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ABSTRACT

Context. The recent 230 GHz observations from the Event Horizon Telescope (EHT) collaboration are able to image the innermost
structure of the M87 galaxy showing the shadow of the black hole, a photon ring, and a ring-like structure that agrees with thermal
synchrotron emission from the accretion disc. However, at lower frequencies, M87 is characterized by a large-scale jet with clear
signatures of nonthermal emission. It is necessary to explore the impacts of nonthermal emission on black hole shadow images and
extended jets, especially at lower frequencies.
Aims. In this study, we aim to compare models with different electron heating prescriptions to one another and to investigate how
these prescriptions and nonthermal electron distributions may affect black hole shadow images and the broadband spectrum energy
distribution (SED) function.
Methods. We performed general relativistic radiative transfer (GRRT) calculations in various two-temperature general relativistic
magnetohydrodynamic (GRMHD) models utilizing different black hole spins and different electron heating prescriptions coupled
with different electron distribution functions (eDFs).
Results. Through a comparison with GRRT images and SEDs, we found that when considering a variable κ eDF, the parameterized
prescription of the R−β electron temperature model with Rh = 1 is similar to the model with electron heating in the morphology
of images, and the SEDs at a high frequency. This is consistent with previous studies using the thermal eDF. However, the nuance
between them could be differentiated through the diffuse extended structure seen in GRRT images, especially at a lower frequency,
and the behavior of SEDs at low frequency. The emission from the nearside jet region is enhanced in the case of electron heating
provided by magnetic reconnection and it will increase if the contribution from the regions with stronger magnetization is included
or if the magnetic energy contribution to κ eDF mainly in the magnetized regions is considered. Compared with the thermal eDF, the
peaks of the SEDs shift to a lower frequency when we consider nonthermal eDF.

Key words. Black hole physics – accretion, accretion disks – magnetic reconnection – radiation mechanisms: non-thermal –
radiative transfer

1. Introduction

The supermassive black hole M87 ∗ is an ideal object that can
be observed directly, and the study of its black hole shadow is
of great scientific significance. The Event Horizon Telescope
(EHT) collaboration utilized very-long-baseline interferometer
(VLBI) technology to network eight radio telescopes around the
world into forming a virtual telescope with an effective diam-
eter equivalent to the diameter of the Earth, which makes the
direct observation of supermassive black holes possible. There
are two main targets: the black hole at the Galactic center, Sgr A∗,
and the black hole in the nearby elliptical galaxy M87. M87 is
somehow an ideal object for direct observation due to its char-
acteristics of long periods and a lack of interstellar scattering
interference (Bower et al. 2006) with the presence of a power-
ful radio jet (Broderick & Loeb 2009). Theoretically, when one
looks at the black hole, one can see the black hole shadow, which
is the silhouette of the unstable light region around the event hori-

zon (Cunningham & Bardeen 1973; Damour & Polyakov 1994;
Grenzebach et al. 2014; Younsi et al. 2016). The study of black
hole shadows provides insights into their mass, inclination angle,
and spin, making it one of the most rigorous tests of general
relativity.

Numerical modeling helps us understand the physics behind
black hole shadows. Observations provide a reference for model
prediction, while the synthetic images are made by the gen-
eral relativistic magnetohydrodynamic (GRMHD) simulation
and general relativistic radiative transfer (GRRT) calculations.
Comparison between synthetic images and observations shows
whether the physical models are correct. At present, numerical
modeling has been effective. A ring-like structure as the most
direct observational evidence of a black hole shadow is mostly
consistent with the synthetic models given by the GRMHD sim-
ulations (EHT Collaboration 2019a,b,c,d,e,f).

General relativistic magnetohydrodynamic simulations are
helpful in improving our understanding of accretion physics.
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Generally, M87 is believed to have a low accretion rate con-
sisting of a geometrically thick but optically thin accretion
disk in a state of radiatively inefficient accretion flow (RIAF;
Narayan & Yi 1995; Yuan & Narayan 2014). It has been found
that the mass accretion rate of M87 is several orders of magni-
tude smaller than the Eddington limit, and its brightness is much
smaller than the corresponding Eddington brightness (Ho 2009).
Similarly, Faraday rotation measurements provide indirect evi-
dence for the low accretion rate of M87 (Bower et al. 2003;
Marrone et al. 2007; Kuo et al. 2014). In order to study the radia-
tive signature at the event horizon scale in M87, many GRMHD
simulations have been performed in the RIAF state around the
rotating black hole (Komissarov 1999; De Villiers & Hawley
2003; Noble et al. 2007; Mościbrodzka et al. 2009, 2014, 2016;
Dexter et al. 2010; Shcherbakov et al. 2012; Davelaar et al.
2018, 2019; Olivares Sánchez et al. 2018; Mizuno et al. 2018).

General relativistic radiative transfer calculations utilize
GRMHD simulation data to compute black hole shadow
images, light curves, and spectrum energy distributions (SEDs).
GRMHD codes typically focus only on ions that are impor-
tant for fluid evolution and provide little information about
electrons. Therefore, the calculation of important parameters
for modeling the electromagnetic radiation of accreting black
holes, such as the electron distribution function (eDF) and elec-
tron temperature, becomes an open problem (Davelaar et al.
2019). In terms of the eDF, in the GRMHD simulation of M87,
the EHT collaboration assumed that the eDF of all simulation
regions is the Maxwell-Jüttner distribution (EHT Collaboration
2019e). However, the energy distribution of electrons depends
on energy dissipation, particle acceleration, and thermalization
(Yuan & Narayan 2014). If only the thermal distribution is con-
sidered, some potentially important nonthermal effects will be
ignored, such as magnetic reconnection and turbulent dissipa-
tion, which will accelerate electrons to the nonthermal power
law distribution (Ding et al. 2010; Hoshino 2013). In addition,
some features of M87 caused by electron acceleration have been
observed in the near-infrared and optical bands (Prieto et al.
2016). Therefore, the impacts of nonthermal distribution merit
consideration. In view of the influence of nonthermal distributed
electrons on images, a so-called κ distribution (Vasyliunas 1968),
which can both reproduce thermal-electron distribution and
present power law distribution characteristics at high energies
by adjusting parameters, attracts people’s interest. Later, one can
use the GRMHD simulations in a standard accretion and normal
evolution (SANE) state (Narayan et al. 2012; Sądowski et al.
2013) in GRRT calculations to study the black hole shadow
using the κ eDF (Davelaar et al. 2018, 2019). Recently, the appli-
cation of the κ distribution to magnetically arrested disk (MAD)
models (Narayan et al. 2003; Tchekhovskoy et al. 2011) has
reproduced the wide opening angle jet morphology at 86 GHz
and fit the broadband spectrum of M87 from the radio to the
near-infrared bands (Cruz-Osorio et al. 2022). Besides, com-
pared with SANE models, Fromm et al. (2022) indicate that the
broad and highly magnetized jet illuminated by the nonther-
mal electrons stemming from the κ distribution emerges in R−β
models with the MAD state. Furthermore, Davelaar et al. (2023)
show the propagation of waves along the shear layer of the jet
wind using the κ distribution in the MAD regime.

As is shown in VLBI multi-wavelength observations of
M87 ∗ (EHT MWL Science Working Group 2021), the spectral
index, α, is estimated between −1 ≤ α ≤ 0, which indicates
the existence of nonthermal distributions of electrons. Motivated
by the indication of the existence of electrons in observation,
to self-consistently understand the contribution of the nonther-

mal emission in the images, it is necessary to investigate the
impacts of nonthermal emission on black hole shadow images in
two-temperature GRMHD simulations. A previous study using
a three-dimensional two-temperature GRMHD simulation with
thermal distribution on the MAD state of M87 has been con-
ducted by Mizuno et al. (2021). The results of the elementary
parameterized R−βmodel were found to be consistent with those
of complicated electron-heating models at 230 GHz when con-
sidering the Maxwell-Jüttner distribution. However, the impacts
of nonthermal electrons on shadow images and the features at
different frequencies were not investigated in the previous work.
Therefore, the nonthermal distribution, or the κ distribution, is
left for this paper to study.

This paper is arranged as follows: Section 1 gives a brief
overview of the background. In Sect. 2, we introduce two elec-
tron heating prescriptions used in GRMHD simulations and the
nonthermal eDFs used in the GRRT calculation. The results
of the GRRT calculation, light curves, and SEDs are shown in
Sect. 3. In Sect. 4, we discuss our results and the limitations of
our study.

Throughout this paper, we adopt units where the speed of
light is c = 1 and the gravitational constant is G = 1. We
absorb a factor of

√
4π into the definition of the magnetic field

4-vector, bµ.

2. Numerical setup

In this section, the computational methods are described. This
includes the two-temperature GRMHD simulation data and two
electron heating prescriptions used in this paper. Subsequently,
an account is given of the traditional methods and the new
methodology for the eDFs used in the GRRT calculation at the
end of this section.

2.1. General relativistic magnetohydrodynamic setup

We used the same GRMHD simulation data in previous stud-
ies (Mizuno et al. 2021; Fromm et al. 2022). There are three-
dimensional two-temperature GRMHD simulations of magne-
tized accretion flows using the BHAC code (Porth et al. 2017;
Olivares et al. 2019). The metric adopted in the simulation is
spherically modified Kerr-Schild (MKS) coordinates. The sim-
ulations were performed up to t = 15 000 M. They reach a
quasi-stationary MAD state (see Appendix D for more details).
The time evolution of electron temperature in two-temperature
GRMHD simulations is based on solving the electron entropy
equation (Ressler et al. 2015; Mizuno et al. 2021). The detailed
initial setup is described in the following papers (Mizuno et al.
2021; Cruz-Osorio et al. 2022; Fromm et al. 2022).

In the GRMHD simulation, electron heating is provided
by grid-scale dissipation. Although it is mostly numerical, we
consider grid-scale dissipation to mimic physical processes to
heat the electrons (Ressler et al. 2015). The physical processes
include turbulent heating, magnetic reconnection, shock waves,
and Ohmic dissipation. This paper uses two heating models:
turbulence (Kawazura et al. 2019) and magnetic reconnection
(Rowan et al. 2017).

2.2. General relativistic radiative transfer setup

In order to calculate images of black hole shadows from
GRMHD simulations, this paper uses the GRRT code BHOSS
(Younsi et al. 2012, 2020, 2023), which solves the equations of
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covariant radiative transfer via the ray-tracing method. The syn-
chrotron radiation from electrons, as a radiation mechanism, is
considered in this paper.

This paper considers two forms of the eDF. One is the
Maxwell-Jüttner distribution given by Eq. (1) and the other is
the κ distribution, which can simultaneously represent thermal
electron distribution properties and power law characteristics by
adjusting certain parameters of Eq. (2). The Maxwell-Jüttner dis-
tribution is expressed as follows:

dne

dγe
=

ne

Θe

γe

√
γ2

e − 1
K2 (1/Θe)

exp
(
−
γe

Θe

)
, (1)

where ne is the electron number density, γe is the electron
Lorentz factor, K2 is the Bessel function of the second kind,
and Θe is the dimensionless electron temperature (see, e.g.,
Mizuno et al. 2021).

The relativistic nonthermal κ distribution (Xiao 2006) is
expressed as follows:

dne

dγe
= Nγe

√
γ2

e − 1
(
1 +

γe − 1
κw

)−(κ+1)

, (2)

where N is the normalization factor (Pandya et al. 2016;
Davelaar et al. 2019) and κ is related to the slope of the power
law distribution, s = κ − 1. When γe is large, particles sat-
isfy dne/dγe ∝ γ−s

e and the nonthermal κ distribution approx-
imates the power law distribution. The parameter w specifies
the width of a κ distribution. Considering the contribution of
both thermal energy and magnetic energy to heating and accel-
erating electrons (Davelaar et al. 2019; Cruz-Osorio et al. 2022;
Fromm et al. 2022), the specific expression of w is written as
follows:

w :=
κ − 3
κ

Θe +
ε

2

[
1 + tanh

(
r − rinj

)] κ − 3
6κ

mp

me
σ , (3)

where rinj is the injection radius, me is the electron mass, mp

is the proton mass, σ = b2/ρ is the magnetization, b2 is the
square of a 4-magnetic field, ρ is the fluid rest-mass density, and
ε is a tunable parameter for the region with a radius larger than
rinj. The energy is dominated by thermal energy with a limit of
σ � 1, while the magnetic energy contributes to magnetized
regions. We consider ε to be zero or nonzero. We set ε = 0
by default to study the impacts of the κ distribution with ther-
mal energy and show the results with a constant ε = 0.5 in
Appendix A for the discussion of the magnetic energy contri-
bution to the GRRT images and the spatial distribution of w.
The jet stagnation surface is a potential injection site and defines
the injection radius. The stagnation surface is located at ur = 0,
where the potential injection radius is usually between 5 M and
10 M (Nakamura et al. 2018). We therefore assumed rinj = 10 M
in this study.

Two κ values were used throughout: a fixed κ value with
κ = 3.5, and a variable value of κ defined to be parametrically
dependent on magnetization, σ, and plasma beta, β = pg/pm,
where pg is the fluid pressure and pm = b2/2 is the magnetic
pressure:

κ := 2.8 + 0.7σ−1/2 + 3.7σ−0.19 tanh
(
23.4σ0.26 β

)
, (4)

which was obtained empirically from particle-in-cell (PIC) sim-
ulations of the Harris current sheet (Ball et al. 2018) (see also
Meringolo et al. 2023 for results using PIC simulations of turbu-
lent plasma). The distribution of accelerated ions is well fit by

the fixed κ distribution shown in the PIC simulation (Kunz et al.
2016). We also considered a fixed κ distribution for electrons
and set κ = 3.5 based on the prediction of the spectral index
of α ≈ −0.7 for MAD models regardless of spin (Ricarte et al.
2023), with α = −(κ − 2)/2.

In this study, we used two methods to obtain the electron
temperature for the GRRT calculations. The first method esti-
mated the electron temperature from a parametric prescription,
here the “R−β” model (Mościbrodzka et al. 2009). The sec-
ond method directly calculated the electron temperature from
the two-temperature GRMHD simulations (Mizuno et al. 2021).
The parametric R−β model is given by

Ti

Te
=

Rl + Rh β
2

1 + β2 , (5)

where Rl and Rh are hyperparameters, and Ti is the plasma ion
temperature and electron temperature, Te = mec2Θe/kB, in c.g.s.
units, where kB is Boltzmann’s constant and c is the speed of
light. When Rl is fixed, the ratio of ion-to-electron temperatures
in the strongly magnetized region (β � 1) is approximately
Rl, and thus the temperature of electrons in the highly magne-
tized jet does not change with Rh. Conversely, in weakly magne-
tized regions, the ratio of ion-to-electron temperatures is approx-
imately Rh. We note that the image comparison results do not
depend on the value of Rl (Mizuno et al. 2021). Therefore, we
fixed Rl = 1 and varied Rh as Rh = (1, 10, 80, 160).

For the GRRT calculation, we modeled M87 ∗ with a
mass, MBH = 6.5 × 109 M�, at a distance, D = 16.8 Mpc
(EHT Collaboration 2019f). The field of view (FoV) was ini-
tialized to be 320 µas in both directions and the resolution was
640 × 640 pixels. The calculations were performed from t =
14 000 M to t = 15 000 M, with a 10 M cadence. The time-
averaged flux was set to be 0.5 Jy at 230 GHz at 163◦ in the entire
current FoV; thus, at any given time the images at 86 GHz or
43 GHz, and at 163◦ or 60◦, share the same mass accretion rate
as those calculated at 230 GHz at 163◦. The ceiling to exclude
regions with strong magnetization was σcut = 1 by default and
we varied σcut as σcut = (1, 2, 5, 10) in Sect. 3.6.

3. Results

3.1. General relativistic radiative transfer calculation

Figures 1 and 2 depict time-averaged GRRT images at 230 GHz
and 86 GHz using different nonthermal eDFs, spins, and electron
heating prescriptions in logarithmic intensity scaling. In general,
all cases show a bright photon ring with some diffuse extended
structures. We see that the extended structure is more prominent
in 86 GHz.

In the comparison between electron heating and parameter-
ized R−β prescriptions, the results indicate that the morphologi-
cal structure of the turbulent heating model is matched with the
one using the R−β model with Rh = 1 in all spin cases, using the
variable κ eDF.

Compared to images of variable κ eDF cases, extended emis-
sion is prominently displayed in the images using fixed κ eDF,
as was expected. This is because we employed a uniformly
large nonthermal electron population, even in regions with low
magnetization. It should be noted that the central bright ring
is mainly attributed to the region near the black hole, mostly
by thermal components (EHT Collaboration 2019e), while the
extended diffuse emission comes from the jet sheath or wind
region that is profoundly influenced by the choice of eDF. When
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Fig. 1. Time-averaged GRRT images of MAD simulations with various black hole spins and eDFs at 230 GHz with an inclination angle of 163◦.
From top to bottom: black hole spins with a = −0.9375, 0, and 0.9375, respectively. From left to right: the variable κ eDF using the R−βmodel with
Rh = 1, turbulent and reconnection heating, and a fixed κ eDF, with κ = 3.5 using the R−β model with Rh = 1, turbulent and reconnection heating
prescriptions. The dashed white contour indicates the curve with 1% of the maximum flux. The time-averaged total flux is 0.5 Jy at 230 GHz, with
a simulation time span from t = 14 000 to 15 000 M.
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Fig. 2. Same as Fig. 1 but shown in 86 GHz.

considering a model with fixed κ = 3.5, compared with ther-
mal or variable κ eDF, the nonthermal power law tail of the eDF
is well extended (see Fig. 4 in Fromm et al. 2022). Therefore,
in the fixed κ eDF case, the extended diffuse emission becomes
more luminous, while the maximum flux becomes slightly lower
than that of the variable κ eDF because we set the total flux to be
fixed.

Moreover, as is shown in the corotating cases, there is a
semi-arc-like structure in the images of the reconnection heat-
ing model. The extended semi-arc-like structure represents the

enhancement of emission on the nearside jet shown in Fig. 4,
in the reconnection heating cases. Such a semi-arc-like extended
structure is likely to be the propagation of Alfvén waves or the
emerging magnetic flux tube (Moriyama et al. 2024; Jiang et al.
2023).

Conversely, the presence of extended structure not only relies
on heating prescriptions but also relates to their spins. The dif-
ferences between the jet width and the jet length for the different
spins can be related to the variability of the accretion flow and
the accreted magnetic flux (Fromm et al. 2022). The extended
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Fig. 3. Time-averaged GRRT images of MAD simulations with a black hole spin of a = 0.9375 at 230 GHz and an inclination angle of 60◦. From
top to bottom: the eDF models using thermal, fixed κ = 3.5, and variable κ, respectively. From left to right: electron heating prescriptions using
reconnection heating, turbulent heating, and the R−β model with Rh = 1 and Rh = 160, respectively. The dashed white contour indicates the curve
with 1% of the maximum flux. The time-averaged total flux is 0.5 Jy from t = 14 000 to 15 000 M at 163◦.

structure in nonrotating cases would be different from the highly
rotating cases due to the emission mainly coming from outflow-
ing winds or accretion flows instead of highly magnetized pow-
erful jets due to the lack of an ergosphere (Blandford & Znajek
1977). In counter-rotating cases, the rotation direction between
the accretion flow and the black hole is opposed. Consequently,
at the same inclination angle, the flow direction is different
from the corotating cases, which causes the distinct enhance-
ment of extended jet regions. In counter-rotating cases, the inner
stable circular orbit (ISCO) position (RISCO ≈ 8.8 M) is far
from the black hole horizon, inducing a dim photon ring and
enhancement of the extended structure. The counter-rotating
cases exhibit more elongated or elliptical structures, while coro-
tating cases show homogeneous or spherical structures. As is
shown in Fig. 2 at 86 GHz, the differences stemming from spins
become bigger.

Figure 3 presents the time-averaged corotating GRRT
images at 230 GHz with the inclination angle i = 60◦ on a loga-
rithmic scale in different electron heating prescriptions and eDF
models. In comparing the thermal and the κ eDFs, images of
fixed κ = 3.5 have a clear diffuse extended structure and this
trend is also seen in the images with an inclination angle of
163◦. The images of variable κ are analogous to thermal ones
except for the small differences in the extended structure and the
maximum flux. The images using reconnection heating lead to

a smaller vertical extended structure, in contrast with the ones
of the turbulent heating or the R−β prescriptions. This differ-
ence in vertically extended structure results from the difference
in the contribution to the emission from the midplane region (see
Appendix B for more details).

3.2. Image decomposition

Decomposed images are designed to evaluate what portion of
the emission coming from the different regions contributes to
the total images. We divided the three regions, the midplane, the
nearside jet, and the farside jet, into decomposed images, fol-
lowing the previous study (EHT Collaboration 2019e). Figure 4
displays the changes in the ratio of the emission contributed by
decomposed regions at 230 GHz in different heating models with
a variable κ eDF. The percentage shown in the bottom right cor-
ner indicates the ratio of the emission contributed by a region
relative to the total image. From the results, we can confirm that
the diffuse extended jet structure seen in all heating models arises
mostly from the emission from the nearside jet. The proportion
of emission from the nearside jet differs slightly, ranging from
2.4% in the R−β model (Rh = 1) to 3.5% in the reconnection
heating model, at 230 GHz. Strikingly, as is shown in Fig. 5,
the emission coming from nearside jet accounts for 6.7% of the
total emission at 86 GHz and even reaches 14.5% at 43 GHz.
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Fig. 4. Time-averaged GRRT decomposed images with a black hole spin of a = 0.9375 at 230 GHz with a 163◦ inclination angle. From top to
bottom: images using the R−β model with Rh = 1, the turbulent heating model, and the reconnection heating model, respectively. From left to
right, the emissions come from every region: the whole region is depicted first, then the midplane, the nearside jet, and the farside jet, respectively.
The eDF of all of the images is variable κ and the time-averaged total flux is 0.5 Jy at 230 GHz from t = 14 000 to 15 000 M.
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Fig. 5. Time-averaged GRRT decomposed images at 86 (top) and 43 GHz (bottom) with a black hole spin of a = 0.9375 using the reconnection
heating model with an inclination angle of 163◦. From left to right, the emissions come from every region: the whole region is depicted first, then
the midplane, the nearside jet, and farside jet, respectively. The eDF of all of the images used is variable κ and the time-averaged total flux is 0.5 Jy
at 230 GHz from t = 14 000 to 15 000 M.
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Fig. 6. Image comparison between R−β and electron heating models at
different spins adopting various quantitative comparison methods with
a 163◦ inclination angle at 230 GHz. From top to bottom: The compar-
ison methods used are MSE, DSSIM, and 1-NCCC, respectively. From
left to right, the prescriptions of electron heating models are turbulent
and reconnection heating, respectively. The applied eDF is variable κ,
and the time-averaged total flux is 0.5 Jy at 230 GHz. The colored dots
and triangles represent average values from time variation at the spe-
cific spins, and the regions shaded in the same color denote the standard
deviation relative to the average values. In all of the comparison meth-
ods, the lower value indicates a close match.

It indicates that the contribution from the nearside jet emission
increases at lower frequencies.

3.3. Image comparison

Following the previous study (Mizuno et al. 2021), to quantita-
tively compare the GRRT images obtained from the R−β models
and the electron heating models, three image-comparison met-
rics were applied: the mean square error (MSE), the structural
dissimilarity (DSSIM; Wang et al. 2004), and the difference of
the normalized cross-correlation coefficient (NCCC) from 1; that
is, 1-NCCC (Mizuno et al. 2018; Fromm et al. 2021).

For the total intensity emission of two images, I and J, the
MSE was calculated pixel by pixel between two image pixels;
namely,

MSE :=
∑N

k=1 |Ik − Jk |
2∑N

k=1 |Ik |
2 , (6)

where Ik and Jk, are the intensity emission at the kth pixels of the
two images, respectively. N is the total number of pixels of one
image, assuming that both images have the same resolution.
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Fig. 7. Spectral energy distribution curves with different eDFs and dif-
ferent spins in turbulent heating (left) and reconnection heating (right)
models. From top to bottom: black hole spins are −0.9375, 0, and
0.9375, respectively. The black curves adopt the thermal eDF, while
the red curves employ variable κ eDF. For the comparison, variable κ
eDF using the R−β model with Rh = 1 and 160 are presented as blue
and green curves, respectively. The solid curves represent average val-
ues and the shaded regions denote the standard deviation relative to the
average values. The dash-dotted vertical lines correspond to 43 GHz,
86 GHz, 230 GHz, and 136 THz.

Based on the human visual perception metric, the DSSIM,
also known as the structural similarity index (SSIM), was
calculated (Wang et al. 2004). The relation between them is
DSSIM = 1/ |SSIM| − 1 and SSIM can be calculated as

SSIM(I, J) :=
 2µIµJ

µ2
I + µ2

J

  2σIJ

σ2
I + σ2

J

 , (7)

where µI :=
∑N

k=1 Ik/N, σ2
I =

∑N
k=1(Ik − µI)2/(N − 1), and σIJ :=∑N

k=1(Ik − µI)(Jk − µJ)/(N − 1). The NCCC was computed as

NCCC :=
1
N

N∑
k=1

(Ik − 〈I〉) (Jk − 〈J〉)
∆I∆J

, (8)

where 〈I〉 and 〈J〉 are average pixel values of Stokes intensity,
and ∆I and ∆J are standard deviations of pixel values (e.g.,
EHT Collaboration 2019d). Hence, the similarity between the
two images is given by the value of NCCC, and thus NCCC = 1
denotes a strong correlation between the two images.

Image comparison between R−β models and electron heat-
ing models at 230 GHz, with variable κ and different black hole
spins, adopting various quantitative comparison methods, are
shown in Fig. 6. From t = 14 000 to 15 000 M, the snapshots of
a R−β model are compared with the one with an electron heat-
ing model at the corresponding time for each 10 M. The lower
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value of the two models indicates a close match. The average
values are represented in solid lines, while the shaded regions
in the same color denote the standard deviation resulting from
time variation, relative to the average values. The results indi-
cate that all image-comparison metrics values show an overall
upward trend with the increase in Rh values, although these val-

ues are relatively small. In other words, the GRRT images of the
models with the smaller Rh values are more similar to the ones of
the electron heating models at 230 GHz, without the dependency
on black hole spins. This trend is the same as that seen in a pre-
vious study using thermal eDF (Mizuno et al. 2021), while we
considered variable κ, and it is also consistent with recent results
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Fig. 10. From t = 14 000 to t = 15 000 M, time-averaged MAD GRRT decomposed images with a fixed black-hole spin of a = 0.9375 at 230 GHz.
From top to bottom: images using σcut = 1, 2, and 10, respectively. From left to right, the emissions come from every region: the whole region is
depicted first, then the midplane, the nearside jet, and the farside jet, respectively. The eDF of all of the images is variable κ, the electron heating
prescription of all images is reconnection, and the time-averaged total flux of all of the images is 0.5 Jy at 230 GHz.

of self-consistent ion-to-electron temperature from PIC turbulent
simulations (Meringolo et al. 2023). In most image-comparison
metrics, the values of the counter-rotating cases (blue and green)
have large standard deviations. Hence, it would be difficult to
find to what extent a R−β model is comparable with the speci-
fied electron heating model. Besides, due to images at 230 GHz
being already mostly optically thin, we also carried out a com-
parison of images at 86 GHz and 43 GHz and show the results
in Appendix C. The aforementioned trend is also true even
for lower frequencies. In addition, we also performed the same
image comparison with the cases using nonthermal fixed κ = 3.5
eDF. For models with fixed κ = 3.5 eDF, the conclusion men-
tioned above does not change. Thus, this trend is independent of
the eDFs.

Apart from that, we also explored the comparison for time-
averaged images at each 50 M to mediate the effect of small
temporal structures, using variable κ and fixed κ = 3.5 eDFs,
at 230 GHz, 86 GHz, and 43 GHz. The results also support the
aforementioned overall increase trend with increasing Rh values.
The only exception is that the MSE and 1-NCCC metrics val-
ues decrease, especially for cases with higher Rh values. At the
same time, DSSIM does not change significantly, compared with
results using snapshot images. The possible reason may be that
the location and brightness of the extended structures are more
stable, while the bright emission near the photon ring dynami-

cally changes faster. Hence, for cases with higher Rh values, the
electron in the disk region is cooler, which lowers the luminos-
ity of bright emission and makes a transitory structure the bigger
disturbance in the region near the center, compared with lower
Rh cases. Therefore, the DSSIM, which measures the similarity
of the lower-flux regions, is not sensitive to time averaging due
to dim extended structures being stable. For MSE and 1-NCCC,
which are more weighted in the similarity of bright regions, they
decrease due to the luminous instantaneous structures being off-
set by a time average. Notably, the net decrease in MSE and
1-NCCC in cases with higher Rh values is larger, since such an
instantaneous structure is mitigated proportionally by a longer
average time, which hints that the net values, if averaged for
a longer time, are reduced more in cases with higher previous
MSE or 1-NCCC values.

3.4. Spectral energy distribution

To investigate how flux varies with frequencies in different heat-
ing prescriptions, the SEDs with different electron heating mod-
els and distinct spins are shown in Fig. 7. The solid curves
represent the average flux from t = 14 000 to t = 15 000 M,
and the shaded regions denote the standard deviation resulting
from the time variation, relative to the average values. Red, blue,
and green curves correspond to the variable κ eDF cases using
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the electron heating prescription, the R−β model with Rh = 1,
and the R−β model with Rh = 160, respectively. To exhibit the
impact of nonthermal eDFs, as a reference, thermal eDF cases
with electron heating prescriptions are added in Fig. 7 in black.

First, extracting entire features is helpful to better understand
the behavior of SEDs as a whole. As is shown in Fig. 7, all
of the curves behave similarly. As the frequency increases, the
SED curves initially rise, followed by a decline after reaching the
turnover frequency. This turnover frequency depends on both the
magnetic field strength and electron temperature (Fromm et al.
2022). Since the time-averaged flux at 230 GHz was set to 0.5 Jy,
all curves intersect at the same point. In all black hole spin cases,
the standard deviation of the reconnection heating prescriptions
is larger than that of turbulent heating, and the standard devi-
ation of the R−β model with Rh = 1 is larger than that of the
R−β model with Rh = 160. With a given electron heating pre-
scription, the standard deviation of counter-rotating cases is the
largest among cases with different black hole spins. A similar
behavior was seen in the previous study (Mizuno et al. 2021).

Second, with the total flux fixed at 0.5 Jy at 230 GHz, the
position of a peak that reflects the transition between optically
thin and thick depends on the electron heating prescriptions and
eDFs. For all black hole spin cases, the curve with variable κ
eDF (red) reaches its peak at a slightly lower frequency than the
one with a thermal eDF (black). The SED using the R−β model
with Rh = 1 (blue) reaches its peak at a frequency comparatively
lower than that using the R−β model with Rh = 160 (green).
Thus, the peak position is sensitive to heating prescriptions.

Third, at high frequencies, the curves with electron heating
prescriptions (black and red) and the curves with the R−β model
with Rh = 1 (blue) behave similarly but the curves with the R−β
model with Rh = 160 (green) deviate considerably from the other
three models. Moreover, at high frequencies, within models with
variable κ eDF, the flux of curves with Rh = 1 (blue) is slightly
more luminous than that of turbulent heating but for reconnec-
tion heating the trend is opposite. Additionally, at high frequen-
cies, the curves of electron heating prescriptions with variable κ
eDF (red) have a marginally higher flux than those with thermal
eDF (black). It reflects the truth that nonthermal electrons con-
tribute more to the flux at higher frequencies (e.g., Davelaar et al.
2019; Cruz-Osorio et al. 2022; Fromm et al. 2022).

At low frequencies, the standard deviation becomes small
due to lower time variability, and the variable κ eDF cases have
a higher flux than those in the thermal eDF. It becomes possible
to discern the electron heating models with variable κ eDF and
those with thermal eDF through their SEDs.

In general, the contribution from the extended structure
becomes larger in the emission at lower frequencies. In our stud-
ies, the FoV is limited to ±160 µas. Thus, we may underestimate
the total flux in our SED at lower frequencies.

3.5. Time variability

The light curves at 230 GHz and 43 GHz of models with different
spins, heating prescriptions, and eDFs are shown in Fig. 8. Gen-
erally, the global trend of flux variation over time is similar in
both 230 GHz and 43 GHz. We also see some small variabilities
in the R−β model with Rh = 160.

To quantitatively exhibit different behaviors of various mod-
els at different frequencies, the standard deviation of the time
variability at 230 GHz and 43 GHz is shown in Fig. 9. At
230 GHz, we set the time-averaged flux at 0.5 Jy. Thus the aver-
age value is the same in all cases. However, the time-averaged
flux at 43 GHz changes. In general, at 43 GHz, κ eDF cases have
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Fig. 11. Same as Fig. 6 at 230 GHz but with various exclusion of magne-
tized regions: σcut = 1 (black and dark violet), 2 (dark red and medium
blue), 5 (red and green), and 10 (olive drab and dark orange). The black
hole spin in all cases is a = 0.9375.

a larger flux than those of the thermal ones, and R−β models
have a higher flux than those of the electron heating models.
These are also seen in the SED profile in Figs. 7 and 8 for
more clarity. In all heating models and eDFs, rotating black hole
cases have higher variability than nonrotating cases and counter-
rotating cases are more variable than corotating cases. It is a sim-
ilar trend to that seen in the previous study (Mizuno et al. 2021).
We do not see a clear difference in time variability between ther-
mal and variable κ eDFs. This indicates that the properties of
time variability do not depend on the eDFs.

3.6. Exclusion of magnetized region

Due to the density, pressure, and internal energy possibly reach-
ing the floor value in simulations in highly magnetized regions
(σ � 1), it is necessary to choose a ceiling to exclude regions
with strong magnetization (Chael et al. 2019). The conservative
cut-off valueσcut = 1 was chosen in the previous study with ther-
mal eDF (Mizuno et al. 2021) and also in the previous results of
this paper.

Here, we investigate the impacts of different σ thresholds on
images, image comparison, SEDs, and total flux variation for a
MAD state with a nonthermal eDF. Figure 10 shows the decom-
posed GRRT images with various σcut at 230 GHz with variable
κ eDF. The results show that with σcut increasing to 10, the ratio
of extended jet emission to total emission increases from 4.7%
to 14.5%, compared to the case of σcut = 1. In the case with
σcut = 10, there is a faint triple-ridged jet coming from the core,
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Fig. 12. Total flux variation of corotating cases in the turbulent heating model (top) and reconnection model (bottom) at 230 GHz. The different
colors correspond to the different exclusions of magnetized regions: σcut = 1 (black), 2 (red), 5 (blue), and 10 (magenta). The labels at the bottom
denote the different heating prescriptions: the electron heating model (e-heating), the R−β model with Rh = 1 (Rh = 1), and the R−β model with
Rh = 160 (Rh = 160). The colored dots represent average values from time variation in the specific models and the error bars denote the standard
deviation relative to the average values (the number beside each error bar indicates the value of standard deviation normalized by the averaged
value).

although this would be affected by our floor treatment in the dif-
fuse high magnetization regions.

Image comparison between R−β and electron heating mod-
els under different σcut adopting various quantitative comparison
metrics are shown in Fig. 11. The results indicate that the R−β
models could reproduce fairly well the images using electron
heating models under different σcut. With the larger σcut values,
the GRRT images of a R−β model are more similar to the ones
of an electron heating model, although the increase in similarity
is relatively small.

For broadband spectral energy distributions, in variable κ
eDF, the difference emerging from the choice of σcut is quite tiny
up to 230 GHz. These results are consistent with those of thermal
eDF (Mizuno et al. 2021). Thus, we skip to show the figure.

The dependency of the total flux variation on σcut is shown
in Fig. 12. Overall, the variation in reconnection models is larger
than that in turbulent heating models. Furthermore, with increas-
ing σcut, the variation in the R−β model with Rh = 160 becomes
smaller, while the difference between the two temperature mod-
els and the R−β model with Rh = 1 is small. Thus, the flux vari-
ation in these models does not have a dependence on σcut.

4. Summary and discussion

Previous research (Mizuno et al. 2021) has largely ignored the
impacts of nonthermal electrons on the comparison of images
between two-temperature electron heating and ordinary param-
eterized prescriptions. To address this issue, we adopted κ eDF
(Davelaar et al. 2018, 2019), which can reproduce the power law
tail and which has a thermal core. Using it, we have investi-
gated the impacts of nonthermal eDFs on images, SEDs, and
time variability at 230 GHz, 86 GHz, and 43 GHz with two vari-
ous inclination angles (i = 163◦ and 60◦). We have also explored

the influence of different σ thresholds on the jet morphology,
shadow images, SEDs, and total flux variation.

In a previous study (Mizuno et al. 2021), it was found that
there is not much difference between the electron heating mod-
els and the R−β models using thermal distribution. In our study,
at 230 GHz there is still no significant difference between elec-
tron heating models and the R−β models, even if nonthermal
eDF is considered. In particular, independently of heating pre-
scriptions and the σcut values, the R−β model with Rh = 1 is the
most similar to the model with electron heating in terms of the
morphological structure, and the SEDs at a high frequency.

From our results, the extent to which the diffuse extended
jet contributes to the images is related to the eDFs, electron-
heating mechanisms, frequencies, and the exclusion of magne-
tized regions. Specifically, images of the variable κ eDF are
analogous to the thermal ones except for the small differences
in the extended structure and the maximum flux. The edge-
brightened jet emission structure is seen in the variable κ eDF
in corotating black hole cases in magnetic reconnection heating.
Through decomposed images, we have found that the emission
coming from the nearside jet accounts for the origin of this edge-
brightened jet and that it becomes more luminous at a lower fre-
quency. To further investigate the contribution of the jet to total
emission, the higher magnetized regions were also considered
by increasing σcut from 1 to 10. The results show that with the
growth of σcut the extended jet is more dominant. For instance,
at 230 GHz, there will be 10% more emission coming from the
jet if including the regions with magnetization 1 < σ < 10 when
ε = 0. Moreover, if the magnetic energy contribution to κ eDF
is considered (e.g., by setting ε = 0.5), 10% more emissions
come from the jet contributed by electrons in magnetized regions
(0 � σ ≤ 1) with a radius larger than rinj = 10 M. In addi-
tion, the energy exchange due to Coulomb coupling, anisotropic
heat flow conducted along magnetic field lines, and radiative
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cooling considered in previous work (Ressler et al. 2015, 2017;
Chael et al. 2018, 2019) were ignored in our GRMHD simula-
tion for simplicity. We should note that these effects will change
the electron temperature distribution and the image morphology
of the shadows; for instance, diffuse extended jets may become
brighter (Chael et al. 2018; Dihingia et al. 2023).

In particular, from our results based on the images at
lower frequencies, the extended emission contribution becomes
larger. This finding suggests that nonthermal emission at lower
frequencies such as 43 GHz and 86 GHz is more prominent,
and such an extended jet mission has been seen in obser-
vations (EHT MWL Science Working Group 2021). Even with
the images at 230 GHz that are explained sufficiently by the
Maxwell-Jüttner distribution (EHT Collaboration 2019e), the
nonthermal contribution is crucial to explaining enough emis-
sion from the extended jet at other frequencies. For instance,
nonthermal eDF could reproduce the emission structure of M87
at 86 GHz (Cruz-Osorio et al. 2022; Yang et al. 2024). More-
over, future multi-frequency observations are needed to inves-
tigate the electron heating mechanism for the production of
the emission of black hole shadows and extended diffuse jets.
Observation of the potential faint jet structure at 230 GHz is
crucial to imposing additional restrictions on models. Indeed,
future observations at 230 GHz from space (Doeleman et al.
2019; Raymond et al. 2021; Roelofs et al. 2021) are expected to
detect this faint extended structure. Recently, Fromm et al. (in
prep.) have studied the possibility of determining the electron
heating model by SED and spectral index maps from the obser-
vations of future VLBI arrays.

Lastly, we note that, in this work, we only investigated
the MAD model. In general, images created from the SANE
model have more dependency for the choice of Rh value. Future
research should study the SANE model to make our conclusion
more robust.
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Appendix A: The effect of the magnetic energy
contribution to the κ width, w

To investigate the effect of the magnetic energy contribution to
the width, w, of the κ distribution at different frequencies, we per-
formed the GRRT calculation using variable κ and set ε = 0.5
in Eq. (3). As is shown in Fig. A.1, the emission originating
from nearside jet accounts for 13.6% of the total emission at
230 GHz and reaches 24.4% at 43 GHz. It shows that the contri-
bution from the nearside jet emission increases at lower frequen-
cies, which is consistent with the trend we found in Fig. 3 and
Fig. 4, in which ε = 0. However, there is a constant enhance-
ment of around 10% on the nearside jet at these three frequen-
cies, compared with the results using ε = 0. To imagine how the

κ width, w, of the κ distribution in Eq. (3) distributes around the
black hole, Figure A.2 shows the time and azimuthally averaged
width, w, of the κ distribution with ε = 0 and 0.5. In the case
of the width, w, with ε = 0, it does not consider the contribu-
tion of magnetic energy in highly magnetized regions; that is,
the jet sheath region. When considering a nonzero ε case such
as ε = 0.5, the w is significantly enhanced for those regions
with a radius larger than rinj = 10 M and σ > 1, and the w
is also enhanced for those magnetized regions (0 � σ ≤ 1)
with a radius larger than rinj = 10 M. Therefore, more emis-
sions come from the jet, and the extended structure becomes
more luminous. Due to the total flux being fixed, the portion
of emission coming from the nearside jet increases at different
frequencies.
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Fig. A.1. Time-averaged GRRT decomposed images at 230 (top), 86 (middle), and 43 GHz (bottom) with a black hole spin of a = 0.9375 using
the reconnection heating model with an inclination angle of 163◦. From left to right, the emissions come from every region: the whole region is
depicted first, then the midplane, the nearside jet, and the farside jet, respectively. The eDF of all of the images used is variable κ with ε = 0.5 in
the κ width, w, and the time-averaged total flux is 0.5 Jy at 230 GHz from t = 14 000 to 15 000 M.
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Fig. A.2. Time and azimuthally averaged width, w, of the κ distribution
on a logarithmic scale, with the reconnection heating prescription (a =
0.94). The left panel shows the width, w, with ε = 0, and the right one
shows the nonzero ε model with ε = 0.5. The solid black and dashed
white lines represent σ = 1 and the Bernoulli parameter, −hut = 1.02,
respectively.

Appendix B: Decomposed images at inclination 60◦

As is shown in Fig. 3, the images using reconnection heating lead
to a smaller vertical extended structure at an inclination angle
of 60◦, in contrast with the ones of the turbulent heating or the
R − β prescriptions. To understand the origin of this vertically
extended structure, we calculated the decomposed images fol-
lowing the same procedure as in Fig. 4. We should note that the
accretion rates for the calculation of images at 60◦ are the same
as those at 163◦. The results with black hole spin a = 0.9375 are
shown in Fig. B.1. Because the decomposed images are calcu-
lated by the limitation of the simulation domain, the emission
from the equatorial plane is omitted for nearside and farside
images, which are shown as vertical discontinuous dark areas
in those images. Clearly, the turbulent model results in a verti-
cally extended structure, compared with the reconnection model.
As is seen in the decomposed images at 163◦ (Fig. 4), emission
from midplane in the turbulent heating model is more dominant
than those in the reconnection heating model. Such a difference
is enhanced as the difference of vertically extended structure in
the images at 60◦.
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Fig. B.1. Same as Fig. 4 but with an inclination angle of 60◦.
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Appendix C: Image comparison at 86 and 43 GHz

Due to the images at 230 GHz being almost optically thin, it is
useful to investigate how the similarity between R − β model
and two-temperature models varies with Rh values at lower fre-
quencies. To do it, we performed a snapshot image compari-
son between the two-temperature electron heating model and
R− β model with different Rh at 86 GHz and 43 GHz. Figure C.1
provides the quantitative image comparison at 86 GHz and

43 GHz, using three different metrics described in section 3.3.
Smaller values indicate more similarity between the two cor-
responding compared models. The results also indicate that
all of the image-comparison metric values exhibit an overall
increasing trend with the increase in Rh values. In addition,
the DSSIM values become higher at lower frequencies, which
hints that there is more divergence of diffuse, extended struc-
tures between R−β models and electron heating models at lower
frequencies.
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Fig. C.1. Same as Fig. 6 but at 86 GHz (left) and 43 GHz (right).
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Appendix D: The equilibrium radius of general
relativistic magnetohydrodynamic simulations

As was mentioned in Sec. 2.1, the GRMHD simulations reach
a quasi-stationary state at t = 15 000 M, and thereafter we dis-
cussed the impacts of nonthermal distribution on GRRT images
based on these GRMHD data. Typically, a longer simulation
time provides sufficient time for the accretion flows to reach
the equilibrium state with a larger radius. To confirm that the
nonthermal extended emission stems from the relaxation region
rather than the regions with very large radii, where there the
equilibrium state at t = 15 000 M has still not yet been reached,
it is necessary to provide convincing proof of the relaxation
of these GRMHD simulations up to a desired radius at t =
15 000 M. Figure D.1 provides the time-averaged vertically inte-
grated mass flux (

∫ √
−gρur, where g is the metric determinant,

ρ is the fluid rest-mass density, and ur is the radial component

of the 4-velocity) as a function of the radius for different spin
cases using the turbulent heating prescription. The net mass
flux of inflow and outflow is integrated over θ from 0 to π
for a given radius, and this value will reach a constant for
those regions when it reaches the equilibrium. In the nonro-
tating and corotating black hole cases, even at t = 15 000 M,
Figure D.1 shows that they have reached an equilibrium at
the radius greater than the current FoV of the GRRT images
(∼ 40 M). In counter-rotating cases, since the ISCO position,
RISCO ≈ 8.8 M, is far from the black hole horizon, it takes more
time to reach the equilibrium state for a given radius. How-
ever, for current GRRT images, almost all emissions are coming
within 120 µas, which corresponds to 31.6 M, and within this
radius all cases reach an equilibrium state. For cases using the
reconnection heating prescription, the discussion of equilibrium
radius is similar, and we only discuss the turbulent cases here for
simplicity.
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Fig. D.1. Time-averaged vertically integrated mass flux with black hole spins of a = −0.9375 (red), 0 (green), and 0.9375 (blue) in the turbulent
heating prescription. The dash-dotted vertical lines correspond to the apparent radius of 120 and 160 µas FoV in the GRRT images.
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