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Abstract. Many theories of quantum gravity suggest that there should exist a minimal
scale with which it is possible to measure distances and time. We present a formalism of
quantum mechanics exchibiting a minimal length and time scale. The work is based on
the Page-Wootters formalism which gives a possible solution to the problem of time in
quantum mechanics. This formalism is an example of a relational approach to quantum
dynamics. It is based on the idea that reference frames with respect to which motion
is described are themselves physical systems interacting with the degrees of freedom
they wish to describe. Quantum dynamics is described in terms of quantum correlations
between a clock and a system. In our work we modify the commutation relations between
the time and frequency operators leading to a minimal uncertainty of time measurement.
This results in a modified version of the Schrédinger equation. A minimal time scale
also allows us to introduce a discrete Schrodinger equation describing time evolution on
a lattice. We show that both descriptions of time evolution are equivalent. We further
investigate the effects of such modification on a couple simple quantum systems.

1 Introduction

Various theories of quantum gravity (such as string theory) predict the existence of a minimum measurable
length scale, usually on the order of the Planck length [1, 2]. Black hole physics also suggests the existence
of a fundamental limit with which we can measure distances [3, 4].

Motivated by these results, we investigate a quantum theory that incorporates a minimum measurable
length and time scale. First, we consider quantum mechanics exhibiting a minimal length scale.

Next, we consider quantum mechanics with only a minimal time scale. More details on this part can be
found in [5]. Our starting point is the Page-Wootters formalism of time evolution in quantum mechanics,
which is based on the idea that temporal dynamics emerge from correlations between a “clock” and the
rest of the system.

To introduce the minimal time scale into the framework, we modlfy the commutation relations between

the time operator T and its conjugate, the frequency operator ). This modification implies that the time
observable can no longer be represented by a self-adjoint operator, but only by a symmetric one. This
outcome is natural, since it becomes impossible to consider system states at a precisely defined instant
of time.

Instead, we employ “clock” states that are maximally localized around specific moments to construct
a continuous-time representation of the system, leading to a modified Schrédinger equation governing
its evolution. The existence of a minimal time scale also enables us to formulate a discrete-time repre-
sentation and a corresponding discrete Schrodinger equation describing evolution on a temporal lattice.
Remarkably, the continuous and discrete representations turn out to be equivalent, both capturing the
same physical time evolution of the system.
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Figure 1: Plot of the uncertainty principle (2) showing that the uncertainty in position cannot be smaller
than Azpig.

This paper is structured in the following way. Section 2 contains the description of quantum mechanics
exhibiting a minimal length scale. In Section 3 we review the Page-Wootters formalism on which the
developed theory will be based. In Section 4, we introduce a minimal time scale into the theory by
modifying the commutation relations between the time and frequency operators. Sections 5-7 contain the
analysis of the time evolution of a couple simple quantum systems when a minimal time scale is present.
The conclusions and a discussion of the received results is given in Section 8.

2 Minimal length scale
A way of achieving a minimal length and time scale is through modification of canonical commutation
relations. Such modified commutation relations will then lead to modified uncertainty relations which
are referred in the literature as Generalized Uncertainty Principles. The simplest modification of commu-
tation relations between position and momentum operators in a one-dimensional case and nonrelativistic
regime was proposed in [6]

[&,p] = ih (14 8p°) (1)

where 3 is some positive constant. This commutation relation leads to the following uncertainty principle

h R
Axlp > 5 (1+8(Ap)* + B(5)) (2)
from which we can infer that the uncertainty in position cannot be smaller than

Axmin == h\/B\/ 1 + 6<ﬁ>2 (3)

see Fig. 1. Every physical state cannot have the uncertainty in position smaller than this value. For states
for which the expectation value of the momentum operator p is equal zero, we receive the absolutely
smallest uncertainty in position equaling Axy = h\/B. The nonzero value of Axg is a manifestation
of the quantization of space. There exists a lower bound to the possible resolution with which we can
measure distances.

There are many possible generalizations of the commutation relations (1) to n dimensions. The most
general commutation relations for which the right hand side depends only on p and the momentum
operators commute are of the form

[‘%jaﬁk] = Zh@]k(i))7 [ﬁjaﬁk} = 07 [jja i'k] = Z‘h{'jfla 91_71 (i))eé[] (i))ek]r,s(i))}v (4)

where O, is some general function and { -, - } stands for the anti-commutator. The last equation in (4)
follows from the first two and the Jacobi identity. The noncommutativity of position operators indicate
that the position space is described by a noncommutative geometry. Particular cases of (4):

(2, Px] = ih(0;61 + Bpipr), (D, 0k] =0,  [25,2x] = ihB(Hidr — Prdy), (5)

[&5,Pk] = ihdji(1+ BD%),  [Bs Pkl =0,  [&), 2] = 26hB(P;dx — Prdy), (6)
A2

(25, px] = ih (\/%132_15% + 52%‘1%) . PPkl =0, [&5,2] =0, (7)

[, %) = ihdju (1 + Bbjpr),  [Dj, k] =0, [&,4x] = 0. (8)

The first three commutation relations have the property of being rotation invariant.
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3 Page-Wootters formalism

The same approach used to introduce a minimal length scale in quantum theory can be applied to
introduce a minimal time scale. For this we need a suitable formalism of quantum dynamics. The
formalism we will focus on was introduced by D.N. Page and W.K. Wootters [7].

The Page-Wootters formalism is a relational approach to quantum dynamics. It is based on the
idea that reference frames with respect to which motion is described are themselves physical systems
interacting with the degrees of freedom they wish to describe. Quantum dynamics is described in terms
of quantum correlations between a clock and a system.

The clock is described by the Hilbert space Hr and the system undergoing time evolution is described
by the Hilbert space Hg. The joint Hilbert space of the clock and the system is H = Hpr ® Hg. To receive
an ordinary time evolution we take HT isomorphic to the Hilbert space of a particle on a line LQ( ). On
Hr we introduce the time operator T corresponding to the measurements of time and frequency operator
Q conjugate to T: [T Q} =ii.

On H, we introduce the constraint operator of the model

J=m®l1s+1r® Hs, 9)

with Hg the system Hamiltonian. Such constraint describes the simplest case of the “clock” non-
interacting with the system and where the system Hamiltonian is time independent. It is, however,
possible to consider more general cases. Vectors |U)) in H which are (generalized) eigenvectors of the

operator J associated with the null eigenvalue: .J |¥)) = 0 are considered as physical states of the model.
By taking a generalized eigenvector |t)7 of the time operator T corresponding to an eigenvalue ¢:
T|t)p = t|t)r and projecting it with |¥) we receive a conventional state [1)(t))g = 7 (t|¥)) of the system
S at time t. .
By writing the constraint equation in the time representation in Hp: (¢ J|¥) = 0 and using the

fact that the frequency operator Q) in the time representation takes the form of a differentiation operator:
7 (t|Q)r = fi%ﬂth/))T we obtain the Schrédinger equation

i (e)s = Hsl(®)s. (10)

A similar considerations with |t)7 replaced by eigenvectors |w)r of Q) lead to a frequency representation
in Hp and the constraint equation in the form of the eigenvector equation of the operator Hg:

Hs|p(w))s = —hw|th(w))s- (11)

4 Incorporation of a minimal time scale
Similarly as was done with a minimal length scale, cf. (1), by modifying the commutation relations for

the operators of time and frequency, T and ) we can incorporate a minimal time scale into the formalism:
7,0 =i (i +/€Q2). (12)

Here k is a positive constant describing the smallest possible resolution with which we can measure time
Aty = VK.

The operators T and Q on a Hilbert space Hp can be defined as symmetric operators with common
domain D of physical states, i.e. states for which the uncertainty of T is not smaller than Aty. However,
only the operator Q will be essentially self-adjoint. This implies that the eigenvectors of T are not physical
states and there are no sequences of physical states which would approximate point localisation. It is no
longer possible to consider states of the system S at particular instances of time.

However, we can use () to construct a frequency representation of the Hilbert space H. The Hilbert
space Hr is represented as a space LQ(R, dp) of functions defined on R and square integrable with respect

to the measure du(w) = . Such functions can be formally constructed by projecting states |¢)r

w
1+ rw?
onto eigenvectors |w)r of : Y(w) = r{w|Y)r

The scalar product in the Hilbert space LQ(}R7 dp) is given by the formula

+oo w o —
ﬂﬂsz/’ W Cow), (13)

¥
oo 1+ Kw?
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and the frequency and time operators Q, T are represented as appropriate multiplication and differenti-
ation operators:

W(w) =wip(w), Tiw) =i(l+ rw?)du1(w). (14)

Although eigenvectors of the time operator T are not physical states, it is possible to define states
which are physical and closely resemble eigenstates of T'. These are states |apJTW L )7 for which

(oM T P)p =7, (At)parry, = At (15)

meaning that they will be maximally localized around instances of time 7.
The conditions in (15) uniquely determine the state |¢2¥) 7, which in the frequency representation
is given by the formula

ML) — 2vE )12 oxc 7iTarctan(\/Ew)
) = 21 ) e (i M), (16)

Using the states of maximal localization we can construct a continuous time representation of the
Hilbert space Hr: (1) = 7(eME|y)r. The received wave functions () describe the probability
amplitude for the system being maximally localized around the instance of time 7.

The operators Q) and 7' in the continuous time representation take the form

() = Dy, Tty = (74 e 2D ) ), (17)
ML

The family of states {|¢; ~)r} for 7 € R forms an overcomplete set of vectors. For fixed A € [0, 1) we
can choose from this set a smaller countable set forming a basis in the Hilbert space Hy:

{102 a1 € T} (18)

Using this basis, we can construct a discrete time representation. These bases can be viewed as lattices
with spacing 2v/k = 2Atq shifted by 2v/k\.
The basis vectors \g@é\/{ \/LE( A\ +n)>T are orthonormal except for neighboring vectors:

1 form=n
T<SD§/[\/%(>\+m)|cpéw\/%()\+n)>T = é fozm =n+1 (19)
otherwise

Using this basis, we can construct a discrete time representation of the Hilbert space Hr: 9, =
T<50é\/[\/LE()\+n) |)r. Note, that because |<p3/[\/%(A+n)>T are not orthonormal this representation differs from

representing a state |1)r as a sequence of coefficients in the expansion of the state |¢)r in the base
ﬂ‘ﬁ;w\/%( ,\+n)>T}neZ but such representation will have a direct physical interpretation.

The operators Q and 7' in the discrete time representation take the form

A f(=iv/kD . . f(=i/kD
W, = “\;ﬁ"%ﬁn, T, = | 2vVE(A+n) + mw U, (20)
2 wn-i-l — wn—l
where f(r) = —————= and D, =
Jw) =1 + V1 —4x? ¥ 44t
The continuous and discrete time representations are equivalent. The transformation of a state’s wave
function in the continuous time representation into its discrete time representation takes the form

Un = (2VK(A +n)) (21)

is a discrete derivative.

with an inverse transform equal

() = Z 1y, sine (W) ) (22)

n=—oo
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where sincx = Sln(ﬂﬁ).

T

It might seem surprising that the function ¢ (7) can be reproduced from the knowledge of its values
at a countable set of points. This is, however, nothing strange because 1(7) is a function which extends
to an entire function of exponential type and entire functions are completely determined by their values
at a countable set of points.

The state |¢(7)) s of the system S maximally localized around an instance of time 7 can be obtained via
projection of the physical state |¥)) with the maximal localization state | L) p: [1h(7)) s = 7 (M E| D).

The constraint equation J|®)) = 0 in the continuous time representation in #7 takes the form of a
modified Schrédinger equation

i%|¢(7)>s = % arctan (Vi Hs/h) [(7))s. (23)

The discrete time representation of the physical state |¥)) can be received by projecting it with the
maximal localization states |gp§\[/%(/\+n)>T: |Yn)s = T(<pé‘4\/%(/\+n)|\ll>>.

The constraint equation J|®Y) = 0 in the discrete time representation in Hp takes the form of a
discrete Schrodinger equation

D, fw)s = Hs (14 w(s/m?) " o). (24)

5 Example: Free particle
- 1
The Hilbert space of the system is Hg = L*(R,dz) and the Hamiltonian of the system is Hg = 2—]52,
m

where m is the mass of a particle. Let us assume that the system is in an arbitrary initial state

[ i e
Vi) = = / e, (25)

written as a Fourier transform of an arbitrary function f such that i will be in the domains of the
position and momentum operators &, p and their squares &2, p>.
The modified time evolution of the state ¥ (z) takes the form

1
V2mh

U(r,z) =

h VEp?
here E(p) = — .
where E(p) Tr arctan Sy

In accordance with (23), the effective Hamiltonian describing the time evolution of the system is

+o0 )
/ fp)en = E@) qp (26)

m>

off = % arctan <\/E f[g/h) = % arctan (gfﬁj) . (27)

In classical Hamiltonian mechanics velocity is defined as a derivative of the Hamilton function H with
respect to momentum p in accordance with Hamilton’s equations of motion

) )

q_aip’ pz—afq. (28)
By formally differentiating (27) with respect to p we can define a velocity operator by the formula
@=ﬁ<i+“ﬁ4)1. (29)
m 4m?2h?
We can calculate the expectation values of position, momentum, and velocity operators:
{&)p(r) = @) + T{0)y(0);
(D)y(r)y = (B)y(0), (30)

+oo

R . 9 p/m
(D) yp(r) = (D) y(0) = /_OO |f(p)] de < Umax,
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Figure 2: (a-d) Plots of the probability density of the Gaussian wave packet (7, z) with Ap = 1/v/2
and py = 3 for particular instances of time 7. Mass m = 1, A =1, k = 0.005 (blue plots).

3v/3h
8m+/Kk

does not depend on the initial state ¥ (x), but it depends on the mass m of the particle. The heavier the
particle, the smaller this speed limit is. For example if Aty = t, (the Planck’s time) we get

where vpax = is the upper limit on the speed of propagation of wave packets. Notice that vy ax

Umax & 8.72 - 1017 % for m = mass of the proton,
3v3

Umax = |/ T\[c ~ 0.8¢ for m = m,, (the Planck’s mass),

Umax = 0.05¢ for m = 150\/§mp ~ 5.65 mg.

In Figure 2, is presented the time evolution of the probability density of the initial state (25) in the
form of a Gaussian wave packet with

1 (p—po)*
fp) = Wexp <_Z(Alpj())2) . (31)

From these plots, we can see that the velocity and spreading of a Gaussian wave packet are smaller for
the kK > 0 case.

6 Example: Harmonic oscillator
The Hilbert space of the system is Hg = L*(R,dx) and the Hamiltonian of the system is

S 1 1
Hg = —p* + —mw?32, 32

5= 50+ 5 (32)
where m is the mass of a particle and w is a frequency of oscillations. Let us assume that the system is
initially in a coherent state

1/4 ;

wa(;p) _ (%) / o 7;: (I7m0)2eé(l’*%x0)p0. (33)
mh

In Figure 3, is presented the time evolution of the probability density of this state received by numerical

calculations. These plots illustrate how the coherence of the state is destroyed during time evolution as

a result of the existence of the fundamental limit for the precision with which we can measure time.
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I¢u(T, 2)2 =0 [u (T, %) ? T=05

Figure 3: (a-h) Plots of the probability density of the time-evolved coherent state ¥, (7, ) with 2o = 1
and pp = 0 for particular instances of time 7. Mass m = 1, frequency w = 27/3, i = 1, k = 0.01
(blue plots).

7 Example: System of n non-interacting spins-1/2 in a magnetic field
The Hilbert space of the system is Hg = C*> ® - -- ® C2 = C*>" and the Hamiltonian of the system is

Hs=-7ByS. 910 - 0i+iesS e -ol+  -+iole---08))

hw
:TO(UZ®I®"'®I+I®O’Z®"‘®I+"'+I®I®"'®Jz>, (34)

where v is the gyromagnetic ratio; By is the strength of the magnetic field, which we assume is directed

along the z-axis; wy = —yBp; and S, is the z-component of the spin operator expressed by the Pauli
matrix o,. Let us assume that the system is initially in an arbitrary non-entangled state

[V)s = 101, 01) ® |02, 02) @ -+ @ |0, @n), (35)

where ‘ ‘
10, 0) = cos(0/2)e"¢/2|1) + sin(6/2)e/?|]), (36)

0,0 € R and |1)s, |{)s are spin-up and spin-down eigenstates of the spin operator S,.
In the case of one spin (n = 1) the modified time evolution of the state |¢)s takes the form

[(7))s =10, + weT), (37)

2
where w,, = —= arctan(y/kwo/2). The spin is precessing around the z-axis with the frequency wy. Since
K

arctan is a bounded function, there is an upper limit for the frequency with which a spin can precess.
The frequency of precession is necessarily smaller than 7//k.
In the case of two spins (n = 2) the modified time evolution of the state |1)s takes the form

W(T»S = |917 ¥1 + WNT> ® |62a ®2 + wliT>7 (38)
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1
where w, = 7 arctan(y/kwp). The spins are precessing around the z-axis with the frequency w,. The
K
frequency of precession is smaller than in the case of only one spin.
In the case of three spins (n = 3) the modified time evolution of the state |1))¢ takes the form

[P(7))s = cos(AuT)|01, 01 + WeT) @ |02, 02 + wWeT) @ |03, 03 + WsT)
—isin(AeT)| =01, 01 + Wi T) @ [—02, 02 + Wk T) @ |03, 3 + WkT), (39)

1 3
Wg = m (arctan ( \/swo) —+ arctan (\/i%)) )
A = i arctan 3V/hwy — Jarctan ! .
4v/k 2 2

The spins are precessing around the z-axis with the frequency w,. The spins initially non-entangled get
entangled during time evolution.

where

(40)

8 Conclusions

The modification of the Page-Wootters formalism was presented which led to a minimal time scale. Phys-
ical consequences of such modification were discussed. It is possible to extend the developed formalism
into relativistic quantum mechanics exhibiting minimal time and length scale by imposing generalized
commutation relations between space-time variables which will be Lorentz covariant. For example the
following generalizations of the commutation relations (5) and (6) can be used

[@#,p"] = ih(g""1 + Bp"p") [@#, "] = ihg"" (1 + Bppp"”)
[p",p"] =0 or [p",p"] =0
[@#,3"] = ihB(p"a" — pi") [+, 3] = 2ihB(p'a" — pa")

where ¢g"” is a space-time metric. The representation of the operators #* and p” on an appropriate
Hilbert space, the states of maximal localization, and modified evolution equations can be found also in
such cases.

Acknowledgments
This research was funded by the Poznan University of Technology under Grant no. 0213/SBAD/0119.

References
[1] Amati D, Ciafaloni M and Veneziano G 1989 Can spacetime be probed below the string size? Phys.
Lett. B 216 41-47

[2] Ali A F, Das S and Vagenas E C 2009 Discreteness of Space from the Generalized Uncertainty
Principle Phys. Lett. B 678 497-499

[3] Maggiore M 1993 A Generalized Uncertainty Principle in Quantum Gravity Phys. Lett. B 304 65-69
[4] Hossenfelder S 2013 Minimal Length Scale Scenarios for Quantum Gravity Living Rev. Relativ. 16 2

[5] Domarski Z 2024 Time Evolution in Quantum Mechanics with a Minimal Time Scale Symmetry 16
1520

[6] Kempf A, Mangano G and Mann R B 1995 Hilbert space representation of the minimal length
uncertainty relation Phys. Rev. D 52 1108-1118

[7] Page D N and Wootters W K 1983 Evolution without evolution: Dynamics described by stationary
observables Phys. Rev. D 27 2885-2892



