/3 G5 + 1124/3 () — 3067495/1296
—161929/432z;," + 3523807/1296 = + 52709/162 ( z,," — 4856/27 ("
— 10687/81 (, — 211645/81 Gy = — 3040/3 G 2* + 31993/9 (s 2, — 356 (3 @, !
—4937/6 (3 — T7141/18 (3w + 784 (3 2” — 3628/3 (3o, + 52 (3G 1!
+ 534 (3o + 8423 (o — 47453 /18 Cy x| — 3488 /3 Cy ™ + TIATT /36 (4
+82861/36 Cyx + 414 (2 + 44/3 (2, — 508 G o, ' + 476 (5 — 448 (s o

Cims (2) =

+ Hopo0 (=119 4238 2,1 — 1192) + Ho 01 (—96 + 1922, — 96 7)

+Hog10 (=72 + 1442, — 722) + Hoo11 (=72 + 1442, — 722)

+Ho100 (=48 + 962, —48x) + Hy 01 (—48 + 962, — 48 7)

+Hoy10(—48 + 962, —48x) + Hoy 1, (—48 + 96z, — 48 7)

+Higo0 (=24 +48z,! —24x) + Hy o, (—24 + 48z, — 241)
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Appendix I. C5 at N*LO order n}

+Hyp10(—24+48x, —24z) + Hygy, (=24 + 48z, — 24 2)

+Hi00 (=24 +482, —242) + Hy 0, (—24 + 482, — 241)
+Hi10(—24+482, —242) +Hy 1, (24 + 48, —241)

+ Ho.o0 (—697/3 + 1706/3 x,,! — 1333/32) + Ho 1 (—168 + 420z, — 336 2)

+ Hopo (=104 + 268 2,1 — 224 2) + Hyyy (—104 + 2682, — 224 7)
+Hyo(—40 + 1162, — 1122) + Hy o, (—40 + 1162, — 1122)

+Hi10(—40 + 1162, — 1122) + H, 1 (—40 + 116 2, — 112 7)

+ Hoo (—734/3 +2096/3 2, — 7442 — 192G o, + 96 (o + 96 (o )

+ Mo (—392/3 +1282/3 2, — 1496/32 — 96 (! +48 G + 48 Gy 2)
+Hyo(—64/3 +470/3 2, —748/3x — 48 (y x,," + 24 (o + 24 (@)

+Hyp (—64/3 +470/3 2, — 748/3 2 — 48 (o x;,! +24 (o + 24 (o 7)

+ Ho (—3970/27 + 14321/27 2,,} — 20188/27 2 — 420 (o x,,' + 168 (, + 336 (o @
— 44yt +22C + 22 x) + Hy (202/27 + 4429/27 2,1 — 10112/27

— 116Gy, + 40 + 112 x) + 1724/81 + 25279/162 2, — 36661 /81
—1282/3 Gy, +392/3 Co + 1496/3 o — 436/3 Gy, +194/3 (3 + 314/3 (s
+102¢ 2, —51¢ — 51 ¢ x + 6(1 — ) (281971/864 + 14321 /27 (o — 1/6 (3
+4(3 ¢ +1027/6 (4 +265)

(1.0.4)
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Appendix J

Order € coefficient functions at
N°LO

The following are the (non-physical) order e DIS coefficient functions at
N3LO. These are required for the renormalization of the 4-loop coefficient
functions. I would like to stress that this is a new result. Note that the order
n$ is not included (yet), as the reconstruction for this part will require more
Mellin moments.

To abbreviate the formulas, we have defined the Z5 factors as

oy, €, CrCany), (J.0.1)

The following is the as:

az(i?s(N ) = nfo contributions

16 (3)L 1 16 (3)N 16 (7
+Cp Cyny g a5 (N) + Cp (Cp — 5 Cng gl aS (N) + Cn? 38 oS 09)

ali(N) =
4+ 225S45 —229S;5 —209S, 4 — 281 S35 — 338 S4,2 — 363 S5 + 186 Su,4

+401/2S125+529/2S1 524+ 300S1 41 +481/2S5 13 +249S055 +519/2S55

+637/2S310+675/2S351 +389S,11 —343/2S 115 — 1918125

—459/2S1 131 —235S1 010 — 24681251 —607/2S; 511 — 23855112 — 25652121
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Appendix J. Order € coefficient functions at N3LO

— 27685211 —681/2S3111+ 1718111124+ 202811121 +225S11211
—229/2Dy) +S,.4(1387/3 + 18 D_5 — 93 Dy + 129 Dy — 108 Dy + 162 Ds)

+ 855 (12923/24 + 9 D_y — 401/4 Dy + 473/4 Dy — 54 Dy + 81 D3)

+ S35 (17861/24 — 9 D_o — 529/4 Dy + 457/4 Dy + 54 Dy — 81 D3) + S, (2669/3
—24D_5 —150 Dy + 102 Dy + 144 Dy — 216 D3) + S, 15 (—9793/24 — 15D _,
+343/4 Dy — 463/4 Dy + 90 Dy — 135 D3) + S 55 (—=5555/12 — 3 D_5 + 191/2 Dy
—203/2 Dy + 18 Dy — 27 D3) + Sy 5 (—14011/24 + 9 D_» + 459/4 Dy — 387/4 D,
— 54 Dy + 81 D3) + Sy, 5 (—6937/12 — 3 D_5 + 235/2 Dy — 247/2 Dy + 18 D,
—27D3) + Sy (—1235/2 +3D_5 + 123 Dy — 117 Dy — 18 Dy + 27 Ds)

+ S50 (—6519/8 + 15 D_y + 607/4 Dy — 487/4 Dy — 90 D, + 135 Ds)

+ 81112 (1609/4 — 171/2 Dy + 171/2 Dy) + Sy 19, (5551/12 — 101 Dy + 146 D,

— 162 Dy + 135 D3) + Sy 511 (6317/12 — 225/2 Dy + 135/2 D, + 162 Dy — 135 Ds)
+ 80111 (1780/3 — 129 Dy + 129 D) + S111.1. (—1713/4 +195/2 Dy — 195/2 Dy)
+54(92111/72 — 69/4 (o — 27 D_g — 1375/6 Dy + 2023/6 D, + 108 Dy — 243 D3
+91 D¢ —25D3) + S, 5 (—11867/18 + 75/4(, + 313/10 D_5 — 9 D_,

+4295/24 Dy — 1033/3 Dy + 9 Dy + 477/10 D3 + 18 D2, — 427/4 D§ + 42 D}
+36 D — 54 D2) + Sy (—34529/36 + 39/2(y +9/2 D_5 + 610/3 Dy

—1081/3 Dy — 9Dy +36 D3 — 111 DZ + 44 D) + Sz, (—10457/8 + 99/4 (o
—223/10 D_5 + 9 D_; + 6461/24 Dy — 2447/6 Dy — 63 Dy +423/10 D3 — 18 D2,
—465/4 D +63/2 D — 36 D3 + 54 D3) + S1 15 (5005/8 — 15 ¢y — 167 Dy
+1311/4 Dy — 63 Dy + 63/2 D3 + 211/2 D¢ — 109/2 D) + S, 5, (8489/12
—39/2(y — 647/3 Dy + 2197/6 Dy + 171 Dy — 207 D3 + 229/2 D§ — 39 D7)
+S5.1.1 (3889/4 — 39/2 (, — 700/3 Dy + 4831/12 Dy — 99 Dy + 171 Dy + 249/2 D
—63/2D2) + S0 (—4969/8 + 15y + 765/4 Dy — 687/2 Dy — 111 D§}

+81/2 D) + S5 (—369797/216 + 717/16 (, + 182 (3 — 189/20 D_5 + 9D,

+ 44417/144 Dy — 75/8 Dy (o — 95951/144 Dy + 75/8 Dy (o — 99 Dy

+1647/10 D3 — 27 D2, — 1195/6 D¢ + 451/4 D¢ + 2801/24 D — 20 D}

—36 D3 +81D32) + S, 5 (162311/216 — 77/2(, — 161 (3 + 15/4 D_,

—4335/16 Dy + 15/2 Dy (o + 34973 /48 Dy — 15/2 Dy (o — 102 Dy + 219/4 Dy
+5203/24 Dy — 263/2 D§ — 4285/24 D} + 45/2 D — 18 D3 + 9 D)

214



4S5 (290789/216 — 369/8 (o — 209 (3 — 15/4 D_y — 16145/48 Dy + 39/4 Dy ¢,
+12101/16 Dy — 39/4 D {y — 6 Dy + 141 D3 + 1847/8 D — 141 D¢
—3281/24 D} + 33D+ 18 D7 —9D3) + Sy 11 (—105325/144 + 35 (5 + 90 (3
+4817/16 Dy — 15/2 Dy ¢y — 11849/16 Dy 4 15/2 Dy ¢, — 5527/24 D¢

+285/2 D¢ +3901/24 D — 57/2 D}¥) + S, (17298037/10368 — 1937/32 (o

— 4405/12 (3 — 63/2 ¢4 +63/8 D_o — 36 D_5 (3 — 656285/1728 Dy + 37/2 Dy (o
+161/2 Do (3 + 2019479/1728 Dy — 29 D; ¢y — 305/2 Dy (3 + 57 Dy

+ 216 Dy (3 + 27/4 D3 — 324 D3 (3 + 12673/36 Dy — 69/8 Dy (s

— 11765/48 D@ +1031/8 Dy — 50035/144 D2 + 27/8 D? (, + 4403/48 D}
—95/8 D + 18 D — 27/2 D2) + S, ; (—2425003/3456 + 1265/32 C, + 451/2 (3
+27/2¢4 — 135/8 D_g + 30 D_5 (3 + 247847 /576 Dy — 35/2 Dy (z — 45 Dy (3

— T46681/576 Dy + 28 Dy (o — 75 Dy (3 — 9 Do + 468 Dy (3 — 45/8 D

— 270 D3 (3 — 1569/4 D + 69/8 D (> + 4447/16 D — 1235/8 D

+19507/48 D} — 27/8 D{ ¢, — 1769/16 D}’ + 123/8 Dy')

+ S; (—49108273/62208 + 21169/576 (o + 57143 /144 (3 — 9/2 (3 ¢ + 503 /8 ¢4
+129¢; —63/5D_5 —313/5D_9(3+9D 24— 9D 1 +18D_1 (3
+117017/216 Dy — 773/32 Do G — 5/2 Dy (3 — 27/4 Dy ¢4 — 6892781/3456 D,
+ 875/16 Dy (o + 567/2 Dy (3 + 99/4 Dy (4 + 354 Dy — 846 Dy G5 — 54 Dy 4

— 8193/20 D3 + 4023/5 D3 (3 + 81 D3 (4 +81/4 D?, — 36 D2, (3
—1003709/1728 D§ + 41/2 D ( + 373/4 D¢ (3 + 10727/24 D}

—39/4 D¢ ¢, — 832/3 Dy + 132 Dy + 332543/432 D} — 89/8 D (a

—331/4 D} (3 — 4131/16 D{ +15/8 D} (, + 2471/48 D, — 33/8 D}

+54 D7 = T2 D3 (3 — 72 DF + 108 D3 (3) + 28828057/20736 — 38161 /768 (

— 17885/48 (5 + 27/8 (3 (o — 651/16 ¢4 — 477 /4 (5 + 423/40 D_y + 207/5D_5 s
—27/2D 3¢+ 90 D_5 (5 — 18 D_; (3 + 59624393 /62208 Dy

— 50581/1152 Dy (y — 7879/144 Dy (3 + 9/4 Dy (3 (o — 211/8 Dy 4

—129/2 Dy (5 — 93923935/31104 Dy + 111229/1152 Dy ¢y + 45569/72 D, (3
—9/4 D (3¢ 4+ 127/2 D1 ¢y — 1311/2 Dy G5 + 36 Do (3 — 27 Do (4

+ 2700 Dy (s + 6807/40 D3 — 3987/5 D3 (3 — 81 D3 (4 — 1890 D3 (s

—27/4D?, + 54 D2, (3 — 537971/648 D¢ + 799/24 D (o + 1343/12 D (3
+27/2 D2 ¢4 4 1058389/1728 D§ — 531/32 D¢ ¢» — 269/4 D s
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Appendix J. Order € coefficient functions at N3LO

— 57155/144 Dy 4+ 69/16 Dy (o + 617/3 Dy — 225/4 D + 3091853 /2592 D}
—2087/96 D{ ¢, — 1117/6 D} (3 — 99/4 D{ {4 — 167153 /432 D}
—33/32D} ¢y — 73/2 D} (3 + 5197/72 D} + 27/16 D{ ¢, + 31/4 D}
—27/ADf — 36 Dy (3 +45/2 D; — 108 D} 3
ag N (N) =
+220S 5+ 23085 —92S 5, —984S_, , —60S_ 4o —1104S_5_5+72S 55
—672S 5 4 +96S o, — 7488, 5 —200S,; —940S, 4 —166S,, — 11925, 4
— 326855 — 9885, 5 —508S,, —484S;, +16S 1, +576S 5 o,
+192S 51 5 +456S 5 51 4+24S 5 5 5 +264S 5 55+ 1928 5, 4
+72S 00 0+ 272S 41 4+ 6725, 5 o+ 144S, 5, +672S, 5 _5+1024S,, 4
+320S,1.4+976S, 5 5 +495S 55+ 712815 o+ 311S,55+4S,.4,
+272S5 51 +408Ss 5 5+ 96Ss 55 +976S0 5+ 511855 +592S,,5
+ 6125595 + 615531 +200S5 o1 + 71253 9 + 639532+ 493535
+ 5825, + 16 S—3,1,1,1 — 240 S—21—2,1,1 - 96 S—2,14—2,1 — 16 Sl,—&,l.l — 384 Sl,—Q,—z,l
- 96 81‘72,1,72 — 272 Sl,l,—.‘},'l — 384 81‘1,72,72 — 96 81‘1.72,2 - 976 S],'l,l,—.‘j
— 497 81,1,13 — 592 51,12472 — 560 5141,2,2 - 73 Sl,l,&l — 176 Sl,zfz,l — 592 8142,1,72
— 5245191943251 991 — 15751311 —16S9 511 — 176551 21 — 59259112
— 664 82,1,12 —434 SQ,1A271 — 422 822‘,1,1 — 583 S:s;l,l,l - 32 81,72;1‘,1,1 -+ 160 Sl,i,1f2,1
+576S1 1112+ 570S11112+354S; 1121 +334S1 1211 +408S12114
— 8Dy +440 D) +S_41 (166/3 — 172 Dy + 316 Dy) + S_5_, (548 — 528 Dy
+1296 Dy) +S 55 (40 — 84Dy + 132 Dy) + S 55 (472 — 528 Dy + 1296 D)
+S 05 (—=78+ 12Dy — 60 Dy) + S, 4 (1406/3 — 800 Dy + 1952 D;)
+S,.4(1516/3 — 88 Dy — 200 D) + Sy 5 (1520/3 — 776 Dy + 1928 D)
+ 8.5 (3187/12 — 483/2 Dy + 435/2 Dy) + S5 (1610/3 — 560 Dy + 1376 Dy )
+ S5 (9335/12 — 209/2 Dy — 199/2 Dy) + Sy (1040 + 136 Dy — 688 D)
+S 3511 (—80/3+8Dyg—8Dy)+S o5 5, (—164+ 312Dy — 792 D;)
+S 91 5 (—156 + 72Dy — 168 Dy) + S1_5; (—640/3 + 208 Dy — 496 Dy )
+ 51 0 5 (—3164 312Dy — 792 D;) + S;_55 (=80 + 72 Dy — 168 D)
+S115(—1760/3 + 800 Dy — 2048 D) + S1 1 5 (—6425/12 4 509/2 Dy
—557/2D1) + S15_5 (—1040/3 4 488 Dy — 1256 Dy ) + Sy 0.5 (—2236/3 + 313 Dy
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— 445 Dy) + S1 5.1 (—6961/12 — 179/2 Dy + 1187/2 Dy) + Sy, (—400/3 + 136 Dy
— 328 D) + Sy o (—1040/3 + 488 Dy — 1256 Dy) + Su1.5 (=759 + 286 Dy

— 382 D) + Sy (—1610/3 + 213 Dy — 201 Dy) + Sy (—12481/12 — 11/2 D,
+683/2D1) +S 2111 (16 Dy — 16 Dy) 4+ 160/3S; 211 + S11, 2, (160 — 128 D,
+320D;) +S111, 2 (1120/3 — 480 Dy + 1248 Dy) + S1 1.1 (4003 /6 — 327 Dy
+495 Dy) + Sy 191 (1209/2 — 156 Do + 72 D) + Sy (4193/6 — 143 Dy
+47Dy) + So1.1.1 (2108/3 — 204 Dy + 204 D1) + S1111 (—1185/2 4195 Dy
—195D,) +S 4 (4175/18 — 15(y — 252/5 D_ — 4798 /3 Dy + 4402/3 D,
—2268/5 D3 + 1130 D¢ + 1458 D) + S, (6785/36 — 39/2 ¢, + 36/5 D_
+313/3 Dy — 673/3 Dy + 324/5 D3 — 100 D¢ +2 D) +S_ 5, (—764/9

+138/5 D_5 + 2360/3 Dy — 1520/3 Dy — 396 Dy + 1242/5 D3 — 514 D¢

—858 D) +S 5 5 (—2654 18 (y 4+ 48/5 D_y + 592 Dy — 1128 Dy + 288 D,
+432/5 D3 — 336 DZ) + S 95 (=24 +72/5 D_5 + 364 Dy — 124 Dy — 288 D,
+648/5 D3 — 252 D¢ — 492 D) + S, 5(—3088/9 + 36 (o + 156/5D_,
+4312/3 Dy — 6952/3 Dy + 504 Dy + 1404/5 D3 — 908 DZ — 396 D)

+ 815 (—12355/18 +69/2 ¢, — 12/5 D_5 + 1363/12 Dy — 412/3 Dy + 108 D,
+2142/5 Dy — 385/2 D3 — 176 D) + So_5 (—1876/9 + 24 (, + 84/5D_
+2476/3 Dy — 4252/3 Dy + 360 Dy + 756/5 D3 — 524 DZ — 156 D})

+ S5 (—2329/9 4 39y 4+ 12/5 D_y + 1226/3 Dy — 2477/3 Dy + 90 Dy + 333/5 D
—306 D¢ + 23 D) + S31 (—29203/36 + 81/2 (> — 6 D_y — 1381/12 Dy

+481/3 Dy — 396 Dy — 594 D3 +179/2 DZ + 186 D) +S 511 (—12D_4

— 848/3 Dy 4 128/3 Dy + 360 Dy — 108 D3 + 188 D& + 412 D) + S, 5, (664/9
—48/5 D_5 — 400 Dy + 560 Dy — 432/5 D3 + 208 D¢ + 160 D) 4+ S, (664/3
— 24 (y —T72/5 D_y — 2480/3 Dy + 4784/3 Dy — 432 Dy — 648/5 D3 + 488 D?
—8D2) + 51,5 (8135/12 =36, — 6/5D_5 — 1171/3 Dy + 4781/6 Dy — 162 D,
—1899/5 D3 + 326 D + 31 D) + Sy, (2167/3 — 33 (o + 6/5 D_s — 369/2 Dy
+396 Dy + 54 Dy +279/5 D3 + 169 D¢ — 67 D) + S04 (997/2 — 39 ¢,
—719/3 Dy + 3517/6 Dy + 126 Dy + 369 D3 + 184 D§ — 191 D7)

+S1100 (—6931/12 4 30 ¢y + 501/2 Dy — 555 Dy — 222 DZ + 81 D)

+ S 5 (—8054/27 + 10 ( — 1124 (3 — 266/25 D_5 + 26552/9 Dy — 21 Dy G,
—19340/9 Dy + 33 Dy ¢ — 504 Dy + 3366/25 D3 — 312/5 D2, — 7324/3 D
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Appendix J. Order € coefficient functions at N3LO

41646 D$ — 1868 D + 42 D} + 648/5 D2) + S5 (12853/36 + 109/8 ¢, — 948 (3
—29/25D_5 — 19171/72 Dy — 57/4 Dy (s + 37453/72 Dy + 9/4 Dy (2 — 108 Dy
—17496/25 D3 +24/5 D%, + 703/3 D3 + 11/2 D¢ + 1141/12 D} — 3 D})

+S 51 (58 +168(3 —44/25D_5 — 36 D_y — 9434/9 Dy + 4502/9 Dy + 528 D
— 2556/25 D3y + 24 D2, +2660/3 D — 568 D¢ + 2548/3 D} — 104 D}

+ 144 D3 — 216/5 D) + S1 2 (4390/27 — 20 (o + 544 (3 + 136/25 D_5 + 36 D_,
—4018/3 Dy + 18 Do Co + 4166/3 Dy — 42 Dy (o — 96 Dy — 936/25 D3 + 24 D2,
+3364/3 D¢ — 692 D¢ +1588/3 D + 4 D} — 144 D] — 216/5 D)

+ 815 (60533/108 — 55 (o + 410 (3 + 9/5 D_y — 1239/8 Dy + 18 Dy (o + 1151/8 Dy
— 18Dy (o — 339 Dy + 1617/10 D5 + 895/4 D — 264 Dg — 1073/12 D}

+24 D} —36 Dy —90D3) + Sy (3905/108 — 193/4 (5 + 503 — 9/5 D5
—1/24 Dy + 33/2 Dy (3 + 6871/24 Dy — 33/2 Dy Gy + 447 Dy + 3243 /10 Dj
+1171/12 D¢ — 191 D¢ — 3217/12 D + 34 D} + 36 D3 + 90 D)

+S111 (—10099/24 + 48 (o — T2 (3 + 907/24 Dy — 15 Dy (2 — 6379/24 D,

+ 15Dy G — 1939/12 DZ + 228 D& + 3265/12 D — 54 D) + S, (989/6

— 6o+ 698 (3 + 126 (4 + 1233/250 D_y 4 6/5 D_5 (o — 36 D_y — 85259/27 D,
+ 43 Dy Gy — 440 Dy (3 + 73856/27 Dy — 31 Dy (o + 1112 Dy (3 + 312 Dy

— 4983/250 D3 4 54/5 D3 ¢, — 162/25 D%, — 48 D3, + 23603/9 D

— 27D (, — 6514/3 D + 1406 Dy + 10237/9 D2 — 39 D2 (, + 766/3 D}

— 74D} + 144 D3 — 1242/25 D) + S5 (—395315/576 + 1261/48 ¢ + 47/2 (3
+ 63 ¢y +36/5 D_y 4 276499/864 Dy + 26 Dy (o — 499 Dy (3 — 935425/864 D,
— 47 Dy G + 1675 Dy (3 + 753 Dy + 2403/10 D3 — 544/9 D¢ — 69/4 D¢ (,
—2405/24 D + 815/4 Dy + 23573/72 D + 15/4 D ¢, + 41/8 D}

+13/4 D} +36 D3 4+ 135 D3) + S11 (—4915/192 4 691 /48 (» — 96 (3 — 27 (4
—9D_5 —39971/96 Dy — 24 Dy Gy + 234 Dy (3 + 20503/32 Dy + 45 Dy G,

— 1026 D; (3 — 234 Dy + 1521 /4 D3 + 115/2 D§ + 69/4 D¢ (> + 1007/8 D§
—875/4 Dy +701/8 D — 27/A D} ¢, — 1873/8 D + 223/4 D)

+ S, (116597/1152 — 995/32 (5 + 1891/24 (3 + 9 (3 (o — 219/4 (4 — 198 (5
—483/25D_5 + 156/5 D_5 (3 + 36 D_; — 22999/24 Dy + 109/48 Dy ,
+2161/2 Dy 3 + 117/2 Dy ¢4 + 885769/576 Dy + 235/24 Dy Go — 3587/2 D; (3
—477/2 Dy ¢4 — 63 Dy — 72 Dy (3 + 44007/100 D3 — 8136/5 D3 (3 + 18 D2,
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4 284155/864 DZ + 29/2 D& (2 — 899/2 D (5 — 1049/12 D¢ — 15 D ¢,

—215/3 Dy + 189 D — 60553/216 D — 63/4 D (> + 485/2 D (3

—4817/24 D 4+ 9/4 D ¢, + 4735/24 D} — 245/4 D} — 108 D}

+801/10 D) — 30137/384 + 1989/128 (, + 19787/8 (3 — 81/4 (3 (o + 1251/4 ¢4

+657/2¢5 — 6839/250 D_5 +9/10 D_5 (G — 63/25 D _5 (3 +54/5D_5 (4

—36 D_y (3 — 978511/3456 Dy — 919/192 Dy (o + 73849/24 Dy (3

—27/2 Dy (3o + 366 Dy ¢4 + 219 Dy (5 + 2579933/1728 Dy — 6857/192 Dy ¢,

— 42197/12 Dy ¢35 4 99/2 Dy Gs G — 2229/4 Dy ¢4 — 699 Dy (5 — 2406 D5 (s

— 54 Dy ¢4 — 340197/500 D3 + 81/10 D3 ¢ + 16263 /25 D3 (3 — 1539/5 D3 (4

+2007/50 D2, — 72 D2, (5 — 36 D3, 4 44497/216 DE — 49/12 DZ ¢,

— 2754 D¢ G5 — 180 Dy ¢4 — 116099/864 Dy — 3/16 Dy (o + 3427/2 D§ 3

+849/8 Dy +69/8 Dy ( —97/3 D — 225/2 DS — 17031/16 D}

+1325/48 D ¢ — 1336 D (3 — 99/2 D ¢4 + 108055/216 D

—209/16 D3 (5 — 49 D3 (5 — 2329/12 D + 27/8 D ¢, + 379/6 D?

—27/2Df — 72 D3 (3 —3384/25 D} — 2052/5 D (3

aso (N) =
+121S5 —36S,4 —66S535 —90S55 — 108S,; +36S,15+36S120+36S;3,
+66S2124+66S2214+90S311 —36S1112—36S1121—36S1211—66S27111
+36S;1111+S4(—830/3+ 18 Dy — 18 Dy) + S, 3 (77 — 18 Dy + 18 D)
+ 855 (162 — 18 Dy + 18 D) + S5, (228 — 18 Dy + 18 Dy) + Sy.15 (=77 + 18 Dy
—18D1) + S19. (=77 +18 Dy — 18 Dy) + Sy.1 1 (=162 + 18 Dy — 18 D)
+S11,1.1 (77— 18 Do + 18 Dy) + S5 (4787/12 — 9 ¢, — 28 Dy + 91 D; + 33 Dg
—15D3) + S5 (—1325/12 4+ 3¢, + 28 Dy — 91 Dy — 33 D¢ + 15 D})
4S5 (—1087/4 46 +28 Dy — 91 Dy —33DZ +15D2) + S, (1325/12 — 3¢,
— 28Dy +91D; +33DF — 15 D7) + S, (—21083/54 + 67/4 ¢ + 26 (3
+571/12 Dy — 3/2 Dy Gy — 700/3 Dy + 3/2 Dy (& — 57 D§ + 45 D@ + 74 D}
— 12 D) + Sy (4963/36 — 29/4 (, — 12 (3 — 571/12 Dy + 3/2 Dy ( + 700/3 D,
—3/2Dy (o +57TD¢ — 45 D¢ — 74 DI+ 12 D) + S, (205661/1296
—235/24C, — 97/3 (3 + 3 (4 — 3209/36 Do + 13/4 Dy (o + 6 Dy Gz + 7723/18 Dy
—17/2D1 6 — 6Dy (3 +361/4D¢ —3DZ G — 78 D3 + 54 D — 560/3 D}
+3/2D%( + 57D — 9 D)) — 542837/1728 + 203/16 (o + 115/4 (3 — 9/4 (4
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Appendix J. Order € coefficient functions at N3LO

—198913/1296 Dy + 161/24 Dy (2 + 50/3 Dy (3 — 3/2 Dy ¢4 + 426917/648 D,
—70/3Dy o — 113/3 Dy (3 + 3/2 Dy (4 + 4013/27 D — 29/4 D¢ (s
—13D§ (3 —485/4 D3 +9/2 D ¢ + 557/6 Dy — 121/2 D¢
—37151/108 D +17/2 D &+ TD{ (3 + 142D} — 3/2 D} ¢, — 251/6 D}
+13/2D;

(J.0.3)

The following is the ar:

afng(N) = nfo contributions

1 16 16
+ Cp Oy W aPE(N) + Cp (Cp — 2 Con 8 aPN(N) + Cpn? 8 o on)

aiu(N) =
+8,4(72D_5 =36 D_; + 36 Dy — 72 Dy 4 108 D3) 4 S5 (36 D_y — 18 D_,
+18 Dy — 36 Dy + 54 D3) + S35 (=36 D_g + 18 D_; — 18 Dy + 36 Dy — 54 Dy)
+S41(=96D_5 +48D_; — 48Dy 4+ 96 Dy — 144 D3) + S, 1 5(—=60D_5 +30 D_,
— 30Dy + 60Dy —90Ds) + Sy 55 (—=12D_y +6 D_y — 6 Dy + 12 Dy — 18 D)
+S131(36D_y —18D_y + 18Dy — 36 Dy 4+ 54 D3) 4+ So15 (12D 5 + 6 D_,
— 6D, + 12Dy — 18 D3) + Sy, (12D _5 —6D_; +6 Dy — 12 Dy 4 18 D)
+ 511 (60D_5 — 30 D_; + 30 Dy — 60 Dy + 90 D3) + S 15, (27 Dy — 108 D,
+90 D3) + Sy 211 (=27 Dy + 108 Dy — 90 D3) + S, (—108 D_5 + 36 D_; + 54 D,
+ 72Dy — 162 D3) + S, 5 (476/5D_y — 68 D_; + 24 Dy — 203/2 Dy + 2 Dy
+189/5 D3 + 72 D2, —36 D2, —12D? + 24 D3 — 36 D) + Su, (18 D_,
—6D_, — 87Dy — 6Dy +24D3) + Sy, (—296/5D_5 4+ 56 D_; — 24 Dy
—145/2D; — 38 Dy + 111/5 D3 — 72 D2, + 36 D?, + 12 D} — 24 D} + 36 D3)
+S115(84 Dy —42 Dy + 21 Dg) + Sy 5, (90 Dy + 114 Dy — 138 D3)
+ 8511 (102D — 66 Dy + 114 D3) — 87Dy Sy 111 + S5 (36/5D_5 +20D_,
+48 Dy — 409/2 Dy — 62 Dy + 504/5 Dy — 108 D?, 4 36 D?, + 24 D} — 24 D}
+54D2) +S,5(15D_5 — 6 D_; — 43 Dy + 527/2 Dy — 66 Dy 4 71/2 D3
— 51D —12D3 +6D3) + Sy, (=15D_5+6D_; — 53Dy +531/2D; — 6 D,
+95D3 — 42D+ 12 D7 — 6 D) + S1.1.1 (48 Dy — 270 Dy + 48 DY)
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+55(63/2D_5 —144D_5 (3 — 18 D_y + 72 D_; (3 — 187 Dy + 12755 /24 D,
— 6D ¢y — 72D {3+ 36 Dy + 144 Dy (3 + 6 Dy — 216 D3 (3 + 99/2 D

— 123D} +57/2D3+12D7 —9D3) +S11(—135/2D 5 + 120 D_5 (3
+30D_; —60D_y (3 + 205Dy — 14687/24 Dy + 6 Dy ( — 48 Dy (3 — 6 Dy
+ 312Dy (3 — 15/4 D3 — 180 D3 (3 — 123/2 D¢ + 160 D{ — 75/2 D)

4+ S1(—1683/20 D_y — 952/5D_5(34+ 36 D_5 (4 4+ 22 D_1 + 136 D_; (3

— 18 D1 {4 +2357/6 Dy — 15/4 Dy (o — 48 Dy Gz — 309073/288 D,
+161/8 Dy (y + 140 Dy (3 + 18 Dy (4 + 230 Dy — 556 Dy (3 — 36 Dy (4
—2651/10 D3 +2622/5 D3 (3 + 54 D3 (4 + 81 D?, — 144 D2, (3 — 36 D2,
+72D? (3 —327/2Dg +171/4 D + 4781/12 D — 9/4D{ (, + 24 DY 3
—435/4 D} +45/4 D} + 36 D — 48 D} (3 — 48 Dy + 72 D2 (3)
+1071/20 D_5 +378/5D 5 (3 — 54 D_5 ¢4 + 360 D_5 (s — 76 D1 (3

+ 18 D1 (4 — 180 D_; (5 + 21667/36 Dy — 57/4 Do Co — 45/2 Dy 3
—2937455/1728 Dy + 133/3 Dy (o + 1111/4 Dy G + 9/2 D1 ¢4 — 360 Dy G5
+ 28 Dy (3 — 18 Dy ¢4 + 1800 Dy (5 + 2219/20 D3 — 2598/5 D3 (3 — 54 D3 (4
— 1260 D3 (5 — 27 D?, + 216 D?, (3 — 72.D?, (3 — 3065/12 D + 3 D§ ¢
+347/4 D3 — 75/4 Dy + 2731 /4 D — 4 D (3 — 51/2 D (3 — 2443/12 D}
— 3D} +29/2D{ +75/4 D) — 24 D2 5+ 15 D2 — 72 D2 (4

apm(N) =

—432D;S 5+432D; S5+ 144Dy S 4 +T68D1S 3 »+48D;S 3,
+T768D,S 5 5 —48D;S 5454+ 1152D;S, 4, —288D; S,

+1152D; Sy 5 —24 Dy Sy +816 Dy Sy 5 — 204 Dy S35 — 552Dy Sy,
—480D1S 5 5, —96D1S 5, 5 —288D,S, 5, —480D; S, 5 -

—96 Dy Slfz,Q — 1248 D, Sl,l.fﬁ —24 D, Sl,l,% — 768 D, 5172472

—132D;S1 55 +504 D, S, 5, — 192D, Sy 5, — 768 D1 S 5

—96 D1 Ss12+12D1 Sy, +336D1S311+192D1 S, 12,
+768D1S111,2+168D1S1112—84D1S1121 —96D1S1211
+S_4(—1008/5 D_y — 1008 Dy + 876 Dy — 1512/5 Dy + 864 D)

+ S, (144/5 D_y 4+ 144 Dy — 372 Dy +216/5 D3) + S 3, (552/5D_5 — 132 D_,
+ 552 Dy — 272 Dy — 264 Dy + 828/5 D3 — 504 D) + S5 5 (192/5D_
+96D_; + 192Dy — 728 Dy + 192 Dy + 288/5 D3) + S 55 (288/5D_5 — 96 D_,
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Appendix J. Order € coefficient functions at N3LO

+ 288 Dy — 48 Dy — 192 Dy +432/5 D3 — 288 D2) + S, 5 (624/5D 5 + 168 D_,
+ 624 Dy — 1504 Dy + 336 Do + 936/5 Dy — 240 D) + Sy 5 (—48/5D_5 — 24 D,
—48 Dy +43 Dy + 72 Dy + 1428/5 D3 — 168 D) + S, 5 (336/5D_5 +120D_,
+336 Dy — 928 Dy + 240 Dy 4 504/5 D3 — 96 D?) + Sy5 (48/5D 5 +24 D,
+48 Dy — 336 Dy 4 60 Dy +222/5 Dy — 24 D2) + S35, (=24 D_5 — 60 D_,
—120 Dy + 433 Dy — 264 Dy — 396 D3 + 132 D7) +S 5,1 (=48 D_5 + 120 D_,
— 240 Dy + 240 Dy — 72 D3 + 240 D) + Sy 51 (—192/5 D_5 — 192 Dy + 352 D,
—288/5 D34+ 96 D) 4+ Sy 2 (—288/5D_5 — 144 D_; — 288 Dy + 1056 D,

— 288 Dy —432/5D3) + S, 15 (—24/5D_5 —12D_; — 24 Dy + 384 D; — 108 D,
—1266/5 D3 + 84 D2) + S1 5, (24/5D_5 +12D_; + 24 Dy + 42 Dy + 36 D,
+186/5 D3) + So.1.1 (114 Dy + 84 Dy + 246 D3 — 96 D) — 174Dy Sy 1 14
+S_5(1216/25 D_y — 168 D_; + 2336 Dy — 4604/3 Dy + 12 Dy (5 — 336 Dy

+ 1884/25 Dy — 1248/5 D2, — 1248 D¢ — 1192 D} + 24 D} + 432/5 D)

+ S5 (—236/25D_4 +24 Dy — 152 Dy 4 1547/3 Dy — 12 Dy (y — 72 Dy

— 11664/25 D3 + 96/5 D%, + 96 DZ +28 D — 24 D) + S 5, (—1016/25 D_,
+ 156 D_; — 936 Dy + 388 Dy + 336 Dy — 1584/25 Ds + 96 D2, — 144 D?
+480 D¢ + 552 D} — 48 D} +96 D} — 144/5 D3) + S 5 (—296/25 D_,
—12D_; — 888 Dy + 2812/3 Dy — 24 Dy (5 — 48 Dy — 504/25 D3 + 96 D2,

+ 144 D?| + 480 D¢ + 328 D — 96 D} — 144/5 D2) + S, 5 (36/5 D_

+12D_; — 110 Dy + 83 Dy — 222 Dy + 589/5 D3 + 48 D2 — 12 D — 24 D}
—60D3) +Ss, (—36/5D_y —12D_; — 82 Dy — 84 Dy + 294 Dy + 1031/5 Ds
— 156 D + 12D +24 D} 4+ 60 D) + Sy (96 Dy — 60 Dy + 96 DY)

+ S5 (—904/125D_5 + 24/5 D_5 (o + 84 D_y — 7324/3 Dy + 24 Dy G5

+2019 Dy — 12Dy (o + 672 Dy G3 + 192 Dy — 971/125 D3 + 36 /5 D3 (s
+1032/25 D2, — 192 D?, — 144 D2, + 1872 D§ — 960 D} + 2158/3 D

— 24D} ¢+ 140 D} — 48 D} + 96 Dy — 828/25 D) + S, (144/5 D _

+72D_ — 73Dy — 3383/4 Dy — 12 Dy G + 1176 Dy (3 + 498 Dy + 726 /5 D3
+45Dg +202 D7 — 27D + 24D} +90D3) + Sy (=36 D_o — 120 D_4

+55 Do + 2311/4 Dy + 12 Dy ¢ — 792 Dy (3 — 156 Dy + 507/2 D3 — 33 D
+82D2 — 75D + S, (—2562/25 D 5 +624/5 D _5(3 — 252 D_,

+216 D_y (3 + 275/6 Dy — 15/2 Dy (o + 624 Dy G5 + 149695/144 D,
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+25/4 Dy ¢ — 1004 Dy G5 — 180 Dy (4 — 30 Dy — 48 Dy (3 + 7112/25 Dj
—5424/5 D3 (3 + 72 D2, + 144 D?, — 22 D¢ +63/2 D¢ — 381/2 D}
—9/2D2 ¢+ 288 D2 (5 — 335/2 D +141/2 D — 72 D2 + 267/5 D2)
—47861/250 D_o + 18/5 D 5 (y + 2268/25 D _5 (3 +216/5D _5(4 — 60 D_ (3
+36D_; (4 —4729/18 Dy — 13/2 Dy ¢y + 2655 Dy G5 + 216 Dy ¢4
+333811/288 Dy — 41/2 D, ¢, — 3671/2 Dy (3 + 36 Dy (32 — 333 D1 &4
— 480 Dy G5 — 1596 Dy (3 — 36 Dy ¢4 — 109639/250 D3 + 27/5 D3 (s
+ 11982/25 D3 (3 — 1026/5 D3 ¢4 + 5274/25 D%, — 288 D2, (3 — 144 D3,
— 144 D? (3 +247/6 D + 6 D2 (o — 1440 D2 (3 +83/2 DE — 75/2 Dy}
— 11753/18 D{ + 14 D} ¢ — 579 D{ (3 + 1661/6 D} — 6 D} (; — 103 D!
+75/2 D] — 48 Dy (3 — 2256/25 D3 — 1368/5 Dy (3

Al n(N) =
+36D;S; —36D1S15—36D;Ss; +36D; S, +Ss (30D — 131 Dy
+30D2) +S11(=30D¢ + 131 Dy, — 30 D2) + S, (=82 Dy + 785/3 D,
—3Dy(y+24Dg — 106 D{ +24 D) — 875/6 Dy + 3 Dy (y + 14797/36 D,
—25/2D1( — 12D, {3+ 63DZ — 18 D — 1253/6 D} + 3 D (o + 81 D}
— 18D}

(J.0.5)

The following is the as:

agfifs(N ) = nfo contributions

16 (3)L 1 16 (3)N 16 (5
+Cp Camy 5 alns (N) + Cie (Cp = 5 Ca)my g a'ny (N) + Cpf 32 aifiE06)

aiy (N) =
+225S4 — 22985 —209S,4 — 281 S35 —338S,,—363S51 4+ 186514
+401/2S125+529/2S1 524+ 300S; 41 +481/2S5 13 +249S055 +519/2855
+637/2S310+675/2S351 +389S,11 —343/2S1 115 — 1918125
—459/2S1 131 — 23581212 —246S1521 —607/281 511 — 23855115 — 2568512,
— 27689211 —681/2S3111+171S11112+202S1 1121 +225S11211

—229/2Dy) +S14(1387/3 — 18 D_; — 93 Dy + 93 Dy + 18 Dy) + S, 5 (12923 /24
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—9D_; —401/4 Dy +401/4 Dy + 9 Dy) + S35 (17861/24 +9 D_; — 529/4 Dy
+529/4 Dy — 9 Do) + Sy (2669/3 + 24 D_; — 150 Dy + 150 Dy — 24 D)

+ 8115 (—9793/24 + 15 D1 + 343/4 Dy — 343/4 Dy — 15 Dy) + S, 55 (—5555/12
+3D_1 +191/2 Dy — 191/2 Dy — 3 Dy) + Sy 51 (—14011/24 — 9 D_; + 459/4 Dy
—459/4 Dy 4+ 9 Do) + So.1 5 (—6937/12 + 3 D_; + 235/2 Dy — 235/2 Dy — 3 Dy)
+ S50 (—1235/2 =3 D_y +123 Dy — 123 Dy + 3 Dy) + S5, (—6519/8 — 15D,
+607/4 Dy — 607/4 Dy + 15 Da) + Sy 115 (1609/4 — 171/2 Dy + 171/2 Dy)
+S1.19.1 (5551/12 — 101 Dy + 83 Dy + 27 Do) + Sy 511 (6317/12 — 225/2 D,
+261/2 Dy — 27 Dy) + So111 (1780/3 — 129 Dy + 129 D) + Sy 1111 (—1713/4
+195/2 Dy — 195/2 Dy) + S, (91463/72 — 69/4 ¢, + 18 D_; — 1537/6 Dy
+1861/6 Dy — 18 Dy + 91 Dy — 25 D) + Sy 5 (—11813/18 + 75/4 (s — 16 D_4
+5321/24 Dy — 3535/12 Dy + 13Dy — 18 D2, — 427/4 D¢ + 54 D{ — 6 D)

+ S5 (—34313/36 +39/2 (o — 3 Dy + 1481/6 Dy — 1901/6 Dy + 9/2 Dy — 111 D
+44 D?) + Sy (—10337/8 + 99/4 ¢y + 10 D_y + 7523/24 Dy — 4447/12 D,

— 10Dy + 18 D?, —465/4DE +39/2 D2 + 6 DZ) + S112 (4981/8 — 15(,

—209 Dy + 1143/4 Dy — 21/2 Dy + 211/2 D¢ — 109/2 D?) + S, 5, (8453/12
—39/2(y — 1483/6 Dy + 1927/6 Dy — 51/2 Dy +229/2 DZ — 39 D)

+ 5011 (3877/4 —39/2 ¢, — 1787/6 Dy + 4219/12 Dy + 75/2 Dy + 249/2 D¢
—63/2D2) + S1.1.11 (—4969/8 + 15 (s + 939/4 Dy — 300 Dy — 111 D§

+81/2 D) + S5 (—363857/216 + 15/8 Zs 1 + T17/16 (o + 182 (3 — 8 D_,

+ 54389/144 Dy — 75/8 Dy (o — 80687/144 Dy + 75/8 Dy (o + 2 Dy + 18 D2,
—3047/12 D§ + 451 /4 D@ + 2513/24 D — 20 D + 6 D) + S, 5 (163445/216
—3/4Zs1 —T7/2( — 161 (3 — 3 D_y — 5723/16 Dy + 15/2 Dy (2 + 27749/48 D,
—15/2 Dy (o — 57/4 Dy + 6715/24 D§ — 263/2 D — 3673/24 D 4+ 45/2 D}
—3D3) + Sy, (288791/216 — 3/2 Z5 1 — 369/8 ¢, — 209 (3 + 3 D_; — 20141/48 Dy
+39/4 Dy Co + 9761/16 Dy — 39/4 Dy (5 + 201/4 Dy + 2411/8 D — 141 D¢
—2777/24 D} + 33D 4+ 3 Dy) +Sy11 (—106405/144 4+ 3/4 Z5 1 + 35 + 90 (3
+6137/16 Dy — 15/2 Dy Ca — 9425/16 Dy + 15/2 Dy (, — 7147/24 D¢

+285/2 D¢ +3325/24 D — 57/2 D) + S, (17098453/10368 — 9/8 Zs 5

— 57/16 Zs, — 1937/32 (, — 4405/12 (3 — 63/2(s —9D_, +36 D_1 G3

— 838553/1728 Dy + 3/8 Dy Zs 1 + 43/2 Dy (o + 161/2 Dy (3 + 1509971/1728 Dy
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—3/8Dy Zsy — 26 Dy (o — 161/2 Dy (3 + 123/4 Dy — 36 D (3 + 17929/36 Dg
—69/8 D¢ ¢, — 15545/48 D3 + 1031/8 Dyt — 39667/144 D + 27/8 D (s
+3719/48 D} — 95/8 D} + 3 D) + S1 1 (—2535307/3456 + 9/8 Z5 2 + 29/16 Z5
+1265/32 ¢y +451/2 G5 + 27/2 (4 + 15Dy — 30 D_y (3 + 287723 /576 Dy
—3/8 Dy Zsy — 41/2 Dy o — 45 Dy G5 — 540629/576 Dy + 3/8 Dy Zs1 + 25 D, G,
+ 117 Dy (3 +45/2 Dy — 78 Dy (3 — 1081/2 D¢ + 69/8 D ¢y + 5947/16 D
—1235/8 Dy + 14911/48 D — 27/8 D (5 — 1469/16 D + 123/8 D}!)
+ S (—51352297/62208 + 27/32 Zs 5 + 247/96 Z51 + 21169/576 (o + 57143 /144 (3
—9/2(3¢ +503/8¢ +129¢+29D 1 +32D_1(3—9D_1 4
+ 1063615/1728 Dy — 9/16 Dy Zso — 19/16 Dy Zs 1 — 963/32 Dy (o — 221/2 Dy (3
— 27/4 Dy ¢4 — 4562063 /3456 Dy 4 9/16 Dy Zs 5 + 7/4 Dy Zs1 + 177/4 Dy (,
+431/2 Dy {34+ 27/4 D1 ¢ +T/4Dy + 52Dy (3 +9 Dy (4 — 18 D,
+36 D?, (3 — 1382249/1728 DZ + 3/4 D¢ Zs, +197/8 D (o + 373/4 D (3
+15491/24 D¢ — 39/4 D§ ¢ — 8915/24 Dy + 132 D¢ + 224237/432 D}
—3/8D; Zs1 — 10D} (& — 427/4 D{ (3 — 3147/16 D{ + 15/8 D} (5
+2201/48 D! —33/8 D} — 3 D2 + 12 D} G3) + 8503399/6912 + 9/32 Zs 5
+9/16 Zs 3, — 45/32 Zs.5 — 449/128 Z5 | — 38161768 ¢, — 5223/16 (3 + 27/8 (3G
—T723/16 (4 — 4T7/4(5 —2D_1 (3 +9D_1 ¢ — 90 D_; G5 + 6329497162208 Dy
+9/32 Dy Zs5 — 131/96 Dy Zs1 — 58693 /1152 Dy ¢y — 24961 /144 Dy (3
+9/4 Do G3 Co — 229/8 Dy ¢4 — 129/2 Dy G5 — 29202533 /15552 D,
+9/16 Dy Zs 5 + 151 /48 Dy Zs 1 + 84685/1152 Dy (o + 4264/9 Dy (3
—9/4 Dy (3o +245/4 Dy ¢4+ 849/2 D, (5 — 461/2 Dy 3 — 45/2 Dy,
— 450 Dy G5 — 36 D2, (3 — 5839213 /5184 DZ + 9/16 D¢ Zs o + 15/8 D¢ Zs 1
+2033/48 D G + 455/3 D¢ (3 + 27/2 D3 ¢4 + 1589929/1728 D
—15/16 D¢ Zs1 — 615/32 D (o — 269/4 D¢ (3 — 84317/144 D
+69/16 D (2 + 1531/6 D — 225/4 D§ + 1908389/2592 D — 17/16 D Zs,
—2039/96 D} ¢, — 2081/12 D ¢ — 99/4 DY ¢4 — 121829/432 D
+3/16 D} Zs 1 +15/32 D} (o — 73/2 D} (3 + 5593/72 Dyt + 27/16 D} ¢,
—13/8 D} —27/4D{ — 30D (3
aha (N) =

+2208 423085 —92S 5, — 984S 4 5 —60S 45— 1104S 5 5+ 72S 44
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—672S_9 4+ 965 54— 7485, 5 —200S,5 —940S, 4 — 166 Sy 4 — 119253 _3
— 326533 —988S, 5 —508S,0—484 S5, +16S_411+576S_5 2,

+192S 31 o +456S_5 31 +24S 5 5 5 +264S_5 55+ 192S 5, 3

+ 728 59 042728, 41 +672S 5 o+ 1448 35, +672S; 5 _5+1024S;, 4
+320S14+976S153+495S 23+ 712535 o+ 311855 +4S1 4,

+27285 51 +408S9 9 9 4+96Ss 99 +976Ss, 3+ 51159713 +592S25 5

+ 6125555+ 61855, +200S;3 91 + 71285, 5+ 6395312 +493S35,
+5828411+16S 3111 —240S 5 911 —96S 21, 21— 1651 311 —384S; » o
=965y, 21, 2—2725;, 31 —384S11, 2 2—96511 22—9765111, 3

— 49751113 —59251 12 2 —560S1122— 7381131 — 176512 21— 5925121, 2
— 52451912 — 43251221 — 15751311 — 165y 911 — 176521, 21 — 5925511, 2
— 66459112 — 43459121 — 42289511 — 58353111 — 3251 2111 + 1605111, 21
+576S1111,-2+570S11112+354S11121+334S1 1211 +408S15111

+208 Dy — 208 Dy) +S_41(166/3 — 100 Dy + 100 D1) + S_5 5 (548 — 144 Dy

+ 144 D)+ S_35(40 — 60 Dy + 60 Dy) + S_o 3 (472 — 144 Do + 144 D)
+S_95(=78=12D¢+12D;) + Sy 4, (1406/3 — 224 Dy + 224 D) + S; 4 (1516/3
— 232Dy + 232 D) 4+ Sy 3 (1520/3 — 200 Dy + 200 D1 ) + S, 5 (3187/12

—507/2 Dy + 507/2 Dy) + S35 (1610/3 — 152 Dy + 152 Dy) + S35 (9335/12
—413/2 Do 4+ 413/2 Dy) + S41 (1040 — 140 Do + 140 D1) + S 311 (—80/3 + 8 Dy
—8D1)+S 5 21(=164+ 72Dy —72D1) +S_51 5 (=156 + 24 Dy — 24 D)

+ Sy 51 (—640/3464 Dy — 64 D)+ Sy oo (=316 + 72Dy — 72 Dy)

+ 81 92(—80+24Dg—24Dy)+ Sy15(—1760/3 + 176 Dy — 176 D)
+S115(—6425/12 4+ 485/2 Dy — 485/2 Dy) + S12 2 (—1040/3 + 104 Dy — 104 D)
+ S122(—2236/3 + 247 Dy — 247 D;) + Sy 31 (—6961/12 4 325/2 Dy — 325/2 Dy)
+Ss 91 (—400/3 + 40 Dy — 40 Dy) + So1 2 (—1040/3 4+ 104 Dy — 104 D)
+S9.12 (=759 4238 Dy — 238 D) + So5 (—1610/3 + 219 Dy — 219 Dy)

+ S5 (—12481/12 4 325/2 Dy — 325/2 D1) +S_21.11 (16 Dy — 16 Dy)

+160/3S1 2114+ S11,-21 (160 —32 Dy 4+ 32 D1) 4+ S1.1.1,—2 (1120/3 — 96 D,

+96 Dy) + S11.12(4003/6 — 243 Dy + 243 Dy) + Sy.121 (1209/2 — 198 Dy

+198 Dy) + S12.1.1(4193/6 — 191 Dy + 191 D1) + So.1.1.1 (2108/3 — 204 Dy
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+204 Dy) +Sy1100 (—1185/2 4+ 195 Dy — 195 D;) + S, (4283/18 — 15¢,

+252 D — 1216/3 Dy + 1216/3 D) — 252 Dy + 62 D¢ — 258 D) + S, (5921/36
—39/2(¢y — 36 D_; — 1001/3 Dy + 1325/3 Dy + 36 Dy + 176 D¢ + 62 D)

+8S 3, (=764/9 — 138 D_; +908/3 Dy — 908/3 Dy + 138 Dy + 38 D + 150 D7)
+8 5 5 (=253 +18C, — 48 D +36 Dy — 36 Dy +48 Dy — 72 DZ + 24 DY)

+8 99(=24—T2D_y + 172Dy — 172 Dy + 72 Dy + 36 DZ + 84 D7)

+ 51 5(—3088/9 + 36 (, — 156 D_; 4+ 400/3 Dy — 400/3 Dy + 156 Dy — 140 D¢
+ 84 DF) + Sy 5 (—12247/18 +69/2 ¢, + 12 D_; + 5617/12 Dy — 2921/6 D,

+ 198 Dy — 529/2 D + 76 D) + So o (—1876/9 + 24 (, — 84 D_; + 148/3 Dy
—148/3 Dy + 84 Dy — 92 DZ + 36 D) + Sy (—2329/9 +39¢, — 12D,
+1172/3 Dy — 1559/3 Dy + 33 Dy — 252 D + 59 D) + S5 (—27691/36
+81/2( +30 D_y + 3197/12 Dy — 3205/6 Dy — 282 Dy — 193/2 D§ — 12 D})

+8 51, (60D_; —488/3 Dy + 488/3 Dy — 60 Dy — 52 D — 68 D7)

+ 8121 (664/9 +48 D_; — 80 Dy + 80 Dy — 48 Dy + 16 D§ — 32 D7)

+ S0, 2(664/3 =24, +T72D_y —32/3 Dy +32/3 Dy — 72 Dy + 104 D¢ — 8 D)
+S112(8063/12 — 36 (y + 6 D_y — 1297/3 Dy + 2873/6 Dy — 171 Dy + 284 D¢
—95D2) +S12,(2149/3 —33(, — 6 D_y — 711/2 Dy + 501 Dy + 27 Dy + 211 D§
—67D}2) + S (985/2 — 39y — 890/3 Dy + 3175/6 Dy + 165 Dy + 184 D
—47DP) +S11.1.1 (—6931/12 4 30 ¢y + 675/2 Dy — 468 Dy — 222 D¢ + 81 D7)

+ S 3(—8054/27 + 10y — 1124 (3 — 316 D_y + 4742/9 Dy — 15 Dy (o — 4742/9 Dy
+15D (o + 316 Dy + 312 D%, — 196/3 D§ + 14 D + 324 D} — 222 D}

+72D3) + S5 (11665/36 + 15/4 Zs 1 + 109/8 ¢ — 948 (3 + 35 D_; + 23693 /72 D,
—81/4 Dy Gy — 35051/72 Dy 4 81/4 Dy G — 245 Dy — 24 D2, — 1261/6 D¢
+347/2 D¢ —563/12 D} + 93 D) + S_5 1 (58 + 168 (3 + 132 D_; — 2558 /9 D,
+2558/9 Dy — 132 Dy — 120 D2, + 320/3 D + 80 D¢ — 296/3 D + 64 D}
—24D2)+ S, 5 (4390/27 — 20y + 544 (3 + 108 D_y — 170/3 Dy + 6 Do (o
+170/3 Dy — 6 Dy (o — 108 Dy — 120 D?, — 152/3 D3 — 92 Dy — 416/3 D}

+76 D —24 DJ) + S, (61667/108 — 3/2 Zs, — 55(, +410(3 — 6 D_,
—4379/8 Dy + 18 Dy (3 + 4359/8 Dy — 18 Dy (y — 81 Dy + 1567/4 D¢ — 264 D}
—2729/12 D} + 42D} — 42 D3) + Sy, (6659/108 — 3 Z51 — 193/4(, + 503
+6D_y —7093/24 Dy + 33/2 Dy (o + 18391/24 Dy — 33/2 Dy (5 + 225 Do
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+2359/12 Dg — 191 D§ — 913/12 D + 16 D +42 DJ) + S, 11 (—10459/24
+3/2 Z51 + 48 (o — T2 (3 + 10243 /24 Dy — 15 Dy ¢ — 16003/24 Dy + 15 Dy (s
—3751/12 D¢ 4 244 D¢ 4 2497/12 D2 — 70 D) + S 5 (989/6 — 6 (y + 698 (3
+126 4 + 1657/6 Dy — 6 D_y (o — 11054/27 Dy + 19 Dy ¢y — 104 Dy (3
+11054/27 Dy — 19 Dy (o + 104 Dy (5 — 1657/6 Dy + 6 Dy (, — 266 D2,
+240 D3, +470/9 D§ — 3 D3 ¢ — 28/3 D¢ +2 Dy — 2738/9 DY +9 D2 (s
+532/3 D7 — 134 D} — 70 DJ) + S, (—328019/576 — 9/4 Z55 — 57/8 Zs,
+1261/48 ¢y +47/2 (3 + 63 (4 — 60 D_y — 377441/864 Dy + 3/4 Dy Zs1 + 32 Dy Ca
+89 Dy (3 + 545147/864 Dy — 3/4 Dy Zs, — 41 Dy G — 89 Dy G5 + 228 D,
+4087/18 D — 69/4 D (> — 2561/24 D + 575/4 Dy + 1973/72 D}

+15/4 D} ¢ — T5/8 D 4 349/4 D + 42 D3) + S, (—=17171/192 + 9/4 Z5 5
+29/8 Z5 1 +691/48 & — 96 (3 — 27 (4 + 60 D_1 + 49361/96 Do — 3/4 Do Zs 1
— 30 Dy (o — 162 Dy (3 — 81823/96 Dy + 3/4 Dy Zs1 + 39 Dy (o + 162 D (3

+ 105 Dy — 1949/6 D¢ + 69/4 D¢ (o + 5225/24 D¢ — 811/4 Dy + 6091/24 D}
—27/AD} ¢ —4271/24 D 4+ 95/4 D) + S, (33485/1152 + 27/16 Zs 5
+247/48 Z51 — 995/32 Co + 1891/24 (3 + 9 (3 (o — 219/4 ¢4 — 198 (5 + 252 D4
— 156 D_y {3+ 53939/96 Dy — 9/8 Dy Zs 5 — 19/8 Dy Zs 1 — 797/48 Dy (s
—1243/2 Dy (3 — 63/2 Do (4 — 191071/192 Dy + 9/8 Dy Zs o + 7/2 Dy Zs
+359/12 Dy (o + 577/2 Dy G3 + 63/2 Dy (4 + 168 Dy — 720 Dy (3 — 120 D2,

— 446705/864 D +3/2 D§ Zs1 + 91/4 D G + 613/2 Dy (3 + 1645/36 D

— 15D G + 137/12 Dy + 97 D + 22889/216 D — 3/4 D} Zs ,

—27/2D3 ¢, —139/2 D2 (s + 1333/72 D +9/4 D2 ¢ + 219/8 D

+379/4 D} + 18 D3) + 221777/1152 4+ 9/16 Z5 3, — 45/16 Z5 5 — 449/64 Zs
+1989/128 (5 + 19027/8 (3 — 81/4 (3 (2 + 1287/4 (4 + 657/2 (5 + 4759/6 D4
—6D_1 G —423D_1 (3 — 54 Dy (4 + 475681 /1152 Dy + 9/16 Dy Zs »
—131/48 Dy Z51 + 3209/192 Dy (o — 11105/24 Dy (3 + 9/2 Dy G Ca

—231/2 Dy (4 — 21 Dy G5 — 103141/288 Dy + 9/8 Dy Zs 5 + 151/24 Dy Zs
—5801/192 Dy ¢ —4993/6 D1 (3 — 9/2 D1 (3G +165/4 Dy ¢4 + 21 Dy G5
—4759/6 Dy + 6 Dy (o — 213 Dy (3 — 135 Dy (4 — 530 D2, + 360 D2, (s

+240 D3, — 664531/864 D +9/8 D§ Zso + 15/ADg Zs1 — 575/24 D (s
+1491/2 DZ G5 + T2 DE ¢4 — 49429/288 DE — 15/8 D Zs 1 + 409/16 DG ¢,
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—4TT/2 D@ 3 + 4149572 D — 51/8 Dl & — 434 D§ + 215/2 DY

—507037/432 D — 17/8 D{ Zs 1 + 1229/48 D (s + 355/2 D 3

+81/2 D} ¢y + 227123/216 D + 3/8 D Zs, — 273/16 D ¢, — 413 D (3

—20843/36 Dy + 195/8 D (> + 5261/12 D — 827/2 D — 118 D;

— 180 D} (3

ajon (N) =
+ 12185 —36S,4 —66Ss35 —90S35 — 108S,; +36S,15+36S120+36S: 351
+ 6652124665221 4+90S311 —36S11,12—36S1121—36S1211—66S2111
+36S11.1.0.1 +S4(—830/3+18 Dy — 18 Dy) + S1.3 (77 — 18 Dy + 18 D)
+S55 (162 — 18 Dy + 18 D1) + S5 (228 — 18 Dy + 18 D7) + Sy.10 (=77 + 18 Dy
—18Dy) + Sy 21 (=77 + 18 Dy — 18 Dy) + Su11 (=162 + 18 Dy — 18 Dy)
+S1111 (77 =18 Dy + 18 Dy) + S5 (4643/12 — 9 (o — 46 Dy + 73 D1 + 33 Dg
—15D}) +S12(—1325/12 4+ 3y + 46 Dy — 73 Dy — 33 D¢ + 15 D})
+ S5, (=1063/4 + 6 (o +46 Dy — 73Dy — 33 Dg + 15 D) + S1 1,1 (1325/12 — 3¢,
—46 Dy + 73Dy +33DZ — 15 D) + S, (—20219/54 + 67/4 G + 26 G
+853/12 Dy — 3/2 Dy (y — 899/6 Dy + 3/2 Dy (o — 90 D + 45 D¢ + 59 D}
—12D}) + S, (4963/36 —29/4 ¢ — 12 (3 — 853/12 Dy + 3/2 Dy (3 + 899/6 D,
—3/2D1 ¢ +90D¢ —45DF — 59D+ 12 D) + S, (205661/1296
—235/24 ¢y — 97/3 (3 + 3¢y — 3077/36 Dy + 19/4 Dy (o + 6 Dy (3 + 4135/18 D,
— 7Dy — 6Dy (3+571/4DZ —3Dg (> — 123 D§ + 54 Dy — 356/3 D}
+3/2D G+ 45D — 9D} — 165343 /576 + 27/16 Zs 3. + 203/16 (o + 123/4 (3
—9/4¢, — 122035/1296 Dy + 203 /24 Do ¢y + 68/3 Do (3 — 3/2 Do &4
+25108/81 Dy — 187/12 Dy ¢ — 95/3 Dy Gs + 3/2 Dy (4 + 20129/108 D¢
—41/4D§ ¢ — 13D ¢ — 785/4 D¢ +9/2 D (5 + 881/6 Dy — 121/2 D}
—9913/54 D2 +TDE G+ TD2 G +179/2 D — 3/2 D ¢, — 197/6 D!
+13/2D?

(J.0.7)
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Summary

I could imagine that one gets overwhelmed by the lengthy and complicated
formulae written down in this manuscript. You might be inclined to close
this thesis (after reading the acknowledgements of course), put it on a shelf
and let it collect dust, never to be opened again. And I agree, if I would have
had no knowledge on the subjects discussed in the thesis, I would have done
exactly the same. Therefore I have written the following sections specially for
those curious lay(wo)men, who are interested in the fundaments of Nature,
in an accessible manner.

From ancient thinkers to scientists at Nikhef

Ever since ancient times people have been thinking about the building blocks
of the material world. This happened both in the Eastﬂ and in the Wesﬂ
Although these schools of thought are now to be considered of the philosoph-
ical (metaphysical) nature, the pursuit of knowledge about the fundamental
building blocks and their interactions is one of the primary topics in contem-
porary science. In particular, the field of particle physics is dedicated to the
understanding of all the elementary processes at subatomic length scales.
To get an impression of the modern definition of an atom, let us consider
a generic daily object, such as a plant, and zoom in on its surface using a fic-
titious microscope. At first we would identify the individual cells composed
of the cell nucleus and organelles, enclosed by a membrane. By zooming fur-
ther into the cell nucleus, we would uncover the chromosomes which consist
out of DNA molecules. These molecules, in turn, are collections of atoms,
usually stuck together by pairs of electrons (covalent bonds). Thus we ar-
rived at the atoms. However, this is not the end of the story: the variety
of atoms are composite objects containing different amounts of (electric pos-

n the 8" century BCE the Indian sage Aruni hypothesised about infinitesimally small
particles which mass together to form the objects that one experiences in life.

2The Greek philosophers Leucippus and Democritus argued in the 5 century BCE
that all matter is made out of invisible small particles, atoms.
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itively charged) protons and (electrically neutral) neutrons which together
form the atomic nucleus, and electrons. The electrons are point-like parti-
cles, meaning that their spatial size is zero. Nonetheless they carry a mass
and an electric charge. As such, the electrons are our first class of elemen-
tary particles. Protons and neutrons are compound objects consisting out of
massive point-like quarks being glued together by the massless gluons. The
latter elementary particles, alternatively known as partons, and the interac-
tions between them, described by the theory of Quantum Chromo Dynamics
(QCD), have been the subject of research in this thesis.

If our fictitious microscope were to be real, it would have worked well up
til the length scale of a plant cell and perhaps the chromosomes. However,
to obtain information on elementary particles one would need an experiment
such as a modern particle collider. A prime example is the Large Hadron Col-
lider (LHC) at Cern in Geneva in which hadrons (to be explained below) are
collided into each other at extremely high energies, such that they break up
and form new (composite) particles. From the information of these resulting
particles one should be able to deduce the properties of the constituents.

In order to analyse data of the resulting particles at the physics experi-
ments, one has to be able to match the results of the experiments onto the
theoretical predictions for each of the processes, using the Standard Model
(SM) of Particle Physics. The SM describes all the elementary particles and
their interactions, including not only the partons, but also the leptons and
their neutrinos, the gauge bosons and the Higgs particle. As such, the SM
can be dissected into three sectors: one sector describing the electro-weak in-
teractions, one sector describing the Higgs mechanism and a sector describing
the strong interactions (QCD).

In QCD one can ascribe the three colours red, blue and green to the
quarks and gluon&ﬂ On top of that there exist six different ‘flavours’ of
quarks: up, down, charm, strange, top and bottom. Composite objects,
mesons and baryons, are formed by combining two or three (anti)quarks
such that one obtains colourless statesﬁ, collectively called hadrons. The
nature of QCD makes it hard to perform calculations for the predictions
of processes which involve partons. At low energy scales the partons are
stongly coupled together, rendering it impossible to perform perturbative
calculations. Only at high energy scales one is able to perform perturbative
calculations for free partons. However, this does not mean that one observes
free partons in nature. Partons which are freed after the collision of the
initial hadron(s) combine together in a process called hadronization, such

3Colouring the partons is merely a tool to support the algebraic relations.
4For the baryons that colourless state is the combination of red+green-+blue.
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that one only observes the resulting colourless final state hadrons. The entire
calculation, which starts with the initial state hadrons and ends with the
hadronized final state composite particles, can be dissected into multiple
subparts. The focus of this thesis is the perturbative partonic sector.

As explained in the introduction, the SM is incomplete. Although it is
a self-consistent theory, it fails to incorporate gravity and does not explain
observed physical phenomena such as neutrino oscillations. Therefore, to
search for hints of new physics and to constrain the parameters of the SM, the
existing experiments have been upgraded and new experiments are planned
to be built. As a result, the experimental uncertainties (are expected to)
decrease. In turn this requires more precise theoretical predictions. However,
these theoretical predictions become computationally more complex at each
succeeding order of precision. Even by using large clusters of supercomputers
some of these calculations can last for years to evaluate. Hence there is a
need for new efficient methods to obtain predictions at the required accuracy.
In this thesis we invented and applied two novel algorithms which allowed
us to obtain new (more precise) results for jet functions and deep inelastic
scattering.

GOJet

The first study in this thesis deals with the subtraction of soft and collinear
singularities due to real radiation of jet functions in Soft-Collinear Effective
Theory (SCET). SCET is an effective theory (read approximate derivative) of
QCD in the case that the final state particles become collinear to each other
or if a massless particle is radiated from the bunch of final state particles
with a low (soft) energyﬂ In particular, the jet functions characterise the
collinear subpart of the previously mentioned entire calculations. At the
one-loop order, meaning considering first-order corrections in the expansion
parameter a; to the predictions, the inclusion of an extra collinear or emitted
soft particle introduces so-called (infrared) singularities to the jet functions:
these are factors of infinity in the expressions of the jet functions. At first
this might seem troublesome, since the predictive power of the calculations
appears to be lost if they result in numerical values of infinity. However, these
singularities in the jet functions cancel against singularities in other subparts
of the larger overall calculations. The challenge is therefore to identify and
categorise individual singular mathematical terms in the jet functions, such

°In spirit similar to the idea that one can approximate the shape of an apple by a ball
in the case that the apple is seen from afar.
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that the jet functions can be divided into genuine non-singular terms and
indefinite singular terms. This procedure is called regularization.

There are many ways to regularize jet functions. However, none of them is
perfect. In this thesis we have modified, applied and automated the promis-
ing, recently invented regularization procedure called Geometric Subtraction
to the case of generic one-loop jet functions. Geometric, because it considers
a certain set of variables of the jet functions as geometrical objects, such as
triangles and boxes, and exploits geometric relations amongst them. The
automated algorithm has been implemented in the MATHEMATICA package
called GOJET. The algorithm has been verified on numerous known one-
loop jet functions. In addition we also calculated, for the first time ever, the
highly non-trivial jet function of angularities with recoil.

Deep Inelastic Scattering

In the second study we calculated the nfc corrections to the four-loop Deep
Inelastic Scattering (DIS) coefficient functions. First of all, DIS is a process
in which a lepton and hadron collide on each other. Through the exchange
of a vector boson (like a photon) the composite hadron gets altered to evolve
into a new final state with a different momentum. Again, to calculate predic-
tions for this process, the overall entire process can be divided into multiple
subparts. One of those subparts, the coefficient function, deals with the in-
teraction of a constituent quark of the initial hadron and the vector boson.
Using QCD, one can calculate higher order corrections (in the expansion pa-
rameter «;) to the coefficient functions. However, the number of processes
and the complexity of the equations at this order of precision are so involved,
that we had to restrict ourselves to a specific part of the calculation, namely
the equations categorised by the parameter n; at the quadratic order.

To perform the calculations, we applied, for the first time ever, three
methods in the following order: we used the optical theorem to cast the ini-
tial equations, which were expressed in terms including complicated phase
space integrals, into the simpler amplitude-type expressions (without the
phase space integrals). Sequentially we reduced 10 000 of complicated loop-
integrals into 100 of much simpler master loop-integrald’, And lastly we used
a sophisticated recursive algorithm to calculate the so-called Mellin moments
of the coefficient functions. By calculating 1500 Mellin moments in an ef-
ficient manner, we were able to reconstruct complete algebraic expressions
for the coefficient functions (the pages-long expressions). Not only have we

6This was only for the confined four-loop set of integrals. For the full three-loop cal-
culation we reduced millions of integrals into thousands of master integrals.
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calculated these specific coefficient functions for the first time ever, we also
were the first ones to verify four-loop splitting functions at order n? Our
calculation served as a proof of concept, as we expect more coefficient- and
splitting functions to be calculated using the same algorithm (albeit with
more optimised reduction routines).
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Ik kan me voorstellen dat een lezer overweldigd raakt door de lange en
gecompliceerde formulae uitgewerkt in dit manuscript. Misschien bent u
zelfs geneigd om dit proefschrift (na het lezen van de dankbetuiging natu-
urlijk) dicht te slaan, op een plank van uw boekenkast neer te leggen, waar
het stof zal verzamelen, opdat het nooit meer geopend wordt. En om eerlijk
te zijn, ben ik het helemaal met u eens! Ik zou exact hetzelfde hebben gedaan
als ik geen voorkennis had over de onderwerpen die worden besproken in dit
proefschrift. Derhalve heb ik de volgende paragrafen op een toegankelijke
manier geschreven speciaal voor de nieuwsgierige leek, die geinteresseerd is
in de fundamenten van de Natuur.

Van denkers uit de klassieke oudheid tot weten-
schappers op Nikhef

Sinds de oudheid denkt men al na over de bouwstenen van de fysieke wereld
om ons heen. Dit gebeurde zowel in het Oosten|| als in het Westenf] Hoewel
deze stromingen nu worden beschouwd als filosofisch (metafysisch), is de
zoektocht naar de kennis over de fundamentele bouwstenen en hun onderlinge
interacties een van de primaire onderwerpen in de hedendaagse wetenschap.
In het bijzonder, het domein van de deeltjes fysica is toegewijd aan het
doorgronden van alle elementaire processen op subatomaire lengteschalen.
Laten wij, om een impressie te krijgen van de hedendaagse definitie van
een atoom, een generiek alledaags object beschouwen, zoals een plant, en in-
zoomen op het oppervlak van de plant met een fictieve microscoop. In eerste
instantie zouden we de individuele cellen identificeren die zijn samengesteld

“In de achtste eeuw v.o.j. stelde de Indiase geleerde Aruni een hypothese op over
infinitesimale kleine deeltjes die samenklonteren om de objecten te vormen die men ervaart
in het leven.

8De Griekse filosofen Leucippus en Democritus beredeneerden in de vijfde eeuw v.o.j.
dat alle materie is opgebouwd uit onzichtbare kleine deeltjes, genaamd atomen.
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uit de celkern en de organellen, omsloten door een membraan. Door verder op
de celkern in te zoomen, zouden wij de chromosomen onthullen die bestaan
uit DNA moleculen. Deze moleculen zijn, op hun beurt, verzamelingen van
atomen die meestal aan elkaar kleven door paren van elektronen (covalente
bindingen). Zodoende zijn we aangekomen bij de atomen. Echter, dit is
nog niet het einde van het verhaal: de verscheidene atomen zijn objecten
samengesteld uit verschillende hoeveelheden van (elektrisch positief geladen)
protonen en (elektrisch neutrale) neutronen die samen de atoomkern vor-
men, en elektronen. De elektronen zijn puntdeeltjes, wat betekent dat ze een
ruimtelijke grootte hebben die nihil is. Desalniettemin hebben zij een massa
en een elektrische lading. Zodanig zijn de elektronen de eerste groep ele-
mentaire deeltjes die we tegenkomen. Protonen en neutronen zijn objecten
samengesteld uit massieve puntdeeltjes, genaamd quarks, vastgelijmd door
de massaloze gluonen. De laatstgenoemde groep elementaire deeltjes, ook wel
bekend als partonen, en de interacties tussen hen, beschreven door de theorie
van de Quantum Chromo Dynamica (QCD), zijn het onderzoeksonderwerp
in dit proefschrift.

Als onze fictieve microscoop echt was, zou het slechts kunnen functioneren
tot aan de lengteschaal van een plantencel en misschien de chromosomen.
Echter, om informatie te kunnen vergaren over elementaire deeltjes, heeft
men een experiment nodig zoals een hedendaagse deeltjesversneller. Een pri-
mair voorbeeld is de Large Hadron Collider (LHC) in Cern te Geneéve. Hierin
worden de hadronen (verderop beschreven) tegen elkaar aan gebotst met een
extreem hoge energie, zodat de deeltjes opbreken en nieuwe (samengestelde)
deeltjes vormen. Vanuit de informatie over deze resulterende deeltjes is het
mogelijk om de eigenschappen van de bestanddelen af te leiden

Om de data van de uitkomsten van de experimenten te analyseren, is
het noodzakelijk dat de resultaten van de experimenten kunnen worden
vergeleken met de theoretische voorspellingen voor elk afzonderlijk fysisch
proces, gebruik makend van het Standaard Model (SM) van de deeltjesfys-
ica. In het SM zijn alle elementaire deeltjes en hun onderlinge interacties
beschreven, bijvoorbeeld voor de partonen, maar ook de leptonen en de bi-
jbehorende neutrino’s, de ijkbosonen en het Higgs deeltje. Dusdanig kan
het SM worden ingedeeld in drie sectoren: een sector over de elektrozwakke
wisselwerking, een sector over het Higgs mechanisme en een sector over de
sterke kernkracht (QCD).

In QCD kan men de drie kleuren rood, blauw en groen toekennen aan de
quarks en gluonenﬂ. Daarenboven bestaan er zes verschillende ‘smaken’ aan

9De verschillende kleuren zijn fictief en slechts een attribuut ter ondersteuning van de
wiskundige relaties.
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quarks: up, down, charm, strange, top en bottom. Samengestelde objecten,
de mesonen en baryonen, worden gevormd door twee of drie (anti)quarks
te combineren, zodat men kleurloze toestanden verkrijgt} die collectief de
hadronen worden genoemd. QCD is complex van aard, waardoor het in-
gewikkeld is om berekeningen uit te voeren voor de voorspellingen van fy-
sische processen die betrekking hebben tot de partonen. Op lage energi-
eschalen zijn de partonen stevig samengebundeld, waardoor het onmogelijk
is om storingsrekening toe te passen. Alleen op hoge energieschalen is het
mogelijk om storingsrekening toe te passen voor vrijbewegende partonen. Dit
betekent echter niet dat vrijbewegende partonen ook worden waargenomen
in de natuur. De partonen die zijn vrijgekomen door de botsing van de
initiéle hadron(en), combineren samen in een process dat hadronisatie heet,
zodanig dat alleen de resulterende kleurloze hadronen worden waargenomen.
De gehele berekening, die start met de inkomende hadronen en eindigt met de
resulterende gehadroniseerde samengestelde deeltjes, kan worden opgedeeld
in verschillende subonderdelen. De focus van dit proefschrift is de pertur-
batieve partonische sector.

Zoals uitgelegd in de introductie, is het SM incompleet. Hoewel de theorie
zelfconsistent is, laat de theorie het na om zwaartekracht te beschrijven en
slaagt de theorie er niet in om waargenomen fysische fenomenen zoals neu-
trino oscillaties te verklaren. En dus, om te zoeken naar hints voor nieuwe
fysica en om de waarden van de parameters van het SM verder te beperken,
zijn de bestaande experimenten verbeterd en zijn er plannen gemaakt om
nieuwe experimenten op te zetten. Als resultaat wordt er verwacht dat de
experimentele onzekerheden zullen krimpen. Als gevolg hiervan, zijn er ook
nauwkeurigere theoretische voorspellingen vereist. Echter, deze theoretis-
che voorspellingen worden wiskundig complexer met elke opvolgende orde
van nauwkeurigheid. Zelfs als men grote clusters van supercomputers ge-
bruikt om de algebraische relaties op te lossen, kan het jaren duren voor-
dat sommige van deze berekeningen voltooien. Dus is er een behoefte aan
nieuwe effieciénte methodes om theoretische voorspellingen te verkrijgen met
de vereiste nauwkeurigheid. In dit proefschrift hebben we twee nieuwe al-
goritmen bedacht en toegepast waarmee we nieuwe (preciezere) resultaten
hebben kunnen verkrijgen voor jetfuncties en diepe inelastische verstrooiing.

GOJet

In het eerste onderzoek dat wordt beschreven in dit proefschrift, gaan we
in op een methode om de zogenaamde softe en collineaire singulariteiten te

10De kleurloze toestand voor de baryonen is de combinatie rood+groen-+blauw.
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verwijderen in berekeningen die ontstaan door de reéle straling componenten
van de jet functies in de Soft-Collineaire Effectieve Theorie (SCET). SCET is
een effectieve theorie (lees afgeleide benadering) van QCD voor het geval dat
uitgaande deeltjes collineair aan elkaar worden of als een massaloos deeltje
wordt uitgestraald van een bundel aan uitgaande deeltjes met een lage (softe)
energie{ﬂ In het bijzonder, de jet functies karakteriseren het collineaire sub-
gedeelte van de voorgaand genoemde gehele berekening voor een theoretische
voorspelling. Op een-lus orde, wat betekent dat we de eerste-orde correcties
beschouwen in de uitbreidingsparameter oy van de wiskundige voorspellin-
gen, zorgt het meetellen van een extra collineair of uitgestraald soft deeltje
voor zogenoemde (infrarood) singulariteiten van de jet functies: dit zijn ter-
men met een waarde van oneindig in de formules van de jet functies. Op het
eerste gezicht lijkt dit problematisch, aangezien het voorspellend vermogen
van de berekeningen verloren schijnt te gaan als de berekeningen resulteren
in numerieke waarden die oneindig groot zijn. Echter, deze singulariteiten in
de jet functies blijken weg te vallen tegen singulariteiten in andere subgedeel-
ten van de grotere gehele berekening. De uitdaging ligt dus in het identifi-
ceren en categoriseren van individuele singulaire wiskundige termen in de jet
functies, zodat de jet functies kunnen worden opgedeeld tussen werkelijke
niet-singulaire termen en oneindige singulaire termen. Deze procedure heet
regularisatie.

Er bestaan meerdere manieren om jet functies te regulariseren, maar
geen van hen is perfect. In dit proefschrift hebben we een veelbelovende,
pas ontworpen, regularisatie procedure genaamd Geometrische Subtractie
aangepast, toegepast en geautomatiseerd voor generieke een-lus jet functies.
Geometrisch, omdat een bepaalde set van variabelen van de jet functies wordt
beschouwd als geometrische objecten, zoals driehoeken en dozen, opdat ge-
ometrische relaties tussen de variabelen worden uitgebuit. Het geautoma-
tiseerde algoritme, genaamd GOJET, is geimplementeerd in een MATHE-
MATICA extensie. We hebben het algoritme geverifieerd door verschillende
bekende een-lus jet functies na te rekenen. Daarbovenop hebben we, voor het
eerst ooit, de uiterst niet-triviale jet functie van angulariteiten met terugslag
berekend.

Diepe Inelastische Verstrooiing

In het tweede onderzoek hebben we de nf, correcties van de vier-lus Diepe
Inelastische Verstrooiing (in het engels Deep Inelastic Scattering, afgekort als

11n essentie vergelijkbaar met het idee dat de vorm van een appel van veraf gezien kan
worden benaderd door een bal.
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DIS) coéfficiénten functies berekend. Ten eerste, DIS is een proces waarin
een lepton en een hadron tegen elkaar aan botsen. Door het uitwisselen van
een vector boson (zoals een foton) wordt de samenstelling van de ingaande
hadron gewijzigd naar een nieuwe hadron met een aangepaste impuls. Zoals
gebruikelijk kan de gehele berekening voor de theoretische voorspelling van
dit proces worden opgesplitst in meerdere delen. Een van deze delen, de
coéfficiénten functie, beschrijft de interactie tussen een parton dat onderdeel
uitmaakt van de inkomende hadron en de vector boson. Door gebruik te
maken van QCD is het mogelijk om hogere orde correcties (in de uitbrei-
dingsparameter o) van de coéfficiénten functies te berekenen. Het aantal
processen neemt echter rap toe met elke opeenvolgende orde in de uitbreid-
ingsparameter en daarbovenop wordt de complexiteit van de vergelijkingen
ingewikkelder met elke orde. Om die reden hebben wij ons op de vier-lus orde
(vier ordes in de uitbreidingsparameter) moeten beperken tot een specifiek
gedeelte van de berekening, namelijk de vergelijkingen die gecategoriseerd
worden door de parameter ny op de kwadratische orde.

Om de berekeningen uit te voeren, hebben we, voor het eerst ooit, drie
methoden toegepast in deze volgorde: we hebben het optische theorema
toegepast om de aanvankelijke vergelijkingen, die in eerste instantie waren
uitgedrukt in termen van ingewikkelde fase-ruimte integralen, om te schrijven
naar simpelere amplitude-achtige formules (zonder de fase-ruimte integralen).
Vervolgen hebben we de 10 000 gecompliceerde lus-integralen gereduceerd
naar 100 veel simpelere master-integralen[?} Tenslotte hebben we een verfi-
jnd recursief algoritme gebruikt om de zogenoemde Mellin momenten van de
coéfficiénten functies te berekenen. Door 1500 Mellin momenten op een ef-
ficiénte manier te berekenen, zijn we erin geslaagd om complete algebraische
formules voor de coéfficiénten functies te reconstrueren (de pagina’s-lange
formules in dit proefschrift). Niet alleen zijn wij de eersten die erin zijn
geslaagd om deze specifieke coéfficiénten functies te verkrijgen, ook zijn we
de eersten die de vier-lus splitsingsfuncties op orde n? hebben geverifieerd.
Onze berekeningen dienden als voorbeeld voor ons nieuwe algoritme. We
verwachten namelijk dat er meer coéfficiénten- en splitingsfuncties zullen
worden berekend met dit algoritme (waarschijnlijk met geoptimaliseerde re-
ductieroutines).

12Dit was alleen voor de beperkte set aan vier-lus integralen. Voor de volledige drie-lus
berekening hebben we miljoenen integralen gereduceerd naar duizenden master-integralen.
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