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In this paper, the mass-radius ratio bound for horizonless compact object in higher dimensions is derived. 
Instead of considering the various matter conditions of the compact objects following Andreasson’s 
approach, we focus on the conditions for the existence of dynamical compact objects. The radius of 
the outermost circular null geodesic is derived in higher dimensions, which is the lower bound on the 
minimally allowed radius of dynamically stable horizonless charged compact object. Subsequently, the 
upper bound on the mass-radius ratio is obtained. Our results are strongly dependent on the dimensions. 
What’s more significant is that the developed bound is proven always to be stronger than the result 
following Andreasson’s approach in higher dimensions.

© 2020 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

Observation of gravitational waves by Advanced LIGO [1] is one 
of the greatest achievements of this century in physics, it opens a 
new window to the extreme strong gravitational field environment 
of coalescing binary systems of compact objects. The detection of 
the compactness defined as mass-radius ratio of compact object 
is of central importance for understanding the behavior of astro-
physical systems. The LIGO detector will allow us to test the na-
tures of compact objects. It is generally believed that an apparent 
horizon of spherically isotropic spacetime is formed at 2M = R , 
where M is the ADM mass of the asymptotically flat spacetime 
and R is the radius of the object in Schwarzschild coordinates 
[2]. The well known Buchdahl theorem [3] states that any rea-
sonable static, spherically symmetric interior solution of the object 
has 2M ≤ 8R/9. The violation of this inequality would lead to the 
gravitational object collapses, thus any regular compact object will 
end up with a black hole.

However, the requirements of Buchdahl’s theorem derived in 
[3] are the non-increasing energy condition and isotropy for the 
object, which are too restrictive in certain situations. Many ef-
forts have been done to extend the applications of the Buchdahl’s 
theorem. The generalization of Buchdahl’s bound was given with 
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a positive cosmology constant � in [4–6]. The sharp bound on 
mass-radius ratio is obtained with deformed restrictions on the en-
ergy and pressure of the object [7,8]. In [9–12], the authors show 
similar bounds on the mass-radius ratio of charged gravitational 
objects, where the effect of charge Q is taken into account. For 
example, in the recent work [12], Andreasson concludes that the 
inequality of a charged object

2M
R

≤ 4

9
+ 2Q2

3R2 − 2�R2

3
+ 4

9

√
1 + 3Q2

R2 + 3�R2 (1)

exist, if the condition 0 ≤ Q2/R2 + �R2 ≤ 1 is satisfied. In the 
framework of Buchdahl approach or Andreasson approach, the 
mass-radius ratio bounds are obtained for the higher dimensional 
spheres [13–15]. In these works, it is obvious to see that the values 
of the mass-radius ratio bounds are significantly affected by the di-
mensions of spacetimes. In addition, the cases of modified gravity 
have also attracted many attentions of researchers, and the mass-
radius ratio bounds were derived in Gauss-Bonnet gravity [16] and 
dRGT Massive Gravity theory [17].

Null geodesics are closely related to the characteristic modes of 
black holes, they play significant roles in reflecting the natures of 
compact objects. In literature [18,19], the authors concludes that 
for all spherically symmetric spacetimes, in a geometrical optics 
approximation, quasinormal modes in any dimension can be inter-
preted as particles trapped at unstable circular null geodesics and 
 under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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slowly leak out. The null circular photon orbits are generally be-
lieved to exist outside the horizonless regular objects [20,21]. It is 
argued that ultracompact object has at least two light rings (i.e., 
circular null geodesics) if they exist, and one of them is stable [22,
23]. What’s more, the nonlinear instabilities of ultracompact ob-
jects are developed due to the accumulation of the extremely long-
lived linear fluctuations on the stable light rings [24–28]. It was 
suggested that the existence of a dynamically stable horizonless 
ultracompact object requires either a time scale of the nonlinear 
instability operation much longer than the Hubble time, or a large 
radius-mass ratio of the compact object [29–34].

The intriguing studies on the stability of the null geometric mo-
tion of compact object inspire researchers to revisit the bound of 
mass-radius ratio. In the recent study [35], Hod provides an upper 
bound on the mass-radius ratio by considering the requirement of 
the dynamically stable horizonless charged compact object. Hod’s 
bound, of the form

2M
R

≤ 2

3
+ 4Q2

3R2
for

M
Q

≥ 8

9
,

is proved to be stronger than the degenerated case of Eq. (1), in 
which the cosmology constant is taken to be zero. On the other 
hand, it is remarkable that there are various studies on the light 
rings [36–38] and instabilities of the higher dimensional space-
times [39–43]. In light of these fantastic results, in this paper, we 
contribute to this developing tale by extending the Hod scenario to 
higher dimensional horizonless charged compact objects. We are 
expected to obtain a dimensionally dependent mass-radius ratio 
bound of horizonless compact object.

The outline of this paper is as follows. In section 2, we begin 
with a brief description of the metric of higher dimensional hori-
zonless compact object. In section 3, we analyze the null geodesic 
motion in higher dimensions, and the radius of the innermost 
light ring is given. We show that there is a dimensionally depen-
dent mass-radius ratio bound for the dynamical stable horizonless 
compact object. We conclude our results with a summary in the 
section 4. Through out of this paper, the units c = G = kB = h̄ = 1
are adopted.

2. Set up

The interior of the horizonless compact object is assumed to 
be composed of spherically symmetric isotropic charged matter, 
with energy density ρ , radial pressure P and the proper charge 
density J 0. We assume the matter satisfies the weak energy con-
dition, i.e., ρ > |P |. The geometry we considered is governed by 
the n-dimensional Einstein-Maxwell field equation

Gμ
ν = κn[T(em)

μ
ν + T(m)

μ
ν ], (2)

∂ν(
√−gF μν) = μ0

√−g Jμ, (3)

where κn = 8πG and μ0 are the Newtonian gravitational constant 
and vacuum permeability in n-dimensional spacetime, respectively. 
T(em)

μ
ν is the energy-momentum tensor of the Maxwell electro-

magnetic field1

T(em)
μν = 1

μ0
[F μα F ν

α − 1

4
gμν F αβ Fαβ ].

The energy-momentum tensor of the matter field T(m)
μ
ν takes the 

form of a perfect fluid

1 The vacuum permeability is usually chosen as μ0 = 1/ε0 = 4π in four dimen-

sions and μ0 = 1/ε0 = An−2 in n dimensions, where An−2 = 2π
n−1

2 /�( n−1
2 ).
T(m)
μν = (ρ + P )uμuν + P gμν,

where the normalized proper velocity satisfying uμuμ = −1. Here 
gμν is the interior solution of the field equation for the horizonless 
compact object. The spherically symmetric line element is written 
as

ds2 = −e2μdt2 + e2λdr2 + r2d
2
n−2, (4)

where

d
2
n−2 = dθ2

1 +
n−2∑
j=2

j−1∏
i=1

sin2 θidθ2
j

is the line element of (n − 2)-dimensional unit sphere. The func-
tions μ and λ in the metric are radial dependent functions.

To solve the field equation, we define a quantity q(r) as the 
charge within a (n − 2)-dimensional sphere of radius r

q(r) =
r∫

0

μ0 J 0√−gdr.

Then we can obtain the solution of Maxwell equation, and the 
non-vanishing component of the spherically symmetric electro-
magnetic field is

F 01 = 1√−g
q(r) = e−(μ+λ) q(r)

rn−2
,

which leads to the non-vanishing components of energy momen-
tum read as

T(em)
1
1 = T(em)

0
0 = − 1

2μ0

q2(r)

r2(n−2)
.

Plugging all these conditions into the Einstein field equation (2), 
we promptly get the differential form for the functions μ and λ, 
they are

μ′ = −n − 3

2r
(1 − e2λ) + κnr

n − 2
e2λ

(
P − q2(r)

2μ0r2(n−2)

)
, (5)

λ′ = n − 3

2r
(1 − e2λ) + κnr

n − 2
e2λ

(
ρ + q2(r)

2μ0r2(n−2)

)
, (6)

where the prime represents the partial derivative with respect to 
the radial coordinate r.

The asymptotic flatness requires the asymptotic behaviors of 
the functions μ and λ near the far-region as

μ(r → ∞) −→ 0, λ(r → ∞) −→ 0, (7)

and the regularity of the spacetime requires

μ(r → 0) > −∞, λ(r → 0) −→ 0, (8)

at r → 0. We integrate the differential equation (6), and the spe-
cific form of e−2λ inside the compact object arrives at

e−2λ
(in)

= 1 − 2κn m(r)

(n − 2)An−2rn−3
− κn f (r)

(n − 2)rn−3μ0
, (9)

where the definition of m(r) and f (r) are

m(r) = An−2

r∫
0

ρxn−2dx,

f (r) =
r∫

0

q2(x)xn−4dx.
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A finite mass m(r) implies that the density ρ shall approach to 
zero faster than the scale rn−1 at r → ∞. Subsequently, the weak 
energy condition ρ > |P | implies

rn−1 P → 0 as r → ∞.

The metric functions of the well known Tangherlini Reissner-
Nordström black hole [44] (i.e., n-dimensional Reissner-Nordström 
black hole) are

e2μ
(out) = e−2λ

(out)

= 1 − 2κnM
(n − 2)An−2rn−3

+ κnQ2

(n − 2)(n − 3)A2
n−2ε0r2(n−3)

,

where M and Q are the ADM mass and the total charge of 
the compact object, respectively. And An−2 is the area of the 
(n − 2)-dimensional unit sphere,

An−2 = 2π
n−1

2 /�(
n − 1

2
).

The interior metric should match well with the vacuum solution at 
the boundary of the compact object, that is to say

e−2λ
(out)|R = e−2λ

(in)
|R .

We define the gravitational mass within a sphere of radius r to be

mg(r) = m(r) + An−2 f (r)

2μ0
+ q2(r)

2(n − 3)An−2ε0rn−3
.

Consequently, the form of the interior solution Eq. (9) turns out to 
be

e−2λ
(in)

= 1 − 2κnmg(r)

(n − 2)An−2rn−3
+ κnq2(r)

(n − 2)(n − 3)A2
n−2ε0r2(n−3)

.

It is obvious that the gravitational mass and charge functions eval-
uating at the boundary of the compact object are

mg(R) = M, q(R) = Q,

which are exactly the ADM mass and the total charge of the 
compact object. The gravitational mass mg(r) and function m(r)
coincide with those of the situations in the absence of the electro-
magnetic charge.

3. Upper bound on the mass-radius ratio

In this section, we shall compute the radius of the innermost 
light rings in higher dimensions. Let us restrict attention to equa-
torial orbits, namely, θ1 = θ2 = · · · = θn−3 = π/2, and we denote 
the angular coordinate θn−2 = ϕ . The Lagrangian of the null circu-
lar geodesic is

2L = gtt ṫ
2 + grr ṙ2 + gϕϕϕ̇2, (10)

where a dot denotes a derivative with respect to certain affine pa-
rameter along the geodesic. According to Eq. (10), the generalized 
momenta corresponding to the generalized coordinates are

Pt = gtt ṫ = −E, Pr = grr ṙ, Pϕ = gϕϕϕ̇ = L.

There are two cyclic coordinates t and ϕ in the metric (4), cor-
responding to the stationarity ∂t and commuting azimuthal ∂ϕ

Killing vectors, which yield two conserved quantities: the phonon’s 
energy E and the angular momentum L at spatial infinity.

r

The Hamiltonian of the null circular geodesic is given by

2H = 2
(

Ptṫ + Prṙ + Pϕϕ̇ −L
) = ε,

where the constant ε = 1 for timelike geodesic and ε = 0 for null 
geodesic. The Hamiltonian can be divided into a potential energy 
(V (r) ≤ 0) part and a kinetic energy (K ≥ 0) part,

V (r) = −Eṫ + Lϕ̇, K = Prṙ.

A null geodesic implies H = 0 and the following two conditions 
exist

V (r) = V ′(r) = 0,

for the light rings [18,22]. So we get two equations to determine 
the radius of the light rings, they are

grr ṙ2 = −V (r) = 0, (grr ṙ2)′ = 0. (11)

Substituting Eq. (5) and Eq. (6) into equation Eq. (11), we get the 
explicit conditions

˙2 = e−2λ(E2e−2μ − L2

r2
) = 0, (12)

and

(ṙ2)′ = e−2μE2

r

[
(n − 1)e−2λ − (n − 3)

− 2κnr2

n − 2

(
P − q2(r)

2μ0r2(n−2)

)]
= 0. (13)

Before we proceed with the computations of the radius of light 
rings, it is necessary to introduce a characteristic function

χ(r) = (n − 1)e−2λ − (n − 3) − 2κnr2

n − 2

(
P − q2(r)

2μ0r2(n−2)

)
. (14)

For the null circle geodesic, χ(r = rγ ) = 0 is the characteristic 
equation, where rγ is the radius of light ring. Combine the Eq. (7)
and Eq. (8) together with weak energy condition for the matter 
source, we know that the asymptotic behaviors of χ(r) are

χ(r = 0) → 2, χ(r → ∞) → 2. (15)

Additionally, we know that the stability/instability of a null circle 
geodesic is determined by the second derivative of the potential 
energy. When V (r)′′ < 0, the null circle geodesic is unstable, while 
V (r)′′ > 0, the corresponding null circle geodesic is stable. Stabil-
ity of circular null geodesics plays a key role in its applications to 
astrophysics. It is suggested that the quasinormal modes are de-
termined by the orbital frequency and instability time scale of the 
unstable null geodesic in any stationary, spherically symmetric and 
asymptotically flat higher-dimensional spacetime [18,19], so that 
the unstable photon sphere is responsible for determining the size 
of a black hole shadow. In the literatures [24,25], the existence of 
stable light rings in higher dimensions is discussed. While a sta-
ble light ring is inferred to generate nonlinear instabilities due to 
the trapping of time-dependent massless perturbation fields on the 
circular null geodesics [26–28], which in turn lead to the dynamic 
instability of the spatially regular compact objects. And also the 
stable trapping of null geodesics occurs in higher dimensions [45,
46].

We can deduce from the Eq. (13) that

V ′′(r = rγ ) = −e−2μE2

r2
χ ′(r = rγ ).
γ
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Thus the conditions for the existence of a stable null circle 
geodesic of the horizonless compact object read as

χ(r = rγ ) = 0, χ ′(r = rγ ) < 0.

With the asymptotic behaviors Eq. (15) of function χ(r), we know 
that the characteristic equation χ(r) = 0 has even number of so-
lutions, the light rings always come in pairs. The innermost light 
ring of the pair is stable and the another one of the pair would be 
unstable.

The exterior spacetime of the charged compact object is vac-
uum with vanishing matter density and pressure ρ = P = 0, and 
the metric functions are described by the Tangherlini Reissner-
Nordström solution

e2μ
(out) = e−2λ

(out)

= 1 − 2κnM
(n − 2)An−2rn−3

+ κnQ2

(n − 2)(n − 3)A2
n−2ε0r2(n−3)

.

The characteristic equation of the null circle geodesic in the exte-
rior turns out to be

χ(rγ ) = 2 − 2(n − 1)κnM
(n − 2)An−2rn−3

γ

+
(
(n − 1)μ0 + (n − 3)ε0A2

n−2

)
κnQ2

(n − 2)(n − 3)A2
n−2r2(n−3)

γ

= 0. (16)

In the case of that2

M2

Q2
≥ 2(n − 2)[(n − 1)μ0 + (n − 3)ε0A2

n−2]
(n − 1)2(n − 3)κn

= 4(n − 2)2An−2

(n − 1)2(n − 3)κn
,

the solutions of Eq. (16) are

rn−3± = (n − 1)κnM
2(n − 2)An−2

± 1

2

√
(n − 1)2κ2

nM2

(n − 2)2A2
n−2

− 4κnQ2

(n − 3)An−2
.

Remarkably, the inequality implies the relation

rn−3+
Q

≥ (n − 1)κnM
2(n − 2)An−2Q

≥
√

κn

(n − 3)An−2
. (17)

As we have mentioned before, the dynamically stable horizon-
less ultracompact object shall exclude the existence of stable light 
rings. If the radius of the charged compact object is larger than 
the radius of the outermost light ring, there won’t be any null sta-
ble circle geodesic to develop nonlinearity instabilities. That is, the 
dynamically stable horizonless ultracompact object indicates the 
absence of light ring, which requires the condition

Rn−3 ≥ rn−3+ . (18)

Therefore, the above relation implies that there is an upper 
bound on the gravitational mass of self-gravitation horizonless 
charged compact object in higher dimensional spacetime, which 
shows

M ≤ (n − 2)An−2

(n − 1)κn
Rn−3 + (n − 2)Q2

(n − 1)(n − 3)Rn−3
.

2 Here and after, we adopt the units μ0 = 1/ε0 = An−2 in n dimensions.
Fig. 1. Comparison between the bounds Eq. (19) and Eq. (20), in regime of Q/Rn−3

determined by Eq. (17). y represent the difference between the right side of these 
two bounds, which show us a negative value with the dimension greater than four.

Naturally, a dimensionless mass-radius ratio κnM/Rn−3 should be 
the one we concerned in n-dimensions, deducing from the above 
mass bound, we have

κnM
Rn−3

≤ (n − 2)An−2

(n − 1)
+ (n − 2)κnQ2

(n − 1)(n − 3)R2(n−3)
. (19)

The result shows a strong dependence on the dimensions of space-
time. The mass-radius ratio bound is significantly affected by the 
dimensions of spacetime. In the literature [14], the mass-radius ra-
tio bound of compact object in higher dimensions has also been 
derived following Andreasson’s approach, it suggested that

κnM
Rn−3

≤ (n − 2)2An−2

(n − 1)2
+ κnQ2

(n − 1)(n − 3)R2(n−3)

+ (n − 1)An−2

n − 2

√
1 + (n − 1)κnQ2

(n − 2)An−2 R2(n−3)
. (20)

To compare the above two bounds, we take the subtraction be-
tween the right hand of the inequality Eq. (19) and the right hand 
of the inequality Eq. (20), denoting the result as y. We numer-
ically compute the value of y, and the result is plotted in Fig. 1. 
From the picture it can be seen that as the dimension increase, the 
difference is always negative in the regime Eq. (17). The right hand 
side of Eq. (19) is always smaller, so we conclude that the novel 
bound in the present paper is stronger for all higher dimensions 
in the regime Eq. (17). The analytical comparison between these 
two bounds is given in the Appendix A in detail, which support 
our results.

Meanwhile, when the dimension equal to four, the constants 
take the values of

A2 = 4π, κ4 = 8π, μ0 = 1

ε0
= 4π,

and our bound reduce to

M ≤ R

3
+ 2Q2

3R
for

M
Q

≥
√

8

9
,

which is consistent with the results in [35].

4. Conclusion and discussion

In this paper, we have studied the mass-radius ratio bound for 
horizonless compact object in higher dimensions. In recent years, 
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particular attentions of researchers have been devoted to the sta-
bility/instability of the compact objects. It is stated that the circular 
null geodesics would come in pairs if they exist, and one of the 
pair is stable. Moreover, the spacetime with a stable light ring will 
develop nonlinear instabilities responding to the time-dependent 
massless perturbations in any dimensions. The intriguing results 
inspire us to investigate the conditions for the dynamically stable 
compact objects. In the paper [35], Hod suggested that the radius 
of the compact objects must larger than the radius of the out-
ermost light rings, which ensures the absence of any stable light 
ring. Thus the horizonless compact objects would be dynamically 
stable.

Instead of considering the mass-radius ratio bound in four di-
mensions, we have generalized the issue into higher dimensions 
following Hod’s approach. Intuitively, the mass-radius ratio we 
considered in higher dimensions should be the dimensionless pa-
rameter κnM/Rn−3. We have analytically derived the upper bound 
on the mass-radius ratio of stable charged compact objects in 
n-dimensions, which gives

κnM
Rn−3

≤ (n − 2)An−2

(n − 1)
+ (n − 2)κnQ2

(n − 1)(n − 3)R2(n−3)
,

on the condition of that

M2

Q2
≥ 4(n − 2)2An−2

(n − 1)2(n − 3)κn
.

The above inequality shows that the dependency of the mass-
radius ratio bound on the dimensions of the spacetime is complex. 
Compare to the previous works on the bound following Andreas-
son’s approach, our results are proven to be stronger and better 
always in higher dimensions. When the dimension is reduced to 
four, the bound reduce to the results given in [35].
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Appendix A. Comparison between the bounds

The purpose of this Appendix is to provide a analytical proof 
that in the regime where the inequality Eq. (17) satisfied, our novel 
bound on the mass-radius ratio derived in the present paper is 
stronger than the bound given in the literature [14] in all higher 
dimensions.

To compare the bounds, we take the subtraction between the 
right hand of the inequality Eq. (19) and the right hand of the 
inequality Eq. (20), the result is denoted by symbol y and it shows

y = (n − 2)An−2

(n − 1)2

(
1 + n − 1

n − 2

κnQ2

An−2 R2n−6

)

− (n − 1)An−2

n − 2

√
1 + n − 1

n − 2

κnQ2

An−2 R2n−6
. (A.1)

The sign of y is crucial for us to determine which bound is 
stronger. A positive/negative y means that the right hand of in-
equality Eq. (19) is larger/smaller than the right hand of inequality 
Eq. (20). If the sign of y is always negative in all higher dimen-
sions, we can declare that our results is stronger and better than 
others. For convenience, let us introduce a new parameter x de-
fined as x = Q/Rn−3, combining with the relations Eq. (17) and 
Eq. (18), the regime of x is

x ∈
{

0,

√
(n − 3)An−2

κn

}
.

Subsequently, after inserting the definition of parameter x into 
Eq. (A.1), we take the derivation of the function y with respect 
to x, we arrive at

dy

dx
= κnx

⎛
⎜⎝ 2

n − 1
− (n − 1)2

(n − 2)2

1√
1 + (n−1)κn

(n−2)An−2
x2

⎞
⎟⎠ .

In the regime of x, we have

dy

dx
≤ κnx

⎛
⎜⎝ 2

n − 1
− (n − 1)2

(n − 2)2

1√
1 + (n−1)(n−3)

(n−2)

⎞
⎟⎠

< κnx

(
2

n − 1
− (n − 1)2

(n − 2)2

1√
n

)

< κnx

(
2

n − 1
− 1√

n

)
< 0, for n ≥ 4.

Hence the function y is monotonically decreasing, its maximum 
evaluate at x = 0, which gives

ymax = y(x = 0) = (n − 2)2 − (n − 1)3

(n − 1)2(n − 2)
An−2 < 0, for n ≥ 4

Thus, we have proven that our bound is always stronger than the 
bound given by Eq. (20) in all higher dimensions.

References

[1] LIGO Scientific collaboration, J. Aasi, et al., Advanced LIGO, Class. Quantum 
Gravity 32 (2015) 074001, arXiv:1411.4547.

[2] R. Wald, General Relativity, University of Chicago Press, 1984.
[3] H.A. Buchdahl, General relativistic fluid spheres, Phys. Rev. 116 (1959) 1027.
[4] M.K. Mak, P.N. Dobson Jr., T. Harko, Maximum mass radius ratio for compact 

general relativistic objects in Schwarzschild-de Sitter geometry, Mod. Phys. Lett. 
A 15 (2000) 2153, arXiv:gr-qc /0104031.

[5] C.G. Boehmer, T. Harko, Does the cosmological constant imply the existence of 
a minimum mass?, Phys. Lett. B 630 (2005) 73, arXiv:gr-qc /0509110.

[6] A. Balaguera-Antolinez, C.G. Boehmer, M. Nowakowski, On astrophysical 
bounds of the cosmological constant, Int. J. Mod. Phys. D 14 (2005) 1507, 
arXiv:gr-qc /0409004.

[7] P. Karageorgis, J.G. Stalker, Sharp bounds on 2m/r for static spherical objects, 
Class. Quantum Gravity 25 (2008) 195021, arXiv:0707.3632.

[8] H. Andreasson, C.G. Boehmer, Bounds on 2m/r for static objects with a positive 
cosmological constant, Class. Quantum Gravity 26 (2009) 195007, arXiv:0904 .
2497.

[9] M.K. Mak, P.N. Dobson Jr., T. Harko, Maximum mass radius ratios for charged 
compact general relativistic objects, Europhys. Lett. 55 (2001) 310, arXiv:gr-qc /
0107011.

[10] C.G. Boehmer, T. Harko, Minimum mass-radius ratio for charged gravitational 
objects, Gen. Relativ. Gravit. 39 (2007) 757, arXiv:gr-qc /0702078.

[11] H. Andreasson, Sharp bounds on the critical stability radius for relativistic 
charged spheres, Commun. Math. Phys. 288 (2009) 715, arXiv:0804 .1882.

[12] H. Andreasson, C.G. Boehmer, A. Mussa, Bounds on M/R for charged objects 
with positive cosmological constant, Class. Quantum Gravity 29 (2012) 095012, 
arXiv:1201.5725.

[13] J. Ponce de Leon, N. Cruz, Hydrostatic equilibrium of a perfect fluid sphere with 
exterior higher dimensional Schwarzschild space-time, Gen. Relativ. Gravit. 32 
(2000) 1207, arXiv:gr-qc /0207050.

[14] M. Wright, Buchdahl type inequalities in d-dimensions, Class. Quantum Gravity 
32 (2015) 215005, arXiv:1506 .02858.

http://refhub.elsevier.com/S0370-2693(20)30038-1/bib5468654C49474F536369656E74696669633A323031346A6561s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib5468654C49474F536369656E74696669633A323031346A6561s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib77616C643139383467656E6572616Cs1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib427563686461686C3A313935397A7As1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib4D616B3A323030316767s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib4D616B3A323030316767s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib4D616B3A323030316767s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib426F65686D65723A32303035736Ds1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib426F65686D65723A32303035736Ds1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib42616C616775657261416E746F6C696E657A3A323030347367s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib42616C616775657261416E746F6C696E657A3A323030347367s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib42616C616775657261416E746F6C696E657A3A323030347367s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib4B61726167656F726769733A323030376379s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib4B61726167656F726769733A323030376379s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib416E6472656173736F6E3A323030397065s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib416E6472656173736F6E3A323030397065s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib416E6472656173736F6E3A323030397065s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib4D616B3A323030316965s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib4D616B3A323030316965s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib4D616B3A323030316965s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib426F65686D65723A323030376771s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib426F65686D65723A323030376771s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib416E6472656173736F6E3A323030387877s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib416E6472656173736F6E3A323030387877s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib416E6472656173736F6E3A32303132646As1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib416E6472656173736F6E3A32303132646As1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib416E6472656173736F6E3A32303132646As1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib506F6E636564654C656F6E3A32303030706As1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib506F6E636564654C656F6E3A32303030706As1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib506F6E636564654C656F6E3A32303030706As1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib5772696768743A32303135646D61s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib5772696768743A32303135646D61s1


6 C. Wang et al. / Physics Letters B 802 (2020) 135234
[15] T. Harko, M.K. Mak, Anisotropic charged fluid spheres in D space-time dimen-
sions, J. Math. Phys. 41 (2000) 4752.

[16] M. Wright, Buchdahl’s inequality in five dimensional Gauss-Bonnet gravity, 
Gen. Relativ. Gravit. 48 (2016) 93, arXiv:1507.05560.

[17] P. Kareeso, P. Burikham, T. Harko, Mass-radius ratio bounds for compact objects 
in Lorentz-violating dRGT massive gravity theory, Eur. Phys. J. C 78 (2018) 941, 
arXiv:1802 .01017.

[18] V. Cardoso, A.S. Miranda, E. Berti, H. Witek, V.T. Zanchin, Geodesic stability, 
Lyapunov exponents, and quasinormal modes, Phys. Rev. D 79 (2009) 064016, 
arXiv:0812 .1806.

[19] Y. Decanini, A. Folacci, B. Raffaelli, Unstable circular null geodesics of static 
spherically symmetric black holes, Regge poles and quasinormal frequencies, 
Phys. Rev. D 81 (2010) 104039, arXiv:1002 .0121.

[20] C.J. Goebel, Comments on the “vibrations” of a black hole, Astrophys. J. 172 
(1972) L95.

[21] E. Berti, A black-hole primer: particles, waves, critical phenomena and super-
radiant instabilities, arXiv:1410 .4481.

[22] P.V.P. Cunha, E. Berti, C.A.R. Herdeiro, Light-ring stability for ultracompact ob-
jects, Phys. Rev. Lett. 119 (2017) 251102, arXiv:1708 .04211.

[23] S. Hod, On the number of light rings in curved spacetimes of ultra-compact 
objects, Phys. Lett. B 776 (2018) 1, arXiv:1710 .00836.

[24] Y. Koga, T. Harada, Stability of null orbits on photon spheres and photon sur-
faces, Phys. Rev. D 100 (2019) 064040, arXiv:1907.07336.

[25] M. Cvetic, G.W. Gibbons, C.N. Pope, Photon spheres and sonic horizons in black 
holes from supergravity and other theories, Phys. Rev. D 94 (2016) 106005, 
arXiv:1608 .02202.

[26] J. Keir, Slowly decaying waves on spherically symmetric spacetimes and ul-
tracompact neutron stars, Class. Quantum Gravity 33 (2016) 135009, arXiv:
1404 .7036.

[27] V. Cardoso, L.C.B. Crispino, C.F.B. Macedo, H. Okawa, P. Pani, Light rings as 
observational evidence for event horizons: long-lived modes, ergoregions and 
nonlinear instabilities of ultracompact objects, Phys. Rev. D 90 (2014) 044069, 
arXiv:1406 .5510.

[28] P.V.P. Cunha, C.A.R. Herdeiro, E. Radu, Fundamental photon orbits: black hole 
shadows and spacetime instabilities, Phys. Rev. D 96 (2017) 024039, arXiv:
1705 .05461.

[29] S. Hod, Lower bound on the compactness of isotropic ultracompact objects, 
Phys. Rev. D 97 (2018) 084018, arXiv:1810 .03618.

[30] Y. Peng, Upper bound on the radii of regular ultra-compact star photonspheres, 
Phys. Lett. B 790 (2019) 396, arXiv:1812 .04257.
[31] S. Hod, Upper bound on the radii of black-hole photonspheres, Phys. Lett. B 
727 (2013) 345, arXiv:1701.06587.

[32] Y. Peng, On instabilities of scalar hairy regular compact reflecting stars, J. High 
Energy Phys. 10 (2018) 185, arXiv:1810 .04102.

[33] S. Hod, Hairy black holes and null circular geodesics, Phys. Rev. D 84 (2011) 
124030, arXiv:1112 .3286.

[34] S. Hod, Self-gravitating field configurations: the role of the energy-momentum 
trace, Phys. Lett. B 739 (2014) 383, arXiv:1412 .3808.

[35] S. Hod, Upper bound on the gravitational masses of stable spatially regular 
charged compact objects, Phys. Rev. D 98 (2018) 064014, arXiv:1903 .10530.

[36] U. Papnoi, F. Atamurotov, S.G. Ghosh, B. Ahmedov, Shadow of five-dimensional 
rotating Myers-Perry black hole, Phys. Rev. D 90 (2014) 024073, arXiv:1407.
0834.

[37] S. Chakraborty, S. SenGupta, Strong gravitational lensing — a probe for extra di-
mensions and Kalb-Ramond field, J. Cosmol. Astropart. Phys. 1707 (2017) 045, 
arXiv:1611.06936.

[38] T. Hertog, T. Lemmens, B. Vercnocke, Imaging higher dimensional black objects, 
Phys. Rev. D 100 (2019) 046011, arXiv:1903 .05125.

[39] R.A. Konoplya, A. Zhidenko, Instability of higher dimensional charged black 
holes in the de-Sitter world, Phys. Rev. Lett. 103 (2009) 161101, arXiv:0809 .
2822.

[40] R.A. Konoplya, A. Zhidenko, (In)stability of D-dimensional black holes in Gauss-
Bonnet theory, Phys. Rev. D 77 (2008) 104004, arXiv:0802 .0267.

[41] V. Cardoso, M. Lemos, M. Marques, On the instability of Reissner-Nordstrom 
black holes in de Sitter backgrounds, Phys. Rev. D 80 (2009) 127502, arXiv:
1001.0019.

[42] M. Chabab, H. El Moumni, S. Iraoui, K. Masmar, Behavior of quasinormal modes 
and high dimension RN-AdS black hole phase transition, Eur. Phys. J. C 76 
(2016) 676, arXiv:1606 .08524.

[43] H. Liu, Z. Tang, K. Destounis, B. Wang, E. Papantonopoulos, H. Zhang, Strong 
cosmic censorship in higher-dimensional Reissner-Nordström-de Sitter space-
time, J. High Energy Phys. 03 (2019) 187, arXiv:1902 .01865.

[44] F.R. Tangherlini, Schwarzschild field in n dimensions and the dimensionality of 
space problem, Il Nuovo Cimento (1955-1965) 27 (1963) 636.

[45] F.C. Eperon, H.S. Reall, J.E. Santos, Instability of supersymmetric microstate ge-
ometries, J. High Energy Phys. 10 (2016) 031, arXiv:1607.06828.

[46] F.C. Eperon, Geodesics in supersymmetric microstate geometries, Class. Quan-
tum Gravity 34 (2017) 165003, arXiv:1702 .03975.

http://refhub.elsevier.com/S0370-2693(20)30038-1/bib323030304A4D502E2E2E2E34312E3437353248s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib323030304A4D502E2E2E2E34312E3437353248s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib5772696768743A32303135796461s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib5772696768743A32303135796461s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib4B61726565736F3A3230313878756Ds1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib4B61726565736F3A3230313878756Ds1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib4B61726565736F3A3230313878756Ds1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib50687973526576442E37392E303634303136s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib50687973526576442E37392E303634303136s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib50687973526576442E37392E303634303136s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib446563616E696E693A32303130667As1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib446563616E696E693A32303130667As1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib446563616E696E693A32303130667As1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib3139373241704A2E2E2E3137324C2E2E393547s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib3139373241704A2E2E2E3137324C2E2E393547s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib42657274693A32303134626C61s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib42657274693A32303134626C61s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib43756E68613A32303137717474s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib43756E68613A32303137717474s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib486F643A323031377A7069s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib486F643A323031377A7069s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib4B6F67613A32303139757164s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib4B6F67613A32303139757164s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib4376657469633A32303136627869s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib4376657469633A32303136627869s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib4376657469633A32303136627869s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib4B6569723A323031346F6B61s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib4B6569723A323031346F6B61s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib4B6569723A323031346F6B61s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib436172646F736F3A32303134736E61s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib436172646F736F3A32303134736E61s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib436172646F736F3A32303134736E61s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib436172646F736F3A32303134736E61s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib43756E68613A32303137656F65s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib43756E68613A32303137656F65s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib43756E68613A32303137656F65s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib486F643A323031386D7675s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib486F643A323031386D7675s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib50656E673A323031386E6B6As1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib50656E673A323031386E6B6As1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib486F643A32303137786B7As1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib486F643A32303137786B7As1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib50656E673A32303138717970s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib50656E673A32303138717970s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib50687973526576442E38342E313234303330s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib50687973526576442E38342E313234303330s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib486F643A32303134656E61s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib486F643A32303134656E61s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib486F643A32303138617267s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib486F643A32303138617267s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib5061706E6F693A32303134616161s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib5061706E6F693A32303134616161s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib5061706E6F693A32303134616161s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib4368616B7261626F7274793A323031366C786Fs1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib4368616B7261626F7274793A323031366C786Fs1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib4368616B7261626F7274793A323031366C786Fs1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib486572746F673A32303139686662s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib486572746F673A32303139686662s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib4B6F6E6F706C79613A323030386175s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib4B6F6E6F706C79613A323030386175s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib4B6F6E6F706C79613A323030386175s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib4B6F6E6F706C79613A323030386978s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib4B6F6E6F706C79613A323030386978s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib436172646F736F3A32303130727As1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib436172646F736F3A32303130727As1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib436172646F736F3A32303130727As1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib4368616261623A3230313663656Ds1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib4368616261623A3230313663656Ds1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib4368616261623A3230313663656Ds1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib4C69753A323031396C6F6Es1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib4C69753A323031396C6F6Es1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib4C69753A323031396C6F6Es1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib54616E676865726C696E6931393633s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib54616E676865726C696E6931393633s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib457065726F6E3A32303136636464s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib457065726F6E3A32303136636464s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib457065726F6E3A32303137627771s1
http://refhub.elsevier.com/S0370-2693(20)30038-1/bib457065726F6E3A32303137627771s1

	Mass-radius ratio bound for horizonless charged compact object in higher dimensions
	1 Introduction
	2 Set up
	3 Upper bound on the mass-radius ratio
	4 Conclusion and discussion
	Acknowledgements
	Appendix A Comparison between the bounds
	References


