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Abstract: This study demonstrates the existence of an evanescent electron wave outside both finite

and infinite quantum wells by solving the Dirac equation and ensuring the continuity of the spinor

wavefunction at the boundaries. We show that this evanescent wave shares the spin characteristics of

the wave confined within the well, as indicated by analytical expressions for the current density across

all regions. Our findings suggest that the electron cannot be confined to a mathematical singularity

and that quantum information, or quantum entropy, can leak through any quantum confinement.

These results emphasize that the electron wave, fully characterized by Lorentz-invariant charge and

current densities, should be considered the true and sole entity of the electron.

Keywords: electron spin; quantum computing; spintronics; quantum mechanics interpretation
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1. Electron Wave-Spin

Electron spin, a fundamental property of electrons, plays a crucial role in advancing
fields such as quantum computing and spintronics [1–3]. Despite its significance, the nature
and origin of electron spin have been debated since its discovery over a century ago [4,5].
One of the main challenges is reconciling the concept of the electron as a spinning particle
with the principles of special relativity. Additionally, the true radius of the electron’s cor-
puscular charge ball or disk remains undetermined and unmeasured. This uncertainty has
led many to view electron spin as an abstract property rooted in mathematical formalism
rather than as a tangible physical entity.

However, alternative interpretations have been proposed [6,7] that relate electron
spin to the physical quantity of current density, jjj. In these frameworks, spin emerges as a
measurable wave property because current density can be derived as an observable from
the wavefunctions of the Dirac equation. Recently, we demonstrated the existence of stable
circulating current densities of an electron within quantum wells [8]. The electron spin value
of h̄/2 is obtained by integrating the interaction term, jjj·AAA, between the current density and
an external vector potential over the spatial extent of the wavefunctions. This spin value is
further influenced by the geometry of the quantum well and the quantum numbers of the
states, highlighting the wave nature of the electron spin. We have suggested that this effect
can be quantitatively verified through abnormal Zeeman splitting experiments. Moreover,
this electron wave-spin exhibits geometric and topological features that are absent in the
traditional spinning particle model but could also be experimentally observed [9]. In
summary, we assert it is the electron wave that is physically spinning.

Importantly, the circulating current density and charge density, ρ, together form a
Lorentz-invariant four-current, (ρ, jjj). If the electron wave behaves in accordance with
special relativity, then the electron as a discrete corpuscular entity with a well-defined
radius cannot spin or exist. This perspective suggests that the electron wave itself is the
fundamental reality of the electron. By interpreting the electron purely as a physical wave,
without invoking wave–particle duality, we provide a framework to reconcile some of
the most perplexing aspects of quantum mechanics. For instance, the phenomenon of
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an electron appearing in multiple locations simultaneously is naturally explained by its
wave nature, while the correlation between two entangled electrons over a distance can be
understood as the overlapping of two physical waves.

This wave-based perspective also has significant implications for practical applications
in quantum devices, such as quantum wires, which have been extensively studied using
Schrödinger’s equations [10,11]. Since a wave cannot be entirely confined within a device,
it becomes intriguing to explore the properties of the electron wave in the vicinity of the
device as part of the overall electron entity. In our previous work, we examined the electron
wave-spin within an infinite quantum well, where the wavefunction outside the well is
typically assumed to be zero [12]. However, in reality, all potentials are finite, resulting in a
non-negligible wavefunction outside the well. Of particular interest is the situation where
the electron’s eigenenergy is below the quantum well potential, leading to an evanescent
wave that does not propagate but remains near the quantum well. We aim to study the
spin properties of this evanescent wave and its relationship to the confined wave within
the quantum well. This could open up possibilities for probing spin properties externally,
without collapsing the spin state within the well, analogous to evanescent wave sensing in
optics [13–15].

This paper is structured as follows: in Section 2, we rigorously solve the Dirac equation
for an electron in a quantum well and derive analytical expressions for the corresponding
wavefunctions. In Section 3, we calculate the current densities both inside and outside
the quantum well, demonstrating the existence of an evanescent wave even in the case of
an infinite quantum well. In Section 4, we focus on the spin behavior of the evanescent
wave and discuss the broader implications for quantum mechanics interpretations and
technological applications.

2. Dirac Electron in a Finite Cylindrical Quantum Well

Here, we derive exact solutions of the Dirac equation in a finite cylindrical quantum
well and obtain analytical expressions for the current density. The eigenenergy values will
be solved numerically through the boundary condition equations.

The Dirac equation in the cylindrical coordinate is

1

c

∂

∂t
ψ(rrr, t) = {−ααα · ∇∇∇− i

mc2

h̄c
γ0 − i

1

h̄c
U(rrr)}ψ(rrr, t), (1)

where (ρ, φ, z) represent polar, azimuthal angle, and z coordinate, respectively. The operator

ααα · ∇∇∇ = αρ
∂

∂ρ
+ αφ

1

ρ

∂

∂φ
+ αz

∂

∂z
(2)

contains α−matrix in cylindrical coordinate

αρ =









0 0 0 e−iφ

0 0 eiφ 0

0 e−iφ 0 0

eiφ 0 0 0









;
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







0 0 0 −ie−iφ

0 0 ieiφ 0

0 −ie−iφ 0 0

ieiφ 0 0 0









;

αz =









0 0 1 0
0 0 0 −1
1 0 0 0
0 −1 0 0









, (3)
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with the following properties:

σ2
ρ = σ2

φ = σ2
z = 1,

σρσφ = iαz,

σρσφ + σφσρ = 0.

(4)

We now let the potential

U(rrr) = U(ρ) =
{ 0, ρ < R

U, ρ > R
(5)

represent a finite cylindrical quantum well of potential U and radius R. The wavefunction
in the quantum well can be expressed by the separation of variables

ψ(rrr, t) = e−iE t/h̄eiPzz/h̄ψ̃(φ, ρ), (6)

where the electron is not confined along the z-direction and behaves as a traveling wave.
We further assume the wavelength of the traveling wave is much larger than the size of the
quantum well; thus, for our discussion, Pz = 0. The eigenenergy, E , is determined by the
boundary conditions later.

Plugging Equation (6) into Equation (1), we obtain the equation

{−i
E

h̄c
+ αρ

∂

∂ρ
+ αφ

1

ρ

∂

∂φ
+ i

mc2

h̄c
γ0 + i

1

h̄c
U(ρ)}ψ̃(φ, ρ) = 0. (7)

ψ̃(φ, ρ) is a four-spinor that can be written as

ψ̃(φ, ρ) =

(

µA(φ, ρ)
µB(φ, ρ)

)

, (8)

where µA(φ, ρ) and µB(φ, ρ) are two component spinor wavefunctions, known as the large
and small components of the Dirac wavefunctions, that follow the equations

−i
E − U(ρ)− mc2

h̄c
µA(φ, ρ) =

(

0 e−iφ ∂
∂ρ − ie−iφ 1

ρ
∂

∂φ

eiφ ∂
∂ρ + ieiφ 1

ρ
∂

∂φ 0

)

µB(φ, ρ);

−i
E − U(ρ) + mc2

h̄c
µB(φ, ρ) =

(

0 e−iφ ∂
∂ρ − ie−iφ 1

ρ
∂

∂φ

eiφ ∂
∂ρ + ieiφ 1

ρ
∂

∂φ 0

)

µA(φ, ρ). (9)

The above equations are combined to give the equation for µA(φ, ρ),

(

∂2

∂ρ2
+

1

ρ

∂

∂ρ
+

1

ρ2

∂2

∂φ2

)

µA(φ, ρ) =
{

−ζ2µA(ρ), ρ < R;

ξ2µA(ρ), ρ > R,
(10)
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where ζ and ξ are wave numbers inside and outside the quantum well, respectively,

ζ =

√

E2 − m2c4

h̄2c2
,

ξ =

√

m2c4 − (E − U)2

h̄2c2
, (11)

and are both real numbers, since the quantum well potential falls in the range of

E − mc2
< U < mc2. (12)

We now separate the variables of µA(φ, ρ) for the spin-up electron,

µA(φ, ρ) = eilφµA(ρ)

(

1
0

)

, (13)

where l is the azimuthal quantum number for the angular wavefunction eilφ.
The radial wavefunction µA(ρ) follows the equation by plugging Equation (13) into

Equation (10),

(

∂2

∂ρ2
+

1

ρ

∂

∂ρ
−

l2

ρ2

)

µA(ρ) =
{

−ζ2µA(ρ), ρ < R;

ξ2µA(ρ), ρ > R.
(14)

µA(ρ) can be readily solved from Equation (14), and µB(φ, ρ) can be subsequently
obtained from Equation (9). Finally, the four-component spinor wavefunction ψ̃(φ, ρ) in
Equation (8) for the spin-up electron is obtained:

ψ̃(φ, ρ) =



























































eilφ









Jl(ζρ)
0
0

ieiφ h̄c
E+mc2 {

1
2 ζ[Jl−1(ζρ)− Jl+1(ζρ)]− l

ρ Jl(ζρ)}









, ρ ≤ R;

eilφ









κKl(ξρ)
0
0

ieiφκ h̄c
E−U+mc2 {

1
2 ξ[−Kl−1(ξρ)− Kl+1(ξρ)]− l

ρ Kl(ξρ)}









, ρ > R,

(15)

where Jl and Kl are the Bessel function and modified Bessel functions of order l, respectively.
The constant κ measures the relative magnitude between the wavefunctions inside and
outside the quantum well.

We now apply the boundary condition to ensure that all components of the spinor
wavefunction are continuous at ρ = R:

κKl(ξR) = Jl(ζR)

κ{
1

2
ξ[−Kl−1(ξR)− Kl+1(ξR)]−

l

R
Kl(ξR)} =

E − U + mc2

E + mc2
{

1

2
ζ[Jl−1(ζR)− Jl+1(ζR)]−

l

R
Jl(ζR)}, (16)

from which the eigenenergies Eln and constant κ can be solved numerically. Here, l and n
denote the azimuthal and radial quantum numbers, respectively. Numerical calculations
can then be carried out to study the wave properties in all regions.

The boundary conditions described in Equation (16) ensure the continuity of both the
charge and current densities of the electron wave, while in the Schrödinger framework,
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only charge continuity is typically considered. The continuity of the spinor wavefunction,
thus, preserves the Lorentz invariance of the electron throughout, except when interacting
with a Lorentz-violating field, as previously studied in [16]. In that study, the eigenenergy
levels—and consequently the spectra—of a Dirac electron in a cylindrical potential well
were analyzed to investigate the effects of classical gravity within the quantum mechanical
regime. However, the wave effects, including wave-spin, were not explored, as it was
stated on the third page of that paper that “we are not concerned with any global properties
of the wave function in this work”.

3. Evanescent Electron Wave

To simplify the discussion on the evanescent electron wave, we choose the lowest
azimuthal quantum number l = 0, and the wavefunction becomes

ψ̃(φ, ρ) =



































































J0(ζρ)
0
0

−ieiφ h̄c
E+mc2

1
2 ζ J1(ζρ)









, ρ ≤ R;









κK0(ξρ)
0
0

−iκeiφ h̄c
E−U+mc2

1
2 ξK1(ξρ)









, ρ > R.

3 (17)

The boundary conditions become

κK0(ξR) = J0(ζR)

κξK1(ξR) =
E − U + mc2

E + mc2
ζ J1(ζR),

(18)

which are combined to give the eigenvalue equation

ξ J0(ζR)K1(ξR) =
E − U + mc2

E + mc2
ζK0(ξR)J1(ζR), (19)

from which the eigenenergies E and constant κ can be solved numerically.
We now conduct the numerical study by choosing a quantum well of radius R = 10 nm

and a series of potentials U = 0.01, 0.1, 1, 10 eV. For each potential, multiple eigenenergies
can be found by solving Equation (19) numerically. As an example, for U = 0.01 eV,
only two eigenenergies are found within the quantum well, E01 − mc2 = 1.53(meV) and
E02 − mc2 = 7.63(meV), that correspond to the ground state and first excited state, respec-
tively. Figure 1 shows the two eigenenergy solutions as the inception points of functions

ξ J0(ζR)K1(ξR) and E−U+mc2

E+mc2 ζK0(ξR)J1(ζR) from Equation (19).

We now calculate the ground state eigenenergies E01 − mc2 and κ01 for all potentials,
followed by the calculation of wave numbers ζ01 and ξ01 with the help of Equation (11).
The results are listed in Table 1.

The numerical calculation shows that the electron wave tunnels out of the quantum
well and behaves evanescently due to the characteristics of the modified Bessel functions.
Figure 2 plots the wavefunctions inside and outside the well for the ground state of
U = 0.01 eV. It is shown that a substantial evanescent wave tunnels out of the quantum
well, but satisfies wavefunction continuity at the boundary.
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Figure 1. Numerical solution of the eigenenergies for the electron in a quantum well of

U = 0.01 eV and R = 10 nm. The blue and orange curves representing ξ J0(ζR)K1(ξR) and
E−U+mc2

E+mc2 ζK0(ξR)J1(ζR) from Equation (19), respectively, intercept at eigenenergies E01 − mc2 =

1.53(meV) and 7.63(meV) for the ground and excited state, respectively.

Table 1. Eigenenergy E01 and relative constant κ01.

U (eV) E01 − mc
2(meV) κ01 ζ01(m−1) ξ01(m−1)

0.01 1.53 44.1 2.00 × 108 4.71 × 108

0.10 1.95 2.23 × 106 2.26 × 108 1.60 × 109

1.00 2.12 2.32 × 1021 2.36 × 108 5.12 × 109

10.0 2.18 1.75 × 1069 2.39 × 108 1.62 × 1010
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Figure 2. Wavefunction plots for the Dirac electron in a quantum well of U = 0.01 eV and R = 10 nm.

The large component µA(φ, ρ) (left) and small component µB(φ, ρ) (right) wavefunctions demonstrate

that a substantial evanescent wave tunnels out of the quantum well, but satisfies wavefunction

continuity at the boundary.

Table 1 shows that at higher potential, for example, U = 10 eV, the wave number
ζ01 = 2.39 × 108 already approaches the wave number for the infinite quantum well
ζinf

01 = 2.40 × 108, where zero wavefunction is assumed outside the well:

J0(ζ
inf
01 R) = 0. (20)

Therefore, the wavefunctions µA(φ, ρ) and µB(φ, ρ) inside the quantum well of rela-
tively high potential U = 10 eV are nearly the same as the wavefunctions in the infinite
quantum well, as shown in Figure 3. However, contrary to conventional assumptions,
the wavefunctions outside the quantum well are not exactly zero; they are reduced but
remain nonzero, particularly near the boundary for µB(φ, ρ). This nonzero presence near
the boundary significantly contributes to the current density, as will be discussed in the next
section. The wavefunctions remain substantial within a narrow region near the boundary,
known as the skin depth, but they decay rapidly beyond this region. The skin depth
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becomes narrower as the potential increases, similar to the behavior of an optical field
confined within a waveguide [14].
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Figure 3. Wavefunction plot for the Dirac electron in a quantum well of U = 10 eV and R = 10 nm.

The large component µA(φ, ρ) (left) and small component µB(φ, ρ) (right) wavefunctions (blue)

inside the quantum well are nearly identical to the wavefunctions (orange) inside an infinite quantum

well. The wavefunctions outside the quantum well are diminished but not exactly zero, especially at

the boundary for µB(φ, ρ), so that the wavefunction continuity is always satisfied.

4. Evanescent Electron Wave-Spin

We now investigate the spin nature of the evanescent electron wave that resides within
the skin depth region outside the quantum well. Analytical expression of the current
density is obtained by using the wavefunctions in Equation (17),

jρ = −ecψ†αρψ = 0, everywhere;

jφ = −ecψ†αφψ =

{ − eh̄c2

E+mc2 ζ J0(ζρ)J1(ζρ), ρ ≤ R

−κ2 eh̄c2

E−U+mc2 ξK0(ξρ)K1(ξρ), ρ > R,

(21)

where −e = −1.602 × 10−19C to represent the electron charge.
Equation (21) demonstrates that stable circulating current density exists both inside

and outside the quantum well, as evidenced by the non-zero component jφ in all regions
and zero component jρ everywhere. The evanescent electron wave is shown to spin
concurrently with the electron wave inside the quantum well, as illustrated by the vector
plot of Figure 4. The current density continuity is observed at the boundary as a result of
the wavefunction continuity at the boundary in Equations (15) and (17), which also ensures
the charge density continuity.

-2×10-8 -1×10-8 0 1×10-8 2×10-8
-2×10-8

-1×10-8

0

1×10-8

2×10-8

x (m)

y
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7.5×10.-6

0.0000100

0.0000125

Figure 4. Vector plot of the current density for a spin-up ground state electron in a quantum well

of U = 0.01 eV and R = 10 nm. The evanescent wave spins concurrently with the wave inside the

quantum well.
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The analysis highlights that spin is a wave property that persists throughout the entire
electron wave.

5. Evanescent Electron Wave-Spin Sensing

The discussion above raises questions about the security of spin quantum information
and the possibility of novel evanescent electron wave-spin sensing, which is analogous to
evanescent optical wave sensing [13–15] that has already been employed in real applications.
The evanescent optical wave is part of an eigen electromagnetic wave outside an optic
waveguide or fiber that can interact with matters around the waveguide. The main optic
wave confined inside the waveguide is perturbed but is largely maintained. Similarly, the
evanescent electron wave is a part of an eigen electron wave outside a quantum well that can
interact with an electromagnetic wave around the quantum well. The optic and electronic
evanescent wave detections share the same fundamental matter–field interaction: jjj(rrr)·AAA(rrr).
The interaction is usually small due to the nature of evanescent waves; therefore, the main
wave inside the confinement is only perturbed but is not destroyed. Thus, evanescent wave
sensing offers a unique detection scheme by enabling partial wave interactions without
destroying the main wave inside the confinement, providing a different perspective on the
quantum measurement problem [17].

However, the evanescent electron wave contains the spin property as described by
the current density jjj(r) in Equation (21). When it interacts with the electromagnetic field
AAA(r), only partial spin participates in the process that could result in the fractional spin
effects as discussed in the previous study [9]. Such a partial spin concept conflicts with the
particle spin picture, where a single particle electron possesses a unit spin and can only
manifest the full spin effect during interaction. In the particle electron spin picture, the
electron carrying the full spin tunnels out of the quantum well with a probability density
given by the square of the wavefunction ψ†ψ. If the spin is detected outside the quantum
well, the spin information inside is destroyed since the electron that carries the full spin no
longer exists within the quantum well.

The conflicting pictures are illustrated in Figure 5, which comprises two figures for
the electron in the same quantum well of R = 10 nm and U = 0.01 eV.

The lower figure illustrates the conventional wave–particle duality picture of the
electron by displaying the spinning electron and its probability density. In this framework,
the electron carrying the entire spin property can tunnel out of the quantum well with a
certain probability. If a measurement detects the spin outside the quantum well, it implies
that no electron, hence spin information, remains inside the well.

In contrast, the upper figure depicts the wave-spin interpretation, showing the spin-
ning current density across all regions. In this view, the entire electron wave spins with
no probability interpretation. Here, partial spin can be detected without destroying the
wave-spin inside the well.

These conflicting views arise from different interpretations of the quantum mechanical
wave, and these differences can be tested experimentally. In the conventional quantum
mechanics framework, the microscopic world is fundamentally understood through the
probabilistic wave–particle duality, where the wave is a statistical abstraction representing
the probability distribution of the particle. In contrast, our interpretation posits that the
electron is fully described by its wave properties, with the wave itself being the true and
sole entity of the electron. Since the wavefunction is a vector in the Hilbert space, the
wave properties such as charge density eψ†ψ and current density ecψ†αψ are determin-
istic observables. Thus, the electron, in our view, is a concrete, deterministic entity fully
characterized by Lorentz-invariant charge and current densities.
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Figure 5. Conflicting views on the electron wave and spin in a quantum well of R = 10 nm and

U = 0.01 eV. The upper figure presents the wave-spin perspective, illustrating the spinning current

density across all regions of the well. In this view, the electron wave exhibits continuous spin,

independent of a probability interpretation, allowing partial spin detection without collapsing the

wave function within the well. The lower figure depicts the conventional wave-particle duality,

showing the electron with its associated spin and probability density. In this framework, the entire

spin can tunnel out of the quantum well, and a successful measurement of spin outside the well

implies no remaining spin information within the well.

6. Discussion

In this work, we have demonstrated the existence of an evanescent electron wave
outside both finite and infinite quantum wells. This result was obtained by solving the
exact solutions of the Dirac equation for a cylindrical quantum well and applying the
continuity conditions of the spinor wavefunction at the boundary. Additionally, we derived
analytical expressions for the current density, which show that the evanescent wave exhibits
a concurrent spin with the electron wave inside the quantum well.

The existence of a nonzero wavefunction outside an infinite quantum well implies
that the electron wave cannot be strictly confined to a mathematical point. Additionally,
the vortex topology demonstrated by the electron wave-spin must also be preserved. These
observations indicate that the singularities in mass density, and the consequent disruption
of geodesics encountered in gravitational and cosmological contexts, may not accurately
represent physical reality when the continuity of the Dirac wavefunction and the topological
properties of wave-spin are taken into account.

Moreover, the spin of the evanescent wave indicates that quantum information, or
quantum entropy, is not entirely confined within the quantum well but can, in fact, extend
beyond it. This insight opens up the possibility of accessing or detecting quantum spin
information through the evanescent wave without causing a collapse of the entire spin state.
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Our results underscore that the electron wave is a real, tangible entity with determinis-
tic properties. This suggests that quantum processes or devices based on the manipulation
and probing of electron waves are fundamentally deterministic, rather than probabilistic.
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