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Abstract

In this paper, we study an Apéry-type series involving the central binomial coefficients
1 2111
En1>~~>nd>0 4T]( n )

mixed parities and some or all “>" are replaced by “>", as long as the series are defined.

s
nq

e n;Sd and its variations where the summation indices may have
These sums have naturally appeared in the calculation of massive Feynman integrals by the
work of Jegerlehner, Kalmykov, and Veretin. We show that all these sums can be expressed
as Q-linear combinations of the real and/or imaginary parts of the colored multiple zeta
values at level four, i.e., special values of multiple polylogarithms at fourth roots of unity.
For example, our main theorem shows that when n; *! is replaced by (2n1) ! and other

n;sj ’s are replaced by either (2n;) ™% or (2n; + 1)~ %, then all the colored multiple zeta
values can be chosen to have the same weight s; + - - - 4 55, but the weights of these values
are only bounded by s1 + - - - 4 s for general variant Apéry-type series of mixed parities.

We also show that the corresponding series where (2;11) /4™ is replaced by (2;11)2 /16™ can
be expressed in a similar way except for a possible extra factor of 1/7, with the weight of

the colored multiple zeta values similarly bounded.

Keywords: Apéry-type series; central binomial coefficient; colored multiple zeta value;
multiple polylogarithm; iterated integral.

MSC: 11M32; 11B65; 11B37; 44A05; 33B30.

1. Introduction

In [1], we have considered the following Apéry-type inverse binomial series

4m
D 5

21’!1 51
1> >ny>0 ( n )7’11 . nd

for all positive integers s; > 2,s5,...,5; > 1, and their variants with some or all of nj’s
replaced by 2n1; -1 and some or all of “>" replaced by “>", as long as the series are defined.
By generalizing Akhilesh’s ideas in [2,3] we showed that the above sum can be expressed
as Q-linear combinations of the real and/or the imaginary parts of some colored multiple
zeta values at level 4, i.e., multiple polylogarithms evaluated at 4th roots of unity. We also

proved similar results after replacing 4"/ (2:1 ) by 16"/ (27;111)2.
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In this paper, we will turn to another class of Apéry-type series defined by

(21’!1 ) (21’!1 )2

ny d np

1 g an 16" n°! Sd
<Ny ny>-->n;>0 ny ...y

1)

n
ny>-->n;>0 4 11y

and similar variants with the summation indices having mixed parities. We call these Apéry-
type (central) binomial series (not inverse type). Instances of this type already appeared in
Leshchiner’s work [4], extending Apéry’s formula. These sums have also appeared in the
calculation of massive Feynman integrals [5]. Some of the ideas contained in this paper
have already been applied to studying other types of infinite series in [6]. In [7,8], some
similar finite sums have also be studied by different methods.

We remark that a particular type of odd variations already appeared implicitly in ([5]
A.25). Indeed, it is easy to verify that (2n)a, = (2n — 1)a,_1, so that for any function S

% Z (nj_inl)cs(n) = Z (2%%5(71 -1) = Z WS(TI -1).

n>0 n>1 n>0

1.1. Colored Multiple Zeta Values

Recall that for any s = (sy,...,s;) € N¥ and Nth roots of unity zy, ...,z the colored
multiple zeta value (CMZV) at level N is defined by

2"

) o ez
Lis(z1,..-,24) = ), 5% 2)

ny>-->ny>0 ny...ny

Conventionally, we call d the depth and |s| = s1 + - - - + 5,4 the weight of the CMZV defined
by (2).

It is well known that (2) converges if and only if (s1,z1) # (1,1) (see [9] and [10]
Ch. 15), in which case, we say the CMZV is admissible. In fact, a quick calculation shows
that if (s1,z1) = (1,1), then for any fixed ny, the sum Y, -,,, 1/n1 diverges as the tail of the
harmonic series Lij (1) which is itself non-admissible, and therefore Lis(z1, . .., z4) diverges.
On the other hand, if s; > 2, then (2) converges absolutely. Further, if sy = 1 and z; # 1
is some Nth root of unity, then one can show the convergence of (2) by applying Abel’s
method on summation (see, e.g., [11]).

As an admissible example of (2), the famous Catalan’s constant

S (CDF 1 e 1)”) 1

ey |
~ (2k +1)2 21,1;) S 2

G = (Liz(i) —Liz(—i)), 3)

is the imaginary part of the CMZV Li, (i) of weight 2 at level 4, where we have seti = /—1. We
further note that

1. . . 1 1—i 1 T
Z—i(Lll(l)—Lll(—z)) = g1+l 5 logi =,
which means that 77 is the imaginary part of 4 Li; (i). In particular, we see that

G €iCMZV3 and 7 € iCMZV},

where CMZVY represent the Q-span of all the CMZVs of weight w at level N. Convention-
ally, we set CMZV( = Q.

Starting from the 1990s, mathematicians and theoretical physicists have been attracted
to the study of colored multiple zeta values due to their frequent and sometimes unexpected
appearance in quite a few different branches of mathematics and physics, in particular,
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the computation of many Feynman diagrams (see, e.g., [12-24]). We point out also that
in the literature, multiple zeta values (and their alternating version) are sometimes called
Euler sums (see [25,26]).

1.2. Iterated Integrals
The CMZVs can be expressed by K.T. Chen’s iterated integrals (see [10] Sec. 2.1):

1
: -1 -1
Lls(Zl,...,Zd) = /0 asl Xé] ...asd ng,

where a = dt/t,xz = dt/({ —t),and §; = 1/(z1...z;) forall j = 1,...,d. The theory of
iterated integrals was developed firstly by K.T. Chen in the 1960s. It has played important
roles in the study of algebraic topology and algebraic geometry in the past half century. Its
simplest form is

/01 A Ath (Bt f,(t)dt = /01 A(B)dto fo(B)dto- o f,(t)dt

- / At falta) .. fy(ty)dhdty . dt,.

1>4>->t>0

Hence, our conventional order of the iterated integrals is to integrate the last integral
over [0,¢] first, multiply this function on the penultimate 1-form, integrate over [0, 1]
again, and then iterate this integrating-multiplying step all the way to the front, with the
integration over [0, 1] in the last step.

For example, the dilogarithm value Liy (i) related to Catalan’s constant defined by (3)
can be expressed as

Ldx (* dy e rljktlykgy ekt > " .
/o?./o —i—y_z/ k+1 —k§)<k+1>z—2ﬁ—“2<1>'

k=00 n=1

One can further extend the iterated integrals defined on [0, 1] to those over any piece-
wise smooth paths on the complex plane via pull-backs. We refer the interested readers to
Chen’s original work [27,28] for more details.

1.3. Recursive Formulas

The key idea to compute the infinite sums in (1) and their even/odd-indexed variations
is to derive some recursive formulas for the “n-tails” of a variable version of these series,
which are given by the following (see also (14) and (18)-(21)). Here, an n-tail of a series
means the complement of its nth partial sum so that for a convergent series, its n-tail
vanishes as n — oo.

Set a,(x) = %(zn")xzn and a, = a,(1) for all n > 0 where (8) = 1. Foralls > 1 and
y € (—m/2,7/2), we have the following iterated integral expressions of n-tails:

m;n anésni:)lsy) = /Oy(cott‘dt)s_1 (1 —csctdtosect)a,(sint)tantdt, 4)
m;n m = cscy /Oy(cottdt)sfl (1 —dtocsctsect)ay(sint)sinttantdt, (5)
mgn m = cscy /Oy(cottdt‘)sfl (csct —dt osect)ay(sint) tant dt, (6)
m;n % = cosy /Oy ay(sint) tan f sec t dt, (7)
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Y An(siny) = siny /y(cot tdt)*"2(cot® tdt)a,(sint) tantsectdt (s >2). (8)
= (2m —1)3 0

In fact, in the above, we have used a notation generalizing that for the iterated integrals. See
the beginning of the next section for details. To compute each of the even/odd/mixed vari-
ations of Apéry-type binomial series similar to (1), one can use (4)—(8) repeatedly to express
it as an iterated integral, and then apply the change of variable t — sin1[(1 — #2) /(1 + )]
to convert it to a Q-linear combination of iterated integrals that only involve 1-forms
of the shape dt/t and dt/(& —t), where &* = 1, so that all the integrals are clearly in
CMzVv4 |® Q[i]. See the related conversion rules in (46)—(48).

<ls

1.4. List of Notations

For the convenience of the readers, we provide the following list of notations we use
throughout this paper.

(1) SeriesLetd € N, s = (s1,...,84) € N%, and Iy (n),...,I5(n) = 2n,2n + 1.

1 /2n
n(*) = g ( n)xzn'

Any (t>
w(s;t), := i
(= L @ g
an, (t)
s;t), =
IB( )" ny>-->ng>n (2111 + 1)51 te (an + 1)sd
an, (t)
*(s;t), 1= 1
B*(s;t)n nlzﬂgﬂ@ﬂ (2 +1)51 ... (2ng + 1)%
an, (t)
s;t), =
7S ny>->ng>n (2nm —1)%1... (204 — 1)%
[
E(l;s) := 1 ,
( ) - ...gnd .0 11(1’[1)51 o ld(nd)sd
1 d-1 d
2
Y(Ls) = ) i

H =g = 0 11(1’11)51 c.. ld<nd)sd’
1 d-1 d
where [j(n) = 2n,2n £ 1, = is “>"if [j(n) = 2n + 1 and is “>" otherwise.
]

(2) Differential forms. Let ¢ and ¢’ be any fourth roots of unity, i.e., o= to1.

Xg = @, d@,@" = Xz — Xg,
y=xoitx—x1 X,
Z= —a—X_;—X,

F; = (cottdt)* ! := (cottdt) o--- o (cottdt).

s — 1 times

(3) Terminology and acronym.

¢ CMZV: colored multiple zeta value, defined by (2);

e CMZVY: the Q-vector space spanned by all the CMZVs of weight w at level N;

e bt(l): block type of I, defined as a, B, or y if [(n) = 2n,2n+1, or 2n — 1, respectively;
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e bt(ly,..., 13) = (bt(ly),...,bt(l;)): we may use this to write Z(bt(l);s) = E(I;s)
and ¥ (bt(1);s) = ¥(;s); .
*  a-block: a sum of the form )~ , %, or its integral expression (18);

ap (sin t)
Qmi1)
*  B*-block: a sum of the form }_,,,~, %, or its integral expression (29);
ap (sint)
2m—1)"

e  pB-block: a sum of the form ), ,

or its integral expression (19);

*  v-block: a sum of the form ) -,

or its integral expressions (20) and (21).

1.5. Main Results of the Paper

In the next three sections, we will repeatedly apply the recursive Formulas (4)—(8) in
the above to obtain the iterated integral expressions of three general Apéry-type binomial
series. In Sections 4 and 5, we will analyze these iterated integrals carefully to prove one of
the main results of this paper relating these sums to the CMZVs at level 4.

Theorem 1 (cf. Theorems 6 and 8). Letd € N, s € N*, and Ii(n),...,14(n) =2n,2n+ 1.
(a) Ifbt(ly) = wand bt(l;) = wor B forall j > 2, then E(I;s) € CMZV?S|.
(b) Ifbt(ly) = Band bt(l;) = aor B forall j > 2, then E(1;s) € iCMZV“lS|.
(c) Ifbt(ly) =yandsy =1, then E(I;s) = E(lp, ..., 1g;82,...,54).
(d) Ifbt(ly) = yand sy > 2, then E(1;s) € CMZV‘;‘S‘A ® QJi].
(e) Moreover, the claim in (d) still holds if one changes any of the strict inequalities nj > nj,q

ton; > njy1 (ngy1 = 0) and vice versa in the definition of Z(1;s), provided the series
is defined.

We then compute many examples (most of which are put in Appendix A) to show
how the general procedure works. For the reader’s convenience, we have summarized all
the main results of this section and examples of Theorem 8 in Tables 1 and 2.

In Section 6, we apply the beta integral to derive the iterated integral expressions for
the corresponding Apéry-type binomial series in which a2 appears. The main result is
the following.

Theorem 2 (cf. Theorem 9). Letd € N, s € N¢, and I, (n),...,1;(n) = 2n,2n + 1.

(a) Ifbt(l;) = wor B forall j > 1, then we have ¥ (I;s) € %CMZVT‘S‘H.

(b) More generally, if we relax the restriction on the index ordering of ¥ (I; s) to allow “>" to
]
be either “>" or “>" for all j > 2, provided the series is defined, then the series lies in
%CMZV‘;SH’](SM) ® Q[i], where y(s1,1) is 0 or 1 as defined in (51).

To demonstrate the ideas of Theorem 9, we then compute many examples, most of
which are in Appendix B for ease of reading. For the reader’s convenience, we have
summarized the results of Theorem 9 and its examples in Tables 3 and 4.

In the last two sections, we answer some questions in our paper [29], relate our work
to some previously known results, and provide a few more enlightening examples. We end
the paper by pointing out some possible future research directions.

2. Apéry-Type Central Binomial Series

In this section, we will consider the Apéry-type series defined in (1). We will need
to extend Chen’s iterated integrals by combining 1-forms and functions as follows. For
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any r € N, 1-forms fi(t)dt,..., f4+1(t) dt, and differentiable functions Fy(t),...,F.(f),
Gi(t),..., Gs(t), we extend the definition of iterated integrals by setting recursively

b r
/u <H{Ff<f) +fi(t)dto Gj(t)}) o frea(t)dt

j=1
~1

b /1
= | < o [Pj(t)+f]-(t)dtocj(t)D o (B () frs1(t)) dt

—1

b
+/ ( 5 {lfj(t)—kjfj(t)dto(}j(t)})of,(t)dtoG,(t)f,H(t)dt,

where

r
chj:oqo---oocr.
j=1

Our first result concerns the n-tails of the Apéry-type binomial series (1). To be
consistent with all the major theorems of this paper, we formulate it as an even-indexed
variation. For s € N, we define

dt s—1
ps(t) == tantdt(tant) (1 —csctdtosect).

Theorem 3. Foralln € Ny, s = (sq,...,54) € N?, and y € [—7/2, /2] we have

ap, (siny)

a(s;siny), ==
! > >ng>n (21/11)51 s (an)sd

= cot 4 /y (sint)tantdt
co 0---0ps, 0a,(sint)tantdt.
y dy Jo Ps1 Psq © an
Here, if y = £17t/2, then the right-hand side of the above is defined to be the limit as y — £7/2.

We will again call the sum |s| := 51 + - - - + 5, the weight and d the depth of the series
a(s;siny), respectively.

Remark 1. When y = £7/2, we must take limit y — =£7/2 because cot(£7/2) = 0 while
the first factor of % (...) is tany which is undefined at £7/2. However, coty tany = 1 is well
defined at the limit as y — %7 /2.

Proof. The proof is in the same spirit as that of ([3] Thm. 4): first express the n-tail u,(y) by
an integral v, (y) (in which the factor a,(sin ) magically appears again) and then iterate
the procedure to arbitrary depth, where

ap(siny) secy 1 (2m)\sin®" 1y
= NSV A —
)= Y, T Y L i\ m) 2m=1
y v (21 sin®" 1t
vn(y) ::/ ap(sint) secttantdt:/ (:)smélntanztdt.
0 0

We claim that u, (y) = v, (y). Indeed, first, we have

p 1 (2n\ d sin®" !ytany
‘W(un—l(y)un(y))_M( )(271—1)

n ) dy
_ (2n\sin?"ly (2n—1) +sec?y
S \n 4n 2n—1

https:/ /doi.org/10.3390/math14020222
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and
i(v ()—v())—isinzn_?’yt 2¢(4(?" 72 = (P sind
dy n—1Y nY)) =~ an "1 . ) Sy
sin?" "1y /2n 5 2n .2
_4"(n>sec y(z;q—lsm y)

s 2n—1
__sin Yy (2n 2 1 2
_7411 (n>sec y(zn_l—i—cosy .

Hence, foralln > 1
un-1(y) — un(y) = vp-1(y) — on(y)
since clearly the two sides both vanish when y = 0. Further, forally € (—m/2,7/2),
Jim ) = Jim 01 =0

since by Stirling’s formula

1<2n) 1
— ~ —— asn — .

4n \ n Vn
By telescoping, we see immediately that u,(y) = v, (y), or equivalently,
1 (2m\ sin®"~1y v (2n\sin®" 1t
— - J - _— tdt.
m;n I ( " ) =1 Coty/0 ( Y ) T tan” td )

Differentiating (9), we obtain

2 s 21 Y 2 s 21 t
Z A sin® 2y cosy = ( :) LI secy — csczy/ ( :) S 7 tantsectdt. (10)
0

m>n 4” 471

Multiplying this by siny and integrating, we have

1 [2m\ sin®"y y 21\ sin®" t
Z4m(m> T _/O(l—csctdtosect)<n) 7 tant dt.

m>n

Repeatedly multiplying these by coty and integrating, we have for all s > 1

. y s—1
Y am (siny) :/ ( dt ) (1 —csctdtosect)ay(sint) tan t dt. (11)
0

= (2m)s tant

This shows the d = 1 case of the theorem. To prove the general depth case, we now apply
induction on d. Thus, assuming

. d v .
a(s;siny)y, = coty@/o Ps, © -0 Psy 4 Oy, (sint) tantdt,
we then obtain

L B d v Ap, (sint)
a(s;siny), = COtydy/o Ps; 0 0Ps, on;n (2, tant dt
d [y .

= coty@/o Psy © -0 ps, ©ap(sint) tantdt

by taking m = nj and s = s; in (11). This completes the proof of the theorem. [
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Example 1. Ifs; = --- = sy = 1, then we see that
. 1 (2n) sin®"y Y
1; = = t—cott)dt
a(1;siny) ng%) 7 ( ) o /o (csct — cott)
Y
= logCSCt’ =log2 —log(1+ cosy).

csct + cott |

Thus, «(1;1) = log 2. When d = 2, we obtain

Yy
a(1,1;siny) ::/0 (csctdtosect—cottdt)(csct—cott)dt

Y
= / (csct — cott) di(csct — cott)dt + csctdt o (sect — 1)(csct — cott) dt.
0

Note that
u u (1 —cost)?dt
/(sect—l)(csct—cott)dt:/ (,LS)
0 sintcost
(cost —1)dcost u 2 1 (1+ cosu)?
—/ =/ —_ dcost =log ———.
(14 cost)cost 0 1+cost cost 4cosu

Setting a = cosy, we have

v 2 v 2
«(1,1;siny) ::%(/0 (csct—cott)dt) —i—/o logmcsctdt

4cost
=308 ) a8 e e
:%logz 12? —i—/al T log ( qu)zdu
—%10g2 1% + %Liz(l —a) — Lip (1 ;”) + %Liz(—a)

+log2log(1+a) + %log(a) log(1+a) — %logZZ — élogz(l +a)+ %Q(Z)

1_. . (1—a 1_. 1 1
= §L12(1 —a) — Lip ( 7 ) + 3 Lip(—a) + Elog(a)log(l +a)+ 1@(2).
Applying the identity Lip(t) + Lip(1 — t) + log tlog(1 — t) = {(2) with t = 1/2, we see that
1. ,. 1
a(1,1;1) := 5 log” 2+ 70(2) ~ 0.6514.

3. An Odd Variant

In this section, we turn to the Apéry-type binomial series similar to (1) but with
summation indices restricted to odd numbers only. Set

dt s—1

0s(t) = tantdt<tant> (1 —dtocsct sect),
dt s—1

gs(t) = sectdt(tant) (csct —dt osect).

Theorem 4. Foralln € Ny, s = (s1,...,5;) € N and y € [—m/2,7/2], we have

y A, (siny)
1> >ng>n (21/11 + 1)51 s (ZI’Zd + 1)Sd

B(s;siny), :=

https:/ /doi.org/10.3390/math14020222
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Y
= cscycoty;y/o fs, 0---06s, 0ay(sint)sinttantdt,

2 an, (siny)

* [ an i —
B*(s;siny)y, := (2ny +1)51... (2ng +1)%

ny>->ng>n

d [y .
= Coty@ /0 s, © - - 0(s, 0 ay(sint) tantdt.
Here, when y = +7/2, we understand the right-hand side of the above as the limit when y — £7/2.

Remark 2. When y = £7/2, we must take limit y — +71/2 because cot(£7/2) = 0 while the
first factor of %( ..) is sec y which is undefined at 7 /2. However, coty secy = cscy is well
defined at the limit y — £7/2.

Remark 3. The introduction of both B-sums and B* is one of the key ideas of this paper. Their
relation is similar to that between the classical multiple zeta values and the multiple zeta star
values in which the difference lies in whether we allow summation indices to be equal to each other.
Some results look neater and more concise with one type of sums while others are prettier and more
manageable with the other.

Proof. From (10), we obtain

2 Y (2n) sin®" t
Z Ay sin® 2 ycosy = ( n) SH;W ysecy—csczy/O (:) SIZn tantsectdt. (12)

m>n n

Multiplying this by sin? y on both sides and integrating, we see that

1 2 = 2m+1 "y 2 - 21’l+1t
Z(m)smy:/ (1—dtocsctsect)<n)smtantdt.
= A\ m ) 2m+1 0 n 4n

Repeatedly multiplying this by cot y and integrating, we have for all s > 1

. . y s—1
) M = / (dt) (1 —dtocsctsect)ay(sint)sinftantdt. (13)
= (2m+1) 0 \tant

This proves the d = 1 case of the f-sum in the theorem
On the other hand, multiplying (12) by sin? y and adding 2 i ( ") sin®" y cos y on both
sides, we obtain

Z i 2m sin®™ y cosy = 2n sin®" sec / 2n) sin®" tantsectdt
7\ m ycosy = " y—

m>n

Integrating we obtain

Zi 2m SinZerly—/y(csct—dt‘osect‘) 21 ﬂsectdt
am\m ) 2m+1 ~ Jo n 4n

m>n

Repeatedly multiplying these by coty and integrating, we have for all s > 1

. . y s—1
) M = / (dt) (csct —dtosect)ay(sint)sintsectdt.  (14)
= (@m+1) 0o \tanf

This shows that the theorem holds for *-sum whend =1.

https:/ /doi.org/10.3390/math14020222
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To prove the general case of the theorem for the B- and the f*-sums, we can apply
induction on d and using the special case with m = n; and s = s; in (13) and (14),
respectively. This concludes the proof of the theorem. O

4. Another Odd Variant

In this section, we study another variant of the Apéry-type binomial series similar to
(1). Even though these series look very similar to those in the previous section, they are
fundamentally different and therefore require different approaches to handle them. Set

(1) = tantdt, ifs=1;
P19 = tan2tdto (cottdt)*~2ocot’ tdt, ifs > 2.

Theorem 5. Foralln € Ny, s = (s1,...,54) € N4 and y € [—m/2, /2|, we have

an, (siny)
2nq — 1)51 e (ZI’ld — 1)Sd

v(s;siny)y, =

> >ng>n (
d [y .
= cosycoty@ /0 @s, 0 -+ -0 @5, 0ay(sint) tantsect dt.
Here, when y = *7/2, we understand the right-hand side of the above as the limit when y — £7/2.

Proof. By (9), we have

Z 1 (2m sin?"ly ot /y 2n\ sin?" 1t tan? t dt
an\m ) om—1 ~ Y o \n) T a ‘
For any s > 2, we can repeatedly multiply this equation by coty and integrate to obtain

- 2m—1 y s—2 : 2n—1
y 1 (2m\ sin y :/ dt dt  (2n\ sin ttan2tdt. (15)
4m\ m (2m — 1)5 o \tant tan2t\ n 4n

m>n

This proves the d = 1 case of the theorem. To prove the general case, we can apply induction
on d and use the special case with m = n; and s = s; in (15). This concludes the proof of
the theorem. [

Example 2. Ifs; = --- =s; = 1, then we see that

Z ap, (siny)

v(s;siny) = (2n1 —1)...(2ny — 1)

ny>-->n;>0
di:l log/ | secy|

_ Y -1 _q1_
= cosy A (tantdt)* " otantsectdt =1 — cosy i
j=1 '

In particular, we see that y({1}%;1) = 1 for all d > 1, where {s}* means repeating string s exactly
d times.

It turns out that the evaluation ({1}, 1) = 11is just a very special case of the following
result on the n-tails y({1}%;1),, which in turn easily leads to Theorem 6.

Corollary 1. Foralln € Nyand d € N, we have

Any

R DI s Ve Ty Bk

11> >ng>n
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Proof. Forany y € (—m/2,7m/2) and d € N, we set

Y
faly) = /0 (tantdt)?~! o a,(sint) tan t sec t dt.

Since f},,(y) = (tany)fy(y) if d > 2, by Theorem 5, we have

Y(s;1)n=lim (cosy)fa(y)
y—(m/2)

~uim W)y fay) o faa()

S lim _— = lim —
y—(m/2)~ secy  y—(m/2)- secytany  y—(m/2)- secy

by L'Hopital’s rule. Thus, repeatedly applying L’'Ho6pital’s rule finally yields
L) - f1y)

. _ . o
T = i secy = oty secytany — yootay- M) =

as desired. O

Theorem 6. Supposed € N, s = (s1,...,s4) € N%. Let Iy (n),...,1;(n) = 2n,2n + 1. Then

Z ang _ Anq
n0>n1>»-->nd>0 (27’10 - 1)11 (nl)51 e Zd(nd)sd n1>...>nd>0 ll (n1)51 e ld(nd)sd ’

where =" can be either “>" or ">", provided the series is defined.

Proof. This follows from Corollary 1 immediately. [

Theorem 6 enables us to consider fewer leading parity cases in Theorem 8.

5. Mixed Parity Variations of Apéry-Type Binomial Series

We now turn to the variants of Apéry-type binomial series in which each summation
index is restricted to either even or odd numbers.

5.1. Evaluate Even/Odd Variants of Apéry-Type Series by Iterated Trigonometric Integrals

For any r € N, 1-forms f;(t) dt, ..., f;(t) dt, and any differentiable function F(t), we
extend the iterated integral notation to define

fi(hydto F(B) o () dt = E(8)fi(t) dt o fo(t) d,
/Oy%ofl(t)dto...of,(t)dt:F(y)/oyfl(t)dto...of,(t)dt.

Define the block type of | by bt(l) = «,p and vy if I(n) = 2n,2n+ 1 and 2n — 1,
respectively. For s € N, set F; = (cottdt)*~! and

Aws(t) =Fs(tantdt — csctdtdsect),
Aps(t) = Sscto Fs(sinttantdt — dtdsect),
<_~
Ay1(t) =costotantsectdt,
e__
Aqs(t) =sintoF y———tantsectdt (s>2).

https:/ /doi.org/10.3390/math14020222


https://doi.org/10.3390/math14020222

Mathematics 2026, 14, 222

12 of 45

Theorem 7. Supposed € Nands = (s,...,5;) € N%. Let y € (—m/2,7t/2). Then, for any
Ii(n) =2n,2n+1and ly(n),...,1;(n) = 2n,2n + 1, we have the n-tails

ap, (siny) _
1> hg>n I (7’[1)51 . ld(nd)sd

Y —
/0 Abt(ll),sl o... Abt(ld),sd oday (smt). (16)

Using non-trigonometric 1-forms, we obtain, for all x € (—1,1),

ny

(%) —/xA o A o an(t) (17)
m Do L (m1)51 . dg(ng)sa — Jo TPt e b sa T

where Ay () ¢ are obtained from Ay () s by applying the substitution t — sin!t.

Proof. By (11), (13), and (15), we readily obtain

m;n anésnir)lsy) = /Oy F;(1 — csctdt osect)a,(sint) tantdt, (18)
mgn m = cscy /Oy F;(1 —dtocsctsect)ay(sint)sinttantdt. (19)
m;n % = cosy/oy a,(sint) tantsectdt, (20)
mgn m = siny /Oy F_1 %an(sin t)tantsectdt (s> 2). (21)
Thus,
Aus(t) =F; ( tant dt — csctdtdsec t) = Fs(csctdtosect — cottdt), (22)
Aps(t) = Sctok ( sinttantdt — dt d sec t) = &scto Fs(dt osect — costdt), (23)
Aya(t) = Costodsec £, (24)

dt dt
sinttant tan?t

dt —
Ays(t) =sinto Fs_1———dsect =sintoF;_; (

-~ osec t) (s >2). (25)

Indeed, all the above identities follow directly from the definition. We will demonstrate
(22) in detail to illustrate the ideas. We only need to show that for any fixed number ¢ and
variable x,

X X X X
/ tantdt—/ (sect—secc)csctdt:/ secccsctdt—/ cottdt.
c Cc Cc C

This is clear when x = c. Thus, it suffices to show the two sides have the same derivative,
which is straight-forward to verify using the trigonometric identity tant + cott = sectcsct.
Similarly, (23) follows from the trigonometric identity sinttant + cost = sect while (25)
follows from sect/ tan?t = 1/ (sinttant).

For convenience, we call the expression on both sides of (18) (resp. (19), resp. (20), and
(21)) an a-block (resp. B-block, resp. y-block). In (16), each s; corresponds to (a variation of)
such a block. We find that after starting with a block in (18)—(21), we can repeatedly apply
(18)—(21) to insert all the middle blocks until the end. This concludes the constructive proof
of the theorem. [
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5.2. Evaluate Even/Odd Variations of Apéry-Type Binomial Series by CMZV's at Level 4
Letd € N,s = (sq,...,54) € N%. Letly(n),...,1;(n) = 2n,2n + 1. Set
— a}’ll
E(L;s) = Y (26)

ny = = 11g = 0 ll(nl)sl .. 'ld(nd)sd,
171 %

where = is “>"if [;(n) = 2n + 1 and is “>" otherwise. Due to Theorem 6, we can always
)

assume that if the leading block is a y-block, then s; > 2.
Theorem 8. Let CMZV4, be the Q-vector space spanned by all the CMZV's of weight w at level 4.
Set
0, ifl(n)=2n; 0, ifli(n)=2n-1;
o(l) = )=
(?) { 1, otherwise, v(l) 1, otherwise.

(@) If Iy (n) # 2n — 1, then we have E(1;s) € i‘Wl)CI\/IZV“ls'.

(b) Suppose (bt(l1),s1) # (y,1). Then, we have E(1;s) € CMZst‘fu(ll) ® QIil.

(c) Moreover, the claim in (b) still holds if one changes any of the strict inequalities nj > 1,1

in (26) tonj > njy 1 (ngy1 = 0) and vice versa, provided the series is defined. In particular,

iy g0 11(m)%1 g (ng)®

€ CMZVe ¢,y ®Qlil, (27)

where “>" can be either “>" or “>", provided the series is defined.

Proof. We first claim that we may reduce the sums in the first two cases to those sums
where [;(n) = 2n — 1 appears only when j = 1, if it ever appears. We can prove this by
induction on the depth in exactly the same way as was used in the proof of ([1] Thm. 4.2(b))
and thus we omit it here.

(a) Recall that (11) and (14) provide us the following iterative structure:

Ay (siny) /y .
— = Fs(1— tdt t t)tantdt, 28
mgn 2m) A s(1 —csctdtosect)a,(sint) tan (28)
i y
mgn m = cscy/0 Fs(csct — dt osect)ay(sint) tan t dt, (29)

where F; = (cottdt)*~1. The key idea is to use (28) and (29) repeatedly to express (26) as
an iterated integral and then use the change of variable t — sin~![(1 — t2)/(1 + ?)] to
convert this iterated integral to a Q-linear combination of iterated integrals that are clearly
in CMZV.

To begin, similarly to the proof of Theorem 7, we call the iterated integral of form (28)
in an iteration an a-block, and the iterated integral of form (29) in an iteration a B*-block.
The extra function cscy before the p*-block brings the main complication into this process
since it changes the shape of the block in front of it.

The first reduction step is that we may assume B-block does not appear. Indeed,
the equality

Y flmn) =} f(m,n)— f(n,n)

m>n m>n

clearly decomposes all B-blocks into *-blocks.
We now assume only a- and B*-blocks appear in the sum, since I;(n) # 2n — 1 by
assumption. Then, there are only four different types of the first block:
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Ist-block aowa:  first block is an a-block, followed by another a-block or nothing:

Fs(1 —csctdtosect)tantdt = Fy(tantdt — csctsectdt + csctdt osect)
= Fs(csctdtosect — cottdt). (30)

Ist-block wo f*:  first block is an a-block, followed by a *-block:

Fs(1 —csctdtosect)sectdt = Fs(sectdt — csctdtdtant)
= Fs(csctdtotant). (31)

Ist-block B*oa:  first block is a f*-block, followed by an a-block:

Fs(csct —dtosect) tantdt = Fy(sectdt — dtdsect) = Fs(dt osect). (32)

Ist-block p*op*:  first block is f*-block, followed by another f*-block:

Fs(csct —dtosect)sectdt = Fy(csctsectdt —dtdtant) = Fs(cottdt + dt otant).

The 1-forms appearing in the above are listed as follows:
csctdt, cottdt, dt. (33)

Moreover, the observation below will be crucial later, as follows:

(x) The 1-form dt appears only when a *-block appears first and it always has a trailing
osect (resp. o tant) if it is followed by an a-block (resp. *-block).

Hence, all the blocks after the first may (or may not) be multiplied by either tant or sect.
Similarly, for the middle blocks (i.e., neither initial nor end), we have the following

four cases:
Mid-block a0 « : (1 orsect)Fs(csctdtosect — cottdt), (34)
Mid-block a o f* : (1 orsect)Fs(csctdtotant), (35)
Mid-block f* o w : (1 or tan t)F;(dt o sect), (36)
Mid-block * o B* : (1 or tan t)Fs(cot tdt + dt o tan t). (37)

Therefore, the following additional 1-forms may appear:
tantdt, sectcsctdt. (38)

We now turn to the ending blocks. Since
t
(tantdt — csctdt/ secxtanxdx) = (tantdt — (sect — 1) csctdt) = (csct — cott) dt,
0
t
(tantcsctdt — dt/ secxtanxdx) = (sectdt — (sect —1)dt) = dt,
0

we may have the following forms for the end block:

sq4 > 2, End-block « : (1 orsect)Fs(csct — cott) dt, (39)
sq > 2, End-block * : (1 or tan t)F; dt. (40)
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If s = 1, then since
tant(csct — cott) =sect —1, sect(csct— cott) = csct(sect—1)
we see that the end block has the form
s4 = 1, End-block « : (csct — cott)dt or cscit(sect —1)dt, (41)
s4 = 1, End-block p* : dt or tantdt. 42)
Under the change of variable t — sin~[(1 — t?) /(1 + t?)], we have
dt —id_;; cottdt—y, tantdt — z,
' (43)

csctdt —d_y;, sectdt— —a, sectcsctdt—y+z,

where xz = at/(&—t), deer =%z —Xp,y=%_;+%—x1—-xandz=—a—x_; —x;. We
see that under the above change of variable, which reverses the order of the 1-forms, the
1-form a does not appear at the end (see (33)). On the other hand, the only 1-forms that can
appear at the beginning are

dt —id_;;, tantdt —z, (csct—cott)dt—d_17—y=2%x_1—%x_;—%;

sectdt - —a, csct(sect—1)dt »y+z—d_ 17 =—a—2x_1.

The key observation is that x; does not appear at the beginning. Consequently, all the
iterated integrals are convergent and provide the real or the imaginary part of some
admissible CMZVs at level 4.

To determine exactly whether it is the real or the imaginary part, we need to count the
number of id_;;’s, the only 1-form that has the imaginary coefficient i, which is produced
only by the original 1-form dt in the trigonometric iterated integral expression. To do this,
we break into two cases, guided by the crucial observation (x) above. To save space, we
denote by N(dt) the number of 1-form dt in the trigonometric iterated integral expression
of the sum in (26).

(A) The starting block is B*. When followed by another f*-block, the trailing tan ¢
can only be combined with two other forms, namely, cott df or dt o tan f (see (37)), which
produces dt? or dt(tant dt) o tan t. Repeating this until the end block if no a-block appears,
or until a transition $*-a block chain emerges (36), we see that either (i) there are even
number of dt’s without trailing o tan t or (ii) there are odd number of dt’s with a trailing
otant. If a-block does not appear at all, then the end block is given by (40) (s = s; > 2) and
(42) (s = s4 = 1) so that the parity changes in case (i) or the parity does not change in case
(ii). If there is a transition f*-a block chain, then there is a trailing o sec t produced while
there are odd number of dt’s in front of o sec t. By case (B) below, we see that the number of
dt’s after this transition must be even. To summarize, we see that N(dt) is always odd if
the starting block is 8*.

(B) The starting block is a. If there is no pf*-block, then clearly N(dt) = 0 by (30),
(34), (39), and (41). Suppose B*-block does appear. By (36) and (37), we see that this block
produces either
(i) aneven number of dt’s with a trailing o sec t when followed by an a-block, or
(ii) an even number of dt’s with a trailing o tan t when followed by a *-block, or
(iii) an odd number of dt’s without a trailing function.

Case (i) leads to no dt’s until the next f*-block appears. For the other two cases,
we can argue exactly as in case (A) above and show that these repeat until the end or
until a transition a-* block chain (back to case (i)). Repeating the above argument in the
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three cases (i)—(iii), we see that until the end, we still have the same three cases. If the
end block is «, then we must be back in case (i) and by (39) and (41), this block does not
produce the 1-form dt so that N(dt) is even. If the end the block is f*, then it has the form
(tant)F; dt in case (ii) and F; dt in case (iii). In case (ii), either two dt’s or no dt is produced
so it does not change the parity of N(dt). In case (iii), one dt is produced which changes
N(dt) to even. To summarize, we see that N(dt) is always even if the starting block is .

Furthermore, (b) and (c) can be proved by the same proof as that for ([1] Thm. 4.2(b-d)).
We may first reduce the general case to the case where if y-block appears then it only
appears as the first block, in which case we can assume the weight of this block s > 2 by
Theorem 6. We now further consider two subcases: (i) the second block is an a-block of
weight b and (ii) the second block is a f*-block of weight b. Thus, we have two kinds of
iterated integrals to consider, as follows:

. 7T/2 dt
(@) : / Fs,lt 7; tantsectdtF,_1(csct —cott)dt...,
0 an
/2 dt
(i) : / Fs 11— sec? tdtF,_qdt....
0 tan~t

The claim in the theorem then follows immediately from the computation in Examples A5
and A6. Indeed, from the examples, we see that the claims in the theorem hold when the
first two blocks are given by either y-a-block or y-B*-block chains. But if there are more
blocks after these two, the argument in case (a) applies since these additional ones are
either a-blocks or f*-blocks.

This completes the proof of the theorem. [J

Remark 4. The theorem generalizes the first inclusion relation in ([29] Thm. 9.6).

Corollary 2. Supposed € N, s = (sq,...,84) € N Let Iy(n),...,1;(n) = 2n,2n + 1. Then,
we have

any 4
€ CMZV4
ny>np>=->ny >d_ 0 nillz(nz)SZ e ld(nd)sd ‘Sl
anl . 4
ciCMZV4
ny>np>=->=ny ;— 0 (21’11 + 1)5112(7’12)52 c.. ld(nd)sd [s]
a o
Z A - € CMZV“LSI ® Q[i], (44)

g = 0 Li(ny)st. .. lg(ng)s

where ; is “>" or “>" depending on whether 1;(n) = 2n + 1 or 2n, and all other -'s are either

“>"or “>", as long as the series are defined.

Proof. The proof easily follows from the fact that using the Principle of Inclusion and
Exclusion, we may convert > to > (and vice versa) using the partial fractions. [

Remark 5. Since the proofs of Theorem 8 and Corollary 2 are both constructive, we see that every
sum of the form (26), or more generally of the form (44), can be computed exactly in terms of the
CMZV:s at level 4.

We summarize the results of Theorems 6 and 8 and Corollary 2 in Table 1. Set

()

4mly(ny) ... lg(ng)ss’

E(I;s;Rel) := Z

ny>=->=ng>=0
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where Rel = {>-,..., >} represents any fixed choice of all the relations “>" which can
be either “>" or “>", provided the series is defined. Also, put I = (I,...,1;) and
s’ =(sp,...,84).

Table 1. Summary of Theorem 8, where a/ means either a or 8.

bt(ll, veey ld)

Rel E (I;s;Rel) €

(o, {a/ B} 1) {>,>,...,>,;—} cMzVE,
(B {a/B}*1) (=) iCMZV},
({a/B}) {~ ...} cMzvE © Q)i
(v, {a/B/7} 1), (51 =1) {>,Rel'} = &(l';¢;Rel)
(v, {a/B/r}Y), (51 > 2) {mrer) icMzZVE,
(/B {a/B/7}7) {= -} CMzVY @ Ql]
I 0B ) cuzv

(51 >2)

5.3. Typical Examples of Even/Odd Variations of Apéry-Type Binomial Series

In this subsection, we will compute a few examples of the form

)

4m -

ny

E(bt(l);s) = E(Ls) = Y.

;o Am =
ny>=... = ng>=0 ll(”l)s1 "-ld(nd)sd "

1 d-1 ' d
We first convert these even/odd variations of Apéry-type binomial series to the CMZVs at
level 4 by Theorem 8, and then we use Au’s package [30] to simplify the expressions. We
also note that under the change of variable

1t
t—sin~'t followed by t— Ty (45)
we have
cottdt — w '—ﬂ—> csctdt — w '—Lﬁd (46)
0-— f Y, 3 .= tm —-1,1,
dt - w _at —id sectcsctdt — w _ —y+ 47)
= —iir = z,
1 m 1,1 20 t(l _ t2) y
tantdt — w _tat dt — sectdt —w 7dt — —a 48)
= z, = —a.
2T 1R 5T 1-R

Example 3. For a single a-block or f*-block, and any s € N, we have (39) and (40)

E(ws) = EO (2”;)5 - /0”/2 Fy(csct — cott) dt = (—1)° /01(23:,1 e
/2 1
Z(B;s) = Z (Znai—zl)s = /o Fodt = (_1)51‘/0 d—i,if*

n>0

by (46)—(48). Here, we point out that after change of variable (45), we need to multiply (—1)% when
reversing the interval back to [0, 1], where w is the weight of the value, i.e., the number of 1-forms in
the iterated integral. In particular, when s < 3, we have

n? —121log®2
24 ’

4log®2 — 2 log2 + 67(3)

E(a; 1) =log?2
(0(,) Og’ 24 4

E(w;2) = E(w;3) =

(49)
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E(ﬁ;l):g, 2(B;2) = nlgng E(B;3) = 48(n +12log? ) (50)

Example 4. For a double B*-block, for any s € N we have, by (37) and (40)

an
E(B Bis, 1) = ,
(B Bis:1) nlzznizo (21 +1)5(2ny +1)

/2 1
- / Fy(cottdtdt + dt tantdt) = (—1)* i / (d_ijy+ zd i)y L.
0 0

When s < 3, we obtain

[1]

(B,B;1,1) =mlog2,

3rlog?2
(ﬁ/ﬁlzll) - Tg/

2(B,B;3,1) = 48<n log2 +1610g>2 +3¢(3) ).

[1]

Example 5. We now consider the series given by a f*-a-block chain. For any s € N, we obtain

2B a;s,1) = Y #:/Oﬁ Fedtosect ¥ ny (sint) (by (32))

ny>np>0 (21’11 + 1)5(2712) n>0 2ny
/2 1
= / Fsdt(sectcsctdt — csctdt) = (—1)51'/ (a+2z 1)d ;4"
0 0

by (41). When s = 1, we obtain

E(B,a;1,1) =2Im(2Liy 1 (—1, —i) — Lip(i)) = 2G — %nlogZ ~ 0.7431,

3713 1+i\ 3mlog??2
4 ( +’)_ TTI08" 2 . 0.0605,

E(B,a;2,1) 3—2—41 Lis 3 5

where G is Catalan’s constant defined by (3). By (49) and (50)

anl

= . — O
)y — B = L o)

ny>ny>0 ( n>0

—E(p,w1,1) ~log2+ 2.~ 1

1 1
=2G — EnlogZ —log2+ i 1~ 0.6207.
Let H, =1+1/2+4 --- 4 1/n be the nth harmonic number. By combining the above
examples, we have

;E)fol =E(B,a;1,1) +E(B,B;1,1) — E(B;2) = 2G

which is consistent with a formula on ([31] p. 10). Similarly, all the four formulas on the top
of ([31], p. 10) can be verified.

We have computed more examples with different types of blocks and put them in
Appendix A. For the convenience of the readers, we have summarized all these examples
in Table 2. Recall that the block type bt(l) =, B,y if I(n) = 2n,2n +1,2n — 1, respectively.
Further, set bt(ly,...,1;) = (bt(ly),...,bt(ly)).

https:/ /doi.org/10.3390/math14020222


https://doi.org/10.3390/math14020222

Mathematics 2026, 14, 222

19 of 45

Table 2. Summary of Examples 3-5, A1-A8, where V = CMZV* and 4 ; is the Kronecker symbol.

bt (1) s E(;s) € Example #
(a/B) s Vs 3
(B*, B*) (s, 1) AV 4
(B*,a) (s, 1) iVsi1 5
(a0, B*) (s, 1) Vii1 Al
(B, &, ) (s,1,1) iVsin A2
(B* a,B) (s,1,1) Vsio A3
(2, 7) (s, 1) Vst A4
(v,a) (s,1) Vs +Vq A5
(7,2) (s,b),s >2,b>2 iVesip—1+Vy A5
(v, B*) (s,1),b>2 iV<s + V1 A6
('7’ ﬁ*) (s,b),s >2,b>2 iV§s+h—1 Ab
(7,7, 8%) (s,b,c) Vesipre-1+ 0,1V A7
(7, 2,7) (s,b,c) Vesipte—1 ® Qli] A8

In general, we can apply Theorem 8 to compute even every possible variation of Z(I; s)
in which the index ordering can be change to either strict or non-strict inequalities, in terms
of the CMZVs at level 4. However, the general case needs the complicated process of using
partial fractions, which is demonstrated in Example A8. Also, from Table 2, we can see
clearly that the weight drops only when the leading block is a y-block.

6. Apéry-Type Binomial Series Involving Squares of Central
Binomial Coefficients

In this section, we will consider another class of Apéry-type binomial series by replac-
ing a, by a2 in all the series appearing in the previous sections.

Theorem 9. Letd € N, s = (sq,...,5;) € N%. Let Iy (n),...,1;(n) = 2n,2n £ 1.
(@) Letlh(n),...,1i(n) = 2n,2n + 1. Then, we have

2

anl

Y(I;s) = )

moe Ty 0 li(ny)st.. . 13(ng)%
1T

i 4
€ M2V,
where = is “>"if if i(n) = 2n + 1, and is “>" otherwise.
]
(b) More generally, ifl1(n),...,13(n) = 2n,2n £+ 1, then we have

2

llnl

1
€ —CMzVv4 ® Q[i],
g0 Li(np)si.. . lg(ng)sa ~ 7 Slsl+n(s1)

where “=""is either “>" or “>" provided the series is defined, and

0, ifbt(h)=vs1=1landd=1;
0, ifbt(ly) =1, 51 =1land bt() = a;
n(si, 1) =¢ =1, ifbt(ly) =,s1 = 1land bt(lp) # a; (51)
=1, ifbth) =759 2>22
L ifbe(h) # 7

Proof. The key observation is to apply the Wallis integral

1 x2n /2 1 11 T
Y g :/ in2tdt = =B(n+=,=) = Za,.
/0 o2 X )y 2 (”+2 z) n
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In the following proof, we drop the restriction on the summation indices to save space.

(i) When I;(n) = 2n + 1 by (16), we see that the sum

Ay, (sin y . d ——
le o Zi } ]/() 5 = cscy/o Fs (sinttantdt — dtdsect) Og/\lj'sj o ay(sint).

Thus, integrating over (0, 71/2) and dividing by 71/2, we obtain

2 2 /2 ) d :
Y L(m)’ ld(nd) = E/o csctdt Fy, (sint tan tdt — dt d sec t)]].g)\ljrsj oay(sint). (52)

The claim follows immediately since there are odd number of dt’s in this case, as shown
in the proof of Theorem 8(a).

(ii) If Iy (n) = 2n, then we see that

d
ap, (siny) Y —
Y. nen) Si NI /0 F;, (tantdt — csctdtdsect) ojl;l Apjs; © an(sint).

Thus, integrating over (0, 71/2) and dividing by 71/2, we obtain

2

L Li(ny)st.. . lg(ng)s

2 /2 d o
= /o dt Fs, (tantdt — csctdtdsect) o ]Ii/\lj'sj oay(sint). (53)

The corollary holds as well in this case as the number of dt’s is changed to odd because
of the leading dt, since originally, as shown in the proof of Theorem 8(a), the number of
dt’s was even. The appearance of (s, I) = 0is due to the special behavior of a-block as
manifested by Example A12.

(iii) If [y (n) = 2n — 1, then there are two cases. By (16), if s; = 1, then we have

d
An, smy) B y —
le ) L) cosy/O (dsect) Oj|;|/\ljls]. o ay(sint).

Hence, integrating over (0, 71/2) and dividing by 7r/2, we obtain

2 d
2 /2 «—
=— costdt (dsect) o |o|A;. .. 0a,(sint).
211 nl (”d) 7T/0 ( ) ]11 ljs n( )
If s; > 2, then
%
le nla’; smy 3 —smy/ Fs_ iy dsect OH/\I 5; © an(sint). (54)

Thus, integrating over (0, 71/2) and dividing by 71/2, we obtain

2

le (n1)s1... 1g(ng)s

/2 —_—
= —/ sintdt F,_ Vo at (dsect OH/\Z s/ oay(sint).  (55)

To complete the proof of the theorem, we only need to pay attention to the CMZV
weight increasing in (a) and weight drop phenomenon in (b) and (c) associated with a
leading y-block (i.e., 77(I1) = —1 when bt(l1) = 7). The first phenomenon in (a) is obvious
from (i) and (ii) above. By (iii), it is also easy to see the weight cannot increase. We can show
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that, in fact, the weight may drop by 1, and we can carry out a case-by-case study using
the examples given in the next section and the Appendix. The two cases with #(s1,1) =0
are given by Example 8 (bt(l;) = v, 51 = 1 and d = 1), Example A13 (bt(l1,12) = (7, «),
(s1,52) = (1,5),s > 2), and Example Al4 (bt(l1,1) = (v,a), (s1,52) = (1,1)). One can
quickly find these in Table 4. This concludes the proof of the theorem. [

We summarize the results of Theorem 9 in Table 3. Set
2
(e

16™ ll (7’11)51 R ld(nd)sd )

Y(L;s;Rel) := )

nys=ee=1y- 0

Table 3. Summary of Theorem 9, where V = CMZV* and a/ 8 means either « or B.

bt(1) Rel ¥ (I;s;Rel) €
({a/B}) {mn} VsV
(w/ B, {a/B/ v} ) U=} FVeisi41V @ Q[
(7.8, {a/B/7}"2) U} AV (g-1V © Q]
(7,9,...,0) {>} LV +iVa)
(v, &, {a/B/y}42) U= EV s 121V © Q[i]

In the following, we present a few examples illustrating the ideas in Theorem 9. We
will adopt the convention ¥ (bt(1);s) = ¥(;s).

Example 6. We consider the series given by an a-block. From (39), (41), and (53), we have

a2 2 (/2
Y(a;s) = L :—/ dt Fs(csct — cot t)dt
(w°) nz>0(2”)s  Jo o )

2i 1 _
= (—1)5*/ e -z ;— )y td_;,

T JO
Therefore,
2 iorl
ay 2i 2
o 2 Q2 —a i —m)d i = —(mlog2 —2G) ~ 0.22 6
= mn 7 Jo ( T1— T mz) i 7_[(7-[ 0og ) ’ (56)
2 iorl
aj 2i
== [ Qe -z ;—x)yd_; 7
rg) 2n)?2 7 (2z1 -z — )y i (57)
_2(3 4 C(14iy 3 5\
n<16n 81m Lis . ) ~rlog 2>~0.077,
2 iorl
as 2i
_ _ = 20 1 —x i — @ d .
7;0 (271)3 7T Jo ( -1 T wl)yz 1,1
— 2 (24p(4) — 32Im Li (&)—§7T310g2+z(210g32+§(3)) ~ 0.034
m ) 8 4 o

Example 7. We consider the series given by a B*-block. From (40), (42), and (52), we have

¥(B;s) = Z i = E/n/zcsctth dt—(—l)s+1£i/1d Ly ld
A N TR T S o T

n>0 Tt
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w =zl

3
6 7® — 8Im Lis

Thus,
2 2i 1 4G
2 5 & I = l/ d_jid 11=—~r 1.1662,
150 n+ T Jo T
L =
Lo+ 12 - why Y
2 -
a; 2i
== 4 yd
n;() 2n+1)3 7 Jo ¥

2 .14+ 3 3 T, 39\ ~
—N(ImL14< . ) 24B(4) + 5 log2 +  log 2> ~ 1.01.

Example 8. We consider the series given by a single «y-block. From (9), we have

a2

2n—1

2 /2
Y(p1) =) —" :%/0 cos tdtdsect

n>0

2 /2
z—/ (1 —cost)dt =
T Jo

(

2

7T

1+

2

(g - 1) ~ 0.3633.

)

7T

+ = log?

4

2) ~ 1.0379,

(58)

(59)

Note that there is no weight drop here so it is one of the two reasons we need to introduce 17(s1,1) = 0

in Theorem 9. The other reason is given in Examples A13 and A14 . Forall s > 2

2 (/2 dt
= —/ sintdt Fs_1———
) T Jo tan?

2
Is:=%¥(y;s) =
n>0

al’l
Zm

2 /2 »
= E/ sintdtF;_1(csc”t —1)dtdsec t
0

2 (/2
= ;/0 sintdtF,_q (d(fcott) (dsect) —dtdsec t)
2 /2
= —Fs,1+—/ sintths,l(sectdt—dtdsect)
7T Jo

2 /2
=—Ts 1+ p / sintdt Fs_qdt = —T's_1+I;_q
0

2 /2
:<(—1)5/ smtdt
T 0

—(—1)i1 /n/zsintdtdt+]§(1)
B 0 —

j—1

=) D0 [

k=1

Hence, for all s > 2, we obtain

Consequently,

dsecH- Z

=

dsec t

S 1]1]) ,

/2 /2 /2
I = / sintdt F;dt = / costcottdtF_ydt = / csctdt Fi qdt —I; 4
0 0 0

1k /2
== / csctdt F dt,
0

1
k)/o di,izfzd—m)-
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2
_ 4 2T _a) ~
20 T n(Z +2G 3) ~ 0.2563.

We have computed more examples with different types of blocks and put them in
Appendix B. For the convenience of the readers, we have summarized all these examples

in Table 4.

Table 4. Summary of Examples 6-8, A9-A17, where V = CMZVA.

bt (1) s ¥(I;s) € Example #
(o) (s) 7 Vsi1 6
(B*) (s) 7 Vsi1 7
(7) (s),s>2 L@+ivy) 8
({7} {1} L(Vea+ivy) 8(d=1),A9
(r,7) (s,1) L(Va +iVsy) Al0
{7} (2, {13471 L(Vog+ivy) All
(7,a) (2,1) (Vi +iVe) A12
{7}, a) ({1}4,s),s > 2 L(Vegia+iVisi) Al3
{7}, a) ({1344 L(Vag+iVer) Al4
(v,a) (s,2) %(Vz +iV<si1) A15
(7, a) (s,1,1),s >2 L(Va+iVesin) Al16
{7} B) ({1344 vy Al7

Corollary 3. We have

00 (3) 2
2271—1 n(16G+4n 8mlog2 — {(3) — )

Proof. By partial fractions, we have

1 1 1 1 1
(2n—1)(2n)3 ~ 2n—1 (203  (2n)2 21’

Thus, by (58) and (A3)

N
=N

ay

1 & ayHy? &
gZZn—l_Z(Zn st L a 1wy

n>m>0

o] 2 ()

<] 2
:%<§—1>+vl<3> IFCE IR o]

n=1

Now, the last three sums are given in Example 6. The corollary follows immediately. [

7. A Corollary and Some Related Sums from Other Works
In this last section, we first answer affirmatively a few questions we posted at the end
of [29]. For k € N? and I € N¢, we define

D Ve
n>my>->mg>0 My” .. My
1
tn(l) = .
n271>¥>7‘e>0 (2r1 = Dh ... (2re — 1)k
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Corollary 4. Forallm € N, p € N>y, g € N>3, and all compositions of positive integers k and 1
(including the cases k = @ or | = @), we have

(l) o 2 Cn(K)ta(l) _ i 4
€ CMZViy 4y (B) Z”nTG;CMZVIkIHIHqH’

@ Lo
© Lo

() 3 oD ¢ Lemzvs
5 €ICMZVig e ( nZ 2n+1) € —CMZVi g

Proof. Write

gn(k) = Z ki’ tn(l) =

n>my>-->my>0 m71<1 -.my n>r1>->r,>0 (21’1 + 1)11 ce (21’(3 + 1)16 .

We only need to note the following facts: (i) for any summation index m for {,(k) and
summation index r for t,(1), there are only two possibilities: m > r or r > m; (ii) we
can re-write

1 1 1
L (2n+1)1Q2n + 1)1 L (2n+1)1(2r, + 1)1 (2n+1)1+h

n>rq n>rq

and obtain similar identities when n and r1 are replaced by r; and ;1. Therefore, we see
that (a) and (c) (resp. (b) and (d)) are special cases of Theorem 8 (a) (resp. Theorem 9(a)). O

We now turn to some identities we found in the literature. For 1,k € N, it is conven-
tional to define the generalized harmonic numbers by
x . 1 1 1
H,' = {u(k) = 1+2k+3+ o
From the examples above and those contained in Appendix B, we can derive immedi-
ately the following identity which also appeared in ([32] Thm. 2.7) and [33]:

a2 Hy, a2 a a2
L1 = Z (2;1—1)3+ L on12em-1) T L Gao1)2am)

n>0 n>m>0 n>m>0
r B DL o
+ +
n>0 2” 1) n>0 (2n B 1) n>0 (271)

:721<(2 +2G-3) + (37 —2l0g2) + (2G — mlog2 + 7 — 410g2)

+(2-2)-(5-1)+ (nlogZ—ZG))

4G —12log2 + 6
= - .

Similarly, we can also verify

2
Y siflr — 2 (31052 1)
so2n—1 m

([32] Thm. 2.5) and ([34] Thm. 5.15),

a’H, 8log2—4

2211—1: P
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([35] Thm. 1),
¥ a2H,  12—16log2
= (2n—-1)2 T
([35] Thm. 2) and ([31], p. 10),
y A(H2+HY) 4n 32log?2 —32l0g2 + 16
=0 2n—1 3 T
([35] Thm. 4).
For the last equation, we may use the stuffle relation
H; = 20,(1,1) + Hy?. (60)

As a further application, we can derive ([34] Thm. 5.12) as follows. Noting that
(2n —1)a,—1 = 2na, for all n € N, we obtain by shifting indexn — n —1

a2 2) 4na? 242 242
L™ = L G L et X a1

n>0 n>k>0 n>k>0 n>k>0

2 2
=8V4(2) + 8W, = ;(mc + % ~8rlog2),

where V;(2) and W are given by Examples A13 and A15, respectively. Similarly, using the
stuffle relation (60) and the identity

2 2
a; 4nay,
e n(L,1) = ot —
ngf) (n+1)™" n>k§n>0 (2n —1)%km
n>k>m>0 (2n o 1)km n>k>m>0 (Zn - 1)2km

2
=8Y; +8Y, = = (16710g?2 — 16G — 72 + 87log2),
where Y and Y) are given by Example A16, we can confirm ([34] Thm. 5.12) immediately.

8. Conclusions and Future Plan

In this paper, by using iterated integrals, we have demonstrated that the Apéry-type
binomial series

y Gr) wi Y Gr)”
4m (2np)%1 ... (2ng)% 42m (2nq)%1 ... (2ny)%

ny>-->ny>0 ny>-->ny;>0

can be expressed as Q-linear combinations of the real and/or imaginary parts of the colored
multiple zeta values at level 4, with an extra factor of 1/ for the squared version. The
same claim still holds if some or all the indices 21 are replaced by 2n; =1 and “>" replaced
by “>" as long as the series converge.

From numerical evidence, it seems that similar results can be obtained if 4™ is replaced
by 8™, 12", or 16"1; however, the level must be increased significantly. Currently, our
method only shows that these series can be expressed in terms of multiple polylogarithms at
suitable algebraic points. In the related work [36], we have studied the alternating versions
of the series treated in this paper and those series in which the binomial coefficients appear
on the denominators.
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On the other hand, one can introduce more binomial factors besides the central ones
as was conducted in [37-42]. It would be very interesting to find a unified way to deal with
all the different types of binomial series including the alternating ones. We plan to return
to this in the future.
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Appendix A. Additional Examples of Theorem 8

In this appendix, we will compute some more intricate examples by applying the main
ideas of Theorem 8. We are particularly interested in expressing these sums by the CMZVs
with the appropriate weights. We have summarized these in Table 2. In the following, it
is handy to use the notation Z(bt(1);s) = E(I;s) to keep track of all the different types of
sums we compute.

Example A1. We now consider the series given by an a-f*-block chain. By (34) and (31), we have

an
.'E(oc, ,B;S,l) = P W
n1>;220 (2n1)(2np + 1)

/2 1 1 1
= / Fycsctdttantdt = (—1)5" / zd 11y
0 0

by (46)—(48). Hence,

1 7.[2
E(a, B;1,1) = / 2d gy = T~ 12897,
0

(7¢(3) — 7 log 2) ~ 0.1966.

x|~

1
E(a, B;2,1) = —/0 2d 11y =

The next two examples show that, as predicted by Theorem 8, if y-block does not
appear, then all the CMZVs should have the same weight as that of the Apéry-type bino-
mial series.

Example A2. For a B*-a-a-block chain, by (32), (34), and (41), we have

an
E(B,a,a;8,1,1) = 1
P n12n22>n3>0 (2n1 +1)3(2n2)(2n3)

/2 /2
:/ Fsdt(sectcsctdt)((sectesct —csct)dt) —/ F; (esctdt)((esct — cott) dt)
0 0

1 1
:i(71)5/0 (a+2z 1)(a+zq+z)d iy L —i(—1)° /o 2z —z_; —z)d_11d ;9 "
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by (46)—(48). Thus,

1
BB a,n;1,1,1) = — i/o {(a+2$—1)(a+ zq+z) - 2z -z — a’i)d—l,l} d_j;
3 .
T o1+
=2Glog2 — -~ + 8ImLi (T) ~ 0.6627,

1
BB a,a;2,1,1) :i/o [(a+ 2¢_q1)(at+z_1+z)— (22 —z_; — mi)d—l,l} d_iy

2 1+i 1+i
—26p(4) — £n3 log2 — 32Im Liy ( ;LZ) — 4ImLis (%) log 2
7

5. 3
+7T(ﬂlog 2716

(3)) ~0.0122,

where (3 is the Dirichlet beta function

_1\k
Bs) = Y A

= (2k+1)%°
Example A3. For a p*-a-B*-block chain, by (32), (35), and (42), we have

[
E(B,ua Bs,1,1) = 1
ny 2n22>n320 (2111 + 1)5(2712)(2713 + 1)

/2 1
:/ F;dt(sectcsctdt)(tantdt) = i(—l)s/ 2(y+2)d_; iy
0 0

by (46)—(48). Thus, we have

1 3
E(Ba,B;1,1,1) = —i/ 2y + 2)d i = 2o~ 12919,
0

&3]

o 1 7
(B, B;2,1,1) = 1/0 Ay + 2)d iy = 5,70 log2 — - l(3) ~ 0.0694,

1
E(Ba p;3,1,1) = —i/o 2(y+ 2)d_jiy

_L 4 2 26 4 . 1 N
= (737r +4807% log” 2 — 120(2log* 2+ 48 Lis (5 ) +63g(3)1og2)) ~ 0.0141.

Example A4. We now consider series given by an a--y-block chain. In general, for all s € N

an
E(a,y;8,1) = - 1
n1>;2>0 (2n1)$(2np — 1)

ny an > an
Yyt .
1y a0 (2n1)5(2np +1) nX>:0 2n—1 ]; nX>:0 (2n)/

From Example 2, Example 3, and Example A1l

1 s—1
\E(OC,’)’,’S,l) = (_1)571/ Zd*1,1y571 -1- 2
0

j=0

(—1y /Ol(szl —zi—z)y.

We can also compute E(w, 7; s, 1) directly as follows. By (9) and (11), we have

E(a,y;s,1)
I
a0 (2n1)$(2ny — 1)
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/2
= / Fi(sintdt — csctdttantdt) tant sect dt

0
/2 /2
:/ Fs(tantdt—csctdttantsectdt)—/ Fs(sintdt — csctdttan t dt)
0 0

/2 /2
= / Fs(tantdt — csctsect dt + csctdt) —/ Fs(sintdt — csctdt tan tdt)
0 0

1
= (07 (oo =20+ 2 )y T — L,

where I; = fon/z sintdt = 1and forall s > 2

/2 /2 /2
Iy = / Fssintdt = / Fs(1—cost)dt = I;_q —l—/ Fs_1(cott — csctdt
0 0 0

1 s—2 ol .
—Lat+ (-1 [ @ea-m—a )y Rl [ @e-a-oy.

Thus,

s—1

Ea,7;s,1) = (1)1 /01 zd_1py ' —1— Y (—1) /01(2'371 —z—z )y

j=0

In particular,

2

1
E(a,7;1,1) = / (2d-11+ai+0—201) —1= " +log2— 1~ 09268,
0

8
Lo 1.,
(w,7;2,1) = 24( (1-3log?2) +21g(3)) — 5 log? 2+ log2 — 1 ~ 0.0608,

[1]

log?2
7? +1210g?2 — 8log2 +8) + —>= (log2 —3)

logZ (7€( ) — ) w ~ 0.0097.

_ T
E(a,v;3,1) = 192(

Example A5. We now consider series given by a <y-a-block chain. By Theorem 6, we have

E(y,4;1,1) =E(w;1) =log2 and E(v,a;1,b) = E(a;b) Vb € N.

Next, for any s > 2 by (15) and (41), we obtain

E(7,a;8,1)

fm = /7‘[/2 E at tantsectdt(csct — cott) dt
1n1>1>0 (2m —1)5(2n2) o San? t
/2
=—EB(y,x;s—1,1)+ / Fs 1 (sectdt —dtdsect) (csct — cott) dt
0
/2
= fE('y,zx;sfl,l)Jr/ F, 1 dt(sectcsct —csct)dt
0
1
= —E( s —1,1) = (-1 [ (a4 201)d 57
0

=(-1)°E(y,a;2,1) — Z / (a+2z_q) —Zly]

—(—1)° /01(29: —z—a Z / (a+22_1)d iy,
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Note the highest CMZV weight drops by 1 as predicted by Theorem 8(b). For example,

1
E(y,x;2,1) =2G — EnlogZ —log2 ~ 0.0499,

- 373 o1+ rtlog?2
E(y,;3,1) = S —4ImLi ( : ) - . (310g2 —4) +10g2 —2G ~ 0.01.
Forall b > 2, we have
E(y,a;2,b)

= ) iy = /n/2 dt (dsect) (cottdt) F,_q(csct — cott)dt
it o (@n —1)22m)t  Jo tan’t b

/2
= / (csctcottdt cottdt — cot?® t dt csctdt) Fy,_1(csct — cott) dt
0
/2
= / ((csct —1) cottdt — (csc®t — 1) dt csctdt) F,_1(csct — cott) dt
0

/2
= / (dt csctdt — cott dt) Fy_1(csct — cott) dt
0

1 1
= — i(—l)b/o (21— — )y’ 2d_11d_;; — (—1)b/0 e 1 —z—z )y

More generally, setting E/ (s, b) = E(vy, a; s, b), we see that forall s > 3,b > 2,
E(y,a;8,b)

any /2 dt
)3 :/ Fs 11— tantsectdt Fy(csct — cott) dt
ny>ny>0 (27’[1 - 1)5(2n2)b 0 tan-t

/2

=-8(s-1,1) +/O F 4 (sectdt — dtdsect) Fy(csct — cott) dt
, /2

=—-8(s—1b)+ /0 F,_1dt sectF,(csct — cott) dt

/2
=-8(s—1,b) + /0 F,_qdt csctdtF,_q(csct — cott)dt

1

= —E(-1b) = ()7 [ (2o g —o )y e 0d

s—2 .1 .
=(-)E@) - ()Y [ - a o)y ad Y
j=1

1 s—2 .
= - (—1)S+b/0 Qe —z—x_;) (ybl +iY P %d g, di,i?/)
=0

]7
e CMzvi,_, | ®Q[i]

by induction.

Example A6. We now consider series given by a «y-B*-block chain. By Theorem 6, we have

- a?’l] - T
2(y,81,1) = =&(B;1) = —.
N D M e [T a e G

For any s > 2 by (15) and (42), we obtain

n
E(y,B;s,1) = 1
nlgzo (2n1 —1)$(2ny + 1)
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/2 dt 5 /2
:/ Fs_1——> sec tdtdt:/ Fodt—1I;,_4,
0 tan~ t 0

where for all s > 2

/2 dt /2
Is = / Fsiztantdt = / F,csc? tdttant dt — Fs dt tan t dt
0 tan- t 0

/2
:/ Fodt — Fodttantdt— I, ;.
0

Note that
/2 TT/2 5 77/ 2
I = / tantdt / csc tdttantdt—/ dttantdt
0 JO
n/2 /2 /2
= / —cotu} tantdt—/ dttantdt
0 t 0
7T/ 2 /2 T -1
- / dt—/ dttantdt — ——i/ 2d_i).
Jo 0 2 0
Therefore,

E"Y,,le —1/ Z S ) th+ -,1dttantdt)f(—1)5

-1)° (i/o ]; (d—i,iyj_l + Zd—i,iyj_z) - 7;)

Thus, the highest CMZV weight again drops by 1 as predicted by Theorem 8(b). In particular,

N[N

~ e 7T 1
E(v,B8:2,1) :1/0 d_jiy+ zd_j;— 5= n(logz - i) ~ 0.6067,

E(v,B;3,1) = — i/o1 (al_l-,l-(y2 +y+1)+zdi(y+ 1))/

_ m(2—4log2+3log?2) 05252
= 1 ~ 0.5252,

1
=(y,pi41) =i [ (dfn(y3+y2+y+1) +2d i +y+1)),

1
—n<10g2+ log2 — §log 2+flog 2— 5t 16C(S)> ~ 0.5072.

Next, for all b > 2, we have

an
E(’)’/ ,B;Z,b) = !
n1>;2>0 (21’11 — 1)2(27’12 + 1)b

T2 dt
:/0 md(tant) cottdt Fy_qdt
/2
:/ (cottdt cottdt—cotztdtdt) F,_, dt
0
/2
:/ (cottdt cottdt—(csczt—l)dtdt) Fy_qdt
0

/2
- (cottdt cottdt + dt dt —cottdt) Fy_q dt
JO

:1'(_1)b/01 Ay~ z(dz_”—yz—y)-
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In particular,
E(v,5;2,2) = % (72 + 6log2(log2 — 2) ) ~ 05804,

More generally, setting E" (s, b) = E(y, B;s,b) forall s > 2, we see that for all s,b > 2,

E(7,B;s,b)
/2 dt
= 2 “”1 = / stlizd(tant) Fb dt
n1>n3>0 (2n1 —1)(2np + 1)b 0 tan- t

/2
=-8"(s—-1,b) + /0 F 1 (csctsectdt - dtd(tant)) Fydt
/2
=—-&"(s—1,b) —i—/ F_4 (csctsectdt —tantdt+dtotant) E, dt

— _&'(s—1,b) +/ Foypqdi— Fo 1 didtFy o dt

— (-17E"(2,b) +i(- S*bz/dﬂ, Ry - )

_ —i(—l)SH’/O d—i,iy 2y 4 i(— s+h2/ d—zz b-2 ﬂiyj y;+b)
€iCMZVL,,, ..
In particular,
Sy B30y~ F(L 2 D+ Y002 — 10022 4 L1oe32 4 b ~
By, 4i3,2) = 5 (6n (log2 — 1) + 5 log2 — log’ 2 + 3 log’ 2 + 85(3)) ~ 0.5202.

Example A7. We now consider the series given by a y-y-B*-block chain. In general, for any
s,b,c € N, we have

E(v,7,B;s,b,c)

an,
N L (211 —1)5(2ny — 1)0(2n3 + 1)°

ny>np>n3>0

Ap,
= 4 (211 — 1)5(2ny + 1)P(2n3 + 1)°

ny>np+1>n3>0

= X o
- s

ny>ny+1>n3>0 (21’11 - 1) (21’12 + 1)b(2n3 + 1)C

— 2 (2ny — 1)5(2,12:1_ 1) (2n3 + 1)°

ny>ny+1,ny>n3>0

Any

N <”1>”2ﬂ22>n3>0 n1_”2+1,2712271320> (211 —1)*(2n + 1) (2n3 + 1)

anl a}’ll

n1>n222n320 (21’11 - 1)5(21’12 + 1)b(2n3 + 1)c n1>;320 (2111 - 1)s+b(2n3 + 1)C ‘

We are thus reduced to the case with the only «y-block appearing at the beginning, as demonstrated
in the proof of Theorem 8.
In fact, we may also compute these sums directly. By Theorem 6, we have
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For any s > 2 by (15) and (42), we obtain

an
B 5,1,1) = 1
(v, Bis 1,1) ) T T A G TR ¥

ny>np>n3>0

/2 dt 5
/ Fs_1——- tantdtsec” tdtdt.
0 tan- t

If s = 2, we obtain

an
E(v,7621,1) = 1
n1>nzz>n320 (2n1 —1)2(2ny — 1)(2n3 +1)
t/ /2
/ o tan i sec 2pdtdt = / a (tan2 tdtdt — tantdt tantdt)
0 0 tan-t

secztdtdt —dtdt — tantdttantdt)

/On

/2
/ cottdtdt — (csc? t — 1)dt<tantdt+dtdt+tantdttantdt)
0

/2 7r/2 /2
/ cottdtdt+/ cotuL (tantdt+dtdt+tantdttantdt)
0

/2
+/ dt(tantdt+dtdt+tantdttantdt)
0

/2 /2
/ cottdtdt—/ (dt+cottdtdt+dttantdt)
0 0
/2
+/ dt(tantdt+dtdt+tantdttantdt)
0

/2
- / dt(dtdt+tantdttantdt — 1)
0

1 24+ 6log?2—12
—i /O Pt d g — zzd i = r(n” +6 e )~ 0.0984,

Ifs > 3, then

E(v,7.B:s,1,1)

/2
= / Fs_1d(—cott) tantdtd(tant)dt — F;_1 dt tan tdt d(tant) dt
0
/2
=—8(v,7.Bs—1,11)+ / Fs_1(dt — dt tantdt) d(tant) dt
0

/2
— _E(y 7 Bs—1,1,1) +/ Fo1[(tantdt — di tan® tdt) i
0
— (dt — dt tan tdt) tantdt}

/2
- —E(’y,’y,[%;s—l,l,l)—i—/ F 4 [dtdtdt+dt tan t dt tantdt]
0

=—-8(y,7Bs—111)— (fl)si/l [zzd,,-,i — d?ii,z} Y2

— (“1°2(7,7,6:2,1,1) — 2; / sedii— &)y
s—2 1 .

=(=1)%d_;; — (—1)S]§i/() [Zdei,i - dii,i} Y.
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Hence, the highest CMZV weight again drops by 1 as predicted by Theorem 8(b). In particular,

Z(v,7.631,1)

_ m(2n?log2 — 4n +24log’ 2 — 2410g®2 — 15(3) +48) _ o
2 0207.

Example A8. In this example, we explicitly reduce a -y-a-y-block chain to the case with the only
y-block appearing at the beginning. Forall s,b,c € N,

E(y,a,7;8,b,0)
an

— 1

(2n1 —1)3(2n2)(2n3 — 1)°

ny>ny>n3>0

- L 2m — 1)s(zn21)b(2n3 1)

ny>ny>nz+1>0

— a”l

ny>ny>nz+1,n3>0 (an - 1)5(2'”2)17(2”3 + 1)C

(£ -

n1>n2>n320 n1>n2=n3+1,n320> (27’11 - 1)5<2n2)b(2n3 + 1)C

a a
= 2 s nlb c 2 s -

ny>n>n3>0 (21 —1)*(2n2)" (213 4 1) 1y >1>0 (2n1 —1)5(2m2) (2 — 1)¢°

anl

By partial fractions, we obtain

(x—l ]§<C—J>(x1 Ji b+€](b61)1

For example, we have

E(y,a,7:8,2,2)

an,
= L Gm e 1P

ny>np>n3>0

Z Any < 1 2 4 1 2 )
1y >ny>0 (2m — 1)5 (2”2)2 2n; (2”2 - 1)2 2n, —1)°
Yet, for any a,b € N

n, B n, _y ay
(2n1 —1)5(2ny — 1)t (2n1 —1)5(2np +1)0 = (2nqg — 1)s+0°

ny>np>0 ny>np>0

Therefore, we have reduced Z(vy,a,7y;s,b,c) to the case where «y-block only appears at the
very beginning.

Appendix B. Additional Examples of Theorem 9

In this appendix, we will present a few more complicated examples to illustrate the
main ideas of Theorem 9. We are mainly interested in describing these sums using the
CMZVs with the appropriate weights. We have summarized these findings in Table 4.
In the following, we will use the convenient notation ¥ (bt(1);s) = ¥(I;s).
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Example A9. We consider the series given by a {y}%-block chain, with weight equal to 1 for every
block. From (9) and (54), we have

a2
rt=vY{n5{H= X (2,11_1).;.1%(2@—1)

ny>-->n3>0

2 rm/2
= / costdt (tantdt)? ! dsec t
0

2 (2 -2
:;/ costdt (tantdt)? = (tantsect — tan t)dt
0
2 2 d—1
Iro(d_l)—fA_ :1—'01_7 A,
2= -2y 4,
where Ag = 1 and foralld > 1

/2 1
Ay = / cos tdt (tantdt)d =As1— (—1)d/ zdfl(m_i + )
0 0

d—1 j 1 ;
=Ag+ -1 Z(z_; + x). (A1)
o+ L1 [ laita)

Observe that by (58) in Example 8, we obtain l=r;,=1- % Therefore, for all d > 1, we have
2 (=l 2 (7 =2 ; 1l
od .__ — 1
—| ]70
We see that the weight drops by 1 as predicted by Theorem 9(b). In particular, when d = 2
2

iy _2(m o) ~
G =TT = = (5 +log2—2) ~0.168.

ny>np>0
Example A10. For a «y-y-block chain with first «y-block having weight > 1, we have

az 2

L=¥rFi2h= ¥ G ipen -1 - %

ny>ny>0

(3- g ~2log2)

T

by (A2). Forall s > 3, by (9) and (55)

2
a 2 /2
Ts = 2 - = */ sint dt(cot tdt)*~2 cot® tdt tant dt d sec t
) om0 (2m —1)°(2np = 1) 7 Jo

2 2 s—2 B
= —To1+ =(Bsoa — Cop) = (=1)°Ta+ = Y (—1)* (B — Cx),
7T 7'L’k:1

where
/2 "7T/2 T
Boz/ sintdtdtdsect:/ COSt(SECffl)dtzifl
0 0
/2 /2
Bs; = / (sintdt(cottdt)sdtdsec t> = / <cos1?co’ctdif(coti‘dt)Sl dt d sec t)
0 0

/2
= —Bs 1+ / <csct‘dt(cotif¢7lt)Sl dtd sec t)
0
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and similarly
/2 /2
Co = / (smtdtdt tantdtdsect) = / costdt(dsect —tan tdt)
0

/2
:/ (1 —cost—tant +sinttant) dt

(=)

/2 7T
:/ (1—2cost+sect—tant)dt ——2 / T+ z) :5—2+1og2,

(=}

/2
(smtdt cottdt)® dt tan t dt d sec t)

o\

/2
= < costcottdt) (cottdt)*~!dt tantdtdsec t)
0

/2
/ <(csc t —sint)dt (cottdt)*~ ! dt (tan tsect — tan t) dt)
0
/2
= —C,_ 1—|—/ (csctdt (cottdt)s~1dt (dsect—tantdt))
/2
= —Cs,l—i—/ (csctdt (cottdt)*™ 1dtdseci‘)

“

/2
<csc tdt (cottdt) 1 dt tant dt)

o

Thus,

/2
Bs —Cs= —(Bs_1 —Cs_1) + / (Csctdt (cottdt) Lt tantdt)
0

1
= —(Bs-1 —GCs-1) + (—1)51'/0 zd_i iy td_1y

:( 1)° (BO_CO 2 / zd_ zzy/d 1,1-
Since By — Cy = 1 — log 2, we obtain
_(_1)\S 3372 _1\s—k _
To= (1T + Y (-1) ~1)k(1 —log2) + Z zd,”yid 11
k=1
2 s—2
_ )ST2+E Z(_l)sk< ) (1—1log2)+ 2 / zd,”y7d 11)
k=1
s2 s 5_3, At ;
= (-1 3—5—210g2+(s—2)(1—10g2)+21(5—2—])/0 2d_jifd 1,
j=0
$2 T S e ;
= (-1 =1 T rs(-log2) +i Y (s—2- 1) [ za sy ).
j=0 0

In particular,

2 !
T; = _n<4—7zr—310g2+z/ Zdi,id—1,1>

_2 3 B 141 1 2 35 _ ~
(167[ 81mL13< > >+ 4n(2+log 2) —Glog 2 +log’2 4> ~ 0.0646,
2

T e (1
Ty = po (5 -5 4log2 + 21/0 zd_;j;d 11+ 1/0 Zdi,iyd_1,1>
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2(64ImL14(1;L )+8ImL13(1 )1og2+ (log?2 — 6 — 6log? 2) — 50B(4)

+16Im Lis (i) 3

5 e m3(log®2 —2) —log*2 + Glog42+5> ~ 0.00202.
Example A11. We consider the series given by a {~y}?-block chain with leading weight two and
trailing weight one blocks. By (9) and (55)

az,

(2ny —1)2(2np —1)...(2n; — 1)

Sq=Y({r}%i2 {1} ") = Y

ny>np>-->n>0

2 /2
= / sintdtcot® tdt (tantdt)? ' dsec t
0
/2
= / ( — sintdtdt (tantdt)* 'dsect — costdt(tantdt) ' dsec t
0

+ sint dt dt (tan t dt)?2d sec t)

= —2X;+ X5

d 1 .
n<d+1—2+2]2 —1—])/ d(z i+ )
d—3

SR -2 [ et a)

j=0

_ 1
n<d+1—+2 / z/(m_l-—i—ml-)).
This shows the weight may drop by two in this special case. In particular,

2
Sy == (3 - g —2log 2) ~ 0.0273, (A2)

2 s
S = n(log 2 ﬁ —~2log2— 7 +4) ~ 0.0049.
Example A12. We consider the series given by a y-a-block chain with a-block having weight
one. If the «y-block has weight one which is followed by a a-block then there is no weight drop
from the Example A13. Yet, with the higher weight «y-block, the weight drop pattern resumes (i.e.,
#(s1,1) = —1 in Theorem 9):

2
a 2 /2
Y(v,a;2,1) = +:—/ sintdtcotthtdsect(csct—cott) dt
n1>Zn;‘>0 (2n1 —1)2(2np) 7o

7T /2
:—/ (sintdtdtdsect(csctcott) dt
7T Jo
—costdtdsect(csct—cott) dt + sint dt sectdt(csct—cott) dt)

/2
—/ < 2costdtdsect(csct—cott) dt+dt(csct—cott> dt)

2

/2
*E/ < dt csct — cott dt+2costdt(csctsect—csct)dt)
0

)
On/z ( dt csct — cot t) dt + (1 — sin t) (csctsect —csct dt)
)

2

== )

2 /2

;/ ( dt csct —cott)dt+2 (csctsectcsctsect+1)dt)
0

https:/ /doi.org/10.3390/math14020222


https://doi.org/10.3390/math14020222

Mathematics 2026, 14, 222 37 of 45

2 1
=— (7'[ — / i(2m,1 —zT_;— .'L'l-)d_,-,i — 4:1:,1)
0

7T

2
= ;(ZG — rlog2+ 7 — 410g2) ~ 0.0148.

Example A13. We consider the series given by a ({~}¢, «)-block chain with all y-blocks having
weight 1 and the trailing a-block having weight s > 2. Put

2
a

Vi(s) =¥ 'yd,zx;ld,s: wl )

a(s) =¥y} {1} s) n1>...>;d>m>o (2n1 —1)...(2ng — 1)(2m)°

We have by (39) and (54)
2 /2
o ay _E/ﬂ s—1 .
Vi(s) := n>;>0 (En D costdt (dsect)(cottdt) (Csct cot t) dt

2 /2 s—1
= /0 [dt (cottdt) (csct — cot t) dt

—(1 —sinf) csc tdt(cottdt)s_z(csct — cot t) dt}

2(=1)¢ ! _ . .
= 7( ) /0 (2:1:_1 —z_;— :Izl)ys 2( —1yd_;j;—d_11+ Zd,i,i)

7T

i 1 ,
= Ecvvlzv;gl + ;CMZV? ® Qli]

Notice that there is no weight drop as predicted by Theorem 9, in which case we have n(s1,1) = 0.
As some special cases,

log2 2
Vi(2) == (3172”? (3log2 —4) — 81mL13( 21)2624)%0.0352,

Vi(3) =24B(4) + % (n3(3 —6log2) + 2§(3)) +z (210g32 —3log?2 + 5(3)),

1+ )—161 L14(1+

— 8ImLis ( ) ~ 0.0244. (A3)

Forany d,s > 2, we have, by (9), (39), and (54)

2
a
Vd S) = il
(s) n1>~~~>‘L;:,,>m>O (2ny —1)...(2n; — 1)(2m)s

/2
= % / costdt (tant dt)d_1 (dsect)(cott dt)s_1 (csc t — cot t) dt
0

2 (/2 -2 1
:%/ costdt (tantdt)? “[d(sect) — tan tdt o sect]|(cottdt)*~ (csct—cott) dt
0

2
=Vaa(s) = —Las = Va(s) — — ZLksr

where

/2
Lis:= / cos tdt csctdt(cottdt)sfz(csct — cot t) dt

/2
/ (1 —sint)csctdt(cottdt)’™ 2(csct - cott) dt

/ 2:1: 1—_; —a:l)ys (d 11_1d711)
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and foralld,s > 2

/2
Ljs:= / cos tdt (tantdt)* ' csctdt(cottdt)*~ Z(CSCt—COtt) dt
0
/2 4
= / (1 —sint) tantdt (tantdt)? 2 CSCtdt(COttdt)Siz(CSCt—COt t) dt
0
/2 -2 2
=Ld_1,s+/ (tant — sect) dt (tan t dt)?~2 csc t dt(cot tdt)*~ (csct—cott) dt
0
1
—Lis+ (-1 [ oo a)y a2 2 e+ o)
_L15+2 / Q21— i — &)y 2d_114(z_; + z;)
e= CMZV<S+d .

Hence,

2 d-2 ol )
Vi(2) =V1(2) - p ((d —1Li+ ) (s—1 —j)(—l)]/o (Qz1—z i—z)d 112 (2 + $i)>-

j=0

Thus, there is no weight drop in this case. In particular,

3 /14 2
n(2)== (16 — G(m+4) —8ImLis (T) + f(logz -2)
nlogZ

35
%2 (31052 - 8) + 16@(3)) ~ 0.017.

Example A14. We consider the series given by a {~y }9-a-block chain with «-block having weight
one. For all d > 1, we have by (9), (41), and (54)

2
ﬂnl

(2n; —1)...(2ns —1)(2m)

Up =¥({7}% {1} = )

ny>-->ng>m>0

2 /2 i d—1
= %/ cos tdt (tan tdt)?~1 dsect(csct — cott) dt=Uy_1—Dy_1=Uy— Z Dy,
0 k=0

where by (56)
Upi= = ¥(a;1) = = (nlogz - 2G)
7 7_[ 7
2 /2 2 /2
Dy :—/ costdt cscit(sect —1)dt = —/ (1—sint)csct(sect —1)dt
T Jo T Jo
7T/2
—/ (csctsect —csct —sect+1)dt = +/ 2x_ 1 — ——ZlogZ)
and foralld > 1
2 /2 d
D; = ;/ (costdt (tantdt)® csct(sect — 1) dt)
0

2 [ -1
= / ((1 —sinf)tantdt (tant dt)? " csct(sect — 1) dt)
0

2 /2 i1
=Dy 1+ p / ((tant —sect)dt (tantdt)* " csct(sect — 1) dt)
0
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2 1
:Dd,l—(—l)d;/o (a+2z_1)2" Mz + z)
) d—1 Corl ,
=Do+— 2(—1)]/0 (a+221)7 (2 + ).
j=0

Hence, foralld > 1,

2 d= . ot ,
Uy = Up —dDo — = Y (1)1 i) [ (a+2e1)d(a s+ ).
j=0

Thus, the weight drops by 1, as predicted by Theorem 9(b), except for the special case when d = 1
when there is no weight drop. In particular,

2
U, = E(nlogZ 2G——+210g2)>
2
U, = %(nlogZ 2G —m+4log2 — /a—|—2:r, 1)(:1:1—1—:1:,))
2
n(r{logZ 2G — 7T+4log2—|—ﬁ—flog 2) 0.0499.

Note that Uy is one of the reasons we need to introduce 1(s1,1) = 0 in Theorem 9 since there is no
weight drop in this special case.

Example A15. We consider series given by a ~y-a-block chain with a-block having weight two. We
have Wy := V1(2), and by (39) and (55)

2
Wy =¥ (y,422) = Y O

Bl (2n —1)2(2m)?
2 /2
=— / sintdt cot? tdt (d sect)(cottdt) ( csct — cot t) dt
7T Jo
/2
=-W —l—/o sintdt (sectdt — dtdsect)cottdt(csct— cott) dt
/2
:_W1+/() costdtcsctdt(csct—cott)dt

/2
——W1+/ (1—sint)csctdt(csct—cott)dt

f—/ i2Qe_1—z_j—=z)yd_;; +2(2z_1 —x_; —x;)d_11 —2i(2z_1 —x_; — x;)d_;;

<4G+ 71122 - 31% +8Im Lis (1;’) + ngz(mogz—s)) ~ 0.0064.
Foralls > 3,
Wem¥(nws2) = Y W
SR )_HE;O (21— 1) (2m)?

2 /2
= / sintdt (cottdt)* 2 cot® tdt (d sect) cot t dt ( csct — cot t) dt
0

/2
= —Ws_1+ % / sintdt (cottdt)*~2(sectdt — dt (dsect)) cottdt(csct — cot t) dt
0

2 2 s—2
s—1+ Ns 2= (=1)"Wp + p Y (=1 kN,
k=1
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where

/2 /2
Noz/ sin t dt dt csctdt(csct—cott / costdtcsctdt(csct—cott) dt
0 0

/2 1
—/ l—smt)csctdt(csct—cott = e —2z;—=z)(d11 —id_;;)
0

and forall s > 1

/2
N; = / sintdtdt (cottdt)® dt csctdt(csct — cot t) dt
0
/2 1
= / costcottdt (cottdt) dt csctdt(csct— cot t) dt
0
/2
= —Ns_q +/ csctdt (cottdt)sdt csctdt(csct— cot t) dt
0
e 1
= —Ns_1— (—1)51/0 2z -z ;—z)d 11d ;¥ d11

=(=1)°No — (- Z / (221 —z_; — z;)d_1,1d_;;9/ d_q,.
Hence,

s—2
Ws = (—1)W, + % Y (—1)5 N
k=1
2 s—3 1 .
= (—1)SW2 + (—1)5; ((S - Z)NO - Z(S —2— ])1/0 (2:1),1 —zT_;— mi)dfl,l d—i,iy]d1,1> .

j=0

In particular,

2 1
Wy =—-W,—— (No *1/0 (e —=z_; ﬂci)d—l,ldi,id—l,1>

37'[ 14 2

2
_SmogT2 | 1030 7@(3)) ~ 0.0016.
4 4
Example A16. We consider the series given by a y-a-a-block chain with both a-blocks having
weight one. We have, by (34), (39), and (54)

a

ne=¥rawl L) = ) m e

n>k>m>0

2 /2
:%/ costdtdsect(csctdtosect—cottdt) (csct—cott) dt
0

2 /2
:;/ (dt csctdt(sectcsct—csct) dt — dt cottdt(csct—cott) dt
0
—costdt(sectcsctdtosect—csctdt) (csct—cott) dt)
2 /2
:E/ <dt csctdt(sectcsct—csct) dt — dt cottdt(csct—cott) dt
0

— (1 —sint) (sectcsctdtosect—csctdt) (Csct—cott> dt)
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2 /2
:;/ (dt csctdt(sectcsct—csct) dt — dt Cottdt<csct—cott> dt
0
— (sectcsct—sect) dt(sectcsct—csct) dt + (csct—l) dt(csct—cott) dt)
i—/ < a—|—2:1; 1 d 1184 +1 (2:1:,1—:n_i—:zzi)yd_l-,i—(a—}-Zm,l)(m,l—%—ml)

+ 2z -z —z)(d_q1 — idi,z‘))

2 1+iy 1973 5
7T<16ImL13< 7 )_K+§+ log2(log2 —2) —2log 2+G(4log2—|—2)>

~0.044.

Similarly,

2

a
Yo :=¥(y,a,42,1,1) = n
( ) n>k§n>0 (2n —1)2(2k)(2m)

2 /2
:;/ sint dt cotztdtdsect<csctdtosect—cottdt) (csct—cott) dt
0

/2
:;/ (—sintdtdtdsect(csctdtosect—Cottdt) (csct—cott) dt
0

—costdtdsect(csctdtosect—cottdt) (csct—cott) dt

+ sin tdt sectdt(csctdtosect—cottdt) (Csct—cott) dt
2 /2
=-)1+ ;/ (dt(csctdtosectcottdt) (csctfcott) dt
0

—i—costdt(sectcsctdtosect—csctdt) (csct—cott) dt

+dt(csctdtosect—cottdt> (csct—cott) dt

2 /2 ]
= 7Y1+;/0 ((1s1nt>(sectcsctdtosectCsctdt) (csctfcott) dt
=_Y +E/7t/2 (sect(csct—l)dtosect+(1—csct)dt) (Csct—cott) dt
= =

2 1 .
=-N+ E/o <(a+2$—1)($—1 +a)+ 2z -z — ) (id ;i — d—1,1))

_2( 161mL3(1+1)+19—”—”—+ (41og2 — log?2) + 4log?2 — 4G(10g2+2)>

T 2 48 4
~0.0022.
Forall s > 3, by (40) and (55)
22
Ys :=¥(vy,a,0;51,1) = Z 1

a0 (2n —1)5(2k)(2m)

2 /2
:%/ sin t dt (cottdt)sfzcotztdtdsect(csctdtosect—cottdt) (csct—cott) dt
0

2 rm/2
=—Ys_1+ ;/ sintdt (cottdt)s_2<sectdt—dtdsect) (Csctdtosect—cottdt>
0

o (csctfcott) dt

2 /2
=—Y. 1+ ;/ sintdt (cottdt) 2 dt (sectcsctdt osect — csctdt) (csct - cott) dt
0
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2 2 s—2 '
==Y 1+ =Ms;»= <_1>SY2 + = Z(_1)57 My,
7T nk:l

where

/2

My sintdt dt (sectcsctdtosect—csctdt) (Csct—cott> dt

/2

costdt (sectcsctdtosect—csctdt) (csct—cott) dt

/2
(1—sint) (sectcsctdtosectfcsctdt) (csctfcott) dt

/2
((sectcsct —sect)dtosect+ (1 —csct) dt) (csct — cot t) dt

1

I

(a+2z1)(z1 4+ @)+ (221 —2 — ) (id_j; — d11)
and for all s > 1
/2
M; = / sintdt (cottdr)® dt (sectcsctdt osect — Csctdt> (csct — cot t) dt
0
/2
= / cos t cot tdt(cot tdt)* ! dt (sectcsctdt osect — csctdt) (csc t— cot t) dt
0
/2
=—M; 1+ / csctdt (cottdt)s~1dtdt (sectcsc tdtosect — csc tdt) (Csct — cot t) dt
0
1
=—-M; 1+ (—1)Si/() ((a+ 2z q)(atz 1+a)— 2z -2z ;— ﬂci)d—m) d_iiy’ ld_1a

s—1 /1 .
=(=1)°Mo — (=1)% ) /0 ((a+ 2z_q)(a+z1+@)— (221 —2; — wz')d—m) d_jiyd_11.
j=0-

Hence,
Yo = (1) + i,izl< M= (1Y + (102 (- 2)My
s=3
- Jg,)(s -2 *]')i/ol ((a+2$—1)(a+ o1 +@)— (221 — 2 — mz‘)d—m) d—z‘,iyjd—l,l>~

In particular,

2 1
Yo=-Yo—— <M0 - /o ((a+2$—1)(a+ z1+@) - (21— ;- wi)d—l,l) di,id—l,1>

:(3”_10/3( )+ 16ImLis (120) + 81mLis (*21) +81mLis (1) log 2

T\ 8
2
3972 (38 + 15l0g2) — 6log22+G(6—%+4log22+4log2)

510g 2 7
7T = 29 _ — + - =~
(2 log”2 3log2 §(3))) 0.00024.

Example A17. We consider the series given by a ({}?, B*)-block chain, with all -blocks having
weight one. When d = 1, by (42) and (54)
Xi =¥(7, 61,1 i 2 [ costatd(tant) d
1= (’Y/,B/ s )* Z (2n—1><2m+1) 7;\/0 costdt (tant) t

n>m>0
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2 rm/2 2 /2

:—/ (sintdtdt—costdt tantdt) :—/ (costdt—(l—sint) tantdt)
7T Jo 7T Jo
2 (72 -2/ 1 2log2

—;/0 (sect —tant) dt = 7(/0 (m_i—l—a:l-)> =

Suppose d > 2. Then, by (9), (42), and (54)
X, =¥ d qn. 1 d+1y _ agl
¢ =Y ) = L (2n; —1)...(2ny —1)(2m + 1)

ny>-->ng>m>0

2 7/ d-1
== / costdt (tantdt)” " d(tant) dt
0
2 /2
= / (cos tdt (tantdt)?=2(sec® t — 1) dt dt — costdt (tan t dt)d>
J0
2
= X1~ —(Ega+ Ad),

where A is defined by (A1), Eg = /8 — 1 and forall d > 1

7T/2 /2
E; = / costdt (tantdt)? dt dt = / (1 —sint) tantdt (tan tdt)? =1 dt dt
0 0

—1,i

/2 1
:Ed_1+/ (tant — sect) dt (tan ¢ dt)"~" di dt — Ed_1+(—1)d/ &..A V2 + )
JO JO

d—1 el )
=Ep— Z(_l)]/o dz_i,izj(mfi‘f'mi);

j=0

Thus, for all d > 2, by (A1)

2 (& d 2 2
Xa =X —— (ICZ()Ek'f'kZZAk) = n(dlog(Z) —[d-1)5
-3 1 i1 :
—1)(d—2—j 2 Az i+ @) — —1)i(d—j Z(z_; 3.
+J§)( 1)/(d—-2 ])/0 &7 (2 i+ ) ];( 1)i(d ])/0 j( l+$z)>

We see the weight drops by 1, as predicted by Theorem 9(b). In particular,

2 w1 5\
Xy = p (210g2 SR Elog 2> ~ (.206.
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