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We introduce a new approach to understand magnetization dynamics in ferromagnets based on the holo-
graphic realization of ferromagnets. A Landau-Lifshitz equation describing the magnetization dynamics is
derived from a Yang-Mills equation in the dual gravitational theory, and temperature dependences of the
spin-wave stiffness and spin transfer torque appearing in the holographic Landau-Lifshitz equation are
investigated by the holographic approach. The results are consistent with the known properties of
magnetization dynamics in ferromagnets with conduction electrons.
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I. INTRODUCTION

The Landau-Lifshitz equation [1] is the fundamental
equation for describing the dynamics of magnetization
(density of magnetic moments) in various magnetic mate-
rials. It has been also playing a fundamental role in the
development of modern spintronics [2]: For instance, its
extension to the coupled systems of localized magnetic
moments and conduction electrons has led to the concepts
of spin transfer torque [3,4] and spin pumping [5]. So far,
the symmetries and reciprocity in electronic systems have
been the guiding principles to develop such extensions.
In this article, we introduce another guiding principle to
explore the new extensions and magnetization dynamics on
the basis of the holographic duality.
The holographic duality is the duality between the

quantum many body system defined in d-dimensional
space-time and the gravitational theory (with some matter
fields) which lives in (dþ 1)-dimensional space-time
[6–8].1 We constructed a holographic dual model of
three-dimensional ferromagnetic systems, which exhibits
the ferromagnetic phase transition with spontaneous mag-
netization and the consistent magnetic properties at low

temperatures [11].2 In the holographic duality, finite tem-
perature effect in ferromagnetic systems can be incorpo-
rated as the geometrical effect of black holes in higher
dimensional bulk gravity, and the Wick rotation at finite
temperatures is not required for the analysis in the dual
gravitational theory. Thus, the novel analysis for real-time
dynamics of quantum many body systems in nonequili-
brium situations can be performed using the holographic
approach (for a review, see Ref. [15]). In addition, the
holographic duality is known to be a strong-weak duality,
which relates strongly correlated quantum systems to
classical gravitational theories. From these viewpoints,
the holographic approach can provide new useful tools
to analyze nonequilibrium and nonlinear dynamics of
magnetization in ferromagnets.
In ferromagnets, spin currents are generated by mag-

netization dynamics. From the holographic dictionary
between the quantities of ferromagnets and gravitational
theory [11], the spin currents in ferromagnets correspond to
the SUð2Þ gauge fields in the dual gravitational theory. This
correspondence indicates that the dynamics of spin cur-
rents, consequently the dynamics of magnetization, can be
described by the Yang-Mills equation for SUð2Þ gauge
fields [16] in the holographic dual theory. In the following,
we derive a Landau-Lifshitz equation for magnetization
dynamics from the Yang-Mills equation within the holo-
graphic realization of ferromagnets. This derivation can
provide novel perspectives for magnetization dynamics
from the non-Abelian gauge theory.Published by the American Physical Society under the terms of
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1See Refs. [9,10] for recent reviews on the applications of the
holographic duality to condensed matter physics.

2Other holographic approaches to ferromagnetic systems have
been also discussed in Refs. [12–14].
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This article is organized as follows. In Sec. II, we
summarize the results of the magnetic properties obtained
from the holographic realization of ferromagnets in thermo-
dynamic equilibrium. An extension to nonequilibrium
situation including the fluctuations of magnetization and
spin currents is discussed in the dual gravitational theory,
and the holographic equation of magnetization dynamics is
derived in Sec. III. In Sec. IV, temperature dependences of
the parameters in the resulting holographic equation are
investigated by numerical calculations. Finally, we sum-
marize the results in Sec. V.

II. HOLOGRAPHIC DUAL MODEL OF
FERROMAGNETS

We begin with a brief summary on the holographic dual
model of three-dimensional ferromagnets [11]. The dual
model is the five-dimensional gravitational theory with an
SUð2Þ gauge field Aa

M and a Uð1Þ gauge field BM, whose
action is given by

S ¼
Z ffiffiffiffiffiffi

−g
p

d5x

�
1

2κ2
ðR − 2ΛÞ − 1

4e2
GMNGMN

−
1

4g2
Fa
MNF

aMN −
1

2
ðDMϕ

aÞ2 − VðjϕjÞ
�
: ð1Þ

Here, R is the scalar curvature of space-time, and the field
strength is defined by Fa

MN ¼ ∂MAa
N − ∂NAa

M þ ϵabcAb
MA

c
N

and GMN ¼ ∂MBN − ∂NBM, respectively. The index a
labels spin directions in the SUð2Þ space (a ¼ 1 ∼ 3),
the indexM labels space-time directions in five dimensions
(M;N ¼ 0 ∼ 4), and ϵabc is a totally antisymmetric tensor
with ϵ123 ¼ 1. The model also includes a triplet scalar
field ϕa with the covariant derivative DMϕ

a ¼ ∂Mϕ
aþ

ϵabcAb
Mϕ

c, and the SUð2Þ-invariant scalar potential VðjϕjÞ
with the norm jϕj2 ¼ P

3
a¼1ðϕaÞ2. Note that the scalar field

is neutral under the Uð1Þ gauge transformation. In order
to guarantee asymptotic anti–de Sitter (AdS) backgrounds,
the negative cosmological constant Λ ¼ −6=l2 is intro-
duced. The field-operator correspondence in the holo-
graphic duality [7,8] leads to the holographic dictionary
between the fields of the dual gravitational theory and the
physical quantities of ferromagnets in Table I.

A. Black hole as heat bath

In order to establish the holographic dictionary, thermo-
dynamical properties of the physical quantities of ferro-
magnets should be calculated in the dual gravitational
theory. In Ref. [11], the temperature dependences of
magnetic quantities and the behavior of ferromagnetic
phase transition are thoroughly discussed. In the context
of the holographic duality, finite temperature effects in the
ferromagnets can be incorporated by introducing the black
holes into the dual gravitational theory as the background
space-time. Indeed, the dual gravitational theory has the
charged black hole solution which is a solution to the
Einstein, Yang-Mills, and Maxwell equations derived from
the action (1):

RMN þ
�
Λ −

1

2
R

�
gMN

¼ κ2

2e2

�
2GKMGK

N −
1

2
GKLGKLgMN

�

þ κ2

2g2

�
2Fa

KMF
aK

N −
1

2
FaKLFaKLgMN

�
; ð2Þ

∇MFaMN þ ϵabcAb
MF

cMN ¼ 0; and ∇MGMN ¼ 0; ð3Þ

where ∇M is the covariant derivative for the affine con-
nection, and the space-time indices M, N are raised or
lowered by the bulk metric gMN . Here, we neglect the
contribution from the scalar field and set ϕa ¼ 0 for the
background. The metric of the black hole3 is given by

ds2 ¼ gMNdxMdxN

¼ r2

l2
ð−fðrÞdt2 þ dx2 þ dy2 þ dz2Þ þ l2

fðrÞ
dr2

r2
; ð4Þ

with the radial function,

fðrÞ ¼ 1 − ð1þQ2Þ
�
rH
r

�
4

þQ2

�
rH
r

�
6

: ð5Þ

Here, we define the parameter Q:

Q2 ¼ 2κ2

3

�
μ2e
e2

þ μ2s
g2

�
: ð6Þ

The Uð1Þ charge μe and SUð2Þ charge μs of the black hole
are supported by the time components of the gauge fields:

TABLE I. Holographic dictionary between the dual gravita-
tional theory and ferromagnets.

Dual gravity Ferromagnet

Scalar field ϕa ⇔ Magnetization Ma

SUð2Þ gauge field Aa
M ⇔ Spin current Jasμ

Uð1Þ gauge field BM ⇔ Charge current Jμ
Metric gMN ⇔ Stress tensor Tμν

3This type of non-Abelian black holes has been discussed in
the context of the holographic duality, in the literature such as
Refs. [12,17].
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B0 ¼ μe

�
rH
l

��
1 −

r2H
r2

�
;

A3
0 ¼ μs

�
rH
l

��
1 −

r2H
r2

�
: ð7Þ

Note that the black hole solution (4) is asymptotically AdS
at r → ∞, and has the (outer) horizon r ¼ rH.
For the following discussion, we make a coordinate

change of the radial coordinate r into u by u ¼ 1=r, and the
black hole metric becomes

ds2 ¼ 1

u2

�
−fðuÞdt2 þ dx2 þ dy2 þ dz2 þ du2

fðuÞ
�
; ð8Þ

and the transformed function fðuÞ is given by

fðuÞ ¼ 1 − ð1þQ2Þu4 þQ2u6; ð9Þ

where we have set the gravitational parameters, κ ¼ rH ¼
l ¼ 1, for simplicity.
In the holographic dual model, the black hole (8) plays

the role of the heat bath; due to the Hawking radiation, the
black hole temperature is given by

T ¼ 2 −Q2

2π
; ð10Þ

and the calculations on the black hole background lead to
the thermodynamical properties of the corresponding
ferromagnet. Since we focus only on the dynamics of
magnetization and spin current, the background space-time
is fixed to be the black hole metric (8) in the following.

B. Thermodynamics of ferromagnets from scalar
dynamics on charged black hole

In order to investigate the thermodynamics of magneti-
zation, we examine the equation of motion for the scalar
field ϕa, which is also derived from the action (1):

1ffiffiffiffiffiffi−gp ∂Mð
ffiffiffiffiffiffi
−g

p
DMϕaÞ þ εabcAb

MD
Mϕc ¼ ∂V

∂ϕa : ð11Þ

Here, we consider a static and homogeneous solution in the
boundary coordinates, xμ ¼ ðt; x1; x2; x3Þ, which corre-
sponds to the homogeneous magnetization in ferromagnets.
Without loss of generality, the ansatz for such a scalar field,
which is invariant under the translations on the boundary, is
given by

ϕ1 ¼ ϕ2 ¼ 0; ϕ3 ¼ ΦðuÞ ≠ 0: ð12Þ

Inserting this ansatz, the metric (8), and the gauge fields (7)
into the Eq. (11), we obtain the following equation for
ΦðuÞ:

u2fðuÞ d
2Φ
du2

þ
�
u2

dfðuÞ
du

− 3ufðuÞ
�
dΦ
du

¼ ∂V
∂Φ : ð13Þ

This equation governs the thermodynamics of magnetiza-
tion in the dual gravitational theory. We can analyze the
solution to this equation numerically with a simple quartic
potential VðjϕjÞ ¼ λðjϕj2 −m2=λÞ2=4, and the asymptotic
behavior of the numerical solution near the boundary u ∼ 0
(or r ∼∞) is obtained:

ΦðuÞ ≃H0uΔ− þMðTÞuΔþ ð14Þ

with Δ� ¼ 2�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 −m2

p
. According to the standard recipe

in the holographic duality [18,19], the coefficients H0

and MðTÞ in the asymptotic expansion correspond to an
external magnetic field and a magnetization at temperature
T (under H0), respectively. In Ref. [11], the resulting
temperature dependences of magnetization, magnetic sus-
ceptibility, and specific heat have been shown to reproduce
the ferromagnetic phase transition in the mean field theory.
Furthermore, the temperature dependences at low temper-
atures are also consistent with the existence of the spin
wave excitations (magnons) and conduction electrons in
low-temperature ferromagnets.
For later convenience, we also comment on the solutions

for the gauge fields. Assuming the translational and rota-
tional invariance on the boundary, equilibrium solutions for
the gauge fields are given by the following form:

B0 ¼ bðuÞ and A3
0 ¼ a3ðuÞ; ð15Þ

where all the other components vanish. Inserting this ansatz
and (12), the Maxwell and Yang-Mills equations on the
black hole are reduced to the following simple forms:

d
du

�
1

u
db
du

�
¼ 0 and

d
du

�
1

u
da3

du

�
¼ 0: ð16Þ

The general solutions are given by the forms (7) in terms
of u,

bðuÞ ¼ μeð1 − u2Þ and a3ðuÞ ¼ μsð1 − u2Þ: ð17Þ

Here, we impose the boundary conditions B0 ¼ 0 and
A3
0 ¼ 0 at the horizon (u ¼ 1), which guarantee the

regularity of the gauge fields on the horizon. The remaining
integral constants, μe and μs, correspond respectively to
the electrochemical potential of underlying electrons and
the spin chemical potential (or spin voltage), through the
holographic dictionary.
To summarize, the solutions (14) and (17) on the charged

black hole describe the thermodynamical property of the
holographic dual ferromagnets in the equilibrium.
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III. MAGNETIZATION DYNAMICS IN
HOLOGRAPHIC FERROMAGNETS

In this section, we extend the holographic analysis in the
equilibrium, summarized in the previous section, to more
general situations including the dynamics of magnetization
and spin currents. In order to discuss the dynamics of
magnetization and spin currents, the static and homo-
geneous ansatze for the scalar field (12) and the gauge
fields (15) need to be generalized. Here, we focus on the
low energy dynamics with the long wave length in the
ordered phase (symmetry broken phase) below the Curie
temperature, where various phenomena in modern spin-
tronics are intensively studied.

A. Generalized ansatz and effective equations of motion

For the scalar field, following the standard derivation of
the equation for magnetization dynamics, we consider the
generalized ansatz for the scalar field as a factorized form:

ϕaðu; t; xÞ ¼ ΦðuÞnaðt; xÞ with
X3
a¼1

nana ¼ 1; ð18Þ

where ΦðuÞ is a solution of the equation (13) with the
asymptotic behavior (14). Note that, since we focus only on
the dynamics of spontaneous magnetization, we fixH0 ¼ 0
throughout this article. In this ansatz, naðt; xÞ corresponds
to the (local) direction of magnetization in ferromagnets.
In ferromagnetic systems, the magnetization dynamics

generates various dynamics of spin currents [2]. In the
holographic dual theory, the scalar dynamics is also
expected to induce the dynamics of the corresponding
SUð2Þ gauge field, and thus we generalize the static and
homogeneous ansatz for the SUð2Þ gauge fields to the
following factorized forms:

Ak
0ðu; t; xÞ ¼ ð1 − u2Þak0ðt; xÞ;

A⊥
0 ðu; t; xÞ ¼ ð1 − u2Þa⊥0 ðt; xÞ;
Ak
i ðu; t; xÞ ¼ GkðuÞaki ðt; xÞ;

A⊥
i ðu; t; xÞ ¼ G⊥ðuÞa⊥i ðt; xÞ ði ¼ 1 ∼ 3Þ; ð19Þ

where we set the radial component Aa
u ≡ 0 by using the

gauge degrees of freedom. Due to the nontrivial scalar
solution ΦðuÞ, corresponding to the spontaneous magneti-
zation, the SUð2Þ gauge symmetry is broken to Uð1Þ. The
gauge fields can be correspondingly decomposed into an

unbroken component Ak
μ and two broken components A⊥

μ ,

which are defined by Ak
μ ∝ na and n · A⊥

μ ¼ 0, respectively.
As in the case of the static solutions, the time components
of gauge fields should satisfy the horizon boundary con-
dition, Aa

0 ¼ 0 at u ¼ 1, for the regularity. Although the
spatial components Aa

i are not required to vanish on the
horizon, the regularity (or finiteness) at the horizon is

required. The asymptotic solutions to the linearized Yang-
Mills equation near the boundary (u ∼ 0) give the asymp-
totic expansions for the radial functions GkðuÞ, and G⊥ðuÞ,

GkðuÞ ¼ 1 − σksu2 þOðu4Þ;
G⊥ðuÞ ¼ 1þ σ⊥s u2 þOðu4Þ: ð20Þ

We discuss the concrete numerical solutions of GaðuÞ and
their physical implications in the next section.
Since the scalar field ϕa does not have the Uð1Þ charge,

the fluctuation (or dynamics) of ϕa does not induce further
dynamics for the Uð1Þ gauge field, which implies the
solution for Bμ in (7) is unchanged, and we can neglect the
dynamics of Bμ.
At first, we consider the equation of motion for the scalar

field ϕa. Inserting the generalized ansatz (18) into the
Eq. (11), we obtain the following equation for na:

�
u5∂uðu−3fðuÞ∂uΦÞ − ∂V

∂Φ
�
na

¼
�
u2

fðuÞDtDtna − u2DiDina
�
Φ: ð21Þ

Here, we have used the gauge condition Aa
u ¼ 0, and the

gauge covariant derivative is defined as Dμna ¼ ∂μnaþ
εabcAb

μnc. The left-hand side of Eq. (21) is proportional to
the Eq. (13), and thus vanishes for the solution ΦðuÞ. Since
ΦðuÞ is a nontrivial solution, which is not identically zero,
we have the effective equation of motion for na:

f−1DtDtna −DiDina ¼ 0: ð22Þ

Next, the equation of motion for the gauge fields is
considered. The Yang-Mills equation for the SUð2Þ gauge
field Aa

M is derived by the variation of the holographic
action (1) and given by

1ffiffiffiffiffiffi−gp ∂Nð
ffiffiffiffiffiffi
−g

p
FNMaÞ þ ϵabcAb

NF
NMc ¼ JMa; ð23Þ

where the SUð2Þ current is defined as

JaM ¼ εabcϕbDMϕ
c ¼ εabcϕbð∂Mϕ

c þ εcdeAd
Mϕ

eÞ: ð24Þ

Here, we set the gauge coupling parameter, g ¼ 1, for
simplicity. Unlike the static case, the generalized ansatz
(18) and (19) give the nonvanishing currents:

Jaμ ¼ Φ2ðεabcnb∂μnc þ εabcεcdenbadμne þOðu2ÞÞ: ð25Þ

Note that the radial component of the currents still
vanishes, Jau ≡ 0, due to the gauge fixing condition
Aa
u ≡ 0. With this current, we can explicitly write down

the Yang-Mills equations on the charged black hole (8), in
the boundary direction,
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Ja0 ¼ u3f∂uðu−1Fa
u0Þ þ u2ðDiFa

i0Þ; ð26Þ

Jai ¼ u3∂uðu−1fFa
uiÞ − u2f−1ðD0Fa

0iÞ þ u2ðDjFa
jiÞ; ð27Þ

where the gauge covariant derivative for the field strength
is defined as DμFa

νρ ¼ ∂μFa
νρ þ εabcAb

μFc
νρ. Inserting the

ansatz (19), the Yang-Mills equations give the equations for
na and aaμ. In summary, using the generalized ansatze, we
have obtained the coupled equations of motion for na and
aaμ, (22), (26), and (27).

B. Landau-Lifshitz equation from Yang-Mills equation

Since it is difficult to find the general solutions for the
coupled nonlinear partial differential equations, we seek
simple trial solutions for na and aaμ to obtain the effective
equations of motion. At first, instead of looking for general
solutions to the Eq. (22), we consider the solutions to the
simpler equations:

Dtna ¼ 0 and Dina ¼ 0; ð28Þ

which are explicitly given by

∂μna þ ϵabcabμnc ¼ 0þOðu2Þ: ð29Þ

These equations lead to the ground state solutions for the
effective Hamiltonian for na:

Heff ¼
f
2
ðπaÞ2 þ 1

2
ðDinaÞ2; ð30Þ

where the conjugate momentum is defined by πa ¼
f−1Dtna. In this article, we wish to discuss the dynamics
of magnetization and spin currents in the boundary ferro-
magnetic system, which is given by the leading terms in the
asymptotic expansions at u ∼ 0. Hence, the higher order
terms in the expansion with respect to u are irrelevant, and
we neglect them in the following. Dropping the Oðu2Þ
term, we can easily obtain the solution to (29) for aaμ in
terms of na,

aaμ ¼ Cμna − εabcnb∂μnc; ð31Þ

where we have introduced a vector field Cμ which is
arbitrary at this stage. This solution demonstrates the clear
separation of the gauge fields:

akμ ¼ Cμna and a⊥μ ¼ −εabcnb∂μnc: ð32Þ

The relation for the broken components, a⊥μ , is nothing but
a non-Abelian analogue of the relation between the gauge
field and the quantum phase of Cooper pair, Aμ ¼ ∂μθ, in
superconductivity, and also corresponds to the Maurer-
Cartan one-form of G=H ∼ SUð2Þ=Uð1Þ in terms of the

Nambu-Goldstone modes na [20,21]. Requiring the match-
ing condition to the static solution (17), aa0 ¼ μsδ

a3 and
aai ¼ 0 for na ¼ ð0; 0; 1Þ, the vector field Cμ should satisfy
the condition:

C0 ¼ μs and Ci ¼ 0; ð33Þ

in the static and homogeneous limit. Note that the relation
(31) and the ansatz (18) do not induce new contributions of
the scalar fields to the energy-momentum tensor TMN in the
Einstein equations, and consequently the analysis in the
probe approximation remain intact.
Next, we consider the effective Yang-Mills equations,

(26) and (27). It is not difficult to show that the relation (31)
leads to vanishing currents Jaμ up to Oðu2Þ, using the
explicit form (25). Furthermore, the ansatz for gauge fields
(19) with Aa

u ¼ 0 implies

∂uðu−1Fa
u0Þ ¼ 0 and ∂uðu−1fFa

uiÞ ¼ 0þOðu4Þ: ð34Þ

Dropping the higher order terms such as Oðu4Þ, the
remaining Yang-Mills equations reduce to

DiFa
i0 ¼ 0 and D0Fa

0i þDjFa
ji ¼ 0: ð35Þ

From the viewpoint of the boundary theory (on the
ferromagnet side), the first equation corresponds to a
non-Abelian version of Gauss’s law, and the second
corresponds to a non-Abelian version of Ampere’s law
without source and currents, for the spin gauge fields [22].
Using the relation (31), we obtain the SUð2Þ field strength,4

Fa
μν ¼ na½ð∂μCν − ∂νCμÞ − εbcdnb∂μnc∂νnd�≡ nafμν:

ð36Þ

Note that a component of the field strength, fμν, parallel to
the magnetization na only remains. With the field strength
(36), the effective Yang-Mills equations (35) and the
Bianchi identity for the SUð2Þ gauge field are reduced
to the following equations:

∂μfμν ¼ 0 and ϵμνρσ∂νfρσ ¼ 0: ð37Þ

The above equations are the same form as the Maxwell
equations, and the terms depending on na in the gauge field
fμν actually corresponds to the so-called spin electromag-
netic field discussed in the study on ferromagnetic metals
[22,23]. The gauge field (36) also corresponds to the
unbroken Uð1Þ gauge field upon the symmetry breaking
from SUð2Þ to Uð1Þ, with a space-dependent order param-
eter, which is frequently discussed in the context of

4We used the relation εabc∂μnb∂νnc ¼ naεbcdnb∂μnc∂νnd due
to

P
a n

ana ¼ 1.
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solitonic monopoles in non-Abelian gauge theories [24].
Since the unbroken gauge fields in the holographic dual
theory are identified as the (exactly) conserved currents in
the boundary quantum system, the gauge field Cμ is
naturally identified as the spin current with the polarization
parallel to the magnetization na, which originates from
conduction electrons.
So far, we have obtained the relation between the gauge

field aaμ and the (normalized) magnetization na, which
implies that the gauge field dynamics can be solely reduced
to the dynamics of the magnetization and the spin electro-
magnetic field Cμ. Finally, we consider the remaining
Yang-Mills equation in the radial u-direction, in the holo-
graphic dual theory:

1ffiffiffiffiffiffi−gp ∂μð
ffiffiffiffiffiffi
−g

p
FμuaÞ þ ϵabcAb

μFμuc ¼ Jua: ð38Þ

This equation is derived by the variation of the radial
u-component of the SUð2Þ gauge fields and specifies the
dynamics of the gauge fields in the five-dimensional bulk;
this equation cannot be seen in the ferromagnetic system on
the boundary. With the ansatz (18), the radial component of
the current also vanishes (Jau ≡ 0), and the gauge fixing
condition Aa

u ≡ 0 leads to the simple SUð2Þ field strength
Fa
μu ¼ −∂uAa

μ such as

Fk
0u ¼ 2uak0ðt; xÞ; F⊥

0u ¼ 2ua⊥0 ðt; xÞ;
Fk
iu ¼ 2uσksa

k
i ðt; xÞ; F⊥

iu ¼ −2uσ⊥s a⊥i ðt; xÞ; ð39Þ

where we used the ansatz (19) and discarded the irrelevant
Oðu3Þ terms. From these forms, the second term in the left-
hand side of (38) automatically vanishes due to
εabcabμacμ ¼ 0. Inserting the forms of field strength (39)
and the relation (31), the equation can be recast as the
following form:

∂0ðC0na − εabcnb∂0ncÞ− ∂iðσksCina þ σ⊥s εabcnb∂incÞ ¼ 0;

ð40Þ

where the subleading terms are neglected. Here, we can
write down the effective equation of motion for the
magnetization na in our holographic dual model:

C0 _na − εabcnbn̈c ¼ σ⊥s εabcnb∇2nc þ σksCi∂ina; ð41Þ

where the dot denotes the time derivative and ∇2 ¼ ∂i∂i.
5

Here, we consider the condition, ∂0C0 − σks∂iCi ¼ 0,
on the unbroken gauge field due to the constraint

P
a n

ana ¼ 1. This condition implies the conservation of
the spin current of conduction electrons, which corresponds
to the unbroken gauge field Cμ, as seen below. Note that,
since the Maxwell equations (37) for Cμ is gauge invariant,
this condition can be consistently imposed as a gauge fixing
condition.
Considering the matching condition (33), we decompose

C0 into C0 ¼ μs þ C̃0. Finally, we obtain the holographic
equation for magnetization dynamics:

μs _na − εabcnbn̈c ¼ σ⊥s εabcnb∇2nc − C̃0 _na þ σksCi∂ina:

ð42Þ

Here, we take the spin chemical potential to be μs ¼
−Ms=γ with the magnitude of spontaneous magnetization
Ms and the gyromagnetic ratio γð> 0Þ,6 and also identify
the spin current and spin accumulation due to conduction

electrons as Jksi ¼ −σksCi and Δμs ¼ C̃0, using the holo-
graphic dictionary. Then, the holographic equation
becomes the same form as the Landau-Lifshitz equation
(without damping terms),

Ms

γ
_na þ εabcnbn̈c ¼ −σ⊥s εabcnb∇2nc þ Δμs _na þ Jksi∂ina:

ð43Þ

The last two terms in the right-hand side can be interpreted
as the well-known terms from spin transfer torque, which
describes the transfer of spin angular momentum between
localized magnetic moments and conduction electrons
[22].7 Furthermore, the holographic Landau-Lifshitz equa-
tion (42) also naturally incorporate the so-called spin inertia
term proportional to the second time derivative of the
magnetization.8 This spin inertia term originates from
interactions between localized magnetic moments and
environments such as conduction electrons, and it has been
discussed in metallic ferromagnets as a subleading correc-
tion term in the low energy expansion. (See Ref. [26] and
references therein.) Note that the holographic equation
corresponds to the effective equation of motion up to the
second order in the derivative expansion, where the
quantities are expanded in powers of the time and spatial
derivative, and it describes the low energy magnetization
dynamics (E=μs < 1) with the long wave length.
It should be also noted that the holographic Landau-

Lifshitz equation automatically incorporates the spin

5A similar analysis on effective equations at the linearized level
in two-dimensional magnetic systems has been also discussed in
Ref. [12].

6The negative sign is introduced due to the negative value of
the gyromagnetic ratio for electrons.

7Another higher dimensional perspective on spin transfer
torque has been recently discussed in Ref. [25].

8The coefficient of the spin inertia term generally depends on
the gauge coupling g, and can be modified due to the nonlinear
effect of the fluctuation dynamics.

NAOTO YOKOI, KOJI SATO, and EIJI SAITOH PHYS. REV. D 100, 106012 (2019)

106012-6



transfer torque due to conduction electrons without intro-
ducing the corresponding fields to electrons in the dual
gravitational theory. This is consistent with the thermody-
namical results at low temperatures, which was obtained
in Ref. [11].

IV. PHENOMENOLOGY OF HOLOGRAPHIC
MAGNETIZATION DYNAMICS

In the isotropic ferromagnets sufficiently below the Curie
temperature (T ≪ Tc), the dynamics of magnetization
vector (or density of magnetic moments), Ma, is described
by the Landau-Lifshitz equation [1,27]:

∂Ma

∂t ¼ −αϵabcMb∇2Mc; ð44Þ

with
P

3
a¼1M

aMa ¼ MðTÞ2 ¼ const. In the following
discussion, the external magnetic field and the damping
term (or relaxation term) are ignored for simplicity. From
the quadratic constraint, the magnetization vector can be
represented as Maðx; tÞ ¼ MðTÞnaðx; tÞ with the unit
vector naðx; tÞ. In terms of naðx; tÞ, the Landau-Lifshitz
equation becomes

MðTÞ ∂n
a

∂t ¼ −αMðTÞ2ϵabcnb∇2nc: ð45Þ

Note that the equation has two parameters, the magnitude
of spontaneous magnetization,MðTÞ, at the temperature T,
and the spin stiffness constant, α.
Comparing the holographic equation (42) with the

Landau-Lifshitz equation (45), we find that the spin
chemical potential, μs, in the gauge field solution (17)
should be proportional to the magnitude of magnetization,
and the spin stiffness constant is given by the coefficients
σ⊥s in the gauge field solution (20) in the following way:

μs ∝ −MðTÞ and σ⊥s ∝ αMðTÞ2: ð46Þ

In our holographic dual model, the magnitude of magneti-
zation, MðTÞ, at the temperature T is given by the static
solution of the scalar field ΦðuÞ through the formula (14).
The first relation between the magnitude of magnetization
and the spin chemical potential in ferromagnets is well
known, and frequently used as the starting point to analyze
the various spintronic phenomena [2].
Although the spin chemical potential in the equilibrium,

μs, is an integration constant, the coefficient, σ⊥s , is the
derived quantity from the gauge field equation, and thus the
second relation in (46) on the spin stiffness constant is a
nontrivial consequence in the holographic dual model.
In order to obtain the coefficient, σ⊥s , we consider the
linearized equation of motion for gauge fields on the
background solution, with the static and homogeneous

ansatz, A⊥
i ¼ kG⊥ðuÞ, where k ¼ const.9 Inserting this

ansatz into the Yang-Mills equation (27), we have the
following linearized equation for G⊥ðuÞ:

u3
d
du

�
fðuÞ
u

�
dG⊥
du

��
þ ðua3ðuÞÞ2

fðuÞ G⊥ ¼ 0; ð47Þ

where the metric (8) and the SUð2Þ gauge field (17) are
assumed to be the background. Note that this is a linear
equation for G⊥, and the constant k is irrelevant. Here, we
impose the first relation in (46), μs ¼ −MðTÞ=Mð0Þ, which
is the magnetization normalized by the saturated magneti-
zation, MðT ¼ 0Þ.10 Using the numerical results of the
holographic spontaneous magnetization, MðTÞ in [11],
which is obtained using the scalar potential VðjϕjÞ ¼
λðjϕj2 −m2=λÞ2=4 with λ ¼ 1 and m2 ¼ 35=9, we can
numerically solve the Eq. (47) and obtain the asymptotic
expansion (20) near the boundary (u ∼ 0). The numerical
results of temperature dependences of the spin-wave stiff-
ness, DðTÞ ≃ σ⊥s =MðTÞ, which appears in the dispersion
relation of spin waves, ω ¼ DðTÞk2, and the spin stiffness
constant, αðTÞ ≃ σ⊥s =MðTÞ2, are shown in Fig. 1.
The results on the spin-wave stiffness in Fig. 1(a) clearly

show that DðTÞ ∝ MðTÞ, which is consistent with the
relation (46) based on the Landau-Lifshitz equation (44).
Furthermore, the results in Fig. 1(b) imply the slight
temperature dependence of the spin stiffness constant,
α ¼ αðTÞ, which can be attributed to the nonlinear spin-
wave effects [28].
A similar argument also holds for the unbroken (or

parallel) component of the gauge fields, Ak
i , and we can

obtain the coefficient σks , which leads to the spin torque
term in the holographic Landau-Lifshitz equation (42). The

nontrivial profile of gauge field, Ak
xðuÞ, which is the parallel

component to the spin chemical potential, Ak
0, leads to the

nonvanishing off-diagonal contribution in the right-hand
side of the Einstein equation (2), and thus induces the
fluctuation of the metric gtxðuÞ ¼ htxðuÞ=u2, where htxðuÞ
parametrizes the fluctuation finite on the boundary. At the

linearized level, two fluctuations, Ak
xðuÞ and htxðuÞ, form

the closed equations, which come from the Yang-Mills
equation and Einstein equation, respectively [29,30]:

u
d
du

�
fðuÞ
u

�
dAk

x

du

��
þ
�
da3ðuÞ
du

�
d
du

ðu2htxÞ ¼ 0;

u−2
d
du

ðu2htxÞ þ 2

�
da3ðuÞ
du

�
Ak
x ¼ 0: ð48Þ

9The nontrivial profile A⊥
i ðuÞ on the background does not

contribute to the energy-momentum tensor in the Einstein
equation at the linearized level.

10The proportionality constant is chosen for convenience in
numerical calculations.

MAGNETIZATION DYNAMICS IN HOLOGRAPHIC … PHYS. REV. D 100, 106012 (2019)

106012-7



Deleting the metric fluctuation, we can obtain the equation
for GkðuÞ:

u
d
du

�
fðuÞ
u

�
dGk

du

��
− 2u2

�
da3ðuÞ
du

�
2

Gk ¼ 0: ð49Þ

We can numerically solve the equation, and obtain the

coefficient σks from the asymptotic expansion of the solution
in (20). The resulting temperature dependence of the spin

torque coefficient, τsðTÞ ¼ σks=MðTÞ, is shown in Fig. 2.
The results on the magnitude of the spin transfer torque,

τsðTÞ, show that the spin torque effect is approximately

constant at low temperatures (in comparison with mag-
netization curve), and is vanishing towards the Curie
temperature as τsðTÞ ∝ ð1 − T=TcÞ2=5. This property at
low temperatures is consistent with the phenomenological

form of the spin transfer torque, ðJks · ∇naÞ=MðTÞ, whose
magnitude is independent of the norm of magnetization due

to jJks j ∝ MðTÞ at the leading order [22]. In addition, the
finite spin torque coefficient is a consequence of the both
fluctuations of the gauge field and metric. In accordance
with the holographic dictionary [29], the metric fluctuation
htx corresponds to the temperature gradient, ∇xT=T, in the
ferromagnetic system. This calculation implies that the
effect of spin transfer torque appears only in the non-
equilibrium situations, where spin transfer is accompanied
by heat (or entropy) transfer.

V. SUMMARY AND DISCUSSION

We have discussed a novel approach to understand
magnetization dynamics in ferromagnets using the holo-
graphic realization of ferromagnetic systems. The Landau-
Lifshitz equation describing magnetization dynamics was
derived from the Yang-Mills-Higgs equations in the dual
gravitational theory. This holographic Landau-Lifshitz
equation automatically incorporates not only the exchange
interaction but also the spin transfer torque effect due to
conduction electrons. Furthermore, we numerically inves-
tigated the temperature dependences of the spin-wave
stiffness and the magnitude of spin transfer torque in the
holographic dual theory, and the results obtained so far are
consistent with the known properties of magnetization
dynamics in ferromagnets with conduction electrons.
This holographic approach tomagnetizationdynamics can

be applied to more generic situations. For instance, the
holographic Landau-Lifshitz equation can incorporate the
damping term by considering more generic metric fluctua-
tions,which correspond to phonon dynamics in the boundary
ferromagnets. Moreover, the holographic dual theory may
provide geometric approaches to spin caloritronics [31],
where magnetization dynamics is considered under temper-
ature gradients, from higher dimensional perspectives. We
thus believe that the holographic approach provides useful
tools to analyze nonequilibrium and nonlinear dynamics of
magnetization in ferromagnets, and also leads to new
perspectives in spintronics from gravitational physics.
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(a)

(b)

FIG. 1. Temperature dependence of the spin-wave stiffness is
shown in Fig. (a): The dots are numerical results for DðTÞ=Dð0Þ,
and the bold line is the magnetization curve, MðTÞ=Mð0Þ.
Temperature dependence of the spin stiffness constant,
αðTÞ=αð0Þ, is shown in Fig. (b). All the results are calculated
with the parameters, λ ¼ 1 and m2 ¼ 35=9.

FIG. 2. Temperature dependence of the spin torque coefficient:
The dots are numerical results for τsðTÞ=τsð0Þ, and the bold line
is the magnetization curve MðTÞ=Mð0Þ. The dashed line is the
fitting curve, τsðTÞ=τsð0Þ ¼ cð1 − T=TcÞ2=5 with c ≃ 1.41, near
the Curie temperature.
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