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Abstract: Charged particle emission from black holes with sufficiently large charge is
exponentially suppressed. As a result, such black holes are driven towards extremality by
the emission of neutral Hawking radiation. Eventually, an isolated black hole gets close
enough to extremality that the gravitational backreaction of a single Hawking photon becomes
important, and the quantum field theory in curved spacetime approximation breaks down. To
proceed further, we need to use a quantum theory of gravity. We make use of recent progress
in our understanding of the quantum-gravitational thermodynamics of near-extremal black
holes to compute the corrected spectrum for both neutral and charged Hawking radiation,
including the effects of backreaction, as well as greybody factors and metric fluctuations.
At low temperatures, large fluctuations in a set of quantum-gravitational (almost) zero
modes lead to drastic modifications to neutral particle emission that — in contrast to the
semiclassical prediction — ensure the black hole remains subextremal. Relatedly, angular
momentum constraints mean that, close enough to extremality, black holes with zero angular
momentum can no longer emit individual photons and gravitons; instead, the dominant
radiation channel consists of entangled pairs of photons in angular-momentum singlet states.
This causes a sudden slowdown in the evaporation rate by a factor of at least 10700. We
also compute the effects of backreaction and metric fluctuations on the emission of charged
particles. Somewhat surprisingly, we find that the semiclassical Schwinger emission rate is
essentially unchanged, despite the fact that the emission process leads to large changes in the
geometry and thermodynamics of the throat. Our results allow us to present, for the first
time, the full history of the evaporation of a large charged black hole. A notable feature of
this history is that the black hole alternates between exponentially long epochs of integer and
half-integer spin that have radically different cooling rates. This corrects the semiclassical
calculation, which gives completely wrong predictions for almost the entire evaporation
history, even for the crudest observables like the temperature seen by a thermometer.
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1 Introduction

The no-hair theorem says that an equilibrium black hole in classical general relativity
is uniquely characterized by its mass, electromagnetic charge, and angular momentum.1

Dynamical black holes quickly settle down to a stationary solution described solely by these
parameters. Thereafter, their evolution is driven by quantum effects [1, 2]. These quantum
effects cause the black hole to lose mass, charge, and angular momentum, but not in equal
measure. The first to go is (most of) the angular momentum. A large isolated Kerr-Newman
black hole will lose angular momentum through Hawking radiation faster than it loses energy
or charge [3], and so the black hole will approach a Reissner-Nordström (or Schwarzschild)
metric while still retaining much of its initial mass.

This paper is about what happens next. There is a crucial difference between angular
momentum and charge, which is that although angular momentum (and energy) may be
carried away by massless particles, the lightest known charged particles in our universe are
massive. This means that — unlike for angular momentum or energy — the emission of
charge from a sufficiently large black hole is exponentially suppressed [4]. As a result, any
black hole left in isolation that starts with a sufficiently large charge will tend to radiate
energy without losing much charge, regardless of its initial mass. Such black holes will thereby
be driven towards the extremal limit M ≈ Q. As this limit approaches, the naïve semiclassical
picture of Hawking radiation breaks down [5–7] with a single Hawking quantum seemingly
containing more energy than the total available energy above extremality of the black hole.
As we will see, this breakdown happens when the energy above extremality drops below

M −Q ≲ Ebrk. ≡
MP l

Q3 . (1.1)

What happens to the black hole after this point has generally been regarded as a mystery:
speculations in the literature include the suggestion that the spectrum of near-extremal
black holes might be gapped, with no microstates in the energy range (Q,Q+ Ebrk.) [8–10]
or alternatively that the spectrum has an approximately uniform density of states that is
exponentially large but nondegenerate [7]. In recent years, however, our understanding of
the thermodynamics of near-extremal black holes has been dramatically improved by the
study of a particular set of near-horizon modes that, in the near-extremal limit, have a very

1In Einstein-Maxwell theory, black holes can, in general, have not just electric but also magnetic charge.
Magnetic monopoles have never been observed, but are a very natural feature of Beyond Standard Model
physics. For most of this paper, we will assume that our black hole formed from the collapse of conventional
matter and, hence, only carries an electric charge. But we will briefly comment on magnetically charged black
holes in sections 6 and 7.
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small classical action and hence have large fluctuations [11–18]. These modes, known as
the Schwarzian modes because their action takes the form of a Schwarzian derivative, had
originally been identified in the context of JT gravity, which forms part of the dimensional
reduction to two dimensions of the near-horizon region of a Reissner-Nordström (RN) black
hole. With care, the Schwarzian modes can be integrated out exactly, while treating all
other modes semiclassically. When the energy above extremality drops below Ebrk., the
Schwarzian modes become strongly coupled, and the statistical mechanics of the black hole
are significantly altered. There is no spectral gap; however, the density of states at low
energies is drastically modified so that, in contrast to the semiclassical prediction, the density
of states goes to zero as extremality is approached.

While the effects of the Schwarzian modes on the black hole energy spectrum (in the
absence of light matter fields) are now well understood, understanding the dynamics of the
black hole after the breakdown of semiclassical thermodynamics [5–7] requires us to also
understand the effects of the Schwarzian modes on the spectrum of Hawking quanta emitted
near extremality. The goal of the present paper is to fully understand the evaporation of
large charged black holes by finding this spectrum, arbitrarily close to extremality, for both
neutral and charged radiation.

As we will see, a black hole with a large enough charge spends almost all its evaporation
history outside the semiclassical regime — it has M−Q ≳ Ebrk. for only an exponentially small
fraction of its lifetime. This means that the standard QFT-in-curved-spacetime prediction for
the Hawking radiation is almost always wrong. It’s not just wrong for delicate fine-grained
exceptionally-hard-to-measure N -point functions, like those involved in the information
paradox [19]. It’s also wrong for coarse quantities like the energy and emission rates of
photons, quantities that comparatively unsophisticated observers could measure with a
spectrograph. Thus, even for these crude quantities, the quantum-field-theory-in-curved
spacetime answer is almost always wrong. In this paper, we will derive an answer that
is almost always right. It will be right for almost the entire evaporation history of the
black hole, starting from when the black hole settles down to a static Reissner-Nordström
solution and ending only when the temperature approaches the Planck scale in the last
fraction of a second of its life.

To the best of our knowledge, our results mark the first example of a controlled calculation
of Lorentzian dynamics due to large, strongly coupled quantum metric fluctuations in Einstein
gravity coupled to the Standard Model. They enable us to do for black holes with very large
initial charge what we have long been able to do for black holes with little or no charge —
to tell almost the complete story of the evaporation of charged black holes.

Plan for paper. In section 2, we give a pedagogical introduction to neutral and charged
Hawking radiation for black holes with large charge. We explain how the effect of this
radiation is to drive the black hole towards extremality and out of the semiclassical regime
and how a Schwarzian analysis can reveal what happens next. We then review the near-
extremal limit of RN black holes and the importance of the Schwarzian modes, and provide
useful formulas for matter correlators in the Schwarzian theory. This section can be safely
skipped by expert readers.
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Figure 1. Comparison of the semiclassical prediction vs. quantum corrected Hawking radiation into
the ℓ = 1 photon mode. (The quantum curve is the integrand from (3.52); the semiclassical curve
is the integrand from (3.55).) The energy flux per unit frequency is plotted for black holes in the
microcanonical ensemble at initial energy Ei = M −Q above extremality with fixed charge Q and
initial spin j = 0. Left: a black hole far above the thermodynamic breakdown scale (Ei = 105Ebrk.).
Quantum corrections are not important and the exact energy flux approaches the semiclassical
prediction. Right: for a BH near the breakdown scale (Ei = 2Ebrk.), quantum corrections are
important. The exact quantum answer cuts off the spectrum since the BH can’t transition into states
that don’t exist. For photon emission from j = 0 BHs the spectrum is cut off at Ei − Ebrk. due to
angular momentum selection rules. Note that the scales of the two plots are very different due to the
difference in energy above extremality.

In section 3, we incorporate Schwarzian corrections into computations of the spectrum of
neutral Hawking radiation and show that the spectrum is dramatically altered near extremality
in a way that avoids the emission of quanta that would leave the black hole superextremal.
We first consider the case of a massless scalar field, for which the semiclassical energy flux is

dE

dt
∼ r2

+E
2
brk.(M −Q)2 , (M −Q) ≫ Ebrk. . (1.2)

This only gives the correct answer above the breakdown scale, M − Q ≫ Ebrk.. When
M − Q ≪ Ebrk., we find that Schwarzian corrections lead instead to

dE

dt
∼ r2

+E
1
2
brk.(M −Q)

7
2 , (M −Q) ≪ Ebrk. . (1.3)

In our universe, there are no known massless scalar fields. As a result, the Hawking
radiation of sufficiently low-temperature black holes (assuming that no massless neutrino
exists2) is dominated by photons and gravitons. Because photon modes exist with angular
momentum ℓ = 1, while all graviton modes have angular momentum ℓ ≥ 2, one would naïvely
expect that at low temperatures graviton emission would be highly suppressed relative to
photon emission by the centrifugal potential barrier that prevents tunneling in and out
of the black hole. This would indeed be true if photons were not excitations of the same
electromagnetic field that the black hole is charged under. Instead, however, metric and
electromagnetic field modes mix in the near-horizon region such that the mode with smallest

2There is strong experimental evidence that some of the neutrinos have mass, but it cannot currently be
excluded that one of the neutrinos is extremely light or even massless. However, if the mass of the lightest
neutrino is within a few orders of magnitude of the (known) mass differences between neutrinos, neutrino
emission will be exponentially suppressed for all black holes satisfying Q ≳ 1044|q|.
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scaling dimension is an ℓ = 2 “graviphoton” mode that becomes a superposition of a photon
and a graviton far from the black hole. Semiclassically, the lighter scaling dimension of
this mode relative to the ℓ = 1 photon mode cancels out the effect of the larger centrifugal
barrier and means that both modes contribute an O(1) fraction of the Hawking radiation,
even very close to extremality. Schwarzian effects, however, mean that the near-horizon
scaling dimension becomes essentially irrelevant at low enough temperatures, and photon
emission dominates. Examples of semiclassical and quantum-corrected single-photon Hawking
radiation spectra are shown in figure 1.

Because photons necessarily carry nonzero angular momentum, a black hole with zero
angular momentum cannot emit a single photon or graviton and remain at zero angular
momentum. However, all black holes with angular momentum j = 1 have mass

M ≥ Q+ Ebrk.. (1.4)

A black hole with angular momentum j = 0 and mass M that violates the bound (1.4)
cannot emit a single photon and remain on-shell. Instead, the dominant radiation channel
consists of entangled pairs of photons with total angular momentum zero. This is the same
channel that dominates the “forbidden” 2s→ 1s transition in the hydrogen atom. We show
that the resulting energy flux is

dE

dt
∼ r16

+ E
17
2

brk.(M −Q)
19
2 , (M −Q) ≪ Ebrk. . (1.5)

As with forbidden transitions in atomic physics, this is considerably slower than transitions
where single-photon emission is possible. As a result, the mass M(t) of a black hole with
charge Q ≫ 1044|q| approaches extremality as

Bosonic Black Holes: M(t)−Q ∼

t−1/4 Ebrk. ≪M −Q≪M ,

t−2/17 M −Q≪ Ebrk. .
(1.6)

In (1.6), we assumed that the initial black hole state was bosonic (i.e., it had integer spin).
In such cases, angular momentum can and will eventually be driven to zero by photon
and graviton emission, and at low temperatures, the evaporation rate will be controlled
by di-photon emission. On the other hand, if the black hole is initially fermionic, it can
never reach zero angular momentum by emitting particles with integer spin. Instead, at
low temperatures, it will have angular momentum j = 1/2, and will flip back and forth in
orientation as it emits one photon at a time. Specifically, we find that

Fermionic Black Holes: M(t)−M0 ∼ t−
2
9 , M −M0 ≪ Ebrk. , (1.7)

where M0 = Q + 3Ebrk./8 is the ground-state energy for a black hole with charge Q and
angular momentum j = 1/2. This means that fermionic black holes can emit single photons
and, as a result, will cool much more quickly than bosonic black holes.

The approach to extremality will be interrupted if a charged particle is emitted. In
section 4, we turn our attention from neutral to charged particles. For convenience, we
assume that the black hole is positively charged and hence that the emitted charged particles
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are positrons; the behaviour of negatively charged black holes is identical except that the
emitted particles are electrons. Semiclassically, the positron emission rate can be computed
by integrating the Schwinger formula for pair production per unit spacetime volume over
the RN spacetime. One finds that the rate per unit time is

d⟨pairs⟩
dt

= q3Q3

2π3m2r3
+
exp

(
−

r2
+

Q∗Q

)
+ . . . . (1.8)

Charged particle emission is thus exponentially suppressed when Q≫ Q∗ ≡ q
πm2 . Restoring

units, Q∗ = 1
π

M2
pl

m2 q ≈ 1.8× 1044q, where q is the charge of the positron. This is an enormous
charge, with an extremal BH of this charge having mass M∗ ≈ 105M⊙ with M⊙ the solar
mass. We also compute the energy distribution for the emitted positron: the spectrum is
highly nonthermal and the typical positron is ultrarelativistic with near-Planckian energy.
After emission, the black hole has an energy above extremality

M̄ − Q̄ ∼ qQ∗
Q

, (1.9)

which is small compared to the Planck scale but still well above the breakdown scale.
Since the emission of neutral radiation was drastically altered at low temperatures

from semiclassical expectations, one might expect the same to occur for charged particle
emission. In section 5 we provide a detailed analysis of gravitational corrections to the
semiclassical emission process. We take into account both the backreaction of the particle
on the semiclassical black hole spacetime and the quantum fluctuations of that spacetime
geometry. The particle backreaction can be found by solving for a gravitational instanton
that includes the energy-momentum of the charged particle worldline loop present in the
usual Schwinger effect instanton. Outside the particle worldline, the gravitational instanton
looks like an ordinary Euclidean black hole, except that the periodicity in Euclidean time
is altered to ensure that the solution inside the particle worldline is smooth. As a result,
the instanton acts as an effective conical defect in spacetime. To compute the effects of
gravitational fluctuations, we integrate over the set of almost-zero modes associated to this
gravitational instanton solution. The presence of a defect leads to two additional such modes,
whose integral is proportional to the inverse temperature β of the black hole. To obtain the
full pair-production rate, we resum multi-instanton configurations by integrating over the
moduli space of multi-defect spacetime geometries. The end result of the resummation, which
yields the final production rate for positrons, gives the emission rate

Γ =
∞∑

k=1

Answer including
perturbative quantum gravity corrections︷ ︸︸ ︷

1
k3

q3

2π3m2 e
−2πkQ(q−

√
q2−m2)

− m2q5Q2

π5

( ∞∑
k=1

1
k2 e

−2πkQ(q−
√

q2−m2)
)2( ∞∑

k=1

1
k
e−2πkQ(q−

√
q2−m2)

)
︸ ︷︷ ︸

Leading quantum correction
from topological expansion

+ . . . . (1.10)
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The first line of (1.10), gives the dominant contribution to the decay rate and exactly
matches the semiclassical answer of Schwinger [20]. Somewhat surprisingly, the dramatic
modifications to the black hole thermodynamics found at low energy do not significantly
change the charged particle production rate. Essentially, this is because Schwinger pair
production is a local process: it is therefore insensitive to the presence of the Schwarzian
fluctuations, which are locally pure gauge.

The second line of (1.10) describes the corrections from gravitational interactions between
an arbitrary number of instantons. These corrections are subleading compared to self-
interactions of the positron loop, and potentially also compared to other multi-instanton
interaction effects, such as those mediated by electromagnetism, that were not included
in (1.10). We included them in (1.10) because they demonstrate the power of the formalism
we are using. Additionally, such effects might become important as the black hole charge
approaches Q∗ and the instanton action becomes small. To obtain the result (1.10), we
took advantage of the fact that the instanton moduli space can be identified as a natural
deformation of a (2, p) minimal string theory. Thus, even though the corrections in (1.10)
are not stringy, our results put the mathematical apparatus of the topological expansion
to use in understanding black holes in our own universe.

In section 6, we combine the results of sections 3 and 5 to give a complete description
of the evaporation of charged black holes until they reach Planckian size. We consider an
asymptotically flat universe described by Einstein gravity coupled to the Standard Model
and containing an isolated single black hole.3

If the black hole is sufficiently large, it will initially be driven very close to extremality
by semiclassical photon and graviphoton emission. When (M −Q) < Ebrk., only diphoton
emission is possible from a black hole with j = 0 and so the black hole cools very slowly
relative to semiclassical expectations. Eventually — on timescales of order exp(Q/Q∗) — the
black hole emits a positron. The positron carries away slightly more charge than energy,
and so causes (M − Q) to jump far above Ebrk., up to about

M̄ − Q̄ = M̄ − (Q− q) ∼ qQ∗
Q

≫ Ebrk. (1.11)

above extremality. After charged particle emission, neutral radiation begins to drive the black
hole back towards extremality. However, the emission of a fermionic particle means that the
black hole has now switched from being bosonic to fermionic (or vice versa). Eventually,
another charged particle is emitted, and the “tick-tock” cycle between a slow-cooling bosonic
black hole and a comparatively fast-cooling fermionic black hole repeats. This evolution
is shown in figure 2.

Through this slow process of punctuated quasi-equilibrium, eventually the black hole’s
charge will fall to Q ∼ Q∗ = 1.8× 1044q, whereupon the emission of positrons is no longer
exponentially suppressed. From this point onwards, the horizon electric field remains close
to the critical Schwinger value |E⃗| ∼ πm2/q so that Schwinger pair production, like neutral

3In particular, we will generally ignore cosmological features of our own universe including dark matter
and dark energy. This qualification is somewhat important since our analysis will involve timescales that are
very long compared to the age of the universe and temperatures that are far below the de Sitter temperature
associated to the positive cosmological constant present in the ΛCDM model.

– 7 –
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Figure 2. The evolution of the mass above extremality M −M0 of a near-extremal black hole
with initial charge Q ≫ Q∗ ≡ 1.8 × 1044q, as a function of time. Within the plot, time is scaled
logarithmically within each straight-line segment. The emission of photons continuously decreases
the mass, taking it below the breakdown scale M −M0 ∼ Ebrk. and reaching exponentially close
to extremality. Below the breakdown scale, the quantum effects slow down the Hawking emission
process. Pair production is exponentially suppressed, with positrons appearing with Poisson statistics
on timescales δt ∼ eQ/Q∗ . When a positron is made, it decreases the charge, increases the mass above
extremality far above the breakdown scale, and causes the BH to transition from fermionic to bosonic
and vice versa. The quantum-corrected Hawking radiation is different for bosonic and fermionic black
holes below the breakdown scale Ebrk.: bosonic black hole evaporation is dominated by di-photon
decay, while fermionic black hole evaporation is dominated by single photon decay.

Hawking radiation, is slow but not exponentially suppressed. This leads to the black hole
approaching an approximately Schwarzschild metric, with Q ∼M2/Q∗. The neutral Hawking
radiation and Schwinger pair production are well described semiclassically until the black
hole reaches Planckian size.

Finally, in section 7, we discuss possible future directions and speculate about potential
observational signatures of the described quantum gravity corrections.

2 Black hole thermodynamics and the Schwarzian

In this section, we give a pedagogical introduction to the Hawking radiation of large charged
black holes. We then review some standard results and recent developments regarding the
dynamics and thermodynamics of near-extremal black holes.

– 8 –
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2.1 Pedagogical overview: large black holes ‘self-tune’ towards extremality and
away from the semiclassical regime

Hawking radiation takes black holes that are well-described by the semiclassical approximation
and drives them towards a regime where the semiclassical description breaks. If the black
hole radiates long enough, eventually the gravitational backreaction of a single Hawking
quantum becomes important and to make further quantitative predictions we must move
beyond the semiclassical approximation and use a quantum theory of gravity.

For uncharged black holes, the reason the semiclassical approximation eventually breaks
is that the black hole becomes too hot. Because temperature is inversely proportional to
mass, T ∼ ℏ

GM , a black hole that starts large and cold gets progressively smaller and hotter
as it radiates, driving itself towards an ‘explosion’ [1] of notionally infinite temperature. At
least that’s what the semiclassical approximation says. But on the precipice of the explosion,
as the temperature is approaching the Planck scale, the energy in a single quantum becomes
comparable to the energy left in the black hole, the semiclassical approximation breaks down,
and to know what happens next we need quantum gravity.

For the large charge black holes considered in this paper, we will also see a breakdown of
the semiclassical approximation but in the opposite temperature regime. Hawking radiation
makes black holes of extremely large charge exit the semiclassical regime by making them too
cold. The black holes ‘self-tune’ to extremality, and when they get too close to extremality,
the semiclassical approximation breaks. This phenomenon was first noted by Preskill et
al. [5], building on earlier work of Gibbons [4]. Let’s review the basic physics behind this
phenomenon, and how, even after the semiclassical analysis fails, a Schwarzian analysis
maintains full control and allows us to describe what happens next.

1. The lightest uncharged particle is massless; the lightest charged particle is massive.

The photon and the graviton are both massless, whereas the lightest known charged
particles — the positron or the electron — are massive. This is the fact that is ultimately
responsible for the self-tuning phenomenon. (If we eventually discover either a massless
charged particle or a mass for both the photon and graviton, the results of this paper
would need major revision.)

2. Though massive, the lightest charged particle is very light (in Planck units).

Two positrons electromagnetically repel but gravitationally attract. These two forces,
though opposite, are not equal. Instead, the electromagnetic force is stronger than the
gravitational force by a ratio

|F⃗electric|
|F⃗gravitational|

= q2

4πϵor2 ÷ Gm2

r2 = G

4πϵ0
q2

m2 = 4.17 . . .× 1042 . (2.1)

This is a stupendously large number. Ultimately all the large numbers in this paper
(and many of the large numbers in daily life) trace back to the hugeness of this ratio.

We can ask whether it is the electromagnetic force that is very strong, or the gravitational
force that is very weak. In classical physics, this question is meaningless: there is only
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a single dimensionless ratio. But in quantum physics we can use ℏ to formulate two
independent dimensionless numbers,

Gm2

ℏc
≡ m2

M2
Pl

= 1.749 . . .× 10−45 and q2

4πϵ0ℏc
≡ q2

q2
Pl

≡ αQED = 1
137.06 . . . , (2.2)

that characterize the strength of each force. The ratio of these two numbers is 4.17 . . .×
1042. Viewed this way, we see that the largeness of this ratio is caused not by the
electromagnetic force being strong (indeed, electromagnetism is so ‘weakly coupled’
that just the first dozen terms in the electromagnetic perturbation series for the
anomalous magnetic moment of the electron are sufficient to give one of the most
accurate experimental predictions that humanity has ever confirmed [21]), instead, it
is caused by gravity being so very weak. Or, said another way, the ratio (2.1) is huge
because the positron (m ∼ 10−27grams) weighs so much less than the Planck mass
(MPl ≡

√
ℏc/G ∼ 2× 10−5grams).

The ‘near masslessness’ of the lightest charged particle means the self-tuning phe-
nomenon only becomes operative for black holes with very large charge.

3. For black holes with very large charge, the electric field at the horizon is very small.

For a Reissner-Nordström black hole of mass M and charge Q (reviewed in section 2.2),
the electric field at the horizon is given by Gauss’s Law as |E⃗| = Q/r2

+, where the horizon
radius is r+ ≡M +

√
M2 −Q2, and where here and henceforth in this subsection we

put G = ℏ = c = 4πϵ0 = 1. The inverse-square law means |E⃗| becomes weak for large
black holes (the horizon is ‘Rindler like’). Because all black holes must have M ≥ Q,
the electric field at the horizon is thus upperbounded by

|E⃗|
∣∣∣∣
horizon

≤ 1
Q
. (2.3)

This inequality is saturated by extremal black holes, which have M = Q.

(To be clear, (2.3) is small for large charge Q relative to the Planck scale and to the
Schwinger limit but not necessarily relative to the electric fields found in everyday
life. Indeed the electric field around an extremal black hole with M = Q = Q∗ is still
several orders of magnitude stronger than the strongest sustained fields ever produced
by humanity.)

4. The emission of uncharged particles from a large RN black hole is only polynomially
suppressed.

The temperature of an RN black hole is given, in the semiclassical approximation (2.13),
by

T ∼
√
M2 −Q2(

M +
√
M2 −Q2

)2 . (2.4)

As for uncharged black holes, big means cold, but now there is an additional suppression
near extremality (from the additional redshift as radiation climbs out of the gravitational
potential caused by the electric field). The Stefan-Boltzmann formula says that the
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power in massless radiation from a blackbody of area 4πr2
+ is P ∼ (r+)2T 4. As we

will see in sections 3.1 and A this is further suppressed by ‘greybody’ diffraction, but
crucially the greybody factors are merely powers in r+ and (M −Q)/M , and so don’t
change the fact that the emission of massless particles is only polynomially suppressed.

5. The emission of charged particles from a large RN black hole is exponentially suppressed.

Because the lightest charged particle is massive, emission becomes exponentially sup-
pressed when the black hole gets too large. As we will explore in detail below, the
semiclassical rate of charged-particle emission can be calculated by considering the
rate of Schwinger pair production exp[−πm2/(q|E⃗|)] near the horizon [4]. This is
exponentially suppressed for small electric fields, |E⃗| ≪ m2/q. Equation (2.3) tells us
that large black holes have small electric fields, and so charged particle emission is
exponentially suppressed for any black hole with

Q≫ Q∗ ≡
q

πm2 . (2.5)

For positrons, this threshold evaluates to Q∗ ∼ 2.9 × 1025 Coulomb, which for an
extremal black hole would require a mass a few percent that of Sagittarius A*.

6. The emission of uncharged particles drives the black hole towards extremality; the
emission of charged particles pushes the black hole away from extremality.

The proximity to extremality is controlled by M − Q. Uncharged radiation carries
away energy but not charge, and so reduces M −Q and makes the black hole closer to
extremality. Charged radiation carries away both charge and energy, but as we will
discuss in section 5 it carries away slightly more charge than energy, and so increases
M −Q and makes the black hole further from extremality.

When the black hole emits a positron, the change in the charge is ∆Q = −q. Naively,
you might think that ∆M = −m, which since q ≫ m would imply that ∆(M −Q) =
−m+ q ∼ q. This is wrong. As will be explored in section 5 the positron is expelled
by the huge electrostatic potential of the black hole, and acquires a relativistic boost
given by the squareroot of the ratio in (2.1), γ ∼ 2 × 1021. This corresponds to a
near-Planckian kinetic energy. At leading order in Q∗/Q, we have ∆M = qQ

r+
→M→Q q,

meaning that extremal black holes remain extremal after emitting positrons. Subleading
corrections make the black hole non-extremal, as we will show in section 4.

7. Black holes with large enough charge are driven exponentially close to extremality.

The approach to extremality is governed by the competition between the emission of
mass and the emission of charge. Because, for large enough black holes, the emission of
charged particles is exponentially rare, whereas the emission of uncharged particles is
only polynomially rare, large black holes get driven exponentially close to extremality.

8. For black holes with large enough charge, Hawking radiation drives the black hole out
of the semiclassical regime.

– 11 –
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We have seen that Hawking radiation forces black holes of very large charge to approach
extremality. Now let’s see that for black holes that are close enough to extremality, the
semiclassical approximation breaks.

Wien’s Law says that the typical energy of a blackbody quantum is given by the
temperature. Equation (2.4) says that as extremality is approached the semiclassical
temperature is given by r−3/2

+
√
M −Q. Because the greybody suppression is a decreas-

ing function of the quantum’s energy, the typical energy of a photon emitted by a
near-extremal semiclassical black hole is therefore slightly larger than r

−3/2
+

√
M −Q.

Close enough to extremality, this must be larger than the total energy above extremality
M −Q. Since the black hole cannot possibly emit more energy than it has available
to it, this is a sign than something has gone wrong. What has gone wrong is that the
semiclassical approximation has broken. Comparing (2.4) with M − Q we see that
the breakdown must occur when the energy above extremality (and the semiclassical
temperature) is no less than

Ebrk. ≡
MPl
Q3 . (2.6)

Below this scale, the energy of a single Hawking quantum causes significant gravitational
backreaction, and to calculate what happens next we need a quantum theory of
gravity [5].

9. For near-extremal black holes, the relevant backreaction effects are ‘universal’ and fully
captured by a Schwarzian analysis.

The inevitable breakdown of the semiclassical approximation for isolated black holes
of large enough charge was first pointed out by Preskill et al., who noted that the
semiclassical regime “must be replaced by a significantly different quantum-mechanical
description” [5]. But what this description should be, they were unable to say. Thank-
fully, there has recently been great progress in understanding near-extremal black holes,
and we now know the correct quantum-mechanical description: the Schwarzian [11–
18, 22–37].

Though including the gravitational backreaction of the Hawking radiation requires
quantum gravity, we will see that it does not require a full non-perturbative theory of
quantum gravity and does not depend in detail on which quantum theory of gravity
we choose. Rather, our results are valid in any theory where the low-energy effective
theory is correctly described by Einstein-Maxwell theory coupled to matter fields. For
such theories, our answers will be correct for temperatures both above and below Ebrk..

(The details of the quantum theory of gravity only become important for tempera-
tures exponentially small in the entropy of the black hole, which are sensitive to the
discreteness of the energy spectrum.)

2.2 The semiclassical RN solution

The Reissner-Nordström solution describes a black hole of mass M and charge Q in an
otherwise empty and flat spacetime.
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The Euclidean action of Einstein gravity coupled to a U(1) gauge field is given by

IEM = − 1
16πGN

[∫
d4x

√
gR+ 2

∫
∂M

√
hK

]
+ 1

16π

∫
d4x

√
gFµνF

µν − 1
4π

∫
∂M

√
hniF

ijAj ,

(2.7)
where Newton’s constant and the Planck length are related by GN = ℓ2pl.4 In this section, we
will keep factors of GN (though set 4πε0 = ℏ = c = 1) to emphasize the scaling of various
quantities. The last term is added to make the variational principle well-defined when fixing
the electric charge at infinity, and ni is an outward pointing unit vector at the boundary.

We will consider boundary conditions where we fix the asymptotic charge Q to be large
and the inverse temperature to be β. The temperature is fixed by demanding that the
asymptotic thermal circle has periodicity τ ∼ τ + β, while fixing the field strength Fij

at the boundary fixes the charge. The Euclidean Reissner-Nordström solution with these
boundary conditions is given by

ds2 = f(r)dτ2 + dr2

f(r) + r2dΩ2
2, f(r) = 1− 2GNM

r
+ GNQ

2

r2 = (r − r+)(r − r−)
r2 , (2.8)

where we have introduced the inner and outer horizons r± = GNM ±
√
(GNM)2 −GNQ2

given by solving f(r±) = 0; and the 2-sphere has the standard metric dΩ2
2 = dθ2 + sin2 θdϕ2.

When we refer to the ‘horizon’ we will always mean the outer horizon, r+, which is the
closest you can approach with a rocket if you hope to get out again. In Euclidean signature
the radial coordinate runs from r ∈ [r+,∞), and the time coordinate is periodic τ ∼ τ + β

with β being the inverse of the temperature specified below. The solution for the field
strength F = dA is given by

F = i
Q

r2dr ∧ dt, A = iQ

( 1
r+

− 1
r

)
dt. (2.9)

The throat region. The proper distance ∆s from r+ out to an area-radius R is

∆s =
∫ R

r+

dr√
f(r)

=
√
(R− r+)(R− r−) + (r+ + r−) arcsinh

[√
R− r+
r+ − r−

]
. (2.10)

At large R the term on the left dominates and we have ∆s ∼ R as in flat space. But close
to the horizon the term on the right dominates and there is a long region — what below
we will call the ‘throat’ — that has approximately constant area. This is shown in figure 3.
The length of the throat ending at r ≈ 2r+ is

∆s ∼ r+ log
( 4r+
r+ − r−

)
, (2.11)

and so gets long in the near-extremal limit r− → r+. The Rindler region, which in our
terminology is a subset of the throat, is defined by r ≲ 2r+ − r−. The proper distance
from r+ to radius r in this region is

∆s ∼ 2r+

√
r − r+
r+ − r−

. (2.12)

4In our conventions, we have set 4πε0 = ℏ = c = 1. In these units, the total charge is quantized as
Q = q · ℤ = α1/2 · ℤ where q = α1/2 is the charge of a positron in Planck units and the electric potential of a
point charge is V = Q/r.
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Figure 3. A snapshot of the exterior of a near-extremal RN black hole. As for the Schwarzschild
solution, there is a region far from the horizon where the Newtonian approximation holds (the
‘Newtonian’ region), and a region very close to the horizon where the gravitational field grows much
more strongly than inverse-square (the ‘Rindler’ region). What’s new for the RN solution is that the
Rindler region forms only part of a long ‘throat’. In the throat, the geometry is approximately AdS2×S2,
so the area-radius r is approximately constant, and, away from the Rindler region, the gravitational
field is approximately constant. The closer the black hole is to extremality, the longer the throat.

It is in the Rindler region that the proper force required to keep a particle at fixed radius
r deviates from Newton’s law.

Semiclassical thermodynamics. The temperature and Bekenstein-Hawking entropy of
the black hole are

T = |f ′(r+)|
4π = r+ − r−

4πr2
+

= 1
2π

√
G2

NM
2 −GNQ2

r2
+

, S = A

4GN
=
πr2

+
GN

. (2.13)

At extremality the temperature is zero and the outer and inner horizons become degenerate
r+ = r−. We will denote the horizon radius at extremality by r0. At fixed charge Q the
extremal radius, mass, and entropy are given by

r0 =
√
GNQ, M = r0

GN
= Q

ℓpl
, S0 = πr2

0
GN

= πQ2, (2.14)

where we have also given their scaling with the large parameter Q. If we turn on a slightly
non-zero temperature we find the outer horizon radius to be r+ = r0+2πr2

0T+10π2G
3/2
N Q3T 2,
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and the energy and entropy above extremality are

M(Q,T ) = Q+ 2π2

Ebrk.
T 2 + 16π3GNQ

4T 3 + . . . , S(Q,T ) = S0 +
4π2

Ebrk.
T + . . . , (2.15)

where we have included subleading corrections important for recovering the AdS2 geometry
and introduced an emergent energy scale Ebrk. at small temperature given by

Ebrk. =
GN

r3
0

= 1
ℓplQ3 . (2.16)

We will shortly review how the thermodynamics of near extremal Reissner-Nordström break
down for temperatures below the breakdown scale T ≲ Ebrk..

2.3 The AdS2 × S2 throat

We have seen that when the black hole is close to extremality, the near-horizon region has
approximately constant area-radius. We can study this region — the ‘throat’ — more closely
by changing coordinates,

r → r+(T ) + 2πGNQ
2T (cosh(ρ)− 1) , τ → 1

2πT τ. (2.17)

With this change of coordinates the metric (2.8) can be expanded in the near-horizon region
using (2.15) and taking the small temperature limit T → 0 to find

ds2 = r2
0

(
dρ2 + sinh2 ρ dτ2

)
+ r2

0dΩ2
2︸ ︷︷ ︸

exact AdS2 × S2

+ 4πG
3
2
NQ

3T cosh ρ dΩ2
2 + πG

3
2
NQ

3T (2 + cosh ρ) tanh2 ρ

2(dρ
2 − sinh2 ρdτ2)︸ ︷︷ ︸

finite temperature corrections

. (2.18)

The first line is an exact AdS2 × S2 spacetime with identical AdS and sphere radii

ℓAdS2 = r0 = ℓplQ, RS2 = r0. (2.19)

This is the near-horizon geometry for an extremal black hole with zero temperature. The
finite temperature corrections capture deviations away from extremality for a near extremal
black hole, where we have only kept terms up to linear order in temperature T . The metric
is only valid up to a cutoff ρc where higher temperature corrections become important. Note
that after including finite temperature corrections, the transverse sphere grows slightly as
we move out along the throat (which, from the JT gravity perspective, will correspond to
the dilaton increasing).

The same coordinate change can be applied to the gauge field. Ignoring finite temperature
corrections, the leading order form of the vector potential is

F = iQ sinh ρ dρ ∧ dτ, A = iQ (cosh ρ− 1) dτ , (2.20)

and so, at extremality, the throat is supported by a constant flux.5

5Finite-temperature corrections to the above formulas can be found through the same coordinate transfor-
mation used for the metric, but these corrections will not be important for us, see [14] for a discussion.
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2.4 The one-loop partition function and the Schwarzian

We now explain how to evaluate the one-loop partition function around the RN background
by dimensionally reducing the four-dimensional theory to two-dimensional JT gravity. The
key point is that at sufficiently low temperatures, certain modes become light, and this
drastically modifies the thermodynamics of RN black holes. We give a brief overview with
all technical details readily contained in [11, 14].

The problem amounts to expanding the metric g+ δg and gauge field A+ δA around the
classical solutions (2.8) and integrating over fluctuations δg, δA to obtain the relevant one-loop
determinant. The modes that become important at low temperatures can be identified by
looking at fluctuations around the four-dimensional near-horizon geometry (2.18), but it
is easier to instead reduce to two dimensions and study the resulting theory of JT gravity.
We take the ansatz for the 4d metric to be

ds2 = r0
χ1/2 gµνdx

µdxν + χdΩ2
2, (2.21)

where xµ = (ρ, τ) are AdS2 coordinates, gµν(x) is the two dimensional metric that will become
AdS2, and χ(x) = r2

0 + GNΦ(x) contains the two dimensional dilaton Φ. The size of the
transverse sphere is captured by the dilaton, and slowly grows along the AdS2 throat as
expected from the form of the finite temperature solution (2.18). We have ignored fluctuations
of the metric on the sphere since such modes are not important in the low temperature limit
we will consider. A similar expansion can be applied to the gauge field, with the final result
that only the zero mode of the gauge field is important at low temperatures.

After carefully carrying out the dimensional reduction of the 4d Einstein-Maxwell action
around the Reissner-Nordström black hole solution with fixed charge Q and temperature
β the action is found to be controlled by 2d JT gravity [11]

IQ
EM[gRN + δg,ARN + δA]

= −S0(Q) + βQ︸ ︷︷ ︸
extremal entropy, mass

−1
2

∫
d2x

√
gΦ
(
R+ 2

ℓ2AdS2

)
− Φb,Q

∫
∂M

du
√
h

(
K − 1

ℓAdS2

)
︸ ︷︷ ︸

JT gravity action in AdS2 throat

, (2.22)

where in the above we have already integrated out the gauge field fluctuations δA to get the
right-hand side. In writing the above action we have only kept track of fluctuations that
become important in the low temperature limit βEbrk. ≫ 1. The first two terms are the
extremal entropy S0 and extremal mass Q of a BH of charge Q. The last two terms are the
2d JT gravity action with appropriate boundary term in the AdS2 throat. The contribution
of the asymptotically flat region far from the BH has also been taken into account in the
above formula. The correct boundary conditions fix the dilaton to the value Φb,Q = (Ebrk.ϵ)−1

where ϵ is a cutoff in the AdS2 throat. The four-dimensional gravity path integral is thus
reduced to a two dimensional path integral

ZRN(β,Q) = eS0(Q)−βQ
∫
𝒟gµν𝒟Φe−IJT[gµν ,Φ], (2.23)

where the JT action can be identified from (2.22). The JT path integral can be evaluated
exactly by integrating over the dilaton Φ along an imaginary contour to enforce a delta
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function constraint on the curvature. The remaining integral is over all boundary fluctuations
weighted by the Schwarzian action, which comes from evaluating the boundary extrinsic
curvature. Since we will refer again to the perturbative expansion of the boundary modes in
later section, the fluctuations on the near-horizon boundary are weighted by

Iquad
Schw ∼

∑
|n|≥2

T

Ebrk.
n2(n2 − 1)ϵnϵ̄n , (2.24)

at quadratic order in the boundary fluctuations determined by the complex modes ϵn. The
integral should not include the modes n = −1, 0, 1, which correspond to the generators of
the SL(2,ℝ) isometry, which are not physical modes since they do not change the geometry
of the near-horizon region and are quotiented out in the gravitational path integral. As
T → 0, the quantum fluctuations over all physical modes become larger, and such modes
need to be integrated out exactly. Integrating-out these fluctuations exactly, the partition
function is given by

ZRN(β,Q) = 1
4π2

( 2π
βEbrk.

) 3
2

︸ ︷︷ ︸
one-loop correction

exp

 S0(Q)− βQ︸ ︷︷ ︸
extremal entropy, mass

+ 2π2

βEbrk.︸ ︷︷ ︸
semiclassical correction

to entropy+mass

 . (2.25)

The first term is the one-loop correction from the JT mode that becomes important at
low temperatures βEbrk. ≫ 1, where it can be noticed that ZRN → 0 as βEbrk. → ∞. The
exponential contains the extremal entropy, extremal mass, and leading semiclassical correction
to the entropy and mass terms away from extremality. The partition function can be written in
a way that makes it easy to extract the density of states through an inverse Laplace transform

ZRN(β,Q) =
∫ ∞

Q
dM

eS0(Q)

2π2Ebrk.
sinh

(
2π

√
2
√
M −Q

Ebrk.

)
e−βE . (2.26)

The density of states for fixed charge Q and energy above the extremality bound with zero
angular momentum,

E ≡M −Q , (2.27)

is therefore given by

ρ(E,Q) = eS0(Q)

2π2Ebrk.
sinh

(
2π

√
2
√

E

Ebrk.

)
Θ(E) . (2.28)

(The above formula should be trusted up to exponentially small (in Q) temperatures, where
other gravitational configurations may become important.) We see that the density of states
smoothly approaches zero as the energy above extremality is lowered. Thus at sufficiently
small temperatures T ≲ Ebrk. there are many fewer states than the semiclassical answer (2.15)
would predict. From the above we can derive the correction to the energy above extremality

M(Q,T ) = Q+ 2π2

Ebrk.
T 2 + 3

2T + . . . , (2.29)
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Figure 4. For any integer or half-integer angular momentum j, there exists a quasicontinuous density
of black hole microstates for energies E > Q+ Ej

0 = Q+ j(j+1)
2 Ebrk..

which should be compared with (2.15). At temperatures below the breakdown scale T < Ebrk.
the energy above extremality begins to grow linearly with temperature.

Note that for T ≲ Ebrk. the growth in the density of states is only a power-law (rather
than exponential) in energy above extremality. As a result, the fluctuations in energy above
extremality in the canonical ensemble are comparable to the average energy above extremality
(given in (2.29)). Consequently, the canonical and microcanonical ensembles begin to behave
quite differently, and one has to be careful when associating a single energy to the canonical
ensemble or a single temperature to the microcanonical ensemble.

Adding angular momentum. The preceding discussion considered Reissner-Nordström
black holes without angular momentum. However, a similar analysis can be done for black
holes with fixed charge and fixed integer or half-integer angular momentum j. An extra
SU(2) mode capturing metric fluctuations on the S2 must be included in the Schwarzian
analysis, with final result for the density of states with fixed j,m [12]

ρj(E,Q) = (2j + 1)eS0

2π2Ebrk.
sinh

(
2π

√
2
√
E − E0,j

Ebrk.

)
Θ(E − E0,j) . (2.30)

In total, there are actually 2j + 1 times this number of states with angular momentum j due
to a sum over the quantum number m. The spectrum in each sector begins at

M = Q+ Ej
0 ≡ Q+ j(j + 1)

2 Ebrk. , (2.31)

as shown in figure 4. For j = 0 the spectrum starts at M = Q, while for higher j the
spectrum is shifted by an amount proportional to Ebrk.. For j = 1 the spectrum begins
at Q + Ej=1

0 = Q + Ebrk., and so there are no states below this energy for this value of
charge, while for j = 0 there are states in this energy window. This will be important
when we consider the evaporation of such black holes in our universe since photons carry
angular momentum and thus, due to selection rules, induce transitions between black holes
in different angular momentum sectors.
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A simple way to understand the formula (2.30) is that the SU(2) almost-zero modes
decouple from the JT gravity modes and act as an SU(2) quantum rigid rotor. This rotor
enforces the constraint that the angular momentum j must be integer or half-integer and
also contributes an energy j(j + 1)Ebrk./2 to the total energy of the black hole. This energy
shifts the JT gravity spectrum (2.28) and leads to the density of states (2.30).

2.5 Matter correlators

JT gravity two-point function. For later analyses, we will need some matter correlators
and operator matrix elements in JT gravity [38–41]. The basic matrix element that we are
interested in is |⟨Ef |𝒪|Ei⟩|2, where

|E⟩⟨E| = PE

Tr[PE ]
= PE

ρ(E) (2.32)

represents a projection6 PE onto states of the black hole with energy E above extremality
that has been normalised to have trace one by dividing by the density of states

Tr[PE ] = ρ(E) ≡ eS0

2π2Ebrk.
sinh

(
2π

√
2
√

E

Ebrk.

)
. (2.33)

This formula can be found e.g. by regarding the trace as an infinite-temperature limit of
the Hartle-Hawking state |HH⟩.

Two matter insertions with scaling dimension ∆ separated by a geodesic length ℓ in
AdS2 is equivalent to an insertion of e−∆ℓ in the gravitational path integral. To account for
the fluctuations of the metric, one consequently has to integrate over this geodesic length ℓ

appropriately weighted in the gravitational path integral. To compute the matrix element
|⟨Ef |𝒪|Ei⟩|2, we can view e−∆ℓ as an operator inserted between two eigenstates of the ADM
Hamiltonian ψE(ℓ), one with energy E = Ei and the other with energy E = Ef , expressed
in the geodesic basis [39].7 Integrating over ℓ, the matrix elements of a boundary matter
operator with scaling dimension ∆ (coupled to the Schwarzian fluctuations) between energy
eigenstates of the black hole are given by

Tr(PEf
𝒪PEi𝒪)

Tr(PEf
)Tr(PEi)

≡ |⟨Ef |𝒪|Ei⟩|2 =
2e−S0 Γ

(
∆± i

√
2E−1

brk.Ef ± i
√
2E−1

brk.Ei

)
(2E−1

brk.)2∆Γ(2∆)

≡
2e−S0Γ∆

Ei,Ej

(2E−1
brk.)2∆Γ(2∆)

, (2.34)

where we have specified that the normalization of the matrix element through the ratio of
one-sided black hole Hilbert space traces on the left. Here, we are using a standard convention
where there is an implicit product over all choices of sign appearing in gamma functions;
in the last equation, we also defined Γ∆

EiEj
for later convenience. The energies Ei and Ef

in (2.34) (and the energies that appear below in (2.41)) represent the energy of the black
6Really, PE is a projection-valued measure where integrating PEdE gives a projector onto a range of

energies. Our conventions are ⟨E|E′⟩ = ρ(E)−1δ(E − E′).
7Such eigenstates are given by ψE(ℓ) = 4K

i
√

8 E
Ebrk.

(
e−ℓ/(2ℓAdS2 )).
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hole above the extremal energy Q+ Ej
0. In other words, the total energy of a black hole in

the state |E⟩, with charge Q and angular momentum j, is Q + Ej
0 + E.

In addition, higher dimensional fields that carry angular momentum, after dimensional
reduction, are charged under the two dimensional SU(2) field and give non-trivial matrix
elements between black hole states with different spin [42]. Once this is taken into account,
two matter operator insertions separated by a geodesic of length ℓ and an SU(2) holonomy g
along the geodesic slice is equivalent to inserting e−∆ℓDℓ

mpmp
(g) in the gravity path integral

where we now have to perform an additional integral over the SU(2) group element g in
addition to the integral over ℓ. Here, the matter operator has spin ℓ,mp and Dj

mpmp
(g) are

Wigner-D matrix elements for the group element g.8

The squared matrix element |⟨Ef , j
′,m′|𝒪ℓ,mp |E, j,m⟩|2 is a product of a matrix element

for e−∆ℓ, which simply gives (2.34), together with a matrix element for the SU(2) holonomy.
To construct the holonomy matrix element, we will use the SU(2) holonomy for the infinite-
temperature limit of the Hartle-Hawking state |HH⟩, which has wavefunction

⟨g|HH⟩ = δ(g) , ⟨HH|j;m,m⟩ =
√
2j + 1, (2.35)

where the states

⟨g|j;m,m′⟩ =
√
2j + 1Dj

mm′(g) , (2.36)

form an orthonormal eigenbasis for the angular momentum j and axial angular momentum
m. The trace of the projector

Pj,m =
∑
m′

|j;m,m′⟩⟨j;m,m′| (2.37)

is then

Tr[Pj,m] = ⟨HH|Pj,m|HH⟩ = 2j + 1, (2.38)

which gives the factor of (2j + 1) appearing in (2.30). The matrix element for the holonomy
in the matter two-point function is [42]:

⟨HH|Pj′,m′Dℓ
mp,mp

(g)Pj,m|HH⟩
Tr[Pj′,m′ ]Tr[Pj,m] =

∫
dg(Dj′

m′,m′(g))∗Dℓ
mp,mp

(g)Dj
m,m(g)

= 1
2j′ + 1

∣∣∣Cj′m′

jm,ℓmp

∣∣∣2 , (2.39)

where Cj′m′

jm,ℓmp
are Clebsch-Gordan coefficients of SU(2). Putting everything together, we

can now obtain the squared matrix element |⟨Ef , j
′,m′|𝒪ℓ,mp |E, j,m⟩|2 by considering the

ratio of traces
Tr(PEf ,j′,m′𝒪ℓ,mpPEi,j,m𝒪ℓ,mp)

Tr(PEf ,j′,m′)Tr(PEi,j,m) ≡ |⟨Ef , j
′,m′|𝒪ℓ,mp |Ei, j,m⟩|2

= e−S0

2j′ + 1

∣∣∣Cj′m′

jm,ℓmp

∣∣∣2 × 2Γ∆
Ei,Ej

(2E−1
brk.)2∆Γ(2∆)

, (2.40)

8In this paper, we will use the same conventions for the Wigner-D matrix elements and for Clebsch-Gordan
coefficients used in Mathematica 14.
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where j′, j, ℓ are the angular momenta of the final BH, initial BH, and particle, respectively,
while m′,m,mp are the respective axial Jz angular momenta. The energies Ef and Ei are
again the energies above the extremality bounds Q+Ej′

0 , Q+Ej
0 respectively. Above, PE,j,m

are projectors onto states with fixed energy E, angular momentum j and axial angular
momentum m.

JT gravity four-point function. We will also need the four-point function between energy
eigenstates. For a free scalar field, the four-point function is once again normalized by
considering a ratio of traces and is given by [38, 43],

Tr(PE1𝒪PE2𝒪PE3𝒪PE4𝒪)
Tr(PE1)Tr(PE2)Tr(PE3)Tr(PE4)

=⟨E1|𝒪|E2⟩⟨E2|𝒪|E3⟩⟨E3|𝒪|E4⟩⟨E4|𝒪|E1⟩= (2.41)

=𝒩4ptE
4∆
brk.(Γ∆

E1,E2Γ
∆
E2,E3Γ

∆
E3,E4Γ

∆
E4,E1)

1/2×
(
δ(E1−E3)
e−S0ρ(E1)

+ δ(E2−E4)
e−S0ρ(E2)

+
{
∆ E1 E2
∆ E3 E4

})
.

The first two terms in the last line are equal to the two-point function squared times a delta
function and come from Wick contractions of neighbouring pairs of operator insertions. In a
slight abuse of terminology we will refer to these terms as the time-ordered correlators, because
they dominate time-ordered four-point functions in the limit where there is a large time gap
between early- and late-time insertions. The final term, which is proportional to a 6J symbol
for SL(2,ℝ), comes from Wick contractions of antipodal pairs of operators and dominates
out-of-time-ordered correlators. The normalization is 𝒩4pt = (22∆−1Γ(2∆))−2e−3S0 . The
6J symbol is expressed in terms of the Wilson function as [43]

{
∆ E1 E2
∆ E3 E4

}
= (Γ12Γ23Γ34Γ41)1/2 (2.42)

×𝒲√
2E−1

brk.E4

(√
2E−1

brk.E2; ∆± i
√
2E−1

brk.E1,∆± i
√
2E−1

brk.E3

)
,

where we have restored all units of Ebrk. and written it in terms of energies. If the operators
in (2.41) carry spin and so are charged under the SU(2) gauge field, each term in (2.41) will
carry additional spin-dependent factors; however, we will only be interested in the case where
the initial and final state of the black hole carry spin j = 0. In this case, the formulas simplify
and we evaluate the four-point function of interest for our application in appendix D.9

9The effect of spin in the four-point function results in a Wigner-D matrix element associated with each
consecutive pair of operator insertions [42]; the labels of this Wigner-D are given by the representation and
state of the black hole between consecutive operator insertions. The group element on which each of these four
Wigner-D is evaluated is given by the holonomy between the two consecutive operator insertions. There are
two additional Wigner-D matrix elements associated with the worldlines that go between the contracted pair
of operator insertions. Their representation and m-label are given by the spin and m-labels of the contracted
pair of operators. The group element on which each one of these two Wigner-D is evaluated is given by the
holonomy between the two operator insertions connected by the worldline. To obtain the final result, we
perform an integral over all holonomies. In the case of interest for this paper, the initial and final spins of the
black hole have j = 0: in such cases, two of the Wigner-D matrix elements are equal to 1, and the integrals
over holonomies drastically simplify.
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3 Neutral particle emission

In this section, we will explain both the semiclassical Hawking emission rate for uncharged
particles from near extremal Reissner-Nordström black holes, as well as the quantum corrected
low-temperature rate. The key point will be to extract the decay rate using Fermi’s golden
rule and its generalization to second-order perturbation theory, which relies on the JT gravity
two- and four-point functions, respectively. We will find that these calculations correctly
reproduce semiclassical results at high temperatures, but receive significant corrections at
low temperatures, T ≲ Ebrk., that significantly modify the evaporation rate. In particular,
for black holes with angular momentum j = 0 one finds that at low temperatures single
photons and gravitons cannot be produced on-shell and the emission is instead dominated
by the emission of entangled pairs of photons.10

3.1 Semiclassical result

We begin by reviewing the semiclassical calculation of the Hawking emission rate for neutral
particles; see [45, 46] for a recent discussion. The energy flux lost by the black hole per
unit time is given by

dE

dt
=
∑
ℓ,m

∫ ∞

0

dω

2π
ωPemit(ω, ℓ)
eβω − 1 . (3.1)

In the above ℓ,m specify angular momenta and Pemit(ω, ℓ) is known as the transmission
probability/greybody factor. The greybody factor is the probability that a spherical outgoing
wave is transmitted through the effective potential of the black hole and escapes to infinity,
and it depends on the frequency and angular momentum of the emitted wave as well as
on the black hole background.

To calculate the energy flux, we must first calculate the transmission probability for the
mode of interest. The effective potential of the black hole grows stronger with increasing
angular momentum, so the dominant decay channel comes from the lowest angular momentum
modes available. We will be interested in considering the case of our universe, where the
dominant decay channels consist of photons and graviphotons, but we will first illustrate
the general idea by considering a massless scalar field. We must solve the wave equation
∇2ϕ = 0 in the near-extremal black hole background. Imposing purely in-going boundary
conditions at the horizon, the solution will take the general form

ϕ ∼
r∗→−∞

aine
−ir∗ω, ϕ ∼

r∗→+∞
bine

−ir∗ω + boute
ir∗ω, (3.2)

where we have introduced the tortoise coordinate r∗, defined by dr∗
dr = f−1. The absorption

probability/transmission and reflection coefficients are given by

Pemit(ω, ℓ) ≡ 𝒯 =
∣∣∣∣ain
bin

∣∣∣∣2 , ℛ =
∣∣∣∣bout
bin

∣∣∣∣2 , (3.3)

10Schwarzian corrections to neutral Hawking radiation emission rates were independently studied in [44]. We
believe their results to be consistent with ours for S-wave emission of scalar fields, as described in section 3.3.
For particles with nonzero spin, their formulas are incorrect because they do not take into account angular
momentum conservation or photon-graviton mixing. Separately, the conclusion of [44] that Hawking radiation
for small near-extremal black holes is dominated by Higgs boson emission is incorrect because it ignores
charged particle emission, discussed in sections 4 and 5.
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with the condition 𝒯 +ℛ = 1. Due to exponential suppression of high-energy excitations,
evaporation is dominated by modes with βω ≲ 1 for which the wave equation can be solved
in distinct overlapping regions to extract the greybody factor. In appendix A, we solve the
wave equation and find the absorption probability for a massless scalar to be

P scalar
emit (ω, ℓ = 0) = 4(r+ω)2, (3.4)

which matches the expected universal answer [47] for 4d black holes at small frequency. The
formula (3.4) turns out to be independent of the temperature T of the black hole; this is
a peculiarity specific to the S-wave mode of massless scalar fields and will not be true in
general. For near-extremal RN black holes, the semiclassical energy flux in the S-wave of
the scalar for Tr+ ≪ 1 is thus

dE

dt
= 1

2π

∫ ∞

0
dωω

4(ωr+)2

eβω − 1 = 2π3

15 r
2
+T

4. (3.5)

The greybody factors for the lowest modes of the photon and graviton for the near-extremal
Reissner-Nordström background are:

P photon
emit (ω, ℓ = 1) = 4

9r
8
+ω

4
(
ω2 + 4π2

β2

)(
ω2 + 16π2

β2

)
, (3.6)

P photon
emit (ω, ℓ = 2) = 4

45r
8
+ω

6
(
ω2 + 4π2

β2

)
, (3.7)

P graviton
emit (ω, ℓ = 2) = 16

45r
8
+ω

6
(
ω2 + 4π2

β2

)
. (3.8)

In appendix A, we derive greybody factors for general values of angular momentum.11 The
first propagating photon and graviton modes are respectively ℓ = 1, 2. It is surprising that
the different modes have greybody factors that scale with the same powers of frequency and
temperature. This is explained by the fact that the equations of motion for propagating
photons and gravitons mix in the Reissner-Nordström background, which we further explain
in appendix A.

The energy fluxes for the above modes are then given by

ℓ=1 photon: dE

dt
= 6
2π

∫ ∞

0

dωω

eβω−1

(
4
9r

8
+ω

4
(
ω2+4π2

β2

)(
ω2+16π2

β2

))
= 62848π9

2079 r8
+T

10 ,

ℓ=2 photon: dE

dt
= 5
π

∫ ∞

0

dωω

eβω−1

(
4
45r

8
+ω

6
(
ω2+4π2

β2

))
= 3968π9

1485 r8
+T

10 , (3.9)

ℓ=2 graviton: dE

dt
= 5
π

∫ ∞

0

dωω

eβω−1

(
16
45r

8
+ω

6
(
ω2+4π2

β2

))
= 15872π9

1485 r8
+T

10 .

For the ℓ = 1 photon, we have taken into account two polarizations and three components of
axial angular momentum. For the ℓ = 2 photon/graviton, there are two polarizations and
five components of axial angular momentum. We see that for QFT on a fixed background,
all three modes give comparable fluxes.

11These results match certain limiting cases computed by [7, 48, 49].
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The total energy flux from a near-extremal RN black hole is the sum of the three channels
in (3.9). So long as the semiclassical approximation is valid, we thus have a rate of energy
loss due to massless radiation of

dE

dt
= 30208π9

693 r8
+T

10 . (3.10)

As we will see, the above semiclassical answer is correct for temperatures above the
breakdown scale, T ≫ Ebrk.. To extract the energy flux at low temperatures, T ≲ Ebrk.,
where the semiclassical answer is badly wrong, we will need to use different techniques, which
we now explain. We will see that at low temperatures, quantum corrections make it so the
dominant mode becomes the ℓ = 1 photon.

3.2 Hawking radiation in JT gravity

We now explain how the Hawking emission rate can be calculated from a Schwarzian two-
point function by using Fermi’s Golden rule. The logic essentially follows the effective string
approach for calculating greybody factors of black holes [10, 50–55].

In pure JT gravity plus matter, there is no spontaneous emission of Hawking radiation
out of AdS2 because all Hawking quanta are reflected back into the black hole before they
reach the boundary. As a result, the boundary Hamiltonian is conserved. If we turn on
a classical external source that oscillates at frequency ω, it will stimulate the emission of
radiation from the black hole at the same frequency. In a near-extremal black hole, such
sources describe classical waves reflecting off the black hole. Even in the absence of such a
classical source, the near-horizon region of a near-extremal black hole is weakly coupled to
the quantum state of propagating fields far from the horizon. This coupling is what leads
to the spontaneous emission of Hawking radiation.

A classical external source. Asymptotically, solutions to the scalar wave equation in
AdS2 can be written as

ϕ(z, t) = ϕbdy(t)z1−∆ +O(z∆), (3.11)

where z is a local Poincaré coordinate that is defined relative to the location of the Schwarzian
boundary particle. The scaling dimension ∆ of the primary 𝒪 is related to the mass m
of the field ϕ by m2 = ∆(∆ − 1). The normalizable O(z∆) piece in (3.11) is a dynamical
degree of freedom. However, the coefficient ϕbdy(t) of the non-normalizable mode has to
be fixed as part of the boundary conditions of the theory. Physically, ϕbdy(t) describes an
excitation “tunnelling into” the spacetime from beyond the boundary. When ϕbdy(t) ̸= 0,
the Schwarzian action becomes

I = Isch. +
∫
dt ϕbdy(t)𝒪(t), (3.12)

where 𝒪 is a bulk operator that describes the coefficient of the normalizable mode in (3.11).
It plays the same role as a single-trace CFT primary in higher-dimensional AdS/CFT, while
ϕbdy(t) plays the role of a source J(t) for that primary. The relative normalizations of
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ϕbdy(t) and 𝒪 need to be chosen correctly so that the second term in (3.12) appears with
coefficient one. When

ϕbdy(t) = ϕ0e
−iωt , (3.13)

oscillates at frequency ω, this coupling introduces a time-dependent perturbation HI(t) =
ϕbdy(t)𝒪(t) to the Hamiltonian. Using Fermi’s golden rule, this leads to the transition rate

Γi→f = 2π |⟨Ef |HI |Ei⟩|2 δ(Ei − ω − Ef )
= 2π|ϕ0|2 |⟨Ef |𝒪(0)|Ei⟩|2 δ(Ei − ω − Ef ). (3.14)

Coupling to an external quantum system. The formula (3.14) can be used to compute
the stimulated emission rate for a near-extremal black hole in response to an incoming
classical wave. This rate is related to the spontaneous emission rate by a classic argument
of Einstein. However, since the latter rate is our true object of interest, we will instead
describe how to derive it directly. In the absence of an incoming wave, the classical value
of ϕbdy(t) is zero. However, after quantizing matter fields far from the black hole, ϕ̂bdy(t)
becomes a nontrivial quantum operator acting on the far-field Hilbert space. In particular,
ϕ̂bdy(t) does not annihilate the quantum vacuum. The second term in (3.12) then becomes
a perturbative interaction

HI(t) = 𝒪(t) ϕ̂0(t) , (3.15)

coupling the near-horizon and far-field Hilbert spaces. Since the far-field Hamiltonian is free,
we can use the classical equations of motion to relate ϕ̂0 to a linear combination of creation
and annihilation operators at asymptotic infinity and thereby derive the spontaneous rate of
Hawking emission for the near-extremal black hole. In particular, given the interaction (3.15),
Fermi’s golden rule leads to the spontaneous emission rate

Γi→f = 2π |⟨Ef , ω|𝒪 ϕ̂0|Ei⟩|2 δ(Ei − ω − Ef ). (3.16)

Here the state |Ei⟩ means that the black hole has energy Ei and the far-field modes are in
the vacuum state, while, in the state |Ef , ω⟩, the black hole has energy Ef and the far-field
modes contain a single delta-function-normalized particle excitation with energy ω. Similarly,
the state |Ei, ω, ω

′⟩ would describe a black hole with energy Ei and two particles in the
far-field Hilbert space with energies ω and ω′.

To compute the full spontaneous emission rate we need to integrate over both the final
energy of the black hole and the energy ω of the radiated quanta, multiplied by their respective
continuum densities of states. For the JT gravity states, |Ef ⟩, the correct density of states
is given in (2.28). Meanwhile, if the states of the far-field modes are normalized so that
⟨ω′|ω⟩ = δ(ω − ω′), then the operator

P1 =
∫
dω |ω⟩⟨ω| , (3.17)

is a projector onto single-particle states of the far-field mode, and so the far-field continuum
density of states is equal to one. It follows that the total spontaneous emission rate is

Γspon. =
∫ ∞

0
dω

∫ ∞

0
dEfρ(Ef )Γi→f . (3.18)
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To calculate the expected energy flux, we insert an extra factor of the energy of the mode

dE

dt
=
∫ ∞

0
dωω

∫ ∞

0
dEfρ(Ef )Γi→f . (3.19)

3.3 Massless scalar emission

As a warm-up, we begin with the case of a massless scalar field ϕ and a black hole with
angular momentum j = 0. The four-dimensional action is given by

I = 1
2

∫
d4x

√
g4∇aϕ∇aϕ. (3.20)

In appendix A, we solve the equations of motion for the scalar field in the near-extremal
Reissner-Nordström black hole background. The field can be decomposed as

ϕ(t, r, θ, ϕ) =
∑
ℓ,m

1
r+

∫ ∞

0
dωe−iωtϕωℓm(r)Yℓ,m(θ, ϕ) + h.c. (3.21)

where Yℓ,m are spherical harmonics for the angular momentum mode ℓ,m. The factor of 1/r+
was included so that, after dimensionally reducing to two dimensions in the near-horizon region,

ϕℓm(r, t) =
∫ ∞

0
dω e−iωtϕωℓm(r) + h.c. (3.22)

becomes a canonically normalized two-dimensional scalar field. Near asymptotic infinity,
we can write

ϕωℓm(r) = aωℓm r+√
4πωr

e−iωr + bωℓm r+√
4πωr

eiωr . (3.23)

Here, the normalizations were chosen so that, e.g. the quantum operator

aωℓm =
√
ω

4π

∫
rdrd2ΩY ∗

ℓ,m eiωr
[
ϕ(0, r, θ, ϕ) + i

ω
ϕ̇(0, r, θ, ϕ)

]
, (3.24)

satisfies

[aω′ℓ′m′ , a†ωℓm] = δℓ′,ℓδm′,mδ(ω − ω′), (3.25)

and hence acts as a conventionally normalized annihilation operator on the Fock space ℋrad
describing the far-field radiation. At asymptotic future null infinity, the far-field Hamiltonian
can be written in terms of the outgoing modes as

H+∞ =
∑
ℓ,m

∫ ∞

0
dωω b†ωℓmbωℓm, (3.26)

while at past null infinity, it can be written in terms of the ingoing modes as

H−∞ =
∑
ℓ,m

∫ ∞

0
dωω a†ωℓmaωℓm. (3.27)
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Meanwhile, in the near-horizon region, the general solution is found in (A.8) to be

ϕωℓm(r) = cωℓm

(
r2

+
r − r+

)−ℓ

+ dωℓm

(
r2

+
r − r+

)ℓ+1

. (3.28)

The solution (3.28) is valid so long as ω ≪ r−2
+ (r−r+). In other words it is valid so long as we

are near the asymptotic boundary of the AdS2 region from the perspective of a Rindler mode
with frequency ω. The first and second terms in (3.28) are related to the non-normalizable
and normalizable modes, respectively. In the near-extremal limit, the near-horizon and
far-field regions decouple, and so the modes dωℓm, which describe quantum tunneling out of
the horizon, vanish up to the perturbative corrections that we will include momentarily. We
show how to match coefficients in the solutions (3.24) and (3.28) in appendix A.3. Setting
dωℓm = 0, one obtains

bωℓm = −e−iℓπaωℓm and cωℓm = aωℓm
−ie−

i
2 ℓπωℓ+ 1

2 r2ℓ+1
+

2ℓ
√
2πΓ(ℓ+ 3

2)
. (3.29)

These boundary conditions fix the Hamiltonians (3.26) and (3.27) to be equal

H0 = H+∞ = H−∞ =
∑
ℓ,m

∫ ∞

0
dωω a†ωℓmaωℓm. (3.30)

since no energy is absorbed or emitted by the black hole.
The dominant contribution to the Hawking emission process comes from the scalar mode

with ℓ = m = 0. This mode is described in the near-horizon region by a two-dimensional
scalar field with scaling dimension ∆ = 1 in JT gravity. The far-field operator ϕ̂0 describing
the non-normalizable mode that appears in (3.15) is

ϕ̂0(t) ∝ lim
(r−r+)≫(ωr2

+)

( r2
+

r − r+

)ℓ

ϕ00(r, t)

 ∝
∫ ∞

0
dω
(
cω00e

−iωt + c†ω00e
iωt
)
. (3.31)

Plugging in (3.29), we obtain

ϕ̂0(t) = 𝒩
∫ ∞

0
dω
√
r2

+ω (aω00 + a†ω00) , (3.32)

where the dimensionless normalization constant 𝒩 needs to be chosen such that (3.12) holds,
given our choice of normalization for the JT gravity operator 𝒪. Rather than computing
𝒩 from first principles, we will fix it by matching the fully quantum emission rate derived
here to the semiclassical rate derived in section 3.1 (in the high energy limit). As we shall
see, the correct normalization turns out to be 𝒩2 = 1

π2 .
To leading order in perturbation theory in the low-temperature limit, the interaction

Hamiltonian is

HI = 𝒩𝒪
∫ ∞

0
dω
√
r2

+ω (aω00 + a†ω00). (3.33)

We expect the state |Ei⟩, where the black hole has energy Ei and the far-field modes, are in
the vacuum state |Ω⟩ to decay to a state |Ef , ω⟩, where the black hole has energy Ef and
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the far-field modes, are in the delta-function normalized single-particle state |ω⟩ = a†ω00|Ω⟩.
The matrix element between these states is

⟨Ef , ω|HI |Ei⟩ = 𝒩
√
r2

+ω ⟨Ef |𝒪|Ei⟩ , (3.34)

where we are left with a one-point function between initial and final energy eigenstates of the
black hole. Using Fermi’s golden rule (3.16), we therefore find the spontaneous decay rate

Γi→f = 2π|⟨Ef , ω|HI |Ei⟩|2δ(Ef + ω − Ei) (3.35)
= 2π𝒩2(r2

+ω)|⟨Ef |𝒪|Ei⟩|2δ(Ef + ω − Ei) ,

To get the total spontaneous emission rate into an arbitrary final state we integrate over
all possible final states, leading to

Γspon. =
∫ ∞

0
dω

∫ ∞

0
dEfρ(Ef )Γi→f = 2π𝒩2

∫ Ei

0
dω(r2

+ω)ρ(Ei − ω)|⟨Ei − ω|𝒪|Ei⟩|2 . (3.36)

The energy flux per unit time is

dE

dt
= 2π𝒩2

∫ Ei

0
dω(r+ω)2ρ(Ei − ω)|⟨Ei − ω|𝒪|Ei⟩|2 . (3.37)

By using the JT gravity two-point function (2.34) with ∆ = 1 for the massless scalar and
the density of states (2.28), we find that the energy flux is

dE

dt
= 2
π

∫ Ei

0
dωω(r+ω)2

sinh
(
2π
√
2E−1

brk.(Ei − ω)
)

cosh
(
2π
√
2E−1

brk.Ei

)
− cosh

(
2π
√
2E−1

brk.(Ei − ω)
) , (3.38)

where we have simplified the various gamma functions appearing in the two-point function
and set 𝒩2 = 1

π2 as explained above.
This is the exact quantum answer for the radiated flux in the ℓ = 0 mode of a scalar

field from a black hole which begins in an initial microcanonical state centered around energy
Ei. We plot the energy flux in figure 5, both at high initial energies Ei where it matches
the semiclassical emission spectrum, and at low energies where we see significant deviations
from the semiclassical result.

Semiclassical limit. The semiclassical answer is given by taking the limit of a black hole
with initial energy far above extremality while holding the corresponding microcanonical
temperature finite. This means taking Ei/Ebrk. → ∞. The full quantum energy flux (3.38)
reduces to12

semiclassical limit: dE

dt
= 1

2π

∫ ∞

0
dωω

4(r+ω)2

eβω − 1 = 1
30πr

2
+E

2
brk.E

2
i , β =

√
2π2

Ebrk.Ei

(3.39)
12In this limit we are approximating the sinh & cosh functions by exponentials and finding that the

trigonometric expressions in (3.38) simplify to (e
√

Ei−
√

Ei−ω)−1 ∼ (eβω − 1)−1 once numerical prefactors are
included.
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Figure 5. Comparison of the semiclassical prediction vs. quantum corrected Hawking radiation
into a massless scalar field. The energy flux per unit frequency is plotted for a black hole in the
microcanonical ensemble at initial energy Ei above extremality at fixed charge Q. Left: for a BH
initially far above the thermodynamic breakdown scale (Ei = 100Ebrk.), quantum corrections are not
important and the exact energy flux approaches the semiclassical prediction. Right: for a BH below
the breakdown scale (Ei = .1Ebrk.) Schwarzian corrections are important and the distribution is no
longer thermal. The exact Schwarzian answer cuts off the spectrum so particles with energy larger
than the initial black hole energy, ω > Ei, are not emitted. Note that the scales of the two plots are
very different due to the difference in energy above extremality. The plot of the exact flux from the
Schwarzian comes from the integrand of (3.38), while the semiclassical flux is from (3.39).

where we have identified the effective inverse temperature β in the microcanonical ensemble
at energy Ei. This is exactly the QFT-in-a-fixed-curved-background result for the energy
flux emitted by a black hole at temperature T (3.5). Thus, the formula for the energy flux
from the JT gravity two-point function correctly reproduces the expected semiclassical energy
flux with the choice of 𝒩 given below (3.29).

Quantum limit. In the opposite limit, Ei, ω ≪ Ebrk., quantum effects become very im-
portant. We obtain

lim
Ei≪Ebrk.

dE

dt
=

√
2

π2 E
1
2
brk.

∫ Ei

0
dω(r+ω)2√Ei − ω (3.40)

= 16
√
2

105π2 r
2
+E

1
2
brk.E

7
2
i .

We can compare the quantum corrected energy flux at low energies to the extrapolation
of the semiclassical flux (3.39) at the same energy

quantum corrected flux
semiclassical flux ∼

(
Ei

Ebrk.

) 3
2
. (3.41)

Since we are looking at Ei ≪ Ebrk. we find that the quantum corrected flux is much lower
than the naive semiclassical flux.

Converting to the canonical ensemble. With the fluxes in the microcanonical ensemble,
we can easily convert to the canonical ensemble. The initial black hole density matrix is
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distributed with thermal distribution ρi = Z(β)−1∑
i e

−βEi |Ei⟩⟨Ei|. We can simply apply
this distribution to the energy flux of the microcanonical ensemble to obtain the flux in
the canonical ensemble using the density of states and partition function of near-extremal
black holes (2.28),

dE

dt

∣∣∣∣
canonical

= 1
Z(β)

∫ ∞

0
dEiρ(Ei)e−βEi

dE

dt

∣∣∣∣
micro. Ei

(3.42)

Examples of the Hawking radiation spectra for a black hole in the canonical ensembles at
different temperatures are shown in figure 6.

At large temperatures T ≫ Ebrk. the integral is dominated by large energies Ei, and the
microcanonical answer matches the QFT-in-curved-spacetime result (3.5) where we replace
β =

√
2π2

Ebrk.Ei
. Performing the above integral with this answer, we find

dE

dt

∣∣∣∣
canonical

= 2π3

15 r
2
+T

4 + 𝒪(r2
+Ebrk.T

3), T ≫ Ebrk. . (3.43)

This is unsurprising since the ensembles are identical at large temperatures/energies. For
very small temperatures, we must use the low energy result (3.40), finding

dE

dt

∣∣∣∣
canonical

= 1
Z(β)

∫ ∞

0
dEiρ(Ei)e−βEi

(
16
√
2

105π2 (r+Ei)2E
3
2
i E

1
2
brk.

)

= 256
√
2

35π
5
2
r2

+E
1
2
brk.T

7
2

(
1 + 𝒪

(
T

Ebrk.

))
, T ≪ Ebrk. . (3.44)

In apparent contrast with the microcanonical ensemble, we find that the quantum-corrected
emission rate at low temperatures is larger than the semiclassical rate. This is because the
semiclassical thermodynamic relation M −Q = 2π2T 2/Ebrk. is dramatically modified at low
temperatures such that the canonical ensemble is dominated by states with M −Q ∼ T .

3.4 Particles with spin

Photon emission. Since no massless scalars are known to exist in our universe, we now
turn to the emission of photons. As explained in appendix A, the photon couples to the
metric in the Reissner-Nordström background, so the various angular momentum modes
are composite excitations of the metric and gauge modes. The equations of motion of the
composite field can be solved in overlapping regions on the black hole geometry. We leave
the details to appendix A.3, with the result that the ℓ = 1 mode couples to an operator with
∆ = 3 in the throat. Naively, we would expect this to be the dominant decay channel in
our universe since it has the smallest allowed angular momenta and hence experiences the
smallest centrifugal potential far from the black hole. However it will turn out that an ℓ = 2
“graviphoton” mode has smaller scaling dimension ∆ = 2 in the throat and hence contributes
an O(1) fraction of the Hawking radiation in the semiclassical limit.

Angular momentum selection rules. The Reissner-Nordström black hole splits up into
sectors labeled by its integer or half-integer angular momentum j,13 with a density of states

13This is the case if fermionic states are present in the theory as is the case in our own universe. If only
bosonic states are included than angular momentum may be integer quantized.
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Figure 6. Comparison of the semiclassical prediction vs. quantum corrected Hawking radiation into a
massless scalar field. In figure 5, we plotted these quantities in the microcanonical ensemble; here, we
plot them in the canonical ensemble. The energy flux per unit frequency is plotted for a black hole in
the canonical ensemble at temperature T = Ebrk./10 (left) and T = Ebrk./40 (right). The semiclassical
prediction is plotted using the exact expression (3.5), while the Schwarzian corrected answer is obtained
by numerically integrating the exact expression (3.42). It appears that the energy flux in the exact
quantum answer is larger than the semiclassical flux at fixed temperature T . Naively, this seems in
contradiction with the microcanonical result, which showed reduced flux relative to the semiclassical
answer at very low energies. The resolution is that the semiclassical relation M − Q = 2π2

Ebrk.
T 2

breaks down at low temperatures. Instead, a black hole in the canonical ensemble at temperature
T ≪ Ebrk. is dominated by states with M − Q ∼ T although the distribution is no longer tightly
peaked about any one value. The increase in typical energy leads to an increase in expected flux for
the canonical ensemble relative to the semiclassical prediction. Furthermore, at high values of ω, the
quantum corrected and semiclassical spectra agree. This is because only black holes that have high
enough energy above extremality can radiate such particles; such black holes are well described in the
semiclassical approximation but have a large Boltzmann suppression.

in equation (2.30).14 In the near-horizon region, this can be seen from the quantization
of the near-zero modes of metric that induce rotations of the transverse S2 when moving
along the boundary of AdS2. By computing matrix elements of spinning operators when this
mode is taken into account, we find that transitions are only allowed if angular momentum is
conserved. That is, the BH with initial angular momentum j can only transition into states
with j′ = j− 1, j, j+1 by emitting an ℓ = 1 photon since j ⊂ j′⊗ 1. An edge case is an initial
state with j = 0, which can emit a photon and transition only into a j = 1 state. Similarly
the only way to transition into a j = 0 state is from an initial j = 1 state.

Another important feature is that the spectrum begins, for sectors with charge Q and
spin j, at a minimum energy (2.31), which we restate here for convenience

Q+ Ej
0 = Q+ j(j + 1)

2 Ebrk. . (3.45)

If the black hole has energy below this value then states with angular momentum j simply
do not exist, and the BH must be composed of states with smaller values of j.

14In the massless scalar case, we restricted to the j = 0 sector. Since we considered the ℓ = 0 mode, a BH
that starts with spin j can only transition to a BH with spin j through the emission of ℓ = 0 massless scalars.
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As the BH decays into photons and reaches energies below each successive Ej
0 it must

successively lose more of its angular momentum into photons. At low energies E ≤ 3Ebrk.
only j = 0, 1 states remain,15 and the BH will transition between these two sectors, losing
energy in the process. Finally, as it gets closer to extremality, it will decay to a j = 0 state
with mass M ≤ Q + Ebrk., at which point it can no longer decay through single photon
emission to a j = 1 state with smaller energy since such states do not exist. Thus, the
BH reaches a metastable state in the j = 0 sector at some energy E ≤ Ej=1

0 from which
it cannot decay due to single photon emission.

However, as we shall explain below, it can decay through two-photon processes where
the emitted photons are in a singlet state and do not carry away any angular momentum.
This allows j = 0 to j = 0 transitions, which cannot occur by any other process. This
allows a BH with E ≤ Q+ Ebrk. to continue decaying towards the extremality bound E = Q

in our own world.
To summarize the above discussion, a BH with arbitrary initial j will lose its angular

momentum as it emits Hawking radiation. Eventually it will reach a state with j = 0
below the breakdown scale Ebrk.. At this point it continues evaporating through di-photon
emission where the emitted photons are in an entangled singlet state. We now proceed to
calculate all of these emission rates.

The spectrum of photons. We first calculate the emission of individual photons from the
BH. Similar to the case of the scalar we can solve the equations of motion, which we do in
appendix A.3, and extract the non-normalizable mode to find the interaction Hamiltonian16

HI = 𝒩
∑

mγ=±1,0
𝒪ℓ,mγ

∫
dωr4

+ω
3/2(aω,mγ + a†ω,mγ

), 𝒩2 = 40
3π2 , (3.46)

where 𝒪ℓ,mγ is a spinning operator with dimension ∆ = 3 for the ℓ = 1 mode, and we
have chosen 𝒩 to match the semiclassical answer in the appropriate limit. The creation
and annihilation operators create photons with energy ω, unit angular momentum and
Jz = mγ = ±1, 0. We have the same free Hamiltonian and commutation relations as in
the case of the scalar.

The Hilbert space is again a tensor product ℋ = ℋBH ⊗ ℋrad, where now BH
states are also labeled by angular momentum quantum numbers |Ej,m

i ⟩. The photon cre-
ation/annihilation operator has non-trivial action on ℋBH since there are non-zero matrix
elements between different values of j,m. The matrix elements for transitions between the
photon vacuum |Ω⟩ and the single-photon state |ωmγ ⟩ = a†ω,mγ

|Ω⟩ are given by

⟨Ej′,m′

f , ωmγ |HI |Ej,m
i ⟩ = 𝒩r4

+ω
3/2⟨Ef −Ej′

0 , j
′,m′|𝒪ℓ,mγ |Ei−Ej

0, j,m⟩(δj,j′+δj,j′±1) , (3.47)

where Ej
0 = j(j+1)

2 Ebrk. is the shift in the energy above extremality for a spinning black hole.
The one-point function between energy eigenstates remains the same (2.34) even with j indices
as long as we subtract Ej

0 from the energy and integrate against the spin-j density of states.
15We are, for the moment, ignoring fermionic black holes with j = 1

2 .
16There are six distinct photon modes (three axial components, two helicities) that mediate distinct

transitions between BH states with different Jz.
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We will take an initial BH state in the microcanonical ensemble at initial energy Ej,m
i

with spin j. Fermi’s Golden rule tells us that the transition rate per unit frequency dω to
a particular final state f is given by (2.40)

Γi→f = 2π𝒩2

(2j + 1)(2j′ + 1)

j∑
m=−j

∑
mγ=±1,0

r8
+ω

3|⟨Ef − Ej′

0 |𝒪|Ei − Ej
0⟩|

2

× (δj,j′ + δj,j′±1)
∣∣∣Cj′m′

jm ℓmγ

∣∣∣2 δ(Ei − Ef − ω) , (3.48)

In the above, we have averaged over initial states giving an extra prefactor of 1/(2j + 1)
relative to the matrix element (3.47) and summed over the quantum numbers m′ and mγ

describing the final angular-momentum states of the black hole and photon respectively. The
final black hole angular momentum j′ and the photon energy ω remain fixed for the moment.
As explained in section 2.5, the Clebsch-Gordan coefficients and spin prefactors come from
a matrix element for the holonomy of the rotational modes.

To get the total decay rate we integrate and sum over these remaining degrees of
freedom. We get

Γspon. = 2
∫ ∞

0
dω
∑
j′

∫ ∞

Ej′
0

dEfρj′(Ef )Γi→f

= 4π𝒩2 ∑
j′=j,j±1

∑
m,m′,mγ

∣∣∣Cj′m′

jm ℓmγ

∣∣∣2
(2j + 1)(2j′ + 1)

∫ Ei−Ej′
0

0
dωr8

+ω
3ρj′(Ei − ω)

× |⟨Ei − ω − Ej′

0 |𝒪|Ei − Ej
0⟩|

2 . (3.49)

The factor of two comes from a sum over the two possible polarizations of the photon in the
final state. Let us make a couple of comments about this formula. The CG coefficients ensure
that selection rules are obeyed so that the tensor product representation j ⊗ ℓ contains j′.
Meanwhile, the restriction in the range of the integral over ω comes from the fact that we
can only emit a photon when the density of states ρj′(Ei − ω) is greater than zero. This
only occurs above the extremality bound for the j′ sector. The sum over CG coefficients
gives an overall prefactor for each emission channel, giving a relative probability to emit
into various final spins. A key identity is∑

m,m′,mγ

∣∣∣Cj′m′

jm ℓ,mγ

∣∣∣2 = 2j′ + 1 , (3.50)

which can be viewed as the trace within the tensor product representation j⊗ ℓ of a projector
onto states with spin j′. The energy flux is given by inserting an extra ω in the integrands.
For general initial j we get

dE

dt
= 4π𝒩2 ∑

j′=j,j±1

1
2j + 1

∫ Ei

0
dωr8

+ω
4ρj′(Ei − ω)|⟨Ei − ω − Ej′

0 |𝒪|Ei − Ej
0⟩|

2 , (3.51)

In the special cases j = 0 or j = 1
2 the above simplifies, since then only j′ = 1 and j′ = 1

2 ,
3
2

contribute respectively.
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Full quantum corrected energy flux. The full quantum corrected energy flux into the
ℓ = 1 photon for a near-extremal black hole with a small amount of angular momentum
j and initial energy Ei is given by

dE

dt
= 1

144π3

∑
j′=j,j±1

2j′ + 1
2j + 1

∫ Ei−Ej′
0

0
dωr8

+ω
4E5

brk. sinh
(
2π
√
2E−1

brk.(Ei − ω − Ej′

0

)
(3.52)

× Γ
(
3± i

√
2E−1

brk.(Ei − Ej
0)± i

√
2E−1

brk.(Ei − ω − Ej′

0 )
)

×Θ
(
Ei − ω − Ej′

0

)
.

We have used the expression for the two-point function (2.34) with ∆ = 3, the density of
states for arbitrary angular momentum (2.30), and our chosen normalization factor 𝒩. The
theta function in the last line enforces that when Ei − ω < Ej′

0 there is no emission channel
into j′ states since they don’t exist at final energies Ei − ω. We drop the theta function
going forward, with the understanding that it is implicit in all equations. Plots of (3.52) for
various values of Ei and j are shown in figures 1 and 7.

This formula showcases that a BH with non-zero j can transition into three distinct final
BH states with j′ = j, j ± 1, and the density of states enforces the constraint that when
quantum black hole states cease to exist, the flux into those states vanishes. For small values
of j, the flux into the different final states j′ is slightly uneven due to the prefactor. As we
will soon show, this formula interpolates between the semiclassical prediction and the full
quantum answer that shows significant deviations near the various breakdown scales Ej′

0 .
The full quantum corrected energy flux for a near-extremal Reissner-Nordström BH

without any initial angular momentum (j = 0) with initial energy Ei is simpler and is

dE

dt

∣∣∣∣
j=0

= 1
3π

∫ Ei−Ebrk.

0
dωr8

+ω
4(ω + Ebrk.)

(
E2

brk. + 8Ebrk.Ei − 2Ebrk.ω + ω2
)

×
(
E2

brk. + 8Ebrk.Ei + 4Ebrk.ω + 4ω2
)

×
sinh

(
2π
√
2E−1

brk.(Ei − ω − Ebrk.)
)

cosh
(
2π
√
2E−1

brk.Ei

)
− cosh

(
2π
√
2E−1

brk.(Ei − ω − Ebrk.

) . (3.53)

Here we only have emission into j′ = 1 states.

Semiclassical limit. In the semiclassical limit, we again take Ei
Ebrk.

→ ∞. Taking this
scaling, we find the flux17

dE

dt
=

∑
mγ=−1,0,1

6
2π

∫ ∞

0
dωω

4
9r

8
+ω

3ω̃
(
ω̃2+ 4π2

β̃2

)(
ω̃2+ 16π2

β̃2

)
eβ̃ω̃−1

, β̃=
√

2π2

Ebrk.(Ei−j2/2Ebrk.)
,

(3.54)
17In deriving (3.54), we used the fact that either j ≫ 1 (and hence j′ ≈ j) or j = O(1). In the former case,

the sum over j′ matches the sum over mγ = j − j′. In the latter case, we have Ei − Ej′

0 ≈ Ei − Ej
0 ≈ Ei and

ω̃ ≈ ω. The sum over j′ then reduces to a factor
∑

j′ (2j′ + 1) = 3(2j + 1), which matches the semiclassical
answer where the sum over mγ just gives a factor of three.
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the ℓ = 1 photon mode for various initial BH energies and spin. The energy flux per unit frequency is
plotted for a black hole in the microcanonical ensemble at initial energy Ei =M−Q above extremality
at fixed charge Q and initial angular momentum j. The BH state can transition into final BHs
with spin j′ = j − 1, j, j + 1; the semiclassical and quantum corrected predictions for each channel
are shown in faint blue and faint orange respectively. The quantum-corrected flux is given by the
integrand of (3.52); the semiclassical flux is given by the integrand of (3.54) with mγ = j − j′. Left:
for a BH far above extremality (Ei = 105Ebrk.) with large angular momentum (j = 40), the flux in
each channel is close to the semiclassical prediction for a slowly rotating black hole. Right: for a BH
at intermediate energy (Ei = 500Ebrk.) and angular momentum (j = 10), quantum corrections are
significant and the exact energy flux deviates noticeably from the semiclassical prediction. Transitions
to j′ = j − 1 increasingly dominate, because this sector has the highest number of final states to
transition into. Bottom: at sufficiently small energies (Ei = 6, Ebrk., j = 2), angular momentum
exclusion rules prevent transitions to j′ = 3 and even transitions with j′ = 2 are highly suppressed.
The radiation is therefore almost completely dominated by transitions with j′ = 1. The semiclassical
prediction is wildly incorrect and, in particular, allows transitions to j′ = 3 and to states with j′ = 1, 2
that are below the extremality bound.
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where ω̃ = ω−mγjEbrk. and mγ ≡ j−j′. This matches the formula for semiclassical radiation
from a slowly rotating near-extremal black hole given in appendix A.4. If we further take
the limit ω, T ≫ jEbrk., it reduces to

dE

dt
= 6

2π

∫ ∞

0
dω ω

4
9r

8
+ω

4
(
ω2 + 4π2

β2

) (
ω2 + 16π2

β2

)
eβω − 1 , β =

√
2π2

Ebrk.Ei
(3.55)

= 62848π9

2079 r8
+T

10 = 1964
2079πr

8
+E

5
brk.E

5
i ,

which is the semiclassical result an RN black hole given in (3.9). The choice of 𝒩 was made
to match the numerical prefactor with this formula.

Exclusion rules. When a black hole with spin j has Ei < Ej+1
0 , it cannot decay into a state

with j′ = j+1 because no such states with lower energy exist. This leads to the theta function
found in (3.52). In particular, if the black hole has spin j = 0 and Ei ≤ Ebrk., it cannot decay
by single photon emission at all, because the angular momentum selection rules require j′ = 1.

Quantum limit. Quantum effects become important occurs whenever the black hole has
energy Ei and a spin j such that Ei − Ej

0 ≪ Ebrk.. As in our discussion of exclusion rules
above, below these energies, states of spin j cease to exist. The transition rate will, therefore,
be dominated by final states with j′ = j − 1. Expanding (3.52) for Ei ≈ Ej

0 we find

dE

dt

∣∣∣∣
j→j′

= 1
9
√
2π2

2j′+1
2j+1

∫ Ei−Ej′
0

0
dωω4r8

+

√
Ei−Ej′

0 −ω×
(
(Ej

0)2−2Ej
0(E

j′

0 +2Ebrk.+ω)

+(Ej′

0 )2−4Ej′

0 Ebrk.+2Ej′

0 ω+4E2
brk.+8Ebrk.Ei−4Ebrk.ω+ω2

)
×
(
4(Ej

0)2 (3.56)

−4Ej
0(2E

j′

0 +Ebrk.+2ω)+4(Ej′

0 )2−4Ej′

0 Ebrk.+8Ej′

0 ω+E2
brk.+8Ebrk.Ei−4Ebrk.ω+4ω2

)
.

The above can be evaluated but is not illuminating. The BH would emit roughly one photon
in this regime before having Ei < Ej

0 and the above formula would no longer apply. There
is one case where this is not true, and that is for j = 1

2 .
A state with j = 1

2 can decay back into a BH with j′ = 1
2 by photon emission since

1
2 ⊂ 1 ⊗ 1

2 , but cannot decay into a j′ = 3
2 state below Ei = 15

8 Ebrk.. We can find the
flux close to the edge of the spectrum Ei ≈ E

j= 1
2

0 = 3
8Ebrk. for these BHs by using (3.52)

or (3.56) with j = j′ = 1
2

dE

dt
=
2r8

+
9π

∫ Ei−E
j=1/2
0

0
dωω5(E2

brk.+8Ebrk.Ei−4Ebrk.ω+ω2)(4Ebrk.Ei−2Ebrk.ω+2ω2−E2
brk.)

×
sinh

(
2π
√
2E−1

brk.(Ei−ω−Ej=1/2
0 )

)
cosh

(
2π
√
2E−1

brk.(Ei−Ej=1/2
0 )

)
−cosh

(
2π
√
2E−1

brk.(Ei−ω−Ej=1/2
0 )

) , (3.57)

– 36 –



J
H
E
P
0
1
(
2
0
2
6
)
1
0
9

where we have only included the j′ = 1
2 channel. We can expand the second line around

Ei ≈ E
j= 1

2
0 to get

dE

dt
= 8

729
√
3π2

∫ Ei−E
j= 1

2
0

0
dωr8

+ω
4
√
E

j= 1
2

0

√
Ei − ω − E

j= 1
2

0 (3.58)

× (64Ej= 1
2

0 (Ej= 1
2

0 + 3Ei)− 96Ej= 1
2

0 ω + 9ω2)(9ω2 − 32(Ej= 1
2

0 )2 − 24Ej= 1
2

0 (−2Ei + ω)) .

We have rewritten the answer in terms of the edge of the spectrum. The total flux can
be found to be

dE

dt

∣∣∣∣
j= 1

2

= 8388608
2525985

√
3π2 r

8
+

(
E

j= 1
2

0

) 9
2
(
Ei − E

j= 1
2

0

) 11
2
, E

j= 1
2

0 ≲ Ei ≪ Ebrk. . (3.59)

In the above, we have approximated that Ei ∼ E
j= 1

2
0 .

Graviphoton emission. We briefly discuss the emission of gravitons, which is dominated
by modes with ℓ = 2. These modes are actually composite graviton/photon modes which
are known as graviphotons, see appendix A.3. There are two such modes and we discuss
them simultaneously since the analysis is identical up to a numerical prefactor. Similar to
photons, such particles change the spin of the black from initial angular momentum j to
j ⊗ 2 = j, j ± 1, j ± 2. As explained earlier these modes have semiclassical greybody factor
P ∝ (r+ω)8 which is the same scaling as the ℓ = 1 photon and thus there is a similar amount
of flux emitted by ℓ = 1, 2 modes when treated semiclassically. In appendix A.3 we find
these modes couple to ∆ = 2 operators in the JT region. Following previous sections the
interaction Hamiltonian can be deduced to be

HI =
∑

mh=0,±1,±2
𝒩𝒪

∫
dωr4

+ω
5/2(aω,mh

+ a†ω,mh
) , 𝒩 = 8

15π2 . (3.60)

We can follow the same steps as for the ℓ = 1 photon, where the sum over CG coefficients
for allowed transmission channels turns out to be identical as for the photon and is still
given by (3.50), and we again sum over the two polarizations of the graviphoton. The flux
for a BH with initial spin j is

dE

dt
= 4π𝒩2 ∑

j′=j,j±1,j±2

1
2j + 1

∫ Ei

0
dωr8

+ω
6ρj′(Ei − ω)|⟨Ei − ω − Ej′

0 |𝒪|Ei − Ej
0⟩|

2 , (3.61)

where now selection rules demand that j′ = j, j ± 1, j ± 2. The edge cases to this set of j′ are
j = 0, 1

2 , 1,
3
2 . Using the expression for the two-point function and the density of states, we get

dE

dt
= 1

45π3

∑
j′=j,j±1,

j±2

2j′ + 1
2j + 1

∫ Ei−Ej′
0

0
dωr8

+ω
6E3

brk. sinh
(
2π
√
2E−1

brk.(Ei − ω − Ej′

0

)
(3.62)

× Γ
(
2± i

√
2E−1

brk.(Ei − Ej
0)± i

√
2E−1

brk.(Ei − ω − Ej′

0 )
)
.
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If the BH starts at j = 0, then the only allowed transition is j′ = 2 since 0 ⊗ 2 = 2. In
this case, the flux simplifies and is

dE

dt

∣∣∣∣
j=0

= 4
9π

∫ Ei−3Ebrk.

0
dωr8

+ω
6(ω + 3Ebrk.)

(
25E2

brk. + 8Ebrk.Ei + 20Ebrk.ω + 4ω2
)

×
sinh

(
2π
√
2E−1

brk.(Ei − ω − 3Ebrk.)
)

cosh
(
2π
√
2E−1

brk.Ei

)
− cosh

(
2π
√
2E−1

brk.(Ei − ω − 3Ebrk.

) . (3.63)

Semiclassical limit. We again take the semiclassical limit of (3.62) using the same logic
as for the photon. We take Ei

Ebrk.
→ ∞ and j ≫ 0 (with J → 0) while ω, T ≫ jEbrk.. The

spin-dependent prefactor simplifies and weighs each emission channel equally, with flux

dE

dt
= 5
π

∫ ∞

0
dω ω

16
45r

8
+ω

6
(
ω2 + 4π2

β2

)
eβω − 1 . (3.64)

This agrees with the greybody factor for the ℓ = 2 graviton that we calculate in appendix A.3.

Exclusion rules. There is no emission to states with j′ = j + 2 when Ei ≤ Ej+2
0 and no

emission to states with j′ = j + 1 when Ei ≤ Ej+1
0 . In particular, since a black hole with

j = 0 can only decay to one with j′ = 2 and the spectrum of j′ = 2 black holes starts at
Ej=2

0 = 3Ebrk., the energy flux below this energy is zero for gravitons
dE

dt
= 0, Ei ≤ 3Ebrk. . (3.65)

Below this energy graviphotons can only be emitted in two graviphoton processes in an
entangled singlet state. Between the range Ebrk. ≤ Ei ≤ 3Ebrk. emission is therefore
dominated by the much faster emission of ℓ = 1 photons.

If the black hole has angular momentum j = 1/2, the allowed post-emission angular
momenta are j′ = 3/2, 5/2. Single-graviphoton emission is therefore excluded for Ei <

E
j=3/2
0 = 15Ebrk./8.

Additional ℓ = 2 graviphoton mode. There is another ℓ = 2 graviphoton mode that has
identical formulas to the above except all fluxes must be rescaled by 1

4 . This is given by taking

𝒩graviphoton = 1
2𝒩 , (3.66)

in (3.60).

3.5 Di-particle emission

Di-photon emission. We now calculate the di-photon emission rate which is the dominant
decay channel at energies above extremality Ei ≤ Ebrk., where two photons are emitted
in an entangled singlet state with zero angular momentum. This is a 2nd order process
in perturbation theory, with decay rate from an initial state |ψA⟩ to a final state |ψB⟩
given by [56–58]

Γi→f = 2π
∣∣∣∣∣∑

I

⟨ψB|HI |I⟩⟨I|HI |ψA⟩
EI − EA

∣∣∣∣∣
2

δ(EB − EA) . (3.67)
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The initial state will have j = 0 and energy Ei ≤ Ebrk.. The final state will have j = 0 and
energy Ef < Ei, along with two photons ω, ω′ with Ei−Ef = ω+ω′, which will necessarily be
in the singlet state. We must sum over all intermediate states. Since HI creates/annihilates
one photon mode the intermediate state must have a BH state Ej=1

I and one photon ωI of
frequency either ω or ω′. Taking all of this into account, the rate is

Γi→f = 2π

∣∣∣∣∣∣
∑

I

∑
ωI=ω,ω′

⟨Ej=0
f , ω, ω′|HI |Ej′=1

I , ωI⟩⟨Ej′=1
I , ωI |HI |Ej=0

i ⟩
EI + ωI − Ei

∣∣∣∣∣∣
2

δ(Ei − Ef − ω − ω′) ,

(3.68)
where we have integrated over intermediate photons ωI and localized onto the terms that
contribute. There are two distinct intermediate states that contribute to the rate where
the energy ωI of the single photon that has been emitted is either ω or ω′. The four-point
function in (3.68) can be written as a sum over the two Wick contractions that give nonzero
answer, as shown in figure 8. Each term involves Clebsch-Gordan coefficients resulting from
the integral over the holonomies between the operator insertions and a term from JT gravity
four-point function (2.41). The various integrals work to project the emitted photons into
the singlet state. We work out the amplitude in appendix D, with the final result (D.8)
showing that, after summing over the axial angular momenta of the photon and intermediate
black hole states, the transition rate (3.68) becomes

Γi→f = 2π𝒩4r16
+ ω

3ω′3δ(Ei − Ef − ω − ω′) (3.69)

×
∫ ∞

Ebrk.
dEIρj=1(EI)

∫ ∞

Ebrk.
dEI′

∑
ωI ,ωI′=ω,ω′

𝒜1(Ei, EI , Ef , E
′
I)

(EI + ωI − Ei)(EI′ + ωI′ − Ei)
,

where

𝒜1(Ei, EI , Ef , E
′
I) =

∑
mi,mI ,m′

I

⟨Ei, 0, 0|𝒪1,m1 |EI , 1,mI⟩⟨EI , 1,mI |𝒪1,m2 |Ef , 0, 0⟩ (3.70)
× ⟨Ef , 0, 0|𝒪1,m3 |EI′ , 1,mI′⟩⟨EI′ , 1,mI′ |𝒪1,m4 |Ei, 0, 0⟩

is given in (D.8) and differs from the scalar four-point function (2.41) (with energies defined
relative to extremality in the appropriate angular momentum sector) only by the constant
prefactor 1/(2ℓ+1)3 = 1/27. Recall also that the density of states ρj=1(E) = 3ρ(E−Ebrk.) for
fixed angular momentum j = 1 and axial angular momentum m differs from the Schwarzian
spectrum ρ(E) by a shift in the spectrum and a factor of (2j + 1).

The total decay rate from an initial BH state Ei to any final state is given by integrat-
ing (3.69) over all final photon and black hole states with the density of states ρj=0(Ef ).
This gives

Γtotal = 4
∫ Ei

0
dEf

∫ Ei−Ef

0
dω

∫ Ei−Ef

0
dω′ ρj=0(Ef ) Γi→f (3.71)

To be very explicit, the complete expression for the energy flux from di-photon emission
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Figure 8. Pictorial representation of the four point function and the two contributing channels. The
operator insertions are the black dots. On the left we have that the two intermediate energies are
constrained to be equal EI = EI′ . On the right they are not constrained, but because of the crossing
there is a 6J symbol. There is a possible third channel that would set Ei = Ef but this does not
contribute since Ef < Ei.

is therefore
dE

dt
= 4

∫ Ei

0
dEf

∫ Ei−Ef

0
dω

∫ Ei−Ef

0
dω′ ρ(Ef )(Ei − Ef ) Γi→f (3.72)

= 8π𝒩4

3 E4∆
brk.r

16
+

∫ Ei

0
dEf ρ(Ef )

∫ Ei−Ef

0
dωω3(Ei − Ef − ω)3(Ei − Ef )

×𝒩4pt

∑
ωI,I′=ω,ω′

∫ ∞

Ebrk.

dEIdEI′ρ(EI − Ebrk.)ρ(EI′ − Ebrk.)(ΓfIΓfI′ΓiIΓiI′)1/2

(EI + ωI − Ei)(EI′ + ωI′ − Ei)

×
(
δ (EI − EI′)

ρ (EI)
+
{
∆ Ef EI − Ej=1

0
∆ Ei EI′ − Ej=1

0

})
, (3.73)

where ∆ = 3 for the ℓ = 1 photon mode, Ej=1
0 = Ebrk., 𝒩2 = 40

3π2 was found using (3.55),
the factors of e.g. ΓfI = Γ∆

Ef ,EI
are defined as in (2.34), and 𝒩4pt = (22∆−1Γ(2∆))−2e−3S0

first appeared in (2.41).

Approximation at low energies. The expression (3.72) simplifies considerably for an
initial BH energy Ei ≪ Ebrk.. In this case we have ω, ω′, Ef ≪ Ebrk. and can be dropped
whenever they appear in combination with EI , E

′
I , E

j=1
0 ≥ Ebrk.. After extracting powers of

eS0 , the only free parameter appearing in the integral over EI and EI′ in the second and
third lines of (3.72) is Ebrk.. By dimensional analysis, those integrals then reduce to E−2

brk.
times an 𝒪(1) constant that can be found numerically. Specifically, we find that

eS0𝒩4pt

∑
ωI,I′=ω,ω′

∫ ∞

Ebrk.

dEIdEI′ρ(EI − Ebrk.)ρ(EI′ − Ebrk.)(ΓfIΓfI′ΓiIΓiI′)1/2

EIEI′

×
(
δ (EI − EI′)

ρ (EI)
+
{
3 0 EI − Ebrk.
3 0 EI′ − Ebrk.

})
= E−2

brk. (6.1 + 2.1)× 10−4 , (3.74)

where the contribution from the delta function evaluates to the first numerical factor in
the parenthesis, while the 6j symbol evaluates to the second term. The total decay rate
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for di-photon emission is therefore

Γtotal = 8.2× 10−4 × 8π𝒩4

3 E10
brk.r

16
+

∫ Ei

0
dEfe

−S0ρ(Ef )
∫ Ei−Ef

0
dωω3(Ei − Ef − ω)3 (3.75)

= 1.5× 10−6 × r16
+ (Ebrk.Ei)

17
2 ,

where we have used the approximation

ρ(Ef ) =
eS0
√
2Ef

πE
3/2
brk.

(3.76)

for the Schwarzian density of states when Ef ≪ Ebrk.. Similarly, the total energy flux is

dE

dt
=8.2×10−4×8π𝒩4

3 E10
brk.r

16
+

∫ Ei

0
dEfe

−S0ρ(Ef )
∫ Ei−Ef

0
dωω3(Ei−Ef−ω)3(Ei−Ef )

=1.27×10−6×r16
+ E

17
2

brk.E
19
2

i . (3.77)

Di-graviton emission. We can quickly estimate two-graviton emission to show that it is
suppressed relative to two-photon emission. We can adapt equation (3.72) where we have
∆ = 2 for ℓ = 2 gravitons. In this case the intermediate state has ℓ = 2 so the numerical
integral we must do at low energies is slightly modified. We will not compute this new integral
numerically, but instead just determine the relevant scaling factors to confirm the suppression.
Extra factors of ω enter the integrands from HI given in (3.60), leading to

dE

dt
∝ E4∆−2

brk. r16
+

∫ Ei

0
dEfρj=0(Ef )

∫ Ei−Ef

0
dωω5(Ei − Ef − ω)5(Ei − Ef ) . (3.78)

Here, we have assumed we are at low energies Ei ≪ Ebrk. so that the sum over interme-
diate states becomes independent of ω, ω′, Ei and Ef . Evaluating the above and again
using (3.76), we find

dE

dt
∝ r16

+ E
9
2
brk.E

27
2

i . (3.79)

Comparing the di-photon flux to di-graviton flux we find

di-graviton flux
di-photon flux ∼

(
Ei

Ebrk.

)5
. (3.80)

Since Ei ≪ Ebrk. we see that most of the radiation emitted by the BH is in entangled photons
rather than gravitons. This is in contrast to the semiclassical answer for Ei ≫ Ebrk. where
the radiation is roughly evenly split between photons and gravitons.

It is useful to get some physical intuition as to why photon emission dominates over
graviphoton at very low temperatures, even though the two types of radiation are comparable
in the semiclassical regime. For both kinds of modes, the semiclassical rate is obtained by
putting together the greybody factors in the AdS2 throat with the greybody factors between
the edge of the throat and asymptotic infinity. The first greybody factor is controlled by
the scaling dimension in AdS2 of the propagating mode, ∆ = 3 for the photon and ∆ = 2
for the graviphoton. The second greybody factor is controlled by the angular momentum
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barrier, which is larger for the graviphoton than for the photon. In the semiclassical regime,
the difference in scaling dimensions precisely compensates for the difference in the size of the
angular momentum barrier to precisely yield the same power law in ω for the total photon and
graviphoton greybody factors. However, in the quantum regime, the AdS2 physics becomes
largely independent of the scaling dimension of the associated fluctuation, only affecting the
overall matrix elements by a multiplicative constant rather than changing the power of ω.
Therefore, at low temperatures, graviphoton emission is suppressed relative to the photon
because the larger angular momentum barrier leads to a higher power of ω, which is no
longer compensated by a larger AdS2 greybody factor.

3.6 Final results for energy fluxes

For convenience, we now list the final results for the energy fluxes.

Massless scalar energy flux. In the microcanonical ensemble for a BH with energy
Ei = M − Q above extremality we have

dE

dt
= 1

30πr
2
+E

2
brk.E

2
i , Ei ≫ Ebrk. , (3.81)

dE

dt
= 16

√
2

105π2 r
2
+E

1
2
brk.E

7
2
i , j = 0, Ei ≪ Ebrk. . (3.82)

In the canonical ensemble at temperature T , we have

dE

dt
= 2π3

15 r
2
+T

4 , T ≫ Ebrk. (3.83)

dE

dt
= 256

√
2

35π
5
2
r2

+E
1
2
brk.T

7
2 , j = 0, T ≪ Ebrk. . (3.84)

Photon ℓ = 1 mode energy flux. In the microcanonical ensemble for a BH with energy
Ei above extremality

dE

dt
= 1964

2079πr
8
+E

5
brk.E

5
i , Ei ≫ Ebrk. , (3.85)

Single photon emission dE

dt
= 0, j = 0 , Ei ≤ Ebrk. . (3.86)

Two-photon emission dE

dt
= 1.27× 10−6 × r16

+ E
17
2

brk.E
19
2

i , j = 0 , Ei ≪ Ebrk. . (3.87)

Graviphoton ℓ = 2 mode energy flux estimate. For completeness, we include our
estimate for two-graviphoton emission

dE

dt
= 7856

2079πr
8
+E

5
brk.E

5
i , Ei ≫ Ebrk. , (3.88)

Single graviphoton emission dE

dt
= 0, j = 0 , Ei ≤ 3Ebrk. . (3.89)

Two-graviphoton emission dE

dt
∝ r16

+ E
9
2
brk.E

27
2

i , j = 0 , Ei ≪ Ebrk. . (3.90)
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Fermionic BHs: photon ℓ = 1 flux. For a fermionic BH with energy Ei and spin j = 1
2

very close to extremality we have a photon flux

dE

dt
= 8388608

2525985
√
3π2 r

8
+

(
E

j= 1
2

0

) 9
2
(
Ei − E

j= 1
2

0

) 11
2
, Ei − E

j= 1
2

0 ≪ Ebrk. , (3.91)

with E
j= 1

2
0 = 3

8Ebrk. the edge of the spectrum for fermionic BH states. Due to exclusion
rules, there is no emission of graviphotons for fermionic BHs.

4 Charged particle emission in a fixed background

In this section, we review the computation of charged particle emission from Reissner-
Nordström black holes, in the ‘probe limit’ in which the backreaction on the metric and electric
field is small. We explain the multiple approaches to computing the exponent of the emission
rate, show that these approaches agree, compute the rate including both the exponential
suppression and the O(1) prefactor, and discuss the properties of the post-emission black hole.

4.1 The motion of charged particles near RN black holes

To start, we review the classical motion of charged particles in the vicinity of Reissner-
Nordström black holes. For simplicity we consider the ‘probe limit’, in which the positron
has sufficiently small mass and charge that it is effectively moving through a fixed spacetime
and fixed electric field. (We will discuss backreaction in section 5.)

The motion of a like-charged particle outside a RN black hole is characterized by the
competition between electromagnetic repulsion and gravitational attraction. The electrostatic
repulsion follows an inverse-square law: the electric field is |E⃗| = Q/r2 and so exerts on
the positron a radial proper force

F
∣∣∣
electric

= Qq

r2 . (4.1)

The gravitational attraction is the same as for an uncharged particle, which is inverse-square at
long distance but much stronger close to the horizon, becoming infinite at r+. This means that
gravity wins at short distances. But at long distances electromagnetic repulsion wins provided

repulsion at large r if : Qq > mM , (4.2)

which will be satisfied even for modestly charged black holes in light of the hugeness of
q/m, see (2.1). More quantitatively, to keep a positron at fixed r we need to exert on it
(for example with a rocket) an additional proper force of

Frocket = m
r+
2r2

√
r − r−
r − r+

+m
r−
2r2

√
r − r+
r − r−

− Qq

r2 . (4.3)

At long distances (both in the Newtonian region, and less obviously also in the part of
the throat region that has r − r+ ≫ r+ − r−) this force is just the Newtonian answer
Frocket = mM−qQ

r2 . But in the Rindler region the required force becomes

r−r+ ≪ r+−r− : Frocket =
m

2r+

√
r+ − r−
r − r+

− qQ

r2
+
+. . . = m

∆s−
qQ

r2
+
+. . . , (4.4)

– 43 –



J
H
E
P
0
1
(
2
0
2
6
)
1
0
9

distance

r = r+

<latexit sha1_base64="81iMl5X5Od9i31CmmjCoG0Aglas="></latexit>

V (r) = m

r
1� 2M

r
+

Q2

r2
+

qQ

r
� qQ

r+

<latexit sha1_base64="2MkvpznbA4DjtT/eq21FfZoAQ2U=">AAAB4nicbVDLSgMxFL3xWeur6tJNsAh1U2akqMuiG5cVnLbQlpLJZNrQzIPkjlBKf8CNiBsFP8hf8G9M29m09UDgcM4J957rp0oadJxfsrG5tb2zW9gr7h8cHh2XTk6bJsk0Fx5PVKLbPjNCyVh4KFGJdqoFi3wlWv7oYea3XoQ2MomfcZyKXsQGsQwlZ2glr1nRV7RfKjtVZw66TtyclCFHo1/66QYJzyIRI1fMmI7rpNibMI2SKzEtdjMjUsZHbCAm8xWn9NJKAQ0TbV+MdK4u5VhkzDjybTJiODSr3kz8z+tkGN71JjJOMxQxXwwKM0UxobO+NJBacFRjSxjX0m5I+ZBpxtFepWiru6tF10nzuureVGtPtXL9Pj9CAc7hAirgwi3U4REa4AEHCW/wCV8kIK/knXwsohsk/3MGSyDff5GbiZk=</latexit>

V (r)

<latexit sha1_base64="wqKZhGfZSO+rlO0933oYhE0TwUs=">AAAB83icbVDJSgNBFHzjGuM2LjcvjUHwFGYkqBch6MVjBLNAEoaeTk/SpGeh+40Yh3yJFxEvCv6Hv+Df2EnmksSChqKqmvde+YkUGh3n11pZXVvf2CxsFbd3dvf27YPDho5TxXidxTJWLZ9qLkXE6yhQ8laiOA19yZv+8G7iN5+40iKOHnGU8G5I+5EIBKNoJM8+VuSGKK+D/BlVmAUypjj27JJTdqYgy8TNSQly1Dz7p9OLWRryCJmkWrddJ8FuRhUKJvm42Ek1Tygb0j7PpjuPyZmReiSIlXkRkqk6l6Oh1qPQN8mQ4kAvehPxP6+dYnDdzUSUpMgjNhsUpJJgTCYFkJ5QnKEcGUKZEmZDwgZUUYampqI53V08dJk0LsruZbnyUClVb/MSCnACp3AOLlxBFe6hBnVg8AJv8AlfVmq9Wu/Wxyy6YuV/jmAO1vcfLCWQ9Q==</latexit>r = rfloat

Figure 9. A cartoon of the potential V (r) seen by a positron outside a RN black hole, in the probe
limit. This is the energy that must be exerted to slowly raise a positron from r+ to r; for large enough
r the potential goes negative and we are on-net extracting energy. For r < rfloat the gravitational
attraction wins; for r > rfloat the electrostatic repulsion wins. The instanton describes a decay process
of thermal fluctuation of the positron from r+ to rfloat.

where ∆s is the proper distance from r+. Between the short-distance gravitational attraction
and the long-distance electrostatic repulsion is the free-float radius, rfloat, where the positron
can sit in unstable equilibrium.

An alternative way to visualize this is to consider the energy. The energy required to
slowly extract a positron from the horizon out to r is

V (r) = m

√
1− 2M

r
+ Q2

r2 +
(
qQ

r
− qQ

r+

)
. (4.5)

This is plotted in figure 9. The first term is the redshifted rest mass of the positron, which
ranges from 0 at the horizon to full mc2 out at r = ∞; the second term is the electrostatic
energy.

The top of the barrier gives the free-float radius, ∂rV |rfloat = 0. Any closer than rfloat
and the positron falls in, any further and it is expelled. The redshift factor at the free-float
point is χ2|float = (M2

Q2 − 1)/( q2

m2 − 1), and

rfloat =
Q2√q2−m2

(
M
√
q2−m2+q

√
M2−Q2

)
q2Q2−m2M2 = r++

r2
+
√
M2−Q2

2Q2
m2

q2 + . . . (4.6)

V (rfloat) =
√
M2−Q2

Q

(
q−

√
q2−m2

)
=
√
M2−Q2

Q

m2

2q + . . . (4.7)

Let us make a couple of comments about these formulas. The first is that the free-float
point is typically very close to the black hole. For Qq ≫ mM , (4.4) tells us that the proper
distance from the event horizon is

∆s
∣∣∣
Qq≫Mm

= m

q

r2
+
Q
. (4.8)
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Comparing to section 2.10, we see that the free-float point is deep in the ‘Rindler’ region.
For Qq ≫ Mm gravity can only compete with electromagnetism where the inverse-square
law does not apply, and the inverse-square law holds everywhere except the Rindler region.

The second comment is that V (r = ∞) = m− qQ
r+

is enormous. The electrostatic energy
of the positron is not a multiple of the rest mass of the positron m, it’s a multiple of MPl
since r+ ≈ ℓplQ, which is stupendously larger than m. This means that a positron perched at
rfloat that then rolls out to large r arrives far from the black hole with a Planckian energy and
a concomitantly large relativistic boost factor, given by the square root of the ratio in (2.1),

γ ∼ qMPl/m ∼ 2× 1021. (4.9)

4.2 The semiclassical tunneling exponent

In the last subsection, we looked at the classical motion of massive charged particles near
large RN black holes. Now, while remaining in the probe limit, let’s discuss the rate at which
quantum effects allow the black hole to create such particles and so spontaneously discharge.

The electric field at the horizon of an RN black hole is given by (2.9) as

|E⃗| = Q

r2
+
. (4.10)

As discussed in section 2.1, this is small for all sufficiently massive black holes. A sufficiently
small electric field will give an exponentially small emission rate for massive particles. As
a first step, we will calculate that tunneling exponent in the probe limit. In the service of
developing intuition, let’s calculate it in four different ways. These all give the same exponent,
but provide different perspectives on the same process.

1. Boltzmann suppression.

Viewed by a static observer, the immediate vicinity of the horizon is a hot plasma with
abundant positrons. To reach r = ∞, these positrons must overcome the barrier, shown
in figure 9. They can do this by thermally fluctuating to the top. The temperature is
given by (2.13) and the height of the barrier by (4.7) so the Boltzmann suppression is

rate ∼ exp
[
−V (rfloat)

T

]
= exp

[
−2π

r2
+
Q

(
q −

√
q2 −m2

)]
. (4.11)

2. Change in horizon entropy.

The probe limit suffices to calculate the first-order change in the charge and mass of
the black hole. The new charge is Qafter = Q− q. The new mass is Mafter =M − (m+
V (rfloat) − V (r = ∞)). The new horizon radius is, keeping only the leading order in
the probe limit,

r+ ≡Mafter +
√
M2

after −Q2
after = r+ − r+

Q

(
q −

√
q2 −m2

)
. (4.12)

The reduced area of the black hole means a reduced entropy. The reduced entropy gives
an entropic suppression. To leading order in the probe limit, this suppression is

rate ∼ exp
[∆Area

4

]
∼ exp

[
−2π

r2
+
Q

(
q −

√
q2 −m2

)]
. (4.13)
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3. Euclidean Action.

We can also calculate the decay exponent by calculating the Euclidean action of the
decay instanton. This instanton has U(1) symmetry in the Euclidean time direction,
with the positron static at rfloat. Euclidean time is compact with asymptotic period
equal to the asymptotic inverse temperature β, given by (2.13). We calculate the fully
backreacted version of this instanton in section 5.1, and taking the probe limit of that
answer gives

rate ∼ exp
[
−SE(instanton) + SE(false vacuum)

]
= exp

[
−2π

r2
+
Q

(
q −

√
q2 −m2

)]
.

(4.14)

4. Schwinger pair production.

In the presence of an electric field, QED predicts the spontaneous production of electron-
positron pairs. For a uniform electric field, the exponential part of the pair-creation
rate is [20]

pair-production rate ∼ exp
[
−π m

2

q|E⃗|

]
. (4.15)

During Schwinger pair production, the electron and positron tunnel until they are far
enough apart that the energy recovered by discharging flux compensates for the 2mc2

cost of manufacturing the pair. For a uniform field, this is ∆s = 2m/q|E⃗|.

In a non-uniform electric field, pair production is fastest where E⃗ is largest, which
for an RN black hole means small r. However, pair production only discharges the
black hole if the positron is created sufficiently far away that it does not fall back in.
Thus the exponential part of the rate of emission can be calculated by considering pair
production events that end with the positron perched at rfloat.

Let’s ask about pair-creation events centered exactly at r+. The electric field at the
horizon is |E⃗| = Q/r2

+. Approximating the electric field as being uniform, the positron
is created a proper distance ∆s = m/q|E⃗| = mr2

+/qQ outside the horizon, and the
electron the same distance inside. Comparing to (4.8), we see that this is exactly the
process we want to leave the positron perched at rfloat.

Plugging |E⃗| = Q/r2
+ into (4.15) gives exp[−πm2r2

+/(qQ)]. This is same as (4.11) at
leading order in q/m. Including the effect of the small non-uniformities in the electric
field would precisely recover (4.11).

4.3 Schwinger pair production in the throat

To calculate not just the exponent of the emission rate but also the non-exponential prefactor,
it is most convenient to adopt the formalism of Schwinger pair production. Schwinger
calculated the rate of pair production for fermions in a uniform electric field [20],

rate per spacetime volume for uniform E⃗ = q2|E⃗|2

4π3

∞∑
k=1

1
k2 exp

[
−πkm

2

q|E⃗|

]
. (4.16)
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This gives the rate for a constant electric field. The electric field of an RN black hole is not
constant — it falls off like an inverse square-law |E⃗| = Q

r2 . But in the vicinity of the black hole
the characteristic length scale over which the electric field varies, r, is much longer than the
characteristic separation of the electron-positron pair at nucleation, ∆s = 2m

q |E⃗| ∼ mr2

qQ . This
means that to leading order in q/m we can use the formula for constant-field pair production
to calculate the contribution to the rate of pair production from each point in spacetime,

rate per spacetime volume for RN = q2Q2

4π3r4

∞∑
k=1

1
k2 exp

[−πkm2

qQ
r2
]
. (4.17)

Each unit of spacetime volume contributes the same to the expected number of pairs, so
the larger the volume and the longer you wait the more total fermions are produced. In an
interval dt and thickness dr the total spacetime volume is, using the line element (2.8),

d(spacetime volume) =
√
f(r)dt dr√

f(r)

∫
r2dΩ = 4πr2dtdr . (4.18)

For Q ≫ Q∗ the rate per unit time is dominated by k = 1, so combining (4.17) and (4.18)
gives [59]

d⟨pairs⟩
dt

=
∫ ∞

r+
dr
q2Q2

π2r2 exp
[
−πm

2

qQ
r2
]
= q3Q3

2π3m2r3
+
exp

[
−
πm2r2

+
qQ

](
1 + 𝒪

(
q2

m2Q

))
.

(4.19)

Probability(r). The electric field is strongest at the horizon, but not that much weaker
farther out in the throat. On the other hand because E⃗ appears in the exponent, the tunneling
rate is extremely sensitive to the value of the electric field. Equation 4.19 tells us that the
probability for a pair to be created in a given range dr is

d⟨pairs⟩
drdt

= q2Q2

π2r2 exp
[
−πm

2r2

qQ

]
= Q2

∗Q
2

m4r2 exp
[
− r2

QQ∗

]
. (4.20)

(In this formula, r is the center of the electron-positron pair, so the positron appears a tiny
bit farther out. Only for pairs centered at r ≥ r+ does the positron escape the black hole.)

The tunneling exponent is minimized (and the integrand in (4.20) is maximized) at
r = r+, corresponding to the positron appearing at rfloat. However, the vast majority of
positrons are made farther out than this. The mean location is

mean: r = r+ + QQ∗
2r+

+ . . . (4.21)

At leading order in Q/Q∗, the r-dependence of the integrand in (4.20) is driven by the
exponent (which kills the probability density for r − r+ ≫ Q∗), rather than the prefactor
r−2 (which only kills the probability density for r − r+ ≫ r+), so for near-extremal black
holes with Q ≫ Q∗, (4.20) simplifies to

d⟨pairs⟩
drdt

∣∣∣∣
r>Q≫Q∗

∼ Q2
∗

m4Q2 exp
[
− Q

Q∗

]
exp

[
−r −Q

1
2Q∗

]
. (4.22)

The probability density is a decaying exponential with characteristic length 1
2Q∗.
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Figure 10. The typical pair-production event is at r − r+ ∼ Q+. Left: the probability density with
respect to the area-radius r, given by (4.20), peaks next to the horizon. Right: the probability density
with respect to the geodesic distance s, given by (4.24), peaks at r = r+ + 1

2Q∗.

Probability(s). Let’s calculate the probability density with respect to s, the proper distance
from the horizon. The line element, (2.10), gives

ds = dr√
(1− r+

r )(1− r−
r )

∼ dr√
(1− r+

r )(1− r−
r+

)
, (4.23)

where the ∼ is a good approximation inside the throat. Combining this with (4.22) gives

d⟨pairs⟩
dsdt

∣∣∣∣
r>Q≫Q∗

∼
√
r −Q exp[−r −Q

1
2Q∗

] ∼ exp
[
s− 2QQ−1

∗
√
M2 −Q2es/Q

2Q

]
(4.24)

for a near-extremal black hole. The maximum probability density is at

peak of d⟨pairs⟩
ds

: r = Q+ 1
2Q∗ + . . . ↔ s = 1

2Q log Q2
∗

M2 −Q2 + . . . . (4.25)

This is much farther out than (4.22), which peaks at the horizon. It peaks farther out
because, even though r doesn’t change much in the throat, the extent to which it does
change is increasing exponentially with s: (2.10) tells us that in the throat region r = r+ +
(r+ − r−) sinh2 s

2Q ∼ Q+ 1
2
√
M2 −Q2es/Q. This means a step in s corresponds to a bigger

step in r the farther out you go.
(From one perspective, the reason that the Schwinger pair production rate per unit

proper spatial volume does not peak at the horizon is that, as one approaches the horizon, the
electric field increases, which enhances the pair production rate, but so does the gravitational
time dilation, which decreases the rate. At the horizon itself, the gravitational time dilation
becomes infinite while the electric field remains finite, and so the emission rate per proper
spatial volume goes to zero. It is only as a function of the radial coordinate r that this
gravitational time dilation is cancelled by the divergence in the spatial volume associated to
a small change in r, leading to the finite spacetime volume 4πr2dtdr found in (4.18).)

The standard deviation of the distribution (4.24) scales like

spread around peak: ∆r ∼ Q∗ ∆s ∼ Q. (4.26)
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horizon

Figure 11. The pair is typically produced a distance 1
2Q log Q2

∗
M2−Q2 from the horizon and a distance

1
2Q log Q2

Q2
∗

from the outer end of the throat. The distribution is sharply peaked, ∆s ∼ Q.

There is an O(1) multiplicative spread in r −Q and an O(1) additive spread in s/Q. Since
the mean value of s/Q is much bigger than one for large near-extremal black holes, this
means the spread in s is much smaller than the typical distance from the horizon (or from
the end of the throat), as shown in figure 11.

Energy of positron. In the probe approximation, the final energy of a positron created at r is

Epositron = m

√
1− 2M

r
+ Q2

r2 + qQ

r
. (4.27)

For any of the processes we will consider, the dominant contribution to Epositron comes from
the second term — not from the rest mass the positron is born with, but from the acceleration
it receives from the electrostatic force later in its life. The energy is therefore

Epositron = qQ

r
+ O

(
m

Q∗

)
(4.28)

= q − q
r+ −Q

r+
− qQ(r − r+)

rr+
+ O

(
m

Q∗

)
(4.29)

= q − q

√
M2 −Q2

Q
− q(r − r+)

Q
+ · · · (4.30)

So at leading order in q/m, leading order at extremality, and leading order in Q∗/r+, this is
just Epositron = q. At next order, it is slightly less than q both because the black hole is less
than extremal and because the positron is produced farther out in the throat.
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Energy above extremality. In the probe limit,

(M −Q)after = (M −Q)before − Epositron + q . (4.31)

(Away from the probe limit we also need to include the energy in the radiation, etc.) We’ve
already calculated Epositron above, and found that at leading order it is just q. This leading-
order term exactly cancels off the change in charge. Consequently, the leading change in
M − Q is given by the subleading terms for Epositron,

(M −Q)after =M −Q+ q

√
M2 −Q2

Q
+ q(r − r+)

Q
+ · · · (4.32)

There are three ‘limits’ we wish to take. These limits are Q ≫ Q∗ ≡ q
πm2 (‘big black hole

limit’), and Q∗ ≫ q (which is the same thing as m ≪ 1, ‘probe limit’), and M ≫ M − Q

(‘near-extremal limit’). The subtlety is that these three limits do not commute.
Let’s consider a case of physical interest. Let’s take the probe limit, and then the

near-extremal limit, and only then the big black hole limit. For example, in section 7.2 we’ll
consider Q = 2500Q∗, and ask what happens to positron emission when such black holes
get close to extremality. This is a reasonable thing to do even if we start with a ginormous
Q ≫ 10100Q∗ black hole that is far from extremality, because ginormous black holes emit
positrons so rarely that even an arbitrarily large black hole will almost never emit a positron
when not extremely extremal. Instead it’ll get exponentially close to extremality first (well
into the ‘closer to extremality than you are big’ regime Q∗ ≫

√
M2 −Q2 that makes the

calculation we are about to do valid) and only then emit a positron, so calculating what
happens outside this regime is irrelevant. The first time in its entire life that it’ll emit a
positron when not in the Schwarzian regime is once Q ≲ 2500Q∗.

Specifically, if we take the ‘closer to extremality than you are big’ limit, Q∗ ≫
√
M2 −Q2,

then the last term in (4.32) dominates. Using ⟨r − r+⟩ ∼ 1
2Q∗ from (4.21) gives

⟨(M −Q)after⟩ =
1
2
qQ∗
Q

+ . . . (4.33)

Indeed, we can get the whole probability distribution using (4.22). Conditional on having
just emitted a positron,

Probability[(M −Q)after] =
1

1
2

qQ∗
Q

exp
[
−(M −Q)after

1
2

qQ∗
Q

]
. (4.34)

(This formula suggests that if the black holes starts extremal, then the mode energy above
extremality after decay is zero. But this is not quite right — to correctly calculate the mode,
you need to include the subleading term in the probe limit. We will show when we construct
the gravitational instanton that the actual mode, and the lowerbound on (M − Q)after, is
q2

2r+
. But in any event it doesn’t matter what the ‘mode’ says because the mode event

happens vanishingly rarely.)
An energy distribution that is a decaying exponential, like in (4.34), is characteristic of a

Boltzmann distribution, giving an ‘effective temperature’ = 1
2qQ∗/Q. This is much bigger

than the Hawking temperature of the black hole at the end of the emission process (after
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the positron has been emitted and escaped to r = ∞), which for a black hole with typical
final energy, (4.33), is given by (2.13) as

Tafter typical =
1
2π

√
M2 −Q2

Q2 = 1
2π

√
2Q
√

1
2

qQ∗
Q

Q2 = 1
2π

√
qQ∗
Q2 . (4.35)

The black holes have a huge dispersion in final energy compared to the Hawking scale.

Summary of post-emission properties for typical emission. We have seen that
typically the pair is created near r = r+ +Q∗, corresponding to a distance ∆s = Q log Q

Q∗
from the outer end of the throat. After creation the positron is then expelled to r = ∞ and
the electron is sucked into the black hole. At the end of this process, at leading non-trivial
order in the probe approximation, we have

M −Q = qQ∗
2Q (4.36)√

M −Q

Q
∼

√
qQ∗
Q

(4.37)

T ∼
√
qQ∗
Q2 (4.38)

length of throat = Q log Q√
qQ∗

(4.39)

1
4area = πQ2 + 2πQ(

√
qQ∗ − q) + . . . (4.40)

We see that the entropy has increased by a lot — by about 2πQ
√
qQ∗. As we will discuss

in more detail in section 5.4, all of this entropy was made during the classical motion after
pair production, because immediately after pair production the change in area of the black
hole is zero. The entropy of the black hole only goes up when the electron crashes into
the horizon, as shown in figure 12.

The distance from where the pair is created to where the horizon will be at the end
of the process is ∆s = Q log[

√
Q∗/q] = Q log[MPl/me] = Q log[2.4 × 1022] = 51.5Q. (By

comparison if the decay proceeded as in the instanton we would have had M − Q = q2

2Q ,√
M−Q

Q ∼ q
Q , T ∼ q

Q2 and final length of throat = Q log Q
q ; and for reference, the breakdown

scale is M−Q ∼ 1
Q3 ,

√
M−Q

Q ∼ 1
Q2 , T ∼ 1

Q3 , corresponding to a length of throat = 2Q logQ.)

Instanton vs. typical. We have seen that there is a significant difference between the
discharge process described by the instanton, and the typical discharge process. This is the
difference between the mode and the median of a skewed distribution. Ultimately this is an
artifact of the almost-zero-mode describing the radial location of the pair-production event.

The quantity that is the same is the tunneling exponent, for which all processes agree. The
quantities that differ the most are the properties of the residual black hole after the tunneling
process is complete. The process described by the instanton manufactures the positron much
closer to the horizon, and so leaves the residual black hole much closer to extremality.

One way exemplify the difference is to ask if there is ever an electron made outside the
horizon. Recall that, for a positively charged black hole, the electron is made closer to the hole
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than the positron, separated by ∆s = 2m
q|E⃗|

∼ 2mQ
q . If the positron is created sufficiently close

to r+, the electron will be created inside the horizon and will proceed directly to the singularity
without ever making an appearance outside. This is what happens in the process described by
the instanton, for which the positron is produced at the free-float point a distance mQ

q outside
the horizon. By contrast, we saw that the typical pair-production event happens farther out,
resulting in both the positron and the electron being made outside the horizon (and then later
the electron being sucked back into the black hole). We can ask for what fraction of decays
the picture described by the instanton is valid. There is no electron produced outside the
horizon if the center of nucleation is anywhere between the horizon at s = 0 (corresponding
to r = r+) and s = mQ

q (corresponding to r = r+ + m2

q2

√
M2 −Q2), so using (4.20),

Probability[no electron outside horizon] ∼ m2

q2

√
M2 −Q2

Q∗
. (4.41)

This is minuscule for near-extremal black holes. The instanton almost always gives a
misleading picture of at least this aspect of the emission process.
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Figure 12. Top: the throat of a near-extremal black hole before emission. Middle: the black hole
immediately after pair creation, but before any subsequent classical motion of the particles, assuming
the pair is produced at r = r+ + Q∗ (which is a typical location, but much farther out than the
location described by the instanton). The area of the black hole is unchanged. The electron is made
closer to the black hole than the positron, separated by ∆s ∼ 2Qm

q which is much smaller than any
of the other distance scales (including the size of the two-sphere). The distance from the end of the
throat is independent of how nearly extremal the pre-decay black hole was (provided it was close
enough to extremality that

√
M2 −Q2 < Q∗). Bottom: the positron is accelerated away from the

black hole by the electrostatic force and achieves Planckian momentum; the electron is sucked into
the black hole, crashing into it with large momentum and non-adiabatically increasing its area. This
shortens the throat and increases the area-radius from r+ = Q out to r+|new ∼ Q+

√
qQ∗.
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5 Charged particle emission in quantum gravity

Given the drastic effects of backreaction and quantum gravity corrections on the emission
of neutral particles close to extremality, we need to revisit the analysis of charged particle
emission. At first sight, the calculations presented in section 4 provide additional reason to
believe that such corrections should exist. In particular, we saw that, at least for positrons
emitted sufficiently close to the horizon, the exponent appearing in the pair-production rate
was simply the difference in entropies between the pre-emission and post-emission black holes

Γ ∼ exp [Safter − Sbefore] ∼ exp
[Areaafter − Areabefore

4GN

]
. (5.1)

Both the entropies appearing on the right-hand side of (5.1) could in principle be corrected
due to quantum gravity effects. It will turn out however that backreaction in the gravitational
instanton means that the post-emission black hole is never close enough to extremality to
receive large Schwarzian corrections. On the other hand, pre-emission, the black hole can be
arbitrarily cold and the entropy Sbefore will be reduced by a large polynomial factor if the
pre-emission energy above extremality satisfies M −Q≪ Ebrk.. Assuming (5.1) continues to
hold, we would then expect the charged particle emission rate for black hole sufficiently close
to extremality to be polynomially enhanced relative to semiclassical expectations.

However, by explicitly finding the backreaction of the charged particle worldline on the
instanton metric and then computing the effect of quantum gravity corrections from large
fluctuations in almost-zero modes around such backgrounds, we will see that the reasoning
above is flawed. Quantum gravity leaves the semiclassical charged particle emission rate
largely unchanged, even when the initial temperature of the black hole is very small.

5.1 Charged particle emission including gravitational backreaction

The backreacted black hole solution. The formalism for incorporating gravitational
backreaction into the calculation of the decay rate of a false vacuum was pioneered by
Coleman and de Luccia [60, 61]. To calculate the decay rate, Coleman and de Luccia tell
us to calculate the instanton, which in this case just means the t → iτ Euclidean version
of the solution after decay. This instanton solves the Euclidean equations of motion — the
Euclidean version of Einstein’s and Maxwell’s equations. In this section, we will find this
new instanton solution, including the backreaction on the spacetime, in terms of the initial
mass M and charge Q of the black hole that emits the charged particle.

A positron is a point particle, but at large distances the dominant contribution to
gravitational backreaction comes from its S-wave sector. Consequently, we will expand the
metric and electromagnetic field in spherical harmonics and only focus on their S-wave sectors.
Within this approximation, the gravitational instanton can be described as follows (and as
shown in figure 13). Outside the location of the positron, the solution looks like an Euclidean
black hole with mass M and charge Q given by their pre-emission values. Inside the location
of the particle, the S-wave solution describes a new black hole, with reduced mass M̄ and
charge Q̄. We will be able to solve the S-wave sector equations to find the instanton solution
exactly to all orders in q and m. However, other sectors will also affect the solution at
subleading orders in m/M and q/Q, so the S-wave calculation is incomplete at those orders.
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Figure 13. The Euclidean (r, τ)-plane in the presence of the instanton in the S-wave approximation.
Inside of the instanton (r < rinst), the metric is that of a black hole of mass M̄ and charge Q̄,
surrounded by a charged particle at the free-float radius r = rinst. Outside of the instanton (r > rinst),
the metric is that of a black hole of mass M and charge Q.

Nevertheless, the leading order calculation suffices to show that backreaction alone does not
greatly affect the decay rate, even at very low temperatures.

The action of the particle in the S-wave sector is given by

Iinst + BH = IEM +m

∫
worldline

dτ
√
γ + iq

∫
worldline

A , (5.2)

where IEM is the Einstein-Maxwell action (2.7), and we are taking the particle wordline in the
τ axis and coupling it to the gauge field. Above, the worldline will capture the trajectory of the
charged particle in the (r, τ)-plane defined below. The instanton solution is found by solving
the equations of motion inside and outside the particle worldline and then using the junction
conditions to fix the location of the worldline. Solving the solutions inside and outside we find

Inside : FµνF
µν =−2Q̄2

r4 ds2=A2χ̄2(r)dτ2+ dr2

χ̄(r)2 +r
2dΩ2

2 , χ̄(r)2=1+ Q̄
2

r2 −2M̄
r
,

Outside : FµνF
µν =−2Q2

r4 ds2=χ2(r)dτ2+ dr2

χ(r)2 +r
2dΩ2

2 , χ(r)2=1+Q
2

r2 −2M
r
,

(5.3)

where A is an as yet undetermined constant that needs to be included if we want to identify
the coordinate τ inside and outside the particle worldline. The gauge field is continuous
across the worldline, and smoothness at the Euclidean horizon r = r̄+ gives

Aint = iAQ̄

( 1
r̄+

− 1
r

)
dτ, Aout = iQ

(
AQ̄(rinst − r̄+) +Qr̄+

Qr̄+rinst
− 1
r

)
dτ . (5.4)
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We must solve for the unknowns M̄, Q̄, A, rinst and the periodicity of the thermal circle
τ ∼ τ + βinst. The latter is related to the periodicity of the thermal circle on the inside
of the worldline, τ̄ ∼ τ̄ + β̄. These can be solved by using the junction conditions across
the worldline location and requiring a smooth Euclidean solution inside the worldline. The
charge is given by Q̄ = Q − q since the particle carries charge q.

The Israel junction conditions demand continuity of the induced metric and a jump in
the extrinsic curvature K across the worldline location

√
hint =

√
hout ⇒ Aχ̄ = χ, (5.5)

∆Kij = 8π
(
Tij −

1
2hijh

klTkl

)
, (5.6)

where we have written the continuity equation in terms of our ansatz, and Tij is the stress
tensor of the S-wave component of the particle. Since the worldline has no pressure the only
non-zero component is Tττ = σgττ . The extrinsic curvature is given by Kµν = 1

2
√
grr∂rgµν

for µ, ν ̸= r. The time and angular components give

∆Kττ = 4πTgττ ⇒ 1
χ

(
M − Q2

rinst

)
− 1
χ̄

(
M̄ − Q̄2

rinst

)
= m, (5.7)

∆Kθθ = −4πTgθθ ⇒ rinst(χ− χ̄) = m. (5.8)

The final condition is smoothness of the Euclidean spacetime inside the worldline. This
requires the coordinate τ to have periodicity

βinst =
β̄

A
= 2π

A

2r̄2
+

r̄+ − r̄−
, (5.9)

where r̄± = M̄ ±
√
M̄2 − Q̄2 are the locations of the inner and outer horizon of the black

hole inside the worldline. Using the junction conditions (5.5), (5.7) we can solve for the
other unknowns A, rinst, M̄ to find

A=
√
M2−Q2

M̄2−Q̄2 ,

rinst=
M
(
q2−m2)((2Q−q)2−m2)+(m2−q(q−2Q)

)√
(q2−m2)(M2−Q2)((2Q−q)2−m2)

m4−2m2(2M2+q(q−2Q))+q2(2Q−q)2 ,

M̄=M−
q(2Q−q)+m

(
m+2

√
Q2−2Mrinst+r2

inst

)
2rinst

. (5.10)

The radius of the new horizon and the redshift at the location where the particle is pair-
produced are given by

r̄+ = r+

(√
(2Q− q)2 −m2 +

√
q2 −m2

)2

4Q2 , (5.11)

χ2(rinst) =
4m2(M2 −Q2)

((2Q− q)2 −m2)(q2 −m2) .
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Having found the instanton solution, we can now compute the on-shell Euclidean action
in the microcanonical ensemble to obtain the decay rate. We find (see appendix B for details)
that the action is simply given by

Iinst + BH(M,Q) = −πr̄2
+. (5.12)

where the value of r̄+ can be written as a function of M and Q from the above equations. This
should be compared to the false vacuum action in the microcanonical ensemble IBH(M,Q) =
−πr2

+ (that of the black hole solution without the instanton). Thus, the overall decay rate
given by the saddle-point approximation is

rate ∼ exp [IBH − IBH+inst] = exp
[
−πr̄2

+ + πr2
+

]
. (5.13)

This completely agrees with the entropy difference between the final black hole state and the
initial black hole state. To leading order in Q, the difference (5.13) completely agrees with
our estimate (4.13) for the entropy difference where we did not fully compute the backreacted
solution but only estimated the final mass of the black hole M̄ . All the subleading terms in Q
that we find are finite in the low-temperature limit, and therefore, we find that backreaction
does not greatly affect the decay rate. Of course, as we saw in section 4.3, the emission of a
positron typically looks qualitatively quite different from the “modal” emission described by
the gravitational instanton and in particular occurs comparatively far from the black hole
horizon. Typical emission events will soon be included as part of the one-loop determinant
of quantum-gravitational fluctuations around this instanton.

Properties of the gravitational instanton. First, however, we provide a qualitative
discussion of some properties of the instanton solution that we have just found, or equivalently
(taking τ → it) of the static Lorentzian solution found immediately after the charged particle
emission.

• When qQ≫ mM , which since q ≫ m for positrons in our universe will apply even for
black holes of intermediate charge, the radius rinst sits very close to the outer horizon

rinst = r+ + m2√M2 −Q2

2q2 + 𝒪
(
(M2 −Q2)

3
2 ,
m4

q4

)
. (5.14)

We were able to see this already in the probe limit, (4.8), and it continues to hold when
including the effects of gravitational backreaction. Thus, the instanton sits very close
to the horizon, in a region which is well approximated by Rindler space. Notably the
throat can in principle contain a “dilute gas” of a large number of instantons separated
by large distances compared to their own size.

• Like any instanton, the solution (5.3) contains a single unstable direction that will
eventually lead to the partition function having a nonzero imaginary part describing
the decay of the unstable vacuum. In this case, the unstable direction describes the
radius of the worldline. In particular, in the continuation of the instanton solution
to Lorentzian times, shown in figure 14, the positron wants to fall off the top of the
effective potential and either fall into the black hole or roll out to r = ∞.
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Figure 14. Instanton configuration when analytically continuing the geometry to Lorentzian signature.
The bottom segment is half of the Euclidean instanton solution cut at Euclidean time τ = 0 and β/2,
and the top segment is Lorentzian time evolution using the τ = 0 slice for initial data. The dashed
line is the black hole horizon. When going from Euclidean to Lorentzian signature, the particle is
in an unstable equilibrium. If not perturbed, the instanton will sit at constant radius outside the
horizon for all time (red). With a small quantum fluctuation, the particle will be perturbed away from
its unstable equilibrium and either fall into the black hole (green), or escape out to infinity (blue).
We depict all of these scenarios in the figure. Only a portion of the asymptotically flat spacetime is
depicted, with the interior being a portion of the Reissner-Nordström Penrose diagram excluding the
singularity and inner horizon.

• The ADM mass of the static solution in the outside region is still M . This is because
we are in the microcanonical ensemble and so energy is conserved. However, if the
positron falls off the top of V (r) and rolls out to r = ∞, it will carry some of that
energy with it. The ADM energy of the remaining smaller black hole will be M̄ , given
by (5.10). As we saw in the probe limit, in section 4.3, the energy carried away by
the positron is much larger than the rest mass of the positron, because the positron is
hyper-relativistic after it has been accelerated by the electrostatic potential,

M − M̄ = qM

Q
+ . . . (5.15)

Epositron ≈
√
αMpl = γm =⇒ γ = 2× 1021 . (5.16)

• An extremal black hole that lost charge q and mass m would be far from extremal,
since q ≫ m. However, as we have just seen, the black hole loses much more energy
than that. Indeed, in section 4.1 we saw that in the probe limit — i.e. at leading order
in the size of the black hole — an extremal black hole that emits a positron via the
process described by the instanton remains exactly extremal. With the benefit of the
calculations above we can now see that in at next order in GN the emission of a positron
moves the black hole slightly away from extremality,

M̄ − Q̄|M=Q = q2 −m2

2r+
+ . . . (5.17)

Since this is subleading in GN , this means that even after a large near-extremal black
hole has emitted half its charge, it’s still parametrically close to extremality. On the
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other hand, emitting a single positron makes the black hole far enough away from
extremality that it is above the breakdown scale, since q2−m2

2r+
≫ Ebrk. ∼ Q−3. Thus,

the evaporation of the black hole into neutral particles is well approximation by the
standard QFT in curved spacetime approximation immediately after the charged particle
emission. On the other hand, the energy above extremality given in (5.17) is very
small compared to the typical energy above extremality found in section 4.3 due to
semiclassical fluctuations in the emission location.

• That ∆M = qM
Q + . . .≫ m also explains why the gravitational corrections to the probe

calculation of the rate, (4.11), can be so modest even for black holes that are close to
extremal.

One might be concerned that the probe calculation would have limited validity because
near-extremal black holes are fragile — the energy density in the electric field nearly
causes the entire throat to undergo gravitational collapse. And indeed, if a near-extremal
black hole were to have its charge and mass reduced by ∆M = m and ∆Q = q then
the outer horizon would leap out so far as to engulf the entire Rindler region where
decay is meant to be happening, and in many cases increase the temperature so much
that (4.11) would be completely unjustified. Because ∆M = qMPl the reduction in
mass almost completely balances the reduction in charge, cancelling the leading order
correction to the temperature and horizon location. This is part of the story of how
the probe limit can remain reliable even when the energy above extremality is less than
MPl.

• There are three relevant temperatures. Let’s distinguish them. There’s T0, the temper-
ature of the initial black hole, given by (2.13) as

T0 = 1
2π

r+ − r−
2r2

+
. (5.18)

There’s Tinst, the temperature of the static solution outside the region where the
instanton is located. This is the same as the temperature of the smaller black hole,
redshifted by the gravitational potential of the positron at rinst and is given by (5.9).
Finally, there’s Tfinal, the temperature of the smaller black hole once the positron has
been expelled to large r, given by

Tfinal =
1
2π

r̄+ − r̄−
2r̄2

+
. (5.19)

Because the Hawking quanta no longer need to climb out of the gravitational well of
the positron, we have Tfinal > Tinst. Similarly, we can show

Tinst = T0
r2

+
r̄2

+
. (5.20)

Because r̄+ < r+ this implies T0 > Tinst. Finally, it is straightforward algebra to show
that Tfinal > T0. Altogether, we have

Tfinal > T0 > Tinst . (5.21)

– 59 –



J
H
E
P
0
1
(
2
0
2
6
)
1
0
9

• As we have seen in section 4.3, as long as we start with a sufficiently cold black hole
(M−Q

Q ≪ 1
Q2 which even applies for black holes that are well above the thermody-

namic breakdown scale Ebrk.), the resulting temperature after emission will be largely
independent of the temperature before emission,

Tfinal =
√
q2 −m2

2πQ2

(
1 + 𝒪

( 1
Q2

))
. (5.22)

These are properties of the emission process described by the gravitational instanton. Just as
we saw in the non-gravitational case in section 4.3, the typical emission process will involve
the production of positrons farther out than is predicted by the instanton, and so leave the
residual black hole further from extremality.

Contributions from sectors with nonzero angular momentum. In the effective JT
gravity description of the near-horizon region, metric and gauge modes with nonzero angular
momentum are massive, with a mass that is of order the inverse AdS2 radius r−1

+ . As a
result, interactions mediated via such modes are exponentially suppressed on scales that are
much larger than the AdS2 radius. At low temperatures, the throat is parametrically long,
so the effects of the charged particle on the boundary conditions at infinity are captured
to very high accuracy by the S-wave sector.

On the other hand, the proper radius of the charged particle loop is ∼ m
q r+, which is

much smaller than the AdS2 radius when m≪ q. Self-interactions within the charged particle
loop (including the electromagnetic attraction between the electron and the positron) are
therefore described not by an effective two-dimensional description of the S-wave sector but
by an approximate description using four-dimensional flat space.

For example, the leading self-interaction is mediated by the electric field and was computed
for the Schwinger effect in [62]. It was found to be

∆Iinst = −1
4q

2 . (5.23)

No such term appears, however, at this order in the S-wave approximation.

5.2 Including quantum gravity fluctuations

We will now calculate the modifications to Schwinger pair production close to extremality
induced by both quantum fluctuations of the particle path and quantum gravity effects at
low temperatures by using the dimensional reduction to JT gravity. Surprisingly, we will find
that even when such quantum corrections are included, the Schwinger pair production rate
remains unchanged. The strategy that we will follow is to compute the partition function
in the presence of the instanton in the canonical ensemble, where quantum corrections are
easier to study. We will then express the partition function as,

Zinst+BH(β,Q) =
∫
dEρinst+BH(E)e−β(Re E+i Im E) , (5.24)

where ReE is the real part of the energy above extremality, Γ(E) = ImE is its imaginary
part, and ρinst+BH(E) is the density of states in the presence of the instanton, which is purely
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real. Thus, Γ(E) can be seen as the decay rate for the states with real energy E. If we work in
a regime where βΓ(E) ≪ 1 but still close to extremality, β ≫ Q, then we can expand (5.24),

Zinst+BH(β,Q) = iβ

∫
dEΓ(E)ρBH(E)e−βE = iβZBH(β,Q)Γ , (5.25)

where Γ(β) is the average decay rate in the thermal ensemble. In this limit, Γ can be
computed using a single instanton calculation.

However, if we want to go beyond the approximation βΓ(E) ≪ 1 and understand charged
particle emission at the very low temperatures where it typically occurs, we cannot assume
that the density of states ρinst+BH(E) is unchanged by the presence of the instanton (as
was done in (5.25)). Instead, we need to resum solutions containing arbitrary numbers of
instantons in order to explicitly reproduce (5.24), including corrections to the density of
states. We will turn to the question of how to implement this resummation later in the
section after analyzing the one-loop determinant of the single instanton solution.

To compute quantum gravity corrections by using the JT description, we need the
instanton to live in the AdS throat region (5.14). This requires particles with q

m ≫ 1, which
is indeed true for the mass and charge of the positron. We also need fluctuations of the
instanton location to remain in the throat, which requires the black hole to have charge
Q ≫ Q∗. The relevant effects we will take into account are metric fluctuations, which are
influenced by the backreaction of the instanton, which creates the appearance of a conical
defect in the geometry. The presence of such defects changes the boundary conditions that we
have to impose on the boundary modes and, as we shall see shortly, lifts the two zero-modes
ϵ±1 that are present in the Schwarzian action when backreaction is neglected.

To then obtain the full Schwinger decay rate, we must sum over any number of instantons
present in the geometry. Normally, in the dilute gas approximation, the position of each
instanton is a zero mode, and distinct instantons do not “interact” with each other in any
way. As we have just explained, when the instanton backreacts on spacetime, this is no
longer true, and the position of each instanton is no longer a zero mode, so we need to
understand how to account for this in the presence of multiple instantons.18 Additionally,
at the level of the gravitational path integral, understanding the moduli space of instantons
brings further subtleties: we wish to count instanton configurations that are not related by
large diffeomorphism since the gravitational path integral includes a quotient by the group
of all diffeomorphisms. Since each instanton comes with a small conical defect, summing
over distinct instanton configurations reduces to the problem of summing over conical defect
geometries in JT gravity.19 More succinctly:

Moduli space of instantons = Moduli space of conical defects. (5.26)

Therefore, the volume of the defect moduli space automatically accounts for the integral over
the position of each instanton on the geometry. Since the instantons interact when gravity is

18In our work, we will solely focus on the gravitational interaction between the instantons. It would be
interesting to understand how such effects combine with other interactions between the different instantons,
such as those mediated by electromagnetism.

19The integral over the defect moduli space can be written as an integral over the position of each individual
defect [63, 64]. The integral over positions acquires a small action.
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Figure 15. Instanton configuration in the near-horizon AdS2 × S2 region of a near-extremal black
hole. The effect of the backreaction is captured by the difference between the left and right figures —
while both geometries are smooth, for the geometry on the right, if we hypothetically continue the
spacetime past the location of the charged particle, we see that the resulting geometry has a very
blunt defect whose angle is 2πα, with α given by (5.28). We represent the location of the defect
through the dotted point. The junction conditions (5.5) are easy to understand from this figure. The
first condition demands that the length of the red curve is the same both from inside and outside
the worldline. The second condition implies there is a jump in extrinsic curvature as we cross the
worldline, which can be seen from the figure on the right.

turned on, this does not give a simple factor of the spacetime volume as in the case of the
Schwinger effect in flat space QED and leads to subleading corrections to the decay rate.

Performing the resummation over conical defects was solved in [65–67], and allows us to
get an answer for the left-hand-side of (5.26). We will now go through the computation in
increasing levels of complexity: one instanton, one winding instanton, multiple instantons,
and multiple winding instantons. The final result will be to perform the resummation over
any number of instantons using (5.26), and to obtain a new density of states for BHs that
takes into account the Schwinger effect.

The backreacted solution has an apparent conical defect. The instanton solution
of section 5.1 is completely smooth everywhere, including at the radius r̄+ where the U(1)
Euclidean time degenerates. When imposing the periodicity τ ∼ τ + βinst the Euclidean
solution inside the worldline is smooth. However, the black hole outside the worldline
appears to have an effective conical defect at its (nonexistent) horizon r = r+, as shown
in figure 15. Indeed, if the worldline didn’t exist and the black hole solution with mass M
and charge Q continued to the horizon, there would be a conical singularity with defect
angle θ = 2π(1 − α) for

α = βinst
β0

, where β0 =
4πr2

+
r+ − r−

, (5.27)

because the instanton periodicity βinst of the instanton is not equal to the BH inverse
temperature β0. Using (5.10), one finds that

α =
r̄2

+
r2

+
= 1− m2

qQ
+ 𝒪

(
1
Q2 ,

m4

q4

)
= 1− Iinst

πQ2 + 𝒪
(

1
Q2 ,

m4

q4

)
. (5.28)

– 62 –



J
H
E
P
0
1
(
2
0
2
6
)
1
0
9

where after the second equation, we have taken the limit Q≫ q and q ≫ m. In the second
equality, we rewrote α in terms of the instanton action Iinst that appears in the exponent
of the final expression in (4.14) when taking q ≫ m. This rewriting will be convenient for
some purposes. The conical defect is therefore very blunt, with the defect angle suppressed
by both the large charge of the black hole and the very light positron mass.

Metric fluctuations with a single instanton. The instanton action close to extremality
is given by expanding (B.8) for large βinst,

Iinst + BH = −πr̄2
+ + βinstM = −πQ2 + 2πQ

(
q −

√
q2 −m2

)
+ βinstQ

− 2π2Q3

βinst

(
1− 4q −

√
q2 −m2

Q

)
+ . . . . (5.29)

This can conveniently be written as,20

I1 inst + BH =− πQ2α+ βinstQ− 2π2Q3

βinst
α2 + . . . . (5.30)

The last term can be identified as the on-shell contribution of the Schwarizan with a defect
(with angle α) [68]. In fact, in appendix C, we show that in the dimensional reduction
on S2 in the AdS2 × S2 near-horizon region, the insertion of the instanton is equivalent
to inserting an operator

𝒪inst =
∫
d2xinst

√
ge−2π(1−α)Φ(xinst) , (5.31)

in the theory of dilaton gravity arising in the dimensional reduction. Such operator insertions
have been extensively studied [68, 69] and are indeed equivalent to the insertion of defects
whose opening angle is 2π(1 − α).

The presence of the defect changes the boundary conditions for the boundary modes
whose one-loop determinant caused the important quantum effects seen in section 2.4 [68, 69].
Compared to (2.24), the expansion of the boundary modes to quadratic order in the presence
of a defect can now be expressed as,

Iquad
Schw defect ∼

∑
|n|≥1

T

Ebrk.
n2(n2 − α2)ϵnϵ̄n , (5.32)

where the modes ϵ±1 can be identified as generating the translation of the defect and,
consequently, of the instanton, in the near-horizon geometry. As advertised, we now see that
these two modes are no longer exact zero-modes once α ≠ 1, i.e., once backreaction is included.

To obtain the final result, we also have to keep track of the change of measure from
the 4d modes of the metric that correspond to the fluctuations of the instanton to the ϵ±1
modes that parameterized changes in the location of the defect. This can be achieved by
following [14, 70, 71], which close to extremality finds the change of measure dgsoft mode ±1

µν =
20Going forward, in our discussion of single instanton contributions, we will drop the contribution of the

ground state energy βinstQ since that is the same with or without the instanton.
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Qdϵ±1 associated to each of the two modes; these two modes thus lead to a factor of Q2 in the
one-loop determinant. Similarly, there are two additional modes of the metric corresponding
to large diffeomorphisms that induce black hole rotations that become physical once the
instanton is created. Such modes thus lead to an additional factor of Q2 in the one-loop
determinant, which precisely corresponds to the volume of the sphere on which the charged
particle is emitted.

We can now integrate over all ϵn using the quantization of the Schwarzian theory with a
defect angle α [68]. The partition function of the BH and instanton system can be written
expressed as,21

ZBH+1 inst(β,Q) =
[
iZ1-loope

−2πQ

(
q−
√

q2−m2
)]

︸ ︷︷ ︸
Contribution of non-interacting

charged particle

(
Q3

β

)1/2 1
(1− α)︸ ︷︷ ︸

Gravitational
one-loop determinant

exp
[
πQ2 + 2π2Q3

β
α2
]

︸ ︷︷ ︸
Classical grav. contribution

including backreaction

× Q#︸︷︷︸
Other one-loop det.’s

also present w-out. instanton

(1 +O(1/Q)) , (5.33)

where we have set β = βinst in order to compare the partition function to the false vacuum
partition function with the same temperature to be able to then read off the decay rate as
in (5.24). Above, iZ1-loop is the one-loop contribution of the particle moving in AdS2 × S2

excluding the translation modes ϵ±1 on AdS2 already taken into account by the Schwarzian.
In Z1-loop, we will include the Q2 measure associated with the two translation modes ϵ±1, and
include a factor of Q2 from integrating over the position of the point particle on S2. Combining
the standard result for the one-loop determinant coming from the fluctuations of charged
particle worldline with the change of measure for ϵ±1 and for the two rotational modes, we find

Z1-loop = Q2︸︷︷︸
Measure of the

two lifted SL(2,ℝ) modes

Q2︸︷︷︸
Measure of the

two SU(2) modes
=

Volume of S2

(
q2

4π3Q2

)
︸ ︷︷ ︸

Fluctuations of charged
particle worldline

= q2Q2

4π3 . (5.34)

The
(

Q3

β

)1/2
factor in (5.33) is the contribution of the graviton one-loop determinant. This

is now changed from the original
(

Q3

β

)3/2
seen in section 2.4 in the absence of the instanton

due to the fact that the modes ϵ±1 now have to be included in the gravitational path
integral. Namely, the partition function with an instanton should be compared to the BH
partition function given by

ZBH(β,Q) = Q#︸︷︷︸
Other one-loop det.’s

(
Q3

β

)3/2

︸ ︷︷ ︸
Gravitational

one-loop determinant

exp
[
πQ2 − βQ+ 2π2Q3

β

]
︸ ︷︷ ︸
Classical grav. contribution

. (5.35)

21The factor of 1
1−α

is subtle and comes from integrating over the position of the instanton on AdS2, and
we explain its origin in appendix C.
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The β-dependence of the one-loop determinants in (5.33) and (5.35) is different because
the isometries of the two geometries are different: the near-horizon of a BH has an SL(2,ℝ)
isometry, while the BH with an instanton breaks that isometry to U(1). Zero modes of
the Schwarzian action associated to isometries of the spacetime geometry do not describe
physical fluctuations of that geometry, and each “missing” mode leads to a factor of β−1/2.
In particular, the modes ϵ±1, which describe translations of the spacetime, are unphysical
coordinate changes in a pure AdS2 geometry but become physical modes in the presence of a
defect. We thus find that the ratio of the two partition functions is given by

ZBH+1 inst(β,Q)
ZBH(β,Q) = βEbrk

1− α

i Z1-loope
−2πQ

(
q−
√

q2−m2
)

︸ ︷︷ ︸
≡e−Iinst eff.

 exp [2π2Q3

β
(α2 − 1)

]
(5.36)

which gives us a first estimate for the decay rate in a regime where ZBH+1 inst
ZBH

≪ 1, i.e. when
β/Q3 ≪ eIinst eff. ,

Γ(β) = 1
β
Im log

(
1 + ZBH+1 inst

ZBH

)
∼ZBH+1 inst

ZBH
≪1

q3

2π3m2 e
−πQm2

q

(
1 +O

( 1
Q
,
m

q

))
.

(5.37)
This is exactly the answer obtained in section 4.2.22 Even though we have included the same
quantum gravity fluctuations that proved so important for the neutral radiation, we now see
that for charged pair production, such corrections have no effect at leading order. The decay
rate is largely β-independent, and the Q-dependence coming from the integration measure
of the gravitational path integral together with the factors of Ebrk. precisely reproduces the
standard Schwinger pair-production answer. To fully complete the calculation for a single
instanton, one also has to consider configurations where the instanton winds k times around
its circular trajectory. We perform this analysis in appendix E, where we find the same answer
as when including winding instantons in the standard Schwinger pair-production calculation.

Multi-instanton contribution. To fully understand the pair-production rate, we will thus
have to re-sum all multi-instanton configurations, depicted in figure 16, directly at the level of
the gravitational path integral, once again taking the backreaction into account. To perform
the re-summation over any number of instantons, we need to account for the volume of
moduli space of hyperbolic geometries with any number of conical defects. In particular,
when summing up all possible conical defects, the partition function is given by

Zsum over defects(β) =
∞∑

k=0

λk

k! Zk−defects(β) . (5.38)

22The overall O(1) multiplicative factor in (5.37) is ambiguous due to the freedom to define the measure
for the modes ε±1 by an arbitrary constant factor. In the above we have chosen that measure to match
the standard semiclassical computation in the high-temperature limit (and, consequently, also at all other
temperatures).
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In the above Zk−defects is the gravitational path integral on the disk with k conical defects,
which is proportional to the volume of the moduli space for a disk with k defects.23 Each
defect has a deficit angle θ = 2π(1 − α), and comes with a weight λ that we will write in
terms of the instanton parameters shortly. The factor of k! is included to take into account
the fact that the defects are indistinguishable. In [65–67] it was explained how to perform
the above resummation. We will present the final result from [67], which performed the
resummation for arbitrary defect angles.

The partition function (5.38) is easiest to evaluate using the technology of the string
equation ℱ(u), see [72, 73] for recent and classic reviews. One first specifies k species of
defects with opening angles αi and weights λi with i = 1, . . . , k. The associated string
equation ℱ(u) is then related to the density of states associated with the partition function
that we are looking for through

ρ(E) = eπQ2

2π

∫ 2E

2E0≡u(0)

du√
2E − u

∂ℱ
∂u

. (5.39)

where the edge of the spectrum E0 needs to first be determined by solving for ℱ(2E0) = 0.24

The partition function, when we include the summation over any number of defects, is given by

Zsum over defects(β) =
∫ ∞

E0
dEρ(E)e−βE . (5.40)

String equation for instantons. We will now demonstrate how this works with a single
defect species, which is the case when ignoring winding instantons. We will assign each
defect a weight given by25

λ ≡ ie−Iinst eff = i
Z1-loop
1− α

e
π

16Q2

[(√
(2Q−q)2−m2+

√
q2−m2

)
−16Q4

]
, (5.41)

which is the action of each instanton with deficit angle given by α in (5.28) with the BH
entropy subtracted off. This is the dominant instantons with winding k = 1. In addition to

23The defect moduli space has boundaries where geodesics pinch to zero size b → 0. This occurs when
there are qQ

m2 ≫ 1 defects on the geometry giving a total deficit angle θ ≥ π [67]. At the classical level these
configurations are highly suppressed due to the large number of instantons. Including the matter one-loop
determinant on geometries with such cycles leads to a diverging amplitude as b→ 0 because one is sensitive
to UV physics at arbitrarily short length scales. In principle, a UV complete theory should regulate these
divergences. We must instead arbitrarily cutoff the integral such that only geometries with some minimal
length scale ℓpl ≪ ϵ ≤ b are included where b is a geodesic boundary size that we integrate over. Once we
implement this cutoff we are integrating over a regulated moduli space where one-loop determinant effects
from winding geodesics are unimportant. This regulated integral discards only a very small portion of the
full moduli space integral. The regulated integral will thus be well approximated by the full moduli space
integral (where winding geodesic are ignored) up to corrections controlled by ϵ. This would give a very small
correction to all quantities computed in this section. We will henceforth work with the unregulated integral
keeping this correction in mind.

24Restoring units, the correct equation is ℱ( 2E0
Ebrk.

) = 0. The conventions used in this paper differ from
the commonly used convention where Ebrk. = 2, which would give the equation for the edge of the spectrum
ℱ(E0) = 0.

25The prefactor (1 − α)−1 comes with each defect since we are independently integrated over the position of
each defect.
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Figure 16. Cartoon of the multi-instanton configuration in the presence of backreaction in the AdS2
near-horizon region for a near-extremal black hole. Each instanton has an associated defect that is
seen when continuing the spacetime outside of each instanton past the instanton location. Because of
the backreaction, all multi-instanton configurations are off-shell, and their re-summation is captured
by the moduli space of defects in AdS2.

this, there are also suppressed instantons that wind k-times whose weight will be given by
e−Ik

inst eff. from (E.3) with associated angle αk from (E.1). Note that all the defect actions,
as well as the defect angles, are independent from the number of defects that we put on
the black hole background.

To start, we will neglect the contribution of winding instantons. In such a case ℱ(u)
was found to be given by a truncated sum [67]

ℱ(u) =
⌊ 1

1−α⌋∑
L=0

iLe−LIinst eff

L!

(2π(1− L(1− α))√
u

)L−1
IL−1

(
2π(1− L(1− α))

√
u
)

(5.42)

where IL−1(x) are Bessel functions. This sum can be conveniently rewritten in terms of
a generating function:

ℱ(u) =
∫
𝒞

dy

2πie
2πy

(
y −

√
y2 − u− 2ie−Iinst effe−2π(1−α)y

)
, (5.43)

where the contour runs along the imaginary axis to the right of all poles in the complex
y plane. A similarly useful formula is that of the generating function for the density of
states, which is given by

ρ(E) = eπQ2

2π

∫
𝒞

dy

2πie
2πy tanh−1

(√
2 (E − E0)

y2 − 2ie−Iinst effe−2π(1−α)y − 2E0

)
. (5.44)

The generating functions (5.43) and (5.44) can also be generalized to include any number
of instantons with different weights and deficit angles. For example, the k-times winding
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instantons give:

ℱ(u) =
∫
𝒞

dy

2πie
2πy

y −
√√√√y2 − u− 2i

∞∑
k=1

e−Ik
inst effe−2π(1−αk)y

 ,

ρ(E) = eπQ2

2π

∫
𝒞

dy

2πie
2πy tanh−1

√√√√ 2 (E − E0)
y2 − 2E0 − 2i

∑∞
k=1 e

−Ik
inst effe−2π(1−αk)y

 . (5.45)

A sanity check: reproducing the pair-production rate without backreaction. As a
sanity check, we can first see what happens in the complete absence of backreaction in which
case we are neglecting the presence of defects, which implies we are taking α = 1 and keeping
e−Iinst eff as in (5.36). The string equation for the single-wound instanton becomes

ℱ(u)=
∞∑

L=0

iLe−LIinst eff

L!

( 2π√
u

)L−1
IL−1

(
2π

√
u
)
=
√
u+2ie−Iinst eff

2π I1
(
2π
√
u+2ie−Iinst eff

)
.

(5.46)
where one identifies the second expression as the infinite Taylor serier in ie−Iinst eff of the
third expression. The edge of the spectrum in such a case is given by E0 = −ie−Iinst effEbrk.,
the density of states is found to be

ρno backreaction(E) ∼ eπQ2 sinh
(
2π
√
2 (E − E0)

)
. (5.47)

From the above, it appears that the density of states is imaginary. Instead, we must pick a
contour in the complex E plane for the density of states to be real, with the resulting BH
energies having a small imaginary part. This implies that our black hole states are instead
metastable with a decay rate set by the imaginary part of the energy. For the above case,
the correct contour is to choose ℰ = E −E0 ≥ 0 to be real and positive such that the density
of states is real and positive. The BH states thus have energy and associated decay rate

E = ℰ − iΓno backreaction , Γno backreaction = Z1-loope
−2πQ

(
q−
√

q2−m2
)
Ebrk. . (5.48)

This is precisely the result in the literature that neglects backreaction but sums over the
contribution of an arbitrary number of non-interacting instantons. Note that Ē is only the
energy above extremality. The total energy of the BH is Etotal = Q+ Ē ≫ Γno backreaction,
and so these states are metastable.

In the case of no backreaction, we can also exactly compute the partition function using
the density of states, finding

Zno backreaction = ZBHe
−βE0 = ZBHe

βie−Iinst eff , (5.49)

from which we can again read off the complex part of the energies as the imaginary part
in the exponential.

The pair-production including back-reaction. Coming back to (5.42), we can now
determine the leading order correction coming from considering α ̸= 1. Since we are interested
in the effect at small temperatures, one first observable we should understand is whether the
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presence of defects will affect the spectral edge E0. This amounts to solving ℱ(2E0) = 0
order by order in 1 − α.

First, let’s neglect the winding solutions. To second order in 1 − α we find:
E0
Ebrk.

= −ie−Iinst eff +2π2e−2Iinst eff(1−α)2 +8iπ4e−3Iinst eff(1−α)4 +𝒪
(
e−4Iinst eff(1− α)6

)
,

(5.50)
where each order in (1 − α) is exact in terms of e−Iinst eff . Therefore, this should not only
be viewed as an expansion in terms of (1− α) but also in e−Iinst eff . Including the winding
solutions studied in appendix E, we have

E0
Ebrk.

= −i
( ∞∑

k=1
e−Ik

inst eff

)
+ 2π2(1− α)2

( ∞∑
k=1

ke−Ik
inst eff

)2

(5.51)

+ 8iπ4(1− α)4
( ∞∑

k=1
ke−Ik

inst eff

)2( ∞∑
k=1

k2e−Ik
inst eff

)
+ 𝒪

(
e−4Iinst eff(1− α)6

)
,

The above expansion should really be understood only as an expansion up to order
O
(
e−4Iinst eff

)
, so not all the exponential terms in the parentheses should be kept. Note that

e−Ik
inst eff. contributes at the same order as e−kIinst eff. .
We should also note that the partition function at low temperatures is given by the

density of states around the edge of the spectrum. However, in the presence of instantons the
spectrum around this edge can also change by a multiplicative factor. We shall once again start
by neglecting multiple windings. In such a case, expanding (5.44) around E → E0, one finds

ρ(E) =
√
2(E − E0)

eπQ2

2π

∫
𝒞

dy

2πie
2πy

 1√
y2 − 2ie−Iinst effe−2π(1−α)y − 2E0


︸ ︷︷ ︸

Energy independent const ≡ 𝒞

, (5.52)

where we have defined the energy independent constant 𝒞 which can also be determined
in a 1 − α expansion:

𝒞=1−4iπ2e−Iinst eff(1−α)+2π2
(
ie−Iinst eff−4π2e−2Iinst eff

)
(1−α)2+𝒪

(
e−2Iinst eff(1−α)3

)
.

(5.53)
Again, including the winding solutions as in appendix E, we have

𝒞=1−4π2i(1−α)
( ∞∑

k=1
ke−Ik

inst eff

)
+2π2(1−α)2

( ∞∑
k=1

ik2e−Ik
inst eff

)
−4π2

( ∞∑
k=1

ke−Ik
inst eff

)2


+8π4(1−α)3

3( ∞∑
k=1

(−ik)e−Ik
inst eff

)( ∞∑
k=1

(ik2)e−Ik
inst eff

)
+4π2

3

( ∞∑
k=1

(−ik)e−Ik
inst eff

)3
+

+𝒪
(
e−2Iinst eff(1−α)4

)
. (5.54)

The above density of states yields a low-temperature partition function given by

Zall instantons(β) = 𝒞
(
Q3

β

)3/2

eπQ2−βE0 , (5.55)
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which thus gives a ratio of partition functions:

Zall instantons(β)
ZBH(β)

= 𝒞e−βE0 . (5.56)

Finally, the fully back-reacted decay rate close to extremality is given by

Γ = 1
β
Im log

(
Zall instantons(β)

ZBH(β)

)
= − ImE0 + Im 1

β
log𝒞 =β→∞ − ImE0 . (5.57)

Note that at low temperatures, the last term can be dropped, and we are left with the shift
in the spectral edge as the only effect from the instantons. The rate can be easily computed
from (5.50), (5.53) and (5.54) giving

Γ
Ebrk.

=
∞∑

k=1
e−Ik

inst eff − 8π4(1− α)4
( ∞∑

k=1
ke−Ik

inst eff

)2( ∞∑
k=1

k2e−Ik
inst eff

)

− 4π2

βEbrk.
(1− α)

( ∞∑
k=1

ke−Ik
inst eff

)
+ 𝒪

(
e−5Ik

inst eff
)
, (5.58)

where we have included the first temperature correction for completeness. Below, we will
use the explicit values of Ik

inst eff and 1 − α to obtain the corrected pair-production rate
for positrons in our own universe.

5.3 Final results for the decay rate for a charged particle

For large black holes, the instanton action is large, and the decay rate is exponentially
suppressed and dominated by the k = 1 term, with winding instantons being unimportant.
Expanding the one-loop determinant and the defect angle (5.28) at large Q and q ≫ m, we
find that for charged fermions at very low temperatures, the pair-production rate is given by

Γ =
∞∑

k=1

1
k3

q3

2π3m2 e
−2πkQ(q−

√
q2−m2)

− m2q5Q2

π5

( ∞∑
k=1

1
k2 e

−2πkQ(q−
√

q2−m2)
)2( ∞∑

k=1

1
k
e−2πkQ(q−

√
q2−m2)

)

+ 𝒪
(
e−10πkQ(q−

√
q2−m2)

)
. (5.59)

The first term is precisely the expectation from the Schwinger result (4.19) when including
winding instantons for a charged fermion.26 The second line indeed provides a non-trivial
correction coming from the fact that the instantons are weakly interacting — nevertheless,
this correction is highly suppressed in e−Iinst eff . However, this correction becomes significant
as the charge of the black hole approaches Q∗ and the instanton action becomes small. To
understand how much such corrections are suppressed, it is useful to rewrite the terms coming

26The above answer is not precisely correct when the pair-production rate is exponentially suppressed.
There are subleading terms in the (1 − α) expansion that are more important than highly wound instanton
contributions, with the net effect that each exponential term effectively has its own Q−1 expansion. The
expression is written to contrast to the standard Schwinger rate.
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from one-loop determinants in the second line of (5.59) as m2q5Q2

π5 = q3

2π3m2 · 2I2
instq4

π4 ; in this
rewriting, the first term is the one-loop determinant around the single instanton saddles while
the second term corresponds to the additional suppression that appears from the one-loop
determinant of the multi-instanton configuration. When Iinst ∼ O(1), the correction to
the dilute gas approximation can thus become important since it is solely suppressed by q4

compared to the leading order answer. Similarly, the kind of non-perturbative corrections
seen in the second line of (5.59) also lead to a non-perturbative shift of the extremal energy.
Such a shift is analyzed in appendix F and should be added to the already known perturbative
corrections to the extremal energy. As in the second line of (5.59), such corrections once
again seemingly become important when Iinst ∼ O(1). We plan to explore the nature of
both such corrections further in future work.

To summarize, when the black hole holds a sufficiently large charge (Q≫ Q∗), we see
that neither quantum effects nor gravitational backreaction plays a significant role in the
pair-production rate. The final decay rate for a large BH is thus

Γ = q3

2π3m2 e
−2πQ(q−

√
q2−m2) , (5.60)

which is identical to the standard Schwinger result (4.19) except for the exponent.

5.4 Why does the semiclassical emission rate survive largely unchanged?

We started this section with the intuition that at sufficiently low initial temperatures,
the charged particle emission rate should be enhanced by a polynomial factor relative to
semiclassical expectations. Instead, however, we found only exponentially small corrections
to that rate. So why did the intuition from thermodynamics give an incorrect answer?

To understand why, it is helpful to first review the process by which a charged particle
is emitted from the horizon of the black hole. This can be naturally decomposed into two
steps, as shown in figure 17. In the first step, the positron quantum tunnels out of the
horizon to an unstable equilibrium just outside. This step is entropically suppressed, with
an exponent equal to the difference in entropy between the pre-emission black hole and
the unstable equilibrium. In the second step, it is repelled from the black hole to infinity.
This second step is essentially classical in nature (or at least is allowed classically) and, in
general, will be thermodynamically irreversible. We, therefore, have an inequality where
the entropy of the post-emission black hole is at least as big but, in general, will not be
equal to the entropy of the unstable equilibrium.

A good example of the second step increasing the entropy of the post-emission black hole
occurs when the Schwinger pair production takes place outside the horizon. (As we showed
in section 4, this is almost always the case in practice.) After the electron-positron pair is
produced, the positron will be repelled to infinity while the electron will fall into the black
hole. The electron will increase the thermodynamic entropy of the black hole, making the
process fundamentally irreversible. (The reverse process would involve throwing a positron at
a black hole and seeing an electron spontaneously pop out of the horizon to annihilate with it.
This is very unlikely to occur) As a result, even semiclassically, the Schwinger emission rate
for electron-positron pairs far from the horizon cannot be related to the entropy difference
between the pre- and post-emission black holes.
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Figure 17. Cartoon of charged particle emission from a black hole. The black hole first quantum
tunnels to a static but unstable (and non-symmetric) configuration where the positron is at the
free-float point. From here, the dynamics are essentially classical as the positron is expelled with a
large boost, and the black hole equilibrates to its (spherically symmetric) final state. The rate of the
first step in the process is controlled by entropic suppression. The second step will, in general, be
thermodynamically irreversible and will increase the entropy of the black hole.

Now, let’s consider the case of a very low-temperature initial black hole state, with the
Schwinger pair potentially being produced either near the top or the bottom of the throat.
Crucially, because Schwinger pair production is a local process, it does not significantly affect
the Schwarzian fluctuations of the black hole, which are locally pure gauge. This is, of course,
a good reason to think that those fluctuations should not affect the local physics governing
the Schwinger rate. But it also means that the unstable equilibrium solution, described by the
gravitational instanton, that arises immediately after the pair is produced still has the same
long throat with the same Schwarzian fluctuations as the pre-emission black hole. As a result,
the entropy corrections from those fluctuations should contribute the same way to both the
entropy of the pre-emission black hole and the entropy of the instanton configuration. As
explained above, that is the relevant entropy difference that controls the pair production rate.

During the second step, the long throat and the fluctuations will necessarily be destroyed.
Depending on where the electron-positron pair is produced in the throat, it will either be
destroyed by the electron falling down or the positron flying up (or by a combination of the
two). However, this destruction only affects how thermodynamically irreversible the emission
process is. It does not affect the rate of charged particle emission, which is entirely controlled
by the first step. We conclude that Schwarzian fluctuations make charged particle emission
from a very low-temperature black hole more thermodynamically irreversible than we would
expect based on semiclassical physics but do not affect its rate.
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6 The story of a charged black hole

We will now discuss the decay process of a charged black hole.27 If the black hole starts
with too small of a charge, the Schwinger process stops being exponentially suppressed well
before the black hole approaches extremality, and semiclassical physics doesn’t break down
until the black hole becomes Planckian in size. Instead, we will be interested in the case
where we start with a black hole with a large enough charge that it approaches extremality
with positron emission still exponentially suppressed. As we have seen, this occurs when
Q ≳ Q∗ ≡ 1.8 × 1044q. This will be our starting point.

Bosonic BH Hawking radiation. Let’s assume that our black hole starts with integer
spin and is well above extremality. It will first continuously emit neutral Hawking radiation,
reducing its mass and angular momentum without losing any of its charge. In our own
Universe, from (3.9) about 75% of this Hawking radiation will be in the form of photons
and 25% in gravitons, at sufficiently high energies above extremality. The black hole will
quickly lose most of its angular momentum until j ≪M2/M2

Pl. It will then slowly lose mass
without losing charge. The mass loss due to the photons and gravitons is always polynomial
in the energy above extremality, with the exact suppression dependent on the mass of the
black hole above extremality. For example, we found from equation (3.85)

dM

dt
∼

−(M −Q)5, M −Q≫ Ebrk. ,

−(M −Q)
19
2 , M −Q≪ Ebrk..

(6.1)

The first line is valid sufficiently far above extremality that the quantum field theory in curved
spacetime approximation is justified. As the black hole cools down to (M − Q) ∼ Ebrk.,
this approximation breaks down, and quantum gravity effects become important. In this
regime, even the quantized spin of the black hole only takes small values since only states with
j(j +1) < 2

Ebrk.
(M −Q) exist.28 After some time, photon emission will make M −Q < Ebrk.,

at which point the black hole can only have j = 0. At this point, single-photon emission
becomes impossible!29 The only way for the black hole to further shed mass is through the
emission of entangled pairs of photons in angular momentum singlet states. The mass loss
rate due to such emission gives the second line in (6.1).

Ignoring positron emission, for now, the mass as a function of time can be found to go as

M(t)−Q ∼

t−1/4, M −Q≫ Ebrk. ,

t−2/17, M −Q≪ Ebrk. ,
(6.2)

27Due to magnetic fields in our universe, astrophysical black holes can carry much more charge than would
be expected from balancing the electric force against gravity Fe/Fg = 1 =⇒ Q/M ∼ 10−22 [74]. An estimate
for astrophysical black holes is that the charge-to-mass can get as large as Q

M
∼ 10−7 [75]. The supermassive

BH in the center of our galaxy is estimated to have Q
M

∼ 10−12 [76]. These are very far from extremal, and
our analysis is for an idealized charged black hole that does not neutralize its charge through the interstellar
medium.

28For example, if the mass of the black hole satisfies Ebrk. < M −Q < 2Ebrk., the black hole can only have
j = 1 and j = 0, and quantum gravity corrections will largely control the transition between any two such
states due to photon emission.

29This is because emitting a single photon forces the mass of the black hole to go down and its spin to
increase by 1.
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in the semiclassical and highly quantum regimes, respectively. Without pair production, the
BH would approach extremality as t → ∞. Note again that the quantum corrected decay
is much slower than the QFT-in-curved-spacetime answer.

Fermionic BH Hawking radiation. Black holes that start with half-integer angular
momentum (fermionic states) will emit photons until they have the minimum spin j = ℏ

2 .
These states begin at an energy M = Q+ 3

8Ebrk., and so fermionic BHs must have energies
larger than this. Transitions to j = 0 states are only allowed through fermion emission (such
as positrons or neutrinos), which will take a very long time. In the meantime, they will
continuously emit photons since the emission of spin one particles keeps the black hole spin
to be half-integer. We found the flux into photons for such BHs to be (3.91)

dM

dt
∼ −

(
M −Q− 3

8Ebrk.

) 11
2
, M −Q− 3

8Ebrk. ≪ Ebrk. , (6.3)

very close to extremality in the regime where quantum gravity corrections are most important.
The mass of the black hole decays as

M(t)−M0 ∼ t−
2
9 , (6.4)

and as t→ ∞ approaches the shifted extremality bound M0 = Q+ 3
8Ebrk.. Note that this

cooling rate is somewhat slower than would be expected from a QFT-in-curved-spacetime
calculation but much faster than the cooling for bosonic black holes because the photons
do not need to be emitted in pairs.

Positron emission. The positron emission is highly suppressed and is very well approximated
by the semiclassical rate

Γ ∼ q3Q3

m2r3
+
exp

(
−πm

2Q

q

)
, (6.5)

even far below the breakdown scale. The black hole will, therefore, spend most of its lifetime
in the regime where M − Q ≪ Ebrk.. The closest to extremality the BH will get can be
approximated by taking the BH to emit uncharged Hawking radiation for a time ∆t ∼ Γ−1

until a positron is likely to be emitted. For a bosonic BH that can only emit entangled
photons, the minimum mass reached follows from (6.2) and is

Mbosonic
min −Q = O

(
exp

(
− 2
17
πm2Q

q

))
, (6.6)

where the numerical prefactor depends randomly on the exact time t that the positron
happens to be emitted.

The BH thus gets exponentially close to extremality, well below the breakdown scale
Ebrk. ∼ Q−3. The gravitational calculation remains under control since non-perturbative
effects are expected to become important at energy scales e−O(Q2), whereas here, we only
get within e−O(Q).
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The production of a positron after ∆t ∼ Γ−1 carries away more charge than mass, greatly
increases the final temperature, and changes the spin of the black hole to j = 1/2 making the
black hole fermionic. The typical mass after emission is given by (4.36), restated here

M̄ − Q̄ ∼ qQ∗
Q

≫ Ebrk. . (6.7)

Even though q ≫ m, the BH loses a lot more mass than naively expected since the positron
is accelerated to ultrarelativistic speeds. The BH thus remains near-extremal after emission
but is now in a regime where the quantum-field-theory approximation in curved spacetime is
temporarily valid again. This greatly increases the energy flux from Hawking radiation. The
radiation is described semiclassically until the black hole once again reaches the breakdown
scale, and quantum gravity effects become important.

However, we are now in a different situation than the first time when the black hole
approached extremality: our black hole is now fermionic with spin j = 1/2. It must, therefore,
have mass M > Q + 3

8Ebrk. but will cool much faster. It will again emit radiation for a
time ∆t = Γ−1, but now reaches a mass (6.4)

M fermionic
min = Q+ 3

8Ebrk. +O

(
exp

(
−2
9
πm2Q

q

))
, (6.8)

where a positron is once again likely to be emitted. After the emission, the black hole once
again becomes bosonic and goes far above extremality, and the process of Hawking emission
described above repeats itself. The evaporation process is illustrated in figure 2.

When the black hole emits a positron the charge goes down by q. In the fullness of
time, the mass also goes down by q (up to O(Ebrk.) corrections from spin) as the black hole
returns to extremality. Most of this energy (about q − qQ∗

2Q , see (4.36)) is carried away by
the emitted positron itself, and then the remaining ∼ qQ∗

2Q energy above extremality slowly
leaks out in neutral Hawking radiation. Thus for large enough black holes, Q≫ Q∗, most of
the mass of the black hole ends up in the kinetic energy of the positron, with only a small
fraction left over for neutral Hawking radiation

fraction of mass of black hole that ends up in neutral radiation ∼ Q∗
2Q . (6.9)

Black holes with Q < Q∗. Eventually, the BH charge decays below Q∗ ≡ 1.8 × 1044q,
and the Schwinger process is no longer exponentially suppressed. Positrons are abundantly
produced, and the charge Q rapidly decreases, resulting in increasing temperature, which
consequently increases the Hawking flux. Balancing the rate of neutral Hawking radiation
with that of charged emission, we find that the equilibrium value of M and Q is approximately
given by setting the electric field at the horizon of the black hole to be constant as M and Q
are changed, i.e. m2

q
(M+

√
M2−Q2)2

Q ∼ O(logm/q). This will result in an attractor curve in the
M −Q plane that the black hole will follow once the charge becomes sufficiently small [59].
The entire process of mass and charge loss is shown in figure 18.

Magnetic black holes. The above analysis applies to near-extremal magnetic black holes
as well, where the magnetic field would source the production of magnetic monopoles. Since
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Figure 18. The evolution of the mass and charge of a black hole that starts with M = 7× 108M⊙,
Q = 5× 108M⊙ and integer spin. The black hole evolves towards smaller M and Q, in the direction
indicated by the red arrows. At first the black hole loses M without losing Q, until it gets very close
to extremality. It remains close to extremality until Q ≲ Q∗. In the upper-right figure, we show a
zoomed-in cartoon of the evolution of M and Q. When a positron is emitted the charge jumps down
by q, along with a corresponding reduction in energy, and then neutral Hawking radiation reduces M
without reducing Q and drives the black hole back towards extremality. When the energy gets within
about Ebrk. of extremality the neutral Hawking radiation is strongly affected by quantum gravity
corrections. With each positron emission, the black hole alternates between a bosonic era (solid red)
and fermionic era (three compounded lines). Since the difference in scales between Ebrk. and M̄ − Q̄

is very large, this plot is not shown to scale; in particular, the energy lost in positron emission, ∼ q, is
much larger than the energy lost subsequently through neutral Hawking radiation, ∼ qQ∗/Q, before
the next positron emission. In the lower-right figure, we zoom into the region with smaller values of Q
where we see large deviations from extremality.

monopoles have charges qm ∼ 1/q and are expected to have incredibly large masses, around
the GUT scale Mmon. ∼ 1016 GeV ∼ 10−4Mpl, their production would be exponentially
suppressed for

I = πM2
mon.

M2
pl

Qm

|qm|
≳ 1 =⇒ Qm ≳ 106|qm| , (6.10)

which corresponds to a near-extremal mass

M >
M2

pl
M2

mon.
Mpl ∼ 106Mpl ∼ 10−31M⊙ ∼ 10−2 kg . (6.11)

Therefore, any magnetically charged primordial black holes in our universe with a charge
greater than (6.10) would eventually approach exponentially close to extremality. It is
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interesting to note that quantum gravity effects (the integral over the defect moduli space)
are more important for magnetic BHs since the expansion parameter for QG corrections is

(1− α) ∼ M2
mon.
M2

pl

1
|qb|Q

∼ 10−6 1
|qb|Q

, (6.12)

and is not as significantly suppressed as for positron emission.

7 Discussion

By analyzing the quantum-corrected rates for the neutral and charged emission rates of
Hawking radiation from black holes close to extremality, we are thus able to describe the
full evaporation history of a charged black hole.

7.1 Future directions

Let’s discuss possible future directions.
The weak gravity conjecture was initially motivated by arguing that in order to avoid

remnants with large entropy, charged particles satisfying m < q need to exist [77, 78].
Semiclassically, such charged particles would eventually take any black hole away from
extremality, thus avoiding the scenario in which extremal black holes would survive indefinitely,
which would lead to the existence of remnants [79]. Given that the analysis in this paper
changes the behavior of black holes and their radiation close to extremality, it is worth
reanalyzing the status of these arguments using our new results.

Suppose that there does not exist a particle that satisfies m < q. All the emitted
particles, regardless of whether they are neutral or charged, would, therefore, bring the black
hole closer to extremality. As the black hole approaches extremality, we have seen that the
density of states and rate of Hawking radiation is modified. Nevertheless, as we approach
extremality, our new results suggest no inconsistency in the theory at the perturbative level.
The black hole is never at risk of becoming superextremal, the second law of thermodynamics
is fully obeyed, and even the problem of remnants with large entropy at extremality [79]
is now no longer present since the density of states vanishes at extremality. Whether the
theory is still consistent once non-perturbative effects in 1/GN are taken into account is,
however, still an open question.

A second natural question is how nearly supersymmetric charged black holes evaporate.
For simplicity, we can consider a 4d supergravity theory that contains supersymmetric
Reissner-Nordström black holes [12, 15]. As we saw in section 3, the emission of neutral
particles can be inferred by understanding the coarse-grained spectrum near extremality, and
using Fermi’s golden rule to calculate the decay rate between nearby black hole states.

The spectrum of near-supersymmetric black holes consists of a large ground state
degeneracy with eS0 BPS states, a mass gap, and then a continuum of near-BPS states
separated from the BPS states by the mass gap. The number of near-BPS states smoothly
decays to zero as the mass gap is approached from above. Using Fermi’s golden rule, near-BPS
states have two decay channels. The first channel is that they can decay into lower energy
near-BPS states by emitting a particle with arbitrarily low energy. The second decay channel
is into the eS0 extremal supersymmetric states by emitting a single particle with energy
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bounded from below by the gap scale. Since there are an exponentially large number of
extremal ground states, at sufficiently small energies above the gap scale near-BPS black
holes will actually entropically favor decaying directly to the extremal ground states.

If we imagine starting with near-BPS states in the microcanonical ensemble slightly above
the mass gap, the resulting spectrum of Hawking radiation will be quite unique compared
to the spectrum emitted by non-supersymmetric black holes. The spectrum will consist of
modes with energies far below the gap scale, corresponding to transitions between near-BPS
microstates, and modes with energies bounded below by the gap scale, corresponding to
transitions to extremal black holes. We leave a detailed study of this to future work [80].

7.2 Observational prospects

Let us discuss the use of highly charged black holes as laboratories for observing the effects
of quantum gravity.

Let us start with the advantages. Physics is an empirical science, but it is often lamented
that the effects of quantum gravity do not naturally make themselves felt on everyday scales
and so are very difficult to probe experimentally. For example, a particle collider that
could directly probe the Planck scale would, if built using current technology, need to be
astronomically long. This is because the Planck mass MPl is very much heavier than the mass
of the fundamental particles, which must therefore be accelerated to enormous γ factors in
order to cram a large amount of energy MPl into a small volume ℓ 3

Pl. Ultimately, this traces
back to the fact that the ratio in (2.1) is so stupendously large. By contrast, the attractive
feature of highly charged black holes as laboratories for observing the effects of quantum
gravity is that, having set them up with a sufficiently large charge, one does not need to
then perform further difficult operations to compel them to exhibit the effects of interest.
Instead, you can just wait. As we wait, and with no outside intervention required, an isolated
black hole with a huge charge will tune itself towards extremality. Then, once it has tuned
itself sufficiently close to extremality, the statistics of its particle emissions will deviate from
those predicted by quantum field theory in a fixed curved spacetime. These deviations are
due to the effects of quantum gravity and we have calculated these deviations in this paper.
To detect these deviations — these falsifiable predictions of quantum gravity — we do not
need to do a phenomenally delicate interference experiment with a huge quantum computer,
instead we can make a simple measurement with a spectrograph.

Now let’s discuss the disadvantages. There are two we will consider. The first is how
hard it is to make a black hole with a stupendously large charge. In order to tune itself
towards extremality, the black hole must be large enough that Schwinger pair production
near the horizon is exponentially suppressed. As discussed in section 4, the suppression
exponent is Q/Q∗, where

Q∗ ≡
qM2

pl.
πm2 ∼ 2.9× 1025 Coulombs ∼ the charge of 1.8× 1044 protons . (7.1)

The experiment we’re going to be doing is slow, and in order not to be interrupted by pair
production, we will see that we need at least about

Q ≥ 2500Q∗. (7.2)
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That is a lot of charge by laboratory standards but is less than, say, the charge in all the
protons in the Earth’s oceans. The hard part is separating all those protons from their
partner electrons and then forcing all the protons together into a black hole. Precisely because
the electric repulsion is so much stronger than the gravitational attraction, the protons will
only be bound together if the corresponding black hole weighs much more than the Earth’s
oceans; in fact, it needs to weigh at least

M ≥ 2500M∗ = 8.5 . . .× 1038kg = 4.3× 108M⊙ . (7.3)

This is very heavy. On the other hand, Nature has already provided us with a black hole in
this weight class: the Sagittarius A* supermassive black hole at the center of the Milky Way
is a couple dozen times heavier than M∗. The first step in our experiment will, therefore,
be to extract the protons from the oceans, separate them from their electrons, and throw
them into Sagittarius A*, along with enough nearby stars to bring it up to the required
weight.30 While doing so, we will have to be sure that the electrons do not also fall in. Indeed,
we will probably be well advised, before we begin, to clean out all the other matter in our
galaxy, perhaps by throwing it in too, because otherwise the huge charge of the black hole
will polarize the interstellar medium, suck in electrons, and neutralize itself. Unfortunately,
even in such a pristine environment, throwing that many protons into the black hole is not
going to be easy. This is because the later protons, as they approach the black hole, will have
to overcome the fierce electromagnetic repulsion of the earlier protons. Of course, they will
be helped by the gravitational attraction of the black hole, and when the protons get close
enough to the horizon, the gravitational force will dominate, and they will be sucked in, but
for highly charged black holes, they will need a lot of help to get that close. The problem
is illustrated in figure 9. This figure shows that the net force is attractive (due to gravity)
very close to the horizon but repulsive (due to electromagnetism) further away. In (4.9), we
saw that means that a charged particle that is produced at rest near the top of the potential
barrier will, by the time it makes it far from the black hole, have a tremendous kinetic energy,
γ ∼ 1021. Now, we are seeing the same phenomenon in reverse: in order to charge up the
black hole by adding charged particles, we must throw them in with enormous γ; otherwise,
they will be turned around by the electric repulsion and never make it over the barrier. Thus,
to use this approach, we still need an astronomically large particle accelerator.31 We can
reduce the required size of the particle accelerator either by bundling the charge we are
sending in with more mass — for example, by attaching the proton to a brick — or, relatedly,
by increasing the mass of the black hole. At fixed charge, larger black holes mean more
gravitational attraction, and it is correspondingly easier for an ingoing charged particle to
overcome the electromagnetic repulsion. But this only helps reduce the required γ by a factor
linear in the mass of the black hole, so for charge Q∗, we’d no longer need an accelerator to

30Alternatively, we can start with a much heavier astrophysical black hole that is naturally formed with the
charge (7.1). However, given the estimate of [76] for the amount of charge that black holes store per unit mass
(Q/M = 76.9C/M⊙), no known astrophysical black hole would have a sufficiently large mass.

31Indeed, note that charging up a critical-mass black hole in this way needs a particle accelerator that can
reach γ ∼ MPl/mp, whereas to ‘merely’ reach the Planck energy in the center-of-mass frame of a particle
collider we’d only need γ ∼ (MPl/mp)1/2 in each of the two counterrotating beams.
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charge up the black hole with protons only for M ≳ 1047M⊙. This is substantially more
than the mass of all the matter in the visible universe.

But making the highly charged black hole is the easy part. The hard part — and the
second and more devastating disadvantage of this scheme — is the patience required for the
next step. In order for the Schwarzian prediction for the spectrum of Hawking radiation to
substantially differ from the prediction of quantum field theory in curved spacetime, the black
hole must be very close to extremality. It must be so close that the energy above extremality
is at most a few times the energy of a single thermal Hawking quantum. Specifically, the
effects of quantum gravity only become relevant for black holes with temperatures below
the breakdown scale

T ≲ Ebrk. =⇒
√
M −Q

Q
≲

1
Q2 , (7.4)

where the temperature is given in (2.13). For a black hole of the minimum charge required
to conduct our experiment, (7.2), this implies a fractional energy above extremality of

M −Q

Q
≲

1
(2500Q∗)4 ∼ 4.4× 10−187 . (7.5)

This is very close to extremality.
Because the black hole is both large and close to extremality, the photons we are trying

to observe have very low energy. The effects of interest happen at (and below) the breakdown
scale, where the characteristic temperature is

T ∼ 1
Q3 ∼ 1

(2500Q∗)3 ∼ 5× 10−109 Kelvin . (7.6)

This is well over a hundred orders of magnitude colder than the cosmic microwave background,
though that is not a problem because, as we will discuss, the experiment is going to take
so long that the CMB will long since have redshifted into irrelevance. More troubling, the
Hawking temperature is about seventy-five orders of magnitude colder than the de Sitter
temperature caused by radiation from the cosmological horizon. Alternatively, we can say that
the characteristic wavelength of the black-hole radiation is seventy-five orders of magnitude
longer than the visible universe. The problem is that the cosmological constant limits the
precision of any experiment in our universe, and we need to be much more precise than that
limit to see the effects of the Schwarzian for a black hole that is charged enough that it can
tune itself into the Schwarzian regime. Our only hope of performing this experiment is if it
turns out that our cosmological constant will eventually abate (or if we can force it to abate)
to a value at least a hundred and fifty orders of magnitude closer to zero. That would give
us the precision we need to see our signal amongst the noise. Let us suppose that has been
achieved; now, let’s turn to how long we need to wait. First, we need to wait for the black hole
to tune itself close enough to extremality. Then, we need to wait to measure the spectrum
once it is near extremality. These take about the same length of time, and let’s calculate the
second of these. For a blackbody, the typical time between S-wave quanta is the inverse of the
temperature, so for a blackbody with temperature given by (7.6), the typical time would be

typical time between photons if blackbody ∼ Q3 ∼ 1089years . (7.7)
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However, the spectrum is far from that of a blackbody. As discussed in section 3.1, the
emission is greatly suppressed by greybody factors. Our experiment will thus require much
more patience. (3.6) tells us that the probability that a low-energy photon is not diffractively
reflected by the gravitational field of a near-extremal black hole and instead escapes is

𝒫 ∼ (wr+)8 ∼
( 1
Q2

)8
∼ Q−16 . (7.8)

This gives an additional greybody suppression, which stacks on top of the existing black-
body suppression, Q−3, so the mean time between photons near the breakdown scale is
approximately [7]

time between photons ∼ Q19 ∼ 2× 10834years . (7.9)

This is how long you must wait for the first data point during the data-collection phase of
the experiment. Because the first photon leaves the black hole even closer to extremality,
the second and subsequent data points take even longer.32 The primary disadvantage of
using highly charged black holes to observe the effects of quantum gravity is the length
of time we need to wait.

Of course, all of the above discussion assumes that single-photon emission is still possible,
as is true for fermionic black holes and for bosonic black holes with M −Q ≥ Ebrk.. To see
any diphoton emission, which is the dominant emission channel for bosonic black holes with
M − Q < Ebrk. we need to wait considerably longer, specifically33

time between di-photons ∼ Q35 ∼ 101540years . (7.10)

How different one considers the timescales (7.9) and (7.10) is somewhat subjective, but
objectively their ratio is over 10700. By comparison, the allowed 2p → 1s hydrogen atom
transition leads to a lifetime of 1.6ns, while the forbidden 2s → 1s transition leads to a
lifetime of 0.12s, a ratio of only 108. The larger ratio for black holes comes from the fact
that the perturbative expansion parameter is the photon greybody factor, which is much
smaller than the fine-structure constant.

Let’s discuss how we can make the wait shorter. First, it might turn out that there is
a fundamental massless scalar or spin- 1

2 particle (or that we could maneuver our way into
a vacuum that has one). If so, this particle will radiate much faster than spin-1 photons
since it will not be subject to the same punishing greybody factors, (7.8). Indeed, the spin-0
or spin-1

2 fields don’t need to be actually massless; they just need to have a mass less than
the characteristic temperature, (7.6).

Even if Nature has not provided us with a fundamental massless scalar, we could make
one. We could hasten the emission of Hawking quanta by mining the black hole, for example,
by lowering cosmic or fundamental strings through the horizon [81–83]. For Schwarzschild
black holes, the main advantage of ‘mining’ comes from helping higher angular momentum

32By comparing to (4.19), we can now see that Q = 2500Q∗ does indeed gives us long enough to take a few
dozen data points before being interrupted by pair creation.

33In fact you would need to wait slightly longer than this because Q needs to be somewhat larger for
diphoton emission to occur before positron emission.
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modes radiate at the same rate as the S-wave, but in this case, the main benefit will be that
the transverse modes of the string will behave as a massless scalar and so not be subject to
the same greybody suppression as the spin-1 photon. However, even for Schwarzschild black
holes, the gravitational back reaction of the mining equipment severely limits the achievable
speed-up [84], and those logistical difficulties will be substantially worse for near-extremal
Reissner-Nordström black holes, which are considerably more vulnerable to gravitational
perturbations.

Magnetic black holes. The strongest reduction in the time we need to wait can be achieved
by switching from an electric charge to a magnetic charge. Due to electric-magnetic duality,
the metric of a magnetically charged black hole is still given by the Reissner-Nordström
solution, and much of the analysis for electrically charged black holes directly carries over.
The difference is that while there is a very light electric monopole — the positron — there
are no known light magnetic monopoles. This has the disadvantage that it is difficult to
give black holes a magnetic charge: we must either find a so-far unnoticed trove of magnetic
monopoles, or manufacture them ourselves for example by running a particle accelerator
at the magnetic-monopole-pair-production threshold.34 Either way, this is much harder
than harvesting electrically charged particles. On the other hand, the advantage is that
magnetically charged black holes, once made, are much more useful. As discussed in section 6,
when the magnetic monopoles are heavy, even quite strong magnetic fields will not promptly
decay by Schwinger pair production, and so even quite small magnetic black holes will not
rapidly discharge.35 If the lowest mass magnetic monopoles have mass Mmon., we found
that magnetic black holes must have charge

Qm ≳
|qm|M2

pl
πM2

mon.
, (7.11)

in order to be driven close to extremality. The breakdown scale is then Ebrk. =
Mpl

(Qm)3 . For
magnetic monopoles around the GUT scale we have 1015 ≲ Mmon. ≲ 1017 which leads to
a maximum breakdown scale

100eV ≲ Ebrk. ≲ 100TeV. (7.12)

At the top end of this range, Hawking radiation has a temperature much higher than the
Higgs mass, and thus, the Higgs is emitted in the same way as a massless scalar. At the
breakdown scale, the radiation receives large quantum gravity corrections as described in
section 3.3. However, unlike for particles with nonzero spin, emission of a single Higgs boson
is possible even far below the breakdown scale. If the breakdown scale is low enough that
Higgs production is exponentially suppressed by its nonzero mass, the dominant channel
becomes single neutrino emission when M −Q ≥ 3Ebrk./8 and di-neutrino emission below

34Alternatively, if detected, primordial black holes could carry magnetic charge [85–87] and actually be in
the mass range of interest.

35As discussed in ref. [87], since in our universe the U(1) of electromagnetism lives within a larger gauge
group, the magnetic fields of near-extremal magnetically charged black holes can restore electroweak symmetry.
On the one hand this means that black holes mine themselves and emit massless radiation even faster [87] and
so allow our experiment to be finished sooner, on the other hand this further complicates the analysis.

– 82 –



J
H
E
P
0
1
(
2
0
2
6
)
1
0
9

this energy. Emission of electrically charged particles such as quarks and charged leptons is
not permitted around the breakdown scale because the extremality bound for a black hole
with electric charge q and magnetic charge Qm ≫ q is36

M −Qm ≥ qMpl/Q
m ≫ Ebrk.. (7.13)

For Higgs emission, and for single neutrino emission when the breakdown scale is not too
low, the relevant timescales are short enough that Hawking radiation near the breakdown
scale is, in principle, observable. Magnetic black holes, therefore, provide an unlikely but
possible avenue by which quantum gravity effects could be directly tested in our universe.
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A Classical greybody factors

In this appendix, we calculate the greybody suppression for the emission of uncharged massless
radiation from near-extremal Reissner-Nordström black holes. These greybody factors are
caused by the effects of diffraction. A common way to think about Hawking quanta is that
they are ‘born’ at the horizon and then propagate out away from the black hole. In the
geometric optics approximation, in which we treat the quanta as particles that move along
straight lines, all the Hawking quanta would escape to r = ∞ (except for quanta with large
angular momentum, which all fall back in). However, the geometric optics approximation is far
from valid. Even for Schwarzschild black holes, the typical wavelength of a Hawking quantum
is about the same as the Schwarzschild radius; for near-extremal black holes, which have a
temperature suppressed by the extremality parameter r+−r−

r+
, the typical wavelength is much

bigger than the size of the black hole. Small antennas find it difficult to emit long-wavelength
modes, so emission is suppressed by powers of the extremality parameter. Even though
ray-tracing would suggest the low-angular-momentum Hawking particles all make it to r = ∞,
the quanta propagate like waves, diffract off the gravitational field, and are typically reflected
back in. Only a small fraction escape. In this section, we will calculate this fraction.

36Dilepton and diquark emission is in principle possible if the pair of emitted particles is electrically neutral.
However, it will be very slow, even compared to dineutrino emission, because the intermediate state will be
parametrically further off shell.
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We will calculate the greybody factors for massless particles. We do not need to calculate
the greybody suppression for positron emission because the emission of positrons is not
greybody suppressed. As discussed in section 4.1, positrons are emitted from the black hole
with large momentum, and therefore, with short de Broglie wavelength, and short wavelength
modes move on geodesics and do not experience diffraction or greybody reflection.

Greybody factors describe both the probability that an outgoing near-horizon Rindler
mode is successfully transmitted through the near-horizon region to infinity and the probability
that an ingoing wave from infinity is absorbed by the black hole. It is easy to see, using
the linearity of the wave equation and the conservation of total particle flux, that these two
probabilities must be equal. (In the language of quantum mechanics, this is the statement
that the one-dimensional scattering S-matrix is unitary.) Our object of interest is the first
process, but for practical reasons, it will be marginally more convenient to consider the second,
or more precisely, to consider the probability that an ingoing wave is reflected off the black
hole, which is equal to one minus this transmission probability. We will, therefore, consider
scattering problems where the outgoing mode from the near-horizon region is set to zero.

The calculation of greybody factors typically requires numerics, as we must solve an
ODE for the evolution of each mode [88]. However, for near-extremal RN black holes, there
is a simplification. This simplification is that near-extremal RN black holes are so cold that
emission is exponentially suppressed for all modes except those with a wavelength much
bigger than the size of the black hole. We can thus approximate the frequency ω as zero,
except very close or very far from the horizon, where the effective potential goes to zero
and even long wavelength modes begin to propagate freely. This will make the calculation
easier and the answer analytically tractable.

The ω dependence of the greybody factors can, therefore, be naturally decomposed into
two pieces. The first involves the transmission of propagating modes in the near-horizon
region into exponentially growing and decaying modes around the top of the throat. The
second involves transmission between the top of the throat and propagating modes far from
the black hole. Importantly, only the first term depends on the temperature (and the angular
momentum) of the black hole. When M − Q ≪ Q, the second term can be calculated in
the extremal black hole background and so depends only on the frequency and angular
momentum of the emitted mode.

In the quantum-corrected emission rate calculations in section 3, the role of these two
contributions to the greybody factor is different. The first contribution, from transmission
between the near-horizon region and the top of the throat, is included, together with the
Bose-Einstein occupation number factor, as part of the semiclassical limit Ei ≫ Ebrk. of the
JT gravity two-point function. At lower energies Ei ≲ Ebrk., these factors are replaced by
the full quantum JT gravity two-point function.

In contrast, the second contribution, from transmission between the top of the throat and
asymptotic infinity, is not described by JT gravity. Instead, it determines the relationship
between the non-normalizable mode sourcing the JT gravity dynamics and creation and
annihilation operators acting on the fields far from the black hole. It, therefore, appears
unchanged as part of the quantum emission rate formula, even at temperatures far below
the breakdown scale Ebrk..
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A.1 Scalar greybody factors

In this section, we will calculate the greybody factor for scalars incident on a near-extremal
Reissner-Nordström black hole as a warm-up for the finite temperature photon/graviton
calculation. For general black holes, a useful review is [89]. This will be accomplished
by solving the wave equation in overlapping regions and gluing together the solutions to
calculate the probability for an incoming plane wave to be transmitted through the potential
barrier. The metric is

ds2 = −f(r)dt2 + f(r)−1dr2 + r2
(
dθ2 + sin2 θdϕ2

)
, f(r) = (r − r+)(r − r−)

r2 . (A.1)

The action for a massless scalar is

S = 1
2

∫ √
g∇aϕ∇aϕ . (A.2)

Taking the ansatz ϕ(t, r, θ, ϕ) = e−iωtu(r)Yℓ,m(θ, ϕ) the equation of motion is given by

r2∇2ϕ = ∂r

(
r2fu′(r)

)
+ ω2 r

2

f
u(r)− ℓ(ℓ+ 1)u(r) = 0, (A.3)

where we have used that ∇2 = − 1
f ∂

2
t + 1

r2∂r(r2f∂r) + 1
r2∆S2 with ∆S2Yℓ,m = −ℓ(ℓ + 1).

Changing to tortoise coordinates using ∂r∗
∂r = 1

f(r) we find the standard form of the scalar
field equation in a black hole background d2

dr2
∗
+ ω2 − f

r2
(
ℓ(ℓ+ 1) + rf ′

)
︸ ︷︷ ︸

Veff(r)

 ru(r) = 0. (A.4)

Region I: near-horizon region. Region I is defined to be the region where r − r+ ≪ r+
which is the near-horizon region. In this region, we can simplify the differential equation (A.3)
by replacing r → r+ except for terms containing (r − r+) and (r − r−). This gives us the
equation, and solution

(r−r−)(r−r+)u′′(r)+(2r−r+−rr)u′(r)+
(
−ℓ(ℓ+ 1) +

r4
+ω

2

(r − r−)(r − r+)

)
u(r) = 0 (A.5)

The solution is given in terms of associated Legendre functions

uI(r) = a1P
− iβω

2π
ℓ

(
(−2r + r+ + r−)β

4πr2
+

)
+ a2Q

− iβω
2π

ℓ

(
(−2r + r+ + r−)β

4πr2
+

)
. (A.6)

Since we are interested in greybody factors, we must set the wave to have ingoing boundary
conditions at the horizon r+. We thus set a2 = 0 going forward.

Region II: barrier. The second region contains the barrier where ω2 ≪ Veff. We can
set ω → 0 and r− → r+, since temperature corrections are not important in this region,
in (A.3) with equation

(r − r+)2u′′(r) + (2r − r+)u(r)− (ℓ(ℓ+ 1))u(r) = 0 . (A.7)

The solution in this region is

uII(r) = b1(r − r+)ℓ + b2(r − r+)−ℓ−1. (A.8)
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Region III: asymptotically flat space. For the final region we recover asymptotically
flat space where f(r) ≈ 1. Setting f(r) = 1 we find

r2u′′(r) + 2ru′(r) + (ω2r2 − ℓ2 − ℓ)u(r) = 0 . (A.9)

The solution is given by spherical Bessel functions

uIII(r) = c1jl(rω) + c2yl(rω)
r→∞= − 1

2rω
(
(ic1 + c2)eirω− 1

2 iπℓ + (−ic1 + c2)e−irω+ 1
2 iπℓ

)
,

(A.10)
where, far from the black hole, the outgoing mode is proportional to c1 − ic2, and the ingoing
mode is proportional to c1 + ic2.

Matching conditions. Expanding the solutions uI , uII and uII , uIII in overlapping regimes
of validity we find the matching conditions

b1 = a1(−1)ℓ eβω/4(β/r2
+)ℓΓ(2ℓ+ 1)

(4π)ℓΓ(ℓ+ 1 + iβω
2π )Γ(ℓ+ 1)

, b2 = a1(−1)ℓ+1 e
βω/4(β/r2

+)−ℓ−1Γ(−ℓ− 1
2)π

ℓ+ 1
2

Γ(−ℓ+ iβω
2π )

(A.11)

c1 = b1
2ℓ+1Γ

(
ℓ+ 3

2

)
√
πωℓ

, c2 = −b2

√
πωl+1

2ℓΓ
(
ℓ+ 1

2

) . (A.12)

Transmission probability. To calculate the greybody factor, we will calculate the prob-
ability for a wave of small frequency ω to be transmitted through the effective potential.
We have already imposed ingoing boundary conditions and so we can calculate the reflec-
tion/transmission probabilities. The reflection probability R is given by the ratio of outgoing
to ingoing amplitudes R = |c1 − ic2|2/|c1 + ic2|2 in (A.10) at infinity. The transmission
probability/greybody factor for the scalar is then T = 1 − R. We are interested in the
low-temperature/low-frequency limit where βω ∼ 𝒪(1) while β → ∞ and ω → 0. We thus
can scale both quantities simultaneously and find the leading order greybody factor

Pemit(ω, ℓ) = 1− |c1 − ic2|2

|c1 + ic2|2
ω→0=

π2ℓ+4r4ℓ+2
+ (ω/β)2ℓ+1 csch

(
βω
2

)
22ℓ−1Γ

(
−ℓ± iβω

2π

)
Γ
(
ℓ+ 1

2

)2
Γ
(
ℓ+ 3

2

)2 (A.13)

The dominant decay channel is the ℓ = 0 mode with greybody factor

lim
ω→0

Pemit(ω, ℓ = 0) = 4(r+ω)2 . (A.14)

Some higher greybody factors are

Pemit(ω, ℓ = 1) = 4
9r

6
+ω

4
(
ω2 + 4π2

β2

)
, (A.15)

Pemit(ω, ℓ = 2) = 4
2025r

10
+ ω

6
(
ω2 + 4π2

β2

)(
ω2 + 16π2

β2

)
. (A.16)
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A.2 Vector greybody factors

We are interested in calculating the greybody factor for photons/gravitons. It turns out
that in a RN background, there is an additional subtlety for photon/graviton greybody
factors since propagating photons are dynamically turned into gravitons and vice versa. As
a warm-up, we first calculate the greybody factor of a gauge field under which the black
hole is not charged. (For simplicity, we will only consider the extremal limit where βω ≫ 1.)
In this case, there is no mixing between the gauge field and graviton, and the equations of
motion remain unmodified from naive expectations. The calculation will reduce to a problem
similar to that in section A.1, only now with a different effective potential because of the
gauge field spin. The equations of motion for a U(1) gauge field in the black hole background
are given by ∇µFµν = 0, which in component form is

∂ν
[
(∂αAσ − ∂σAα) gαµgσν√−g

]
= 0 . (A.17)

We emphasize again that the above equations are only correct for a gauge field in a BH
background, which does not carry any charge of the gauge field (and instead, e.g. carries
the charge of a different, as yet undiscovered, U(1)). The vector field can be decomposed
into vector spherical harmonics given by

Aµ(t, r, θ, ϕ) = e−iωt



u1(r)
r Yl,m(θ, ϕ)

u2(r)
r Yl,m(θ, ϕ)

1√
ℓ(ℓ+1)

(
u3(r)∂θYl,m(θ, ϕ) + u4(r)

sin θ ∂ϕYl,m(θ, ϕ)
)

1√
ℓ(ℓ+1)

(u3(r)∂ϕYl,m(θ, ϕ)− u4(r) sin θ∂ϕYl,m(θ, ϕ))

 , (A.18)

where the non-trivial radial dependence is encoded in the functions ui(r). The angular
components of the vector potential have been expanded in vector spherical harmonics given
by Aa = u3(r)∇aYl,m(θ, ϕ) + u4(r)ϵab∇bYl,m(θ, ϕ) where a are indices on the sphere and ϵ is
the Levi-Civita density on the sphere. The equations of motion for the vector field reduce to

−r2fu′′1 + ir2ωfu′2 + irωfu2 + ℓ(ℓ+ 1)u1 − i
√
ℓ(ℓ+ 1)rωu3 = 0,

ℓ2fu2 + ℓfu2 −
√
ℓ(ℓ+ 1)rf(r)u′3 + ir2ωu′1 + r2ω2u2 − irωu1 = 0,

rff ′
(√

ℓ(ℓ+ 1)ru′3 − ℓ(ℓ+ 1)u2

)
+ f2

(√
ℓ(ℓ+ 1)r2u′′3(r)− ℓ(ℓ+ 1)ru′2 + ℓ(ℓ+ 1)u2

)
(A.19)

+
√
ℓ(ℓ+ 1)r2ω2u3 + iℓ(ℓ+ 1)rωu1 = 0,

r2f
(
f ′u′4 + fu′′4

)
+ u4

(
r2ω2 − ℓ(ℓ+ 1)f

)
= 0.

It is easiest to solve for u4(r) from the last equation, which can be rewritten as d2

dr2
∗
+ ω2 − ℓ(ℓ+ 1)f(r)

r2︸ ︷︷ ︸
Veff(r)

u4(r∗) = 0. (A.20)
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with an effective potential where we use tortoise coordinates where dr∗
dr = f(r). Using the

Newman-Penrose formalism [90], it is possible to reduce the four equations of motion to a
single master equation equivalent to the above with a redefined field [45], so to solve for the
greybody factor of the photon it is sufficient to solve the single equation above. We will solve
the equation in three distinct regions of the black hole and match boundary conditions to
extract the greybody factor. For convenience, we will define a rescaled field u4(r) = rψ(r)
with resulting equations of motion

f(r)∂r

(
r2f(r)ψ′(r)

)
+
(
r2ω2 − f(r)

(
ℓ(ℓ+ 1)− rf ′(r)

))
ψ(r) = 0 . (A.21)

Region I: near-horizon region. For simplicity, we solve the equations of motion for an
extremal BH with r+ r−. Region I is again defined to be the region where r − r+ ≪ r+,
which is the near-horizon region. The differential equation (A.21), setting r = r+ except
for terms with r − r+, we find is

(r − r+)2ψ′′(r) + 2(r − r+)ψ′(r)−
(
ℓ(ℓ+ 1)−

r4
+ω

2

(r − r+)2

)
ψ(r) = 0 . (A.22)

The solution in this region is

ψI(r) =
i√
2

√
ωr2

+
r − r+

(
a1Γ

(1
2 − ℓ

)
J−ℓ− 1

2

(
ωr2

+
r+ − r

)
+ a2Γ

(
ℓ+ 3

2

)
Jℓ+ 1

2

(
ωr2

+
r+ − r

))
.

(A.23)

Region II: barrier. Region II is defined to be the barrier region where ω2 ≪ Veff. Setting
ω → 0 in (A.21) gives

(r − r+)2ψ′′(r) + 2(r − r+)ψ′(r)−
(
ℓ(ℓ+ 1)− 2r+(r − r+)

r2

)
ψ(r) = 0 . (A.24)

The solution in this region is

ψII(r) =
1
r

(
b2(r − r+)−ℓ−1(r − r+ + ℓr) + b1(r − r+)ℓ(ℓr + r+)

)
, (A.25)

which contains both a growing and a decaying piece.

Region III: asymptotically flat space. For the final region, we recover asymptotically
flat space where f(r) ≈ 1. We set f(r) = 1 in (A.21) finding

r2ψ′′(r) + 2rψ′(r)−
(
ℓ(ℓ+ 1)− r2ω2

)
ψ(r) = 0 . (A.26)

The solution in this region is

ψIII(r) = c1jl(rω) + c2yl(rω)
r→∞= − 1

2rω
(
(ic1 + c2)eirω− 1

2 iπℓ + (−ic1 + c2)e−irω+ 1
2 iπℓ

)
,

(A.27)
where far from the black hole, the outgoing mode is proportional to ic1 + c2, and the ingoing
mode is proportional to −ic1 + c2.
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Matching conditions. By expanding the above solutions in overlapping regimes of validity,
we can match the coefficients. Matching ψI at large r to ψII at small r, as well as ψII at
large r to ψIII at small r we find the matching conditions

b1 = a1
(−2)ℓ

(ℓ+ 1)(ωr2
+)ℓ

, b2 = a2
(ωr2

+)ℓ+1

(−2)ℓ+1ℓ
, (A.28)

c1 = b1
2ℓ+1ℓΓ

(
ℓ+ 3

2

)
√
πωℓ

, c2 = −b2

√
π(ℓ+ 1)ωl+1

2ℓΓ
(
ℓ+ 1

2

) . (A.29)

Transmission probability. To calculate the greybody factor, we will calculate the prob-
ability for a wave of small frequency ω to be transmitted through the effective potential.
To achieve this, we impose purely ingoing boundary conditions in region I. The purely
ingoing wave is a linear combination of the contributions to ψI with coefficients a1,2. In the
near-horizon region r ≈ r+ we have the solution

ψI(r) ∝ a1Γ
(1
2 − ℓ

)
cos

(
πℓ

2 + ωz

)
+ a2Γ

(
ℓ+ 3

2

)
sin
(
πℓ

2 − ωz

)
, (A.30)

where we have introduced the coordinate r − r+ = r2
+
z . Fixing a1,2 so that we have a purely

ingoing wave, we get the condition

a1 = a2
ieiπℓΓ(ℓ+ 3

2)
Γ(1

2 − ℓ)
. (A.31)

The reflection probability R for the mode u4(r) is given by the ratio R = |c1 − ic2|2/|c1 + ic2|2

of the amplitudes of the outgoing to ingoing modes in (A.27) at infinity. The transmission
probability/greybody factor for the u4(r) mode of the gauge field is therefore given by

Pemit(ω, ℓ) = 1− |c1 − ic2|2

|c1 + ic2|2
ω→0=

π(−1)−ℓ(ℓ+ 1)2Γ
(

1
2 − ℓ

)
24ℓ−2ℓ2(2ℓ+ 1)2Γ

(
ℓ+ 1

2

)3 (r+ω)4ℓ+2 + 𝒪((r+ω)8ℓ+4),

(A.32)
where we have kept the leading order answer at small r+ω ≪ 1. The above is positive for
all ℓ due to the combination (−1)ℓΓ(1

2 − ℓ). The dominant decay channel is given by the
ℓ = 1 mode with greybody factor

lim
ω→0

Pemit(ω, ℓ = 1) = 16
9 (r+ω)6 + 𝒪((r+ω)12). (A.33)

The above answer matches the low-frequency greybody factor computed by [91] for vector
fields in the extremal RN background. Note that the scaling differs significantly from the
greybody factor computed for the photon in the previous section.

A.3 Photon/graviton greybody factors: electromagnetic-gravitational mixing

We must solve the equations of motion for the photon in the finite temperature BH to calculate
the greybody factor. In this subsection we thus work with the finite temperature background

ds2 = −f(r)dt2 + f(r)−1dr2 + r2
(
dθ2 + sin2 θdϕ2

)
, f(r) = (r − r+)(r − r−)

r2 . (A.34)
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The background electric field of the BH produces a coupling between metric and photon
modes known as electromagnetic-gravitational mixing [48, 92–98]. This modifies the equations
of motion of the gauge field in the BH background when the BH carries the charge of the
gauge field.

We leave most technical details to [48, 49]. The radial gauge field/gravitational fields
can be expressed in terms of what are known as λ = axial, polar modes, each of which come
in pairs φλ

±. The fields take the form

F λ(r) = φλ
+(r) cosψ − φλ

−(r) sinψ , (A.35)
Gλ(r) = φλ

+(r) sinψ + φλ
−(r) cosψ , (A.36)

where F,G are propagating radial photon/metric modes, and ψ is an angle that takes an
explicit expression depending on the parameters of the RN black hole and the angular
momentum ℓ of the propagating modes. For a near-extremal RN BH for λ = axial we have

sin(2ψ) = 2
√
ℓ2 + ℓ− 2
2ℓ+ 1 , ψ <

π

4 . (A.37)

The fields φλ
± all see different effective potentials; however, it turns out that φλ

+ axial/polar
modes have the same transmission coefficients across the potential, and the same holds
for φλ

− polar/axial modes.
To calculate the transmission coefficient across the potential barrier, we must set purely

ingoing boundary conditions at the horizon

φλ
± ∝ aλ

±e
−iωr∗ , r∗ → −∞ , (A.38)

φλ
± ∝ e−iωr∗ + cλ

±e
iωr∗ , r∗ → ∞ , (A.39)

where dr∗
dr = f−1(r) are tortoise coordinates. From these equations, we can tune the solutions

φλ
± at r∗ → ∞ so that we have purely ingoing electromagnetic modes at infinity with no

ingoing gravitons

lim
r∗→∞

F λ = F λ
ine

−iωr∗ + F λ
oute

iωr∗ , (A.40)

lim
r∗→∞

Gλ = Gλ
oute

iωr∗ , (A.41)

as r∗ → ∞. The propagation of photons in the throat region excites propagating gravitational
modes as well for ℓ ≥ 2. Close to the horizon, we have

lim
r∗→−∞

F λ = F λ
transmite

−iωr∗ , (A.42)

lim
r∗→−∞

Gλ = Gλ
transmite

−iωr∗ , (A.43)

While there are no ingoing gravitons from infinity, close to the horizon, there are graviton
modes. When calculating greybody factors, we must take into account the flux of these
gravitons. This is not a problem for ℓ = 1 where no gravitons are produced. The transmission
coefficient/greybody factor for an incoming photon on a RN BH is thus given by

T λ = 1−
∣∣∣∣∣F λ

out
F λ

in

∣∣∣∣∣
2

−
∣∣∣∣∣Gλ

out
F λ

in

∣∣∣∣∣
2

. (A.44)
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Greybody factors for φ±. Before calculating greybody factors for the photon/graviton we
calculate the greybody factors for the φł=axial

± modes. For λ = axial, the effective potential is
quite simple, while for the polar mode, the potential is much more complicated. However,
they end up giving the same transmission probability [48], and without loss of generality,
we can solve the axial problem. The axial equations of motion, taking into account mixing,
are given by [48, 98] d2

dr2
∗
+ ω2 − f(r)

(
ℓ(ℓ+ 1)
r2 + 4r+r−

r4 + r+(−3± (2ℓ+ 1))
r3

)
︸ ︷︷ ︸

V ł=axial
±

φλ=axial
± (r) = 0. (A.45)

V ł=axial
±, ext. RN = f(r)

(
ℓ(ℓ+ 1)
r2 + 4r+r−

r4 + r+(−3± (2ℓ+ 1))
r3

)
(A.46)

Going forward, we drop the “axial” superscript, and we redefine the field φ± → rφ± to
simplify the differential equation. The derivatives are simplified with the use of tortoise
coordinates dr∗

dr = f(r).

φ− Greybody factor. We will give a detailed derivation of the greybody factor for φ−, since
it is the dominant transmission channel for all modes ℓ ≥ 2. We will also quote the final result
for φ+ in the case of ℓ = 1 where φ− does not exist, and emission is dominated through φ+.

Region I: near-horizon region. In the differential equation (A.45) we replace r ≈ r+
except for terms with (r − r+) or (r − r−). We get

(r − r−)(r − r+)φ′′
−(r) + (2r − r− − r+)φ′

−(r)

+

−ℓ(ℓ+ 1) +
−6r−r+ + r(r− + (5 + 2ℓ)r+) + r6ω2

(r−r−)(r−r+)
r2

φ−(r) = 0 . (A.47)

The solution is again given by associated Legendre Polynomials/functions37

φ−(r) = a1P
−iv
ℓ−1 (x) + a2Q

−iv
ℓ−1(x) , (A.48)

v = βω

2π , x = −1− (r − r+)β
2πr2

+
,

Purely ingoing boundary conditions enforce a2 = 0, which we do from now on for simplicity.

Region II: barrier. In the barrier region, we can solve the equation exactly by setting ω = 0

(r − r+)2φ′′
−(r) + 2(r − r+)φ′

−(r)−
1
r2

(
ℓ(ℓ+ 1)− rr+ + 6r2

+ − (5 + 2ℓ)rr+
)
φ−(r) = 0 .

(A.49)
The solution in this region is simple but quite long, we write the explicit result for ℓ = 2
as an example

φ−(r) =
b1(3r − 2r+) + b2

(
6r3 + 9r2r+ + 9rr2

+ + 6r3
+
)
(r − r+)3

r2(r − r+)2 . (A.50)
37In the case of φ+ the solutions are P−iv

ℓ+1 (x) and Q−iv
ℓ+1(x).
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Region III: asymptotically flat space. In the flat space region, we again find the
spherical Bessel functions as in (A.27)

φ−(r) = c1j1(rω) + c2y1(rω) . (A.51)

Matching. Expanding the solution to φ− in the barrier region at small r ≈ r+, we can
match to the large r expansion of φ− in the near-horizon region. Similarly, expanding the
barrier solution at large r and matching to the small r behavior of the spherical Bessel
functions, we find the matching conditions for general ℓ

b1 = a1

ℓ(−4π)ℓr+Γ(ℓ− 1)e
βω
4

(
r2

+
β

)ℓ

Γ(2ℓ+ 1)Γ
(
−ℓ+ iωβ

2π + 1
) , b2 = −a1

(4π)1−ℓβℓ−1r1−2ℓ
+ Γ(2ℓ− 1)e

βω
4

(2ℓ+ 1)Γ(ℓ+ 2)Γ
(
ℓ+ iωβ

2π

) ,

(A.52)

c1 = b2
2ℓ+1(ℓ− 1)ℓ(2ℓ− 1)ω−ℓΓ

(
ℓ+ 3

2

)
√
π

, c2 = −b1

√
π2−ℓ(ℓ+ 1)ωℓ+1

Γ
(
ℓ+ 1

2

) . (A.53)

Transmission probability. The wave at infinity for general ℓ is

lim
r→∞

φ− ≈ eirω (c1 − ic2)︸ ︷︷ ︸
Aout

+e−irω (−c1 + ic2)︸ ︷︷ ︸
Ain

. (A.54)

The reflection probability is then given by R = |Aout|2
|Ain|2 , with the transmission probability,

equivalent to the greybody factor, given by T = 1−R. We are working in the limit βω ∼ 𝒪(1),
r+ω → 0, βr+ → ∞. This can be achieved by scaling β → ∞ while ω → 0 while keeping
the product fixed. We find the greybody factor for general ℓ

φł=axial
− (ω, ℓ) greybody: Pemit(ω, ℓ) =

π2ℓ(ℓ+ 1)2(βω)
(

r2
+ω

β

)2ℓ

sinh
(

βω
2

)
Γ
(
ℓ± iβω

2π

)
22ℓ−1(ℓ− 1)2Γ(ℓ+ 1

2)4 ,

(A.55)
where the gamma function notation indicates, we multiply both signs. We also quote the
final answer for φ+ in the case of ℓ = 1

φł=axial
+ (ω, ℓ = 1) greybody: Pemit(ω, ℓ = 1) = 4

9r
8
+ω

4
(
ω2 + 4π2

β2

)(
ω2 + 16π2

β2

)
.

(A.56)
This can be found by following a procedure similar to the above with an alternate effective
potential.

Photon greybody factors. We are now ready to calculate the photon greybody factor. The
case ℓ = 1 is distinct from all higher values. For ℓ = 1 only φ+ exists with φ− = 0, and we
have the mixing angle ψ(ℓ = 1) = 0. This gives F λ(r) = φλ

+(r) and Gλ(r) = 0. The photon
greybody factor is thus equivalent to the φ+,ℓ=1 greybody factor. We immediately find

ℓ = 1 photon greybody: Pemit(ω, ℓ = 1) = 4
9r

8
+ω

4
(
ω2 + 4π2

β2

)(
ω2 + 16π2

β2

)
, (A.57)
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which matches the answer computed by [7, 48]. For higher ℓ ≥ 2 there is a non-trivial
angle ψ(ℓ ≥ 2) ̸= 0 and we have from (A.35) F λ(r) = φλ

+(r) cosψ − φλ
−(r) sinψ and

Gλ(r) = φλ
+(r) sinψ + φλ

−(r) cosψ. Due to this mixing, the photon greybody factor comes
from both φ± modes. The mode φ− sees a smaller effective potential, and so the leading
result for the greybody factor is given by taking φ+ to be purely reflected, with transmission
only through φ−. Additionally, a propagating photon can now be turned into gravitons,
which must be taken into account in the transmission probability, which we restate

T λ = 1−
∣∣∣∣∣F λ

out
F λ

in

∣∣∣∣∣
2

−
∣∣∣∣∣Gλ

out
F λ

in

∣∣∣∣∣
2

. (A.58)

The leading result turns out to be independent of the second term above. In our conven-
tions [48]

F λ
out
F λ

in
=

√
1− 2 sin2(2ψ) + 1

2

(
1− c1 − ic2

c1 + ic2

)
+ c1 − ic2
c1 + ic2

, (A.59)

Gλ
out
F λ

in
= sin(2ψ)

2

(
1− c1 − ic2

c1 + ic2

)
. (A.60)

Using the value of the angle ψ defined earlier, we can evaluate the leading order answer
for the greybody factor, finding that it is simply a multiplicative factor multiplied by the
φ− greybody factor

ℓ≥2 photon greybody: Pemit(ω,ℓ)=
ℓ−1
2ℓ+1

π2ℓ(ℓ+1)2(βω)
(

r2
+ω

β

)2ℓ

sinh
(

βω
2

)
Γ
(
ℓ±iβω

2π

)
22ℓ−1(ℓ−1)2Γ(ℓ+ 1

2 )4 , (A.61)

ℓ=2: = 4
45r

8
+ω

6
(
ω2+4π2

β2

)
, (A.62)

ℓ=3: = 32
354375r

12
+ ω8

(
ω2+4π2

β2

)(
ω2+16π2

β2

)
. (A.63)

In the limit βω ≫ 1, these results match those computed by [48]. The above calculation
was for ł = axial, but the final result is identical for the polar mode. Both polarizations
of the photon thus have the above greybody factors.

Graviton greybody factors. Graviton greybody factors for the extremal Reissner-
Nordström black hole were examined in [49]. Similar to the previous discussion, they
considered the case of ingoing gravitons without ingoing photons

lim
r∗→∞

Gλ = Gλ
ine

−iωr∗ +Gλ
oute

iωr∗ , (A.64)

lim
r∗→∞

F λ = F λ
oute

iωr∗ , (A.65)

where there are outgoing photons created by mixing. In this case, the greybody factor is

T λ = 1−
∣∣∣∣∣Gλ

out
Gλ

in

∣∣∣∣∣
2

−
∣∣∣∣∣F λ

out
Gλ

in

∣∣∣∣∣
2

. (A.66)
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Taking the φ+ mode to be purely reflected, the greybody factor comes entirely from φ−.
In our conventions, we have [49]

Gλ
out
Gλ

in
= sin2(2ψ)− cos2(2ψ)

(
c1 − ic2
c1 + ic2

)
,

F λ
out
Gλ

in
= 1

2 sin(2ψ)
(
1− c1 − ic2

c1 + ic2

)
. (A.67)

The conclusion is that the greybody factor for the ℓ = 2 graviton at small frequencies is
given by

ℓ≥2 graviton greybody: Pemit(ω,ℓ)=
ℓ+2
2ℓ+1

π2ℓ(ℓ+1)2(βω)
(

r2
+ω

β

)2ℓ

sinh
(

βω
2

)
Γ
(
ℓ±iβω

2π

)
22ℓ−1(ℓ−1)2Γ(ℓ+ 1

2)4 ,

(A.68)

ℓ=2: = 16
45r

8
+ω

6
(
ω2+4π2

β2

)
. (A.69)

We find for ℓ ≥ 2 for near-extremal RN BHs that Pgraviton/Pphoton = ℓ+2
ℓ−1 .

Scaling dimensions of photon modes. We point out a subtlety with the boundary scaling
dimension of the operator dual to the various photon modes. This arises because of the
electromagnetic-gravitational mixing, which modifies the asymptotic fall-off conditions of the
field in the throat. The photon is given by a linear combination of two fields with different
scaling dimensions in the AdS2 throat. Recall that F λ(r) = φλ

+(r) cosψ − φλ
−(r) sinψ where

for ℓ ≥ 2 we have that ψ ≠ 0.
The scaling dimension of axial/polar modes φλ

+ turns out to be the same, and similar
for φλ

−. We only derive the axial case. Near the horizon, we take r → r+, and the equations
of motion reduce to those of a massive field in AdS. The effective potential written earlier
takes the form

lim
r→rp

V ł=axial
±, ext. RN ∼ (r − r+)2

r4
+

(ℓ(ℓ+ 1) + 1± (2ℓ+ 1)) . (A.70)

The term in the parenthesis is simply the mass m2 = ∆(∆− 1). We find that ∆(+) = ℓ+ 2
and ∆(−) = ℓ. This can also be confirmed by solving the differential equation and examining
the fall-off conditions of the field.

At low frequencies, the transmission will be dominated by the field φλ
± that sees the

smallest effective barrier to tunnel through the BH. It turns out that

V
λ=axial/polar
− ≪ V

λ=axial/polar
+ , (A.71)

and so φλ
− always dominates the transmission probability. As explained earlier, for ℓ = 1

the φλ
− field doesn’t exist and the photon is given by φλ

+. The scaling dimension of the
ℓ = 1 photon is thus ∆ = 3. For higher values of ℓ both fields φ± exist, and the greybody
factor will be least suppressed for the φλ

− field with scaling dimension ∆ = ℓ for ℓ ≥ 2. We
thus reach the surprising conclusion that the ℓ = 1 photon has a larger scaling dimension
than the ℓ = 2 photon.
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A.4 Radiation from slowly rotating black holes

For completeness, we also discuss semiclassical Hawking radiation in the case of a charged
black hole with a small amount of angular momentum. See [99] for additional technical details.

For j ≪ M2, the angular momentum only changes the scattering process in region I,
where its effect is to replace the term r2

+ sin2 θdϕ2 in the metric (2.8) by

r2
+ sin2 θdϕ̃2 = r2

+ sin2 θ (dϕ− ΩHdt)2 , (A.72)

where ΩH = j
r3

+
= jEbrk. is the angular velocity of the black hole. This can be absorbed into

a change of coordinates by replacing ϕ with ϕ̃, so long as we take into account the effect of
this change in coordinates on the wavefunction. In the scalar case, this is

e−iωtu(r)Yℓ,m(θ, ϕ) = e−i(ω−mΩH)tu(r)Yℓ,m(θ, ϕ̃). (A.73)

Since the dependence on t and ϕ is identical for the wavefunctions of the other fields considered
in this section, their transformations are identical to the scalar case. (Note that we have
chosen coordinates where m is the angular momentum of the photon in the direction of the
black hole so that (classically) m = j − j′ is the difference between the black hole angular
momentum j before emission and j′ after emission.)

As a result, to compute greybody factors for near-extremal black holes with small angular
momentum, we simply take the greybody factor for zero angular momentum and replace all
factors of ω that come from region I by ω̃ = ω−mΩH . This includes, in addition to the region
I contribution to the greybody factor, the thermal Bose-Einstein occupation number for the
outgoing near-horizon modes, since those modes are thermally excited with respect to the
Rindler-like Killing vector ∂t|ϕ̃ and hence have thermal energy ω̃. The flux is therefore given by

dE

dt
=
∑
ℓ,m

∫ ∞

0

dω

2π
ωPI→II(ω̃)PII→III(ω)

eβ̃ω̃ − 1
, (A.74)

where PI→II(ω̃) is the greybody factor for transmission from region I to II and PII→III is
the greybody factor for transmission from region II to III. (Since the dynamics in region
II are independent of both ω and ω̃, it does not matter how the greybody factor from
region II is divided between PI→II and PII→III .) The inverse temperature β̃ of the black
hole depends not only on its mass M and charge Q but also on its angular momentum
j. Close to extremality, we have

β̃ =
√

2π2

Ebrk.(M −Q− 1
2j

2Ebrk.)
. (A.75)

A confusing feature of the formula (A.74) is that the integral goes from ω = 0 to
infinity and hence for m > 0 includes negative near-horizon frequencies ω̃. This is the
superradiant regime: instead of a Rindler excitation with local energy ω̃ tunneling through
the barrier and escaping to infinity as a Hawking quanta with energy ω, a near-horizon
particle with local energy −ω̃ is created simultaneously with the Hawking quanta so that
the total energy is conserved.
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Despite its very different physical interpretation, the formula for the superradiant emission
rate is identical to the formula for Hawking radiation with ω̃ > 0. A somewhat schematic
explanation for why this is the case is the following. Greybody scattering leads to the relation

bout, ω = t aout,ω̃ + r bin, ω (A.76)

where bin/out, ω are annihilation operators for the ingoing and outgoing far-field modes
respectively, aout, ω̃ is the annihilation operator for the outgoing near-horizon mode and

Pemit(ω, |ω̃|) = |t|2 = 1− |r|2 (A.77)

is the transmission probability, which depends only on ω2 and ω̃2. For ω̃ > 0, we have

⟨b†out, ωbout, ω⟩ = Pemit(ω, |ω̃|)⟨a†out, ω̃aout, ω̃⟩ = Pemit(ω, |ω̃|)
1

eβ̃ω̃ − 1
. (A.78)

When ω̃ < 0, aup ,ω̃ = a†up,−ω̃ becomes the creation operator for the mode with energy
−ω̃ and we have

⟨b†out, ωbout, ω⟩ = Pemit(ω, |ω̃|)⟨aout,−ω̃a
†
out,−ω̃⟩ = t2

[
1 + 1

e−β̃ω̃ − 1

]
= −Pemit(ω, |ω̃|)

1
eβ̃ω̃ − 1

,

(A.79)
which matches the formula for ω̃ > 0 up to a sign. Since Pemit(ω, |ω̃|) turns out to only
involve odd powers of |ω̃|, this sign is naturally absorbed into the greybody factor by simply
replacing |ω̃| with ω̃ to give

Pemit(ω, ω̃) = sign(ω̃)Pemit(ω, |ω̃|). (A.80)

This leads to the formula
dE

dt
=
∑
ℓ,m

∫ ∞

0

dω

2π
Pemit(ω, ω̃)
eβω̃ − 1 , (A.81)

which works for both positive and negative ω̃.
The formula (A.74) allows us to immediately obtain semiclassical fluxes in the presence of

a small amount of angular momentum from our earlier calculations in this section, so we shall
just state the relevant formulas without further discussion. For the ℓ = 1 photon mode we have

PI→II(ω̃) = ω̃

(
ω̃2 + 4π2

β̃2

)(
ω̃2 + 16π2

β̃2

)
, PII→III(ω) =

4
9r

8
+ω

3 , (A.82)

so that

dE

dt
= 1
π

∑
m=0,±1

∫ ∞

0
dω ω

4
9r

8
+ω

3 × ω̃
(
ω̃2 + 4π2

β̃2

) (
ω̃2 + 16π2

β̃2

)
eβ̃ω̃ − 1

. (A.83)

For the ℓ = 2 photon mode we have

PI→II(ω̃) = ω̃

(
ω̃2 + 4π2

β̃2

)
, PII→III(ω) =

4
45r

8
+ω

5 , (A.84)

which gives

dE

dt
= 1
π

∑
m=0,±1,±2

∫ ∞

0
dω ω

4
45r

8
+ω

5 × ω̃
(
ω̃2 + 4π2

β̃2

)
eβ̃ω̃ − 1

. (A.85)

The formula for the ℓ = 2 graviton is four times this formula.
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B Evaluation of the Euclidean instanton action

We evaluate the Euclidean action for the instanton solution used in section 5. The total
action is

Iinst + BH=− 1
16π

[∫
d4x

√
gR+2

∫
∂M

√
h(K−K0)

]
+ 1
16π

∫
d4x

√
gFµνF

µν− 1
4π

∫
∂M

√
hniF

ijAj

+σ
∫

wordline

√
γ+iq

∫
wordline

dτAτ , (B.1)

where we have added a counterterm given by the extrinsic curvature K0 in flat space. The
particle contributes two terms

I
∣∣∣mass

particle
= σ

∫ √
γ = mχβinst ,

I
∣∣∣EM

particle
= iq

∫
dτAτ = −q

(
AQ̄(rinst − r̄+)

r̄+rinst

)
βinst . (B.2)

where χ ≡ χ(rinst) is the redshift factor at the location where the particle is pair-produced.
The scalar curvature is zero for the BH, but contains a delta-function piece supported at the
location of the particle. The equations of motion38 give R = 8πT , where T = σδ(r − rinst) is
the trace of the stress tensor localized on the particle worldline found below (5.5). Therefore,

I
∣∣∣
Ricci

= − 1
16π

∫ √
gR = −1

2mχβinst . (B.3)

The field strength F 2 is constant in the throat and give in (5.3), so the bulk gauge field
contribution is

−I
∣∣∣
Maxwell

= Aβinst
16π

∫ rinst

r̄+
dr4πr2 2Q̄2

r4 + βinst
16π

∫ ∞

rinst
dr4πr2 2Q2

r4

= 1
2βinst

(
A
Q̄2

r̄+
−A

Q̄2

rinst
+ Q2

rinst

)
. (B.4)

The extrinsic curvature of a constant-r sphere for r > rinst is

K = d log[area]
ds

= ∂r

∂s

∂r(χr2)
χr2 = χ

∂r(χ2r4)
2χ2r4 = 1

χ

(
M

r2 − Q2

r3

)
+ 2χ

r
. (B.5)

In flat space, the same surface would have K0 = 2
r , which can be seen by taking M,Q→ 0.

The boundary term in the action gives

I
∣∣∣
K bdy

= − 1
8π

∫
∂M

√
h(K −K0) = −1

2

∫
dτ lim

r→∞
χr2

(
1
χ

(
M

r2 − Q2

r3

)
+ 2χ

r
− 2
r

)

= 1
2Mβinst . (B.6)

38Since our matter action has a relative minus sign compared with the Ricci scalar term, the equations of
motion Gµν = −8πTµν have a minus sign compared with standard conventions, where Gµν is the Einstein
tensor. This is also taken into account in the junction conditions.
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The Maxwell boundary term is

I
∣∣∣
F 2 bdy

= − 1
4π

∫
∂M

√
hniF

ijAj = βinst
Q2

r+
= βinstQ

AQ̄(rinst − r̄+) +Qr̄+
r̄+rinst

, (B.7)

after subtracting off the divergence. Putting everything together, we find that in the
canonical ensemble, the action is given by

Iinst + BH(βinst, Q) = 1
2βinstχm− 1

2βinst

(
A
Q̄2

r̄+
−A

Q̄2

rinst
+ Q2

rinst

)
+ 1

2βinstM

+ βinstQ
AQ̄(rinst − r̄+) +Qr̄+

r̄+rinst
− βinstq

(
AQ̄(rinst − r̄+)

r̄+rinst

)
,

= −πr̄2
+ + βinstM , (B.8)

where we have given a few equivalent representations of the action.

C JT dimensional reduction

In this section, we include additional details on dimensionally reducing Einstein-Maxwell
coupled to the particle (5.2) to obtain a slightly modified version of 2d JT gravity. The
action is again

Itotal = IEM + σ

∫
worldline

√
γ + iq

∫
worldline

dτAτ . (C.1)

The classical radius of the worldline is found by extremizing the competing effects of electro-
magnetic repulsion and gravitational attraction. We take the metric ansatz

ds2 = r0
Φ1/2 gµν +ΦdΩS2 (C.2)

where Φ is the dilaton field that parameterizes the transverse area of S2 and gµν is the
2d metric. On the two dimensional space, the particle is a closed loop tracing out a path
xµ(u) with proper time u.

After reducing to two dimensions, the electromagnetic coupling of the particle gives an
additional Wilson loop term, Iq

∮
A. As explained in [11, 42], integrating out the 2d gauge

field is equivalent to the problem of computing the partition function of 2d U(1) Yang-Mills
on the disk. Including the coupling to the S-wave sector of the particle is thus equivalent to
U(1) YM on a disk with a Wilson loop in the charge q representation, splitting the disk into
an interior disk Mint and an outside annulus Mout. After integrating out the gauge field (in
the canonical ensemble fixing the asymptotic charge Q) we find the action is

Itotal[g,Φ] = − 1
4GN

∫
Mint

d2x
√
g [ΦR− 2UQ−q(Φ)] +m

∫
∂Mint

du

√
r0

Φ1/2 gµν ẋµẋν

− 1
4GN

∫
Mout

d2x
√
g [ΦR− 2UQ(Φ)]−

1
2GN

∫
∂Mout

du
√
hΦK, (C.3)

where Q − q can be identified as the new charge of the black hole, while q and m are the
charge and mass of the particle, respectively. Minterior is the geometry within the charged
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instanton; Moutside is the geometry outside of the instanton region whose asymptotic boundary
is ∂Moutside. The dilaton potential UQ(Φ) is given by

UQ(Φ) = r0

[
GN

4π
Q2

Φ3/2 − 1
Φ1/2

]
. (C.4)

The variation of such an action is given by

δItotal[g,Φ]=EOMint+EOMout+
1

4GN

∫
∂′Mout

du([2(∂nΦ−ΦK)]δ(√guu)−2Φ√guuδK)

− 1
2GN

∫
∂Mout

du
√
hΦδK− 1

4GN

∫
∂Mout

du([2(∂nΦ−ΦK)]δ(√guu)−2Φ√guuδK)

− 1
4GN

∫
∂Mint

du([2(∂nΦ−ΦK)]δ(√guu)−2Φ√guuδK)

+m
∫

∂Mint
du

r
1/2
0

Φ1/4

(
δ(√guu)−

√
guu

δΦ
4Φ

)
, (C.5)

where ∂Mint, ∂′Mout and ∂Mout are the boundary of the instanton region measured from
the inside, from the outside or the asymptotic boundary of the entire geometry respectively.
The induced boundary metrics used in (C.5) are given by

guu = gµν ẋ
µẋν |∂Moutside or ∂′Moutside or ∂Minterior . (C.6)

If imposing Dirichlet boundary conditions on the outside boundary (fixed BH temperature
and fixed size of the transverse S2), then the boundary terms on ∂Mout in the variation
of (C.5) vanish. We are left with solving the EOMint and EOMout as well as the variation
along the boundary of the instanton. The solution for the former two are given by:

Interior : Φ(r̄) = r̄2. ds2 = Φ1/2

r0

[
χ̄2(r̄)dτ̄2 + dr̄2

χ̄(r̄)2

]
, χ̄(Φ)2 = 1 + Q̄2

Φ − 2M̄
Φ1/2 ,

Outside : Φ(r) = r2 ds2 = Φ1/2

r0

[
χ2(r)dτ2 + dr2

χ(r)2

]
, χ(Φ)2 = 1 + Q2

Φ − 2M
Φ1/2 , (C.7)

where Q̄ = Q − q and M and M̄ are, so far, two undetermined constants. We can also
rescale time inside the instanton such that τ̄ = Aτ . The continuity condition, which says
that the proper length of the instanton boundary has to be the same when measured from
the inside/outside is:

Aχ̄ = χ . (C.8)

Additionally, setting the variation of the boundary terms on ∂′Moutside + ∂Minterior to vanish
we find:

δK : Φ|∂Moutside = Φ̄|∂Minside ⇒ r = r̄ = rinst ,

δΦ : ∆K = mr
1/2
0

2Φ5/4 ⇒ ∆(Kττg
ττ ) = mr

1/2
0

2r5/2 ,

δ
√
guu : 1

4∆ (2∂nΦ− 2ΦK) = −m r
1/2
0

Φ1/4 ⇒ ∆(nµ∂µΦ) = −2mr
1/2
0
r1/2 , (C.9)
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where ∆(. . . ) = . . . |∂M ′
out

− . . . |∂Mint . In the second equation we have that Kττ =
1
2
√
grr∂rgττ .39 In the last line, nµ is a unit normal vector to the particle worldline, and all

quantities are evaluated at rinst. From the last two equations, we get

⇒ 1
χ

(
M − Q2

rinst

)
− 1
χ̄

(
M̄ − Q̄2

rinst

)
= m,

rinst (χ− χ̄) = −m, (C.10)

consistent with the 4d calculations (5.7) presented in section 5.1.

Modifications to dimensional reduction. We now highlight how the introduction of the
instanton modifies the dimensional reduction. There are two key points:

• The AdS radii inside and outside of the instanton are different.

• The outside geometry, if continued past the instanton, would predict the presence of a
conical defect.

The first point can be seen from the dilaton potential (C.4) and action (C.3). Expanding the
potentials UQ−q(Φ) in the throat around a large constant dilaton value Φ = GN

4π (Q−q)2+ GN
π ϕ,

which corresponds to the horizon area r2
0 after emission. This gives an interior AdS2 length

ℓin =
√
GN (Q− q). The same expansion applied to the exterior region with potential UQ(Φ)

gives a slightly different AdS length.
The second point already appeared in the context of the full black hole geometry. The

periodicity of the τ -circle is fixed, so the interior geometry is smooth, but due to the different
AdS radii, the exterior geometry, if continued past the instanton, would contain a conical
defect. The defect is not actually present on the full geometry since the instanton changes the
spacetime before the defect is reached. However, since the asymptotic boundary conditions
appear to imply the presence of a conical defect, the boundary fluctuations that are integrated
over will be modified compared with the standard disk calculation.

The one-loop determinant for the particle worldline. In this subsection, we explain
the one-loop determinant that comes from integrating the position of the instanton from
a two-dimensional perspective. Expanding the action (C.3) as described in the previous
section around the near-extremal background following [11] and setting GN = 1 we get
the two-dimensional theory

I[g, ϕ] = −
∫

Mint
d2x

√
gϕ

(
R+ 2

ℓ2in

)
−
∫

Mout
d2x

√
gϕ

(
R+ 2

ℓ2out

)
− 2

∫
∂Mout

du
√
hϕK − m

Q2

∫
∂Mint

du ϕ(x(u))
√
gµν ẋµẋν , (C.11)

39The second equation comes from considering the variation due to δΦ and integrating the variation of
the full action on an annulus surrounding the instanton. From the bulk equations of motion, only

∫
RδΦ

contributes since R is singular across the particle worldline while other terms are continuous. The variation of
the particle action also contributes. Using Gauss-Bonnet, the bulk term can be rewritten as the contribution
of the extrinsic curvature along the boundaries of the annulus since

∫
R = −2

∫
∂
K, which becomes ∆K across

the particle worldline as we shrink the annulus to be infinitesimally thin. Thus, the contribution of the bulk
terms yields 1

4GN

∫
RδΦ = − 1

2GN

∫
(∆K)δΦ.
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where we have dropped topological terms, terms of order 𝒪((ϕ/Φ0)2), and the linear term mL

for simplicity since they don’t modify the dilaton gravity dynamics. Integrating out the dilaton,
we get a constant negative curvature surface, with different cosmological constants inside
and outside the instanton, alongside a contact term along the path of the instanton coming
from the last term in the above. This enforces that there is a jump in extrinsic curvature
across the instanton. Solving for the instanton path, it is a circle of radius rinst = m

q Q where
Q is the AdS2 radius. The proper length of the instanton is

∫
∂Mint

√
h = 2πQm

q which is
incredibly small in AdS units when m≪ q as in the case of the positron. We must integrate
over the position of the instanton since such a mode exists from the matter partition function.
We can treat the loop effectively as a point, set its length to be equal to its classical value,
and approximate the dilaton as constant along the small loop. The last term in the action
corresponding to the instanton becomes

− m

Q2

∫
∂Mint

du ϕ
√
gµν ẋµẋν → −2π(1− α)ϕ(xinst) , (C.12)

where α = 1 − m2

qQ . This is precisely the JT gravity operator that creates a conical defect
with deficit angle 2π(1− α) [65–67]. Integrating over the position of the instanton amounts
to evaluating the following JT gravity amplitude〈∫

d2xinst
√
ge−2π(1−α)ϕ(xinst)

〉
. (C.13)

In [63, 64] it was argued that the above amplitude in the limit α → 1 is given by

lim
α→1

〈∫
d2xinst

√
ge−2π(1−α)ϕ(xinst)

〉
= 1

2π(1− α)
1√

βEbrk.
e

2π2(α2−1)
βEbrk. , (C.14)

where the overall numerical prefactor is dependent upon the normalization of the ultralocal
measure. Importantly, this is not equal to the more common JT defect amplitude [68], which
is defined by multiplying the above by 2π(1 − α).40 This is the origin of the (1 − α)−1

prefactor in the one-loop determinant computed in (5.33).

D Angular momentum contributions to di-particle emission

We briefly explain how to take into account the effect of angular momentum on di-photon
emission at low energies. The matrix element we want to calculate is

𝒜ℓ(Ei, EI , Ef , E
′
I) =

∑
mi,mI ,m′

I

Tr(PEi,0,0𝒪ℓ,m1PEI ,ℓ,mI
𝒪ℓ,m2PEf ,0,0𝒪ℓ,mpPEI′ ,ℓ,mI′𝒪jp,mp)

Tr(PEi,0,0)Tr(PEI ,ℓ,mI
)Tr(PEf ,0,0)Tr(PEI′ ,ℓ,mI′ )

=
∑

mi,mI ,m′
I

⟨Ei, 0, 0|𝒪ℓ,m1 |EI , ℓ,mI⟩⟨EI , ℓ,mI |𝒪ℓ,m2 |Ef , 0, 0⟩

× ⟨Ef , 0, 0|𝒪jp,m3 |EI′ , ℓ,mI′⟩⟨EI′ , ℓ,mI′ |𝒪jp,m4 |Ei, 0, 0⟩ . (D.1)
40The two different amplitudes arise from the origin of the integral over positions. If the integral over

positions of the defect comes from integrating over the moduli space of metrics, the associated ultralocal
measure contains an extra factor of (1 − α) to give the more commonly studied JT gravity amplitude. If
the integral over positions come from a matter theory, then we will obtain the amplitude above. See [63] for
additional details.
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Figure 19. Spin dependent prefactor for the four-point function. On the left we have the TOC and
on the right the OTOC. We have four operator insertions labelled by mi, with various intermediate
states between the particles. The arrows indicate how the holonomies Ui, gi are defined. The disk
has a clockwise orientation and when an amplitude for a portion of the disk is evaluated it must
be evaluated with respect to this orientation. The middle plaquette contributes δ(g1U

†
1g2U2), while

the initial and final states give no contribution since they are in the trivial representation, while the
intermediate states contribute ∝ D(g†i ) for the TOC and ∝ D(UiUj) for the OTOC.

where 𝒪ℓmp represents a particle of angular momentum ℓ and axial angular momentum mp,
and the intermediate state has angular momentum jI = ℓ and axial angular momentum
mI . Since we are only interested in di-photon and di-graviton evaporation when they are
the dominant channels in the final stages of evaporation, we have set the initial and final
states to have zero angular momentum.

The matrix element (D.1) is a matter four-point function that in a free matter theory
can be decomposed into three possible Wick contractions. The Schwarzian contribution to
each Wick contraction is the same as found in (2.41). For two of these Wick contractions, the
Schwarzian contributions enforces the pairs of energies, EI and EI′ or Ei and Ef to be equal.
However, we are only interested in the case where Ei ̸= Ef , i.e. when the black hole mass
changes. Thus, there are only two Wick contractions to consider: one that typically computes
time-ordered correlators (TOCs) and one that computes out-of-time-ordered correlators
(OTOCs). These two Wick contractions are shown in figure 19.

We will first consider the TOC. Since we already know the Schwarzian contribution, we
still need to compute the additional contribution coming from spin modes. The TOC can
be computed by integrating over holomomies in the left diagram of figure 19,∑

mi,mI ,mI′

∫
dU1dU2dg1dg2D

ℓ
m1m2(U1)Dℓ

m4m3(U2)︸ ︷︷ ︸
particle worldlines

DjI
mImI

(g†1)D
jI′
mI′mI′ (g

†
2)δ(U2g1U

†
1g2)︸ ︷︷ ︸

intermediate Plaquette

.

(D.2)
As in (2.39), for each factor of |E, j,m⟩⟨E, j,m| in (D.1) we have a holonomy

Pj,m|HH⟩
⟨HH|Pj,m|HH⟩

= 1√
2j + 1

|j;m,m⟩, (D.3)

which in the holonomy basis is just a Wigner D-matrix. These holonomies are glued to a
plaquette, which gives a delta function setting the holonomies around the Plaquette equal to
the identity. We have to be careful to define the representation wavefunction with respect to
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the orientation of the disk, which conjugates some matrix elements g → g†. The two particle
Wilson lines are oriented to go from left to right, and give additional Wigner-D matrices.

We can evaluate the above to find∑
mi,mI ,mI′

∫
dU1dU2dg1D

ℓ
m1m2(U1)Dℓ

m4m3(U2)DjI
mImI

(g†1)D
jI′
mI′mI′ (U2g1U

†
1)

=
∑

mi,mI ,mI′

1
2jI + 1

∫
dU1dU2D

ℓ
m1m2(U1)Dℓ

m4m3(U2)DjI
mI′mI

(U1)∗DjI
mI′mI

(U2)δjI ,j′I

=
∑

mi,mI ,mI′

(−1)mI−mI′

2jI + 1

∫
dU1dU2D

ℓ
m1m2(U1)Dℓ

m4m3(U2)DjI
mI′ ,mI

(U1)∗DjI
−mI′ ,−mI

(U2)∗δjI ,j′I

=
∑

mi,mI ,mI′

(−1)mI−mI′
δm1,mI′ δm4,−mI′ δm2,mI δm3,−mI δjI ,ℓδjI ,j′I

(2jI + 1)3 =
δjI ,ℓδjI′ ,ℓ

(2ℓ+ 1)3 . (D.4)

This is equal to 1/27 for di-photon emission (ℓ = 1). In the first line, we have integrated
over g2 and enforced that g2 = U1g1U

†
2 . In the second line we have used the property

that Dmn(g1 · g2) =
∑

m′ Dmm′(g1)Dm′n(g2) repeatedly and integrated over g1 using the
orthogonality relation ∫

dgDj
mn(g)∗D

j′

m′n′(g) =
δj′jδmm′δnn′

2j + 1 . (D.5)

Furthermore we have used that Dmn(g†) = Dnm(g∗) = Dnm(g)∗. In the third line we used
Dmn(g) = (−1)m−nD−m,−n(g)∗ and finally integrated over the remaining holonomies.

The second diagram is the OTOC and can be evaluated similarly∑
jI ,j′I ,

mi,mI ,mI′

∫
dU1dU2dU3dU4D

ℓ
m1m3(U1U3)Dℓ

m4m2(U
†
4U

†
2)︸ ︷︷ ︸

particle worldlines

D
j′I
mI′mI′ (U

†
4U

†
1)DjI

mImI
(U2U3)︸ ︷︷ ︸

intermediate Plaquettes

.

(D.6)
To evaluate this we apply the decomposition formula and related identities described above
and evaluate each integral. We find∑

mi,mI ,mI′
a,b,c,d

∫
(
∏

i

dUi)Dℓ
m1a(U1)Dℓ

am3(U3)Dℓ
bm4(U4)∗Dℓ

m2b(U2)∗

×D
j′I
cmI′ (U4)∗D

j′I
mI′c(U1)∗DjI

mId(U2)DjI
dmI

(U3)

=
∑

mi,mI ,mI′
a,b,c,d

(−1)c−mI′+d−mI

∫
(
∏

i

dUi)Dℓ
m1a(U1)Dℓ

am3(U3)Dℓ
bm4(U4)∗Dℓ

m2b(U2)∗

×D
j′I
−c,−mI′

(U4)D
j′I
mI′c(U1)∗DjI

mId(U2)DjI
−d,−mI

(U3)∗

=
∑

mI ,mI′

∑
mi

∑
a,b,c,d

(−1)c−mI′+d−mI
δjI ,ℓδj′I ,ℓ

(2jI + 1)4

× δm1mI′ δm2mI δm3,−mI δm4,−mI′ δacδb,−cδb,dδa,−d

=
∑
mi

∑
a,b,c,d

(−1)c−m1+d−m2 δm1,−m4δm2,−m3

(2ℓ+ 1)4 δacδb,−cδb,dδd,−cδjI ,ℓδj′I ,ℓ =
δjI ,ℓδj′I ,ℓ

(2ℓ+ 1)3 . (D.7)
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For di-photon emission this is again 1/27, so the spin dependent factors of the OTOC and
TOC contribute equally.

Thus, in total, the relevant product of matrix elements seen in (D.1) evaluates to,

𝒜ℓ(Ei, EI , Ef , E
′
I) =

E4∆
brk.𝒩4pt(Γ∆

fIΓ∆
fI′Γ∆

iIΓ∆
iI′)1/2δjI ,ℓδjI′ ,ℓ

(2ℓ+ 1)3

×
(

δ (EI − EI′)
e−S0ρ

(
EI − Eℓ

0
) + {∆ Ef EI − Eℓ

0
∆ Ei EI′ − Eℓ

0

})
, (D.8)

where ρ
(
EI − Eℓ

0

)
is the Schwarzian density of states. Thus, accounting for angular momen-

tum effectively adds a factor of 1/(2ℓ+ 1)3 in front of the scalar four-point function.

E A winding instanton

We now considering a particle that winds k times around its circular trajectory. This amounts
to sending m → km and q → k q. Therefore, the defect angle becomes

αk =

(√
(2Q− kq)2 − (km)2 + k

√
q2 −m2

)4

16Q4 = 1− 2kq −
√
q2 −m2

Q
+ 𝒪

( 1
Q2

)
, (E.1)

where the latter expression is valid as long as kq ≪ Q. The on-shell action is given by

I1 inst + BH = −πQ2 + 2πkQ
(
q −

√
q2 −m2

)
− 2π2Q3

β
α2

k + 𝒪
(

1
Q2 ,

π2Q6

β2

)
. (E.2)

The one-loop determinant for a k-times wound fermion can be extracted from Schwinger’s
calculation in flat space [20]. The integral over the position of a k-wound instanton comes
with an additional factor of (1 − αk). Putting everything together, we find the sum over
all winding instantons to be

∞∑
k=1

e−Ik
inst eff. =

∞∑
k=1

1
k2

q2Q2

2π3(1− αk)
e
−2πkQ

(
q−
√

q2−m2
)

(E.3)

≈
∞∑

k=1

1
k3

q3Q3

2π3m2 e
−2πkQ

(
q−
√

q2−m2
)
,

where we have defined the effective action for a k wound instanton. For a bosonic particle,
the one-loop determinant must be multiplied by 1

2(−1)k+1 [100]. Note again that the overall
𝒪(1) numerical prefactor is ambiguous due to the freedom to define the normalization of
the ultralocal measure.

F Corrections to the extremal energy due to charged particle emission

Another effect of the quantum backreaction due to the instantons is that we see a small
shift of the extremal energy (i.e. the lowest energy in a sector of fixed charge Q) given by
the real part of equation (5.50)

δEinst ≡ ReE0 = 2π2e−2Iinst eff(1− α)2Ebrk. + 𝒪
(
e−4Iinst eff(1− α)6

)
, (F.1)
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where we ignored the subleading winding contribution by assuming we were working with
a sufficiently large BH. This is easiest to see by writing the density of states (5.52) close
to the edge of the spectrum

ρ(E) ∼ 𝒞eS0
√
E − (Eext + δEinst) + iΓ + . . . , (F.2)

where in the above we have shifted the energy so that E is the total energy of the BH,
and at extremality Eext = Q.

However, the above is not the full shift of the spectrum. The extremality shift arises from
integrating out the positron on the BH background and finding the new spectrum of near
extremal RN BHs. There are two effects that must be included to properly integrate out the
positron [101, 102], the first is that an infinite tower of higher dimension electromagnetic terms
are generated in the effective action. The second effect is that non-perturbative Euclidean
instantons must be re-summed to obtain the imaginary shift of the effective action. In this
work, we have only included the Euclidean instanton contribution, and so the full shift of
the extremality bound is given by

Ecorrected
ext

= Q+ δEpert. + δEinst . (F.3)

The leading perturbative corrections δEpert. have been computed in [103]. It is perhaps
noteworthy that |δEpert| > δEinst > 0 for large BHs, while δEpert < 0 which means that the
corrected extremal energy satisfies Ecorrected

ext
< Q. The interpretation of this shift is that states

below this energy in a sector of fixed charge Q do not exist at all, not even as metastable states.
It is useful to explicitly write out the non-perturbative extremality shift to leading order

δEinst =
q4Q

2π4 e
−4πQ

(
q−
√

q2−m2
)
. (F.4)

The only assumption in the derivation of the above is that q ≫ m, and that we are working
with black holes with sufficiently large Q so that the instanton approximation is reliable.
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