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An error occurred during the production process. In equation (4), there are two integral signs, but only the first
should be present. The 2|e| (with absolute value bars on both sides of the electron charge symbol ‘e’) should be to
the left of the integral sign. Hence, the printed equation

AH=2 e df{Aopo +A- [m(—wm U3, IO + U0, SR + P+ 10 wm]}

should be

ApH =20l [ da?{Aopo +4- [m(—wi‘wz U3, TG + U3, P + IR + 10 |¢4|2>]}.
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Abstract

Magnetic effects on free electron systems have been studied extensively in the context of spin-to-
orbital angular momentum conversion. Using a quantum field theory framework, we derive a similar
relationship in the non-relativistic limit for the energy of electrons with momentum directed along the
axis of a spatiotemporally constant, weak magnetic field. For a single electron the expectation value of
the maximum energy shift, which is fixed by our defined chirality index of the electron state, is
computed perturbatively to first order as ~15% of the electron rest mass. This effect is orders of
magnitude larger than that predicted by the quantum mechanical Zeeman shift. We then show, in the
low-mass approximation, an analogous conversion between energy and chirality for a system of free
electrons and suggest possible experimental tests of this phenomenon in electron states encountered
across multiple physics disciplines.

1. Introduction

After repeated inconclusive attempts to polarize free electrons following the theoretical developments by Bohr,
Pauli, Dirac, and others in the 1920s, a team led by C G Shull finally confirmed positive detection of the free
electron polarization in 1942 [1]. Recently, the effects of a magnetic field on the free electron spin have been
computed [2] in the framework of quantum field theory (QFT), suggesting potential applications for spin-to-
orbital angular momentum conversion in spintronic devices and electron vortex beams [3]. Originally
considered in the context of the Schrodinger equation with phase vortices, analysis of the scalar Klein—-Gordon
and Dirac equations [4] has shown that such beams carry intrinsic orbital angular momentum with quantized
helicity that behaves similarly to the spin of a massless particle, even for non-relativistic electrons. The work
described in this paper is motivated by the rich history in condensed matter and particle physics of extending
quantum mechanical results by application of QFT. Taking the field nature of fundamental particles into
consideration can produce drastically different theoretical predictions that may explain exotic quantum
phenomena at many scales. In particular, our study makes use of the fact that in QFT spin is precisely defined at
the outset as a function of the quantum fields, rather than arising in quantum mechanics as an ad hoc addition to
the orbital angular momentum. Starting from the expression of the spin § = (Sy, S5, S35) = (523, $%,, §12)in
terms of the fields, with ¢(x) a function of the four-vector x = (x°, X), we have

s =[x 29 i), 1)
and the complete expression for the spin shift caused by the time-independent magnetic field [2] is given by
A8 = lel [a% 14 x 7y, @
where A is the magnetic vector potential and g = m%www. Here v* = (7Y, 7) are the conventional gamma

matrices in the Weyl (chiral) basis.
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2.Background

The purpose of the present letter is to compute the analogous effect on the energy of a free electron state. With
this aim, we shall begin from the explicitly Hermitian expression for the Hamiltonian of a free electron, given in
terms of the four components vy, 15, 13, 1, of the electron field ¥ (x):

H

[tz [-Lor0, + L@ + m o
= f dx [zme RT3 + P3hy ) — T(PFOs + YF( 01 — 102) s + Y301 + 102) 1 — Y3051, )

3D + WOy — 02 ) + R + 102 )5 — 1ﬁ1<331/14)],
3

where 0, = 0/0x" = 0/0x and m, is the mass of the electron. It is clear above that the implied summation over

pindexes the three spatial components only. The introduction of an electromagnetic potential A, = (A, A)
will modify the free Hamiltonian following the conventional Dirac prescription 9, — 0, — ile|A,,. Keeping
only those terms to first order in the components of A,,, we find the energy shift due to the electromagnetic
potentials:

ApH=2[ef df{Aopo +A- [%(—wmz + U3, I + Ui,

Lt 1P+ 1P - |w4|2>]}, 4

where p, = Z?: [11j|? and eis the charge of the electron.

In this letter, we will only be interested in the magnetic shift produced by the vector potential A.While our
equation (3) is derived from a Lagrangian density that is manifestly covariant from the beginning, our ensuing
results will not all be written in a covariant form. Indeed, because we have restricted our scope to the
contributions from magnetic fields only, several equations below will not be manifestly covariant. The shift
derived from the electric fields (E = —VA,) is thus not included. However, in the non-relativistic limit (NRL),
where 1y, 1, >> 13, 14, the expression for the magnetic shift becomes particularly simple:

AiHm = ~2lel [d¥ 4 - S, 5

where Sy is the spin current in the NRL. The spin current is defined generally as the quantity whose integral
gives the spin vector itself, S = f dx §,and its components are given by

s1=R(PIY2 + Yihy)
2= J(Ys + i)

5= %( Wl — [0 + [sl — ). ©)

A relevant feature of the obtained result is that such a magnetic energy shift is different from what one would
expect from a quantum mechanical description. As is well known, this expression—called the Zeeman effect—
can be written for an electron as a scalar product between the electron angular momentum J and the magnetic
field B. For the contribution coming from the electron spin S, wewould have in quantum mechanics

AXHZeeman == *gS,MBB' . §’ (7)

where g, &~ 2 is the gyromagnetic factor and p; = |e|/2m, is the Bohr magneton. One can see a faint
resemblance between equation (7) above and the QFT expression of equation (5), with roughly a replacement of
the magnetic field B with the magnetic potential A and likewise of the spin S with the spin current Syg; .

We now want to compute the expectation value of the energy shift in equation (5) in a specific one electron
state. Consider for simplicity the state with momentum k along the z-axis and defined as a linear combination of
the two spin eigenstates with complex coefficients:

W(R)) = Adl1, k) + A-IL k), ®)
where the spin eigenstates are given by
I1, k) = V2E alf10), |1, k) = V2E a}7|0), ©)

with E = \m? + |lz [> and the state normalization fixed according to the prescription of Peskin and Schroeder
[5]as
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1,k 11,k = (I, k |1,k) = 2E@m)>6@)(0). (10)

Note that a 5, aiare the creation and annihilation operators obeying the anticommutation relations

{a b alﬁ} = 27)%6 (l;> -1 )6™. The normalization of our single electron state follows immediately after

equation (10):
(W] T(K)) = 2T 8OO (AP + [A-P). (1)
The starting expression for the expectation value of the energy shift is

(A i) = SEON A i ¥E) 2
(k)| W(k))

To compute it, one needs to introduce the Fourier transforms of the electron fields, limiting the expressions to
only those containing the fermionic creation and annihilation operators:

w(x):f dk %Z(aiuseﬂ'k.x)

@2n)?
dk 1 ,
Tx) = | ———— (aiTusteikx), 13
Vo= [ s Dt (13)
The fermionic spinor fields u*%, u* follow the conventional choice of basis [5] in spin-z eigenstates, such that
ul(k) = (VE = k2, 0, JE + k2, 0),  ul(k) = (0, JE + ks, 0, JE — k). (14)

To simplify the integration over the vector potential A, we have assumed that its components can be
approximated by their average values (A;), (A;), (A3) over the integration volume so that they can be extracted
from the integral as numbers. This volume, in which these components are nonvanishing, is fixed by the scale d
of the experimental apparatus used to generate the magnetic field.

3. Results

The final expression for the energy shift in our single electron state is given by

—le me[ * * ] 1 [ ]
AjHnr) = ——————=9 —| (A)ROTA) + (A) TOTA) |+ =(As)| IN? — A
(AiHNre) TWEENNE E<1>(+ ) + (A2) TATAL) 2<3>|+| |A-|
As) |k
| leltas) B s
2 E
This expression can be compared with the corresponding one obtained in [2] for the magnetic S, shift:
(AzS,) = ;ZEE[MQ%(X‘M\_) + <A2>3(/\"+<)\_)]. (16)
ALl + IA_] me E

Fixing in the Coulomb gauge A = %E x X and assuming the spatially constant, static magnetic field to be
oriented entirely along the z- axis, we find that A; = 0. Equation (15) therefore reduces to the terms
proportional to (A;) and (A,). Using characteristic values for a very weak bar magnet of 3 x 10~ * tesla (3 gauss),
an experimental apparatus of dimension d = 1 meter, and NRL electrons with v = (1 — v2)~'/2 = 1.001, we
obtain [ (A7 Hnrz) | < 0.080 MeV, just slightly more than 15% of the electron’s rest mass. We find this estimate
a good validation of the perturbative expansion employed, which only retains the magnetic field to first order.

In the equations above we have allowed A ; and A_ to be in general complex, but the energy and spin shifts
due to the vector potential are always real. With (A3) = 0, we obtain the following relationship between the
energy and spin shift expectation values:

m;
2/K]
It may be asked why the results for the energy and spin shifts above are not gauge-invariant. Admittedly,
equation (17) only holds true for a spatiotemporally constant magnetic field oriented entirely along the z-axis
(see discussion after equation (16)), and in the NRL. However, with this constraint, adding a constant vector
potential to change only the A; and A, components would not change the result from equation (17), in which
both energy and spin shift expectation values are proportional to the same factor thatis a function of A}, A, and
the spin polarization coefficients (see equation (16)). Working in the Coulomb gauge, and with the constraint
above, we find that the vector potential is only dependent on the z-component of the magnetic field and the
dimensions of the experimental apparatus over which the field is effective. This requirement ensures that the

(Ap,HnrL) = (Ag,S;). (17)

3
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physically realizable magnetic field is the operationally significant quantity in the calculations, and this field
(B = V X A)does not change under an arbitrary gauge transformation (A — A + VA). Beyond that, itis
important to recall the admonition by Aharonov and Bohm, in the closing of their seminal work on the physical
effectiveness of electromagnetic potentials [6], that further development of a nonlocal theory is necessary, in
which the electron interacts with a field within a finite volume. That is precisely the case we have before us.

A major result of our calculation, given the introduction of a static magnetic field oriented along the z-axis, is
that both energy and spin changes induced by such a field for our special single electron state with complex
coefficients are proportional to the same quantity

RN — TOEA) = RO + TN, (18)

We shall call this quantity the chirality index in our QFT-based treatment of free electrons, for reasons that will
become clear. In classical relativistic field theory, one starts from the definition of a chiral transformation [5] and
identifies chirality as the property of how an object changes under parity (or mirror) transformations. If under
these operations the object changes, it is said to be chiral. In the usual QFT approach, there are known definitions
of chiral operators that are based on the y°> = iy%yy?y® matrix and which act on so-called right-handed and
left-handed spinors.

There exists in the low-mass limit a correspondence equating the expression for chirality X’ to that of
helicity:
m,<E § . E
— =

Ik |

where § is the spin defined by the Pauli matrices for a particle with momentum k. Our discussion of chirality
will start from the assumption of a definition which reproduces the identification with helicity from
equation (19). One may rightfully ask why we can use such an identification between chirality and helicity when
we have derived our results in the NRL. Indeed, just as the non-relativistic Pauli equation interlocutes between
the non-relativistic Schrédinger equation and the fully relativistic Dirac equation [7, 8], we shall consider the
intermediate case of a free electron system in the NRL whose energy is sufficiently larger than its rest mass (but
not so large as to be relativistic), according to the numerical estimates made above. Therefore the low-mass limit
may be applied as a reasonable first approximation. Having accepted the low-mass approximation for free

electrons, we obtain the following expression for the chirality in the case of an electron with momentum
k = (0,0, k,):

X

(19)

X, = S.. (20)
To verify the reasonableness of our definition in equation (20), we have computed the expectation value of X}_in

the state |\I'(E )) of equation (8). This is done using the Fourier expansions of the electron fields given in
equations (13), from which we obtain

(k)| Xy, [(K))
(W) 1w (k)
We can conclude that, in the chosen definition, (X} ) satisfies the intuitive understanding of chirality asa

difference between the squared moduli of right-handed and left-handed spin polarization coefficients of the
electron state.

(X)) = - %qw C AP 1)

4. Discussion

We have now in a QFT framework an operative calculational tool, in terms of the fields 1> and 1/, for the chirality
A, and for the energy H of the electron state. For a magnetic field along the z- axis, the result for the average
magnetic effect on the chirality of electron state (8), in our approximations, is identical to the computed S, shift
ofequation (16): (A X) = (A;S,). Most notably, we can say that under these conditions the magnetic effects
on the chirality and on the energy of free electrons are proportional to the same intrinsic electron property that
we defined as the chirality index. An immediate consequence of equations (17) and (20) is that there exists a
special quantity of our considered system whose expectation value remains constant upon introduction of the

magnetic field:
m>
Ap | Hyre — ==X = 0. 22
< BZ( NRL T kz)> (22)

z

We say that there appears to be chirality-energy conversion in the system under the effect of a static magnetic field
that is similar to the spin-orbital angular momentum conversion predicted in QFT [2] and confirmed
experimentally [9-11].
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Another possible way of interpreting equation (22) is to see it as an indicator of a special magnetic symmetry
of the free electron system. To extend our analysis, we consider the case of N free electrons, each with the same
energy E. It seems to us reasonable that a magnetic field would act independently on each of the N electrons.
Therefore, for each jth electron, one would find the following expression, where the NRL is implied:

2k,

2
e

(Ap,Xy,); =

(ApH);. (23)

Itis then possible to define mean values for the system of free electrons,

1
<ABszz>5)’5 = N Z <ABszz>]
J

(ApH)gys = L > (A H);, (24)
N7

such that by using equation (23) we obtain the following analogous relation for the entire collection:

2k,
<ABszz>5)’5 = _2<ABZH>S)/S- (25)

(4

Ifit is possible to measure the energy shift of free electrons induced by a magnetic field, one immediately derives
from equation (25) a QFT prediction for the change in chirality of the system, which could also be experimentally
measured. Thus we would be able to test the validity of our theory.

5. Conclusion

We have shown in this letter that a quantum field theoretic analysis of the energy of a free electron spin state
predicts magnetically induced energy shifts orders of magnitude larger than the quantum mechanical Zeeman
effect. Further, we have derived a special magnetic symmetry we call the chirality-energy conversion of free
electron systems, when the magnetic field is oriented along the axis of the chosen spin eigenstate. Such a
symmetry can allow us to probe chiral and achiral states in diverse free and quasi-free electron systems, and to
experimentally relate the change in chirality of these states to their energy shifts after the introduction of an
external magnetic field.

Akey question that remains to be considered is the possible relevance of our results to macroscopic states in
quantum optics, condensed matter, and biological physics, where collections of free or quasi-free electrons may
be described in the formalism above. Indeed, though the description of such macroscopic states is complex,
recent experimental studies [12] indicate that electrons transmitted through chiral molecules may be filtered
according to their spin state. Furthermore, it has long been known that a sensitive dependence exists between the
chirality of crystals and low-energy fluctuations introduced by perturbing the crystallization solution [13].

Such sensitive relationships between biological function and chirality of the underlying spin state are
manifest with both free and bound electron states. Several articles since 2005 have reported effects of weak
magnetic fields on the rate of enzymatic synthesis of adenosine triphosphate [ 14] and reactive oxygen species
[15] by the flipping of electron spins in a quantum-coherent fashion. We have shown theoretically [16] that
palindromic DNA complexes of defined chirality conserve parity and are essential to the symmetric recruitment
of energy by certain enzymes for the formation of DNA double-strand breaks. These evidences all point to the
existence of an elaborate hierarchy of order connecting the spin states of electron systems to manifestations of
chirality-energy conversion at multiple physical scales. Our group of dedicated colleagues has already started
pursuing experimental verification of this hypothesis.
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