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ABSTRACT Quantum error correction is crucial for universal fault-tolerant quantum computing. Highly
accurate and low-time-complexity decoding algorithms play an indispensable role in ensuring quantum error
correction works effectively. Among existing decoding algorithms, belief propagation (BP) is notable for its
nearly linear time complexity and general applicability to stabilizer codes. However, BP’s decoding accuracy
without postprocessing is unsatisfactory in most situations. This article focuses on improving the decoding
accuracy of BP over GF(4) for surface codes. Inspired by machine learning optimization techniques, we first
propose Momentum-BP and AdaGrad-BP to reduce oscillations in message updating, breaking the trapping
sets of surface codes. We further propose exponential weighted average initialization belief propagation
(EWAInit-BP), which adaptively updates initial probabilities and provides a one to three orders of magnitude
improvement over traditional BP for planar surface code, toric code, and XZZX surface code without any
postprocessing method, showing high decoding accuracy even under parallel scheduling. The theoretical
O(1) time complexity under parallel implementation and high accuracy of EWAInit-BP make it a promising

candidate for high-precision real-time decoders.

INDEX TERMS Machine learning, quantum error correction (QEC), quantum information.

I. INTRODUCTION

Information in quantum computing devices is highly suscep-
tible to noise, leading to information loss and computational
errors [1]. To address this issue, quantum error correction
(QEC) introduces redundant physical qubits and encodes the
information in a certain subspace of the state space of all
the physical qubits to protect it. So far at least, QEC is an
essential step toward universal fault-tolerant quantum com-
putation [2], [3], [4]. To ensure that QEC works, the decoder
of a QEC code should output an accurate and fast estimation
of error according to the error syndromes [5].

Several decoding algorithms have achieved notable suc-
cess, including minimum-weight perfect matching (MWPM)
[6] algorithm, union-find (UF) algorithm [7], maximum
likelihood (ML) algorithm [8], matrix-product-states-based
(MPS-based) algorithm [8], renormalization group algo-
rithm [9], and neural-network-based (NN-based) algo-
rithm [10], [11], [12], [13], [14], [15], [16], [17]. Among
these, ML, MWPM, and MPS-based algorithms offer high

accuracy but come with high complexity. In contrast, the
UF algorithm provides near-linear complexity with slightly
lower accuracy. NN-based decoders have to balance scalabil-
ity, decoding accuracy, and time cost [14] and may struggle
with generalizability across different codes. Consequently,
existing decoding algorithms rarely meet the require-
ments of both high accuracy and low complexity in QEC
decoding [18], [19].

The belief propagation (BP) algorithm [20] is applicable to
any stabilizer code and can achieve a complexity of O(jTN)
[21], where j is the average weight of the rows and columns
of the check matrix, and 7 is the number of iterations. In
addition, parallel scheduling of BP can be efficiently imple-
mented in hardware, theoretically achieving constant-time
complexity [22]. However, traditional BP exhibits low de-
coding accuracy for many quantum error correcting codes
and even cannot achieve the code capacity threshold for sur-
face codes, which are the focus of recent advancements in
QEC implementation [3], [23].

© 2025 The Authors. This work is licensed under a Creative Commons Attribution 4.0 License.
For more information, see http://creativecommons.org/licenses/by/4.0/

VOLUME 6, 2025

2100416


https://orcid.org/0009-0002-9717-3647
https://orcid.org/0000-0001-7386-1846
https://orcid.org/0000-0002-3512-0649

@IEEE Transactions on,
uantumEngineering

Chen et al.: IMPROVED BELIEF PROPAGATION DECODING ALGORITHMS FOR SURFACE CODES

BP can be implemented over both GF(4) [21], [24], [25],
[26], [27], [28], [29] and GF(2) [30], [31], [32], [33], where
the Pauli operators are represented. There have been some
efforts improving decoding accuracy of BP over GF(4)
and GF(2). Over GF(4), memory effect belief propagation
(MBP) [21] achieves a threshold of 14.5-16% for the planar
surface code by modifying the step size in the a posteri-
ori probability updates. However, MBP is limited to serial
scheduling, and the outer loop for searching step sizes in-
creases its time complexity. Over GF(2), generalized belief
propagation [33] achieves a 14% threshold by combining
generalized BP (GBP) with multiple rounds of decoding.
This algorithm can be implemented in parallel, but the num-
ber of outer loops increases with the code length, adding to
its time complexity. Belief propagation with bias using oscil-
lating trapping sets (BP-OTS) [34] periodically detects and
breaks trapping sets using manually set parameters, allow-
ing parallel implementation while maintaining the original
complexity. It outperforms MBP for short codes but does not
achieve a significant threshold.

Postprocessing methods, such as ordered statistics decod-
ing (OSD), stabilizer inactivation [35], MWPM [36], [37],
[38], and UN [3], are often used to improve BP’s decod-
ing accuracy. However, they also introduce extra time cost,
and all have high time complexities, ranging from O(N?) to
O(N3). Improving BP’s decoding accuracy to get rid of its
reliance on postprocessing algorithms remains a significant
challenge.

In this article, we mainly focus on improving BP’s de-
coding accuracy for surface codes, while we also believe
that the ideas used in these improvements will also work
for some other quantum low-density parity-check (LDPC)
codes. There are several explanations for why surface codes
are challenging for BP decoding. From the perspective of
degeneracy [21], [39], stabilizers of surface codes have much
lower weights compared to the code distance, leading to
multiple low-weight errors corresponding to the same syn-
drome, thus having negative influence on BP’s error conver-
gence. From the perspective of short cycles [20], a number
of four cycles over GF(4) and eight cycles over GF(2) in
surface codes can cause BP’s inaccurate updating. A more
intuitive explanation involves trapping sets [34], [40], where
surface codes have many symmetric trapping sets causing BP
messages to oscillate periodically.

This article approaches BP improvements from two per-
spectives: optimizing message updates inspired by gradient
optimization, and optimizing a priori probabilities using in-
formation of previous iterations, leading to the proposal of
three algorithms.

First, inspired by the similarity between BP message
update and gradient descent of the energy function, we
leverage optimization methods in machine learning to op-
timize the message update rules, and propose Momentum-
BP and AdaGrad-BP. In addition to improving decod-
ing accuracy, experiments on trapping sets in surface
codes show that Momentum-BP and AdaGrad-BP can
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smooth the message update process and reduce oscillation
amplitude.

Furthermore, realizing the importance of a priori
probabilities involved in the iteration of BP, we
propose exponential weighted average initialization
belief propagation (EWAInit-BP), which dynamically
updates the a priori probabilities involved in each
iteration by utilizing the a posteriori probabilities
output by previous iterations. Experiments on short toric
codes, planar surface codes, and XZZX surface codes
(under biased noise) show that EWAInit-BP outperforms
existing BP improvements without postprocessing and
outer loops under parallel scheduling. Notably, the time
complexity of all proposed improvements remains O(jTN).
Thus, EWAInit-BP can be implemented with theoretically
constant complexity in parallel while maintaining decoding
accuracy.

The rest of this article is organized as follows. Section II
introduces the fundamentals of surface codes and BP de-
coding, as well as the perspective of BP as a gradient op-
timization, and summarizes the challenges BP faces in de-
coding surface codes. Section III introduces Momentum-BP,
AdaGrad-BP, and EWAInit-BP. The results of the simulation
are presented in Section I'V. Finally, Section V concludes this
article and discusses the future challenges.

Il. PRELIMINARIES

A. SURFACE CODES

A stabilizer code is defined by an abelian subgroup S of the
Pauli group P, excluding —/ and composed of operators S €
P, such that S|v) = |) for all codewords |¢) in the code
space. The code space is the simultaneous +1 eigenspace of
all elements of S. The stabilizers must commute with each
other, which means [S;, S;] = 0VS;, S; € S. The dimension
of the code space is determined by the number of independent
generators of S. For a stabilizer code with N physical qubits
and K logical qubits, S has N — K independent generators.

The stabilizers are used to detect errors by measuring their
eigenvalues. The set of measurement outcomes, known as
the error syndrome, contains information about the errors
on physical qubits. The logical operators of a stabilizer code
are Pauli operators that commute with all elements of S but
are not in S; thus, they are in A/ (S)\S, where N (S) = {E :
ES = SE, VS € S}. They act on the encoded logical qubits
without disturbing the code space; thus, they can lead to
undetectable errors. The code distance D is defined as the
minimum weight of logical operators. A quantum stabilizer
code can be represented by [[V, K, D]].

Surface codes may be the most notable stabilizer codes
in recent years. Surface codes are a class of quantum LDPC
codes [41], where qubits are placed on a 2-D lattice, relying
on the topology of the surface to protect quantum informa-
tion [42]. Logical qubits are encoded in global degrees of
freedom, and larger lattices provide larger code distances.
The code distance scales with the code length as 0(\/ﬁ),
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FIGURE 1. Lattice of the [[2L? — 2L + 1, 1, L]] planar surface code with
L = 3. Circles represent data qubits, yellow squares represent X-type
stabilizers, green squares represent Z-type stabilizers, and arrows
indicate the coupling between stabilizers and qubits.

whereas the code rate is asymptotically zero. In this article,
toric codes refer to those with closed boundaries, and planar
surface codes refer to those with open boundaries. Besides,
we consider the unrotated surface codes, but it is clear that
our proposed algorithms can be extended to rotated versions.

A [[2L3, 2, L]] toric code has a 2-D torus topology, and
the closed boundaries makes it translationally invariant to the
error syndrome, which is beneficial to decoding algorithms,
such as BP and neural networks. The Euler characteristic of
the torus is O, but the X-type and Z-type stabilizers of the
toric code both have a redundancy, resulting in a total of two
encoded logical qubits.

A[[2L2 = 2L+ 1,1, L]] planar surface code is defined on
a surface with open boundaries, which makes the stabilizers
near the boundaries having lower weights. This reduction
in stabilizer weight results in a slight decrease in the error
correction capability compared to the toric code; however, it
simplifies implementation in physical quantum systems. The
lattice structure of the planar surface codes is illustrated in
Fig. I.

An [[L3,2,L]] XZZX surface code is a non-CSS code
designed to handle biased noise more effectively. The stabi-
lizers of these codes have the form of XZZX. This alternating
pattern of Pauli X and Z operators allows the code to reach
the theoretical maximum threshold of 50% under pure Pauli
X, pure Pauli Y, and pure Pauli Z noise.

B. BP DECODING

1) BP OVER GF(4)

The idea behind ML decoding in QEC is to find the most
likely error coset given the error syndrome. This can be
expressed as [24]

E = ES 1
argr%%xgp( K] (1)
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where the term ES denotes the coset formed by the error
E and the stabilizer S. However, finding this ML solution
is computationally expensive and exponential [43]. The BP
decoding algorithm simplifies the aforementioned objective
to
n
E = {arg maxp(Ej|s)} 2)
E; =1

where the probability of each individual error E; given the
syndrome s is maximized independently for j = I to n. BP
makes two simplifications to the objective, which compro-
mise its performance on highly degenerate quantum codes:

1) assuming that the most likely error pattern is the same
as the most likely error coset;

2) assuming that the most likely error on each qubit is the
same as the most likely error pattern.

The BP algorithm passes messages on a Tanner graph,
where stabilizers and qubits are represented as check nodes
and variable nodes, respectively. Over GF(4) which this ar-
ticle mainly focuses on, each variable node corresponds to a
probability vector of all Pauli errors on one qubit.

Besides, one can use log-likelihood ratio (LLR) as the
message passed between variable nodes and check nodes.
In this way, belief propagation (abbreviated as LLR-BPs)
receives a priori probability vectors describing each type of
Pauli error on each qubit as {p,, = {p’fj , pf}'j, p%f}}’jv=1 and
initializes the variable-to-check messages as [21]

1 - pv/
Iy, = {1y, wiweix,y,zy = In : (3)
Pu;
my) e, = hay (T x, Ty, v, Ty, 7) )

where IT,; is the a priori probabilities of variable node j
expressed by LLR. The lambda function in (4) is defined as

1+ e”’Hij

e e ot — et

hay (pF, pY pP) =1n (5)
indicating LLR values of whether the Pauli error E; com-
mutes with the Pauli operator H;; of the parity-check matrix
H. H;; is also the jth element of stabilizer S;.

One iteration of BP consists of one horizontal update,
one vertical update, and one hard decision. In the horizontal
update, each check node calculates the feedback based on
the messages received from the variable nodes but not from
the target variable node in last vertical update, sending a
check-to-variable message as follows:

(r=1)
mv,-/%c,-
[] tanh > (6)
v/-/EN(cl-)\v/-

w = 2tanh™!

m?. = (=1 xw (7

Cl‘—>vj

where N (c;) represents all variable nodes adjacent to check
node i, and s; is the syndrome corresponding to stabilizer S;.
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In the vertical update, variable nodes aggregate the mes-
sages from check nodes and, after a similar extrinsic
calculation as above, send variable-to-check messages as

mff_/.)ﬁc‘. = A, ({Thy, w + Z mg,)ﬁyj}We{X,Y,Z})
Ci/EM(Uj)\C,'
(W.Hjj)=1

®)

where M (v;) represents all check nodes adjacent to variable
node j. (W, H; j> stands for the trace inner product; here, the
result is 1 when the error operator W anticommutes with the
matrix element H;; and O when they commute.

In the hard decision, variable nodes first accumulate the
messages from all check nodes to calculate the a posteriori
probability of each Pauli error on each qubit as

0y =Tyw+ Y mil,. ©)
C,‘EM(UI')
(W.H;j)=1

Then, for each variable node, if all LLRs for Pauli errors are
greater than 0, then the hard decision result is the identity /;
otherwise, it is the Pauli error with the smallest LLR value.
The hard decisions of all qubits combine to form the error
estimate E. If E corrects the error syndrome, the algorithm
converges; otherwise, it returns to the horizontal update for
a new iteration. If the maximum number of iterations is
reached, decoding has failed.

BP can be performed under either parallel or serial
scheduling [44]. Under parallel scheduling, all variable
nodes and check nodes update their messages simultane-
ously in each iteration, allowing for hardware paralleliza-
tion and constant time complexity. On the other hand, the
serial scheduling updates the messages of variable nodes and
check nodes sequentially. This method leads to faster con-
vergence and slightly higher accuracy, though it has a more
complex hardware implementation and higher computational
overhead.

One perspective on BP is that each a posteriori probabili-
ties update in one BP iteration can be viewed as a single step
of gradient descent with a simplified step size on a certain en-
ergy function, as the expanded form of the a posteriori update
closely resembles the derivative of the energy function (see
Appendix A). From this perspective, MBP and adaptive MBP
(AMBP) [21] adjust the “learning rate” of message updates
to converge more quickly to the equivalent energy minimum,
which is common in degenerate quantum codes.

2) HARDNESS OF BP IN DECODING SURFACE CODES
There are several terms that can explain the unsatisfactory
accuracy of BP in surface codes.

a) Cycles: Short cycles cause the joint probability calcula-
tions in BP to be dependent, which violates the independence
assumption of updating variable nodes (8) and check nodes
(6) [20]. Surface codes exhibit eight cycles over GF(2) and
four cycles over GF(4), exacerbating this issue.
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b) Degeneracy: High degeneracy leads to BP decoding
objectives (2) deviating from true targets (1) [24], [39], es-
pecially when errors can combine with stabilizers to form
error types that are symmetric to the original ones. In such
cases, BP’s marginal probability calculations for the both
error types will be completely consistent. In surface codes,
the weights of the stabilizers are all no greater than 4, often
much less than the weights of the logical operators. This
symmetric degeneracy results in incorrect convergence of BP
decoding.

c) Trapping sets: Trapping sets are specific local structures
in error-correcting codes combined with corresponding error
patterns, where iterative decoding algorithms can never con-
verge [45], [46], [47]. In QEC, trapping sets are caused by the
aforementioned short loops and symmetric degeneracy [40],
[48]. The smallest trapping set in surface codes is shown in
Fig. 2, consisting of eight cycles and four symmetric sta-
bilizers, where the local connections of each check node
and variable node are identical [34]. If any two qubits here
experience errors that anticommute with the stabilizers, the
hard decision result of BP will oscillate periodically between
all 0’s and all I’s.

The first two terms are directly related to the underlying
principles of the BP algorithm. In contrast, trapping sets offer
a more specific description, which can not only inspire po-
tential improvements but also serve as a metric for evaluating
improvements.

Ill. BP OPTIMIZATION

From the perspective of BP as gradient descent [21], the
high degeneracy of surface codes results in many equivalent
global minima, leading to BP oscillating between adjacent
erroneous solutions within symmetric trapping sets. A nat-
ural idea is to explore if certain empirical methods can be
employed to smooth BP’s message updates, stabilizing the
a posteriori probabilities at a specific local minimum before
oscillations occur, thus enabling successful convergence to
degenerate errors.

A. GRADIENT OPTIMIZATION OF MESSAGE UPDATES
This section follows the gradient perspective, inspired by
optimizers in machine learning, to smooth BP iterations by
modifying its message update rules.

1) UPDATE GRADIENT SMOOTHING

The exponential weighted average (EWA) method updates
and smooths data series by combining the current observa-
tion with a weighted average of the previous value, expressed
as

=y 1+ -y (10)

where x; is the observation at time ¢, v, is the smoothed value,
and y is a decay factor satisfying 0 < y < 1.

In machine learning, momentum methods utilize an idea
similar to EWA, adding a momentum term to accumulate
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(a) (b)

FIGURE 2. Trapping sets with two types of error patterns in surface
codes. Solid circles represent error qubits, and solid squares represent
stabilizers with nontrivial error syndromes. The stabilizers in the figure
can be either all X-type or all Z-type.

historical information in gradient descent as
my = ym;_y + 1 =y)VJIO 1) Y
0[ = (9,_1 — oamy (12)

where y is the decay factor similar to that in EWA, m;
is the accumulated momentum term, VJ(@) is the gradient
of the loss function with respect to parameter 6, and « is
the learning rate. This method integrates previous directions
while updating parameters, thereby smoothing the update
direction.

We incorporate the concept of momentum into BP’s a pos-
teriori probability updates to solve this issue by breaking the
symmetry in BP’s message updates, proposing Momentum-
BP. Momentum-BP can be implemented under both parallel
and serial scheduling. Here, we present the latter in Algo-
rithm 1, where the initialization and check node update re-
main the same as in traditional BP. Our approach computes
the a posteriori probability before performs the vertical up-
date. The posterior update rule of Momentum-BP is shown as
(13) and (14), where gf?yw are the accumulated momentum

term and Qf)’?w are the a posteriori probability for the jth
s

variable node regarding the Pauli error W in the fth iteration.
Notice that we transformed (9), so that the accumulated term
is the posterior value from the previous iteration. In the vari-
able node update step, we subtract the original message sent
from the check node rather than the momentum-smoothed
message to ensure stability and prevent overcompensation.
For implementation of the gradient calculation, we ignore
the coefficient terms in (29), using the difference between
the posterior updates calculated by traditional BP and the
a posteriori probabilities from the previous iteration as the
gradient for the current iteration, expanded in (16), shown
at the bottom of this page. When o« =1 and y =0, (16)

Algorithm 1: Momentum-BP Under Serial Scheduling
Input: Parity-check matrix H of M x N, syndrome
vector s = (1, —1)™, a priori LLR vectors { H(O)}
max iterations itermax, learning rate « = 1, and
momentum rate y > 0.
Output: Estimated error vector E.
Initialization:
t=1
for j=1— N,do
Initialize m% )_>C as (4), let g(o) =0, Q(O)
Serial update:
forj=1— N,W e {X,Y,Z},do
for i € N'(v)), do
Calculate m,(? )_w as (6)
Momentum update

=

aJ
(l) (f 1)

v, W
0y =00y —agy)y (14)
Variable node update
mi) e, =0y — W Hyml.,,  (15)

Hard decision:
forj=1—> N, We{X,Y, Z},do

it 0", > 0forall W, let £; =1
. 0

else, let £; = argmin Q,
i

WelX,Y,Z}
if (H, E ) = s, return “converge” and halt.
else if 1 = iteryax, return “fail” and halt.
elser =t + 1, repeat from serial update.

is equivalent to the traditional BP’s a posteriori update;
when 0 <« < 1 and y =0, it is equivalent to the EWA
of a posteriori updates. In practice, to avoid the malice of
hyperparameter tuning, we either fix o at 1 or y at 0 (see
(17) and (18), both shown at the bottom of the next page).

The properties of Momentum-BP can be explained from
two perspectives.

1) Since it takes into account message updates from previ-
ous iterations, the method smooths the update direction
in each iteration, preventing the corresponding energy
function from oscillating between two points and grad-
ually converging to the global minimum.

1 1 1
Q) =00y —a|valy + U= Q0 —

VOLUME 6, 2025

Mow— Y mil, (16)
cieM(vj)
(W, H,)=1
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2) Nodewise momentum updates gradually break the
symmetry of message passing shown in Fig. 2, allow-
ing BP to escape from these trapping sets.

The trapping set simulation in Section IV-A will support
those explanations.

2) ADAPTIVE STEP SIZE

Oscillation of message updates in trapping sets can also be
attributed to the step size. In traditional LLR-BP, all variable
node posterior updates result from simply directly accumu-
lating messages from neighboring check nodes. From the
gradient perspective, if the step size is too large, the opti-
mization algorithm is likely to oscillate; if the step size is
too small, the algorithm is likely unable to update effectively.
In practical decoding, the update frequency of different vari-
able nodes may be uneven, with some requiring more rapid
updates, while others need to remain stable.

Inspired by adaptive gradient methods in deep learning,
we propose AdaGrad-BP. The framework of this algorithm
is similar to Momentum-BP, with initialization and horizon-
tal updates identical to traditional BP, while the posterior
probability updates follow an adaptive step size rule as

g/(t)W

—1 vj,

0))y =0y W — o= (19)
ij,W +€

where ¢ f}t) w approximates the gradient of energy function

> om., @

ci€M(v))
(W.H;j)=1

/(l) Q(t 1

vJ,W - UJVW -

and Git_)w is the cumulative sum of the squared gradients as
s

Gy =GOy + (&) ) @1

This method adaptively adjusts the step size by accumu-
lating historical gradient information. If the estimate of a
variable node for a certain Pauli error changes significantly,
the algorithm reduces the step size to counteract oscillation.
Equation (19) takes effect after the first iteration to ensure
initial update stability. Here, « is the boost learning rate,
providing an update impetus as the algorithm begins to accu-
mulate gradients. « is relatively insensitive, so it is fixed at 5
in our simulations. While AdaGrad-BP may face issues with

accumulated gradients causing the step size to approach zero
after many iterations, in practice, it can reduce the number
of iterations, allowing most error patterns to converge before
the gradients become too small.

Unfortunately, combining Momentum-BP and AdaGrad-
BP using Adam optimizer or other methods will not yield
satisfactory results. On the one hand, the Adam algorithm
introduces additional hyperparameters whose optimal val-
ues for BP cannot be directly borrowed from deep learning,
thereby complicating the algorithm. On the other hand, Mo-
mentum and AdaGrad approach similar message update opti-
mizations from different perspectives, and a straightforward
combination of the two can lead to overcompensation.

B. DYNAMIC INITIALIZATION OF PRIOR PROBABILITIES
BP decoding and gradient descent still have a fundamental
difference, which limits the performance of the algorithms
in Section III-A. Each update in gradient descent is based on
the results of the previous step, whereas in BP decoding, each
calculation of a posteriori probabilities accumulates the same
a priori probabilities. Given the objective function as shown
in (2), for simplicity using the binary domain for instance,
BP calculates the LLR values as

., P(e; =0ls)
0, =Inpet—35 (22)
P(e; =0)- P(sle; =0) (23)

=1In
P(ej =1)-P(sle; = 1)

Z Mey—v; (24)

c,-;e/\/l(vj)\c,-

=11, +

where IT,; is a manually set initial value of the algorithm
that participates in each iteration’s a posteriori probability
update. However, since the initial error probabilities are de-
rived from a theoretical channel, which is difficult to measure
and estimate in experiments, the a priori probabilities can
significantly affect the BP iterations.

Existing methods for altering initial probabilities include
reinitialization using information obtained from previous it-
erations [24], [25], [33], as well as detecting oscillations
during the decoding process and modifying initial values
accordingly [34]. However, they either require multiple outer
loops or manually set algorithm parameters. We introduce a
simple but effective method for dynamically updating a priori
probabilities, employing a transformed EWA, incorporating

f 1 1 1
if a=1 (Qo ) _ (z ))+(1_y) My, + Z m?,-)_wj (17)
C,’EM(UI')
(W.H;j)=1
if y=0 -1
=o|Mw+ Y ml, | +1-00) (18)
cieM(vj)
(W.H;j)=1
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Algorithm 2: EWAInit-BP Under Parallel Scheduling.
Input: Parity-check matrix H, syndrome vector s, a
priori LLR vectors {H(O)}
discount factor «.

Output: Estimated errog vector E.
t=1, 00 =1% m, =
0) 0) (0)
)‘Hij(nvj,X’ ij,Y’ HUj,Z)
EWA Initialization when r > 1:
for j=1— N,do

0
ny) = ety + (1

j—1» Max iterations itermax,

— )0y (25)

Horizontal update:

for i = 1 — M, Calculate mE Lv as (6)
Vertical update:

forj=1— N,

Calculate mfj )_)C as (8), replacing Iy, w with

()
HUj,W
Hard decision:
forj=1— N, W e {X,Y, Z},do
Calculate fo,-),w as (9), replacing l'[vj’w with

H(f)
1f Q<’> > Oforalle, let £; =1
else, let £; = arg min fo,) w

welx,y,zy
if (H, E ) = s, return “converge” and halt.
else if 1 = itery,x, return “fail” and halt.
else r =t + 1, repeat from EWA Initialization.

components of previous a posteriori probabilities into the a
priori probabilities with a decaying factor. Hence, we call this
method EWAInit-BP. EWAInit-BP under parallel scheduling
is shown in Algorithm 2.

One might wonder why the first term on the right-hand side
(RHS) of (25) is each qubit’s list of initial a priori probabil-
ities Hf,(j).) instead of a priori probabilities from the previous

iteration nSj/f", as the latter aligns better with the definition
and intuition of the EWA. In fact, by using the definition in
(25) rather than the aforementioned approach, we achieve
the exponentially weighted average of horizontal message
updates for the a posteriori probabilities in EWAInit-BP, as
stated in Theorem 1.

Theorem 1: The a posteriori update of EWAInit-BP (see
Algorithm 2) realizes an exponentially weighted average of
past horizontal message updates, specifically expressed as

o))y n<°)W+Z(1 —a)f Y w6
cieM(vj)
(W,H;;)=1

Proof: This result can be derived by combining (9) and
(25) and recursively expanding the update formula. The de-
tailed process is provided in Appendix B. t
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Notably, EWAInit-BP and Momentum-BP share a sim-
ilar recursive form, but the former is more concise (see
Appendix B). The primary distinction between them lies in
the differing placements of EWA (or momentum). Moreover,
by incorporating the EWA step into the initialization phase,
EWAInit-BP avoids the issue of message coefficient incon-
sistency caused by performing posterior updates followed
by vertical updates. In fact, EWAInit-BP also demonstrates
better performance in simulations.

C. COMPLEXITY

Our proposed algorithms involve the same message passing
between variable nodes and check nodes as in traditional BP.
The main difference lies in the additional update steps, which
in Momentum-BP and AdaGrad-BP consist of recalculating
the a posteriori probabilities, and in EWAInit-BP involves
recalculating the a priori probabilities. These additional steps
only involve simple arithmetic operations and can be exe-
cuted locally at each node, without requiring extra iterations,
loops, or global communication, thus not introducing any
significant overhead. Therefore, the overall time complexity
of the proposed algorithms remains O(jtN), where j is the
average degree of the Tanner graph, and t is the number of
iterations.

In terms of space complexity, traditional BP requires stor-
ing messages and probability values, resulting in O(N) space
requirements. Our algorithms only add extra storage space
to accumulate gradients or maintain EWAs, which is propor-
tional to the number of variable nodes and does not change
the overall space complexity. Thus, our improved algorithms
maintain the same efficiency in both time and space as tra-
ditional BP, ensuring scalability and feasibility for practical
implementation.

IV. SIMULATION RESULTS

In all simulations, the criterion for successful decoding is that
the error estimate satisfies £ € ES , rather than E =F asin
classical information. All cases not meeting the aforemen-
tioned condition are referred to as logical errors in this article.
Herein, a detected error refers to EE being anticommutative
with any one stabilizer § € S; an undetected error implies
that £E commutes with all stabilizers, i.e., EE € N (SN\S,
where the result of error correction is a logical operator. Each
data point on the experimental curves represents the mean of
at least 10* simulations.

Without further specification, our simulations employ a
depolarizing channel, where each qubit has an equal prob-
ability p/3 of experiencing Pauli X, Y, or Z errors, and a
probability of 1 — p of no error occurring. In addition, for
ease of comparison, we adopt the simple noise model, which
does not consider measurement errors or error propagation
in quantum circuits.

A. BREAKING THE TRAPPING SETS
We first compare the performance of improved BP on the
trapping set shown in Fig. 2. In this example, qubits 1 and
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FIGURE 3. Comparison of traditional LLR-BP, and AdaGrad-BP under parallel scheduling and serial scheduling on the (4,0) trapping set. The improved
BP algorithm break the symmetry of message updates and converge within 12 and 2 iterations separately. (a) Traditional LLR-BP,. (b) AdaGrad-BP

(parallel). (c) AdaGrad-BP (serial).

TABLE 1. Iterations Required by Different Algorithms on the (4,0)
Trapping Set

Algorithm Parallel Scheduling  Serial Scheduling
LLR-BP4 [31] — —
(A)MBP [21] — o =0.5,iter =2
BP-OTS [34] tter =T 42 tter =T 42
EWAInit-BP — o =0.5,iter =2
AdaGrad-BP iter =12 iter =2

Momentum-BP o =0.5,iter =2 o = 0.6,iter =2

2 experience X errors, resulting in an error syndrome of
[1,0,1,0]. Fig. 3 shows the comparison between the tradi-
tional LLR-BP4 and AdaGrad-BP in Section III-A under
parallel and serial scheduling, with the maximum iteration
set to 50 and the a priori probabilities set to 0.01. The hard
decision result of the traditional BP oscillates continuously
between all X and all /, whereas the improved BP algo-
rithm shows significantly reduced oscillation amplitude and
converges within few iterations.

A more detailed comparison of the different algorithms
proposed in this article is presented in Table 1. As de-
scribed in Section III-A, we set o of AdaGrad-BP to 5 and
y of Momentum-BP to 0. For Momentum-BP, EWAInit-BP,
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and MBP, we tested ten evenly distributed values for alpha
within the range [0, 1] and selected the one that yielded
the best performance. The same parameter selection strat-
egy is also applied in Section IV-B. MBP (equals AMBP
in this simulation) [21] and EWAInit-BP converges at the
same fastest speed under serial scheduling but oscillates un-
der parallel scheduling. BP-OTS [34] shows little depen-
dence on scheduling method, but its convergence depends
on the manually set oscillation period 7', which may vary
in different error correction scenarios. Algorithms proposed
in Section III-A, Momentum-BP and AdaGrad-BP, converge
fast under both parallel scheduling and serial scheduling.

Itis worth noting that EWAInit-BP fails to decode trapping
sets under parallel scheduling. This is because the recursive
message update formula for each bit remains symmetric,
making it unable to resolve the issue within trapping sets. In
practical error-correcting code decoding, this limitation may
lead to nonconvergence in very rare special cases. However,
in most cases, messages originating from outside the trapping
sets can assist in achieving convergence.

B. IMPROVED BP ON SURFACE CODES
In this section, we compare the performance of proposed BP
improvements with other improvements for various surface
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FIGURE 4. Overall performance of the proposed BP algorithms with
existing algorithms on an [[85, 1, 7]] planar surface code. Momentum-BP,
AdaGrad-BP, MBP, and AMBP are evaluated under both parallel and
serial scheduling. EWAInit-BP performs between serial MBP and serial
AMBP and is almost identical to BP,-OSD-0 in this case.

codes. For all BP algorithms, the maximum number of iter-
ations itermax across all code lengths is set to 100 to ensure
linear asymptotic complexity.

1) COMPARISON OF OUR BP OPTIMIZATION METHODS

A comparison of all methods proposed in this article
with some existing high-accuracy BP improvements on
an L =7 planar surface code is illustrated in Fig. 4, us-
ing the same parameter selection strategy as described in
Section IV-A. The two methods for optimizing message
update rules, Momentum-BP and AdaGrad-BP, exhibit im-
provements over traditional LLR-BPy at physical error rates
lower than 10%, providing evidence for the validity of
the gradient perspective of BP. The prior-probability-based
method, EWAInit-BP, demonstrates improvements ranging
from one to three orders of magnitude over traditional BP
and effectively eliminates the error floor. Compared to other
algorithms, EWAInit-BP achieves performance between se-
rial MBP and serial AMBP while using hardware-friendly
parallel scheduling and, in this case, performs nearly iden-
tically to BP,-OSD-0 [49], despite the latter having a time
complexity of O(n?).

The enhancements observed with Momentum-BP and
AdaGrad-BP support the validity of the gradient perspective,
providing a foundation for further research in this direction.
Next, we will provide detailed comparisons between our
best enhancement, EWAInit-BP, and algorithms with sim-
ilar time overheads (excluding postprocessing and external
loops). Although AMBP [21] has an asymptotic complexity
of O(N), its actual runtime overhead is high, as detailed in
Appendix C, which also includes the results for adaptive
exponential weighted average (AEWA-BP).
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FIGURE 5. Performance of LLRBP4, MBP, and EWAInit-BP under parallel
scheduling for toric codes with L = {4, 6, 8}. Only EWAInit-BP finds a
reduction in the logical error rate as the lattice size increases, with the
intersection of error rates occurring at 13.6%. (a) Logical error rates.

(b) Average iterations.

2) TORIC CODE
We construct the [[2r2, 1, n]] toric code based on its prop-
erties as a hypergraph product of an [n, 1] repetition code.
The toric code features periodic boundaries; hence, all its
stabilizers have a weight of four, and any error syndromes on
it exhibit translational symmetry [17], which is particularly
conducive to BP and neural network decoding. We compare
the performance of our EWAInit-BP and other existing meth-
ods under both parallel and serial scheduling, as shown in
Figs. 5 and 6, respectively. Note that in all simulations in this
section, the parameter choices for different code lengths are
consistent.

For the parallel schedule,' compared to the classic BP over
GF(4) with LLR message and its enhancement, MBP, our
EWAInit-BP is the only method that achieves a decrease in

'Our implementation of BP-OTS over GF(4) under parallel scheduling
did not achieve the performance reported in the original paper, necessitating
further investigation into this discrepancy.
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FIGURE 6. Performance of MBP, BP-OTS, and EWAInit-BP under serial
scheduling for toric codes with L = {4, 6, 8}. We choose T =9 and C = 20
for BP-OTS. EWAInit-BP outperforms other BP improvements, with the
intersection of logical error rates at 15%. (a) Logical error rates.

(b) Average iterations.

logical error rates as the lattice size increases, with significant
improvements in logical error rates at the same lattice size.
The intersection of the error rate curves for these lattice sizes
is approximately 13.6%. In addition, the average number
of iterations required for EWAInit-BP is significantly lower
than the other two methods, converging in fewer than ten iter-
ations mostly. Parallel scheduling of BP algorithms holds the
potential to achieve constant complexity through hardware-
based parallel computation, while EWAInit-BP ensures both
the error correction capabilities and speed in decoding.

For the serial schedule, all three decoding algorithms
demonstrated error correction capabilities. Among those,
BP-OTS performs better than MBP at low physical er-
ror rates, but its performance is surpassed by MBP when
the physical error rate exceeds 7%. The performance of
EWAInit-BP, on the other hand, consistently outperforms
these two methods across all tested conditions, with the log-
ical error rate at L = 6 being comparable to that of the other

2100416

10 ‘
A
A-AT QK
A de
AT«
-
- g i
10 ,
H =T
) e :
T e - S
« e
5 - - . Beled
= 10-2 - P AZ T
w ~ # T 3
3 2k
<3 /‘,/Qé- '/l' —A-+ LLRBP4 L=5
g "4/ P —A- LLRBP4 L=7
. P —A- LLRBP4 L=9
10 e - > - - MBP L=5, a=0.65 g
: : : : - MBPL=7
- MBPL=9
‘. . ’ ! —®— EWAit-BP L=5, a=0.5
—@— EWAt-BP L=7
107 ~®— EWAt-BP L=9 g
2 ’ -
10 10
Physical Error Rate
(2)
0 4
10" § -4 LLRBP4L=5
=k LLRBP4L=7
—A LLRBP4L=9
~# MBP L=5, a=0.65
- MBPL=7
107" 4 = wmePL=9
-4 EWAit-BP L=5, a=0.5
° -4 EWAitBP L=7
= -4 EWAIit-BP L=9
% - —0— EWANit-OTS L=5
S, | & EWAmNitOTSL=7
o 10§ e EwAitOTS L=9
p— - N
P
g prad
- r ¢
-3
10
-4
10

10~
Physical Error Rate

(b)

FIGURE 7. Performance of LLRBP4, MBP, and EWAInit-BP (EWAInit-OTS)
for planar surface codes with L = 5, 7, 9. The intersection of logical error
rates for EWAInit-BP under serial scheduling is approximately 10%.

(a) LER under a parallel schedule. (b) LER under a serial schedule.

two algorithms at L = 8, and the intersection of the logical
error rate curves is approximately 15%.2 In terms of iteration
count, both EWAInit-BP and MBP converge in remarkably
few iterations (often fewer than 5).

3) PLANAR SURFACE CODE

The boundaries of the planar surface code are no longer con-
tiguous, resulting in the emergence of some stabilizers with
weight three and qubits that only connect two stabilizers at
the boundaries. This configuration leads to a slight reduction
in the error correction capabilities of the planar surface code
compared to the Toric code. We compare the decoding log-
ical error rates of LLR-BP4, MBP, and EWAInit-BP under
both parallel and serial scheduling, as illustrated in Fig. 7.

2We cannot yet consider the intersection of curves for short codes as the
obtained threshold, as the convergence capability of EWAInit-BP degrades
to some extent on larger codes. This will be discussed in Appendix C.
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FIGURE 8. Performance of LLRBP4, MBP, and EWAInit-BP (EWAInit-OTS)
for XZZX surface codes with L = 5, 7, 9 under serial scheduling. The
intersection of logical error rates for EWAInit-BP is approximately 12.4%.

Under parallel scheduling, the decoding logical error rates
of LLRBP4 and MBP4 increase with increasing code length,
whereas EWAInit-BP achieves a reduction in logical error
rates at low physical error rates. Unfortunately, at higher
error rates, decoding at higher code lengths becomes more
challenging, preventing EWAInit-BP from achieving a reli-
able threshold on the planar surface code.

Under serial scheduling, EWAInit-BP performs better than
MBP at L = 5 and L = 7; however, its performance at L = 9
is not satisfying. Despite the dynamic updating of a priori
probabilities, the method still partly relies on the symmetric
initial input priors. One solution is to incorporate the OTS
method as a “postprocessing” step for EWAInit, resetting
the a priori probabilities of some nodes every few iterations,
with the hyperparameters 7 = 5 and C = 20. This EWAInit-
OTS method, while maintaining a time complexity of O(n),
shows improvements in convergence rate and logical error
rates on the surface code compared to EWAInit-BP and other
methods.

The patterns of average iterations of different algorithms
for the planar surface code and the XZZX surface code are
similar to those observed in the toric code and exhibit the
same trends as the logical error rates. Therefore, we do not
repeat the iteration figures here.

4) XZZX SURFACE CODE

For biased noise, the XZZX surface code exhibits superior er-
ror correction capabilities compared to the traditional planar
surface code, achieving the theoretical maximum threshold
of 50% across three types of pure Pauli error channels.

A comparison of decoding performance on the XZZX sur-
face code is illustrated in Fig. 8. Our EWAInit combined
with OTS method outperforms other algorithms under serial
scheduling, with the logical error rate (LER) curve intersec-
tion at approximately 12.4%. Unfortunately, for odd lattice
sizes, the logical error rate for higher code lengths is higher
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FIGURE 9. Performance of LLRBP4 and EWAInit-BP for the XZZX surface
code with L = 5, 7, 9 under parallel scheduling, evaluated under
conditions where Pauli Z errors are more prevalent in the channel. The
intersection of LERs for EWAInit-BP is approximately 10%.

than for lower code lengths at low physical error rates, while
it demonstrates error-correcting capabilities at higher physi-
cal error rates.

To demonstrate the bias noise correction capability of the
XZ7X surface code, we chose p, = % and py = p, = %, im-
plying that Pauli Z errors are more likely to occur, which
aligns with the conditions found in actual hardware. Fig. 9
displays the decoding performance under biased noises under
parallel scheduling. It is evident that when biased noise is
present, the performance of BP decoding using the XZZX
surface code with parallel scheduling shows significant im-
provement compared to that on a depolarizing channel. Be-
sides, EWAInit-BP offers an improvement of approximately
one order of magnitude and demonstrates the error correction
capability under parallel scheduling, with the intersection of
logical error rates around 10%.

C. GENERALITY ON OTHER QUANTUM LDPC CODES
Although the trapping set analysis presented in Section I[V-A
is difficult to directly extend to arbitrary quantum LDPC
codes due to the structural differences among codes, the per-
formance of our EWAInit-BP algorithm is not limited to 2-D
topological constructions. In this section, we provide em-
pirical evidence that EWAInit-BP generalizes well to other
classes of quantum LDPC codes. Two representative exam-
ples are considered: the Bivariate Bicycle codes proposed by
IBM [50], and 3-D Chamon codes, which is an instance of
3-D XY Z product of three repetition codes [51].

Fig. 10 presents a comparison of logical error rates be-
tween BP>-OSD-0 and EWAInit-BP under parallel schedul-
ing on these two code families under depolarizing noise and
code capacity noise model. For the bivariate bicycle codes,
EWAInit-BP almost consistently outperforms BP,-OSD-0
across all tested code distances, with its advantage more
pronounced at lower physical error rates.
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FIGURE 10. Comparison of BP,-OSD-0 and EWAInit-BP on two
non-surface-code quantum LDPC families. (a) Bivariate bicycle codes and
(b) 3-D Chamon codes. EWAInit-BP almost outperforms BP-OSD-0 across
all distances and physical error rates. (a) Bivariate bicycle codes. (b) 3-D
Chamon codes.

Similarly, for the 3-D Chamon codes, EWAInit-BP
demonstrates improved decoding performance for all tested
distances. While both algorithms show typical threshold-like
behavior, EWAInit-BP achieves lower logical error rates un-
der comparable physical error rates. These results provide
preliminary evidence that the exponential averaging mech-
anism is broadly beneficial for decoding quantum LDPC
codes.

V. CONCLUSION
In this article, we proposed three improved BP algorithms:
Momentum-BP, AdaGrad-BP, and EWAInit-BP.

Since the a posteriori probability update of BP can be
interpreted as the gradient optimization of an energy func-
tion, we adopted optimization strategies from gradient de-
scent in machine learning, resulting in Momentum-BP and
AdaGrad-BP. These mechanisms aim to smooth the update
process and reduce the amplitude of oscillations. Simulations
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on trapping sets intuitively demonstrated the effectiveness
of these algorithms, supporting the feasibility of leveraging
gradient optimization principles for BP decoding.

From the theoretical derivation of the message update
rules of the BP algorithm, we recognized the importance of
a priori probabilities and transformed the message update
smoothing into initial values adapting, proposing EWAInit-
BP. This algorithm realizes an exponentially weighted av-
erage of past horizontal message updates and outperforms
other algorithms without OSD postprocessing on various sur-
face codes. Specifically, EWAInit-BP shows high decoding
accuracy even under parallel scheduling, with logical error
rates decreasing as code length increases on short blocks.
Notably, all our proposed methods do not introduce any addi-
tional factors to the time complexity of BP. Thus, EWAInit-
BP can be implemented with O(1) complexity in fully paral-
lelism while maintaining decoding accuracy.

Furthermore, we also evaluated the performance of
EWAInit-BP on two representative quantum LDPC codes—
bivariate bicycle codes and the 3-D Chamon codes. Our al-
gorithm demonstrates competitive decoding performance on
both families under parallel scheduling, showing potential
adaptability to high-dimensional or irregular topologies. The
results suggest that the principle behind message adaptation
strategies may extend beyond the specific context of sur-
face codes, indicating broader theoretical significance. Fu-
ture work will explore how to adapt our approach to other
quantum LDPC codes with higher degeneracy or more com-
plex structures, especially focusing on maintaining decoding
performance at larger code distances.

However, applying exponential weighting to messages
is still insufficient to ensure BP convergence for all code
lengths. It may be necessary to draw inspiration from meth-
ods like neural BP to enhance the representational power of
the algorithm. Besides, our simulations only considered Pauli
errors on qubits and did not account for measurement errors,
error propagation in circuits, etc. Future work needs to adapt
BP to the circuit-level noise model, potentially requiring
specialized optimizations.

APPENDIX A

BP AS GRADIENT OPTIMIZATION

Each iteration of BP can be interpreted as one step of gradient
descent with a simplified step size on the following energy

function [21], [52]:
Ay (Oy.
[T o (222)
2

m
J(@)=—) 2tanh™" | (=1)%
i=1 vieN(c:)

27)

where Q is the a posteriori probabilities of all the variable
nodes in this iteration, and m is the number of check nodes.
The term inside the parentheses measures the discrepancy
between the result of the current iteration and the actual error
syndrome of stabilizer S;. The smaller the energy function,
the closer the BP iteration result is to the correct solution.
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The variables for gradient updates are the a posteriori es-
timates of each type of Pauli error of each variable node.
Specifically, for the W € {X, Y, Z} type Pauli error on the nth
variable node, the a posteriori probability update is

aJ

00, W

n  _ ol=D
QUj,W - Q'U_,',W -

where the partial derivative is

aJ ~
00w D
J CiEM(U/‘)
(W.H;j)=1
—0y,
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evaj,X +67ij‘Y +67ij,Z _ evaj,Hij
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where g;; is a term that is always greater than O (see [21]),
and rTzC,._wj is the a posteriori probability summation term,
approximated using the tanh function

)" Pl Vi
i, = (=% ] tanh(#). (30)

Uj/EN(C,')\U_,'
If we view the last term on the RHS of (29) as a variable
coefficient, then the posterior update in BP can be seen as a
gradient descent step that omits this coefficient term.

APPENDIX B

ITERATIVE EXPANSION OF EWA-BASED BP
ALGORITHMS

Here, we present the expansion of Momentum-BP and
EWAInit-BP proposed in this article to clarify their proper-
ties. To streamline calculations and maintain consistency, we
set ¥ in Momentum-BP to 0.

A. MOMENTUM-BP
For Momentum-BP, the a posteriori probabilities are updated
in the first iteration as

1 0 1 0
Qij?W = a(l'[( )W + Z mg)—”’j) +ad- a)l'[f}j?w
ClEM(U/)
(W,H;;)=1
(€1))
0
= Iy )W o Z mEILU.f (32)
c,e./\/l(vj)
(W.Hjj)=1

where the first term on the RHS represents the calculation in
the current iteration. The second term represents the calcula-
tion from the previous iteration, which in the first iteration is
simply the a priori probability, say ij’W = ij,W
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Now, we can expand the a posteriori update iteratively

0 —
0y =a@Py+ > ml, )+ -0l )

c,e./\/l(v])
(W.Hij)=1
(33)
_a(H(O)W—i— Z mEtLU,)-I-(l a )k
c,e/\/l(v])
(W.Hij)=1
@MYy + >0 mZ)+ (-0 D)
c,e./\/l(vj)
(W.Hjj)=1
(34)
—aZ(l—a)k Mow+ 2 me2,
cieM(v))
(W,H;j)=1
+(1=a) Q). (39)

0)

. ... .. 0 .
Using the initial condition Q W = IT v W we can substi-

tute ng?w into (35) to obtain
i

t—1
o)y =T,y (a D —af+- a)f>

k=0

+a Z(l o) Y o mi (0

cieM(v))
(W.H;;)=1
Now, let us examine the coefficient of Hff;?w
—1
@) (—a)f+(1-a). (37)

k=0

This is a finite geometric series, and we can simplify it using
the formula

n 1 — 1
Zrk =—. (38)
1—r
k=0
Substituting back into (37), we get

-1
@y (- +(1—af (39)

k=0

I—(—a) .
=a0- ——+ {1 —-a) =1. (40)
o

Thus, we have shown that the coefficient of I"IS),)W is
i
indeed 1. The complete general term formula is therefore

Q(’) - §°>W+Za(1—a)" Yo omih . @D
c,e./\/l(vj)
(W,H;j)=1
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B. EWAINIT-BP
Similarly, for EWAInit-BP, we have the initial condition

@ _ 7O
H'Uj,W - HU,‘,W (42)
(1) (e)) 1
Oy =M+ > ml, (43)
ce/\/l(v.,)
(W.H;j)=1

and the general term form

ey, = el + (1 -0l ) (44)
t
0 _
- nf}j?w +y - Y omlT @5)
k=1 cieM(v))
(W,H,/>=1
oy =myy+ Y omil, (46)
cieM(v))
(W.H;j)=1
t
0 —
=P+ (- Y mi) @D
k= C,'GM(UJ')
(W.H;;)=1

where the coefficient of ng?w is also 1, derived by the same
approach.

Although the approaches for improvement are different,
both Momentum-BP and EWAInit-BP attempt to enhance
the update of the a posteriori probability ng)’W by applying
a weighted combination of past messages. The distinction
lies in the fact that the recurrence relation derived from per-
forming EWA on the prior probability is more concise and
intuitive, with only a (1 — «) factor applied to past messages.
Interestingly, EWAInit-BP, with its simpler recurrence rela-
tion, also demonstrates better performance in simulations.

APPENDIX C

COMPARED TO AMBP

AMBP [21] defines a parameter range (for surface codes, o €
[1, 0.5]) and iterates through the possible values from large
to small until MBP converges with a specific parameter «*, at
which point it returns the result. Sorting the parameters from
large to small prevents overly aggressive message updates
that might cause logical errors, while ensuring convergence
in most cases. In this appendix, we uniformly sampled 11
values within the range [1, 0.5], making the worst case time
overhead for AMBP approximately ten times that of MBP.
We can utilize a similar adaptive parameter selection strategy
for EWAInit-BP using a parameter range of o € [1, 0], where
the parameter represents the strength of the EWA. We refer
to the resulting algorithm as Adaptive EWAInit-BP.

We compare EWAInit-BP, AEWA-BP with parallel
scheduling, and AMBP with both parallel and serial schedul-
ing on planar surface codes of sizes [[13, 1, 3]], [[85, 1, 7],
and [[221, 1, 11]], as shown in Fig. 11. EWAInit-BP and
parallel AMBP no longer exhibit the property of decreasing

2100416

10° 1 =4 L=3 EWAIit-BP, a=05
—§- L=7 EWAInitBP, a=0.5
—§-- L=11 EWAIit-BP, a=0.5
—0— L=3AEWA-BP

A+ L=3 AMBP (parallel)
A+ L=7 AMBP (parallel)
<A+ L=11 AMBP (parallel)
~% - L=3 AMBP (serial)
— - L=7 AVBP (serial)
~% - L=11 AMBP (serial)

Average Running Time (s)
5

Physical Error Rate

FIGURE 11. Performance of EWAInit-BP, AEWA-BP, parallel AMBP, and
serial AMBP on the planar surface code with L = 3, 7, 11. EWAInit-BP
and parallel AMBP achieve similar accuracy, but both exhibit higher error
rates at L = 11 compared to L = 7. AEWA-BP achieves accuracy
comparable to serial AMBP.

~8— L=3 EWAInit-BP ‘ oS e
o | & L7 EwAnier ,«/}/’F

10’ 4 —®— L=11 EWAInit-BP et -

~¢- L=3AEWABP i
-¢- L=7 AEWA-BP . -
~¢- L=11 AEWA-BP /,'«4’
10 ' 4 —A- L=3 AMBP (serial) r/* -
—& - L=7 AMBP (serial)
—4~ L=11 AMBP (serial)

Average Running Time (s)
5

Physical Error Rate

FIGURE 12. Average running time of EWAInit-BP, AEWA-BP, and serial
AMBP on the planar surface code with L = 3, 7, 11. For the latter two
algorithms that utilize adaptive methods, the running time increases
significantly as the physical error rate grows.

logical error rates with increasing code length, indicating that
large surface codes remain a challenge for parallel BP. How-
ever, AEWA-BP with parallel scheduling demonstrates accu-
racy comparable to AMBP with serial scheduling. A major
issue with AEWA-BP is that its parameter range cannot cover
all possible magnitudes of message updates, meaning that it
theoretically cannot guarantee convergence for all errors.
Next, we compared the runtime of the aforementioned
algorithms to verify the high overhead of adaptive methods
discussed in the main text, as shown in Fig. 12. The runtime
of parallel AMBP is very similar to that of AEWA-BP and is,
therefore, omitted from the figure. As shown, EWAInit-BP
exhibits the same scaling properties as traditional BP: its
runtime grows linearly with code length and increases with
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TABLE 2. Comparison of the Running Time of EWAInit-BP, AEWA-BP, and
AMBP Under Certain Physical Error Rates

PER EWAit-BP (ms) AEWA-BP (ms) AMBP (ms)

102 1.1 1.6 1.6
6 x 1072 3.7 27.9 41.3

1071 7.7 81.9 137.0
2% 107" 20.1 240.6 405.6

physical error rates due to the rising number of iterations (up
to a maximum of 100).

However, algorithms utilizing adaptive methods show
higher scaling. As the physical error rate increases, these al-
gorithms tend to fully traverse the parameter range, resulting
in runtime scaling not only with the number of iterations
but also with the parameter range length in high-error-rate
scenarios. In this experiment, the parameter range is set to 11
values. It can be observed that the runtime of adaptive meth-
ods is an order of magnitude higher than that of EWAInit-BP
under high error rates. Table 2 presents the runtime (ms) of
the three algorithms under several error rates, offering a more
intuitive perspective.
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