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Abstract

Although the paradigm of inflation has been extensively studied to demonstrate
how macroscopic inhomogeneities in our Universe originate from quantum
fluctuations, most of the established literature ignores the crucial role that
entanglement between the modes of the fluctuating field plays in its observable
predictions. In this paper, we import techniques from quantum information
theory to reveal hitherto undiscovered predictions for inflation which, in turn,
signals how quantum entanglement across cosmological scales can affect large
scale structure. Our key insight is that observable long-wavelength modes
must be part of an open quantum system, so that the quantum fluctuations
can decohere in the presence of an environment of short-wavelength modes.
By assuming the simplest model of single-field inflation, and considering the
leading order interaction term from the gravitational action, we derive a uni-
versal lower bound on the observable effect of such inescapable entanglement.
Although this signal is too weak for direct detection in the foreseeable future,
we discuss the importance of its theoretical implications.
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1. Introduction

Non-local behaviour, manifested through quantum entanglement, is a characteristic trait of
quantum theory. An implication of this is that physics on different scales are able to influence
each other. Conversely, the Wilsonian prescription tells us that it is possible to derive effective
field theories (EFTs) which can describe physics below a particular energy scale by integrating
out high-energy degrees of freedom (dofs). Therefore, it is important to understand what are the
conditions under which a quantum system allows for a derivative expansion, or some analogous
controlled approximation, for having the usual EFT description.

An early epoch of accelerated expansion [ 1-6]—inflation—presents a rare example of inter-
play between physics on microscopic and macroscopic scales since it explains the rich struc-
ture of late-time inhomogeneities, observed in the distributions of galaxies and the temperat-
ure variations in the cosmic microwave background (CMB), as being sourced by minuscule
quantum mechanical vacuum fluctuations [7]. Primordial quantum fluctuations, whose phys-
ical wavelengths are stretched by the background expansion, become larger than the comov-
ing Hubble radius at some point in the remote past and then re-enter as classical perturbations
which we observe today. However, since the modes on super-Hubble scales alone form our
system, we need to figure out which is the best EFT that describes the dynamics of these long-
wavelength dofs.

Our main findings are that there are non-negligible corrections to the power spectrum arising
from this primordial entanglement due to UV-IR mode-mixing which are, in principle, detect-
able from future observations. Although the corrections to the power spectrum and the spectral
index is very small for slow roll inflation, nevertheless the effect of such corrections on the run-
ning of the spectral index, or the running of the running, is detectable in principle. Secondly,
in order for the perturbative description to be valid, inflation cannot be semi-infinite in the past
since the small corrections from primordial entanglement build up with time. A by-product
of our work is that it serves as an indirect test for cubic non-Gaussianities in vanilla slow-roll
models of inflation, which cannot otherwise be detected directly from any observation [8, 9].
Since these leading order nonlinearities necessarily act as an interaction term responsible for
mode-couplings between the system and environment dofs, verification of our prediction shall
indirectly validate their existence. (More complicated models of inflation, which allow for
detectable amounts of non-Gaussianity, will only enhance this effect.) Finally, since entangle-
ment is a purely quantum phenomenon, our results present a smoking gun for the quantum
origin of inflation. In principle, present observations of macroscopic inhomogeneities can be
modelled by a classical probability distribution and an unequivocal test of their quantum ori-
gin (such as cosmological Bell inequalities [10—13] or specific features in the non-Gaussianity
functions [14]) are typically too small for realistic models of inflation [15, 16]. A null detec-
tion of our predictions, from future observations, will definitively rule out a quantum origin
for inflation since we give a universal lower bound of a verifiable effect which must be present
for quantum fluctuations resulting from a single scalar field dynamics. Our methods, however,
are completely general and lay the foundation for calculating the same effect for any theory
of the early-Universe, e.g. Ekpyrosis [17, 18], which sources inhomogeneities from quantum
fluctuations.

The paper is organized as follows. After explaining in a bit more detail why standard EFT
does not apply to inflation in the next section, we describe our setup and how an open quantum
system approach applies to it. We go on to calculate the dynamics of the reduced density matrix
of the system dofs by solving the kernel, and then go on to calculate the power spectrum using
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this reduced density matrix. Finally, we conclude by emphasizing the main ramifications of
our findings. We have relegated the details of solving the master equation, and related issues
of non-perturbative resummation and renormalization, to the appendices.

2. Inflation as an open quantum system

As with any system in physics, it is customary to treat inflationary dynamics as that of a sys-
tem of the infrared modes which are of observational interest to us. Of course, this is simply
a restatement of the fact that we do not have observational access to the entire Hilbert space
of fluctuations. In this sense, there is nothing unusual or exotic in treating primordial perturb-
ations as an open system in inflation, and this is what is customarily done in any case. The
interesting new aspect is a rather technical one—how does one consider an effective theory of
these low-energy (super-Hubble) perturbations? Typically, one would turn to Wilsonian EFT
to evaluate the correlation functions of interest and then calculate quantum effects in the form
of loop corrections coming from higher energy modes. However, for a cosmological setup,
such a clean distinction between low and high energy dofs is not possible as we show below.
Instead, one needs to use the setup of an open quantum system, and calculate the evolution of
the reduced density matrices for the modes of interest. This is the novelty of our work since
it shows how this method is much more general than evaluating standard loop corrections, if
deviations from Markovian behaviour, and other such subtleties which appear in gravitational
systems, are to be captured effectively.

The crucial thing to note in this case is that the standard Wilsonian effective action does not
exist since the sub-Hubble modes, which are integrated out, are not excluded by any conser-
vation law [19, 20]. This is contrary to traditional EFTs in which energy conservation ensures
that high-energy dofs cannot be part of the system if they were not initially present, and the
entire dynamics of the low-energy system can be described by an effective Lagrangian con-
sisting only of the light dofs. In the cosmological system, the long wavelength modes inter-
act and exchange energy with the sub-Hubble ones and therefore, the time evolution of the
system under consideration cannot be described by unitary evolution of some low-energy
Hamiltonian. In fact, these long wavelength dofs need to be treated as an open quantum sys-
tem rather than an isolated one [21], which is coupled to an environment of unobservable short
wavelength fluctuations, thereby allowing for a pure state to evolve into a mixed one [22]. The
non-Hamiltonian evolution underlying this process is the main physical insight which allows
physics on the shortest scales to affect structure formation on the largest scales of our Uni-
verse, going against intuition derived from Wilsonian EFT since we need to study an out-of-
equilibrium system in this case. The key question, which we address in this article, is what
are the observable consequences of this primordial entanglement between the long and short
wavelength modes?

The simplest model of inflation consists of a (minimally-coupled) single scalar field, with
a postulated form for its potential to allow for an accelerated expansion and then a graceful
exit from it. Gravitational nonlinearities, arising from the Einstein—Hilbert action [23], lead
to coupling between the momentum modes (in Fourier space) of cosmological perturbations.
We consider the coupling between the band of super-Hubble modes and unobservable short-
wavelength ones to be given by gravity and, is thus, inescapable. From more general consid-
erations, one expects cosmological perturbations to be gravitationally coupled to other dofs
present in the Universe, and this shall only result in a larger amount of entanglement, and a
subsequent magnification of our result. Consequently, we present a universal lower bound on
the observable consequences of primordial quantum entanglement—universal since this is due
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to interactions arising from pure gravity (and must, therefore, be present in any theory which
has general relativity as its low energy limit) and it is valid for any model of inflation, since
additional fields will only lead to a bigger effect (see e.g. [24-26]).

The novelty of our work is twofold: Firstly, we consider corrections to the primordial spec-
tra of observable modes coming from quantum entanglement due to considering an open EFT
and secondly, we consider interactions between long and short dofs (where the Hubble hori-
zon of the quasi-de Sitter (dS) background sets the reference scale) of the inflation fluctuations
themselves (as opposed to considering additional postulated fields) due to gravitational non-
linearities. Even on a conceptual level, the quantum-to-classical transition of cosmological
perturbations necessarily relies on treating them as part of an open system, thereby allow-
ing for decoherence. This is why we need to use techniques for open EFTs in which one
studies the (non-unitary) evolution of the reduced density matrix obtained by tracing over the
unobservable dofs. These methods are prevalent in other branches of physics, and we adapt
them here for cosmology, in the hope of measuring the degree of entanglement, between our
super-Hubble system modes with its environment (see [27, 28] for entanglement entropy cal-
culations in this setup), through observable predictions. Therefore, we strengthen the bonds
between cosmology and quantum information theory by uncovering new observable effects
in the former, which have remained out of bounds of closed quantum system treatments with
Wilsonian EFTs, by importing mathematical tools from the latter.

2.1. Failure of Wilsonian effective action

Beside the general statements made above, let us give a more quantitative argument as to why
the Wilsonian effective action is not applicable for inflation, and can only be used as a first
approximation. We will follow [30], and reproduce their analysis, to convey our main message.

Let us break down the modes of cosmological perturbations in momentum space schemat-
ically as follows:

P~ Pk>aH @ Pk<aH, €))]

where the first term is to be understood as the short-wavelength modes which form the envir-
onment for our system modes (denoted abstractly by the second term). Throughout we will
assume that our Hilbert space has a UV cutoff (something akin to the Planck scale), below
which our effective description makes sense.

The standard starting point for calculating the Wilsonian effective action is the Euclidean
path integral, defined as:

e~ Sw(Pe<an) . — /D<Pk>aH(T) e_SE(Sok<uH:SOk>uH)’ )

where 7 is Euclidean time. Interestingly, this Wilsonian effective action is related to the low-
energy density matrix is the following way [30, 31] (where N is just some normalization
factor):

k<t (T=07 )::w(ga,,

. LPA<(IH(T:0+)::LPIE<HH
<<p,EQaH|pk<aH}so,(<iaH> =N / Dppcan (1) e 5w (Prean) - (3)
)

The crucial thing to realize is how one needs to put periodic boundary conditions in the Euc-
lidean action, for the high-energy modes, in order to arrive at the above expression (3) for
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the low-energy density matrix. This can be seen most straightforwardly from the fact that the
low-energy density matrix is given by:

@k<aH(T:O+)::<F;Ef<)HH

<(pl(<]‘<)aH|pk<aH|sDI(<2aH> = N/ o D(Pk<aH(T)
Pr<art(T=07 )=

x Dipgsanr(T)e ™, )

where the fact that the high-energy modes are periodic over the limits of the path-integral is
implied above. We can rewrite the above expression as:

<<P;(<f<)aﬁ‘,0k<uf1|90;(¢2aﬂ> = / Disan(T) <<P;({f<)aH @k>aH’P|<P/(<2aH ¢k>aH>7 (5

where p denotes the full density matrix. All we have done is to show that the low-energy
density matrix can be written in terms of the Wilsonian effective action, provided we choose
periodic boundary conditions for the high-energy modes that we are integrating out. From (5),
it is clear that, when continued onto real time, these periodic boundary conditions translates to
fixing both the initial and the final states of the high-energy modes to be in the ground state.

This is the key insight which we want to harp upon a bit longer—it is equivalent to work
with the low-energy density matrix or use the Wilsonian effective action only if we assume the
integrated out modes to remain in their vacuum state. However, during inflation, not only is the
Hamiltonian time-dependent but also the boundary separating system modes from the envir-
onment ones are time-dependent itself. In other words, a mode which is environment at one
time, need not be so at a later point. This is why the Wilsonian effective action is only a (very
rough) first approximation to deal with quantum fields on an inflationary background. There
is no reason to assume that the initial and final state of the environment degrees of freedom
are both the ground state and, in fact, what we show in this paper is that entanglement builds
up between the UV and IR modes in such a way that this standard Wilsonian picture is unable
to capture. In other words, even when we assume that the initial state of the system is factor-
ized between the ground state of the short wavelength modes and the ground state of the long
wavelength ones, due to the dynamics, this factorization does not hold at a later time. There is a
path-integral method of dealing with this—instead of the Wilsonian effective action, one needs
to invoke the Feynman-Vernon influence functional [30]. However, in this paper we shall work
in the canonical picture where we shall write down the dynamics of the reduced density matrix
in terms of a Hamiltonian part and a non-Hamiltonian evolution (denoted by Lindblad operat-
ors). What is important to emphasize is that although we will assume Markovian dynamics for
our system density matrix, this is still an approximation which we will seek to relax in future
work.

The bottomline is then as follows: calculating standard radiative corrections assuming
a Wilsonian effective action is insufficient for a time-dependent background in which our
observable degrees of freedom only forms a subsystem of the entire Hilbert space. What is
instead required is an open EFT approach to the problem—one in which we calculate the
dynamics of the long wavelength density matrix, which can deviate (albeit by a small amount
due to the slow-roll nature of the background) from the standard Wilsonian low-energy effect-
ive action. This deviation captures the measure of entanglement, and the associated dissipative
effects, which builds up between the long and short wavelength modes. This latter quantity is
necessarily missed in standard Wilsonian EFT and something which we will quantify here in
this work.
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3. Setting up the system

The quasi-dS space can be described by the homogeneous metric: ds*> = —df* + a*(t)dx* =
—a?(7) (dr* — dx*) where the scale factor a, Hubble parameter H = a/a and the slow-roll
parameters ¢ := —H/H?, 1 := ¢/(He) describe evolution of the background. Overdots and
primes denote derivatives with respect to cosmic time ‘2’ and conformal time ‘7’°, respect-
ively, which are related by adr = dt. Throughout, we shall assume that H is almost constant
and the slow-roll parameters remain small during the entire evolution. We denote the comoving
curvature perturbation as ¢, and the canonical Mukhanov-Sasaki variable as y = z(7)(, where
?= ZeazM}%l, where Mp is the reduced Planck mass. The underlying idea is that this comov-
ing curvature perturbation, which is a combination of the quantum fluctuations of matter and
the linearized gravitational field, can be described as a set of harmonic oscillators to leading
order (in Fourier space), accentuated by interaction terms which result due to the non-linearity
of the gravitational action.
The quadratic action for the canonical variable reads:

1
£ = /d3x {(X’)2 —(0x)*+ szz} ;

the solutions for which describe the dynamics of the mode functions to be used below. This is
nothing but the Lagrangian for a harmonic oscillator with a time-dependent mass term. Going
to Fourier space and introducing the usual ladder operators, the quadratic Hamiltonian:

. 1 &Pk T . i
H? — E/ Ok (k [ckci —|—c_kcf_k} — 1; [ckc_k —cltc]h_k}) , (6)

shows that there are two distinct terms which govern the free evolution of these modes. The first
term is the usual Hamiltonian for a massless scalar field in flat space (a collection of harmonic
oscillators) whereas the second term is the squeezing interaction, characteristic of the curved
space background. Since the background is time-dependent, it sources zero-momentum correl-
ated pairs of the canonical field. This term dominates when k < z’/z ~ aH, i.e. it determines
the evolution once the physical wavelengths of these modes become super-Hubble whereas
the sub-Hubble modes k >> aH are in their quantum vacuum, as shown by the first term above.
We will assume that the modes are in the Bunch-Davies vacuum, so the mode functions take
the form:

e*ik'r i
Xk(T):\/Tk<l_kT>' @)

In the presence of these terms in the quadratic Hamiltonian alone, the evolution of the
quantum vacuum to the squeezed state is evidently a unitary one [32].

The story turns interesting once we introduce the cubic non-Gaussianities which imply
that there must be higher order interaction terms which lead to mode-coupling between the
quantum fluctuations. The cubic action for scalar perturbations contains several terms [23, 33],
with the leading-order one given by L&) = [ @x a€>¢(9¢)?. Going to the interaction picture,
operators are written as O, = Ug@ Uy, where U is the unitary operator corresponding to the
quadractic Hamiltonian (6). In this formalism, the interaction Hamiltonian for the Mukhanov-
Sasaki variable is given by:

H(r) = \(7) [ @xi(r.0(03(rx)2

6



Class. Quantum Grav. 39 (2022) 245002 S Brahma et al

Environment

Figure 1. Illustration of the bath and environment modes for this problem.

where A = —a’¢?/7%, i.e. it is time-dependent. In the interaction picture, time evolution of the
density matrix is governed by the von-Neumann equation:

D — i) ()]

= —i[H(7), pi(70)] — Car {HI(T)HI(T/)PI(T/) — H(7)py(v")H (")

—Hi(r")pu(r Vi (7) + pi(r Vi ()i () | ®)

where, in the second line we have used the formal solution of the density matrix and replaced
it back into the equation of motion to bring it to a more amenable form.

In order to describe the cosmological perturbations as part of an open quantum system, we
need to write the density matrix in terms of system (S) and environment (£) dofs. To do so, we
define a Hilbert space of quantum fluctuations separated into two regions—the super- and sub-
Hubble mode spaces Hs(f) and He(7), respectively. Each of these are tensor products of the
Fock space corresponding to the wavenumber k, i.e. Hs = [ [ Hy, k < aH and similarly for H¢,
with k> aH. These spaces are depicted in figure (1). We assume that the modes in Hyy (i.e. the
trans-Planckian modes) can be accounted for by using usual renormalization techniques, and
remain agnostic about the quantum gravity theory at play. Note that the important feature is
that the boundary between Hs and H¢e depends on the dynamically expanding background,
leading to a time-dependent Hilbert space for the system modes, Hs, and this is how non-
unitarity creeps into the system.

This splitting also naturally extends for states. For instance, before considering any inter-
actions, the full-state in the Schrédinger picture is given by [U(7)) = [SO(7)); <oy @ [0) 4 o>
where |SQ(7)) denotes the squeezed state of super-Hubble modes induced by the second term
on the r.h.s of equation (6), and |0) represents the Bunch-Davies vacuum. Once we go to
the interaction picture, the same delimitation between system and environment holds, but the
squeezed states take a different functional form since the time-evolution of the wavefunction is
not determined by the free-theory unitary operator, but by the interaction Hamiltonian instead.

7
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In any case, the form of the squeezed state in the interaction picture is not relevant for our
purposes, since we shall take a perturbative approach where we operate on the initial states,
which are identical in both the Schrodinger and interaction pictures. Thus, noticing that obser-
vationally relevant modes are those that have crossed the Hubble horizon, it is clear that every
mode of interest has started out in the Bunch-Davies state, or, in other words, these modes
started out as being part of the environment.

Likewise, operators are also split in the same fashion according to the comoving momenta of
their Fourier modes. Hence, the interaction Hamiltonian can be expressed as (see the appendix
for more details):

Hy(r) = A(7) / x 15 (7,%) (055 (r,%))°

—A(7) /A (2 - ka) %S (1)L, (T)RE. (1), ©)

where fAk = [d®ki [ Pky [ d®ks (2m) %5 (ki + ko + k3) ensures translation invariance. This
particular combination of system and environment modes is the predominant one, since the
derivatives favour larger momenta modes (i.e. environment modes) and by conservation of
momentum, the remaining mode should belong to the system!.

4. Master equation and kernel

Going back to the density matrix, we now assume that at 7 the system and environment
are not entangled. This, together with a weak coupling between S and &, implies p;(7) =
ps(T) ® pe(19). Then, one can trace out the environmental dofs to find the reduced density
matrix, p,(1) = Tre [ps(7)], and its evolution through equation (8), such that:

3 T
7= [ G M) [ e N (RO o Kol )

—Xp (N)or(TRE (T K (1,7) = 5, (7)o ()X () K (7, 7)

+pr ()R (7% (MK (77} (10)
where we have considered the Fourier expansion of the different fields, together with pg(79) =
|0) (0, to arrive at the master equation above (the born approximation). The function K, (7, 7")
is typically known as the kernel, which arises from tracing out and integrating over the envir-

onment dofs. Details of the calculation are shown in appendix B, where we show the kernel
to be:

! d3 1\ * 1 *
KPI (TvT ) = 72/ ﬁ (pZ : p3)2X1§z (T)ng (T ) Xliz (T)Xli (T ) ;
ps = —(p1 +p2). (1D

Clearly the integrals depend sensitively on the Bunch-Davies mode functions assumed to
characterize the initial state. In performing the integration and considering the leading-order
behavior in 7, we get:

! However, note that this does not imply we are in the ‘squeezed limit’ configuration (in the common lore of cosmo-
logists). In fact, it turns out that the maximum contribution to the momentum integrals come when all the modes are
near-horizon.
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eZi(T—T')/T 1— e—ip(T—T/):| [7_ _ (1 _ i),]_/]2
m2pr (7! (Tt —1')?

The effect from modes in the far-UV (upper limit of the integral) is dismissed by assum-
ing 7' has a small imaginary part, which can be thought of as a damping factor to make the
term convergent in this limit’. This is the same prescription as for any interacting field theory,
including the in-in formalism.

Finally, it is also worth commenting on the Born-Markov approximation, which assumes
the temporal locality of the correlations of environment dofs. This allows one to write the
master equation in terms of Lindblad operators and depict the non-unitary evolution of the
density matrix, and are well-suited to study the suppression of coherence [34, 35]. Since
these can be interpreted as randomly varying terms, they are equivalent to the stochastic infla-
tion formalism [36] and is, thus, a complementary way to study open quantum systems. In
general, non-unitarity dynamics are introduced by tracing out environment dofs, such that
dissipation-like terms can be extracted from the master equation and its solution [37, 38].
This behaviour cannot be captured by, and is not equivalent to, calculating loop corrections
in an ordinary QFT. Although we shall follow a perturbative method to solve for the master

equation, one could have calculated Lindblad operators in a similar way for our cosmological
setup [19, 21, 39].

KP(TaT/) ~ -

12)

5. Corrections to the power spectrum

In order to compute the corrections to the power spectrum due to entanglement we need to
solve the master equation (10) through some suitable approximation(s). First, let us show how
one gets an almost scale-invariant power spectrum produced by quantum fluctuations from the
zeroth-order approximation, as follows:

3
AH9) = 35 (R OE()

T o
3 2
q A N 1 H
— PP Tr [Xf(T)X‘Eq(T)p,(TO)] ~ 7261\/[12)1 (277) , (13)

where p,(79) = |0)(0]. The first-order corrections to the power spectrum come from the per-
turbative solution of the reduced density matrix equation (10), while also substituting the expli-
cit form of the kernel equation (12) in the final expression. In doing so we get:

or(T) = pr(70) + TdT/)\(T/) dr'' X(t'")
I+ 3 [ are) |

x {fcﬁ RS (N or K7 7) = RS )on(m) R ()
K7 = (7 ()RS (K (77

+pr<ro>>zsp<f">x§<7'>l<;<T',T”>}, (14)

2 In other words, this is the standard ie prescription since for large ps, one has to deal with terms of the form
. ’
e—in2(T—7"),
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where we have taken p,(7'") — p,(79), as appropriate for this order of approximation. Then,
we can use this expression to compute the two-point correlation function:

(25 (MXZ (1)) = i (1+ (qu) +z/T dT'A(T’)/T/ dr'' \(r'")

—1/q —1/q
< {Ko(r "7 [ G (X ()
PP (7 ()] e b, (15)

which ultimately leads to the power spectrum, including entanglement effects. Intermediate
steps to arrive to this expression are shown in appendix C. Notice that the first term on the r.h.s.
corresponds to the tree-level value, whereas entanglement effects are buried in the integrals.
The lower integration limits are a consequence of the step functions filtering the environment
mode functions. These limits imply that the environment will influence a particular mode only
after it crosses the horizon, as one would expect.

The integration over 7'/ in equation (15), or in equation (14) for that matter, can be per-
formed analytically, however, the subsequent integration over 7’ has to be done numerically
since an analytical approximation could not be made. Furthermore, several terms in the final
answer diverge, as a result of taking the equal time limit in the kernel equation (12). These
divergences are manifestations of taking the coincidence limit for the power spectrum, when
radiative corrections are included (see [40] for a detailed discussion of this), and one needs
to focus on the finite terms alone. See the appendix for details of why the divergences are
spurious E. The finite corrections are thus of the form:

a2gr) = - (2 pon) (16)
T)= 7—5 | =— c)s

M 2eM3, \ 27

where N, := In(—1/g7) specifies the number of e—folds the Universe has expanded after a
Fourier mode crossed the horizon (¢7. = —1) and became part of the system. The ‘entangle-

ment function’ f(N,.), corresponding to the perturbative solution (14), was found to be:

2
fIN,)=1—aN?*, a =~ 0.00211886 %, an
2M5,
through the numerical integrations carried out in evaluating the two-point function using the
reduced density matrix. Figure 2(a) shows the fit for different combinations of the paramet-
ers eH?,> where is clear that the quadratic polynomial in N, captures the behaviour of the
correction to the power spectrum at least for N, < 100.

Notice equation (16) is valid for any mode, from the very first sub-Hubble mode that crossed
the horizon (for which N, also denotes the total amount of inflation), all the way to the observ-
able modes relevant for the CMB. The first thing to note is that the correction term is suppressed
by a factor of eH? /M3, which could have been estimated from power counting as loop correc-
tions to the two-point function of curvature perturbations, once everything is normalized and
factors of the vertex operators (involving factors of the interaction parameter A of the cubic
term under consideration) and propagators are taken into account. The dependence on N? can
be intuitively understood as making this correction larger with time—as entanglement entropy
builds with more and more modes turning superhorizon [28], with the precise numerical pre-
factor in « resulting from numerical estimations in our open EFT and, thus, shows that our

3 The factor of c here comes from fitting the curves shown in the plot. As will be shown later, we obtain a similar
value for o when we perform the non-perturbative resummation in appendix D in equation (53).

10
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Figure 2. (a) Deviation from ‘tree-level” spectrum due to entanglement effects. For each
case, a quadratic polynomial in N, fits the data. The free parameter « is found to be
determined by the product eH*. The region below the dashed line (second parameter)
is consistent with r(= 16¢) < 0.036, as found in [29]. (b) Deviation from scale invari-
ance due to entanglement between sub-Hubble and super-Hubble modes. On a non-
logarithmic scale, the functions are linear, with « corresponding to the running of the

spectral index in this range.
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calculation involves dissipative effects over and above straightforward radiative corrections
[41-43] for the power spectrum. This brings up an interesting feature of our result—to be
within the regime of perturbative validity, we find an upper bound on the duration of inflation.
Since this implies a limit of N, < a~'/2_using the specific values displayed in figure (2), one
finds a bound of order 10° — 10% e-folds, which although sufficiently long to solve the standard
cosmological puzzles, puts an upper limit coming from perturbativity [44].

On the other hand, such secular divergences in a QFT in quasi-dS backgrounds usually
arise from infrared effects [20, 45, 46] (see [47, 48] for some contrarian views). This natur-
ally lead us to consider resummation of the master equation, yielding a nonperturbative result
for the entanglement function given by f(N,) ~ e~N. An exact analytic calculation using
dynamical renormalization group [49] is difficult to perform in the absence of exact dS. Nev-
ertheless, one can estimate the resummed function and we sketch the details of the calculation
in appendix D. Other approaches to nonperturbative resummations have also yielded similar
results for analogous systems [24, 49]. Interestingly, note that this result still carries signatures
of entanglement in the form of the resummed function, as opposed to standard one-loop correc-
tions in which one does not expect any additional time-dependence to appear [41, 42, 50]. The
nonperturbative result simply ensures that the time-dependence is milder, and not secularly-
divergent, as perturbative theory would seem to imply.

IR effects are mostly ignored for inflationary calculations—we provide a fresh perspective
on this by showing how such effects cannot be ignored when the evolution of the reduced
density matrix for the system modes is calculated by solving the master equation. In light of
the above discussion, one is naturally led to the question—what is it that we are resumming
and if these IR effects are anything that can be observed? The answer to both these questions
lies in the realization that there are non-unitary contributions from the dissipation to the master
equation, which cannot be thought of contributing to any particular diagram. In other words,
it is impossible to perform a similar result from the loop corrections alone, as it does not take
into account any procedure of coarse-graining the system dofs from the global wavefunction.
The dissipation between the system and environment modes cannot be captured in the loop
expansion alone. This, of course, implies that these type of IR effects cannot be distinguished in
any local observation, although it can lead to detectable signatures in some global observables
of the interacting system. This conclusion is in agreement with existing literature [51], and we
are pointing out in this paper how entanglement between different modes has an IR part which
leaves its mark in the CMB.

6. Discussion

Although inflation is consistent with observations, the data so far has not shown the type of
smoking gun evidence that uniquely distinguishes its dynamical characteristics viz a viz other
possible alternatives. What this paper has shown is that, in the next phase for theory in studying
this process, the high precision demands now reach a non-Wilsonian regime of quantum field
theory. It is crucial to realize that the standard loop calculations from Wilsonian EFT would
never be able to capture the same physics as discussed here. There are of course similar looking
features to the calculations done here and those for loops in standard Wilsonian calculations
since, for slowly rolling backgrounds, the zeroth order approximation is to assume standard
EFT. However, it is in the subtle difference where the precision from the calculations done
here are realized.

To this end, in this work we have considered the effects on the primordial spectrum coming
from the minimum amount of entanglement expected from single-field inflation. To do so we
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followed an open QFT approach, which captures the non-trivial interaction between system
and environment dofs, the possibility of the later to be part of the former, as well as the fact that
we have only access to the system. For these reasons, standard Wilsonian EFTs do not capture
the entire dynamics of inflationary perturbations, in particular the resulting entanglement and
its effects on observable quantities.

These corrections, illustrated in figure (2), are independent of whether we consider the
resummed function or simply the first-order correction. Importantly, this is exactly opposite to
the predictions for the spectral tilt (n; — 1), and its running, for standard inflationary models
without considering entanglement [52]: In that case, both of these quantities typically decrease
(in magnitude) with increasing amounts of N, for the modes of interest [53]. We conclude that
other classical effects that mimic this are unlikely.

One might be tempted to think that the numerical estimates for our correction, as shown
in figure (2), can be made negligibly small by fine-tuning the value of ¢ to be arbitrarily tiny.
However, this is not quite the case since apart from the cubic interaction term considered in
this work, there exists another exactly similar term but now with the coefficient en. Given the
current value of spectral tilt as measured by the Planck team, it implies that either of € or n
must be an @(0.01) number. It is, therefore, clear that our result would hold even for such fine-
tuning. This point has been emphasized in the context of decoherence (and effective stochastic
dynamics) [39], where this effect is caused by the same leading-order terms we consider in this
work for calculating the entanglement between the modes. Therefore, our result reinforces the
idea that decoherence is not only important for conceptual reasons but also has significance
for cosmological observations [54].

Another point of contention can come from comparing our result with that expected from
loop corrections, in particular the (lack of) time dependence of the spectrum of single—clock
inflation. It has been argued in [42] that the time dependence emerging from the interaction
here considered is cancelled by a quartic term of the form —(?(9¢)?. Such a term is invoked
under the argument of imposing diffeomorphism invariance under a time—dependent rescaling
and translation of the spatial coordinates. However, this point of view has been recently chal-
lenged in [55, 56], where it is argued (in the context of non-Gaussianities) that one can only
gauge away these effects in the exact limit k =0. Clearly, this is part of a larger discussion
which is beyond the scope of this paper, and it would be interesting to compute the effects of
the quartic interaction using open quantum system techniques. Alternatively, one could look
at other observables with manifestly gauge invariant interactions, such as the tensor spectrum
[571, which has the additional advantage of allowing to compare the Wilsonian and Open EFT
approaches without these concerns. Moreover, this also puts into light the potential importance
of open EFTs to study topics such as the IR divergences of dS spacetimes or the decoupling
of UV modes.

What our work here has highlighted can be extrapolated beyond inflation and it can be
argued that any early Universe mechanism that exclusively has a quantum origin of the Uni-
verse where all the disparate scales are produced (e.g. Ekpyrosis, modified gravity, etc), will
have entanglement between the different modes, similar to what we found here from our expli-
cit inflation calculations. In this work we examined the consequences of this entanglement
between scales to the scalar power spectrum. This was done in the simplest single scalar field
model, where the quantitative effect was not significant. However, as shown above, the cal-
culation clearly points to the type of inflation models where the effect will not be negligible
and the precision corrections could be observable with future data (e.g. for DBI inflation or
curvation and other models with large fyr). We simply provide a model-independent lower
bound for this effect in inflation due to the nonlinearity of gravity alone. To reiterate, the gen-
erality of our effect is highlighted by the fact that this should be present for any early-Universe
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scenario which posits that macroscopic inhomogeneities originate from quantum fluctuations.
For any such scenario, the Hubble horizon will always act as the delimiter between the system
and unobservable environment modes and calculations of primordial statistics should be done
within an open quantum system. If no such corrections are observed in the future, it would
unequivocally state that cosmological perturbations cannot have a quantum origin (but rather
have a different mechanism, e.g. warm inflation [58, 59]). Since dynamics of the background
will affect the exact form of the mode functions and also enter the pre-factor of the interac-
tion term, we cannot estimate the magnitude of the corrections in other such scenarios without
an explicit computation. Nevertheless we can confidently state their existence. Moreover, it is
straightforward to extend our computation to primordial gravitational waves, the leading order
interaction term for which is independent of slow-roll parameters and therefore, the expected
correction to the tensor power spectrum due to entanglement may be larger than the scalar
one (in relative magnitude to the tree-level value). We have already shown the emergence of
non-Markovian behaviour for the tensor modes [57] and the non-perturbative resummation
for these will be pursued in the future and this work forms the foundation of exploring such
hitherto undiscovered quantum effects in cosmology.

The effect found in this paper shows for a inflation with a quantum origin, the Universe
would hold a memory of the primordial physics that connects the different scales. Beyond just
the precision corrections it produces in the power spectrum, we will explore in future work
other possible conceptual consequences of this entanglement that connects various disparate
modes in the Universe.
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Appendix A. System and environment Hilbert spaces

To begin with, let us set the stage by expressing the operators in terms of the system (S)
and environment (£) modes. For this, we filter the sub and super-horizon modes through a
window function, where the simplest choice is the Heaviside step function, Hg. Then, the
Fourier expansion of any given operator, like the comoving curvature perturbation, is:

3 .
Sron) =1 [ 55 [ xi ()L Halat )+ Halk— b))+

3 .
= %/ (;17:;3 [(Xf (M +xE (M) e+ (g (M) + x5 (1)) éT_k} KX (18)

= {5 (,x) + (5 (7,x), (19)
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where
Xi (7) = xa(T)Hp(aH — k) = xi(7)Hp (1 + kT), (20)

Xi (1) = xa(7)Ho (k — aH) = xi(T)Hp(—1 — k7). (21)

For later convenience, let us also rewrite the mode functions (7), obtained by fixing Bunch-
Davies initial states:

e—ik‘r i

A.1. Interaction Hamiltonian

Once we have split the fields into operators acting on system and environment states, the inter-
action Hamiltonian (in the interaction picture) can thus be written as:

Hi(r) = A(r) / P[5 (rx) + 5 (rm] [0 (R (rx) + X5 (mx)]D, @23)

where there are 8 different combinations of system and environment terms (64 considering
the Fourier expansion of each field). As explained in the main text, the dominant terms in the
integral are associated to the derivatives of environment operators, which can be seen from its
Fourier transform. Moreover, since we are ultimately interested in the effect of the environment
on the system (and because of momentum conservation), the remaining field left in the cubic
term should act on Hs. In an alternative approach to that presented in this work, one can work
out the Dyson expansion to compute perturbatively the state vectors and then construct the
reduced density matrix. In doing so, it is easy to prove that at the same order in perturbation
theory, some of the other combinations cancel out. In particular, this happens for H,(T) ~
K€ (7,x)3, which is not important as far as corrections to the power spectrum go—since no
system modes are involved—but it does prove that the kernel does not influence environment
modes, or in other words, environment modes are not affected by the (rest of the) environment.

With these considerations, the interaction Hamiltonian we will work with is given by (as
shown in equation (9)):

(7)< A(7) [ @53 () (04 ()

— (") /A (2 - ka) %S ()KL, (T)RE. (7). (24)

[ &k [ Py [ dks oy
fo= L [ ey [ oy it eiaeio

Appendix B. Evolution equation and kernel calculation

where

Having defined system and environment fields, we shall now focus on the density matrix. In
order to make contact with observations one must trace out the high-energy degrees of freedom
(dof), which renders a (reduced) density matrix p, acting on Hs. This operation is applied
to both sides of equation (8), yielding the master equation that dictates the evolution of p,.
However, before doing so, we need to invoke some typical approximations, which are briefly
mentioned in the main text.
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First, it is assumed that at the beginning of inflation system and environment are not
correlated, so the initial state reads |¥ (7)) = |So) ® |€o), and the density matrix p;(79) =
ps(10) ® pe(10). A second assumption is that the environment does not change due to its inter-
action with the system, or in other words, it behaves as a proper environment as is typically
required for decoherence. This implies pg(7) & pg (7o), which is possible due to the weak
coupling between system and environment. Bringing these facts together, the density mat-
rix at later times reads p;(7) = ps(7) ® pe(70), which facilitates taking the trace over H¢ on
equation (8). In doing so, we get:

o1(7) = —A(r >/ ar' A7 //A" P (k) {45 (7)

X Tre [Xp, (T) %5, (T) i, (7/)Xie, (7 ") pe (7 ) pr(1")
— Xp, (1) Trg [XPZ(T) L(T)pe(10) ifz(
—Xkl (T )Tre [ng(T )Xk;( ) (TO)X

£

where the first order effects arising from Tre ([H,(7), p1(70)]) are considered null. To see this
as a valid assumption, break the commutator and notice the resulting elements have the form
~ Xa, (T)pr(10)Tre (15, (T) X5, (7) 0) (0[), where a non-zero trace requires p, = —ps, and by
conservation of momentum, p; = 0. The contribution from any other combination of momenta
is null, and by taking an IR cutoff (which could be given by a small mass induced by the
renormalization procedure), the first order terms can be dismissed overall.

Next, considering the Fourier expansion of the different fields, together with pg(7) =
|0) (0|, we arrive at the concise form of the master equation, as presented in equation (10)
of the main text:

3
()= [ s M) [ A R o Kyt

()
—Xp (Mo (T)XE G (7K, (1,7") = R, (T ) pr(T )Ry (1)K (7,7")
+p,(7")>2‘§p(7' ) Ky (1,7")}, (26)

where we have introduced the kernel as:

’ & I\ 1 %
KPI (T7T ) = _2/ ﬁ (p2 . p3)2XP£2 (T)lez (T ) X1§3 (T)ng (T ) ;
P =—(P1+P2). (27)

In order to compute this integral, we first need to work out the integration limits which are
determined by the step functions associated to the fields. For this, let us write the kernel as:

o 1
K, N/o sz/_1d(cost9)F(p1,p2,9)H9(p2 —aH)Hy(p> — (aH)")
X He(p3 —CIH)HO(PS - (aH)I)u

where F' encompasses the product of Bunch-Davies functions equation (7), together with the
momenta-dependent pre-factors. Further, without loss of generality, we have aligned p; to the
z direction, so 6 denotes the angle between p; and p; and p3 = p? + p3 + 2p1ps cos .
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Next, notice that 7/ < 7 implies (aH)’ < aH, so the regions in momentum space that con-
tribute to the kernel are solely delimited by the product Hy(p, — aH)Hy(p3 — aH). Then, the
angular region where p3 is sub-horizon is delimited by:

1
P+ p3+2piprcosd > (aH)* = cos >
2p\p>

This condition sets the lower limit of the integral over the (cosine of the) polar angle, where
we also have to account for the possibility —1 > w as follows:

[(aH)? = (P +p3)] = w.

00 1
K,, ~/ dpz/ d(cosO)F(p1,p2,60)
aH max{—1,w}

N/Oodpz{/1d(C0S9)F(p1,p2,0)H9(—1—w)

H

1
+/ d(cos0)F(p1,p2,0)Hy(1 +w)},

where,
Hy(—1-w)

= 12w = pp=2aH+p,
Hy(l1+w) = —-1<

w = pr <aH+p;.

In consequence, the kernel integral is conveniently split as:
0o 1
Km ~ / de/ d(COSO)F(I)l,pZ’G)
aH+p, —1

aH+p; 1
+ / dp, / d(cosO)F(p1,p2,0). (28)
aH w

In this way, the polar angle 6 and the magnitude of p, are constrained such that both p, and
p3 are sub-horizon. For small values of pj—which already has to satisfy p; < aH—the second
integral becomes negligibly small as the lower and upper integration (momentum) limits come
closer.

Performing both integrals, the leading-order behaviour of the kernel is given by (as presen-
ted in equation (12)):

eZi(T—T')/T |:1 _ e—ip| (T—T/):| [T _ (1 - l-)T/]Z

K N~ — . 2
pi (7,7 ) 87r2p17'4(r’)2(7—7")2 (29)

Appendix C. Perturbative solution to the master equation

Having derived the explicit expression for the kernel, we can now extract the corrections to
the power spectrum through the perturbative solution for the reduced density matrix. For con-
venience, we rewrite the master equation (10):

P T0
= MR (TN (T, 7") = XE (7)) pr (T )X (T)Kp (7,71)
+ o7 (TR (DK (T, 1) } (30)



Class. Quantum Grav. 39 (2022) 245002 S Brahma et al

where for future convenience we have substituted the integral over p for a sum, and a 1/V
factor is implicit in front of the summation symbol. In order to find a first-order approximation
to the solution, we take p,(7'") — p,(70) = |So) (So| = |0) (0|, which yields:

p,ro+2/dm /d”A( "

x {xﬁ e or)Kn (' 7") = 3 (o) (e K (7 )
=% )or(m) i (7K )

o) RS K 7 ’>}. 31)

Finally, we provide the details for the calculation of the corrections to the power spectrum.
In general, it is given by:

82qr) = 5 (RS (MA5,(). 62)

where the two-point correlation function is computed through the reduced density matrix tech-
nology as follows:

(Xg (MAZg(7)) = Tr [%g ()X (1)p:(7)]. (33)

In equation (13), we showed as a sanity check that the zeroth-order approximation of the
reduced density matrix reproduces the well-known scale invariant spectrum. Considering the
entanglement effects buried in equation (14), the correlator is given by:

(X5 (MXZ(7)) =Tr [x§ (1) X24(7)0) (0]

’

+Tr[/ﬂ) dT'A(T’)/T dr'' AT x5 (T)RZ (1)

x> R o)K7 7

= X5 (7)oo)X (VK (77

= X5 (o) %5 (VK (7 )

oS EE R e

where the corrections are clearly dictated by the second trace. Then, focusing on this bit, we
take out of the sum the terms with momentum p = ¢, rendering:
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It is easy to show that the last sum vanishes, whereas the other terms, which involve momenta
with magnitude ¢, lead to equation (15),

(25 (MXZ (1)) = i <1+ (qi)2> +2/Tl/qd7")\(7/) /Tll/da"/\(T”)
< {K (77 | X (g ()
~ PP xar X ()] + e (36)

Introducing the change of variable w = gr, the scalar power spectrum including entangle-
ment effects can be written as:

2

1 H

Alw) = —— (==
() 2eM3, <27r)

x LKW w0 [ () /) (')

H2 w w'
1+w?+ %wz/ dw’w’/ aw''w'’
2MP1 —1 1

= )P X )] +ee.} 37

where any g-dependence on the functions is either absorbed by the new variable or by the
momenta in the power spectrum formula. As a point of detail, notice that the (isolated) factor
of w? corresponds to the decaying mode, which was seen to be subdominant with respect to
every other term (after a few e-folds after horizon crossing).

As mentioned on the main text, the integration over w' (or z ) has to be performed numer-
ically after dealing with equal-time divergences (to be discussed soon after). In doing so, one
finds that:

A= —— (2 2 (1—-aN?) (38)
ST 2eM3 \ 27 e
where N, = —In(—w) denotes the number of e-folds after horizon crossing, and the constant
is given by (decaying mode not considered):
HZ
a2 0.00211886 . (39)
2M,

Appendix D. Nonperturbative resummation

The validity of equation (38) (equation (17) in the main text) relies on the validity of perturb-
ation theory. Here, we will present an attempt to resum this result following [24]. For this, we
will have to make more assumptions, so that, even though we are not dealing with exactly the
same case, the following procedure presents a strong evidence that the full power spectrum
can be indeed resummed.

First, the mode functions are split into a growing and a decaying mode,

X5 (1) = x; (T)Pq — x; (T)Xq, (40)

where X;— =) and f’q (Xq) denote the growing (decaying) mode function and operator respect-
ively, and are given by:

)=y tplar), g ()= (). )
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iaqzé (=) qux%(aﬁaiq). 42)

The operators satisfy the usual commutation relation [)A(q,f’k} = i0q,—k, With vanishing

commutators for equal operators.
Then, at leading order in g7, the power spectrum of the growing mode operator captures
the behaviour of the full power spectrum, since:
1

(57~ [ ()] (PaP-a) ~ 575

in agreement with the leading order term of equation (36). Then, for our purposes it proves
easier to deal with this magnitude as opposed to the full power spectrum, which presents an
‘extra’ time dependence.

Next, we shall re-write the master equation in terms of the growing and decaying mode
operators. However, before doing so, it is useful to take the Markov approximation, for which
under the assumption of weak coupling one can take p,(7") — p,(7), rendering:

pr) = YA [ ar A (RO oK 7
P o
X8 (M) pdT)RS (T VK (7, 7) = Xy (T o)X (1)Ko (7 7)
+pr(T)RE (TR (K (7, 7) } (44)
In this way one can compute the integrals over 7' which only include the Bunch-Davies
functions and the kernel (or its conjugate). In performing the integrations one finds equal-
time divergences (see next section), but for now we shall focus on the late time leading-order

behaviour of the integrals which we will exploit in order to cast the master equation in a more
convenient way. The integrals are:

V)= [ A K ) ~ = [ K )

0 0
e'2H i 1In(|q7|)
T My, 872 Pl
Vi (r) = / dr' (e )x; (7K (r, ")~ — / dr' (Yo (VK (77)
T0

To

(43)

e?H i ¢?In(|g7))
23/2Mp, 2472 T ’
where we have omitted a subdominant real part, which would become imaginary in the power

spectrum, leading to an oscillatory term that is of no interest in the present discussion. With
these considerations, the master equations can be written as:

i) =AY { X (DY) [Ppﬁ,pp,(T) - p,(T)iapP,p]

p

(46)

X, (DY (1) X ppr(7) = pr(D)%pX | = X (7)Y, (7)

X
x [APX*pPr(T) —X_ppr(T)Pp — Pr(T)Xfpin +Pppr(T)X p} - y,j_(T)Xp_ (1)

X [XoPppr(T) = PoppilT)%p = pr(T)PpXp + Xppr ()P | } 47)
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Then, one can compute the corrections to this power spectrum, taking advantage of the
following equality:
d

- (PaP-q) =Tr|PoPqpl(7)] . (48)

The trace can be computed by using the commutation relations of X and P, together with
the properties of the trace. In doing so, we find that:

T [PaP-ap}(7)] =4V (1) (1T [PaP-apil7)] (49)

where we are ignoring a subdominant contribution from the product of two decaying modes
(the others are null). Hence, we have that:

i (-0) =g ()

Performing the integration, one arrives to:

(PaPq) =17) (PaPa) (7.), 51)
where

H? T In(—
A7) =exp o Y / dr'in( 97)
48m=Mp, —1/q T

eH?

—lnz(qu)} : (52)
967T2M§,1

:exp[

Notice that the pre-factor of the logarithm above can be written as:
H2
a=0.00211086~——, (53)
2M,
which is remarkably close to the parameter « obtained through the perturbative expansion, as
shown in equation (39). This shows that long after horizon crossing there are other terms that
take over the secular term, rendering a well-behaved power spectrum, whose final form is:

1 H\’ 2
se g (Yo s
¢ 2eM3, \ 27

where « has been estimated numerically (equation (39)) and analytically (equation (53)).

Let us highlight the approximations we had to make in order to arrive at this result. Firstly,
as opposed to [24], we are dealing with the long and short wavelength modes of the curvature
perturbations themselves. This implies working with mode functions which are much more
complicated, and therefore, one has to resort to numerical estimations for the integrals involved
while working in the perturbative approach. More importantly, recall that our secular diver-
gence is for an open EFT in quasi-dS background. This requires calculating kernels, as opposed
to loop corrections for scalar fields on dS, and thus, an application of the dynamical renor-
malization group is not entirely straightforward [49]. However, interestingly, we find that the
resummed ‘entanglement function’ takes a form that is remarkable similar to what one would
expect from the dynamical renormalization group analyses [49]. In conclusion, even though
we arrive at the late-time value of the resummed function within the Markovian approximation,
its final form reassures us about its validity.
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Appendix E. Renormalization of equal-time divergences

When taking the equal time limit in the kernel, while evaluating the necessary integrals
involved in calculating the corrections to the power spectrum, we found divergences appearing
in the master equation which need to be dealt with. The most typical way to deal with such
divergences for usual QFTs is to determine the counterterms which have to be introduced in
the action. However, note that our case is somewhat different and, in essence, one does not
have to add such counterterms in order to preserve the symmetries of the background [40]. We
are only adding such local counterterms to show that these divergences are spurious, and the
finite terms are the only ones which are physically meaningful and contribute to the spectrum
[40].
Let us begin with the master equation once again:

pl(r) =3 A7) / dr' M) (RS (MRS, () pr (VK (77
p 70
@R (VKT ) — 88 (o ()RS (1K (77
(T XE ()X (1)K (7, 7") } (55)

The perturbative expansion instructs p,(7') = p,(70), so that applying the operators at 7’

renders:
=30 [ dr X (Kl 5 7 1) 0

KZ(TT) p (T)10) (1p x5 (7) = Ky (7 )x5 ()" [1p) (O] %5 (7)
+K (7,77 [0) (1p| x5 (71)%5 (1)} (56)

Then, we may perform the integrals over 7/, where we will only pay attention to the upper limit,
which is the one leading to the equal-time divergences. The integrals we need to compute are:

/ dT’T’K,,(T,T’)X,‘f (", / dT’T’K;(T,T')XIf ("), 57
70 70

which can be done analytically. In order to isolate the divergence, we take the upper limit
as 7/ — 7 —id, with 0 < § < 1, to then Taylor expand the resulting expression around § = 0.
This yields:

i ) i i xs(r)* 5 0

/To dr'T Ky (7 I ()~ g I(M)+@<5 b 6B
T—id . i Xf(T) 1) 0

/To dr'T' K ()G (T ~ g5 7 1“<u>+0(5 : e

where p is a renormalization scale. Next, plugging these expressions back to (56) and recov-
ering the full operators, we arrive to:

pl(r)=— 8;28M272 ()Z{xp 7)pr(70)

+Xp (M)pr(0)RE5(1) = X2, (1) pr(10) R (7) = pr(10) X () Rp (7) }
+0(89). (60)
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Notice this can be further simplified by taking the second and fourth terms on the r.h.s. with
opposite momenta (taking advantage of the sum), so the second and third terms cancel out
such that:

i eH?
)= (5) S SIS, ()] £ O, 6D)

8m2 8M3, 2 U
Compare this to the first order approximation of the Liouville—von Neumann equation,
pi(r) = —ilHi(7), pi(70)], (62)

which suggests the need of a mass counterterm,

Sm? ~ .
0L =—0H= N ;XP(T)X,p(T), (63)
With:
1 eH? 1)
e  _— _In(-=). 64
"R 4M3 2 n <,u> 64

By introducing this counterterm we may just ignore any divergences found in the compu-
tation of the correction of the power spectrum found in equation (37). The other divergences
encountered can be taken care of by similar counterterms and shows that these divergences
are spurious and only the finite term arising from this calculation contributes to the power
spectrum, as has been shown in the main text. Finally, notice that even though there are no
finite contributions at first order, there are infinite terms like those emerging from the IR or
the computed counterterm.
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