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Black holes in Melvin universe
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Abstract A technique was developed by F. J. Ernst in
1976 for immersing black hole spacetimes in Melvin’s
magnetic universe. This method for magnetizing lack
holes uses Harrison’s transformations. In this paper we
review the earlier work done on magnetizing the Schwar-
zschild, Reissner-Nordstrom and Kerr-Newman black
holes.

1 Introduction

In 1952 W. B. Bonner gave the solution for empty
space having cylindrical symmetry containing electro-
magnetic field and discussed its physical interpretation
[1,2]. This was subsequently rediscovered by M. A. Mel-
vin [3]. It is now usually referred to as the “Melvin uni-
verse”. The metric that describes Melvin universe is [3,
4]
ds? = (1+ 1 B?p*)%(—dt? + dp* + dz?)

1 _
+ (L4 B%%) 2p*dg?, (1)

with ¢, z € (—o0,+00), p € [0,00), ¢ € [0,27). The
electromagnetic field can be described by the Maxwell
tensor

F =e " B(dz Adt), (2)

where 1) is a real parameter of duality rotation. In par-
ticular, for ¢ = 0, the Maxwell tensor is F' = Bdz A
dt which describes an electric field pointing along the
z-direction, whereas for ¢ = m/2 one obtains F' =
B(1+1/4B%p*)~2pdp A d¢, which represents a purely
magnetic field oriented along the z-direction. It is a
spacetime which is static cylindrically symmetric and
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in which there exists an axial magnetic and/or elec-
tric field aligned with the z-axis, and the magnitude of
the field is determined by the parameter B. This so-
lution represents a universe which contains a parallel
bundle of electric or magnetic flux held together by its
own gravitational pull. Further, for B = 0, the met-
ric is Minkowski metric in cylindrical coordinates. If
B # 0, the metric is not asymptotically flat because
1+ 1/4B2%p? does not go to 1 at any z.

The above Melvin magnetic solution has been con-
sidered as a useful model in, among others, the stud-
ies of astrophysical processes, quantum black hole pair
creation and gravitational collapse. Its importance de-
rives also from the fact that it appears as a limit in
more complicated solutions and is therefore considered
as a background for a number of interesting solutions.
It was shown already by Melvin [5] and Thorne [6]
that the spacetime is, somewhat surprisingly, stable
against small radial perturbations, as well as arbitrarily
large perturbations which are confined to a finite region
about the axis of symmetry.

In 1976, F. J. Ernst using Harrison’s transformation
[7] presented a procedure for transforming asymptot-
ically flat axially symmetric solutions of the coupled
Einstein-Maxwell equations into solutions resembling
Melvin’s magnetic universe [8,9]. He used this tech-
nique for the removal of the nodal singularity of the
C-metric [10], and studied the Schwarzschild, Reissner-
Nordstrom and Kerr-Newman black holes in Melvin
universe [8,9]. Recently, Ernst’s solution generating tech-
nique is used by M. Astorino for embedding hairy black
holes in Melvin universe [11] and by G. W. Gibbons et.
al. for Kerr-Newman black holes [12]. In this paper we
present a review of this work and discuss some exam-
ples that illustrate how Ernst used Harrison’s transfor-
mation [7] to generate some electrovac solutions, which
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are of physical interest. In Section 2 we shall discuss
how Ernst obtained Melvin universe using Harrison’s
transformation. Sections 3 and 4 deal with Schwarz-
schild and Reissner-Nordstrom black holes in Melvin
universe. In Section 5 we review the work [12] done on
Kerr-Newman solution having electric as well as mag-
netic charge in Melvin universe. A brief conclusion is
given at the end.

2 Melvin universe by Ernst’s technique

The line element of Minkowski space in cylindrical co-
ordination is given by

ds® = —dt® + dz* + dp® + p*de?, (3)

and the general form of stationary axial symmetric line
element can be written as [§]

ds® = f7H—2P2dEdE" + p?dt?] — f(dp — wdt)?®.  (4)
On comparing Egs. (3) and (4) we have

(dz + idp)
V2o
The complex gravitational potential € associated with

gravity is defined by
e= /18" +ie, (6)

f=-r, P=p7t, dt= (5)

w=0,

where @ is the complex electromagnetic potential, whose
real and imaginary parts are electrostatic and magneto-
static potentials, respectively and |®| is the magnitude
of complex potential. If E,., Ey, H, and Hy are the ra-
dial and angular components of electric and magnetic
fields, the complex electromagnetic potential may be
evaluated by

H,+iE, = Pg—?, Hy+iEy = —Pg—f. (7)
In Eq. (6) ¢ is the twist potential. If one defines the
symbol

V:Tg—l—ig, (8)

the twist potential may be determined by equation
—p L f?Vw = iVyp + &*VP — dVP*. 9)

Here @* is the conjugate of @. Since initially there is no
electromagnetic field, so complex gravitational, electro-

magnetic and twist potentials are given by
e=f=—p>,d=0, ¢=0. (10)

Now by Harrison’s transformations new functions are

defined as [8]

A =1+ B — {B%, (11)
£ = A"1g, (12)
¢ =AY P - 1Be), (13)

and under this transformation fu/nctions; f and w are
transformed into new functions f and w as
f'=Res + @] =A% f, (14)
Vw' = |A]? Vw + pf 1 (A*VA — AVA*), (15)
where the operator V is different for different cases,

while the function P and p are unmodified. From Egs.
(11) - (13)

A=1+ inBQ, (16)
, 2
e =Ale= —wa, (17)
! 2
f=A = (18)

A+ 7B
As A =1+ 1p*B? is real so A*"VA— AVA* = 0, and

from Eq. (5) w =0, so w" = 0. Using the new functions
f and w' in Eq. (4) the transformed line element is [8]

1
ds* = (1+ ZB2p2)2[—dt2 +dz? + dp?]

1
+ (14 B%p%) ?p%dg?, (19)
with the electromagnetic potential
co 1 1 Bp?
& = _A'Bp=_-—" . 20
P Y C I Y2 (20)

From the above equation the components of magnetic
field are

H,=A"?B, H,=0=Hy. (21)

This solution is same as Melvin’s magnetic universe (1).

3 Schwarzschild black hole in Melvin universe

The Harrison transformation can be used to magne-
tize the Schwarzschild black hole. The metric of the
Schwarzschild black hole is given by

dr?
(1 2)

2M
ds® = —(1-=—=)dt*+ +r2d6* 17 sin® 0do?(22)
r

or

1 2dr?
ds* = —— (r? — 2Mr)dt* + rar + r2d6?

r2 (r2 —2Mvr)
+ r?sin® 0d¢p?>. (23)
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Comparing the above equation with Eq.(4) we have

f = —7’2 Sin2 97 w = 07 p= (7‘2 - 2M7‘)1/2 sin 0,(24)
1 dr
_ 2 . —1 _ - - ,
P = (r2sing) ", df—ﬁ<(r2_2MT)l/2+zd6).

(25)
The radial and angular components of electric and mag-
netic fields satisfy the equation

H, 4iE, = Pg—j Hy+iEy = —P(r2—2Mr)1/22—f.(26)
If one defines the symbol
0 0
= 2 — 2M 1/27 ) — 2
V=_(r T) aT—i—zae, (27)
the twist potential may be determined by
—p L fPVw = iVy + &* VD — dVP*. (28)

Since initially there is no electromagnetic field, also w =
0, so the complex gravitational, electromagnetic and
twist potentials are given by

e=f=—r’sin?0, =0, =0, (29)
while Eqgs. (11)-(13) yield
Lo Log o .o
A:l—i—B@—ZBe:l—i-ZBrsm 0, (30)
’ ].
e =Ae=—-(1+ ZBZTQ sin? 0) ~1r? sin” 0, (31)
’ 1
& = AP~ - Be)
2
1 1
= 5(1 + ZB%Q sin? ) "' Br? sin? 6. (32)

The transformed fields f* and w’ from Eqs. (14) and
(15) are

f=1A7f=-

r2sin? 6 /

, w =0.
(1+ 1B%r2sin®0)?
Using f " from w'from the above equations and unmodi-

fied functions P and p from Eq. (4) we obtain the trans-
formed line element [8]

(33)

dr?
(1215
+ r2d6°) + | A] 7 r? sin® 0d¢?. (34)
In this case the magnetic field components are given by
H, = A"2Bcos¥, (35)

ds? = AP [—(1 — My 4
T

Hy = —A~2B(1 - M2 609 (36)
T

Note that if M = 0 the above metric becomes Melvin’s
magnetic universe, while for M # 0 there is an event
horizon at » = 2M and the angular component of mag-
netic field vanishes at the event horizon. Further, the
metric has singularity at » = 0, as in the case of Schwarz-
schild metric. If we take B = 0, this reduces to the
Schwarzschild solution.

4 Reissner-Nordstrom black hole in Melvin
universe

The application of the procedure to the Reissner-Nords-
trom black hole is not so simple. In this case E x H
serves as a source for twist potential, and the trans-
formed metric is not static as in the case of the Schwarz-
schild black hole, but stationary. The spacetime of Reis-
sner-Nordstr 6m black hole is

2M ¢

2M P
2 _ &M g M gt g o
ds* =—(1 . +r2)dt +(1 . +T2) dr

+ 72d0? + r?sin? 0d¢?, (37)

or, we can write

1
ds® = ——2(7"2 —2Mr + ¢*)dt? + r2(r? — 2Mr + ¢*) " tdr?
T

+ r2d6? 4 r? sin® 0dp>. (38)

Comparing Eq. (38) with Eq. (4) we note that

F= 0, w =0, p= (2~ 2Mr + ¢)"sing, (39

dr
id ) .
(r2 —2Mr + ¢)1/2 +Z )
(40)

P = (r?sinf)"!, d¢ = —= (

The complex electromagnetic potential ¢, whose real
and imaginary parts are electrostatic and magnetosta-
tic potentials, respectively, may be evaluated by the
equations

oP
H,.+iE. =P—, 41
+1 20 (41)
. 2 2172 0P
H9+ZEO:—P(T —2M7"+q) 87 (42)
r
Solving the above equation we have @ = —iqcosf. If
one defines the symbol
0 0
_ 2 2y1/2 .
= —2M — +i—= 43
V= (2 oMr+ @) P i, (43)
the twist potential ¢ can be determined from
—p L fAVw = iV + &* VD — dVP*. (44)

Since @ is pure imaginary so ®*V@ — ¢VP* = (), also
w = 0, so the twist potential is also equal to zero i.e.
¢ = 0. The complex gravitational potential ¢ associated
with gravity is given by

e=f—|0|* +ip=—r’sin®0 — ¢* cos® 0, (45)
while Egs. (11) - (14) take the form
Lo
A=1+4+Bo - ZB €
1
=1+ EBQ(T2 sin® 0 + ¢? cos® §) — iBqcos ¥, (46)



A
B r2sin? 0 + ¢% cos? 0 (47)
N 14+ iBQ(T2 sin” 6 + ¢2 cos? §) — iBgcos §
2

f=1a72f
r2sin’ 0

= — {748
(1+ 1B2(125in? 0 + ¢2 cos? 6))2 + (Bg cos )% :

and w’ can be evaluated by the equation

Vo' = pf HA*VA— AVAY). (49)

Integrating Eq. (49) yields the following expression for
w

’

1 1
w = —2Bgr '+ B3qr + §B‘°’q3r’1 — iBsqrfl

x (12 — 2Mr + ¢*) sin” 0 + const. (50)

Consequently, the transformed metric takes the form

8]

2M
ds? = [AP[~(1 2

2IM 2 2
—T+z—2)dt2+(1— +z—2) Ldr?
+ r2d0%] + | A" r? sin? 0(dp — w dt)?, (51)
where A and w’ are given by Eqs. (46) and (50). The
above metric is known as the Reissner-Nordstrom black
hole in Melvin universe which is the charged general-
ization of Schwarzschild black hole in Melvin universe.
If ¢ = 0 then this metric reduces to the Schwarzschild
black hole in Melvin universe, and if B = 0, then the
above metric reduces to Reissner-Nordstréom black hole.
Finally, the components of the electric and magnetic
fields may be evaluated from electromagnetic potential

@' . The results are

H,+iE, = A_2[i(%){1 - EBZ(T2 sin® 0 + ¢ cos® 0)}
T

1 2
+ B(1-— §quCOS 0)(1— %)Cose]a (52)
. 2 1.4
Hy +iEy = —B|A| (l—izq cos 0)
2M ¢ ) .
X (1 — 7,,‘ + ﬁ) / Slng. (53)

5 Kerr-Newman black hole in Melvin universe

The spacetime describing magnetized Kerr-Newman bl-
ack hole of mass M, angular momentum per unit mass
a, carrying electric charge ¢ and magnetic charge p,
embedded in a Melvin’s universe of magnetic field B is
12)

2 2 2 dr? 2

X sin® 6

2
+ gz (A —wdt)”, (54)
where
R? =7 + a®cos? 0, (55)
A= (r*+a%) — 2Mr + ¢* + p?, (56)
Y= (r?+a*? - a’Asin?0, (57)
R’A
f=— (58)
HB + Hyp B2 + Hyp B + Hyy B*
H=1+-1 ©) Rz() W5 (59
with
Hyy = 2aqr sin? 0 — 2p(r? + a?) cos b,
1
Hp) = 5[(7‘2 +a?)? — a? Asin® 6] sin® 0
+ SQQ(aQ + 72 cos?0),
A
He) = _%[7”2(3 — cos® §) cos® 0 + a®(1 + cos® 6)]

q@%a[(2r? + a?) cos? 0 + a?]

1
— —p(r* —a*)sin?fcos b +

2 2r

1
— pa’Asin® 0 cosb — inQ (r? 4+ a®) cos® 0
aq(r? 4+ a?)?(1 + cos? 9)

+ 2r

1
Hyyy = —(r* +a*)?R?sin" 0

16
1
+ 1M2a2 [r%(cos® 6 — 3)? cos® 0
1
+ a?(1 + cos? 0)?] + —q*[r* cos 0

16
1
+ a®(1 + sin? )] cos? O + ZMa2r(r2 +a?)sin® 9
1
+ ZMcczqzr(cos2 6 — 5)sin” f cos® 0
1
+ gﬁQ(TQ +a?)(r* 4+ a® + a*sin® ) sin? 0 cos® 6.
Here g% = ¢®> + p?, and
1 . .
w = E[(2Mr—q2)a+w(1)B+w(2)BQ+w(3)Bd+w(4)B4],(60)
with
way = —2qr(r? + a?) 4 2apA cos b,
3
we) = —iaﬁz(rz +a? + Acos?6),
1 1
W) = AgM2a’r + §ap§4 cos® 0 + iqr(r2 +a®)[r® — a?
1
+(r? + 3a?) cos? 0] + §ap(r2 +a?)[3r? + a® — (12
—a?) cos? 0] cos 0 — aMG*(2aq + prcos® 0) — apMr

1
x[2R* 4 (r? + a*) sin? 0] cos 6 + iapﬁz [3r2 + a®
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1
+2a” cos? 0] cos 0 + 5(1627“[(7“2 + 3a?) cos® 6 — 2a?]
+qM[r* — a* + r2(r? + 3a?) sin? 6],
1 1
Wy = §a3M3r(3 + cos'9) — ga?} [r%(2 + sin” §) cos” 0

1
+a?(1 + cos* )] + 1—66@2(7”2 +a®)[r?(1 — 6 cos® 6

1
+3cos 0) — a®(a + cos* §)] — Za3M2§2(3 + cos* 0)

1 1
—T6a§6 cost 6 + ZaMZ[r‘l(S — 6cos? 0 + 3cos” )
+2a%r2(3sin? 6 — 2 cos* 0) — a*(1 + cos* 0)]
1 1
+§CLM§4T cos* 0 + gaM§2r[2r2(3 — cos?0)
1
x cos® 0 — a*(1 — 3 cos? 6 — 2 cos* 0)] + gaMr

x(r? +a?)[r*(3 + 6 cos® § — cos* §)
—a?(1 — 6cos? 0 — 3cos? ).

The electromagnetic vector potential is

A= (@0 - w@3)dt + ®3do, (61)

where

o _ 20+ 2B+ 2B+ o B (62)
0 — 45 )

with

€15(()O) = 4[—qr(r® + a®) + apAcos b,
4581) = —6ag>(r* + a* + Acos?0),
@82) = —3q[(r + 2M)a* — (r* + 4Mr + Acos® §)r3
+ a?(2¢%(r + 2M) — 6Mr?* — 8M?r — 3rAcos® 0)]
+ 3pA[3ar® 4 a® + a(a® + G — r?) cos® 0] cos b,
45(()3) = —%a[4a4M2 + 126> M2 + 2a°q* + 2a* Mr
— 24a®>M3r + 4a2M627’ — 240> M?r% — 4a®> M3
— @t — 6Mr® — 6rA{2M (r? + a®) — G*r} cos® 0
+ a'*q® — 12M%r* + A(G* — 3¢ + 2Mr?
+ a?(4M? +G* — 6Mr)) cos* 6],

and

o + o' B + oV B> + ¢}V B
@y = o , (63)
with

@go) = aqrsin®0 — p(r? + a?) cos b,

1
) = S[Zsin 0 + 37 (a” + 17 cos” 0)],
3 3
oY) = Zaqr(r2 +a®)sint g — ZP(T2 +a*)?sin  cos 0

+3a?pMr sin’ 0 cos 6 + ;aqm[r2(3 — cos? )

3
x cos? 0 + a*(1 4 cos® 0)] — ZanQT sin”  cos® 0

3
—qug[(TQ — a?) cos® § + 2a?] cos 0,

45:(33) = 362(7"2 +a®)[r® 4+ a® + a*sin® 0 cos® 0] — %a2§2
x Mr(5 — cos® ) sin? @ cos® 0 + %aQMz[TQ(S
—cos? 0)% cos? 0 + a*(1 + cos? 0)?] + %aQMr(r2
+a?) sin® 6 + %RQ(T2 +a?)?sin* 0 + %64[7“2 cos?
+a?(2 — cos? 0)?] cos? 6.

6 Conclusion

We have described Ernst’s solution generating tech-
nique [8-10] which uses Harrison’s transformations for
magnetizing black holes. We have reviewed the ear-
lier work in this direction on Schwarzschild, Reissner-
Nordstrom and Kerr-Newman black holes. Note that if
we take electric charge e and magnetic charge p equal to
zero the metric for Kerr-Newman black hole in Melvin
universe reduces to Kerr black hole in Melvin universe.
Further if we take the rotation parameter a equal to
zero the metric reduces to the magnetized Schwarz-
schild black hole. If we put the magnetic field B = 0
all the metrics reduce to their unmagnetized versions.
Other properties of these magnetized black holes and
further work in this direction [13] will be reported else-
where.
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