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Abstract: We revisit the classical Goddard—Kent—Olive coset construction. We find the
formulas for the highest weight vectors in coset decomposition and calculate their norms.
We also derive formulas for matrix elements of natural vertex operators between these
vectors. This leads to relations on conformal blocks. Due to the AGT correspondence,
these relations are equivalent to blowup relations on Nekrasov partition functions with
the presence of the surface defect. These relations can be used to prove Kyiv formulas
for the Painlevé tau-functions (following Nekrasov’s method).
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1. Introduction

Coset construction Goddard—Kent—Olive coset construction is one of the most basic
and important constructions in the theory of vertex algebras. This construction can be
viewed as an affine analog of the decomposition of tensor product of representations
of s[(2). Let s (Z)k denotes affine (vertex) algebra sl where central element acts by
number k € C. On the tensor product of representations of 5[(2)1 and 5[(2)k+1 there is a
natural action of diagonal s (2)k+1 It was observed in [GKOS86] that multiplicity spaces
have a natural structure of representation of the Virasoro algebra with central charge
c=13— 6(£:§ + iig) Moreover, there is an isomorphism of vertex algebras (assume

that k ¢ Q)
51(2)1 ® sl(2)x ~ sl(2)441®Vir, (1.1)

The sign ® on the right side of this isomorphism stands for the extension by the sum of
degenerate representations. Due to this extension, each highest weight vector (primary
ﬁeld) vy, of 5[(2)1 ® s[(2)x corresponds to infinitely many highest weight vectors u; (1),
l e Z of 5[(2)x+1 ®Vir.. See decompositions (3.1) in the main text.

Usually in conformal fields theory, we start with computation of correlation functions
of primary fields. Therefore it is natural to ask for correlation functions of u;(A). The
main result of the paper is a computation of a three-point function of u; (1), u,, (v), u, (1)
given in Theorem 4.5. To be more precise we compute a ratio of this three-point function
with the three-point function of ug(A) = v;, ug(v) = vy, up(u) = v,. The resulting
formula has a structure similar to DOZZ formula for the three-point function in the
Liouville theory [DO9%4], [ZZ96].

Motivations One of the approaches to DOZZ formula [Tes95] is based on the interplay
of two Virasoro algebras with the same central charge in Liouville theory, namely chiral
and antichiral algebras. Similarly, in the proof of Theorem 4.5 we use interplay of
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5’1\[(2)k+1 and Vir, symmetries in which relation between k and c is very important. It
appears that right side of (1.1) is a simplest case of corner vertex algebras D:ff’ « [CG20],
[CDGG21]. We hope that methods used in this paper can be used to study more general
corner algebras, at least corresponding to s[(2). Another possible generalization is the
study of generic s((2) coset of the form s((2)x, @ s1(2)k, /51(2)k,+k, . In the last case, the
coset algebra is D(2|1, o) W-algebra [FSO1].

Our first motivation_was the study of relations on conformal blocks. Conformal
blocks of Virasoro and s[(2) algebras are determined by the symmetry up to three-point
functions. Therefore, having found three-point functions we can now write relations on
conformal blocks, which have the form

W)=Y C Wr () - Fel.L). (1.2)

Here W, denotes 5?[(2);{ conformal blocks, F. denotes Vir, conformal block, ... stands
for bunch of arguments on which conformal block depends and C is a coefficient which
comes from three-point functions. We omitted some elementary function that can come
from s[(2) blocks.

Due to AGT correspondence the relation (1.2) has interpretation in terms of 4d su-
persymmetric gauge theory. Namely, the function F, is equal (again, up to elementary
function) to Nekrasov partition function for SU(2) gauge theory and function W is
equal to Nekrasov partition function with surface defect. The relation (1.2) itself takes
the meaning of the blowup relation [NY05], to be more precise this is the blowup re-
lation with the presence of surface defect suggested in [Nek24], [JN20]. Hence our
Theorem 4.5 gives the proof of blowup relations with surface defect (for SU (2) group).
Such method of the proof of blowup relations follows [BFL16], see also [ACF22].

It is worth mentioning that coset (or blowup) relations (1.2) have remarkable applica-
tion in the theory of isomonodromic deformations as was shown in [Nek24], [JN20]. In
CFT language this idea can be restated as a k — oo limit of algebras (1.1) or conformal
blocks (1.2). The algebra sl(2)x+1 in this limit becomes classical, so we get vertex alge-
bra with big center [Feil 7], [CDGG21], [FL24]. The spectrum of the center is the space
of 5[(2) connections. The conformal blocks Wy satisfy Knizhnik-Zamolodchikov equa-
tions which in classical limit goes to isomonodromic deformation equations [Res92],
[Har96], [Nek24]. Hence one got a proof of Kyiv formula for isomonodromic tau func-
tion [GIL12].

Note also one more application of our main theorem about three-point functions.
Namely, such quantities can be computed using free field (Wakimito [ Wak86]) realization
of s[(2),. This leads to Selberg-type integrals, and as a corollary of the Theorem 4.5 we
found new integrals of this type. A particular case of our integrals is a Forrester integral
which was conjectured in [For95] and proven in [KNPV15].

Results and Plan of the paper In Sect. 2 we recall standard definition and properties of
s[(2) and Virasoro algebras, their representations, and vertex operators. For s[(2) vertex
operators, we use both the definition by commutation relations [AY92] and the definition
by coinvariants, where the space depends on the choice of the Borel subalgebra at each
point [FM94].

In Sect. 3 we revisit GKO coset construction. The first result is an explicit formula
for the highest weight vectors u; (1), see Theorem 3.7. This formula is written in free
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field realization, i.e. we consider Wakimoto representation of 3\[(2) .} The existence of
the formula in free field realization is a standard feature in the representation theory of
vertex algebras, c.f. formulas for Virasoro singular vectors in terms of Jack symmetric
functions [MY95] or formulas for the highest weight vector in decomposition [BBLT13].

The next result is Theorem 3.15 in which the norms of vectors ||u; (1) || are computed.
The computation is based on the recursion which is derived using degenerate fields
1(z), J(z). In terms of left side of isomorphism (1.1) these operators are products of
spin % degenerate fields for s((2); and s[(2),, while in terms of the right side of (1.1)
these operators are products of identity operators for ;[(2) k+1 and ®; 1 vertex operators
for Vir,.

Section 4 is devoted to the proof of the Theorem 4.5. The idea is to consider a
four-point conformal block with an insertion of a degenerate field b(x, z). Essentially,
we mimic a standard approach to study theories with chiral and antichiral symmetries
[2789], [Tes95], [Tes99], in purely chiral setting this was also used in [BS15]. The
inserted field b(x, z) in terms of left side of (1.1) is a product of operator of spin % for
;[(2) 1 and identity for :5\[(2)1(, while in terms of the right side of (1.1) is a product of spin
% for s[(2)x+1 and P 7 for Vir,.

In the end of Sect.4 we discuss relations on conformal blocks and blowup relations,
see formulas (4.59) and (4.62).

Section 5 is included for completeness. We deduce Kyiv formulas for the tau function
from the coset (or blowup) relations (1.2) closely following [Nek24], [JN20]. We restrict
ourselves to the case of Painlevé III5.

Finally, in Sect. 6 we use free field realizations and Theorem 4.5 for the computation
of Selberg-type integrals. We first prove Theorem 6.1 which is an operator analog of the
formula for the highest vector u; (). The integrals are computed in Theorem 6.3.

2. ;[(2) and Virasoro Algebras

2.1. Definition  Let 5:\[(2) = sl(2) ® C[[t,t~'] ® CK denotes the central extension
of the of the algebra of Laurent series with coefficients in sl,. It has topological basis
em=e@t" hy =hQt", f, = f®t" (m € Z), and K with commutation relations

lem, f1] = hms1 + M1 0K, (2.1a)
[, i) = 2mépag 0K, (2.1b)
[, e1] = 2emis 2.1¢)
(s Jil = =2 fini- (2.1d)

Here and below all commutators which are not written are equal to zero. In particular,
K is a central element.
It is convenient to consider currents

e(z) = Zelzflfl, f@) = Zflz*l*l, h(z) = Zhlzflfl. (2.2)

leZ leZ leZ

1 While this paper was in preparation, the authors became aware of the paper [HR25] which has some
overlap with our results. In particular, a formula for the vectors u; (1) in free field realization was found there,
which is different from our formula. It would be interesting to compare these formulas.
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Definition 2.1. Verma module M, j is a module over algebra s/u\[(2) which is generated
freely by ey, hn, fa+1, (n € Z o) acting on a highest weight vector vy x such that

Javak = en_1vax = hpup e =0, Vi > 0; (2.3)
hovy x = Ay k, Kupx = kvp k. 2.4)

Leth = (K, en, hy, fas1ln € Z>0) denotes Borel subalgebrain?[(Z) (notethat K, e, hy,,
Jfn+1 form a topological generating set of b, i.e. infinite sums are allowed). The formulas
(2.3), (2.4) define one dimensional representation of b, which we denote by C, ;. The

Verma module can be also written as an induced module M, ; = Ind%[(z) Co k-
Remark 2.2. We will often use k = k + 2 instead of k.

Remark 2.3. We say that affine algebra ?I(Z)k acts on the module V if the central elements
K actsbyke Con V.

The Verma module M, ; has unique irreducible quotient. We denote it by £ k.

Theorem 2.4 [KK79]. Verma module M, i is irreducible iff for any m,n > 0

mi+(m—Dk—2)+Qm—1)—n#0 (2.52)
(m—Dr+mk—2)+Q2m—1)—n#0 (2.5b)
k+2#0 (2.5¢)

We will call pair (A, k) generic if A and k are linearly independent over Q. It is
typically sufficient to require that they do not satisfy conditions (2.5). Similarly, we call
k generic if it is irrational.

2.2. Virasoro algebra and its modules

Definition 2.5. A Virasoro algebra is Lie algebra with basis L, (n € Z), C and commu-
tation relations

Cn? —n)
[Ly, Lyl = —m)Lpym + T8n+m,0- (2.6)
In particular, the generator C is central.
It is convenient to consider a current
Lz)=) L,z "2 2.7)

nez

Definition 2.6. Verma module Mp ; is module over Virasoro algebra which is freely
generated by L,,n < 0 acting on a vector highest weight vector vector vp j, = |A(P, b))
such that

Lyvpp =0, Vn>0; (2.8)
Lovps = A(P,b)vpp, Copp = c(D)vpp; (2.9)
where A(P,b) = 1 (b+b7")" = P2and c(b) = 1+6 (b +b~")’.

Definition 2.7. A vector u € Mp ; is called singular if L,u = 0, Va > 0.



142 Page 6 of 54 M. Bershtein, B. Feigin, A. Trufanov

Theorem 2.8 ([FF90] [Kac90]). The Verma module Mp ;, over Virasoro algebra is
irreducible iff P # Py (D) for any m,n € Z~q. Here

mb~' +nb

If P = Py, ,(b) then there is a singular vector u € Mp j, such that
Lou = (A(Pm.n(b), b) + mn)u. 2.11)
We will use notation Ay, , = A(Ppy (D), b).

Example 2.9. An important case of the reducible Verma module is M p, | ;. The explicit
formula for singular vector reads

ur1 = (L2, +b2L_2)vp, b (2.12)
In case of P = P, the formula is similar (obtained by b <> b~! symmetry)
urp = (L2, +b*L_2)vp, 5 p. (2.13)

2.3. Sugawara construction  This construction provides an action of the Virasoro al-
gebra on s[(2) highest weight modules, such as M j and £, .
We will use normal ordering of fields. See, e.g. [FBZ04, Ch. 2]

Definition 2.10. Let A(z) = Y, A,z "1, B(w) = Y, Byw ™"~ ! be two fields. Nor-
mally ordered product is defined by a formula

:A(Q)B(w):= A4(2) B(w) + B(w)A_(2), (2.14)

where A1(z2) =), 0 A-m—12" and A_(2) = X, g A—m—12".

Theorem 2.11. Series coefficients of

L(z) = Z Lyz7"% = 2(k1+2) :e(2) f(2) + f(2e(z) + %hz(z): (2.15)

acting on any highest weight representation of the level k satisfy Virasoro algebra rela-
tions (2.6) with central charge ¢ = 5.

In particular, the theorem works for modules M x and £, x. The Virasoro algebra
defined by formula (2.15) is called the Sugawara Virasoro algebra; see [Kac90, sec. 12].
We define the character using the Sugawara operator L.

Proposition 2.12. The character of the Verma module is

A(A+2)
q 3% 7>

mez_o(1 = g™ —gm 121 = qmz72)

Trpm, , (qh0z") = v (2.16)
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2.4. Integrable modules on level 1

Definition 2.13. Heisenberg algebra is a Lie algebra with basis a, (n € Z) and 1 with
commutation relations

[an, am] = nén+m o0l 2.17)

The operator 1 will act by 1 on any representation that we consider. It is convenient to
introduce bosonic field

1
$() =Y —anz " +aglog(z) + Q. (2.18)
n#0 -
where Q is an additional generator such that [a,, Q] = 8,.0-

Definition 2.14. The Fock module F,, is a Heisenberg algebra module freely generated
by a,, n < 0 acting on a highest weight vector |o) = v% such that
2

ayla) =0, ifn > 0; apla) = o|a). (2.19)
There is a simple realization of ;[(2)1 using Heisenberg algebra.

Theorem 2.15 ([FK81]). The direct sums of the Fock modules @, F s, and
Dezs 1 F s, have a structure of ;[(2)1 modules given by formulas

e(z) =:exp(V26¢(2)): (2.20a)
h(z) = v20¢(2), (2.20b)
f (@) =:exp(—v26(2)): . (2.20c)

Moreover, these sums are irreducible s[(2)1-modules

Lor=EPFp, Lin= P Fp, @21

nez n€Z+%

Here and below in exponents of Heisenberg algebra we use bosonic normal ordering.
The modules Lo,1, £1,1 are integrable [Kac90]. The highest weight vectors v, €

F fopr 1 € %Z in components of decompositions (2.21) are called extremal vectors. It
follows from the Theorem 2.15 that vy, vy > are highest weight vectors of Lo 1 and £y
correspondingly. Other extremal vectors can be found by the formulas

€n+1Vn = Un+ls  Jon—1Vn = Up—1. (2.22)
The following formulas for characters follows from Theorem 2.15.

Corollary 2.16. We have

2
2: n-.,.2n
neZ+% q x

2
ZneZ qn x2n
[To=1 (1 —g™

Lo ,.h
Tr['().l(q Ox 0) = 1‘[00 (1 _ qm)
m=1

o Trg,, (ghox) = . (2.23)
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2.5. Wakimoto module

Definition 2.17. Let us introduce algebra Heisy g, with basis B, yu, a, (n € Z), 1
and commutation relations

[,Bn: Y] = 3n+m,017 [y, o] = n8n+m,01- (2.24)

Recall that all other commutators are equal to zero. The operator 1 will act by 1 on any
representation which we consider.
It is convenient to consider currents

y@ =Y mz " B =Y Bz dp@ =) wz " (225)
nez nez nez

Definition 2.18. A module F;, ; is module over algebra Heisy g, which is freely gen-
erated by oy, B, ¥n+1 (n < 0) acting on highest weight vector v such that

A
V2 +2) v
Proposition 2.19 ([Wak86]). There is an action of ;[(2)k on F; i given by the formulas
e(z) = B), h(z) =-2:y@)B2): +v2(k+2)dp(2),
f@) == :y*@BQR): +/2(k +2)dp(2)y (2) + kdy (2).

The E:[(Z)k-module Fk is called Wakimoto module. See also [FBZ04, Ch.11-12].
The following proposition easily follows from the equality of the characters.

Bn—tv=mv=a,v=0, n>0; ayv= (2.26)

(2.27)

Proposition 2.20. The Wakimoto module F) . is isomorphic to the Verma module M,
for generic X\, k.

2.6. Vertex operators  There are (at least) two standard approaches to the definition
of vertex operators in conformal field theory. The first one is based on the definition
of conformal blocks via coinvariants and operator-state correspondence. In the second
approach vertex operators are defined using commutation relation with the algebra gen-
erators. We will use both approaches. We start from the first one, mainly following the
paper [FM94]. We restrict ourselves to the genus zero conformal block. We fix a global
coordinate ¢ on P!

2.6.1. Generic representations We will need a slight generalization of the representa-
tions considered above. Let B C SL(2) be a Borel subgroup of invertible upper triangular
matrices. Then the flag manifold P! = SL(2)/B parametrize all Borel subalgebras in
the Lie algebra s[(2). To be more precise for any x € A! ¢ P! we can consider Borel
subalgebra b, C s[(2) given by

b, = {( comra A ) lc1,c2 € C} . (2.28)

2xc1 — x°cy xco — €

This subalgebra is conjugated from b = (h, e) by the e*/ € SL(2). Let h,, e, be
generators of b, such that [hy, e,] = 2e,, e, € [by, b,]. For example, for one can take
hy =ehe ™ = h+2xf, e, =efee ™ =e—xf —x*f forx # ooand hoo = —h,
exo = — f for x = 0.
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Letz € P!. Consider the Lie algebra s((2) @ C[[f —z, (t —z) '] of Laurent series with
coefficients in s[(2). Let us denote by sl(2), its central extension with the commutator
given by

x® ft—2),y®g(t—2)]=I[x,y]® f(t —2)g(r — 2) + K Tr(xy) Res;—(gdf).
(2.29)

We denote bx =0, ®slQ)® (t —2)C[[r — z]] ®CK Cs (2)Z the Borel subalgebra in
5[(2) ;- Let Cy x denotes the 1-dimensional bx .-module generated by vector 1, x such
that

el =Alg, KLk =kl (Cex @5sl(2) @ (1 —2)C[[t — z]l) 1k = 0.

(2.30)
Let us define M, x(x,z) = Inds[(z) Ca k-
We have an isomorphism of Lle algebras
ax.z 1 81(2) = sl(2),, (2.31)

which maps/b\to/b\x, 2. Such isomorphism is not unique, one of the possible choices which
we will mainly use in the paper is

Ol)(c(’);(en) = (e —xh— xzf) ® (t — Z)n Ol(o)(h )

Of course these formulas do not work if x or z are equal to infinity. So in the neighbour-
hood of (0o, 00) we use another isomorphism

%) en) = (Pe+yh — )& (s —w)", i) (hy)
= (=h—=2ye) ® (s — w)", <°°>(f,,) =—e® (s —w)" (2.33)

Heres =t ', w=zland y = —x~ 1.

We use the same notation for the corresponding maps between Verma modules oy ; :
My — M, k(x, z) mapping vy x = vy (X, 2).

Let C[P'\{z1, z2, z3}] denotes the space of rational functions in 7 with possible poles
at z1, z2, z3. We have a Lie algebras homomorphism

s1(2) ® C[P' \ {z1, 22, 23}] = slQ2)x @ 512 ® 512, (2.34)

which map any element to the direct sum of series expansions at points z;.
The following proposition is standard (see e.g. [FM94, Lemma 3.1]).

Proposition 2.21. Let x1, x2, x3 € P! and 71, 22, z3 € P! be tuples of different points.
There is a unique up to constant homomorphism of s((2) ® C[P'\{z}]-modules

my s M r(x1, 21) @ My r(x2, 22) @ My, k(x3,23) — C. (2.35)

Here 7 = {z1, 22, 23} and X = {x1, x2, x3}. Moreover, the homomorphism is uniquely
determined by its value on the product of highest vectors v) j ® vV k ® Uy k.
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We define map my (X, Z) as a composition m (X, Z) = mg 0 (0y;,z; @ txy.zp @ Uy z3)
mg (X, 2): Mok ® My ® My x — C. (2.36)

Using PGL(2) action on P! (global conformal transformations) we can assume that
7 = {0, z, oo}, and similarly we can assume that ¥ = {0, x, oo} using SL(2) action on
the space of Borel subalgebras P! = SI,/B. We write simply

me(x, 2) = mg o (a p ® al ® al’y). (2.37)

Note that notation aé 0) means thaty = w = 0,ie.x =7 =0

For generic u the map my (x, z) could be rewritten as
Yi(x, 2) : M, x = Home (M, k, My ). (2.38)

Here and below M,  stands for completion of M, ; with respect to natural gradation.
Consider V) (x, z) = Y(vy k|x, 2).

Proposition 2.22. The operator V), (x, z) enjoys commutation relations

[fn’ Vv(x, Z)] == ZnaxVu(.x, Z), (2393)
[hy, Vo(x, 2)] = 2" (=2x0, + V)V, (x, 2), (2.39b)
[en, Vo (x, 2)] = 2" (—x%0, + v0)V, (x, 2). (2.39¢)

This Proposition follows from a direct computation (cf. [FM94, Prop. 3.1]). On the
other hand this proposition can be considered as a definition of the vertex operator, (see
[AY92]).

In order to write down Y(v|x, z) for arbitrary v € M, ; we will need notations

e(x,z) = ee()e™ = e(z) — xh(z) — x* £ (2), (2.40)
h(x,z) = ePh(2)e ™0 = h(z) + 2xf(2), f(x,2) = f(2)e™0 = f(2).
2.41)

Proposition 2.23. The map Yy (x,2) : M, — End(M; i, My, 1) is defined by for-
mula

Yk(e,k[ co.l_f,e k1h7jy - h,jzh,jl f,ir . ffiszil f(;n Upks X, Z)

05 e(x,2) . 027 Flx, 20 T (L 2V (x, 2)

[Ty=1 (kg — 1)'1_[q 1Ug = DM o= Gg = D!

(2.42)

2.6.2. Degenerate representations Assume now that k is generic and v € Zx>¢. Then
the representation M, x has singular vector f; v+l Uy k- Denote by L, the irreducible

quotient. Since k is generic we have L, =~ Indﬁg;[ (1 1BCK L, where £, is v + 1
dimensional representation of s[(2).

Similarly to the construction above we can define modules ﬁlﬁk (x, z). Contrary to
generic case above the modules L, i (x, z) do not depend on x as s[(2), modules (up to
isomorphism). The analogue of Proposition 2.21 now states that there is a unique up to
constant homomorphism of s[(2) ® C[P!\{z}] modules

my s M g (xr, 21) ® Ly x(x2, 22) @ My, k(x3,23) — C. (2.43)
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if and only if A, u, v satisfy fusion rule. The corresponding fusion rule reads
—v<A—pu<v,and A — pu+v e 2Z. (2.44)
This condition is standard; it can also be deduced from more nontrivial fusion rules for

admissible representations in [FM94, Th. 3.2] or integrable representations [TK88, Th
1]. Composing with isomorphisms o, ; we get a map

mi (X, 2): Muk ® Lox @ My — C. (2.45)

For generic u we have a map Y (x, z) : £, x — Homc (M x, M, k). Let X, (x, z)
= Y(vyk|x, z). This operator satisfies the relations as in Proposition 2.22. The main
difference that vertex operator here has finitely many terms in x expansion, namely

v
v
X,(x,2) = IZ(; <I)Xl,v(z)x’. (2.46)
The summands satisfy the following commutation relations
[fu, Xiv(@]=2"(v = DXp41,0(2), (2.47a)
[en, XZ,U(Z)] = anXZ—l,v(Z)a (2.47b)
[, X1,0(2)] = 2" (v — 2D X1, (2). (2.47¢)

Finally the fusion rules are equivalent to the following proposition.

Proposition 2.24. Let v € Z>o and A be such that pair (A, k) is generic. Then, for
any r € {0, 1,...v} there exist a unique (up to constant) vertex operator X,(x, z) :
My —viork = My k.

2.6.3. Integrable representations The similar definitions work for integrable represen-
tations of s[(2);. Similarly to the above, we can define the representations £; 1(x, z),
i=0,1)of :5\[(2)1. These representations do not depend on x up to isomorphism, so
these parameters are usually excluded in the construction of vertex operators, but we
prefer to keep them.

It was shown in [TK88, Th. 1], [TUYS89, sec. 2] that for i, j, r € {0, 1} there exists
and unique up to constant homomorphism of 51(2) ® C[p! \{z}]-modules

my : Li1(xr, z1) @ L£1(x2, 22) @ Ly1(x3,23) = C, (2.48)
if and only if i + j + r € 2Z. Composing with isomorphisms ay ; we get a map
m(X,2): Li1 ®Lj1 &L, — C. (2.49)

This allows to define Y1(z) : £;1 — Hom(L; 1, £,1). It is clear that Y1 (vo|z) =
Idg, . Let us define

b(x,z) = Y1(vi2lx,2), b(x,2) = bo(z) +xb1(2). (2.50)

The components by(z), b1 (z) satisfy relations similar to (2.39). In particular using com-
mutation relations with /4, and realization of s[(2); modules in terms of Heisenberg
algebra (see Theorem 2.15) we can write explicit formulas for by (z), b1 (z).

Proposition 2.25. The operators by(z), b1 (z) are equal to exponents ot the bosonic field
¢ (2) defined in (2.18)

bO(Z) = exp(%): (_1) hO(hz()‘*l) , bl(Z) ::exp(_%) : (_1)/1()(1"5)71) . (251)

Recall that hy = ao\/i.
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2.6.4. Bosonization of vertex operators Under certain conditions the vertex operators
V) (x, z) can be written in terms of currents 8(z), ¥ (z), ¢(z) usedinsec. 2.5. Let us define
operators (’):\y (z) which act between two Wakimoto modules Fj y — Fj+v—2N.k bY
formula:

N

0N (z) = / I
0<ty=<-=<n=z;_

Vv

m“’@

where S(7) =:exp (J—z%gp(t)) : B(¢) is a screening field.

N
dt; :exp( cy @) l_[S(ti)» (2.52)
i=1

Here for simplicity we assumed the integration is performed over the relative cycle
which is N-dimensional simplex. Such choice works under certain inequalities on the
parameters A, v, k, for other values the vertex operators can be defined via analytic
continuation. See [EFK98] for the detailed discussion of the contour. The following
proposition is standard (see e.g. [EFK98, Th, 5.7.4], [GMO+90], [ATY91])

Proposition 2.26. Commutation relations between operators Of{\y (z) and ;[(2) gener-
ators have the form

len. O (2] = 2"rON) (), (2.53a)
i, O @] = 20 — 20N (2), (2.53b)
L ON @] = 2" = O (. (2.53¢)

Proposition 2.27. If u, k are generic and A +v — pp = 2N, N € Zs>q then the operator
Vo(x,2): My = M,k has the form

v
Vox,2)=CY_ ( )Oﬁ?\? @x". (2.54)
r ;
r>0
Here C is the scalar factor which cannot be fixed by commutation relations, see

Proposition 2.21. Note that the operator X, (x, z) above can be written using formula
(2.54) for v € Z>y.

Proof. Due to uniqueness of V), it is sufficient to check that right side of satisfies com-
mutation relations (2.39). This is direct computation using Proposition 2.26. O

Proposition 2.28. Let i, k be generic and » — v —2 — pu = 2N, N € Zso. Then
the expansion of the operator V,(x,z): My x — M,k has the form V,(x,z) =
CY ez Vy] (x, 2)x 1 where

VW, )= (=10, (@), forr=o0. (2.55)

Note that, contrary to the formula (2.54) we cannot write that whole vertex operator V),
is simply the sum of (’)g\/)viz. This is because there are also summands VE’] (x, z) with
r < 0 which do not have formula like (2.52). Also note the reflection v <> —v — 2 in
the indices in the formula (2.55).

Proof. Same as above, the equations (2.39) lead to the system of relations on commu-
tators of V,Er](z) and e, hy, f,. This system coincides with relations (2.53) (but for all
r € 7Z) and has unique solution. One can additionally note that the system of equation on

operators V,Er] (z) with r > 0 is closed and these operators can be uniquely determined
without using 7 < 0 ones. O
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2.7. Virasoro vertex operators  In the Virasoro case we follow the same pattern. We
keep the notation ¢ for some fixed global coordinate on P!. For any z € P! let Vir,
denotes Lie algebra with basis (r — z)"9; and central element C with the commutator
defined by

1
[f ()0, g()o: ] = (fg' — f'g)o: + ¢ Res;—. (" gd1). (2.56)

There is an isomorphism o, between the abstract Virasoro algebra and Vir,, L, —
—(t — 2)™13,. Using this isomorphism, we can define highest weight modules M(p 5 (z)
over Vir,

Let Vect(]P’l)\{zl, 72, z3}) denotes Lie algebra of meromorphic vector fields with
poles only at z1, z2, z3. There is a Lie algebra map

Vect(PY) \ {z1, 22, z3}) — Vir,, @ Vir, @ Vir,, (2.57)

which map any element to the direct sum of series expansions at points z;. The com-
pletions Vir, denote Lie algebra with elements of the form f(t — z)d; + «C, where
feCllt—z (t— z)~!11is a Laurent series. Clearly Vir; acts on Mp ,(z).

For generic P;, P, P3 there exists a unique up to constant homomorphism of
Vect(]P’l\{zl, 22, z3}) modules

0" Mp, 5(21) ® Mp, 5(22) ® Mpy 5(23) — C. (2.58)

Moreover, the homomorphism is uniquely determined by its value on the product of
highest vectors vp, , ® vp, , ® vp;,p. Composing with ®a;;, and moving points to
{0, z, oo} we get a map

m""(z): Mp, , ® Mp, , ® Mp, , — C. (2.59)

For generic P this map leads to an operator state correspondence map Y Vi (z) : M Pyb —>
Homc(Mp, p, Mp, p). Let ®a(z) = Y''(vpplz), here A = A(P,b). The
Vect (IP’] \{z1, 22, z3}) invariance of mv¥" leads to the following commutation relations.

Proposition 2.29. The operator ® A (z) satisfies
[Ln, @A (2)] = 2" 0PA(D) + (n+ 1)Z"ADA(2). (2.60)

The commutation relations (2.60) can serve as a definition of Virasoro vertex operator.

For the A = A, , Verma module becomes reducible (see Theorem 2.8). We can
replace Verma modules by their irreducible quotients L p,, , ». The corresponding vertex
operators will be denoted by @, ,(z). The singular vector condition on vp,, , ; corre-
sponds to the equation on the vertex operator. In the important cases ®; 2(z) and ®2 1(z)
we have (cf. Example 2.9)

9, ®21(2) +b 72 1 L(2)P2,1(2) = 0, (2.61a)
3. ®12(2) +b* 1 L(z)®1.2(z):= 0. (2.61b)

These differential equations lead to the famous Virasoro fusion rules [BPZ84].
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3. Coset Construction

3.1. Definition, decomposition Let us consider the algebra ;[(2)1 @ ;[(2)1( and its
module £; 1 ® M, k. There is an action of diagonal s[(2)x+1 on this space. Let us denote
the generators of this algebra by e2, f2, h2.

Note that there are three different actions of the Virasoro algebra on £; 1 ® M, «
which come from the Sugawara construction. We will call the corresponding currents
by LV (z), L (z) and LA (2).

Theorem 3.1 ((GKO861). The modes of L9K9(z) = LW (2) + L® (z) — L2 (2) satisfy
the relations of the Virasoro algebra and commute with diagonal affine algebra s(2)+1.

Let us use the notation Virc®t for the algebra generated by LSX . The following
result is standard, we follow [BFL16] for the statement and sketch of the proof.

Theorem 3.2. For generic A, k there are the following decompositions of L1 @ M, i
as Vir®et @ sl(2)x+1 modules

Lo1 @ Mk = @zez Mp 4,0 @ Misar kst (3.1a)

Lii®@ M= Mpay+in,p ® Mot kel (3.1b)

1
l€Z+5

where b = bk o = —iy/ %5 and P(1) = Pk o(h) = — 55 b6k o0

Sketch of the proof. The proof is based on the same two arguments as the proof for the
more difficult case of admissible representations, see [IK11, Theorem 10.2]. First, one
checks the identity of characters for the modules on the left and right sides. Second, one
shows that there are no extensions between summands on the right side. O

Definition 3.3. The Shapovalov form on Verma module M, x of 5’1\[(2) algebra is defined
by the following properties

rkovi) =1 e =fon Bi=h_ fl=en,, (3.2)
where v, i is the highest weight vector in M, k.

The Shapovalov form descents to the irreducible quotient £ ;. We define form on the
tensor product of the modules by the formula

(x1 ® x2, y1 ® y2) = {(x1, y1){x2, y2)- (3.3)
Hence we have Shapovalov form on the modules £; | ® M; .

Definition 3.4. Shapovalov form on the Verma module M p ;, of the Virasoro algebra is
defined by the following properties

(vpp,vpp) =1, LI =L_,, (3.4)

where vp j, is the highest weight vector in Mp .
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3.2. Formula for the highest weight vectors
Notation 3.5. Let us denote the highest weight vector in coset decomposition by
ur(h) € Mpyip.p ® Majn k1 C (Lot & L1,1) @ My k. (3.5)

Recall (see sec. 2.4) notation v; for extremal vectors in £; 1. For the tensor products of
extremal and highest weight vectors we will use notation

v (A) = v @ vy k- (3.6)

Let us fix normalization of u; (1) through the Shapovalov scalar product with v; ()
(ur(A), vi(d)) = 1. (3.7)
Example 3.6. The simplest examples of the highest weight vectors u; () have the form
up(A) = vo ® Vi, (3.82)
u—1/2(2) = foviyz @ vax — %UI/Z ® fovak (3.8b)

2
Uu_1(A) =v_1 Q@up ik — e_1v0 ® fovik

(r—D)x

1
- Xh—lvo ® fovax — Vo ® fo1vik

1
(k+1+2)

Vo ® h_1 fovy k + v ® e_1 fivik.  (3.80)

1
T A kA+2) (= DA (k+2+2)

Recall that for general A, k Verma module M, ; is isomorphic to Wakimoto module
Fak (see Proposition 2.20). Our first goal is to find explicit formulas for vectors u; (1),
or actually to their images in £; | ® F;, k. Let us define current g(z) actingon £; | @ Fj

g =eV@y@, g=Y ey (3.9)

nez

Theorem 3.7. For generic A, k and 21 € Z<q then l-th highest weight vector in decom-
positions (3.1) with respect to Vir®®® @ s[(2)x41 is given by

(L) = e 80y (). (3.10)
Remark 3.8. In the proof below we will see that the right side of (3.10) is defines the
highest weight vector in £; | ® F; i for arbitrary A, k. On the other hand, in order to
obtain highest weight vector in £; 1 ® M, x we use Proposition 2.20, i.e. condition that
A, k are generic is essential for the proof. Furthermore, the definition of vectors u;(A)

was based on decomposition (3.1), i.e. only for generic values of parameters. See also
Remark 3.19 below.

Example 3.9. Let us also present the examples of highest weight vectors u;(A) after
Wakimoto realization

up(A) = vo ® Vi ks (3.11a)
u—12(0) = v_172 @ Uik — V172 ® Yovs k (3.11b)
U_1(A) = v_1 @ Upk — V0 ® Y_1Vak — h_100 ® Yovix — V1 ® Yvak. (3.11c)

Comparing with the formulas (3.8) one can see significant simplification, in particular
there are less summands and there are no denominators after Wakimoto realization.
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Remark 3.10. In the theorem above we had [ < 0. Let us comment on the other case
[ > 0. There is an automorphism t of algebra s[(2)

t(en) = fust, T(fn) =en—1, t(hy) = Sn,Ok — hy. (3.12)

This automorphism leads to a map between Verma modules t: M, x — Mj_; i such
that

TV k) = Vk—r ks T(xV) = T(X)T(V), (3.13)
where x € 5/1\[(2);(, v € M, i and vy i denotes the highest weight vector in M x. There
exist similarmap t: £;1 — L1, fori € {0, 1}.

Consider t @ 7 : M, 1 ® Li1 = Mi— x ® L1—;1. We have
T ® t(v; (X)) :v%_l(k—k). (3.14)

Hence the formulas for u#;(A) with [ > 0 can be obtained using . An analog of formula
(3.10) for [ > 0 requires a change of Wakimoto realization, obtained by permutation of
e(z) and f(z), i.e., instead of formula (2.27) we have f(z) = y(z) but e(z) is the sum
of three terms.

Another analog of formula (3.10) for / > 0 uses conjugated operator g(T) . It is given
in Remark 3.25.

We will first prove Theorem 3.7 by a direct computation.

Lemma 3.11. Conjugation by e8° acts on the operators of diagonal ;[(2)k+1 as follows
e20e® (w)e 78 = B(w), (3.15)
% fAw)e 8 = fAw) +h D)y w) +y' (w). (3.16)

Proof. Th exponent of adjoint action has the form
1
et (w)e ™ = e (w) +[g0. e* ()] + S lg0. [80. > W]+ ... (3.17)

1
eSO fA(w)e 8 = fA(w) +[go, 2 (w)]+ 5l20. [20, AN +....  (3.18)

Hence it is sufficient to find all commutators. In order to do this we will use OPE (see
[FBZ04, Ch 3])

—eWM(w)

g@e®(w) = eV @)y (@) (e (w) + B(w)) = +reg. (3.19)

It means that
(g0, e® (w)] = —eD(w). (3.20)

Moreover, the OPE of g(z) and e (w) has no singular term, hence [go, [go, eAw)]] =
0.. Therefore

e20e® (w)e % = @ (w) = B(w). (3.21)
Similarly,

g fAw) =eP@Qy@(fPw) + fPw) =
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oy Dy ) + eV )y ) +y'(w)
T (z—w)? Z—w

+reg. (3.22)

Then using [FBZ04, Prop. 3.3.1] we have

[g(2), FA )] =y (w)dud(z, w) + (A D (w)y (w) + eV (w)y?(w) +y'(w))8(z, w),

(3.23)
where §(z, w) = Y. Z"w "~ !. Hence,
[g0. £ w)] = D)y w) + eV (w)y?w) +y' (w). (3.24)
Taking now the OPE of g(z) and [go, f*(w)] we get
[80. [g0. £ ()]l = —2¢V (w)y? (w). (3.25)

It is easy to see that successive commutators are equal to zero. Therefore we obtain
formula (3.16). |

Now we are ready to prove the theorem.

Proof of the Theorem 3.7. We decompose the proof into three steps.

Step 1. Let us show that e™80v_;(}) is the hlghest welght vector with respect to
diagonal sl (2)A It is sufficient to consider action eO and f1 Using Lemma 3.11 we
have

efe 0v_1(1) = e eSefe0u_ (1) = e ¥ Bou_(A) =0, (3.26)
fReTHu_ () = e fre 0 ) = e (£ 4 £
= > Wy =)o) =0 (3.27)

s+r=1

Step 2. It follows from the decompositions (3.1) that there exist only one up to
proportionality vector v € L£; 1 ® M, x which is the highest weight vector for 5[(2)A
and has the same eigenvalues of ho and LGK 0 as u;(1). Hence, the vectors u;(A) and
e~ 80y;(X) are proportional.

Step 3. It remains to check normalization property
(7% (A), v (W) = 1. (3.28)

Note that in the series e 8%v_; (1) = 2/20(—g0)j v_;(A)/j! all summands except the

first one has h(()l) gradation different from the one of v_;(A). Hence they are orthogonal
tov_;(1), |
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3.3. Operator I (z) and another proof of the Theorem 3.7  Let us consider the operator
I1(z) : (Lo1 ®L11) ® My, — (Lo ® L1,1) ® My« defined by formula

1(2) = b1(2) ® O (2) — bo(2) ® O} (2). (3.29)

Recall that notations by(z), b1(z), (’)%) (z) were introduced in Sect. 2.6 and overline
stands for the completion. In particular, according to Proposition 2.27, the operators
(9(()(’){, Oi‘?i used in formula (3.29) are components of X corresponding to degenerate
representation. The operator / (z) corresponds to the skew-symmetric tensor product of
two 2-dimensional representations of sl,, see formula (3.30) below.

Proposition 3.12. 1) The operator I (z) commutes with ;[(2) kA+1'
2) The operator 1(z) is Vit vertex operator @3 1 (z).

Proof. Both operators b;(z) and (9(()0; (z) are obtained via operator-state correspondence
map Y. Hence the operator / (z) is obtained via operator-state correspondence map Y ® Y
applied to the vector

vy =012 ® fovix —v-12QVik € L1,1 ® L. (3.30)
The commutation relations of the field /(z) with algebra generators are equivalent to

the highest weight conditions for the vector v;.
It is easy to see that

enaoUr = hpsovr = fitovr =0 (3.31)
and
L§KOv; = Ay qur, LEKDv =0, (3.32)

where Az 1 = A(P2,1(bgko), bGko) (see Theorem 3.2 for notation). Furthermore, it is
easy to check that

(LEKOY? 4 (boko) > LK Oy = 0. (3.33)

It means that the field 7 (z) is the degenerate Virasoro vertex operator. O

Proposition 3.13. The operator 1(z) has the form

o)
I(z) = evxe 80D (z)ed0, (3.34)
Proof. Note that
b
g@bi(w) = W +reg. (3.35)

Hence [go, b1(w)] = bo(w)y (w). Moreover, we have [go, [go, b1(w)]] = O since
g(2)bo(w)y (w) is regular. O

Now we give the second proof of Theorem 3.7.
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Proposition 3.14. 1) For any 21 € Z<o we have
LI( Jur(h) = (=1 Du 1o+ 1); (3.36)
¢, A0 A = I-1/2 : :

where d(I, M, k) = (ﬁ — 1) and Cy is a contour encircling 0.
2) For 21 € Z<p we have
uy(A) = e 8% (A). (3.37)

The exponent d(I, A, k) in (3.36) means that the leading term of 1 (z)u;(A) coincides
with u;_12(A +1).

Proof. Due to Theorem 3.2 we have

I(Qu; € (Lo @ L1,1) @ Myy1x = @mez Mpoa1y+b.0 @ Moriast k1. (3.38)

Since 7 (z) commutes with ;[(2) kA+1 and u; is the highest vector for this algebra with
highest weight L +21 we get I (2)u; € MP(A+1)+(1—%)b,b ® v)421 k+1- Hence, the leading

term of I (z)u;(A) is equal to ¢; u;—1/2(A + 1) for some (probably zero) ¢; ;.
On the other hand, using the formula 3.34 we get

dz
yg ml(z)e_govl(k) = (= 1)/ De 80y, H(A +1). (3.39)
¢, 2GR

Therefore by induction by / < 0 we obtain

900G = ([, g Or2is2m ) w1 2. (3.40)

Taking into account correct normalization property (3.28) we conclude that ¢;;, = 1 for
[ < 0. This finishes the proof. O

Note that ¢;  appearing in the proof above is non-trivial for / > 0. We will discuss
them belowm see Example 4.7.
It follows from the formula (3.36) that for [ < 0

_ 2
(T(Dur (), w1+ D) = (DD w0+ D7 (3.41)
‘We will use this matrix element below.

3.4. Norms of the highest weight vectors  The following theorem is one of the main
results of the paper.

Theorem 3.15. For 21 € Z<o norm of the vector of u; (L) is

) 1-2 A+1+mk AN F(%_zl)r(kzlﬁzl)
s )l =HA+1+2]+m(K+1):(K+1) D ()1 (A2 )y
m—0 K K+1

(3.42)
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Note that although the Theorem 3.7 provides a formula for u; in terms of the Wakimoto
free field realization, the norm formula above uses the Shapovalov form in the Verma
module.

The equality of the central and right sides in formula (3.42) follows from straight-
forward computation. We will prove the equality between the left side and central (and
right) sides in the next subsection. The proof uses a vertex operator J(z) that is similar
to the operator / (z) used above.

Example 3.16. The simplest examples of the formula for the norm are

- 2_):1 2 A+ Dk+2r+3)
leo@I* =1 Ju1p@" = == lua O = = sy

(3.43)

This expressions can be checked using formulas (3.8). Note that the formula factorizes
into the product of linear terms, and this is absolutely unclear from the definition or
formulas (3.8).

The norms of u;(X) for / > 0 can be calculated using the map t ® t that reflects
A, 1) < (k— X, 1/2 —1) (see Remark 3.10). Moreover, the resulting formula can be
rewritten similar to the right side of (3.42) but with an interchanged numerator and
denominator, namely for / > O we obtain

i = ()" (52T (557)
K+1 r (K*TH) r (%1214_21_1)

K+1

r(5-20r (3550)

A+l 204241
=( p )21 (& ( 21) (3.44)

Kk+1

This suggests the following to renormalization of half of the highest weight vectors, in
order to obtain unified formulas for norms.

Notation 3.17. The highest weight vectors u;(\) are defined by
. uy(A), 1 > 0;
wA) =1 ww / (3.45)
s G112
Corollary 3.18 (from Theorem 3.15). For 2l € 7Z the norm of the vector of u; (1) is
L_l
K )21 r (%) r (21:31“ ~ 21) t_y" (_%)
e

= . 3.46
rEE (B T e, O

SRR

Kk+1

Here we used the following notation for the product over an integral triangle

t;],GZ(a) — {Hl’,AiEO,l’+./‘<n(a - 161 - ‘162) n > 0 (3.47)

]_[i’j>0’i+j57n(a +iej+je) n<0’
We will also use notation for the product over an integral segment

o+€]—nep
£, () P =~ +tn+D)
S5 @) = e = (e — ) —— 2

€1,€2 a+e|—ne
el (@) Mt 4 )

(3.48)
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These functions have useful symmetry properties

sih2(@)s? 2 (—a — e — ) = (-1, (3.49)

£ (@) = £42 (—a — e —e)(—1)" "D/, (3.50)
Remark 3.19. Below, we will give the computational proof of Theorem 3.15. However,
there is also a representation-theoretic proof based on Kac-Kazhdan theorem (see Theo-
rem 2.4). Let us illustrate this with the first non-trivial vector u_1 /5 (A). Its norm is equal
to (A + 1)/A, see formula (3.43), i.e., it has one zero and one pole.

The existence of the pole at . = 0 in Hu_l 2(A) H2 comes from the fact that for
A = 0 the module M, x has a singular vector fyv;, x. Hence, the vector vi,2 ® fovsk €
L1,1 ® M, i is the highest weight vector with zero norm. This vector does not agree
with normalization (3.7), actually as one can see from the formula (3.8b) that the vector
u_1,2(1) has a pole at A = 0 with residue given by vi2 ® fovy k.

On the other hand, the zero A + 1 in ”u, 172(A) ”2 corresponds to the fact that the
module M 41 x+1 on the right side of decomposition (3.1b) has a singular vector. This
singular vector (with zero norm) is equal to #_1,2(A). Namely, one can see from the
formula (3.8b) that the vector u_y,5(A) for A = —1 is equal to fOAul ,2(X). This also
implies that decomposition (3.1b) fails for this A.

As a more subtle example let us consider the vector u_(A). Its expression (3.8c)
has a pole at A = 0, while the norm (3.43) has neither pole, nor zero at this point.
Representation-theoretic reason for this is that, for A = 0, the modules on both left and
right sides of decomposition (3.1a) has singular vectors. Namely, let v_» = fovg €
Lok be the singular vector on the left side. It generates a submodule isomorphic to
M_5 \ and one can then study the submodule in the tensor product Lo | ® M_2; C
Lo,1 ® Mo bearing in mind the decomposition (3.1a). Then, the vector u;(—2) is a
highest weight vector with highest weight (0, k + 1) and fOAul (—2) is a singular vector.
The norm of fOAul(—Z) should have a double zero at A = 0 (since both fyvo and
fou1(—2) have simple zeroes). On the other hand, this vector is proportional to the
residue Resy—og u1 () ~ foui(—2).

3.5. Calculation ofthenorms ~ Letus define the operator J (z) : (Lo, 1BL1,1)QM) k —
(Lo.1 © L1.1) ® M, 1 by formula

J(2) = b1(2) ® OF ] (2) — bo(2) ® O} (2. 3.51)

Remark that the operator J(z) can be described as the operator /(z) dressed by the
screening S(7) (see formula (2.52))

Z
J(2) =/ dt 1(z)S(@). (3.52)
0
Note that the contour chosen here works only under some inequalities for the parameters.
For other values, the definition is extended via analytic continuation.

Proposition 3.20. 1) The operator J(z) commutes with ?[(2)]?+1 ;
2) The operator J (z) is Vir®® vertex operator @, 1(z).

Proof. The same as proof of Proposition 3.12. O
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2
We will also need screening current S(¢) =: e_\/:(p(t): B(t) conjugated by e~80,
Namely, we have

S(1) = e®0§(t)e 80 e VR0, (B(r) — eV (1)) (3.53)

Using Proposition 3.13 we get
< 2@ ~
eS80 J(z)e 8 = / dt :evx:bi(z)S(1). (3.54)
0

Recall that X denotes the operator conjugated to an operator X with respect to the
Shapovalov form (see Definitions 3.3, 3.4).

Proposition 3.21. There are the following formulas for the conjugation.

1. For operators b (z) : L;1 — Li—j 1, i, j € {0, 1}, we have
(bo@)' = (=176, (b)) = —(=1)7z7 by z7);  (3.55)

2. For operator Ol.(f)l) (2) : Mok = M1k, wherei € {0, 1} we have

OD @) = Cle. nzx 0™, (O] @) = Cle, (~=Dzx O .
(3.56)

We will actually compute the proportionality coefficient C(x, A) in the proof of Theo-
rem 3.24.

Proof. Letb;(z) =Y b; 2z "~/* Then we have [h, b; 5] = (—1)'b; ;45 and
[k, (b1—i ) 1= =(lh . br—i ) = (=1 (11 1) (3.57)

Hence operators b; (z) and b1 (z ) satisfy the same commutation relations with Heisen-
berg algebra generators hy, k € Z. The vertex operator between two Fock modules F,
and Fg is uniquely determined by these relations up to overall constant. This constant
is fixed by the action on the highest weight vectors.

The proof for the operators (’)i(ol) (z) is similar. Namely it is easy to see that the

corresponding operators satisfy the same commutation relations with ;[(2). Then, the
proportionality follows from Proposition 2.24. O

Corollary 3.22. The conjugation of the operator I (z): L;1QMj x — L1-j1 @ M1k
has the form
. 3 1
(@) = Cle, H(=DIz7 727G, (3.58)
Here the proportionality coefficient C(k, A) is defined in (3.56).
Now we can compute conjugation of the Proposition 3.14.

Corollary 3.23. For [ < 0 we have the formula for the action of operator J(z) on the
highest weight vectors

o+ D)2
i1 G2

+3

J(DuO41) = ZI*KT ((—])Z(ZH/Z)(H])C(K, e u“% (N + O(Z)) .

(3.59)
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Equivalently we have the formula for the action of operator e80J(z)e™8° on the
extremal vectors

+ A+ D2
807 (2)e v (1) = 2% ((—1)2(’“/2)(’”)0( )—17””3( JEA))H”Z l+1(k)+0(z))

(3.60)

We will prove Theorem 3.15 by induction on /. It is sufficient to prove the following
statement.

Theorem 3.24. For | € Z._.o the ratio of the norms of the highest vectors in coset
decomposition is equal to ratio of two Beta functions

A+ D2 B(=120— 24
I+ DIP _ B 20 =5 +1) G
4y GO BL 5l
Proof. 1t follows from the formula (3.60) that
- o+ D)2
v 1 (0, e80T (e 80y + 1)) = (= 1)>HDED e )~ 22
(v ) ity TP
(3.62)
On the other hand we can use formula (3.54)
1 0] ~
LHS of (3.62) = / dt <vl+%()\), eV b (DS@)v(h + 1)>. (3.63)
0

Finally, we use definition of the by (z) and S(7).
1 [400)
/ dt (v, 1 ® vk, eV bi(1) VR0, (B — eV ) @ vpsi k) =
0 *2

1 _o() e f2
dt <v[+1, e V2 ::eﬂd’(t): v1><v)hk, Ve ‘/:w(t): UA+1,I<> =

= (L1212 f
2

0

I
_ (71)2(z+1/2)(1+1)+1/ dr(l -y~ 2B (71)2<z+1)(1+1/2)+13(71’ AL, .
K K

0
(3.64)
Hence,
A+ D)2 Atl
||”1+%()‘)“ ke

Using values for [|uo(1) [|* and lu—1 2 (1) ||? givenin Example 3.16 we find that C (x, 1) =
—B(—1; =2 )L O
Remark 3.25. Using conjugated operators we can also write formula for highest vectors
with [ > 0, namely
+
u;(A) = efoy;(A). (3.66)

This formula is proven similarly to the second proof of Theorem 3.7. Namely, the analog
of Proposition 3.14 holds for vectors given by (3.66) and current 7 (z)".
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4. Matrix Elements

4.1. Main Theorem Recall the notations of Sect. 2.6. For i + j +r € 2Z we have a
map

Y1 ® Yi(x,2) 1 (£j1 @ Myy) = Hom (L1 @ Mok, L1 @ Myg).  (4.1)

Notation 4.1. We denote
Z:il),n(-xv Z) = Yl ®Yk(ﬁn(‘));x, Z)v uv,n(xv Z) = Yl ®Yk(”n(\));x, Z)' (42)

Example 4.2. The simplest examples of the vertex operators ﬁv,n has the form

Uy o(x,2) = 1@ Vy(x, 2), (4.32)

ﬁu,l/z(x, 2) =b(x,2) ® Wy (x, 2), (4.3b)
~ ]

fo1p(r, ) = —— (b, D) @ V(6,2 = b, ) @ AV (x, D). (430)
v+1 v

The following proposition is an operator reformulation of the fact that i, (v) is a highest
weight vector with respect to s[(2)x+1 and coset Virasoro.

Proposition 4.3. We have

[e2, Uy pn(x, )] = 2" (=205 + (v +21)0) Uy 0 (x, 2), (4.4a)

2, Uy (x, 2)] = 2" (=2x0 + (v +20)) Uy (x, 2). (4.4b)

2 Upn (X, )] = 2703 Uy n (%, 2), (4.4¢)
]

(L Uy (x, 2)] = 20 Uy (. 2) + (r + DI AP +0b, DUy (x,2),  (4.4d)
where b = bgx o and P(L) = Pggo(}).

Notation 4.4. Define three-point function
Conand (s v, 1) = {itm (), Uy n (1, Dir (1)). 4.5

It follows from fusion rules (2.48) that C'm,n’l vanishes unless [ + m +n € Z.
Note that, since normalization of /), is not given, each individual Cy, ,, ; is not defined.

However, the ratios are well defined. For example, one can ask for the ratio with the
three-point functions of highest weight vectors
ém,n,l (Ms V, )\')
Cimy, (n). {1y (s vy A)

(4.6)

Note that we fixed normalization of by(z), b1(z) in the formula (2.51) such that

(Vs Un (1, 1) vy 1) = (o) Uy o(1, 1) lig(h)) = (i1 2 () Uy o(1, 1) i1 2 (1))
= (iio(w) Uy 121, 1) it1 j2(L) = (@12 () Uy 1/2(1, 1) ig(2)). 4.7)

Therefore, we can normalize using C0,0,0(M, v, A).
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Theorem 4.5. There is the following formula for matrix elements ém,n,l(ﬂ’ v, A)

Comni (B, v, 1) — _1)%(l—m+n)(l—m+n+l)+4n(m—n)(m—n—%)
Co.0,0(1t, v, )

1,—% 2+A+//.+v A— ,u+v A+/J. v l AL+
t—l—m—n( )t—l+m n( )t—l m+n( )tl —m— n( —2K )

. (48)
ey el E et E st
where | +m +n € Z and t;,"* («) defined by formula (3.47).
Let us prove the theorem modulo the results to be proven later in this section.

Proof. The theorem is proven by induction. The equation (4.7) serve as base of the
induction. The step is based on the following two observations.

Observation 1 The three-point function satisfies recurrence relation on /. This re-
lation is formulated in the Proposition 4.25. It is proven by considering a four-point
conformal block with the insertion of a degenerate field.

Observation 2 The three-point function is symmetric with respect to permutation of
the indices n, m, [. Namely we have

(= 1) A+D@I= 142001+ ) Q0=+ 2m (1) (2m— 1)len(ﬂ A, v) Cm,n,l(l% v, M)

Co.0.0(, 1, v)  Coo.0(, v, 1)
(4.92)

(— 1)[ m+4n(m— ,12)Clnm()L v, 1) Cmnl(/JuV A)
C0,0,0(A, v, 11) Cooo(M,V 2

(4.9b)
We prove them in the Sect. 4.2. Essentially these symmetries follow from the symmetry
of the map m (i.e. coinvariants) under the permutation of points. O

Theorem 4.5 supersedes all concrete computations of matrix elements which are
performed in this paper.

Example 4.6. Consider particular case n = 0, v =0,/ = m, A = p. Then we have
Croa G, 0,2) = (W1, (4.10)

This case corresponds to the matrix elements of the identity operator.

Example 4.7. Consider particular case n = 2, v = 1. The correspondlng operator is

given by the formula (4.3c). Assume now that & = A + 1, then Z/l_l /2,1 coincides with
%I (z) and using formula (3.41) and Notation 3.17 we have

Crtjp—120 O+ L L) ~ (i1 O+ D, T(Di (D)) = i MNP, (@.11)

Note that above we proved formula (3.41) only for / < 0 but now we have an analog
valid for any /. In particular this determines coefficients ¢; , which appeared in the proof
of Proposition 3.14. Here ~ stands for overall factor which does not depend on / and
hidden in the normalization of vertex operator Vy. _

Similarly, for u = A — 1 certain component of 24131 coincides with %J (z). Then
using Corollary 3.23 we have

Crerj2,—1/200- = 1, 1, A) ~ (iige1 200 — 1), T(Diig (W) ~ N1 2 (A — DI%.4.12)
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Example 4.8. Consider particular case n = %, v=0m=I[1+£ %, A = w. Then we have

1y~
Crot 1 ,00,0,2) ~ (=D, 00 1%,

+3,73,

= Ly
Croia a3 0.0 ~ (DD (. (4.13)

This case corresponds to matrix elements of b(x, z). We calculate them below during
the proof of the main theorem, see Proposition 4.13.

Remark 4.9. Inthe case A.+v—pu = 2N or A—v—2—p = 2N one can use bosonizations
of the vertex operator given on Propositions 2.27, 2.28. This leads to new Selberg-type
integrals, see Theorem 6.3.

The remaining part of this section is organized as follows. In Sect. 4.2 we study
symmetries of the three-point function and prove the relations (4.9). Then we focus on
the proof of Proposition 4.25. -

The idea is to consider four-point conformal block (i, (1), Uy » (1, Db (x, 2)it; (1))
with insertion of degenerate field b(x, z). We study properties of operator b(x, z) in
Sect.4.3. In Sects.4.4 and 4.5 we recall definitions of conformal blocks, BPZ and KZ
equations, and their solutions in terms of hypergeometric functions. We put all things
together in Sect.4.6. Firstly we prove Proposition 4.25 using triviality of monodromy
of the conformal block with insertion of b(x, z), this is a variation of an argument used
in [Z2Z89], [Tes95], [Tes99], [BS15]. Then we consider generic conformal blocks and
use Theorem 4.5 to find conformal blocks relations which are equivalent to the blowup
relations.

4.2. Symmetries of three-point functions  Recall that we have a unique up to a constant
map (i + j +r € 27)

m=m ®m: (L1 ®M;1(0,0)® (L1 ® M1, 1)
®(Lr,l ® M,L,k(oo, oo)) — C. (4.14)

The matrix elements C‘m,n,l(u, v, 1) are actually defined through this map

Comsv.ry (e (@n0) @ o (5 (0) © iy (1) )
Comm 0.2 (@ (g (0) @ ) i) () @ i (7 (1))

(4.15)

where {n} denotes fractional part of n and |n] denotes floor. Moreover, one can consider
generic positions of the insertions and Borel subalgebras in three-point function

~ 0 ~ 0 ~ -
(@750 (i (1) ® D, (70 (1) @ @A, (@) v b
m (a;??,z)l (ﬁ{m}(,u)) ® a)(c(z)?zz (ﬁ{n}(v)) ® a)(g?u (ﬁ{l}(k))) Cimy, in), 11y (s v, A)

(1 + yxp) =l (1 4y gy b+l =lnd () gy Ll L =Lm]
(1— w1Z2)127{l}27m2+{m}27n2+{n}2(1 _ wIZS)nzf{n}2712+{l}27m+{m}2

(22 — Z3)mzf{m}z7n2+{n}2712+{l}2. (4.16)
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We can swap (x2, z2) and (x3, z3). Since xp — x3 and z» — z3 change the sign after such
swapping we get a symmetry with a sign factor given by

(_1)L"J+UJ+LmJ+m2—{m}2+"2—{"}2+12—{1}2 _ Con i (s v, A) _ Conni (e, v, A)

Comp ..o v, 2 Comy iy (5 v, 2
(4.17)

By straightforward (and not illuminating) case-by-case check on can see that this formula
is equivalent to (4.9a).

In order to see another symmetry, we swap the first and third points and also re-
place the choice of the isomorphism «, ; in them. Note that for any n, x, z the vectors
oz)(c(?% (iin () and oszu) (iin (1)) are proportional (here y = —x ! and w = z ™! as above).
Indeed, these vectors are Virost EB;[(Z) x.z.k+1 highest weight vectors for the same Borel
subalgebra Vir, @Ex,z, where Vir,_, denotes subalgebra C[[t —z]](t —2)d, ®CC € Vir.
Furthermore, these vectors share the same highest weight, therefore they are proportional
due to decomposition (3.1). The proportionality coefficient is equal to

~ _ 22 ~
@) (iin (v)) = x 72 (=22 0 (20 (i1, (1), (4.18)

Indeed, the change of the basis in by from (h +2xf, e — xh — x% f) to (—h — 2ye, y*e +
yh — f) is performed by conjugation of element in exp(b,) which gives the first factor
x~2") And the transformation from ¢t — z expansion into s — w = —t 'z (r — 2)

. . 2 2
expansion gives the second term (—z2)" —¥",
Using all these signs we get

(_1)"2*{n}2+UJ+LﬂJ*LmJ C~'l,n,m()h Vv, i) _ CNvm,n,l(Ma v, A)
Co,0,0(A, v, ) Co0,0(1, v, 1)

By case by case consideration this is equivalent to (4.9b).

(4.19)

Remark 4.10. There is another way to state [ <> m symmetry (4.9b). First, assume that
n = 0. Itis straightforward to get from the commutation relations that the conjugate op-
erator V, (x, z) " is proportional V, (—x !, z~1). Therefore the same holds for Upo(x, 2).
Since the ratio of matrix elements ——2-0LU4V2)
Cmy,0.413 (15, 2)
swapping of [, m we get sign (—1)/=".
In terms of conjugation of vertex operators, the proof above (namely the formula
(4.18)) asserts that U, , (x, z)T is proportional to (—1)”21“,,1(—)6’] , z’]) for integer n.
For half-integer n we have a sign as in formula (3.55).

is proportional to x/~” then after the

Remark 4.11. The automorphism t introduced in Remark 3.10 also gives symmetry of
the three-point functions

%(K—Z—,LL,V,K—Z—)\.)

ém,n,l (:ua vV, )\) _ (_l)n(Zn—l) C—m+%,n,—l+
Co,0.0(1t, v, 1) Cooo0k =2 —p, v,k —2—24)

i (I 172 (M) 117 (4.20)

The norms on the right side appears from the fact that 7 inverses the norm of highest
weight vectors, see Sect.3.4.
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4.3. Matrix elements of b(x,z) Recall the level 1 vertex operator b(x, z) defined in
sec. 2.6.3. We can consider it as an operator acting £; 1 ® My x — Li-i,1 @ My k.
Taking into account decompositions (3.1) we can ask for the Vir®®®* @ s[(2)z4 descrip-
tion.

Proposition 4.12. 1) The operator b(x, z) corresponds to degenerate vertex operator
X1 (x, ) for sl(2)2,,.
2) The operator b(x, z) is Vir®® vertex operator ®1 »(z).

Proof. The proof is similar to the proof of Proposition 3.12. This operator is obtained
by operator-state correspondence map Y ® Y applied to the vector

vp =12 @ ok € L1,1 ® Lok. 4.21)

Clearly this vector is the highest weight vector for Vir®®s ¢ 5[(2)+1. Then it remains
to show that

(% =0, (LK) + (bgko)*LEX O)uy, = 0. (4.22)
O

Proposition 4.13. Nontrivial matrix elements of b(x, z) are equal to norms of the highest
weight vectors, namely

B (W) = {iime1/2(10), bo(1) il (W) = (=D D 1, ()12, (4.23a)
By (1) = (iim—1/2(10), b1 (1) i () = (=D ™D i1 o ()12, (4.23b)
while all other matrix elements vanish.

We will use these formulas in the proof of (main) Theorem 4.5. On the other hand,
they can be viewed as a particular case of this theorem; see Example 4.8.

Proof. Let us start with the vanishing property. Inserting h@ into the matrix element we
get

(+2m) (it (1), bo(2) i1 () = (itm (1), h'bo(2) d (L)
=A+20+1) (UnX), bo(x)ur(A)) . (4.24)
Hence m # [ + 1/2 the matrix element vanishes. Similarly, for b (z).

We will use formula (3.10) in the proof, so it will be convenient to rewrite the matrix
elements (4.23) in terms of (differently normalized) highest weight vectors u,, (1)

BY,(0) = (u—re12(), bo(D) u—1 (W) = (= D'+ VYju_pyy ()11, (4.25a)
B, (M) = (u—i—1200, br(D) u— (W) = (=D Dy 0|12, (4.25b)
B (1) = (tme1/2G0), bo(1) (1)) = (= 1) Dl ()12, (4.25¢)
By (1) = (um—12G0), bi(D () = (=" Dy o>, (4.25d)

for I, m > 0. For B, (1) we have

(111120, b0 @ 1) = (v-141/2(0), € %0e by (2) v () =
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= (DD (011120, €707 7 (W1 26 + 0(1)
= (=D Dy )12 (4.26)

Here the second summand in v_;41,2(A) + o(1) represents vectors of Lo degree greater
then v_;41/2(1) and hence orthogonal to the left vector. We also used commutativity
between by(z) and gp. Using the conjugation we have

D D p 1P = BY () = (u-re1 p (1), bo(1) uy (1)) =
= (s, L DT w12 00) = (<D B (0, (4.27)

For vectors u,, (A) we can use formula (3.66). Similarly to the arguments above we have
+
B (10) = (1tn-120), 512t (1) = (01720, €001 )0 0,0 (1))

= (o172, €9e0b1 @) v () = (D" V1 p@IP. @28)
Using conjugation we have
By (1) = {ums1/2(10), bo(1) (1))
= (10 (0, O DT 1 20) = D@D P 4.29)

O

Remark 4.14. The proposition is consistent with the isometry 7 ® 7 (see Remark 3.10).

(=D u_y1 p WP = BE Q) = (u—rs12(0), bo(D) u_y(3)) =
={t@t-1(0), T @ tbo(1)) T @ T(u—1 (W) = B}, pk — 1)
= (=)' (k — 2)11% (4.30)

4.4. Virasoro conformal blocks — The space of conformal blocks can be defined using
the space of coinvariants as in Sect.2.7. Below we define sphere conformal blocks using
vertex operators @ o introduced there.

Definition 4.15. Assume that there are given parameters P;, i € {1,...,n} and P/,
J € {2, ..., n—2}. Assume also that there are given vertex operators ®, (z) : Mp,  —
Mp; b, a;(2): MPi/ilyb — Mpi/’b fori € {3,...,n—2},and @, ,(2): Mpriizyb —

Mp, », where A; = A(P;, b). The n-point sphere conformal block for Virasoro algebra
defined as

Fo(P, P52) = (05,0, @,y Gat) o Py () Py c)vp ). (431)

where P = (Py, ..., P), P' = (P}, ..., P._)), 2= (22, ., 201).

The conformal block is defined up to the choice of normalization of vertex operators
(i.e. independent of 7 function) to be specified below. This is n-point conformal block
through only dependence on n — 2 coordinate is explicit; the remaining two are fixed
721 =0,z, = o0.

In the paper, we will mainly use four-point conformal blocks. In this case we can
assume that zp = z, z3 = 1 and we have only one intermediate parameter P, = P’. In
such case, the definition can be also restated in terms of so-called chain vectors.
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Definition 4.16. Let ®a,(2): Mp, , — Mp, 5, Ay = A(P, b) be a Virasoro vertex
operator as in sec. 2.7. The vector W?jfi,% (z) = Pa(z)vp,,p € Mp; ) is called Virasoro

chain vector.

It follows from statements in sec. 2.7 that for generic values of parameters the chain

vector W?ff% (z) exists and uniquely fixed by its top component, i.e. by scalar product

(vpys Wl;jfﬁ)s (2)). For conformal blocks we have

Fp(P, P 2) = (Wi, (1), Wi, 2)). (4.32)

Unless otherwise stated, we assume that Whittaker vectors are normalized by (vp, 5,
W?if;% (z)) = z»3721722_ Hence conformal blocks have the form F,(P, P';z) =
A AI82 (14 0(2)).

There is a special case of Virasoro four-point conformal blocks which will be im-

portant for us, namely conformal block with one degenerate vertex operator ®1;. In this
case differential equation (2.61b) leads to the equation on function F.

Theorem 4.17 [BPZ84]. The four-point conformal block Fb(lg, P';2) = (A4, Day(1)
D1 2(2) A1) with degenerate field ® 1> satisfy differential equation

A3
Z—

(z(l — 292+ (22— 1, + Ay - A - A4)> F(z) =0. (433)
Z

There are two solutions of this equation which correspond to two possible values of
P’ namely P’ = P +sb/2, where s = +1. These solutions are given by hypergeometric
functions. For a = (a1, a2, a3) € C3 we will write

2Fi(@lz) = 2Fi(a1, az; a3lz). (4.34)
It will be convenient to introduce a transformation of the vectors in C3
la=(ai—az+1,a0 —a3+ 1,2 — a3). (4.35)

It is easy to see that 12 = 1. Furthermore, the functions 2 F1(alz) and zl_“32F1(fa|z)
satisfy the same hypergeometic equation.

Corollary 4.18. The four-point conformal blocks with degenerate field @12 has the form

Fy(P, P +b/2;2) = 22+ (1 — 2)F 2 Fi (A]2), (4.362)
Fu(P, Py —b/2;2) = 22 (1 — 2)E L, Fi (T Al2). (4.36b)
where

A1 = —bPl — bP4 —bP3 + 1/2, A2 = —bP1 +bP4 — bP3 + 1/2;

A3 =1—-2bPy; 4.37)
Dy = A(Py +5sb/2,b) — A(P1, D) — A(P12,b), E=A(P3+b/2,b) — A(P3,D)
—A(P12,b). (4.38)

As was noted above we normalized conformal blocks in the formulas (4.36) by Fb(ﬁ,
P2y =282 (14 0(2)).
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4.5. 5’1\[(2) conformal blocks  The definition and properties of s:\[(2) conformal blocks
are similar to Virasoro ones discussed in the previous section. The main new ingredient is
the dependence of the vertex operators on the additional parameter x which parametrizes
Borel subalgebra.

Definition 4.19. Assume that there are given parameters A;,i € {1,...,n} and )JJ., j €
{2,...,n — 2}. Assume also that there are given vertex operators V), (x, z): My, x —
Moy o Vi (6, 2) s My = My fori € {3, n=2}and Vy, (x, 2): My —

M, .k asin sec. 2.6. The n-point sphere conformal block for sl(2) algebra defined as

W VX, 7)) = (U,\n,k, Vior Gn—1, 2n=1) . . . Vas (x3, 23) Vi, (x2, Zz)vxl,k>,
(4.39)
where & = (A1, ..., An), M = (A, e A )X = (X0, Xpm1), 2= (22, Tn1)-
Definition 4.20. Let V;,(x,2): My, x — M, be an ;[(2) vertex operator as in
sec. 2.6. Vector l/\/fl’\f3 (x,2) = Vi, (x, 2) v,k € My, i is called sl(2)-chain vector.

Consider four-point conformal blocks. Similarly to Virasoro case one can assume
that zo = z, x2 = x, z3 = 1, x3 = 1 and we have only one intermediate parameter
A5 = 1’. We have

iR 26, 2) = (v Vi (L DV, 2, ) = (W5 (-1 D, W22, 2).

(4.40)
Unless otherwise stated, we assume that Whittaker vectors are normalized by
(vis.ks Wf;)”)g (x,2)) = gA3T A= A2, (M+42=23)/2 Hence conformal blocks have the
form
W (R, Vs x,2) = zA"A'—Asz”Z—“/Z(l +0>) + 0(z)>. (4.41)

We will need a description of four-point conformal block with insertion of degen-
erate field of spin % which we denote by X (x, z), see (2.46). This description follows
from Knizhnik-Zamolodchikov equations [KZ84] and is well known, see e.g. [Tes99].
Consider function

W (R, W5y, x,2) = Wio(h, 2 3, 2) +x W1 (R, 43 3, 2) = (Ui Vo (v, DX (x, 2)
V) k) (4.42)
Here . = (A, v, w). It follows from fusion rules that there are two possible choices of

A namely A" = A £ I.
We can now write Knizhnik-Zamolodchikov equations.

Proposition 4.21. Functions Wy ; (X, A5y, z) satisfy system of equations
(=328 + v Wh1 + 5 (2200 +V)Who Ao
z—1 2z
3y Wi0 — 5(—2ydy + )Wy | N 3= =2)Wr 1 — 3y W0
z—1 z ’

(4.43a)

K0 Vo =

Ko Wi | = (4.43b)
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Corollary 4.22. The conformal blocks have the following expressions in terms of hyper-
geometric functions

- v N al x N
W, A+ 1y, x,2) = yPoie (1 — 2)% <2F1(alz) — a_1;2F1(51+ (1,0, 1)Iz)> :
3
(4.442)
g _ A2 v
(kA — 15y, x,2) =Pz 2 (1 —2)%

(z‘;23__a13 2F1(1@)z) + );CzFl (i@+ 1.0, 1))|z)> . (4.44b)

where

A—pu+v+1l A+pu+v+3 1+2
2K ’ 2k Tk

Sketch of the proof. Inserting hg into matrix element (v, |V, (v, ) X; 1(z)holvs k) we

can fix the dependence of Wy ; (y, z) on y.

Yo A+ 1:y,2) =y fo2), Wi Aa+1:y,2) =y fi(x), (4.46)

where p = %(A—u+v+1).
Then KZ equations (4.43) in terms of fy(z), f1(z) have the form

a=(ay,ar,az) = ( ). (4.45)

, A -2 + 1
OERE) (27 T ) he—— (4.472)
, —A2—=2 v=2(p—-1
kf1(z) = fo(z) (—1 - —> + f1(2) ( PR T ) . (4.47b)
After simple calculation, we get the result. O

Note that we normalized conformal blocks above such that the leading coefficient in
X, z/x expansion is equal to 1.

4.6. Coset decomposition and conformal block relations  Now, we are ready to come
back to coset construction. The vector U, ,(x, z)ul(k) would be a tensor product of

Virasoro and s 51(2)-chain vectors since the operator Z/{U » s a primary field for Virc®! g
5[(2),k+ 1. A chain vector in each summand of (3.1) would be a tensor product of Virasoro
and s[(2)-chain vectors. We fix normalization of such products by

b; P(v)+nb k+1,v4+2n
<WP(A)+1b,P(M)+mb(Z) ® W2l pivam (X5 2, ”m(“)>
o
— ||M (/»‘L)Hz A(P(;,L)) A(P(v))— A(P()L)) ‘7 m+n+l. (448)

Then, the following proposition is just a reformulation of the definitions of C mand (s V, A)
and B} () given in formulas (4.5) and (4.23) above.

Proposition 4.23. We have

~ - Conni (1, v, 1) by P(v)4nb k41,0420
U, n(x, 2)itr (2) = Z lam 2 Wb ooatb, P oy+mb @D O Wi iom (X5 2),
nez

(4.49)
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B; (M) b, P12 (b) K11
b(x, )iy (L) = — 1w Vet Poias D OWH1 o (3, 2),
Zﬂ liizes 2 Q)7 POIHD PGS w2l

(4.50)

where P(L) = Pgxo (M), b = bgko.
4.6.1. Recurrence relations Consider the four-point conformal block of the form
(0 (0, (1, D b, 2) G0, (4.51)

Due to Proposition 4.23, it decomposes as a linear combination of Virasoro and ;[(2)
conformal blocks. According to Proposition 4.12, these are conformal blocks with the
presence of degenerate fields. Therefore we get

Corollary 4.24. The four-point conformal block with presence of fields b(x, z) has the
form

ém,n,l+s/2(,us v, )\)Bls()")

(it (1), Uy (1, Db(x, 2) (1) = ) T

sexl
XEy (B PO) -+ 10+ sb/2: 2) Wit (g 2+ 20 +5:.2,2) (4.52)

where
- = (P(A) +1b, P(v) + nb, P(u) + mb), )i; =A+2l,v+2n, u+2m). (4.53)

The Virasoro and ;[(2) conformal blocks appeared in the formula (4.52) are given in
Corollaries 4.18 and 4.22 correspondingly (with y = 1 in the latter). Therefore we get

F, (ﬁf, PG +1b+b)2; z) Wiy (X,«, A+2+1:x, z) -

(2F1@l002F1 (= ~ Flo) =12 Fi@+ (1,0, Do Fi(= = 7lo) - (4.542)

l+r3

Fp (P~ PGV +1b— b)2; z) Wist (,\ A+2—1:x, z) — (1 =2y

(‘;23 112F1(1a|z)2F1(1( G—P)) +x2F (F@+ (1,0, 1)|2) 2 Fy (F(— a—r)lz)) (4.54b)

where
A+2l —p—2m+v+2n+1 1
a po2mavt2ntl) ri=—l+m—n—=,  (4552)
2+ 1) 2
A+2l+u+2m+v+2n+3 1
a2=( w+2m+v+2n )’ rh=—l—m—n——, (4.55b)
2+ 1) 2
A+20+1
s — ( ). ry=—20—1. (4.55¢)
Kk+1

On the other hand, it follows from the definition of b(x, z) in formula (2.51) that the
action b(x z) on i; (1) is given by Laurent series in z for / € Z and by Laurent series in
z times z!/2 forl € Z +1/2. Similarly singular part of OPE of b(x, z) and UU (1, 1)1s
either Laurent polynomial in z— 1 if n € Z or Laurent polynomial in z— 1 times (z—1)1/2
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for n € Z + 1/2. In any case, after factoring out the term (1 — z)%(’”’”*”)z% we
get a linear combination of products of » F; hypergeometric functions which has trivial
monodromy in z and can have only poles at z = 0, 1, co. Hence it is a rational function
in z. This gives strong restriction on the coefficients in this linear combination. Namely

~ 2 ~_ ~
I, 1 O™ BZ (M) Connt—1/2 (s v, 1) a2 — a3
||171,%()»)||2 B () Coner o, v, 1) a3 —1

= pr(@) (4.56)
where pjy(a) is a coefficient found in Proposition A.2. Using Corollary 3.18 and Propo-

sition 4.13 after straightforward computation we get a recursion formula.

Proposition 4.25. We have
Copnt— 1 (1 v, 2)
Cm,n,l+% (1, v, 2)

l—l 2+A+;L+v 1,— A— ;L+v 1,— A+y, v
S —l—m— n+1(_ ) —l+m— n+](_ ) —1— m+n+](_ )

_ ( 1)—l+m n—7

-1

7A+M+v A+1 g A+1
l—m—n+é( )5_21+1( ==)s _2]’(( =)

(4.57)

This finishes the proof of Theorem 4.5. Recall that the function s stands for the product
over the segment and was defined in formula (3.48).

4.6.2. Conformal block relations and blowup equations Consider now the conformal
block of the form

(70G10), T 01, D Tz 0, o)) (4.58)

Note that the ;[(2)1 part of the vectors ug(1t4), uo(@1) and vertex operators Z:{Jm,o, Z:lvuz,o
are trivial. Hence this conformal block is equal to W, (f, A; x, 7). On the other hand, we
can use decomposition (3.1) and write

C . 143, M) Cro.0(h, 12, R
0,0, (L4, 3, L) Cr0,0(A, 2 ltl)war1 (i d+ 20 x.2)

Wy (i, A x,2) =)

= lla; (M)
By (P, PG +1b:2), (4.59)
where
= (P(u1), P(n2), P(13), P(ra)), i = (i1, 1o, 13, [A4). (4.60)

Due to AGT correspondence the function Fj, is equal (up to simple U (1) factor) to
Nekrasov partition function for SU(2) theory with Ny = 4 [AGT10] and the function
W, is equal to Nekrasov partition function for SU (2) theory with presence of a surface
defect [AT10], [Nek17], [NT22]. In this geometric language the relation (4.59) is a
blowup relation with the presence of the surface defect, suggested in [Nek24], [JN20]
(equations without defect were proven by Nakajima and Yoshioka in the seminal paper
[NYO5]).
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Remark 4.26. Note that in relation (4.59) the coefficients are given by rational functions,
essentially the products of triangle functions t. It appears there is another normalization
of conformal blocks in which these coefficients are equal to one. On the gauge theory
side, the corresponding Nekrasov functions are called full partition functions. This is
actually normalization used in [Nek24], [JN20], for the blowup relation without surface
defect see [NY04, sec. 4.4]. We briefly recall some choice of such normalization in
Appendix B.

As another example let us consider one-point torus conformal blocks defined as

UGN x ) =T (g VD) [y FETPL PG ) = Tr (42004 ())
I,y - (4.61)

Then we have

1_[31021(1 —q™)

_ Z Cros(h, v, 2)
[, (1) )17

n% . .2n
X D, 7@ M), QD) ~
(Z%L) \Ij}(or(v’ )"’ X, q) =Tr (qLO +LO th +h0 Z/{V‘O(x’ Z)) |£0,1®Mk,k

W (v, A+ 20 x, QF (P (v), P(A) +1b: ).
leZ
(4.62)

see character formulas (2.23). Same as above, due to AGT correspondence this can be
viewed as a blowup relation for SU (2) theory with adjoint matter with the presence of
the surface defect.

Clearly one can generalize such relations for more point conformal blocks on sphere
or torus. In the next section, we will also consider Whittaker limit of these relations.

5. Kyiv Formula for Painlevé III3 Tau-Function

In this section we deduce Kyiv formulas for the tau function from the coset (or blowup)
relations (4.59) closely following [Nek24], [JN20]. We restrict ourselves to the case
of Painlevé III3 which corresponds to Whittaker limit of conformal blocks. First, we
recall Hamiltonian of the Painlevé III3 and show the relation between tau function and
generating function of canonical transformation. Then we define Whittaker vectors and
Whittaker limits of conformal blocks. The Whittaker limit of s[(2) conformal block
satisfies the non-stationary affine Toda equation. In the classical ¥ — oo this leads to
solution of Hamilton-Jacobi equation for Painlevé 1113 Hamiltonian. Taking the classical
limit of relations (4.59) we get the Kyiv formula.

5.1. Generating function and tau function for Painlevé IIIs  Recall some facts about
Hamiltonian mechanics (see e.g. [Arn13] for the reference).

Consider extended phase space with coordinates (x, p, z) where x is a coordinate, p
is a momentum, and z is a time. The degenerate Poisson bracket is defined by {x, p} =
1, {x, z} = {p, z} = 0. Hamiltonian dynamics is defined by one function which is called
Hamiltonian H (x, p; z) and differential equations called Hamilton equations

dp oH dx oH
— =—— ;o — = — . (5.1
dz 0x bz dz ap vz
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Here and below by additional indices in partial derivatives, we emphasize the variables
that are considered to be fixed.

Assume that there is another pair of functions ¢, § on the extended phase space and
a function S(x, «; z) such that

MY BN
p= (al,; A== (@)m’ 62

and Hamilton-Jacobi equation holds

N as
<8—Z)a’x +H (.X', (a)a’z ; Z) = V. (53)

The function S(x, «; z) is a called a generating function of a canonical transformation
from coordinates (x, p, z) to («, B, 7). The following result is standard

Theorem 5.1. In the assumption above, the Hamiltonian flow equations are equivalent
to the condition that o, B are integrals of motions, i.e. 0o = 3,8 = 0.

Proof. Equations (5.2) and (5.3) imply that
n=pdx — Hdz = Bdo +dS. 5.4)

The Hamiltonian equations (5.1) correspond to vector field in the kernel of 2-form dn
in (x, p, z). In the («, B, z) coordinates the kernel of dn is given by the vector field 9.
O

The Hamiltonian of the Painlevé III3 equation has the form (see e.g. [GIL13])

1
H = Z(xzp2 —x7'z —X). (5.5)

= H(x, p; z)iscalled Painlevé

dl
Definition 5.2. The function t (x, p; z) such that ;)g i
b4

III3 tau-function.

It appears that there is a simple relation between generating function S satisfying the
Hamilton-Jacobi equation and Painlevé 1113 t-function. Similar relation for the Painlevé
VI case given in [Nek24, sec. 4.3], see also [IP16, sec. 7].

Proposition 5.3. Suppose function S(x, «; z) satisfies Hamilton-Jacobi equation (5.1)
for Painlevé 113 Hamiltonian, functions B, p are defined by relations (5.2) and functions
o, B are integrals of motion. Then

aS aS
logr =8 —aff —4z <—> —2x (—) . (5.6)
0z /) g x 0x /4 .

— S s
Proof. Letusdenoteby F = S —aff —4z (3—2)(“ —2x (ﬁ)
Then

oF a5 oH 0
(), (3 e () (22, -
0z a,B 0z a,p 2/ ap 9z a,B

=S—af+4zH —2xp.

o,Z
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oH oH oH
=3H +4z| — +2x [ — —pl|— =H, 5.7
92 / px x /. 0P /xz

where we used

as as N ox oH
— = | — + | — — =—H +p\— . (58)
0z B 9z ax ax .z 0z B ap .z

and formula (5.5) for Hamiltonian. O

5.2. Whittaker limit of three-point functions

Definition 5.4. The 3\[(2) Whittaker vector W)]f (x,z) € M, is a vector defined by
relations

oWk (x,2) = xWE(x,2), fAAWE(x,2) = 2x WS (x, 2). (5.9)

Definition 5.5. The Virasoro Whittaker vector Wﬁ, (x,z) € Mp p is a vector defined by
relations

LiWh(2) = zWh(2), LaWh(z) =0. (5.10)

Proposition 5.6. (a) If 1, k are generic then there exists a unique up to constant ;[(2)
Whittaker vector, moreover (W)’f (x,2), Ux,k) # 0.

(b) If P, b are generic then there exists a unique up to constant Virasoro Whittaker
vector, moreover (Wl;, (2), UP,b) # 0.

Proposition 5.6(a) follows from the fact that for generic values of parameters Verma
module M,  is irreducible. Hence the Shapovalov on it is non-degenerate and any
eigenvector of the nilpotent subalgebra 7 can be found uniquely up to normalization in
the completion M, . The proof of Proposition 5.6(b) is analogous.

On the hand we can consider limit of chain vector and get the Whittaker vectors

lim ZA1+A2x(—A1—A2)/2W)/fi?»§3()\z—lx’ 252 = WE (x, 2), (5.11a)

2

Jim AHAWER (P %0) = W, (). (5.11b)
\ :

Using this limit description we can first define the Whittaker limit of conformal blocks
(taking the limit of formulas (4.40), (4.32))

Definition 5.7. The Whittaker limit of 5:\[(2) conformal block is defined as
. _ k k
W0 x, 2) = (WEAL D W, ), (5.12)

Definition 5.8. Consider the Whittaker vector W(z) € Mp ; then we define Virasoro
Whittaker conformal block by formula

Fp(P: 2) = (W (1), Wh(2)). (5.13)
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For the coset decomposition, we can take a limit of decomposition (4.49) and get

1
v @ W(x,z2) = — -
;z: el L 1, 0012

W 50152 @ Wh 1 (x. 7). (5.14)

Here the tensor product of Whittaker vectors W?, O0+lb 2)® W)]\‘ o (x.2) €

Mpiipp ® Mjysaik+1 is normalized as

(Wi(z) @ Wix, 2), iy (W) = [liig (M) |2z AP OIDH2 ~1=072, (5.15)

c.f. normalization of chain vectors above (4.48). Taking the scalar product of decompo-
sition (5.14) (or taking the limit of conformal relation (4.59)) we get

Theorem 5.9. There is a relation on Whittaker limit of conformal blocks
1
Wi 2, =Y

1
Tk (A Tk Al
12 t_y" (St ()

Ep(P(A) +1b; 2) Wit (A + 215 X, 7).

(5.16)
5.3. Kyiv formula
Proposition 5.10. The function Yy (1; x, z) satisfies Toda differential equation
1
28, WA x, 2) = ;(zx_l +x+ x28§>\lfk(k; X, 2). (5.17)

Of course, this is just a Knizhnik-Zamolodchikov equation in the Whittaker limit.

Proof. Recall that by Sugawara construction (2.15) we have
1 1
Lo = 5(eoﬁ) + foeo + Eh% +2e 1 fi+2f1e1+h_th)+.... (5.18)
Inserting L into the formula for the conformal block we get

20, W (A x, 2) = WE(1, 1), Lok (x, 2))

—2x0,(—2x0y +2)
> Wi (A x, 2). (5.19)

1 —1
= —(2x+2zx" " +
2K

The proposition is proven. O

Let us consider the limit x — o0. The conformal block has asymptotic behavior of
the form

log Wi (—20k; —xk2, zk*) = —kS(o; x,2) + So(o; x, 2) + O(1/x),  (5.20)

where S(o; x, 2), So(o; x, 7) are certain functions that do not depend on k. The following
proposition follows directly from the Toda equation (5.17).

Proposition 5.11. The function S(o; x, z) satisfies equation

— 20,8 = x2(3:8)? —zx ! —x. (5.21)
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Note that the equation (5.21) coincides with Hamilton-Jacobi equation (5.3) for Painlevé 113
Hamiltonian (5.5).

__ Now we take the classical limit of the coset decomposition. Note that the algebras
5[(2)x and sl(2)+1 are both become classical. On the other hand, the coset Virasoro
algebra in this limit has » = —i and central charge ¢ = 1.

Theorem 5.12. Tau function for the Painlevé 1115 equation has the following expansion

1
(0, Biz) = E —— PFi((o +D): 2). (5.22)
lez. téio(—20)2 1

The formula (5.22) is called the Kyiv formula, it was first conjectured in [GIL12],
[GIL13]. There are several other proofs this formula, namely [ILT15], [BS15], [GL18a],
[GL18b]; as was mentioned above here we follow the logic of [Nek24], [JN20].

Note that usually coefficients in the Kyiv formula are written in terms of Barnes G-
function. However, after a certain redefinition of variables, these coefficients can be made
rational, see e.g. [BS17, eq. (3.9)]. In the formula (5.22) we also used rational coefficients
té’lo(—Za)z. It appears they are equivalent to the ones used in loc. cit. via additional
change of variables. If we started from the conformal block in full normalization (see
Remark 4.26 and Appendix B) we would get Barnes functions without extra changes of
variables.

Proof. We take k — oo limit of the relation (5.16). For the left side we use expan-
sion (5.20). For the s1(2) conformal blocks in the right side we have

log W(—20k + 20,k + 1; —xx2, zk*)

K l K \2 K \4
=—(K+1)S<U<K+1)—K+l;x(K+1) z(m) )+So(0;x,z)+0(1/fc)
=—(k+1—-10y —00y; —2x0y —420;)S(0;x,2) +So(0o;x,2) + O(1 /). (5.23)

Therefore the leading divergent contributions of the left side and right side are equal to
exp ( —«S(o; x, z)) and cancel. In the subleading order we get

e(l—ai)a—2x3x—4z81)5(0,x;z) — Z = 1 e—lE)US(o;x,z)Fl(i(O_ +0):72). (5.24)
1z ta (—20)°

Let 8 = —0,S(o, x; 2), p = 0xS(0, x; z). Now we can apply Theorem 5.1. Namely
we know that § satisfies Hamilton-Jacobi equation and assume that o, 8 are integrals of
motion, then x, p satisfy dynamics (5.1) with Painlevé III3 Hamiltonian. Furthermore,
by Proposition 5.3 the left side is equal to the tau function. Putting all things together
we get formula (5.22). |

6. Selberg Integrals

In this section, we use free field realization of vertex operators and matrix elements
calculated in Theorem 4.5 for the computation of Selberg-type integrals. In Sect. 6.1
we prove the formula for operator U, , (x, z) in free field realization. This formula can
be viewed as an operator analog of the formula for the highest weight vector u, (v). In
Sect. 6.2 we use this formula for the computation of Selberg integrals. In Sect. 6.3 we
rewrite the answer as a product of Gamma functions, find constant term identity, and
compare particular cases with identities from [For95] and [KNPV15].
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6.1. Integral representation of vertex operators ~We want to find an analog of the
Proposition 2.27 for the primary fields U, , defined in formula (4.2). A bit informally
one can rewrite Proposition 2.27 in form

N
nwa= [ e = swan 6.1
0<ty<--<f1<z i=1
if —u+v+A =2N, N € Z>o. The v-th power is well defined since y (z) is commutative
and we can write x-expansion using binomial formula.

Theorem 6.1. Assume —p+v+A = 2N, where N € Z=q and suppose thatn < 0. Then
we have

Uy (x, 7) = ¢80 :e"V20@. 1y () —Dgo 3 (" + 2”>xroffvv )(2). (6.2)
- :

r>0

Note that the sign factor in formula (6.2) is just 1 for n € Z and coincides with the sign
factor in the definition (2.51) of by(z), b1(z) forn € Z + % This formula can also be
rewritten in form

Uu(x,2) = / (e7e0 cenvece: (—1)"h51)(hél)_l)ego)(1 oy () e ),

Osty=-=n=z

N
x ]_[ S(t;)dt;. (6.3)

i=1

Example 6.2. Using the formulas (4.3c) and (6.1)we get

1
Us-1205.2) = (BIEV(x.2) = ~(b02) +xb1(2)3 Vo (x. 2))

N
= [ (6@ -ner@)a+ay @y e swan

0<iy<-<11<z i=l

N
- / <e—80b1(z)eg0)(1 ray @) e O [ sandn. (6.4
O<ty<--<tj<z i=1

So we proved formula (6.3) forn = —1/2.

Theorem 6.1 can be viewed as an operator analog of Theorem 3.7. We had two proofs
of the latter, one based on explicit computation and another one based on the operator
1(z). Similarly, one can expect two proofs of the Theorem 6.1.

There is a simplifying step that is common to both proofs. Namely, it is sufficient to
prove formula (6.2) for N = 0. Indeed, any vector in u € L; ® M, is a descendant
of the highest weight vector. Therefore the corresponding field Y ® Y(u)) is obtained
by action of e (z), KV (z), fW(z), j = 1,2 to the field corresponding to highest
weight vector i.e. V, (x, z) or b(x, z)V, (x, z). However, / S(t)dt commutes formally
with e (z), (), fP(z), j = 1, 2, therefore commutation relations do not depend
on screening insertions.
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First proof of Theorem 6.1. Let U, ,(x, z) denotes the right side of the formula (6.2). It
is convenient to decompose the proof into three steps.

Step 1.
Operator U, ,(x, z) satisfies the following commutation relations

[e,A, Uyn(x,z)] = zr(—x28x + (v +2n)x)U, »(x, 2), (6.52)
[h,A, Upn(x,2)] =7 (=2x0x + (v + 2n)) U, ,, (x, 2), (6.5b)
[f2, Upn(x,2)] = 28y Upn(x, 2). (6.5¢)

It is sufficient to check commutation relations with ¢ and f. Recall that we have
Lemma 3.11 that states

efet (w)e™* = p(w), e fAw)e " = fAw)+hV(w)y W) +y'w). (6.6)
Hence it is sufficient to compute commutation relations of the right side (6.6) with

1) (D) v+2n
eS0U, n(x, 2078 =V, ,(x, 2) —: V2@, (_pynh (g’ =) Z ( )xpog,q),, (2).
p=0

6.7)

For the commutation with g, only O;O_)U (z) are important. Hence using (2.53a) we
have

2 2
53 (o] = S en(S 2 )0

p=0 p>0

=2 (= 20+ w+2mx) 3 (U ;2n>x,,0g?u @. ©68)

p=0

Hence (6.5a) is proven.
For the relation (6.5¢) note that

[)/r, V]),n(x, Z)] = Oy [h;(~1)’ Vv,n(xy Z)] = Zrznvl},n(-x’ Z)’ [fr(l)’ Vv,n(xs Z)] = Ov
(6.9)

where in last commutator we used n < 0. Therefore

D e Vo, 91 = 220y (Vo (. 2). (6.10)

It remains to compute (using (2.53c))

03 (o] = o (om0

p=0 p>0

= (8 - 2072) (3 (” -;2n)x”(9§)0;)v(z)). (6.11)

p=0
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Putting all things together we get (6.5¢).
Step 2. We want to show that operator U, ,(x, z) is a field, i..e. belong to the image
of Y ® Y. In case of x = 0 the space of fields is generated by
PO [aglemVO 1y =D @ pOag. p.y]em"D . (6.12)

where PV, P@ are two differential polynomials (c.f. formula (2.42)). The space of

fields for arbitrary x is obtained by conjugation by e*/ ¢". But due to relation (6.5¢) we
have

Upn(x, 2) = %0 U, (0, 2)e ™0, (6.13)

so we are done.

Step 3. The space of fields can be identified with the space of states L; ® M,,.
We know that U, ,(x, z) is a field, in Step 1 we showed that the corresponding vector
is the highest weight vector for s[(2),4+; with highest weight v + 2n. Moreover, it is
straightforward to see that the corresponding vector has a conformal dimension equal
to the conformal dimension of u,, (v). There exists only one up to proportionally vector
with this property in La(,) ® M,,. It remains to check the normalization. O

Sketch of second proof of Theorem 6.1. It is convenient to decompose the proof into
three steps.

Step 1’. Consider v = 1, u = A+ 1. As a particular case of the Example 6.2 we have
e
U, —12(x,2) = (e_gobl(z)ego)emw(Z) =1(2) (6.14)

where I (z) is defined by formula (3.29) and we used Proposition 3.13, c.f. Example 4.7.

Step 2’. One can use the associativity of the operator product expansion in the form

Y(v2|x, 2)Y(vi ]y, w) = ﬂ:Y<Y(v2Ix =y, 2 —wvy|y, w>. (6.15)

Since we work in free field realization, the associativity essentially follows from the
similar properties of the lattice algebra Lo 1, 8 — y system, and the bosonic field ¢. We
omit the details.

Step 3’°. Recall that we can restrict ourselves to the case without screenings, i.e.
N = 0. We prove formula (6.3) using induction on n. Assuming that the formula is
proven for n let us prove it forn — 5.

It was shown in Proposition 3.14 that

Up_1/2(x, Dup () = (=1)"@= D70k (un_%(v +1)+ 0(z)). (6.16)
Therefore, using associativity we get

Uy g 5 DU (3, w) = Fz = )0 (U, 0ow) + 0 (2= w)
(6.17)
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On the other hand, we can explicitly calculate the left side
ul,_% (.X, Z)ul),ﬂ (ya w)
= e 89h(z)ed? :eﬁ(m): (e_go eV 2(w). (—1)”"8)(}15‘)_1)6“)

=+(z - w)d("%k)((e—go (= V2p(w). (_1)(”—%)h(()1)(h(()l)—l)ego>

2Ly
(L yy ()2 e 2™
+0 (z — w)) (6.18)

So, we are done. O

6.2. Integral LetN € Z>¢,l,m,n € %Zzo suchthat/+m+n € Zand!+m+n < N.
We want to compute integral

1 1N
S @ By g):/(; /o l_[t;’"](l —1)P! 1_[ Ity —1;]%8
i=1

1<i<j<N

l+m+n

(H(l—ti)‘—z"t;” I1 |tl-—tj|2)dt1-~-dtN (6.19)
i=1

1<i<j<l+m+n

Note that S(])\,/O,O(O" B, g) is a standard Selberg integral, see e.g. [FWO0S].
Theorem 6.3. The Selberg-type integral (6.19) is equal to

Srf:{m‘l(a, B.g) = (_1)(l+m+n)(l+m73n+l)/2S(I)\YIO’O(O(, B.g)I +m+n)!
S B+ (N — D)t b8 (1 —a = Ne)t 7S (~(N+Dg)t 8, (1 —a—p— (N —1g)
tyf1—a—B— QN - Dty (1 -t (B —g)

(6.20)

Recall that the function t denotes the product over integer points in the triangle and
was defined in the formula (3.47). Note that the overall sign in formula (6.20), which
was a kind of difficulty for the three-point function above, here can be specified by the
positivity of integral for big real positive values of «, 8, g
Proof. Let us express C‘m,n,l(p., v, A) as an integral. Assume that m € %Zzo, n,l €
%Zso, and %‘)” = N € Zz>¢. Using Theorems 6.1, 3.7 and Remark 3.25 we get

(1 (). U1, 1D 100

V+2n _ () () _
=Z< r ><”'"‘“)’eg°(e 0 12 (1) B e o) (1) )e~0u, (1))

r>0

+2 OO v
=2 (U r n) / (om0, (7 (1) 2eV20D; (—yho 07D 7m0

rz0 O<ty<--<n<l1
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N N

[Tetste v (x)) [T 6.21)

i=1 i=1

~ _2
Recall that §(r) = e®S(1)e™%0 = (B(1) — eV29 0y ¢ %" see formula (3.53).
Then we can rewrite integral in the right side

/ <”m(ﬂ), (Vr(l) -eV26(), (—1)"}’8)”’}’”71) :eﬁ‘p(”»

O<ty=<--=<t =<1
N 5 @ N
. — =
[Tse—:e¥20@: ey 6o} [T an
i=1 i=1

— (_])N—r+4n(m—n)(m—n—%) Z (Um (), )/r(l) :eﬂﬁ(b(l): :eﬁw(l):

1C{laNY gapy <y <1

N N
< [T((1 = 8ienB) +sier V@) T,y o) [T (6.22)

i=1 i=1

The matrix element vanishes unless the number of g is equal to the number of y.
Therefore we can assume that |[/| = N — r. Furthermore, in order to have non-zero
scalar product in s[(2); weneed m = n+|I|+1. Hencer = N —m +n +1[ and we have

N
<Um (W), y" (1) "V, e 7D, I1 ((1 — Sie)Bti) + Siy eV 2P ) :

i=1

—2 o
e Jﬁ(p(t’): vl(k)>

N A
—% _r_ 2
=0 a-mt [T =)
i=1 I<i<j<N

Htizz(l_ti)znﬂ 1—[ (t,'—tj)z. (6.23)

iel ijel i<j

Now we can replace (#; — tj)% by [t; — ;] Z and the integral domain by a cube [0, vy
with additional factor N!. Then the value of the integral does not depend on the choice

of I and we can assume that / = {1, ..., N — r} with additional factor (1;’ ) Finally we
get integral (6.19), namely

ém,n,l(u“a V, )") _
TGO = - UL D 1)

] () N R Sy S SURE I}

N—m+n+l)m—n—0" —mmt K K K
(6.24)

Therefore we get

Sl—vn,m,—l (_% + 1’ _%’ )

N A v
$0.0,0 (—e+1L -2
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C~‘m,n,l(V"')‘«_ZI\’» v, A) (m—n-—1)!
Co.0.0(v+A=2N, v, 1) i )12 i (v)||?

-1
X(v)( v +2n ) 6.25)
N)J\N —m+n+l

It implies the result. O

— (_1)4n(m7n)(m7n7%)

Remark 6.4. Similarly, for n = 0, one can use bosonization of the vertex operator given
in Proposition 2.28. Then we get a relation

N A 2 1 ~
Somt (e D52 e) L = D! Ca0aGmvm2=2N v ) o
oo (—k +1. %27 la () 11? Co.0,0(—v—2-2N, v, %)

One can view this as an additional check of the agreement between three-point functions
formula (4.8) and Selberg integral formula (6.20).

6.3. Symmetries, constant term, particular cases  Note that the right side of Selberg
integral formula (6.20) agrees with the natural symmetry of the integral

Srlz\,]m,l(a’ B.g) = Sl]-ve—l/Z,m,n—l/Z(lB7a’ 8) (6.27)

There are also additional symmetries which are not clear from the integral form but
follow easily from the answer (6.20)

Sy mi (@ B.8) (L 1y e SN (e l—a—B—2(N—1)g.g) 625
800,00 B. 8) SYoo@ 1 —a—p—2(N—1g.g)
Srlt\,]m,l(a’ ﬂ’ g) . (_1)(2m—21—1)(n+m+l) ‘S‘rIz\,[l+1/2,m—l/2(1 - /3 —2(N — 1)87 /38)
50000 B, 8) SYoo(l—a — B —2(N — Dg. B.g)
(6.29)

Since S(/)\f 0.0(@: B, &) is the standard Selberg integral, formula (6.20) actually gives

an explicit answer for Sflv m1(@ B, g). This answer can be written in terms of gamma
functions. To present the answer in a more manageable form, we will use notations

N—1
T(a+je+ljon-r(j—(N = R)+1j2,(j=2r)) if R >0,
j=0
N—R—-1
GNRr(a,8) = T (a+jg+1 <2 (j—2r)) (6.30)
j=0 .
N_Ro1 if R <0,
T (a+jg+(j—(N—=R))
L Jj=N
B —1
[1 T(e+jg+R+j)
k] itR >0,
N—-1 . i
GN.rrla, g) = /:Em T(a+jg+1jon 2 (j+2r —N)) (6.31)
N—-1
HF(a +jg+Ljc RG+R)+Ljun—o(j+2r — N))‘1 if R <0.
L j=0
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Corollary 6.5. The integral 6.19 has the from

(1+ (G +Dg+1joN—mi—n(j—N+m+l+n))
I'(l+g)

SN (e, B, g)—F(l+m+l+n)1_[

j=0
GN,m+n—l,l(aa g)GN,I+m—n+l,n—l/2(,3s g)GN,m—n—l,m(a +B+(N—1)g, g). (6.32)

Example 6.6. Consider particular case [ + m +n = N. In this case, the integral becomes
the standard Selberg integral with shifted parameters

rlN —n— ll(a /3 g) / ‘/(; 1_[ [a 1= 2[ ti)ﬂ72n

1<i<N

1_[ |t — t;1%%2dty - - - dty
<Jj=N

Fa—=2l+jg+1)I'B+1—-2n+jjEg+I)A+G+D(g+1)
FMoa+B+1-21—-2n+(N+j—1(g+1)I'Q2+g)

1

I ::]2 2

(6.33)

It is straightforward to compare this with the formula (6.32).

Example 6.7. Another simple example is m = 1,/ = n = 0. In this case, the integral
reduces to the very particular case of the Aamoto integrals [Aom87] and we have from
(6.20) that

N —1

Using the standard argument (see e.g. [FWO08]) the evaluation of the integral (6.19)
is equivalent to the computation of the constant term

mysl @ =CT.| [ a—xpra—1/xp® J] (—xi/xpe

1<j=N I<i#j<N
( TT a-xp“a=1p” [T a=x/xp)|. (6.35)
I<j<N’ I<i#j<N’
where« = -b—(N—-1)g, B =a+b+1,N =l+m+n,ad =m—n—1,

b’ =1+ 1—m — n.In order to have Laurent polynomial we assume that a, b, g are
non-negative integer numbers and N, a’, b’ satisfy conditions

0O<N <N, =N <d' <N, 1-N <b<1-d, a+b+d +b >0.
(6.36)

Note that the constant term (6.35) has obvious a <> b, a’ <> b’ symmetry which
corresponds to [ <> m symmetry (6.29). The following result follows from Theorem 6.3
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Corollary 6.8. The constant term (6.35) under conditions (6.36) has the form
b b
My (8) = Moty (9)N!

1 —1 —1 —1
t by (—a—b—gN)t_ f(=b)t_yf (—(N + Dg)t”*(—a)

T, -1, T,
t 8 (—a—gN)t % (=b—gN)t” )%, (—a —b)

(6.37)

Note that Mév (’)”(’)b (g) is the Morris constant term, so the formula (6.37) gives an explicit

expression for M }I\Y/’“[l’,bb/ (). Since now all parameters are integer numbers the rational
functions on right side sometimes (6.37) require some care because naively they can
lead to 0/0 indeterminacy.

Example 6.9. In the case a’ = b’ = 0 the constant term (6.35) coincides with the one
conjectured by Forrester [For95] and proven in [KNPV 15, Th. 6.2] (more precisely one
has to take ¢ — 1 limit of m = 0 case of this theorem)

My =CT.| ] a—xpra—1xpb [] a-xi/xpt

I=j=N I<i#j=<N
[T a-xi/xp
1<i#j=<N’
N-1
N,a,b /
= My 0,0 (g)N"! l_[
j=N—-N’

(@+b+gj+( =N+ NN NN (gt gj+(j = N+ NNV

- - . (6.38
@ri+ G — N+ NIV b+ gj+ (G — N+ Ny~ (039

where x V¢ = ]_[i-:é (x —1i).

Example 6.10. In the case a’ = 1,b’ = 0 the constant term coincides with another
particular case of [KNPV15, Th. 6.2], namely one has to take ¢ — 1 limit and set
no = n — m in notations of loc. cit

My @ =CT.| JTa-xpra—1/xp? J] a—xi/xp® [T a—=xp

I<j<N I<i#j<N I<j<N’
[T a—xi/xp
I<i#j<N’
N,a,b /
= Mp 0.0 (g)N'!
N-1

[ (@+b+gj+(G=N+N+D) NN (g4 gji 4 (j=N+N)H NV
(a+gj+(J=N+N+1)W- NN (bt gj + (j—N+N))H-N+V

(6.39)

J=N-N'
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It would be interesting to find a more direct proof of the constant term identity (6.37),
for example using the methods of [KNPV15]. Perhaps the conditions (6.36) can be
weakened.

Another possible question is whether the constant term (6.35) has meaning from the
point of view of the Calogero-Sutherland model similar to [For95].
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A. Monodromy Cancellation

Recall notations for hypergeometric function introduced in formula (4.34). Recall also
transformation / defined in (4.35). In order to write monodromy of hypergeometric
function we will need also transformations R and S

],éﬁ =(aj,a1 —az+1,a; —ax+1), 35 = (a2, a1, az). (A1)

These transformation are not independent, namely they satisfy relations I =RSR, R*=
$2 =1, (RS)* = 1. The group of transformations of R* which generated by R, 1,Sis
isomorphic to dihedral group Dihy, i.e. group of symmetries of a square. The following
proposition is standard.

Proposition A.1. There is a following identity for hypergeometric functions
2F1(dlz) = g@(=2) ™ 2 Fi(Ralz™") + g(Sa)(—2) "2 Fi(RSal: ™). (A2)

I'(a3)l'(a2 — ay)

where g(d) = m
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Let 7 = (r1, r2, r3) € Z>. Consider the following products of hypergeometric functions

HV (@l2) = 2 F1(@]2)2Fi (—=d — 7)), (A3a)
H;.(z) (alz) = z2+r32F1 (iZ“Z)ZF] (f(_a —7)[2). (A.3b)

Proposition A.2. Assume that a1, az, a3 are generic. Then the function
H:(@lz) = H" @ (@) H> @ A4
7(alz) = Hz "(alz) + pr(a) Hz™ (alz) (A4)
is a rational function of z with poles in 0, 1 and oo, if and only if

g(Sa)g(—a —7)

pr(@) = (~)M o e
9(S1d)g(I(—a — 7)) T(a3+2+7r3) ['(—a3+2)
Fa+1+r) I'(—ax+1) I'lap —az+1) IF'laz —ax+1—ry+r3)
['(ar) ['(—az —r) (a1 —az +r1 —r3) (a3 — a2)

(A.5)

Proof. Tt follows from the formula (A.2) that

HV@lz) = (~1) " g@g(~a — N 2 Fi(Ralz™") 2 Fy(R(—a — )|z ™) +

+(=1)""g(Sa)g(S(—a — )z 2 F1(RSG|z ™) 2 Fy (RS(=a — )|z ") +

+H=1) TN o (Sd)g(—d — Pz T G Fy (RSalz ™) 2 Fy(R(—=a — 7)lz ") +

+H=D)IT2 2 g(@)g(S(—a — 1)z T2y Fy (Ralz ™) 2 Fi (RS(—a — 7)1z 7Y, (A.6)

HP (falz) = (=1 "> g(fayg (T (—=a — 1) 2 Fr(RIG1z™) 2 Fi (RE(=a — )z +

+(=1) T2 0($Ta) g (ST (—a — 7)) 22 2 F1(R8Ta|1z~Y) o FY (R8T (—=a — )|z~ 1) +

+H(— 1) TR TN 0 (§[a) g ([(—a — 7))z ™y Fy(RSTd|z™") o Fy(RI(—=a — )|z~ ") +

H(= N2 o ([N e (ST (—a — 7))z~ D+ 2¥2 , By (RIG|z~Y) o FL (R8T (—=a — )|z~ ).
(A7)

There is a correspondence between terms in right sides of formulas (A.6) and (A.7),
namely

2Fi(Rdlz" Do Fi(R(—a — F)|z7Y) = o Fi(RId|z Y2 Fi(RI(—d — P)|z7Y), (A.8)
2 F1(RSa|z~ 12 Fi(RS(—d — 7)|z~Y) = 2 Fi(RSTa|lz~ )2 Fi(RST (—a — 7)|z 7)),

(A.9)

2 F1(RSd|z" )2 Fi(R(—d — )|z~ = o Fi(RSTalz o Fi(RI(—a — )|z Y,
(A.10)

2Fi(Rdlz" Dy Fi(RS(—a — P)|z 7Y = 2 F1(RIa|z )2 Fi(RST(—a — 7)|z 7Y,
(A.11)

where we used

R=SRI, RS=SRSI, 2F (dl2) =2F (Sdlz). (A.12)
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Due to our assumptions, the third and fourth terms in the right sides of formulas (A.6)
and (A.7) should cancel each other. The cancellation of the third term gives

g(Sayg(—a —7)

pr(@) = (- (A.13)
g(Sla)g(I(—a —r))
and for the forth term we get

gUa)g(Si(—a — 7))

Using definition of function g(a) it is straightforward to see that these formulas are
equivalent and equivalent to (A.5).

On the other hand, the function H;(d|z) can have singularities only at z = 0, 1, oo and
these singularities are branching points. For p;(a) given by formula (A.5) the arguments
above shows that the function Hy(a|z) at z = 0, co can have only poles. Hence the
monodromy of Hy(a|z) at z = 1 is trivial. Therefore the singularities at z = 1 are also
just poles. Hence Hy(a|z) is a rational function. O

B. Three Point Functions

We basically follow [Nek18], see also [NYO04, App. EJ.

Let x be a (probably infinite) sum of terms of the form e~ 7§, where T is a formal
parameter. By conjugation x* we denote operation which acts as e ™6 > e’¢. Let us
introduce the function (plethystic exponent)

d 1 0 dt
E = — ls=0—=—"— —15y* . B.1
[x] eXp<dsI ) A tfx) (B.1)

Then for any finite sum we have

E [Z LY ef”f] - % (B.2)

Using the definition (B.1) the plethystic exponent can be also defined for the infinite
sums (under the certain restrictions in order to ensure convergence).
Let us introduce functions

Vi )
CY'"(uy, u2,u3;q1,q2)

1 1

2.2 2 2 -1, -1 —
=E|:qlq2(u1u2u3—uz—u3)+u1u2 Uy +u

u2u3_1 + urlu;1u3 — ul_z
(I =gl —q2) ’

(B.3)

C*uy, uz, u3; q1, q2)

_E q%qz(u1u2u3 - u% — u%) + uluglugl + ufluzugl + uf]uglug — uf2
(I =g —q2) '
(B.4)
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Note that triangle function t introduced in (3.47) has following expressions

E |: qul — v + Uqg — v i| _ (—l)n(n+l)/2t61’62(—06),
=g —q2/q) A —q1/q2)(1 —q2) "
(B.5a)
E |:CI2 vq] -V vqg, — U ] — € Q(Ol ), (B.5b)
q (1 —qp(d —qz/cn) (I —=q1/q2)(1 — q2)

where v = €™, g1 = e™“!, g» = ¢"“2. Using this we have

Co' g, uag, usgls a1, a7 ' @) CVT (wrgh uagh usgh: a5 @)
Colur, ua, u3; g1, gy 'q2)CVir(uy, us, u3s 195 ', q2)

€1,€2 €1,€2 €],€2

€],€2

. e atartaz+e)t,  (a+ar—a3z)t’l, L (ar—ax+az)t’) 2 (—ai+ax+as)
2 Qa5 Qar + e)t52 (2a3 + €1)
-+ Cm,n,l(/Ju v, A) (B 6)

C0,0.0(t, v, Ml ()12

where in first transformation we used notations u; = ™, up = €™, uz = ', g =

e’ g» = €™ and in second transformation we used Theorems 4.5, Corollary 3.18,
and identification of parameters
€] 1 ap A oa nooas %

g - d_ 2 = =——. B.7)
€2 K €2 2k e 2k e 2K

The overall signs in formula (B.6) can be easily computed from relations (B.5), however
they are not illuminating and we omit them for simplicity.

Using these functions we can renormalize four-point conformal blocks. For the algebra
5[(2) we define it as follows

W, 0 x, 2) = (=D*C iy, ua, u's 1, 2)C°N (', w3, ug; g1, g2) Wk (i, 45 X, 2)
(B.8)

(7%

i oy =e™ g1 = e, g» = e 27, c.f. (B.7). For the Virasoro case we

where u; = e
define

B! (13, P'; z) = CV"(u1, uz,u'; q1, q2)CV" (W, u3, uas q1, q2)Fy (15, P'; z) :

(B.9)
where u; = exp(r(b+h — 1)), u = exp(r(b+b - — 1)) q1 = exp((mhl’l) ¢ =
exp((bzfl’:).

Note that this normalization factors satisfy relation

C*'(uy, uz, uz; q1, q2) = C*Nur, ua, uz: q1, gy 'q2)CV (uy, 2, uz; 195 ', 42).
(B.10)

The q1, g2 parameters here exactly correspond to coset relations, e.g. (4.59), Namely,
we take, g1 = €7, go = e 2**27 then for C*' on the right side parameters are e,
’2(“3)’ i.e. correspond toappend s1(2)x+1 and for CVI* parameters are 237 ¢ —2(k42)7
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i.e. correspond to Virasoro algebra with b = bgxo = —i,/ % Relation on parameters
u also agrees with relation P(L) = Pgxo (M) = —%bc KO-

Using this normalization and relations (B.6), (B.10) the (coset, blowup) relation on
conformal block (4.59) takes the form

W 2 x,2) = 3 W (i a2 x, 2) B (13, PO +1b: z) . (B.1D)
leZ

Similarly, one can renormalize conformal blocks and hide coefficients in other (coset,
blowup) relations, e.g. in (4.62) or (5.16).
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