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Abstract

The axion is a light pseudoscalar particle postulated to solve issues with the
Standard Model, including the strong CP problem and the origin of dark
matter. In recent years, there has been remarkable progress in the physics of
axions in several directions. An unusual type of axion-like particle termed
the relaxion was proposed as a new solution to the weak scale hierarchy
problem. There are also new ideas for laboratory, astrophysical, or cosmo-
logical searches for axions; such searches can probe a wide range of model
parameters that were previously inaccessible. On the formal theory side, the
weak gravity conjecture indicates a tension between quantum gravity and a
trans-Planckian axion field excursion. Many of these developments involve
axions with hierarchical couplings. In this article, we review recent progress
in axion physics, with particular attention paid to hierarchies between axion
couplings. We emphasize that the parameter regions of hierarchical axion
couplings are the most accessible experimentally. Moreover, such regions
are often where important theoretical questions in the field are addressed,
and they can result from simple model-building mechanisms.

225


mailto:kchoi@ibs.re.kr
https://doi.org/10.1146/annurev-nucl-120720-031147
https://www.annualreviews.org/doi/full/10.1146/annurev-nucl-120720-031147
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

Annu. Rev. Nucl. Part. Sci. 2021.71:225-252. Downloaded from www.annualreviews.org
Access provided by WIB6263 - Deutsches Elektronen Synchroton (DESY') on 01/13/22. See copyright for approved use.

226

Contents

L. INTRODUCTION ...t 226
2. AXION COUPLINGSAND SCALES ..o 227
2.1, Axions in CoSmMOLOZY .« ..o vvntit ittt 228
2.2. Axion Couplings to the Standard Model .......................oooi 229
2.3. Theory Constraints on Axion Couplings................oooiiiiiiiiii... 233
2.4. Observational Constraints on Axion Couplings ............................. 234
3. AXIONS WITH HIERARCHICAL COUPLINGS. ..., 239
3.0 EXampLes ..o 239
3.2. Hierarchies from the Axion Landscape ... 241
4. SUMMARY AND CONCLUSION ...ttt 248

1. INTRODUCTION

Axions and axion-like particles (ALPs) are among the most compelling candidates for physics
beyond the Standard Model (SM) of particle physics (1-3). They often have good physics motiva-
tions and naturally arise in fundamental theories such as string theory (4, 5). In some cases, an axion
refers to a specific type of pseudo-Nambu-Goldstone boson designed to solve the strong CP prob-
lem (6-8). In this article, we refer to such an axion as a quantum chromodynamics (QCD) axion
and use the term axions (and sometimes the term ALPs) for generic pseudo-Nambu-Goldstone
bosons associated with nonlinearly realized approximate global U(1) symmetries.

Many different types of axions have been discussed in particle physics and cosmology. Some of
them are introduced to solve so-called naturalness problems. The best-known example is a QCD
axion that solves the strong CP problem (6-8). Another example is an axion for cosmic inflation
(9), which would solve the naturalness problems of Big Bang cosmology while avoiding unnatural
fine-tuning in the underlying UV theory. An unusual type of ALP termed the relaxion was recently
proposed as a new solution to the weak scale hierarchy problem (10). Light axions, regardless of
their role in naturalness problems, are a compelling candidate for the dark matter (DM) in our
Universe (11-14). Although the data are not convincing enough, a few astrophysical anomalies
might be explained by axions with certain specific masses and coupling (15-17).

In recent years, there has been significant progress in several directions in the physics of ax-
ions. Such developments include the relaxion solution to the weak scale hierarchy problem (10),
which has a variety of interesting phenomenological implications (18-20). New ideas for axion
searches in laboratory experiments have been proposed (21-23), and such searches can probe a
wide range of axion masses and couplings that were not accessible before. There are also studies
on the gravitational probe of ultralight axion DM (24), as well as axion superradiance from black
holes (BHs) (5). In addition, new theory concepts have generated both constraints and model-
building ideas. On one hand, it is argued that quantum gravity provides a nontrivial lower bound
on axion couplings (25), which might be in conflict with the requirement in some models of in-
flation for trans-Planckian axion field excursions (26-30). On the other hand, mechanisms have
been presented to naturally produce large hierarchies in axion couplings (31-38).

Many of these developments suggest that the landscape of axion models is much broader than
commonly realized. Of particular interest are regions where axion couplings have large hierarchies.
As discussed below in more detail, those regions are generally the most accessible experimentally,
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and they are often where important theoretical questions in the field are addressed. In actuality,
large hierarchies among axion couplings are not unexpected. They are technically natural and can
result from simple model-building mechanisms.

This article is organized as follows. In Section 2, we introduce the relevant axion couplings
and scale parameters and present the observational constraints on those parameters, including the
projected sensitivity limits of the planned experiments. In Section 3, we present some examples of
well-motivated axion coupling hierarchies and discuss model-building attempts to generate those
hierarchies in low-energy effective theory. We conclude and summarize in Section 4.

2. AXTION COUPLINGS AND SCALES

Axions are periodic scalar fields and characterized by a scale f, termed the axion decay constant,
which defines the full field range of the canonically normalized axion:

a=a+2nf, 1.
Such axions may originate from the phase of complex scalar field (39-42) as
o= pet (f,=~2(p)), 2.

or the zero mode of a p-form gauge field A%’ in models with extra dimension such as compactified
string theories! (4, 43-45):

(p) (p)
A[mlmzump] (x,y) = ﬂ(x)w[mlmz..mp] (y)’ 3.

where x* and y” are the coordinates of four-dimensional Minkowski spacetime and the compact
internal space ¥, respectively, and @® is a harmonic p-form in Y. In the latter case, axion periodicity
is assured by Dirac quantization of the axionic string, which is a low-energy remnant of the brane
that couples (electrically or magnetically) to A® in the underlying UV theory. In that description,
the gauge equivalence of A? on a p-cycle in ¥, which determines the value of f,, is fixed by the
couplings and scales involved in compactification (4, 45, 46).

Axions, regardless of their UV origin, can be naturally light if the theory admits an approximate
U(1) symmetry realized as a shift of the axion field:

U(l)pq : a(x) — a(x) + constant. 4.

This is termed Peccei-Quinn (PQ) symmetry. For #(x) originating from the phase of a com-
plex scalar field, U(1)pg may arise as an accidental symmetry of the low-energy effective theory.
For a(x) from a p-form gauge field, it is the low-energy remnant of the p-form gauge symmetry
AP — AP + dC? =D in the underlying higher-dimensional theory.

A key parameter for axion physics is PQ-breaking coupling g,» that generates the leading
a-dependent terms in the axion potential. The corresponding potential can often be approximated
by a sinusoidal function:

Via) ~ —A* cos(g,ac). 5.

»

! . . S
For p > 2, there can be additional axions originating from the component 4 {vmy ..y o]
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This can also be written as

Vi(a) ~ —A*cos (NDW%), 6.

where Npw is the number of (approximately) degenerate vacua found over the full field range
2mf,, which is termed the domain wall number. The coupling g,» = Npw/f, also defines the field
range over which the axion potential is monotonically changing:

" fa 7.

Aa = =T s
Zun Npw

which may set an upper bound on the possible cosmological excursion of the axion field.

2.1. Axions in Cosmology

Axions can play many important roles in cosmology (2). Here we present three examples that are
relevant for our later discussion of axion coupling hierarchies.

2.1.1. Axion inflation. An axion field with trans-Planckian f,/Npw > Mp >~ 2.4 x 10" GeV
can play the role of an inflaton in the model of natural inflation (9). For the inflation potential
given by Equation 6, one finds

1 ( Mp )2 o
€~~~ , )
" N, fa/Npw

where € = M2(3,V//V')?/2 and n = M3(32V/V) are the slow roll parameters and N, is the number
of e-foldings. Then the observed cosmic microwave background (CMB) power spectrum implies
my ~ Hint/ /N ~ 108 GeV, where H;nr ~ A?/Mp is the inflationary Hubble scale (9, 47). This
model of inflation is particularly interesting, as it predicts primordial gravitational waves (GWs)
with a strength comparable to that of the present observational bound (2, 47).

2.1.2. Axion dark matter. Light axions are compelling candidates for DM. The most straight-
forward way to produce axion DM would be the misalignment mechanism (11-14). In the early
Universe, the initial value of the axion field is generically misaligned from the present vacuum
value, which can be parametrized as

fa
a ti) - ﬂ(t ) = ®in ) 9.
( 0 Now
where f; is the present time and ©, is an angle parameter in the range [0, 7t]. Due to Hubble
friction, the axion field has negligible evolution when the Hubble expansion rate H(z) >> nz,(z). In
the later time 7 = t,sc when H(tosc) ~ 72,(fosc ), the axion field begins to oscillate around the present
vacuum value, and the axion energy density p, subsequently evolves like matter energy density.

If one takes the simple harmonic approximation for the axion potential, the resulting axion DM
abundance is (14)

v o [T ) 17 Oufu/Now \?
Cult)t _0'1[ eV] )] \3x 101 GeV ) 10-

where Q,(to) = pa(to)/ p(t) [:(to) = 3MEH (to)*],and b is defined by H(#) = 100h km s~! Mpc!.
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For the QCD axion, m2,(t0) = frm:/(f./Npow) (see Equation 28) and z,(tos.)/m.(t0) =~ 6 x
1074 GeV/Toe)" (n 2= 4) for Toe = 150 MeV (48), where 7z, and f; are the pion mass and the
pion decay constant, respectively, and T, is the temperature at ¢ = 7o Inserting these into
Equation 10, one finds the following relic abundance of the QCD axion (11-13):

- Ny (n+3)/(n+2)
@) (n ~ 4). 11.

2 ~ 2
[Q@0)h* ] = 0.1 07, (1012 Gev

Another interesting example is ultralight ALP DM with #2,(fos.) = 72,(t0) (14, 49). Unlike the
QCD axion, 72, and f,/Npw for such an ALP can be regarded as independent parameters, so its
relic abundance is given by

2
P - 2 [ fa/Now m, 172
[Qu(t0)P ] p ~ 0.102 [1017GeV:| (om0) 12,

2.1.3. Relaxion. In the relaxion scenario, the Higgs boson mass is relaxed down to the weak
scale by the cosmological evolution of an axion-like field termed the relaxion, providing a new
solution to the weak scale hierarchy problem (10). The relaxion potential takes the form

V=Vo@) + ny@H? + Vie(®)
=—A"cos(Npw8) + [Afi + A? cos(Npw9)] |H|* — A} (H) cos(Ni,0 + a), 13.

where 0 = a/f, =60 + 27t (Npm, Nyr € Z) and H is the Higgs doublet field in the SM whose ob-
served vacuum expectation value is given by v = V2(|H|) = 246 GeV. Ay (>>v) is the cutoff scale
for the Higgs boson mass, and Ay, (H) is a Higgs-dependent scale parameter that becomes nonzero
once H develops a nonzero vacuum value. Here the terms involving cos (Npw0) are generated at
high scales around the cutoff scale, so naturally, A ~ Ay ~ Ay > v. In contrast, the barrier
potential 14, = —A} (H)cos(Ni,6 + ) is generated at a lower scale around or below v so that
Ay = Abr(v) S/ v.

Initially, the effective Higgs mass u,(8) = A% + A cos(Npw9) is supposed to have a large
value u2;[0(2)] ~ A}, > 0. Butitis subsequently relaxed down to u,[0(tf)] ~ —v? < 0 by the re-
laxion field excursion a(t;) — a(t;) ~ f,/Npw driven by the potential ;. Since a nonzero V4, is devel-
oped after the relaxion passes through the critical point u2,(8) = 0, the relaxion is finally stabilized
by the competition between the sliding slope 0¢ V) and the barrier slope 04 V4, which requires

No AT > Ak
NDW A‘gr ~opt '

14.

For successful stabilization, the scheme also requires a mechanism to dissipate the relaxion
kinetic energy. In the original model (10), such dissipation occurs by Hubble friction over a long
period of inflationary expansion. Some alternative possibilities are discussed in Section 3.1.2 in
connection with the relaxion coupling hierarchy.

2.2. Axion Couplings to the Standard Model

"To discuss axion couplings to the SM, it is convenient to use the angular field

a(x)
fa

O(x) = Z6(x)+2n 15.
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in the field basis for which only the axion transforms under PQ symmetry (Equation 4) and all
the SM fields are invariant (50). Here we are interested in axions with 7z, < v < f,. We thus
start with an effective Lagrangian defined at the weak scale, which could be derived from a more
fundamental theory defined at higher energy scale. Then the PQ-invariant part of the Lagrangian
is given by

1 _
Lo=5f10,00"0+ Y cyd,096"y, 16.
2 v

where ¥ = (Q, u", d, L, ¢°) denote the chiral quarks and leptons in the SM and derivative coupling
to the Higgs doublet current ((H'0,H — 0,H'H) is rotated away by an axion-dependent U(1)y
transformation. Generically, ¢, can include flavor-violating components, but we assume that such
components are negligible.

The PQ-breaking part includes a variety of nonderivative axion couplings such as

CAC))
T 32w

—Vo(®) — uyOH)P + -, 17.

AL (CGGWGZU oy W L‘BB’“}EM.,)

where F = (G%,,W,,,B,,) are the SUB). x SUQ)w x U(l)y gauge field strengths, Ef) =
L€uvpe FX*7 are their duals, and the ellipsis stands for PQ-breaking axion couplings to opera-
tors with mass dimension >4 other than F‘f(vﬁ X which we ignore in the following discussion.
We assume that the underlying theory does not generate an axion monodromy (51), so the theory
allows for a field basis for which each term in AL, or ¢

variant under 6 — 0 + 27t In such a field basis, V5 and 2, are 27 periodic functions of 6, ¢ and

e of the corresponding action Siy, is in-

¢y are integers, and cg is a rational number. Although the first line of Equation 17 includes 4(x),
this coupling depends only on the derivative of #(x) in perturbation theory since Ffvﬁ X1y is a total
divergence. As a consequence, these terms contribute to the renormalization group (RG) running
of the derivative couplings to the SM fermions in Equation 16 (52, 53); e.g.,

[ [ e

X=GW,B v

at scales above the weak scale, where Cx(y) and Ty (¢) are the quadratic Casimir and Dynkin
index of . Some axion models predict ¢, = 0 at the UV scale (39, 40). In such models, the
low-energy values of ¢, are determined mainly by their RG evolution, including the effect of
Equation 18 (52, 53).

To examine the phenomenological consequences, one may scale down the weak scale La-
grangians (Equations 16 and 17) to lower energy scales. This procedure is straightforward, at
least at scales above the QCD scale. It is worth briefly discussing how PQ breaking by 92, is
transmitted to low-energy physics, which is particularly relevant for the low-energy phenomenol-
ogy of the relaxion (18-20). After electroweak symmetry breaking, a nonzero value of 9y u, results
in PQ- and CP-breaking Higgs-axion mixing, with the mixing angle

sinf,, >~ {0y lnu,H(G))i. 19.
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Mixing also gives rise to the axion-dependent masses of the SM fermions and gauge bosons:
- 1
> my(0)W + M, OW W, + EMé(Q)Z“Z,“ 20.
v

with 9y InMe(0) = 9 Inv(0) = & In uy(®) Me = my, My, M), where the Dirac fermion ¥
denotes the SM quarks and charged leptons and v(6) = [—p.fq(@)/);H]% is the axion-dependent
Higgs vacuum value with the Higgs quartic coupling Ay, which is independent of the axion field
in our approximation. Then, integrating out the gauge-charged heavy field ® leaves an axion-
dependent threshold correction to the low-energy gauge couplings as

Ag = AB(Mo)In[Mo(0)/ 1], 21.

where AB,(My) is the threshold correction to the beta function at the scale u ~ M.
Scaling the theory down to u ~ 1 GeV, the axion effective Lagrangian is given by

1, 3,0 - @) [ o e L~
£=3/i060%0 + w;gclllT\IJyMys\IJ t e (c GGy, + 0, F)
4
1y (0) . 1 , 1 ;
N AC - OV — — GG — ——F"F, -, 22
0(0) + Ty, Z 7y (6) 320) w7~ 32(6) w +

V=g, ¢
where ¢ = (u,d, 5), £ = (¢, ), and g(6), €?(9) include the axion-dependent threshold corrections

in Equation 21 from the heavy quarks and tau leptons. If the RG evolutions are ignored, ¢y and
¢, are determined by the weak scale parameters cy, ¢y, 5 in Equations 16 and 17 as

& =cq, + Gy Cds = CQp, + Cat )y Cep = €Ly + G =w + ¢cp. 23.

In our case, both 972y (9) and Dgg?(0) originate from d,u3,(6). Hence, Equation 22 results in the
following PQ- and CP-breaking couplings at u ~ 1 GeV:

= 1 EG oY 0 EV v
e(x)(wzqe[wqu}qj—{_ WG : G’” + 327TZFM Flw),

5
ty = —(3Inpup @), c=2(8lnuy@®)), ¢ = —§(99 In 117 (0)). 24.

Many of the observable consequences of axions, in particular those of light axions, are deter-
mined by couplings to hadrons or to the electron at scales below the QCD scale. Such couplings
can be derived in principle from the effective Lagrangian (Equation 22) defined at u ~ 1 GeV. In
the following, we present the low-energy axion couplings relevant for our subsequent discussion
of axion phenomenology (1, 3). Specifically, we express the relevant 1PI couplings at low mo-
menta p < 1 GeV in terms of the Wilsonian model parameters defined at the weak scale while
ignoring the subleading corrections. Many couplings to hadrons can be obtained by appropriate
matching between Equation 22 and the chiral Lagrangian of nucleons and light mesons (52-54).
For PQ- and CP-breaking axion couplings below the QCD scale, there are two sources. One is
axion coupling to the QCD anomaly combined with a nonzero value of the QCD vacuum angle
fqcp = c(0(x)), and the other is Higgs-axion mixing induced by 3,12, (9) # 0. For couplings
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from Higgs-axion mixing, one can use the known results for the low-energy couplings of the light
Higgs boson (55, 56). One then finds

Lipr= ngVﬂF”VF,w + g;/}y aF"Fu+ Y (gmp

\I—’)/ VS\IJ + gﬂ\llﬂ"y\l/>
W=p,m,e,it

zggllﬂ)‘l(a w09’ + 20,9 ) + 2g<2>a(n 70+ 2tn7), 25.

where

Qe 1 2 (4my + m,,) _
8w = ﬂ[ ?WCG_zz(l_Af(U))Cz],

_ Qem 1 11 11 + 8'((1)
ga,,:ﬁﬁ[—?—k Z 5714(®)+ ZA]‘(TZ)] (99 In 1111 (9)),
d=K* g+ t=e,n

l=e,L

_ "y
8an = f

g OnN
O”u *'7nd)2 mn }

= % (=0.47c + 0.88¢, — 0.3%,),

mN 2
g(tp :gan = T\ |:_6<89 In MH(Q» + QQCD

(—0.02¢6 — 0.39¢, + 0.88¢,),

G = — (0 InpO) 2L (L= e, ),

¢
at = C¢ ’

“TR f.

iy 4 Inpn®) my [ 5 g

W= 27 T g = T —2 (9] 0)) + 0qcp ———— 26.
“=3 7 RS 3( o In 111 (6)) + Oqcp E—

Here we use the result of Reference 57 for g,n (N = p, n), ooy = %(m,, + ) (N|(@u + dd)|N) ~
42 MeV for g~ (58), and ignore the contribution to g,, from 6gcp. The 6gcp contribution to
g 1s obtained in the isospin symmetric limit (59) (see Reference 60 for the subleading correc-
tions). The 1PI axion-photon couplings g,, and g,, describe the processes with on-shell pho-
tons. These couplings depend on the variables t; = p. /4m;, where p, (<1 GeV) is the axion four
momentum and #7; is the appropriate hadron or lepton mass. For p2 « mz it is sufficient to ap-
proximate the loop functions as A, ~ A, ~ A ~ 1; for the loop functlons when p? >
References 55 and 61.

Let us finally consider the axion effective potential. For the weak scale Lagrangian

], see

(Equation 17), it is obtained as

1 22
Vg = Vo(0) — m,u}t,(@) - mf”T;d\/mi + mfl + 2m,my cos(cgB) + - - - . 27.

On the right-hand side of Equation 27, the second term arises from electroweak symmetry break-
ing, and the third term is generated by low-energy QCD dynamics through axion coupling to the
gluon anomaly (57). The ellipsis denotes the subleading contributions, which include, for instance,
those from the PQ-breaking couplings ¢ and ¢, in the effective Lagrangian (Equation 24). The
subleading contributions are negligible relative to the electroweak symmetry-breaking contribu-
tion in our case. For the QCD axion, the effective potential is dominated by the term induced by
the gluon anomaly. More specifically, |04 V|, |35 4}, |, and the ellipsis part are assumed to be smaller
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than 10710 £2%2 such that the strong CP problem is solved with [6qcp| = leg{a)/f] < 10719 The
corresponding QCD axion mass is found by expanding Equation 27 about 6 = 0 and is given by

mﬂQCD >~ G

12
NN ~57 peV(lO GeV). 28,
fo my+my falcc

2.3. Theory Constraints on Axion Couplings

Studies of the quantum properties of BHs and work with string theories suggest that there
are nontrivial constraints on effective field theories having a UV completion incorporating
quantum gravity (62). For instance, it has been argued that, for axions in theories compatible
with quantum gravity, there exist certain instantons that couple to axions with a strength stronger
than that of gravity. This has been proposed as a generalization of the weak gravity conjecture
(WGC) on the U(1) gauge boson, which states that there exists a particle with mass 7z and charge
Q satisfying Q > m/Mp (25, 63). Specifically, the axion WGC (25-29) suggests that, given the
canonically normalized axions 7 = (1,42, .. .,ax), there is a set of instantons {I} with Euclidean
actions {S;} and axion-instanton couplings

1 1 1
gi=—=— ==, 29.
& (fn fo' U S )
which would generate PQ-breaking amplitudes (for a constant background axion field)
Aj x exp(—51 + ig,d - &), 30.

for which the convex hull spanned by Mpg,;/S; includes the N-dimensional unit ball. This convex
hull condition can also be expressed as follows. For an arbitrary linear combination of N axions,
e.g., 2 = il - # with |@| = 1, there exists an instanton I, which we term the WGC instanton, with
the axion-instanton coupling satisfying?

R S
gawae = - gul 2 Mil’ 31.
[)

For axions from p-form gauge fields in string theory, this bound is often saturated by couplings to
the corresponding brane instantons (4, 44, 45, 64).

To examine the implications of the axion WGC, one sometimes assumes that the axion-
instanton couplings that span the convex hull satisfying the condition in Equation 31 also generate
the leading terms in the axion potential (27-29, 65-67). However, this assumption appears to be
too strong to be applicable for generic cases. Generically, the axion potential depends on many
features of the model other than the couplings and Euclidean actions of WGC instantons that
are constrained as in Equation 31. In this regard, it is plausible that some of the leading terms in
the axion potential are generated by certain dynamics other than WGC instantons, e.g., confining
YM dynamics, additional instantons whose couplings are not involved in spanning the convex hull
for the WGC, or Planck scale-suppressed higher-dimensional operators for accidental U(1)pq (26,

2 A model-dependent coefficient of order unity can be multiplied to this bound.
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29, 30, 65). We therefore adopt the viewpoint that the axion WGC implies the existence of cer-
tain instantons (termed the WGC instantons) whose couplings span the convex hull satisfying the
bound in Equation 31 while leaving the dynamical origin of the axion potential as an independent
teature of the model.

The axion WGC bound in Equation 31 can be written in a form useful for ultralight axions.
For this, let us parameterize the axion potential induced by the WGC instanton as

6V\NGC = Mf,A;e_SI COoS (NVVGC%>7 32.

where A is a model-dependent scale parameter and Ny is an integer that characterizes axion
coupling to the WGC instanton, g,wac = Nwac/f.- This potential may or may not be the leading
term in the axion potential. At any rate, it provides a lower bound on the axion mass:

i, 2, ¢ INGoeMpA ] f7 33.
implying S; 2 2In (A;/m,) and therefore

e > 21n(Al/ma)
ZiWGC < 7Mp .

34.
One may further assume that the WGC instanton gives nonperturbative superpotential in the
context of supersymmetry, which often happens in explicit string models (49, 64, 68). This addi-
tional assumption leads to

A% ’\’M3/2Mp, 35.

where 723, is the gravitino mass.

2.4. Observational Constraints on Axion Couplings

Low-energy axion couplings are subject to constraints from various laboratory experiments and
astrophysical or cosmological observations. They can also be tested by a number of planned ex-
periments. In this section, we summarize those constraints and the sensitivities of these planned
experiments, with a focus on those relevant for axion coupling hierarchies. More comprehensive
reviews of related subjects can be found in References 21-24.

2.4.1. Nongravitational probes. CP-conserving axion-photon coupling g,, has been most
widely studied for experimental searches for axions. Figure 14 summarizes the current bounds
and future experimental reach for g,,, over the vast range of axion mass 7z,. Axion haloscopes [res-
onant cavities (69-72), ABRACADABRA (73), optical ring cavity (74), TOORAD (75); see also
Reference 76 for a recent proposal] are based on the hypothesis that axions constitute (a certain
fraction of ) DM in our Universe. For axion DM density p,, the goal is to detect electromagnetic
waves arising from the axion-induced effective current

Guy 0,a(1)B ~ g, \/2p, sin(m,t)B. 36.

The projected sensitivity limits in Figure 1 are obtained when p, = ppum = 0.4 GeV/cm?. Other-
wise, the limits are to be scaled by the factor /p,/ppm. For comparison, we also display the pre-
dicted values of g,, ~ (dtem/270)(c, / f2) for two specific type of axions with ¢, /Npw = 1,10%,10%*:
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Figure 1

Constraints and future probes on (#) axion-photon coupling g,, and (/) axion-nucleon coupling g,n. The shaded regions are excluded
by the existing laboratory, astrophysics, and cosmology bounds, and the dashed lines show the sensitivities of the planned experiments.
We also depict g;,, and g,n of ALP DM (pink) and the QCD axion (b/ue) for three different values of ¢, /Npw and ¢,/Npw, where
Npw = ¢q for the QCD axion. Abbreviations: ABRA 10 cm, ABRACADABRA 10 cm; ABRACADABRA, A Broadband/Resonant
Approach to Cosmic Axion Detection with an Amplifying B-field Ring Apparatus; ALP, axion-like particle; ALPSII, Any Light Particle
Search II; CASPEr, Cosmic Axion Spin Precession Experiment; CAST, CERN Axion Solar Telescope; Chandra, Chandra X-Ray
Observatory; DM, dark matter; EBL, extragalactic background light; HB, horizontal branch; IAXO, International Axion Observatory;
QCD, quantum chromodynamics; SHAFT, Search for Halo Axions with Ferromagnetic Toroids; solar v, solar neutrino; TOORAD,
Topological Resonant Axion Detection; Xion, ionization of primordial hydrogen. Panel # adapted from Reference 77 (public domain)
and Reference 78 (with permission), with additional data from References 73-75 and 79-84. Panel » adapted from Reference 77 (public
domain), with additional data from References 85-88.

first, ALP DM with p, = ppm given by Equation 12 with ©;, = 1, which is produced by the
misalignment mechanism, and second, the QCD axion. We do not specify the cosmological relic
abundance of the QCD axion, since the corresponding lines can be determined by Equation 28
without additional information. Our result shows that for both ALP DM and the QCD axion,
the parameter region more easily accessible by ongoing or planned experiments has ¢, /Npw > 1,
which parameterizes the hierarchy between g,, ~ (¢tem/27)(c, / f,) and the coupling g,» = Now/f2
to generate the leading axion potential (Npw = ¢¢ for the QCD axion).

A similar plot for axion-nucleon coupling g, is given in Figure 15, including experimental sen-
sitivities and the predicted coupling for ALP DM and the QCD axion with ¢,/Npw = 1,10?,10".
The relevant experiments are CASPEr Wind (85), comagnetometers (86, 87), and proton storage
ring (88). The goal of these experiments is to find the axion DM-induced effective magnetic field
interacting with nucleon spin, whose strength is proportional to

g Va(t, ®) ~ giny/2p,0 sin (mgt —m, T - %), 37.

where ¥ (|7 ~ 107%) is the axion DM virial velocity with respect to the Earth. Again, the sensi-
tivity limit in Figure 1 is obtained for p, = ppm, so it has to be scaled by the factor /p./ppm
otherwise. We see that the ALP parameter region more easily probed by those experiments has
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Figure 2

Constraints on (#) Higgs-axion mixing 6, from experimental and astrophysical probes on CP-violating axion couplings and (9) the
axion scale f,/Npw from gravitational probes. The shaded regions are excluded by the existing constraints, while the dashed lines show
the sensitivities of future experiments. For the plot in panel 4, f, /Npw is identified as the field excursion Az for ALP DM or dark
energy, while f, /Npw is associated with the axion self-interaction strength for BHSR. (For a given mass, the lower f,/Npw, the
stronger is the axion self-interaction.) We also show the axion coupling hierarchy implied by the WGC (green). Abbreviations:
AEDGE, Atomic Experiment for Dark Matter and Gravity Exploration; AION, Atom Interferometer Observatory and Network; ALP,
axion-like particle; BHSR, black hole superradiance; CHARM, CERN-Hamburg-Amsterdam-Rome-Moscow collaboration
experiment; CMB, cosmic microwave background; DM, dark matter; Eridanus II, Eridanus IT dwarf galaxy; LEP, Large
Electron-Positron Collider; Ly-o;, Lyman-« forest; PTA, pulsar timing array; QCD, quantum chromodynamics; WGC, weak gravity
conjecture. Panel # adapted from Reference 20 (CC BY 4.0), with additional data from References 90, 91, and 95-98. Data in panel b

from References 102-108

236

and 114-116.

¢,/Npw > 1, representing the hierarchy between g,n ~ ¢,mn/f, and g, = Npw/f,. Although not
shown in Figure 1, the QUAX experiment recently excluded axion-electron coupling g, 2 2 X
101! for m, ~ 43 peV (89), which would correspond to ¢,/Npw 2 10* for the QCD axion.
There are also a number of bounds and experimental probes on CP-violating axion couplings.
As described in Section 2.2, such couplings can be induced predominantly by Higgs-axion mixing
(Equation 19), which is indeed the case for the relaxion (18-20). We thus summarize in Figure 24
the available constraints on and future prospects for CP-violating axion couplings in terms of the
Higgs-axion mixing angle 6,,. Exhaustive reference lists for those constraints and future sensitiv-
ity limits can be found in References 18-20 and 92. For axions lighter than the megaelectronvolt
scale, the constraints are from the axion-mediated fifth force induced by g,, stellar cooling by g,.
(93), and supernova (SN1987A) cooling by g,n. The currently unconstrained supernova trapping
window between 100 keV and 30 MeV may be explored by the GANDHI experiment (94). Ul-
tralight axion DM can be tested by a future nuclear clock experiment (20), torsion balances (95),
and atom interferometers such as AION (96) and AEDGE (97) through axion DM’s CP-violating
couplings. These experiments will probe axion DM-induced oscillations of fundamental constants
like electron mass, nucleon mass, and the fine structure constant via the CP-violating couplings
in Equation 25. So experimental sensitivities are proportional to the background axion DM field
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a(t,x) ~ /2p,/m, cos(m,t). The sensitivity lines in Figure 2 are again obtained for p, = ppm. In
contrast, axions heavier than the megaelectronvolt scale are constrained by the CHARM beam
dump experiment, rare meson decays (K — 7 + #[¢ — inv], B - K+ a[¢ — pu]), and LEP
(ete™ — Z — Za). Heavy axions around the gigaelectronvolt scale are to be probed by various fu-
ture accelerator experiments searching for long-lived particles such as FASER, CODEX-b, SHiP,
and MATHUSLA (98). For the QCD axion, the dominant source of CP violation is a nonzero
|acp| < 1071% which may be too tiny to be probed by the current experiments. Yet the ARI-
ADNE experiment (99, 100) plans to probe 8qcp several orders of magnitude below 1071° by
observing the axion-mediated monopole-dipole force & g,ngan.

2.4.2. Gravitational probes. Gravitational constraints provide a complementary probe of ax-
ions. Whereas the nongravitational probes described in Section 2.4.1 constrain axions with rel-
atively heavier masses and stronger couplings, gravitational probes can constrain extremely light
axions with large, nearly Planckian, values of f,/Npw. Such ultralight axions may constitute a sub-
stantial amount of dark energy (DE) or DM, as suggested by Equation 12, while having a large
de Broglie wavelength, which can have significant cosmological and astrophysical implications.
The relevant axion mass range can be classified by three windows: () a DE-like window, 72, <
1077 eV; (b) an ultralight DM window, 10727 eV < m, < 107 eV, and (¢) a BH superradi-
ance window, 107! eV < m, < 107! eV, which has some overlap with the second window. In
Figure 2b, we depict the existing constraints on and expected future limits of gravitational probes
of ultralight DE-like or DM axions produced by the initial misalignment Az =, /Npw, as well as
regions excluded by BH axion superradiance.

For the DE-like window 7z, < 10727 eV, the axion field begins to oscillate after the matter-
radiation equality and acts as an early DE component. As a result, the locations of the CMB
acoustic peaks shift to larger angular scales (lower £), and the Universe gets younger. The early
DE development also increases the largest-scale anisotropies through the Integrated Sachs-Wolfe
effect (101). The change in the CMB acoustic peaks and the largest-scale anisotropies constrain
<1073 eV,

~

the axion energy density by the CMB observations, as depicted in Figure 2b. For m,
the effect of axions on the CMB becomes almost indistinguishable from the cosmological constant
< 107 eV, the axion field rolls

~

within the current precision, so the constraint is weakened. If 7z,
slowly to this day and behaves like standard DE.

For the ultralight DM window 10727 eV < m, < 10717V, the axion oscillates before the
matter-radiation equality but has a cosmic size of the de Broglie wavelength, which would affect
cosmic structure formation. There are a number of constraints on this mass range from the CMB
(102-104), a pulsar timing array (PTA) (105), the Lyman-« forest (106, 107), and an ultrafaint
dwarf galaxy (Eridanus II) (108), which are depicted in Figure 2b. If 1077 eV < m, <1072 eV,
the height of the CMB acoustic peaks becomes higher than that of the ACDM because the axion
behaves like DE until the time frame close to recombination. Moreover, the wavelike property of
axion DM suppresses density perturbation below a certain comoving Jeans scale (2, 109), affecting
the gravitational lensing of the CMB (110). Those effects are undiscernible for 7, > 1073 eV
with the current data precision, lifting the CMB constraint. The effects of axion DM on small
scales are still significantly constrained by Lyman-« forest data (106, 107) and by the evolution of
the dwarf galaxy Eridanus II (108), extending the excluded region up to 7z, < 107! eV. While the
Parkes PTA currently puts only a weak constraint on the time-oscillating pressure of axion DM,
it may eventually probe the projected sensitivity limit in Figure 24 with a 10-year data set (105).

For the BH superradiance window 1072'eV < m, < 107! eV, observations of spinning

BHs and GWs can constrain the existence of axions (5, 111). Let us briefly discuss some of the
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underlying physics of this issue (for details, see Reference 112). Superradiance is a phenomenon
in which incident waves (or bosonic particles) are amplified by extracting energy and angular
momentum from a rotating medium. For axion superradiance, a rotating BH provides such a
medium. Moreover, because of gravitational attraction, the emitted axions can form a bound state
around the BH, termed the axion cloud. The axion cloud provides a continuous source of incident
axions and can cause exponential growth of the axion cloud by extracting a substantial fraction
of the angular momentum of the BH. In fact, such an amplification of the axion cloud is efficient
only when the size of the axion cloud r, = (ozgmﬂ)*1 (ag = GNMppm,) is comparable to the BH size
rg = GyMpy, so efficient amplification occurs only for the axion mass window 7z, ~ (0.1—1)7’};11{.
Therefore, the observations of highly spinning stellar BHs with Mgy = O(10M,,), supermassive
BHs with Mgy = O(10°—108M,), and the recently observed spinning M87* with mass 6.5 x
10° M provide strong constraints on the existence of axions with masses of 107-107!1 eV,
107191071 eV, and 1072'-102° eV, respectively. The axion cloud is not absolutely stable. It can
emit quasi-monochromatic GWs through axion pair annihilations or level transitions. Then the
axion mass range 10713-10712 eV is also ruled out by the nonobservation of this GW signal in
LIGO/Virgo data.

The above exclusions assume that superradiant axion modes can grow unhindered to a large
enough value. However, axions generically have a self-interaction provided by the potendal, e.g.,
the quartic coupling A, ~ —m2N3y,/ f? for Equation 5, which may interrupt the growth of axion
modes at certain points. If this self-interaction is strong enough, the axion cloud can collapse into
the BH before a significant portion of the angular momentum is extracted, creating a GW/axion
burst termed a bosenova (111). Numerical simulations and perturbative estimations indicate that
a bosenova occurs for f,/Npw < (AJ/ GNM]ZSH)I/ : aé/ 2Mp, where AJ (< GyM3y,) is the extracted
angular momentum of the BH before the collapse. Then, parts of the axion cloud are blown away
in the form of GW/axion burst, and the axion cloud will grow again and collapse at some point.
If this cycle is repeated many times during the dynamical timescale of the BH, the whole process
may take away a large portion of the BH angular momentum. Also, even before the bosenova is
triggered, axion quartic coupling may prevent exponential growth of the axion cloud and cause
early saturation by efficient energy transfer from the superradiant mode to the damped mode (113,
114). Given those roles of self-interaction, the condition for extracting a sizable amount of the BH
angular momentum is approximately given by (114-116)

O(1015-1016 GeV)min[l, (IO’ISeV/m,,)l/Z] < f./Now. 38.

When axion quartic coupling is weak enough to satisfy Equation 38, the axion parameters are
excluded by BH superradiance, as in Figure 2b. However, the BH superradiance bounds can be
avoided if the axion has a hierarchically large coupling to other fields, causing early saturation of
the growth of the axion cloud (117, 118). This early saturation can be due to axion-dark photon
coupling g,,» > g.a = Npw/ f,, which is technically natural and can arise from the clockwork
mechanism discussed in Section 3.2.

For ultralight DE-like or DM axions, the gravitational probes can reach to a nearly Planckian
value of f,/Npw. The corresponding coupling g,» = Npw/f, might be significantly weaker than
axion-instanton coupling g,wac, which is bounded as Equation 31 by the WGC. To see this, we
use Equations 34 and 35 with mz3, 2 10 TeV for the bound on g,wac, use Equation 12 with ©;, =1
for the ALP DM density determined by 72, and g,» = Npw/f, and display the resulting g;wcc/gon
in Figure 2b. The observation of a signal below the line of gswcc/g.a > 1 would challenge the
assumption that axion potential is predominantly generated by the WGC instanton. However, this
observation is compatible with the axion WGC, which implies the existence of a certain instanton
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with coupling g,wae 2 Si/Mp while leaving g,4 < gawae as an open possibility. Our results show
that future CMB and PTA observations can probe the region with g,wae/g.a > 10.

3. AXIONS WITH HIERARCHICAL COUPLINGS

An interesting feature of axions is that there can be technically natural hierarchies among the
couplings of a given axion. Moreover, those hierarchies can have observable consequences. We
have seen that, since axions are a periodic field, their PQ-breaking couplings are given in terms
of integers; for example, g,» = Npw/f,. Then the ratios of those quantized couplings do not re-
ceive quantum correction. As a consequence, any hierarchy among the PQ-breaking couplings
of a given axion can be technically natural, although it may require an explanation for its ori-
gin. Additionally, the approximate U(1)p symmetry assures that PQ-conserving couplings can
be much stronger than PQ-breaking couplings without causing a fine-tuning problem. In this
section, we present some examples of well-motivated axion coupling hierarchies and discuss the
model-building attempts to achieve those hierarchies in low-energy effective theory.

3.1. Examples

There are various well-motivated examples of axion coupling hierarchies. Here we present some
of those examples.

3.1.1. Coupling hierarchies for laboratory searches for axions. Our first example is cou-
pling hierarchies relevant for laboratory searches for axions. We discuss in Section 2.4.1 (see
Figure 1) that the parameter region of ALP DM or the QCD axion that is more easily accessible
by ongoing or planned experiments has a bigger hierarchy between g,x (X =y, N) and g,, where
2. = Npw/f. is coupling to generate the leading axion potential. To see this, we use Equations
12,26, and 28 and find

12
3 x 107 2Ry (”’—”)Wr (O'IO"Z") GeV™!  (ALP dark matter)

eV Quh?
gux ™ “ , 39.
10-BRy (ﬁ) GeV™'  (QCD axion)
where
Uem maX(CG, ay, CB) maX(CGy Ct[)
= Qem MAXCG, W, CB) B, TG ) 40.
T Npw | NTUNTNOW

The above result shows that, for a given axion mass, the corresponding g,y has a bigger value for
bigger Ry and so is more easily detected. These correlations between g,y and 2, are displayed by
the ALP DM and QCD axion lines in Figure 1 for three different values of the hierarchy factor
Ry determined by ¢, /Npw = (ew + ¢g)/Npw = 1, 10%, 10* and ¢,/Npw = 1, 10%, 10*. For ALP
DM, p, = ppum and ©;, = 1 are also assumed.

Another interesting possibility is that one of g,x (X = y, N, ¢) is much stronger than the
others, e.g., (4) the photophilic limit with ¢p r > ¢, (37, 38, 119-121), (b) the nucleophilic
limit with ¢, > ¢ w,p (120-122), and (¢) the leptophilic limit with ¢, > ¢¢, (121, 123). Since
most axion search experiments are designed to be sensitive to one specific coupling, these limits
may also be more easily probed by ongoing or planned experiments. Yet the natural ranges
of these parameter hierarchies are limited by RG mixings between ¢y (X = G, W, B) and ¢y
(¥ =g, e) induced by SM interactions, for instance, by the RG evolution in Equation 18. Also, at

scales around the nucleon or electron mass, 1PI axion-photon coupling g,, receives a threshold
2
i — Yem Pu SaV i i i —
correction 8g,, = (’)(;—Tr ﬁ ”;‘—W) from axion-fermion coupling g4 (¥ = ¢, N), where p, denotes
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the axion four momentum. Taking those quantum corrections into account, we find the following
naturalness bounds on the possible hierarchies among g,x (X =y, N, e):

2 N &a 2 1
Photophilic limit: 1 « 28 ~ Z7N 8o < [4” }

C%G ®em g”N ~ agm ln(_ﬂl/mN)
2
e qe e [% Oem  GuN my
Nucleophilic limit: 1 « 1 ~ = <0 (—),
P g, + OWle,/my)  2mmy guy 7
e ¢ MmN Ga 42 1
Leptophilic limit: 1 €« — ~ — < O[ — . 41.
prop Gy e ZuN O‘gm ln(ﬁl/m;\’)

3.1.2. Coupling hierarchy for the relaxion. In the relaxion solution to the weak scale hierarchy
problem, which is briefly described in Section 2.1.3, the technically unnatural hierarchy between
v = 246 GeV and the Higgs mass cutoff scale Ap is traded for a technically natural but much
bigger hierarchy between relaxion couplings. For instance, for the original model with A, S v
(10), the relaxion stabilization condition (Equation 14) leads to

Gbr _ N A ﬁ’ 4.
g Now AL vt

where g,» = Npw/f, and gur = Ni./f are the relaxion couplings to generate Vj and Vi, in the
relaxion potential (Equation 13).

A similar hierarchy is required for different models that exploit different mechanisms to dissi-
pate away relaxion kinetic energy (124-130). Here we consider two examples in which dissipation
is dominated by bosonic particle production (125, 130). The relaxion initial velocity can be greater
than the barrier height (i.e., 4 > A}) because Hubble friction is negligible in these examples. Yet
the relaxion can efficiently lose its kinetic energy by developing nonhomogeneous modes (i.e.,
producing relaxion quanta), which is dubbed relaxion fragmentation (130). The relaxion will even-
tually be trapped at a local potential minimum when its velocity drops below the barrier height.
Successful implementation of the relaxion fragmentation requires

e Nor A 2 A i A?
Babr _ Vbr  hax I RS T P/ 43.
gin Now v

with g9 > Aﬁr and Ay, < v, which is comparable to or stronger than the hierarchy in Equation 42.

Tachyonic production of light gauge bosons can also serve as friction for the relaxion (125,
130). In contrast to the above scenarios, here the Higgs vacuum value is initially O(A) and later
relaxed to the observed weak scale. The relaxion is coupled to electroweak gauge bosons as in
Equation 17, but with ¢y = —cp to avoid coupling to the photon. Initially, the //Z bosons are
heavy, and their production is negligible. As the Higgs vacuum value is relaxed to the observed one,
these bosons become light enough to be produced by the rolling relaxion, causing the relaxion to
lose its kinetic energy and eventually stop the excursion. Regarding the axion coupling hierarchy,
this model requires

4 2
e _ Now e[ B A 44,
& Now AL v?

for the relaxion to scan the Higgs mass with enough precision. The key difference from other
scenarios is that in this case Ay, is independent of the Higgs field, so it can be bigger than v. Then
the above coupling hierarchy can be significantly weaker than those in other scenarios. In contrast,
there can be additional coupling hierarchy in this scenario due to coupling to electroweak gauge
bosons: ¢y /87 f, = —cp/8T £, ~ v/dy.
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3.1.3. Coupling hierarchies for large field excursion. Our next example is the coupling hier-
archy associated with the axion WGC (25-29). As discussed in Section 2.1, some well-motivated
axions can have a large cosmological field excursion ~1/g,n = f,/Npw comparable to Mp or
even bigger. Since axion-instanton coupling g,wgc suggested by the WGC is bounded as in
Equation 31, for such axions there can be a coupling hierarchy with

ZaWGC > Zun- 45.

As concrete examples, one may consider (4) axion inflation with f,/Npw ~ ~/N.Mp and m, ~
Hint/~/N,, which is presented in Section 2.1.1; (4) axion-like DE (quintessence) with £, /Npw ~ Mp
and 7, ~ 10733 €V; and (¢) ultralight ALP DM produced by the initial misalignment ~®;,f,/Npw,
whose relic energy density is given by Equation 12. Applying the WGC bound (Equation 31) to
these cases, we find

VN.S; (axion inflation)

gWee - ¢ Ja/Now Sy (quintessence axion) )
gn Mp S w0-2ev \ Y o2\
(ﬁ) (T) (0-1@’;2" ) (ALP dark matter)

For numerical estimates of the above coupling hierarchy, one may use Equations 34 and 35
together with 723/, ~ Hine ~ 10" GeV during the early Universe inflation and m3,, > 10 TeV
in the present universe.> One then finds that roughly g.wcc/g.a > 10? for axion inflation and
quintessence axions, and g,wcc/gia 2 10 for ALP DM with 2, ~ 10722 and ©,4* ~ 0.1 (131).
Such ALP DM may explain the small-scale problems of the cold DM scenario (49, 109). Itis also an
interesting possibility that ultralight axions with 72, < 10722 constitute a small but nonnegligible
fraction of DM, e.g., 2,5* ~ 10~2, which would leave an observable imprint in future cosmological
data. Such a case also results in g,wic/g.a > 1. Figure 2b shows the value of gwee/g.a over
the parameter region where the gravitational effects of ultralight ALP DM can be probed by

astrophysical or cosmological observations in the near future.

3.1.4. Coupling hierarchies with other cosmological or astrophysical motivations. In ad-

dition to the examples presented above, the coupling hierarchy g,, > %%.g,, ora similar hierarchy
between g,, and axion coupling to dark gauge bosons has been exploited with a variety of different
cosmological or astrophysical motivations. Because of space limitations, here we simply list those
works without any further discussion. They include the coupling hierarchy for magnetogenesis
(132-134), dissipative inflation (135, 136), chromonatural inflation (137, 138), reduced abundance
of QCD axion DM (139, 140), the production of dark photon DM (141, 142), ALP—photon-dark
photon oscillations to explain the tentative EDGES signal of 21-cm photons (143), avoidance of
BH superradiance bounds on axion masses (118), and resonant photon emission from mergers of

axion stars/oscillons (144).

3.2. Hierarchies from the Axion Landscape

In this subsection, we discuss model-building attempts to generate hierarchical axion couplings in
low-energy effective theory without having hierarchical parameters in the underlying UV theory.
Most of the coupling hierarchies discussed in Section 3.1 involve quantized PQ-breaking cou-
plings and therefore involve a large integer-valued parameter, e.g., cg r > 1 for a photophilic
axion and Ny, >> 1 for the relaxion. Even when all UV parameters have values of order unity, such

3This bound on 133 is chosen to avoid cosmological moduli/gravitino problems.
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a large integer may appear in low-energy effective theory as a consequence of introducing a large

number of fields in UV theory (32-38, 119, 138, 145-150). Yet different models can have different

efficiencies; i.e., the resulting hierarchy grows differently with regard to the number of intro-

duced fields. Here we focus on the scheme based on the axion landscape provided by the potential

of many (N > 1) massive axions. We explain that this scheme can generate an exponential hierar-

chy of O(¢M) among the effective couplings of light axions after massive axions are integrated out.
Let us start with a generic effective Lagrangian of multiple axions:

1 . kB .
L= 3 fu00"0) =V @)+ 33 G P F + Gud 698" 46.
where 0/ = 6’ +2nt (i =1, 2,..., N), ky; are integer-valued coefficients, and summation over the

repeated indices 7, X, ¥ is understood. The axion potential } arises as a consequence of the break-
down of the PQ symmetries [U(1)pq]™: 8 — 6" + ¢(¢ = constants). For p-form zero-mode axions
such as those in Equation 3, the corresponding PQ symmetries are often broken only by nonper-
turbative effects (4, 44, 49, 64), yielding Vo e™¥/ for some coupling g:. Violations of acciden-
tal PQ symmetries are suppressed by certain powers of 1/Mp (151-153), which would result in
Vo (f/Mp)" for f < Mp. These parametric relations suggest that axion potentials with different
origins generically have hierarchically different sizes, yielding hierarchical axion masses. Then, at
a given energy scale, some axions can be heavy enough to be frozen at their vacuum values, while
the other light axions are allowed to have a dynamical evolution over their entire field range. To
describe such a situation, we analyze here a simplified model in which the axion potential has two
distinct scales, A4 and A,, with A4 > A,. The physics we describe is the same for models with
a range of large and small energy scales as long as these scales are well separated. We write the
axion potential, then, as

Ny Ny,
V =Vg+V, = — Z A cos(q‘,flei) — Z Alcos(p96))  (Aa > A,), 47.
A=1 a=1

where ¢4 = (¢!,...,¢8) A =1,...,Np) and p*" = (p*,...,p%) (@a=1,...,Ny) with N, = N —
Ny are linearly independent integer-valued vectors. For simplicity, here we consider the simple
cosine potentials, including only the dominant term for each linearly independent axion combi-
nation. However, our discussion does not rely on this specific potential and applies for generic
periodic axion potentials. In this system, considered in the low-energy limit, the heavy axion com-
binations g0’ are frozen at the vacuum state of V3. The light degrees of freedom are given by
the N}, axions parameterizing the directions that are not constrained by V. As we see below, the
resulting effective theory of those light axions can have rich structures, including various coupling
hierarchies and enlarged field ranges.*

The effective Lagrangian (Equation 46) is defined in the field basis for which the discrete
symmetry to ensure the periodic nature of axions is given by

ZN 10" - 0 +2nl (U ). 48.

However, in the regime in which axion mass hierarchies become important, it is more convenient
to use a different field basis minimizing mixing between axions with hierarchically different masses.

*If all terms in the potential (Equation 47) have a similar size, the resulting structure of the axion landscape
can be very different from ours. For a discussion of such cases, see, for instance, Reference 149.
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To find such a field basis, we first decompose ¢{ into the Smith normal form (154):

7' = Ugrpi?, 49.
B

where A4 € Z,U = [U4] € GL(Nu, ), § = [§,4°] € GL(N,Z). Here U and § are integer-valued
and invertible matrices whose inverses are also integer valued, and therefore | det U| = | det4| = 1.
Then the desired field basis is obtained by the GL(N, Z) rotation,
b =0’ 6f =76, 50.
followed by the field redefinition,
O = O 0L = 0L+ T (fiDanor, S1.
where 5 (f~2y* = 8f and (f2)4p is defined in Equation 55. With this, 67 are parameterized as
0 =i [ 01+ ZCF VG fanoh | + 70
=07 + (f )¢} (fi)as04, 52.
where the integers 7’ are given by the N;, x N submatrix of the inverse of §:

it =, ] 53

a

Since an inverse is involved here, the integers #’ can be large, even when all of ¢/ are of order
unity. This plays an important role below.
Applying the above parameterization to the Lagrangian (Equation 46), we obtain

1 1
= (Dan,oprel + L, op000}
+ A% cos(Uy p0f) + A cos [ pratel + g (Y7 (F7)andl
1 i na NN ™ v
+ 5] [kxz'”ﬁL + kxi(f z)jq‘f(fé)ABQEI]F,ﬁFX”
o [ewit 001 + o F 0} fiand 0 [ 957w + -+ 54.
with the block-diagonalized kinetic metric given by
o= fi, - fian(fir)™ = o for (£ =3!(f )4} il
Equation 54 shows that, in the new field basis, mixings between heavy axions 6;} and light ax-
ions 67 are suppressed by A*/AY <« 1 and so can be ignored. In contrast, the discrete symmetry

(Equation 48) takes a more complicated form as ZN = ZM. x ZNi | with

ZNL ;6 — 0f + 2L,
ZNH 05— 05+ 2me?, 0f — 0f — 2 (F Y R (), 56.
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for ¢4, ¢4 € Z.Equation 56 implies that, while 6/ are 27t periodic by themselves, 6;} are 27 periodic
modulo the shifts of light axions A7 = 2mg?(f~ 2)’f 77(fi1)pa- As a result, for a gauge field strength

X that couples to light axions 67, couplings of 61 to FX FX#” are generically nonquantized, while

;w v

couplings of 6/ remain to be quantized.

Our major concern is the possibility to generate a hierarchy among the low-energy couplings
of the light axions 6/ without introducing hierarchical parameters in the underlying UV model.
Prior to discussing this issue, we make a small digression to mention the coupling hierarchy of 951
in Reference 38; this coupling hierarchy relies on the hierarchical structure of the original axion
scales {7 and thus has characteristics different from those of the coupling hierarchies of 67 that are
discussed below. If f7 have hierarchical eigenvalues and g;' is well aligned with the large elgenvalue
direction while havmg sizable mixing with the small eigenvalue direction, there exists a parameter
region with (94107) = (f72)7 ﬁjB-(fI.ZI)BA > 1 for some i, A. Such parameter values can enhance the
coupling of 02 to gauge fields relative to the coupling to generate the leading potential. A simple
example is the photophilic QCD axion model discussed in Reference 38; this model involves two
axions with

2 _ i efifs A _ b o—
ij_(efllfz 12 ) 77 =0,1), k= (ki k), >7.

where 5 > ¢ > fi, ¢! = ¢! is the coupling of 6 to the gluon anomaly generating the QCD

axion potential as the last term in Equation 27 and k,, is the coupling to the photon. Then #(x) =
fHQf}(x) (91/3 = 6y, fu = f>) can be identified as the QCD axion with a decay constant f, whose
coupling to the photon is enhanced as

Eﬁ em kl C(cm — Uem L 58.

—_— > P .
SR fn S T 2

Let us now return to the main issue. To examine the low-energy couplings of 6, we inte-
grate out the heavy axions 61. Ignoring the small corrections of O(A}/A%), the vacuum solution
of heavy axions is given by QA 0 for an arbitrary background of 7. Upon applying 6;i = 0 to
Equation 52, the vacuum manifiold of V7 is parameterized as

0" = 'y, 59.
and the effective Lagrangian of the corresponding light axions is given by

1
Lef = *(sz )b, 078"6] + At cos(pi6})

kx,?l 9L
32m?

FXFX 4 oyt 8,000 6" + - 60.

This effective Lagrangian suggests that—even when the UV Lagrangian (Equation 46) does not
involve any hierarchical parameter, e.g., all dimensionless parameters in Equation 46 are of order
unity and all eigenvalues of f2 have a similar size—if |72,| 3> 1 can be obtained from 74 with
|74] = O(1), the light axion ' couplings will have a hierarchical pattern determined by the relative
angles between 7, and {p” kX, ¢y }. Another consequence of |71,] > 1 is that the light axion decay
2 nz 2 ﬁi >

ab —

constants are enlarged as ()2
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In fact, |7,| > 1 is a generic feature of the axion landscape scenario with Ny > Ny, (33, 145).
To see this, we first note that block diagonalization of the axion kinetic terms by Equation 52 leads
to the following identity for the field space volume of canonically normalized axions:

det(f}) det(f7) = det(f?). 61.
We also find
det(@, - i) = det(§? - §°), 62.

where#, = (A,...,AY)and ¢ = (3, ..., ). This relation can be obtained from Equation 61 by
taking f;7 = f;8;; butis valid independently of £;;. We can further take an average of this relation
over the Gaussian distribution of 4, and we find (155)

(det@i, - 7)) = (det(G - 3%)) ~ (1512 (N > 1), 63.

where 1> = Y ;(¢)* /N Unless ¢ have a highly specific form like ' = &/, we have |g|* > 1.
Then, Equation 63 implies that in the limit Ny > N the generic value of |7,| is exponentially
large as

lita) ~ 1§11 64.

where || (>1) is comparable to the typical value of |74|/gcd(74). With this, the light axion decay
constants are exponentially enlarged as f; ~ |§|N#/M £, and the effective couplings of 6f can have
an exponential hierarchy determined by the relative angles between 7, and {p*, /;X, y}. We stress
that this is the consequence of the periodic nature of axions, which requires that all components
of 7, be integer valued. As the light axion directions represent the degenerate vacuum solution
of Viy = — A% cos(¢10"), A, should be orthogonal to Ny linearly independent §4s. However, when
Ny > Ny, itis exponentially difficult for 7, to point in the right direction with only O(1) integer-
valued components, so |7,| are typically forced to have exponentially large values.

Our discussion so far is on the generic feature of the axion landscape scenario, which can be
relevant for axion coupling hierarchies. Let us now proceed with explicit examples. For simplicity,
we consider the case of single light axion (N;, = 1), for which (33)

SiI : 5{\"
1 1
N 7 g
=i, =——=N', with N =det| . . . . 65.
ged(W) S
N, N,
@ Nt

Our first example is a two-axion model (N = N, = 1) realizing the mechanism for enlarging the
monotonic field range of the light axion described in References 31 and 156, termed the KNP
alignment. The relevant model parameters of our example are given by

=158 ' =7=@uq), P'=p= ) 66.
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where 7 and p” determine V and V7, as in Equation 47. Then the canonically normalized light
axion component and its potential are determined as

-6 P p
= fo—0, Vi=-A} ’ =—A} 67.
a, = fo A + cos (guaar) ﬂCOS<|ﬁ|f0m,), 7
with
i ! ( ) 68
n=————(2,—¢q1)- .
gcd(gr g 1

The monotonic field range of the light axion potendal, i.e., Aa;, = 1/g,a = fol#|/|7 - p|, becomes
much bigger than the original scale f; in the KNP alignment limit where ¢ and p'are aligned to
be nearly parallel, giving 0 < | - p| < |#]. If any of 7 and j were a real-valued vector, such an
alignment could be made with |§] = O(1). However for periodic axions, both § and p'are integer
valued, so |7 - pl = 0 or >1. Accordingly, the KNP alignment requires |g] > |72| >> 1. This outcome
implies that the KNP mechanism can yield Ag;, > f; and the coupling hierarchies, but at the
expense of introducing a large integer-valued input parameter.

The original motivation of the KNP mechanism was to get Aa;, > Mp, starting from a UV
model with fy << Mp (31). It has been widely discussed that such a trans-Planckian field range ob-
tained by the KNP mechanism may conflict with the axion WGC. In those discussions applied to
the model of Equation 66, one often identifies &,y = ¢/ fo and gz = p/ fo as the axion-instanton
couplings spanning the convex hull constrained by the WGC, and we find that the correspond-
ing convex hull cannot satisfy Equation 31 while giving Aay, = folél/|7 - p| > Mp (27-29, 65-67).
However, as discussed in Section 2.3, in our viewpoint the axion WGC only implies the existence
of certain instanton couplings whose convex hull satisfies Equation 31, but it does not require that
the axion potential be determined dominantly by those instanton couplings (26, 29, 30, 65). This
fact allows the model (Equation 66) to give rise to Aa; > Mp without any conflict with the ax-
ion WGC. Yet the axion WGC indicates that there exists an instanton with coupling gz = pz/ fo
not aligned with g, = ¢/ fo, which makes a negligible contribution to the axion potential. Then,
Aay, > Mp can be obtained through the KNP alignment of g,y = ¢/ f, and g,;, = p/ f., while the
WGC condition (Equation 31) is fulfilled by the convex hull spanned by g,n = 7/ fo and g,z =
pz/ fo- In such a case, the two effective couplings of the light axion 4y, i.e., g,a = |- pl/I72| fo <
1/Mp and g,wee = |7 - pzl /14| fo > Sr/Mp, have hierarchically different sizes (157, 158).

A potential drawback of the KNP model is that it requires a large integer-valued input parame-
ter to have |7”| > 1. Our discussion leading to Equation 63 implies that this drawback disappears
in models with many axions. Statistical analysis also suggests that the scheme becomes more effi-
cient with a larger number of axions (33, 145). In the case with N (>>1) axions, the model can be
defined on the linear quiver (159) with N sites for the angular axions 6" = 67 + 27t. One may then
assume that axion couplings in the quiver involve only the nearest two sites. Under this assump-
tion, the Ny = N — 1 linearly independent couplings to generate the heavy axion potential are
given by

7' =948 = 5L (144 € D). 69.
Among such models, a particularly interesting example is the clockwork axion model (33-35) with
=18y, qa=¢ ¢i=1 VA 70.
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The clockwork mechanism naturally arranges such that
=00, ..., 4" b). 71.

In the quiver description, #, can be interpreted as the wave function profile of the light axion
along the linear quiver, with which many of the low-energy properties of the light axion can be
understood (148).

To examine the effective couplings of the light axion #; = fy# - §/]ii| in the clockwork axion
model, let us introduce the following additional couplings:

q 2 & kx
a = 7, s = 7’ . = —_—— . 72.
8an _ﬁ) 8az _ﬁ) 8ax 82 ﬁ)

Here g, is coupling to generate the leading potential of the light axion; gz is coupling to generate
an additional but subleading potential, e.g., coupling to the WGC instanton satisfying the bound
(Equation 31) or coupling for the barrier potential V4, of the relaxion; and g,x is coupling to
F/fiFX " One can again assume that integer-valued j, p7 and ky involve at most the nearest two
sites in the quiver. Here we choose the simplest option involving a specific single site, as it gives
essentially the same result:

pi= 5;-“, pri = 5:\5, kxi = 5::\7';7 73.

where 1 < N, < N (¢ =1, 2, 3). Then the low-energy effective couplings of the light axion are

given by
g M & g@x g
Zan = ~ = ,  Sux = ) ~ = B )
|72 fr 8 |7 8 f1
Pgr 1T WGC orbr) 74
I= T = , = or br .
8z |72 fr

with an exponentially enlarged decay constant

S 7N —1 N-1
fu=lalfo= ﬁfo ~ 4" fo- 75.

The above results show that, with appropriately chosen 1 < N, < N, the model can have an ex-
ponentially enlarged monotonic field range Aa;, = 1/g,a ~ ¢V~ f; of the light axion, which can
be trans-Planckian while satisfying the WGC bound (Equation 31) with g,wee = O(1/ fo) > gun-
The model also exhibits a variety of exponential hierarchies among low-energy axion couplings.
Additionally, exponentially enlarged Aa;, oc gN~™™ can easily overcome the possible suppression
of fo o« 1/NP (p = 3—4) that was observed for some string theory axions in Reference 160. The
above clockwork mechanism can be generalized to fields with nonzero spin to generate various
parameter hierarchies in particle physics (36). It also has the continuum limit N — oo, leading to
an extradimensional realization of the clockwork mechanism (36, 148, 150). Although interesting,
these generalizations are beyond the scope of this review.
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4. SUMMARY AND CONCLUSION

Axions have rich physical consequences described by a variety of coupling or scale parameters.
Among those parameters are () coupling g,» that generates the leading term in the axion po-
tential, which defines the monotonic field range of the potential and the possible cosmological
excursion of the axion field; (4) couplings to SM particles, particularly couplings to the photon,
nucleon, and electron; and (¢) axion-instanton couplings suggested by the WGC. An interesting
feature of the axion parameter space is that there can be hierarchies among the different cou-
plings of a given axion; such hierarchies have good physics motivations and at the same time
are technically natural. For instance, the parameter regions that are most accessible by ongoing
or planned axion search experiments, including astrophysical and cosmological observations, of-
ten correspond to regions where axion couplings have large hierarchies. The hierarchy between
2. and axion couplings to gauge fields in the SM or the hidden sector has been exploited with
a variety of different cosmological or astrophysical motivations. The relaxion idea to solve the
weak scale hierarchy problem essentially trades the technically unnatural hierarchy between the
weak scale and the cutoff scale for a technically natural but typically bigger hierarchy between
gun and other relaxion couplings. Given the WGC bound on certain axion-instanton couplings,
a trans-Planckian (or nearly Planckian) axion field excursion may imply a hierarchy between g,
and couplings to the WGC instantons.

In this article, we review recent developments in axion physics while paying particular attention
to hierarchies between axion couplings. We first summarize the existing observational constraints
on axion couplings, as well as the projected sensitivity limits of planned experiments, which are
displayed in Figures 1 and 2. For comparison, we also show in Figures 1 and 2 the parameter
ratios that exhibit certain axion coupling hierarchies. It is apparent that the parameter regions of
greatest experimental interest require large hierarchies between axion couplings. In the theory
of axions, such hierarchies are always technically natural. But it is important to show also that
these hierarchies can follow from simple model-building mechanisms. Therefore, after present-
ing examples of well-motivated axion coupling hierarchies, we discuss model-building attempts
to generate hierarchical axion couplings in low-energy effective theory. We focus on a specific
scheme that is based on a landscape of many axions, and we show that the required coupling hi-
erarchies appear naturally in this setting. The presence of many axions with very different scales
of potentials is common in string theory, so this scheme might be realized in certain areas of the
string landscape. The scheme is quite efficient. It can generate an exponential hierarchy among
low-energy axion couplings with appropriately chosen O(1) integer-valued parameters in UV the-
ory. Ideas connected with axion coupling hierarchies mesh attractively with the regions of axion
parameter space that will be probed in the near future by ongoing and planned experiments.
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