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Abstract: We revisit the classical Goddard–Kent–Olive coset construction. We find the
formulas for the highest weight vectors in coset decomposition and calculate their norms.
We also derive formulas for matrix elements of natural vertex operators between these
vectors. This leads to relations on conformal blocks. Due to the AGT correspondence,
these relations are equivalent to blowup relations on Nekrasov partition functions with
the presence of the surface defect. These relations can be used to prove Kyiv formulas
for the Painlevé tau-functions (following Nekrasov’s method).
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1. Introduction

Coset construction Goddard–Kent–Olive coset construction is one of the most basic
and important constructions in the theory of vertex algebras. This construction can be
viewed as an affine analog of the decomposition of tensor product of representations
of sl(2). Let ̂sl(2)k denotes affine (vertex) algebra sl2 where central element acts by
number k ∈ C. On the tensor product of representations of ̂sl(2)1 and ̂sl(2)k+1 there is a
natural action of diagonal ̂sl(2)k+1. It was observed in [GKO86] that multiplicity spaces
have a natural structure of representation of the Virasoro algebra with central charge
c = 13 − 6( k+2

k+3 + k+3
k+2 ). Moreover, there is an isomorphism of vertex algebras (assume

that k �∈ Q)

̂sl(2)1 ⊗ ̂sl(2)k � ̂sl(2)k+1⊗Virc (1.1)

The sign ⊗ on the right side of this isomorphism stands for the extension by the sum of
degenerate representations. Due to this extension, each highest weight vector (primary
field) vλ of ̂sl(2)1 ⊗ ̂sl(2)k corresponds to infinitely many highest weight vectors ul(λ),
l ∈ 1

2Z of ̂sl(2)k+1⊗Virc. See decompositions (3.1) in the main text.
Usually in conformal fields theory, we start with computation of correlation functions

of primary fields. Therefore it is natural to ask for correlation functions of ul(λ). The
main result of the paper is a computation of a three-point function of ul(λ), un(ν), um(μ)

given in Theorem 4.5. To be more precise we compute a ratio of this three-point function
with the three-point function of u0(λ) = vλ, u0(ν) = vν, u0(μ) = vμ. The resulting
formula has a structure similar to DOZZ formula for the three-point function in the
Liouville theory [DO94], [ZZ96].

Motivations One of the approaches to DOZZ formula [Tes95] is based on the interplay
of two Virasoro algebras with the same central charge in Liouville theory, namely chiral
and antichiral algebras. Similarly, in the proof of Theorem 4.5 we use interplay of
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̂sl(2)k+1 and Virc symmetries in which relation between k and c is very important. It
appears that right side of (1.1) is a simplest case of corner vertex algebras Dψ

n,k [CG20],
[CDGG21]. We hope that methods used in this paper can be used to study more general
corner algebras, at least corresponding to sl(2). Another possible generalization is the
study of generic sl(2) coset of the form sl(2)k1 ⊕ sl(2)k1/sl(2)k1+k2 . In the last case, the
coset algebra is D(2|1, α) W -algebra [FS01].

Our first motivation was the study of relations on conformal blocks. Conformal
blocks of Virasoro and ̂sl(2) algebras are determined by the symmetry up to three-point
functions. Therefore, having found three-point functions we can now write relations on
conformal blocks, which have the form

�k(. . . ) =
∑

C · �k+1(. . . ) · Fc(. . . ). (1.2)

Here �k denotes ̂sl(2)k conformal blocks, Fc denotes Virc conformal block, . . . stands
for bunch of arguments on which conformal block depends and C is a coefficient which
comes from three-point functions. We omitted some elementary function that can come
from ̂sl(2)1 blocks.

Due to AGT correspondence the relation (1.2) has interpretation in terms of 4d su-
persymmetric gauge theory. Namely, the function Fc is equal (again, up to elementary
function) to Nekrasov partition function for SU (2) gauge theory and function �k is
equal to Nekrasov partition function with surface defect. The relation (1.2) itself takes
the meaning of the blowup relation [NY05], to be more precise this is the blowup re-
lation with the presence of surface defect suggested in [Nek24], [JN20]. Hence our
Theorem 4.5 gives the proof of blowup relations with surface defect (for SU (2) group).
Such method of the proof of blowup relations follows [BFL16], see also [ACF22].

It is worth mentioning that coset (or blowup) relations (1.2) have remarkable applica-
tion in the theory of isomonodromic deformations as was shown in [Nek24], [JN20]. In
CFT language this idea can be restated as a k → ∞ limit of algebras (1.1) or conformal
blocks (1.2). The algebra ̂sl(2)k+1 in this limit becomes classical, so we get vertex alge-
bra with big center [Fei17], [CDGG21], [FL24]. The spectrum of the center is the space
of sl(2) connections. The conformal blocks �k satisfy Knizhnik-Zamolodchikov equa-
tions which in classical limit goes to isomonodromic deformation equations [Res92],
[Har96], [Nek24]. Hence one got a proof of Kyiv formula for isomonodromic tau func-
tion [GIL12].

Note also one more application of our main theorem about three-point functions.
Namely, such quantities can be computed using free field (Wakimito [Wak86]) realization
of ̂sl(2)k . This leads to Selberg-type integrals, and as a corollary of the Theorem 4.5 we
found new integrals of this type. A particular case of our integrals is a Forrester integral
which was conjectured in [For95] and proven in [KNPV15].

Results and Plan of the paper In Sect. 2 we recall standard definition and properties of
̂sl(2) and Virasoro algebras, their representations, and vertex operators. For ̂sl(2) vertex
operators, we use both the definition by commutation relations [AY92] and the definition
by coinvariants, where the space depends on the choice of the Borel subalgebra at each
point [FM94].

In Sect. 3 we revisit GKO coset construction. The first result is an explicit formula
for the highest weight vectors ul(λ), see Theorem 3.7. This formula is written in free
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field realization, i.e. we consider Wakimoto representation of ̂sl(2)k .1 The existence of
the formula in free field realization is a standard feature in the representation theory of
vertex algebras, c.f. formulas for Virasoro singular vectors in terms of Jack symmetric
functions [MY95] or formulas for the highest weight vector in decomposition [BBLT13].

The next result is Theorem 3.15 in which the norms of vectors ‖ul(λ)‖ are computed.
The computation is based on the recursion which is derived using degenerate fields
I (z), J (z). In terms of left side of isomorphism (1.1) these operators are products of
spin 1

2 degenerate fields for ̂sl(2)1 and ̂sl(2)k , while in terms of the right side of (1.1)
these operators are products of identity operators for ̂sl(2)k+1 and �2,1 vertex operators
for Virc.

Section 4 is devoted to the proof of the Theorem 4.5. The idea is to consider a
four-point conformal block with an insertion of a degenerate field b(x, z). Essentially,
we mimic a standard approach to study theories with chiral and antichiral symmetries
[ZZ89], [Tes95], [Tes99], in purely chiral setting this was also used in [BS15]. The
inserted field b(x, z) in terms of left side of (1.1) is a product of operator of spin 1

2 for
̂sl(2)1 and identity for ̂sl(2)k , while in terms of the right side of (1.1) is a product of spin
1
2 for ̂sl(2)k+1 and �1,2 for Virc.

In the end of Sect. 4 we discuss relations on conformal blocks and blowup relations,
see formulas (4.59) and (4.62).

Section 5 is included for completeness. We deduce Kyiv formulas for the tau function
from the coset (or blowup) relations (1.2) closely following [Nek24], [JN20]. We restrict
ourselves to the case of Painlevé III3.

Finally, in Sect. 6 we use free field realizations and Theorem 4.5 for the computation
of Selberg-type integrals. We first prove Theorem 6.1 which is an operator analog of the
formula for the highest vector ul(λ). The integrals are computed in Theorem 6.3.

2. ̂sl(2) and Virasoro Algebras

2.1. Definition Let ̂sl(2) = sl(2) ⊗ C[[t, t−1] ⊕ CK denotes the central extension
of the of the algebra of Laurent series with coefficients in sl2. It has topological basis
em = e ⊗ tm , hm = h ⊗ tm , fm = f ⊗ tm (m ∈ Z), and K with commutation relations

[em, fl ] = hm+l + mδm+l,0K , (2.1a)

[hm, hl ] = 2mδm+l,0K , (2.1b)

[hm, el ] = 2em+l , (2.1c)

[hm, fl ] = −2 fm+l . (2.1d)

Here and below all commutators which are not written are equal to zero. In particular,
K is a central element.

It is convenient to consider currents

e(z) =
∑

l∈Z
el z

−l−1, f (z) =
∑

l∈Z
fl z

−l−1, h(z) =
∑

l∈Z
hl z

−l−1. (2.2)

1 While this paper was in preparation, the authors became aware of the paper [HR25] which has some
overlap with our results. In particular, a formula for the vectors ul (λ) in free field realization was found there,
which is different from our formula. It would be interesting to compare these formulas.
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Definition 2.1. Verma module Mλ,k is a module over algebra ̂sl(2) which is generated
freely by en, hn, fn+1, (n ∈ Z<0) acting on a highest weight vector vλ,k such that

fnvλ,k = en−1vλ,k = hnvλ,k = 0, ∀n > 0; (2.3)

h0vλ,k = λvλ,k, Kvλ,k = kvλ,k . (2.4)

Let̂b = 〈K , en, hn, fn+1|n ∈ Z≥0〉denotes Borel subalgebra in̂sl(2) (note that K , en, hn,
fn+1 form a topological generating set of̂b, i.e. infinite sums are allowed). The formulas
(2.3), (2.4) define one dimensional representation of ̂b, which we denote by Cλ,k . The

Verma module can be also written as an induced module Mλ,k = Ind
̂sl(2)
̂b

Cλ,k .

Remark 2.2. We will often use κ = k + 2 instead of k.

Remark 2.3. We say that affine algebrâsl(2)k acts on the moduleV if the central elements
K acts by k ∈ C on V .

The Verma module Mλ,k has unique irreducible quotient. We denote it by Lλ,k .

Theorem 2.4 [KK79]. Verma module Mλ,k is irreducible iff for any m, n > 0

mλ + (m − 1)(k − λ) + (2m − 1) − n �= 0 (2.5a)

(m − 1)λ + m(k − λ) + (2m − 1) − n �= 0 (2.5b)

k + 2 �= 0 (2.5c)

We will call pair (λ, k) generic if λ and k are linearly independent over Q. It is
typically sufficient to require that they do not satisfy conditions (2.5). Similarly, we call
k generic if it is irrational.

2.2. Virasoro algebra and its modules

Definition 2.5. A Virasoro algebra is Lie algebra with basis Ln (n ∈ Z), C and commu-
tation relations

[Ln, Lm] = (n − m)Ln+m +
C(n3 − n)

12
δn+m,0. (2.6)

In particular, the generator C is central.
It is convenient to consider a current

L(z) =
∑

n∈Z
Lnz

−n−2. (2.7)

Definition 2.6. Verma module MP,b is module over Virasoro algebra which is freely
generated by Ln , n < 0 acting on a vector highest weight vector vector vP,b = |
(P, b)〉
such that

LnvP,b = 0, ∀n > 0; (2.8)

L0vP,b = 
(P, b)vP,b, CvP,b = c(b)vP,b; (2.9)

where 
(P, b) = 1
4

(

b + b−1
)2 − P2 and c(b) = 1 + 6

(

b + b−1
)2

.

Definition 2.7. A vector u ∈ MP,b is called singular if Lnu = 0, ∀n > 0.
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Theorem 2.8 ([FF90] [Kac90]). The Verma module MP,b over Virasoro algebra is
irreducible iff P �= Pm,n(b) for any m, n ∈ Z>0. Here

Pm,n(b) = mb−1 + nb

2
. (2.10)

If P = Pm,n(b) then there is a singular vector u ∈ MP,b such that

L0u = (
(Pm,n(b), b) + mn)u. (2.11)

We will use notation 
m,n = 
(Pm,n(b), b).

Example 2.9. An important case of the reducible Verma module is MP2,1,b. The explicit
formula for singular vector reads

u2,1 = (L2−1 + b−2L−2)vP2,1,b. (2.12)

In case of P = P1,2 the formula is similar (obtained by b ↔ b−1 symmetry)

u1,2 = (L2−1 + b2L−2)vP1,2,b. (2.13)

2.3. Sugawara construction This construction provides an action of the Virasoro al-
gebra on ̂sl(2) highest weight modules, such as Mλ,k and Lλ,k .

We will use normal ordering of fields. See, e.g. [FBZ04, Ch. 2]

Definition 2.10. Let A(z) = ∑

n Anz−n−1, B(w) = ∑

n Bnw
−n−1 be two fields. Nor-

mally ordered product is defined by a formula

: A(z)B(w) := A+(z)B(w) + B(w)A−(z), (2.14)

where A+(z) = ∑

m≥0 A−m−1zm and A−(z) = ∑

m<0 A−m−1zm .

Theorem 2.11. Series coefficients of

L(z) =
∑

Lnz
−n−2 = 1

2(k + 2)
:e(z) f (z) + f (z)e(z) +

1

2
h2(z) : (2.15)

acting on any highest weight representation of the level k satisfy Virasoro algebra rela-
tions (2.6) with central charge c = 3k

k+2 .

In particular, the theorem works for modules Mλ,k and Lλ,k . The Virasoro algebra
defined by formula (2.15) is called the Sugawara Virasoro algebra; see [Kac90, sec. 12].
We define the character using the Sugawara operator L0.

Proposition 2.12. The character of the Verma module is

TrMλ,k (q
L0 zh0) = q

λ(λ+2)
4(k+2) zλ

∏

m∈Z>0
(1 − qm)(1 − qm−1z2)(1 − qmz−2)

. (2.16)
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2.4. Integrable modules on level 1

Definition 2.13. Heisenberg algebra is a Lie algebra with basis an (n ∈ Z) and 1 with
commutation relations

[an, am] = nδn+m,01. (2.17)

The operator 1 will act by 1 on any representation that we consider. It is convenient to
introduce bosonic field

φ(z) =
∑

n �=0

1

−n
anz

−n + a0 log(z) + Q, (2.18)

where Q is an additional generator such that [an, Q] = δn,0.

Definition 2.14. The Fock module Fα is a Heisenberg algebra module freely generated
by an , n < 0 acting on a highest weight vector |α〉 = v α√

2
such that

an|α〉 = 0, if n > 0; a0|α〉 = α|α〉. (2.19)

There is a simple realization of ̂sl(2)1 using Heisenberg algebra.

Theorem 2.15 ([FK81]). The direct sums of the Fock modules
⊕

n∈Z F√
2n and

⊕

n∈Z+ 1
2
F√

2n have a structure of ̂sl(2)1 modules given by formulas

e(z) =: exp(
√

2φ(z)): , (2.20a)

h(z) = √
2∂φ(z), (2.20b)

f (z) =: exp(−√
2φ(z)): . (2.20c)

Moreover, these sums are irreducible ̂sl(2)1-modules

L0,1 =
⊕

n∈Z
F√

2n, L1,1 =
⊕

n∈Z+ 1
2

F√
2n . (2.21)

Here and below in exponents of Heisenberg algebra we use bosonic normal ordering.
The modules L0,1, L1,1 are integrable [Kac90]. The highest weight vectors vn ∈

F√
2n , n ∈ 1

2Z in components of decompositions (2.21) are called extremal vectors. It
follows from the Theorem 2.15 that v0, v1/2 are highest weight vectors of L0,1 and L1,1
correspondingly. Other extremal vectors can be found by the formulas

e2n+1vn = vn+1, f2n−1vn = vn−1. (2.22)

The following formulas for characters follows from Theorem 2.15.

Corollary 2.16. We have

TrL0,1(q
L0xh0) =

∑

n∈Z qn
2
x2n

∏∞
m=1(1 − qm)

; TrL1,1(q
L0xh0) =

∑

n∈Z+ 1
2
qn

2
x2n

∏∞
m=1(1 − qm)

. (2.23)
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2.5. Wakimoto module

Definition 2.17. Let us introduce algebra Heisα,β,γ with basis βn, γn, αn (n ∈ Z), 1
and commutation relations

[βn, γm] = δn+m,01, [αn, αm] = nδn+m,01. (2.24)

Recall that all other commutators are equal to zero. The operator 1 will act by 1 on any
representation which we consider.

It is convenient to consider currents

γ (z) =
∑

n∈Z
γnz

−n, β(z) =
∑

n∈Z
βnz

−n−1, ∂ϕ(z) =
∑

n∈Z
αnz

−n−1. (2.25)

Definition 2.18. A module Fλ,k is module over algebra Heisα,β,γ which is freely gen-
erated by αn, βn, γn+1 (n < 0) acting on highest weight vector v such that

βn−1v = γnv = anv = 0, n > 0; a0v = λ√
2(k + 2)

v. (2.26)

Proposition 2.19 ([Wak86]). There is an action of̂sl(2)k onFλ,k given by the formulas

e(z) = β(z), h(z) = −2 :γ (z)β(z) : +
√

2(k + 2)∂ϕ(z),

f (z) = − :γ 2(z)β(z) : +
√

2(k + 2)∂ϕ(z)γ (z) + k∂γ (z).
(2.27)

The ̂sl(2)k-module Fλ,k is called Wakimoto module. See also [FBZ04, Ch.11–12].
The following proposition easily follows from the equality of the characters.

Proposition 2.20. The Wakimoto moduleFλ,k is isomorphic to the Verma moduleMλ,k
for generic λ, k.

2.6. Vertex operators There are (at least) two standard approaches to the definition
of vertex operators in conformal field theory. The first one is based on the definition
of conformal blocks via coinvariants and operator-state correspondence. In the second
approach vertex operators are defined using commutation relation with the algebra gen-
erators. We will use both approaches. We start from the first one, mainly following the
paper [FM94]. We restrict ourselves to the genus zero conformal block. We fix a global
coordinate t on P

1.

2.6.1. Generic representations We will need a slight generalization of the representa-
tions considered above. Let B ⊂ SL(2) be a Borel subgroup of invertible upper triangular
matrices. Then the flag manifold P

1 = SL(2)/B parametrize all Borel subalgebras in
the Lie algebra sl(2). To be more precise for any x ∈ A

1 ⊂ P
1 we can consider Borel

subalgebra bx ⊂ sl(2) given by

bx =
{(

c1 − xc2 c2
2xc1 − x2c2 xc2 − c1

)

|c1, c2 ∈ C

}

. (2.28)

This subalgebra is conjugated from b = 〈h, e〉 by the ex f ∈ SL(2). Let hx , ex be
generators of bx such that [hx , ex ] = 2ex , ex ∈ [bx , bx ]. For example, for one can take
hx = ex f he−x f = h + 2x f , ex = ex f ee−x f = e− x f − x2 f for x �= ∞ and h∞ = −h,
e∞ = − f for x = ∞.
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Let z ∈ P
1. Consider the Lie algebra sl(2)⊗C[[t−z, (t−z)−1] of Laurent serieswith

coefficients in sl(2). Let us denote by ̂sl(2)z its central extension with the commutator
given by

[x ⊗ f (t − z), y ⊗ g(t − z)] = [x, y] ⊗ f (t − z)g(t − z) + K Tr(xy) Rest=z(gd f ).

(2.29)

We denotêbx,z = bx ⊕ sl(2)⊗ (t − z)C[[t − z]]⊕CK ⊂ ̂sl(2)z the Borel subalgebra in
̂sl(2)z . Let Cλ,k denotes the 1-dimensional ̂bx,z-module generated by vector 1λ,k such
that

hx1λ,k = λ1λ,k, K1λ,k = k1λ,k,
(

Cex ⊕ sl(2) ⊗ (t − z)C[[t − z]])1λ,k = 0.

(2.30)

Let us define Mλ,k(x, z) = Ind
̂sl(2)z
̂bx,z

Cλ,k .

We have an isomorphism of Lie algebras

αx,z : ̂sl(2) → ̂sl(2)z, (2.31)

which mapŝb tôbx,z . Such isomorphism is not unique, one of the possible choices which
we will mainly use in the paper is

α(0)
x,z(en) = (e − xh − x2 f ) ⊗ (t − z)n, α(0)

x,z(hn)

= (h + 2x f ) ⊗ (t − z)n, α(0)
x,z( fn) = f ⊗ (t − z)n . (2.32)

Of course these formulas do not work if x or z are equal to infinity. So in the neighbour-
hood of (∞,∞) we use another isomorphism

α(∞)
y,w (en) = (y2e + yh − f ) ⊗ (s − w)n, α(∞)

y,w (hn)

= (−h − 2ye) ⊗ (s − w)n, α(∞)
y,w ( fn) = −e ⊗ (s − w)n . (2.33)

Here s = t−1, w = z−1 and y = −x−1.
We use the same notation for the corresponding maps between Verma modules αx,z :

Mν,k → Mν,k(x, z) mapping vν,k �→ vν,k(x, z).
Let C[P1\{z1, z2, z3}] denotes the space of rational functions in t with possible poles

at z1, z2, z3. We have a Lie algebras homomorphism

sl(2) ⊗ C[P1 \ {z1, z2, z3}] → ̂sl(2)k ⊕ ̂sl(2)k ⊕ ̂sl(2)k, (2.34)

which map any element to the direct sum of series expansions at points zi .
The following proposition is standard (see e.g. [FM94, Lemma 3.1]).

Proposition 2.21. Let x1, x2, x3 ∈ P
1 and z1, z2, z3 ∈ P

1 be tuples of different points.
There is a unique up to constant homomorphism of sl(2) ⊗ C[P1\{�z}]-modules

mk : Mλ,k(x1, z1) ⊗ Mν,k(x2, z2) ⊗ Mμ,k(x3, z3) → C. (2.35)

Here �z = {z1, z2, z3} and �x = {x1, x2, x3}. Moreover, the homomorphism is uniquely
determined by its value on the product of highest vectors vλ,k ⊗ vμ,k ⊗ vν,k .
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We define map mk(�x, �z) as a composition mk(�x, �z) = mk ◦ (αx1,z1 ⊗ αx2,z2 ⊗ αx3,z3)

mk(�x, �z) : Mλ,k ⊗ Mν,k ⊗ Mμ,k → C. (2.36)

Using PGL(2) action on P
1 (global conformal transformations) we can assume that

�z = {0, z,∞}, and similarly we can assume that �x = {0, x,∞} using SL(2) action on
the space of Borel subalgebras P1 = Sl2/B. We write simply

mk(x, z) = mk ◦ (a(0)
0,0 ⊗ a(0)

x,z ⊗ a(∞)
0,0 ). (2.37)

Note that notation a(∞)
0,0 means that y = w = 0, i.e. x = z = ∞.

For generic μ the map mk(x, z) could be rewritten as

Yk(x, z) : Mν,k → HomC(Mλ,k,Mμ,k). (2.38)

Here and below Mμ,k stands for completion of Mμ,k with respect to natural gradation.
Consider Vν(x, z) = Y(vν,k |x, z).

Proposition 2.22. The operator Vν(x, z) enjoys commutation relations

[ fn,Vν(x, z)] = zn∂xVν(x, z), (2.39a)

[hn,Vν(x, z)] = zn(−2x∂x + ν)Vν(x, z), (2.39b)

[en,Vν(x, z)] = zn(−x2∂x + νx)Vν(x, z). (2.39c)

This Proposition follows from a direct computation (cf. [FM94, Prop. 3.1]). On the
other hand this proposition can be considered as a definition of the vertex operator, (see
[AY92]).

In order to write down Y(v|x, z) for arbitrary v ∈ Mν,k we will need notations

e(x, z) = ex f0e(z)e−x f0 = e(z) − xh(z) − x2 f (z), (2.40)

h(x, z) = ex f0h(z)e−x f0 = h(z) + 2x f (z), f (x, z) = ex f0 f (z)e−x f0 = f (z).

(2.41)

Proposition 2.23. The map Yk(x, z) : Mν,k → End(Mλ,k,Mμ,k) is defined by for-
mula

Yk(e−kt . . . e−k2e−k1h− js . . . h− j2h− j1 f−ir . . . f−i2 f−i1 f
m
0 vν,k; x, z)

= :∂kt−1
z e(x, z) . . . ∂

i2−1
z f (x, z)∂ i1−1

z f (x, z)∂mx Vν(x, z) :
∏t

q=1(kq − 1)!∏s
q=1( jq − 1)!∏r

q=1(iq − 1)! . (2.42)

2.6.2. Degenerate representations Assume now that k is generic and ν ∈ Z≥0. Then
the representation Mν,k has singular vector f ν+1

0 vν,k . Denote by Lν,k the irreducible

quotient. Since k is generic we have Lν,k � Ind
̂sl(2)
sl(2)[[t]]⊕CK Lν where Lν is ν + 1

dimensional representation of sl(2).
Similarly to the construction above we can define modules Lν,k(x, z). Contrary to

generic case above the modules Lν,k(x, z) do not depend on x as ̂sl(2)z modules (up to
isomorphism). The analogue of Proposition 2.21 now states that there is a unique up to
constant homomorphism of sl(2) ⊗ C[P1\{�z}] modules

mk : Mλ,k(x1, z1) ⊗ Lν,k(x2, z2) ⊗ Mμ,k(x3, z3) → C. (2.43)
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if and only if λ,μ, ν satisfy fusion rule. The corresponding fusion rule reads

− ν ≤ λ − μ ≤ ν, and λ − μ + ν ∈ 2Z. (2.44)

This condition is standard; it can also be deduced from more nontrivial fusion rules for
admissible representations in [FM94, Th. 3.2] or integrable representations [TK88, Th
1]. Composing with isomorphisms αx,z we get a map

mk(�x, �z) : Mλ,k ⊗ Lν,k ⊗ Mμ,k → C. (2.45)

For generic μ we have a map Yk(x, z) : Lν,k → HomC(Mλ,k,Mμ,k). Let Xν(x, z)
= Y(vν,k |x, z). This operator satisfies the relations as in Proposition 2.22. The main
difference that vertex operator here has finitely many terms in x expansion, namely

Xν(x, z) =
ν

∑

l=0

(

ν

l

)

Xl,ν(z)x
l . (2.46)

The summands satisfy the following commutation relations

[ fn, Xl,ν(z)] = zn(ν − l)Xl+1,ν(z), (2.47a)

[en, Xl,ν(z)] = znl Xl−1,ν(z), (2.47b)

[hn, Xl,ν(z)] = zn(ν − 2l)Xl,ν(z). (2.47c)

Finally the fusion rules are equivalent to the following proposition.

Proposition 2.24. Let ν ∈ Z≥0 and λ be such that pair (λ, k) is generic. Then, for
any r ∈ {0, 1, . . . ν} there exist a unique (up to constant) vertex operator Xν(x, z) :
Mλ−ν+2r,k → Mλ,k .

2.6.3. Integrable representations The similar definitions work for integrable represen-
tations of ̂sl(2)1. Similarly to the above, we can define the representations Li,1(x, z),
(i = 0, 1) of ̂sl(2)z . These representations do not depend on x up to isomorphism, so
these parameters are usually excluded in the construction of vertex operators, but we
prefer to keep them.

It was shown in [TK88, Th. 1], [TUY89, sec. 2] that for i, j, r ∈ {0, 1} there exists
and unique up to constant homomorphism of sl(2) ⊗ C[P1\{�z}]-modules

m1 : Li,1(x1, z1) ⊗ L j,1(x2, z2) ⊗ Lr,1(x3, z3) → C, (2.48)

if and only if i + j + r ∈ 2Z. Composing with isomorphisms αx,z we get a map

m1(�x, �z) : Li,1 ⊗ L j,1 ⊗ Lr,1 → C. (2.49)

This allows to define Y1(z) : L j,1 → Hom(Li,1,Lr,1). It is clear that Y1(v0|z) =
IdLi,1 . Let us define

b(x, z) = Y1(v1/2|x, z), b(x, z) = b0(z) + xb1(z). (2.50)

The components b0(z), b1(z) satisfy relations similar to (2.39). In particular using com-
mutation relations with hn and realization of ̂sl(2)1 modules in terms of Heisenberg
algebra (see Theorem 2.15) we can write explicit formulas for b0(z), b1(z).

Proposition 2.25. The operators b0(z), b1(z) are equal to exponents ot the bosonic field
φ(z) defined in (2.18)

b0(z) =:exp(
φ(z)√

2
) : (−1)

h0(h0−1)

2 , b1(z) =:exp(−φ(z)√
2

) : (−1)
h0(h0−1)

2 . (2.51)

Recall that h0 = a0
√

2.
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2.6.4. Bosonization of vertex operators Under certain conditions the vertex operators
Vν(x, z) can be written in terms of currents β(z), γ (z), ϕ(z) used in sec. 2.5. Let us define
operators O(N )

r;ν (z) which act between two Wakimoto modules Fλ,k → Fλ+ν−2N ,k by
formula:

O(N )
r,ν (z) =

∫

0≤tN≤···≤t1≤z

N
∏

i=1

dti :exp

(

ν√
2κ

ϕ(z)

)

: γ (z)r
N

∏

i=1

S(ti ), (2.52)

where S(t) =:exp
( −2√

2κ
ϕ(t)

)

: β(t) is a screening field.

Here for simplicity we assumed the integration is performed over the relative cycle
which is N -dimensional simplex. Such choice works under certain inequalities on the
parameters λ, ν, k, for other values the vertex operators can be defined via analytic
continuation. See [EFK98] for the detailed discussion of the contour. The following
proposition is standard (see e.g. [EFK98, Th, 5.7.4], [GMO+90], [ATY91])

Proposition 2.26. Commutation relations between operators O(N )
r;ν (z) and ̂sl(2) gener-

ators have the form

[en,O(N )
r;ν (z)] = znrO(N )

r−1;ν(z), (2.53a)

[hn,O(N )
r;ν (z)] = zn(ν − 2r)O(N )

r;ν (z), (2.53b)

[ fn,O(N )
r;ν (z)] = zn(ν − r)O(N )

r+1;ν(z). (2.53c)

Proposition 2.27. If μ, k are generic and λ + ν − μ = 2N, N ∈ Z≥0 then the operator
Vν(x, z) : Mλ,k → Mμ,k has the form

Vν(x, z) = C
∑

r≥0

(

ν

r

)

O(N )
r;ν (z)xr . (2.54)

Here C is the scalar factor which cannot be fixed by commutation relations, see
Proposition 2.21. Note that the operator Xν(x, z) above can be written using formula
(2.54) for ν ∈ Z≥0.

Proof. Due to uniqueness of Vν it is sufficient to check that right side of satisfies com-
mutation relations (2.39). This is direct computation using Proposition 2.26. ��
Proposition 2.28. Let μ, k be generic and λ − ν − 2 − μ = 2N , N ∈ Z≥0. Then
the expansion of the operator Vν(x, z) : Mλ,k → Mμ,k has the form Vν(x, z) =
C

∑

r∈Z V [r ]
ν (x, z)xν+1+r where

V [r ]
ν (x, z) = (−1)rO(N )

r;−ν−2(z), for r ≥ 0. (2.55)

Note that, contrary to the formula (2.54) we cannot write that whole vertex operator Vν

is simply the sum of O(N )
r;−ν−2. This is because there are also summands V [r ]

ν (x, z) with
r < 0 which do not have formula like (2.52). Also note the reflection ν ↔ −ν − 2 in
the indices in the formula (2.55).

Proof. Same as above, the equations (2.39) lead to the system of relations on commu-
tators of V [r ]

ν (z) and en, hn, fn . This system coincides with relations (2.53) (but for all
r ∈ Z) and has unique solution. One can additionally note that the system of equation on
operators V [r ]

ν (z) with r ≥ 0 is closed and these operators can be uniquely determined
without using r < 0 ones. ��
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2.7. Virasoro vertex operators In the Virasoro case we follow the same pattern. We
keep the notation t for some fixed global coordinate on P

1. For any z ∈ P
1 let Virz

denotes Lie algebra with basis (t − z)n∂t and central element C with the commutator
defined by

[ f (t)∂t , g(t)∂t ] = ( f g′ − f ′g)∂t +
1

12
C Rest=z( f

′′′gdt). (2.56)

There is an isomorphism αz between the abstract Virasoro algebra and Virz , Ln �→
−(t − z)n+1∂t . Using this isomorphism, we can define highest weight modules MP,b(z)
over Virz

Let Vect(P1)\{z1, z2, z3}) denotes Lie algebra of meromorphic vector fields with
poles only at z1, z2, z3. There is a Lie algebra map

Vect(P1) \ {z1, z2, z3}) → Virz1 ⊕ Virz2 ⊕ Virz3 , (2.57)

which map any element to the direct sum of series expansions at points zi . The com-
pletions Virz denote Lie algebra with elements of the form f (t − z)∂t + αC , where
f ∈ C[[t − z, (t − z)−1] is a Laurent series. Clearly Virz acts on MP,b(z).

For generic P1, P2, P3 there exists a unique up to constant homomorphism of
Vect

(

P
1\{z1, z2, z3}

)

modules

mVir : MP1,b(z1) ⊗ MP2,b(z2) ⊗ MP3,b(z3) → C. (2.58)

Moreover, the homomorphism is uniquely determined by its value on the product of
highest vectors vP1,b ⊗ vP2,b ⊗ vP3,b. Composing with ⊗αzi and moving points to
{0, z,∞} we get a map

mVir(z) : MP1,b ⊗ MP2,b ⊗ MP3,b → C. (2.59)

For generic P3 this map leads to an operator state correspondence mapYVir(z) : MP2,b →
HomC(MP1,b,MP3,b). Let �
(z) = YVir(vP,b|z), here 
 = 
(P, b). The
Vect

(

P
1\{z1, z2, z3}

)

invariance of mVir leads to the following commutation relations.

Proposition 2.29. The operator �
(z) satisfies

[Ln,�
(z)] = zn+1∂�
(z) + (n + 1)zn
�
(z). (2.60)

The commutation relations (2.60) can serve as a definition of Virasoro vertex operator.
For the 
 = 
m,n Verma module becomes reducible (see Theorem 2.8). We can

replace Verma modules by their irreducible quotients LPm,n ,b. The corresponding vertex
operators will be denoted by �m,n(z). The singular vector condition on vPm,n ,b corre-
sponds to the equation on the vertex operator. In the important cases �1,2(z) and �2,1(z)
we have (cf. Example 2.9)

∂z�2,1(z) + b−2 :L(z)�2,1(z) := 0, (2.61a)

∂z�1,2(z) + b2 :L(z)�1,2(z) := 0. (2.61b)

These differential equations lead to the famous Virasoro fusion rules [BPZ84].
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3. Coset Construction

3.1. Definition, decomposition Let us consider the algebra ̂sl(2)1 ⊕ ̂sl(2)k and its
module Li,1 ⊗Mλ,k . There is an action of diagonal ̂sl(2)k+1 on this space. Let us denote
the generators of this algebra by e


n , f 

n , h


n .
Note that there are three different actions of the Virasoro algebra on Li,1 ⊗ Mλ,k

which come from the Sugawara construction. We will call the corresponding currents
by L(1)(z), L(2)(z) and L
(z).

Theorem 3.1 ([GKO86]). The modes of LGKO(z) = L(1)(z) + L(2)(z) − L
(z) satisfy
the relations of the Virasoro algebra and commute with diagonal affine algebrâsl(2)k+1.

Let us use the notation Vircoset for the algebra generated by LGKO
n . The following

result is standard, we follow [BFL16] for the statement and sketch of the proof.

Theorem 3.2. For generic λ, k there are the following decompositions of Li,1 ⊗ Mλ,k

as Vircoset ⊕ ̂sl(2)k+1 modules

L0,1 ⊗ Mλ,k =
⊕

l∈ZMP(λ)+lb,b ⊗ Mλ+2l,k+1, (3.1a)

L1,1 ⊗ Mλ,k =
⊕

l∈Z+ 1
2

MP(λ)+lb,b ⊗ Mλ+2l,k+1. (3.1b)

where b = bGKO = −i
√

k+2
k+3 and P(λ) = PGKO(λ) = − λ+1

2(k+2)
bGKO.

Sketch of the proof. The proof is based on the same two arguments as the proof for the
more difficult case of admissible representations, see [IK11, Theorem 10.2]. First, one
checks the identity of characters for the modules on the left and right sides. Second, one
shows that there are no extensions between summands on the right side. ��
Definition 3.3. The Shapovalov form on Verma moduleMλ,k of ̂sl(2) algebra is defined
by the following properties

〈vλ,k, vλ,k〉 = 1, e†
n = f−n, h†

n = h−n, f †
n = e−n, (3.2)

where vλ,k is the highest weight vector in Mλ,k .

The Shapovalov form descents to the irreducible quotient Lλ,k . We define form on the
tensor product of the modules by the formula

〈x1 ⊗ x2, y1 ⊗ y2〉 = 〈x1, y1〉〈x2, y2〉. (3.3)

Hence we have Shapovalov form on the modules Li,1 ⊗ Mλ,k .

Definition 3.4. Shapovalov form on the Verma module MP,b of the Virasoro algebra is
defined by the following properties

〈vP,b, vP,b〉 = 1, L†
n = L−n, (3.4)

where vP,b is the highest weight vector in MP,b.
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3.2. Formula for the highest weight vectors

Notation 3.5. Let us denote the highest weight vector in coset decomposition by

ul(λ) ∈ MP+lb,b ⊗ M2l+λ,k+1 ⊂ (L0,1 ⊕ L1,1) ⊗ Mλ,k . (3.5)

Recall (see sec. 2.4) notation vl for extremal vectors in Li,1. For the tensor products of
extremal and highest weight vectors we will use notation

vl(λ) = vl ⊗ vλ,k . (3.6)

Let us fix normalization of ul(λ) through the Shapovalov scalar product with vl(λ)

〈ul(λ), vl(λ)〉 = 1. (3.7)

Example 3.6. The simplest examples of the highest weight vectors ul(λ) have the form

u0(λ) = v0 ⊗ vλ,k, (3.8a)

u−1/2(λ) = f0v1/2 ⊗ vλ,k − 1

λ
v1/2 ⊗ f0vλ,k (3.8b)

u−1(λ) = v−1 ⊗ vλ,k − 1

(λ−1)λ
e−1v0 ⊗ f 2

0 vλ,k

− 1

λ
h−1v0 ⊗ f0vλ,k − 1

(k+λ+2)
v0 ⊗ f−1vλ,k

+
1

λ(k+λ+2)
v0 ⊗ h−1 f0vλ,k +

1

(λ−1)λ(k+λ+2)
v0 ⊗ e−1 f

2
0 vλ,k . (3.8c)

Recall that for general λ, k Verma module Mλ,k is isomorphic to Wakimoto module
Fλ,k (see Proposition 2.20). Our first goal is to find explicit formulas for vectors ul(λ),
or actually to their images inLi,1 ⊗Fλ,k . Let us define current g(z) acting onLi,1 ⊗Fλ,k

g(z) = e(1)(z)γ (z), g0 =
∑

n∈Z
e(1)
n γ−n . (3.9)

Theorem 3.7. For generic λ, k and 2l ∈ Z≤0 then l-th highest weight vector in decom-
positions (3.1) with respect to Vircoset ⊕ ̂sl(2)k+1 is given by

ul(λ) = e−g0vl(λ). (3.10)

Remark 3.8. In the proof below we will see that the right side of (3.10) is defines the
highest weight vector in Li,1 ⊗ Fλ,k for arbitrary λ, k. On the other hand, in order to
obtain highest weight vector in Li,1 ⊗Mλ,k we use Proposition 2.20, i.e. condition that
λ, k are generic is essential for the proof. Furthermore, the definition of vectors ul(λ)

was based on decomposition (3.1), i.e. only for generic values of parameters. See also
Remark 3.19 below.

Example 3.9. Let us also present the examples of highest weight vectors ul(λ) after
Wakimoto realization

u0(λ) = v0 ⊗ vλ,k, (3.11a)

u−1/2(λ) = v−1/2 ⊗ vλ,k − v1/2 ⊗ γ0vλ,k (3.11b)

u−1(λ) = v−1 ⊗ vλ,k − v0 ⊗ γ−1vλ,k − h−1v0 ⊗ γ0vλ,k − v1 ⊗ γ 2
0 vλ,k . (3.11c)

Comparing with the formulas (3.8) one can see significant simplification, in particular
there are less summands and there are no denominators after Wakimoto realization.
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Remark 3.10. In the theorem above we had l ≤ 0. Let us comment on the other case
l > 0. There is an automorphism τ of algebra ̂sl(2)k

τ(en) = fn+1, τ ( fn) = en−1, τ (hn) = δn,0k − hn . (3.12)

This automorphism leads to a map between Verma modules τ : Mλ,k → Mk−λ,k such
that

τ(vλ,k) = vk−λ,k, τ (xv) = τ(x)τ (v), (3.13)

where x ∈ ̂sl(2)k , v ∈ Mλ,k and vλ,k denotes the highest weight vector in Mλ,k . There
exist similar map τ : Li,1 → L1−i,1, for i ∈ {0, 1}.

Consider τ ⊗ τ : Mλ,k ⊗ Li,1 → Mk−λ,k ⊗ L1−i,1. We have

τ ⊗ τ(vl(λ)) = v 1
2 −l(k − λ). (3.14)

Hence the formulas for ul(λ) with l > 0 can be obtained using τ . An analog of formula
(3.10) for l > 0 requires a change of Wakimoto realization, obtained by permutation of
e(z) and f (z), i.e., instead of formula (2.27) we have f (z) = γ (z) but e(z) is the sum
of three terms.

Another analog of formula (3.10) for l > 0 uses conjugated operator g†
0. It is given

in Remark 3.25.

We will first prove Theorem 3.7 by a direct computation.

Lemma 3.11. Conjugation by eg0 acts on the operators of diagonal ̂sl(2)k+1 as follows

eg0e
(w)e−g0 = β(w), (3.15)

eg0 f 
(w)e−g0 = f 
(w) + h(1)(w)γ (w) + γ ′(w). (3.16)

Proof. Th exponent of adjoint action has the form

eg0e
(w)e−g0 = e
(w) + [g0, e

(w)] +

1

2
[g0, [g0, e


(w)]] + . . . , (3.17)

eg0 f 
(w)e−g0 = f 
(w) + [g0, f 
(w)] +
1

2
[g0, [g0, f 
(w)]] + . . . . (3.18)

Hence it is sufficient to find all commutators. In order to do this we will use OPE (see
[FBZ04, Ch 3])

g(z)e
(w) = e(1)(z)γ (z)(e(1)(w) + β(w)) = −e(1)(w)

z − w
+ reg. (3.19)

It means that

[g0, e

(w)] = −e(1)(w). (3.20)

Moreover, the OPE of g(z) and e(1)(w) has no singular term, hence [g0, [g0, e
(w)]] =
0.. Therefore

eg0e
(w)e−g0 = e(2)(w) = β(w). (3.21)

Similarly,

g(z) f 
(w) = e(1)(z)γ (z)( f (1)(w) + f (2)(w)) =
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= γ (w)

(z − w)2 +
h(1)(w)γ (w) + e(1)(w)γ 2(w) + γ ′(w)

z − w
+ reg. (3.22)

Then using [FBZ04, Prop. 3.3.1] we have

[g(z), f 
(w)] = γ (w)∂wδ(z, w) +
(

h(1)(w)γ (w) + e(1)(w)γ 2(w) + γ ′(w)
)

δ(z, w),

(3.23)

where δ(z, w) = ∑

n∈Z znw−n−1. Hence,

[g0, f 
(w)] = h(1)(w)γ (w) + e(1)(w)γ 2(w) + γ ′(w). (3.24)

Taking now the OPE of g(z) and [g0, f 
(w)] we get

[g0, [g0, f 
(w)]] = −2e(1)(w)γ 2(w). (3.25)

It is easy to see that successive commutators are equal to zero. Therefore we obtain
formula (3.16). ��
Now we are ready to prove the theorem.

Proof of the Theorem 3.7. We decompose the proof into three steps.

Step 1. Let us show that e−g0v−l(λ) is the highest weight vector with respect to
diagonal ̂sl(2)
. It is sufficient to consider action e


0 and f 

1 . Using Lemma 3.11 we

have

e

0 e−g0v−l(λ) = e−g0 eg0e


0 e−g0v−l(λ) = e−g0β0v−l(λ) = 0, (3.26)

f 

1 e−g0v−l(λ) = e−g0 eg0 f 


1 e−g0v−l(λ) = e−g0
(

f (2)
1 + f (1)

1

−
∑

s+r=1

h(1)
r γs − γ1

)

v−l(λ) = 0. (3.27)

Step 2. It follows from the decompositions (3.1) that there exist only one up to
proportionality vector v ∈ Li,1 ⊗ Mλ,k which is the highest weight vector for ̂sl(2)


and has the same eigenvalues of h

0 and LGKO

0 as ul(λ). Hence, the vectors ul(λ) and
e−g0vl(λ) are proportional.

Step 3. It remains to check normalization property

〈e−g0v−l(λ), v−l(λ)〉 = 1. (3.28)

Note that in the series e−g0v−l(λ) = ∑

j≥0(−g0)
jv−l(λ)/j ! all summands except the

first one has h(1)
0 gradation different from the one of v−l(λ). Hence they are orthogonal

to v−l(λ), ��
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3.3. Operator I (z) and another proof of the Theorem 3.7 Let us consider the operator
I (z) : (L0,1 ⊕ L1,1) ⊗ Mλ,k → (L0,1 ⊕ L1,1) ⊗ Mλ+1,k defined by formula

I (z) = b1(z) ⊗ O(0)
0,1(z) − b0(z) ⊗ O(0)

1,1(z). (3.29)

Recall that notations b0(z), b1(z),O(N )
r,ν (z) were introduced in Sect. 2.6 and overline

stands for the completion. In particular, according to Proposition 2.27, the operators
O(0)

0,1,O(0)
1,1 used in formula (3.29) are components of X1 corresponding to degenerate

representation. The operator I (z) corresponds to the skew-symmetric tensor product of
two 2-dimensional representations of sl2, see formula (3.30) below.

Proposition 3.12. 1) The operator I (z) commutes with ̂sl(2)
k+1.
2) The operator I (z) is Vircoset vertex operator �2,1(z).

Proof. Both operators bi (z) and O(0)
0,1(z) are obtained via operator-state correspondence

map Y. Hence the operator I (z) is obtained via operator-state correspondence map Y⊗Y
applied to the vector

vI = v1/2 ⊗ f0v1,k − v−1/2 ⊗ v1,k ∈ L1,1 ⊗ L1,k . (3.30)

The commutation relations of the field I (z) with algebra generators are equivalent to
the highest weight conditions for the vector vI .

It is easy to see that

e

n≥0vI = h


n≥0vI = f 

n≥0vI = 0 (3.31)

and

LGKO
0 vI = 
2,1vI , LGK0

n>0 vI = 0, (3.32)

where 
2,1 = 
(P2,1(bGKO), bGKO) (see Theorem 3.2 for notation). Furthermore, it is
easy to check that

((LGKO−1 )2 + (bGKO)−2LGKO−2 )vI = 0. (3.33)

It means that the field I (z) is the degenerate Virasoro vertex operator. ��
Proposition 3.13. The operator I (z) has the form

I (z) = e
ϕ(z)√

2κ e−g0b1(z)e
g0 . (3.34)

Proof. Note that

g(z)b1(w) = b0(w)γ (w)

z − w
+ reg. (3.35)

Hence [g0, b1(w)] = b0(w)γ (w). Moreover, we have [g0, [g0, b1(w)]] = 0 since
g(z)b0(w)γ (w) is regular. ��

Now we give the second proof of Theorem 3.7.
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Proposition 3.14. 1) For any 2 l ∈ Z≤0 we have

∮

C0

dz

zd(l,λ,k)+1
I (z)ul(λ) = (−1)l(2l−1)ul−1/2(λ + 1); (3.36)

where d(l, λ, k) = ( λ
2κ

− l) and C0 is a contour encircling 0.
2) For 2 l ∈ Z≤0 we have

ul(λ) = e−g0vl(λ). (3.37)

The exponent d(l, λ, k) in (3.36) means that the leading term of I (z)ul(λ) coincides
with ul−1/2(λ + 1).

Proof. Due to Theorem 3.2 we have

I (z)ul ∈ (L0,1 ⊕ L1,1) ⊗ Mλ+1,k =
⊕

2l∈ZMP(λ+1)+lb,b ⊗ M2l+λ+1,k+1. (3.38)

Since I (z) commutes with ̂sl(2)
k+1 and ul is the highest vector for this algebra with
highest weight λ + 2 l we get I (z)ul ∈ MP(λ+1)+(l− 1

2 )b,b ⊗ vλ+2 l,k+1. Hence, the leading
term of I (z)ul(λ) is equal to cl,λul−1/2(λ + 1) for some (probably zero) cl,λ.

On the other hand, using the formula 3.34 we get
∮

C0

dz

zd(s,λ,k)
I (z)e−g0vl(λ) = (−1)l(2l−1)e−g0vl−1/2(λ + 1). (3.39)

Therefore by induction by l ≤ 0 we obtain

e−g0vl(λ) =
(
∏

2m∈Z,l<m≤0
cm,λ−2l+2m

)

ul(λ). (3.40)

Taking into account correct normalization property (3.28) we conclude that clλ = 1 for
l ≤ 0. This finishes the proof. ��

Note that cl,λ appearing in the proof above is non-trivial for l > 0. We will discuss
them belowm see Example 4.7.

It follows from the formula (3.36) that for l ≤ 0

〈

I (1)ul(λ), ul−1/2(λ + 1)
〉 = (−1)l(2l−1)

∥

∥ul−1/2(λ + 1)
∥

∥

2
. (3.41)

We will use this matrix element below.

3.4. Norms of the highest weight vectors The following theorem is one of the main
results of the paper.

Theorem 3.15. For 2l ∈ Z≤0 norm of the vector of ul(λ) is

‖ul(λ)‖2 =
1−2l
∏

m=0

λ + 1 + mκ

λ + 1 + 2l + m(κ + 1)
=

( κ

κ + 1

)−2l �
(

λ+1
κ

− 2l
)

�
(

λ+1+2l
κ+1

)

�
(

λ+1
κ

)

�
(

λ+1+2l
κ+1 − 2l

) .

(3.42)
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Note that although the Theorem 3.7 provides a formula for ul in terms of the Wakimoto
free field realization, the norm formula above uses the Shapovalov form in the Verma
module.

The equality of the central and right sides in formula (3.42) follows from straight-
forward computation. We will prove the equality between the left side and central (and
right) sides in the next subsection. The proof uses a vertex operator J (z) that is similar
to the operator I (z) used above.

Example 3.16. The simplest examples of the formula for the norm are

‖u0(λ)‖2 = 1,
∥

∥u−1/2(λ)
∥

∥

2 = λ + 1

λ
, ‖u−1(λ)‖2 = (λ + 1)(k + λ + 3)

(λ − 1)(k + λ + 2)
.

(3.43)

This expressions can be checked using formulas (3.8). Note that the formula factorizes
into the product of linear terms, and this is absolutely unclear from the definition or
formulas (3.8).

The norms of ul(λ) for l > 0 can be calculated using the map τ ⊗ τ that reflects
(λ, l) ↔ (k − λ, 1/2 − l) (see Remark 3.10). Moreover, the resulting formula can be
rewritten similar to the right side of (3.42) but with an interchanged numerator and
denominator, namely for l > 0 we obtain

‖ul(λ)‖2 =
( κ

κ+1

)2l−1 �
(

κ−λ−1
κ

+2l−1
)

�
(

κ−λ−2l
κ+1

)

�
(

κ−λ−1
κ

)

�
(

κ−λ−2l
κ+1 +2l−1

)

=
( κ

κ+1

)2l �
(

λ+1
κ

)

�
( 2l+λ+1

κ+1 −2l
)

�
(

λ+1
κ

−2l
)

�
( 2l+λ+1

κ+1

) . (3.44)

This suggests the following to renormalization of half of the highest weight vectors, in
order to obtain unified formulas for norms.

Notation 3.17. The highest weight vectors ũl(λ) are defined by

ũl(λ) =
{

ul(λ), l > 0;
ul (λ)

‖ul (λ)‖2 , l < 0.
(3.45)

Corollary 3.18 (from Theorem 3.15). For 2l ∈ Z the norm of the vector of ũl(λ) is

‖ũl(λ)‖2 =
( κ

κ + 1

)2l �
(

λ+1
κ

)

�
( 2l+λ+1

κ+1 − 2l
)

�
(

λ+1
κ

− 2l
)

�
( 2l+λ+1

κ+1

) = t
1,− 1

κ−2l (− λ
κ
)

t
1,− 1

κ−2l (−λ+1
κ

)

. (3.46)

Here we used the following notation for the product over an integral triangle

tε1,ε2
n (α) =

{

∏

i, j≥0,i+ j<n(α − iε1 − jε2) n > 0
∏

i, j>0,i+ j≤−n(α + iε1 + jε2) n < 0
. (3.47)

We will also use notation for the product over an integral segment

sε1,ε2
n (α) = tε1,ε2

n (α)

tε1,ε2
n−1 (α)

= (ε2 − ε1)
n

�(α+ε1−nε2
ε2−ε1

+ n + 1)

�(α+ε1−nε2
ε2−ε1

+ 1)
. (3.48)
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These functions have useful symmetry properties

sε1,ε2
n (α)sε1,ε2−n (−α − ε1 − ε2) = (−1)n, (3.49)

tε1,ε2
n (α) = tε1,ε2−n−1(−α − ε1 − ε2)(−1)n(n+1)/2. (3.50)

Remark 3.19. Below, we will give the computational proof of Theorem 3.15. However,
there is also a representation-theoretic proof based on Kac-Kazhdan theorem (see Theo-
rem 2.4). Let us illustrate this with the first non-trivial vector u−1/2(λ). Its norm is equal
to (λ + 1)/λ, see formula (3.43), i.e., it has one zero and one pole.

The existence of the pole at λ = 0 in
∥

∥u−1/2(λ)
∥

∥

2 comes from the fact that for
λ = 0 the module Mλ,k has a singular vector f0vλ,k . Hence, the vector v1/2 ⊗ f0vλ,k ∈
L1,1 ⊗ Mλ,k is the highest weight vector with zero norm. This vector does not agree
with normalization (3.7), actually as one can see from the formula (3.8b) that the vector
u−1/2(λ) has a pole at λ = 0 with residue given by v1/2 ⊗ f0vλ,k .

On the other hand, the zero λ + 1 in
∥

∥u−1/2(λ)
∥

∥

2 corresponds to the fact that the
module Mλ+1,k+1 on the right side of decomposition (3.1b) has a singular vector. This
singular vector (with zero norm) is equal to u−1/2(λ). Namely, one can see from the
formula (3.8b) that the vector u−1/2(λ) for λ = −1 is equal to f 


0 u1/2(λ). This also
implies that decomposition (3.1b) fails for this λ.

As a more subtle example let us consider the vector u−1(λ). Its expression (3.8c)
has a pole at λ = 0, while the norm (3.43) has neither pole, nor zero at this point.
Representation-theoretic reason for this is that, for λ = 0, the modules on both left and
right sides of decomposition (3.1a) has singular vectors. Namely, let v−2 = f0v0 ∈
L0,k be the singular vector on the left side. It generates a submodule isomorphic to
M−2,k and one can then study the submodule in the tensor product L0,1 ⊗ M−2,k ⊂
L0,1 ⊗ M0,k bearing in mind the decomposition (3.1a). Then, the vector u1(−2) is a
highest weight vector with highest weight (0, k + 1) and f 


0 u1(−2) is a singular vector.
The norm of f 


0 u1(−2) should have a double zero at λ = 0 (since both f0v0 and
f0u1(−2) have simple zeroes). On the other hand, this vector is proportional to the
residue Resλ=0 u1(λ) ∼ f0u1(−2).

3.5. Calculation of the norms Let us define the operator J (z) : (L0,1⊕L1,1)⊗Mλ,k →
(L0,1 ⊕ L1,1) ⊗ Mλ−1,k by formula

J (z) = b1(z) ⊗ O(1)
0,1(z) − b0(z) ⊗ O(1)

1,1(z). (3.51)

Remark that the operator J (z) can be described as the operator I (z) dressed by the
screening S(t) (see formula (2.52))

J (z) =
∫ z

0
dt I (z)S(t). (3.52)

Note that the contour chosen here works only under some inequalities for the parameters.
For other values, the definition is extended via analytic continuation.

Proposition 3.20. 1) The operator J (z) commutes with ̂sl(2)
k+1;
2) The operator J (z) is Vircoset vertex operator �2,1(z).

Proof. The same as proof of Proposition 3.12. ��
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We will also need screening current S(t) =: e−
√

2
κ
ϕ(t) : β(t) conjugated by e−g0 .

Namely, we have

S̃(t) = eg0 S(t)e−g0 =:e−
√

2
κ
ϕ(t): (

β(t) − e(1)(t)
)

. (3.53)

Using Proposition 3.13 we get

eg0 J (z)e−g0 =
∫ z

0
dt :e

ϕ(z)√
2κ : b1(z)˜S(t). (3.54)

Recall that X† denotes the operator conjugated to an operator X with respect to the
Shapovalov form (see Definitions 3.3, 3.4).

Proposition 3.21. There are the following formulas for the conjugation.

1. For operators bi (z) : L j,1 → L1− j,1, i, j ∈ {0, 1}, we have
(b0(z))

† = (−1) j z−1/2b1(z
−1), (b1(z))

† = −(−1) j z−1/2b0(z
−1); (3.55)

2. For operator O(0)
i,1 (z) : Mλ,k → Mλ+1,k , where i ∈ {0, 1} we have

(O(0)
0,1(z))

† = C(κ, λ)z
−3
2κ O(1)

1,1(z
−1), (O(0)

1,1(z))
† = C(κ, λ)(−1)z

−3
2κ O(1)

0,1(z
−1).

(3.56)

We will actually compute the proportionality coefficient C(κ, λ) in the proof of Theo-
rem 3.24.

Proof. Let bi (z) = ∑

bi,nz−n−1/4. Then we have [hk, bi,s] = (−1)i bi,k+s and

[hk, (b1−i,−s)
†] = −([h−k, b1−i,−s])† = (−1)i (b1−i,−k−s)

†. (3.57)

Hence operatorsbi (z) andb1−i (z−1) satisfy the same commutation relations with Heisen-
berg algebra generators hk , k ∈ Z. The vertex operator between two Fock modules Fα

and Fβ is uniquely determined by these relations up to overall constant. This constant
is fixed by the action on the highest weight vectors.

The proof for the operators O(0)
i,1 (z) is similar. Namely it is easy to see that the

corresponding operators satisfy the same commutation relations with ̂sl(2). Then, the
proportionality follows from Proposition 2.24. ��
Corollary 3.22. The conjugationof the operator I (z) : L j,1⊗Mλ,k → L1− j,1 ⊗ Mλ+1,k
has the form

(I (z))† = C(κ, λ)(−1) j z−
3

2κ
− 1

2 J (z−1). (3.58)

Here the proportionality coefficient C(κ, λ) is defined in (3.56).

Now we can compute conjugation of the Proposition 3.14.

Corollary 3.23. For l ≤ 0 we have the formula for the action of operator J (z) on the
highest weight vectors

J (z)ul(λ+1) = zl−
λ+3
κ

(

(−1)2(l+1/2)(l+1)C(κ, λ)−1 ‖ul(λ + 1)‖2

‖ul+ 1
2
(λ)‖2 ul+ 1

2
(λ) + O(z)

)

.

(3.59)
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Equivalently we have the formula for the action of operator eg0 J (z)e−g0 on the
extremal vectors

eg0 J (z)e−g0vl (λ+1) = zl− λ+3
κ

⎛

⎝(−1)2(l+1/2)(l+1)C(κ, λ)−1 ‖ul (λ + 1)‖2

‖ul+ 1
2
(λ)‖2 vl+ 1

2
(λ) + O(z)

⎞

⎠ .

(3.60)

We will prove Theorem 3.15 by induction on l. It is sufficient to prove the following
statement.

Theorem 3.24. For l ∈ Z<0 the ratio of the norms of the highest vectors in coset
decomposition is equal to ratio of two Beta functions

‖ul(λ + 1)‖2

‖ul+ 1
2
(λ)‖2 = B(− 1

κ
, 2l − λ+1

κ
+ 1)

B(− 1
κ
,−λ+1

κ
+ 1)

. (3.61)

Proof. It follows from the formula (3.60) that

〈

vl+ 1
2
(λ), eg0 J (1)e−g0vl(λ + 1)

〉

= (−1)2(l+1/2)(l+1)C(κ, λ)−1 ‖ul(λ + 1)‖2

‖ul+ 1
2
(λ)‖2 .

(3.62)

On the other hand we can use formula (3.54)

LHS of (3.62) =
∫ 1

0
dt

〈

vl+ 1
2
(λ), :e

ϕ(1)√
2κ : b1(1)˜S(t)vl(λ + 1)

〉

. (3.63)

Finally, we use definition of the b1(z) and ˜S(t).
∫ 1

0
dt

〈

v
l+ 1

2
⊗ vλ,k , :e

ϕ(1)√
2κ : b1(1) :e−

√

2
κ ϕ(t): (

β(t) − e(1)(t)
)

vl ⊗ vλ+1,k

〉

=

= (−1)2(l+1/2)(l+1)+1
∫ 1

0
dt

〈

v
l+ 1

2
, :e− φ(1)√

2 : :e
√

2φ(t): vl

〉 〈

vλ,k , :e
ϕ(1)√

2κ : :e−
√

2
κ ϕ(t): vλ+1,k

〉

=

= (−1)2(l+1/2)(l+1)+1
∫ 1

0
dt (1 − t)−1− 1

κ t2l− λ+1
κ = (−1)2(l+1)(l+1/2)+1B(− 1

κ
, 2l − λ + 1

κ
+ 1).

(3.64)

Hence,

‖ul(λ + 1)‖2

‖ul+ 1
2
(λ)‖2 = −C(κ, λ)B(− 1

κ
, 2l − λ + 1

κ
+ 1). (3.65)

Using values for‖u0(λ)‖2 and‖u−1/2(λ)‖2 given in Example 3.16 we find thatC(κ, λ) =
−B(− 1

κ
;−λ+1

κ
+ 1)−1. ��

Remark 3.25. Using conjugated operators we can also write formula for highest vectors
with l ≥ 0, namely

ul(λ) = eg
†
0 vl(λ). (3.66)

This formula is proven similarly to the second proof of Theorem 3.7. Namely, the analog
of Proposition 3.14 holds for vectors given by (3.66) and current I (z)†.
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4. Matrix Elements

4.1. Main Theorem Recall the notations of Sect. 2.6. For i + j + r ∈ 2Z we have a
map

Y1 ⊗ Yk(x, z) : (L j,1 ⊗ Mν,k
) → Hom

(Li,1 ⊗ Mλ,k, Lr,1 ⊗ Mμ,k
)

. (4.1)

Notation 4.1. We denote

˜Uν,n(x, z) = Y1 ⊗ Yk
(

ũn(ν); x, z), Uν,n(x, z) = Y1 ⊗ Yk
(

un(ν); x, z). (4.2)

Example 4.2. The simplest examples of the vertex operators ˜Uν,n has the form

˜Uν,0(x, z) = 1 ⊗ Vν(x, z), (4.3a)

˜Uν,1/2(x, z) = b(x, z) ⊗ Vν(x, z), (4.3b)

˜Uν,−1/2(x, z) = ν

ν + 1

(

∂xb(x, z) ⊗ Vν(x, z) − 1

ν
b(x, z) ⊗ ∂xVν(x, z)

)

. (4.3c)

The following proposition is an operator reformulation of the fact that ũn(ν) is a highest
weight vector with respect to ̂sl(2)k+1 and coset Virasoro.

Proposition 4.3. We have

[e

r , ˜Uν,n(x, z)] = zr (−x2∂x + (ν + 2n)x)˜Uν,n(x, z), (4.4a)

[h

r , ˜Uν,n(x, z)] = zr (−2x∂x + (ν + 2n))˜Uν,n(x, z), (4.4b)

[ f 

r , ˜Uν,n(x, z)] = zr∂x ˜Uν,n(x, z), (4.4c)

[Lcoset
r , ˜Uν,n(x, z)] = zr+1∂z ˜Uν,n(x, z) + (r + 1)zl
(P + nb, b)˜Uν,n(x, z), (4.4d)

where b = bGKO and P(λ) = PGKO(λ).

Notation 4.4. Define three-point function

C̃m,n,l(μ, ν, λ) = 〈

ũm(μ), ˜Uν,n(1, 1)ũl(λ)
〉

. (4.5)

It follows from fusion rules (2.48) that C̃m,n,l vanishes unless l + m + n ∈ Z.
Note that, since normalization ofUν is not given, each individual C̃m,n,l is not defined.

However, the ratios are well defined. For example, one can ask for the ratio with the
three-point functions of highest weight vectors

C̃m,n,l(μ, ν, λ)

C̃{m},{n},{l}(μ, ν, λ)
. (4.6)

Note that we fixed normalization of b0(z), b1(z) in the formula (2.51) such that

〈vμ,k,Uν(1, 1) vλ,k〉 = 〈ũ0(μ) ˜Uν,0(1, 1) ũ0(λ)〉 = 〈ũ1/2(μ) ˜Uν,0(1, 1) ũ1/2(λ)〉
= 〈ũ0(μ) ˜Uν,1/2(1, 1) ũ1/2(λ)〉 = 〈ũ1/2(μ) ˜Uν,1/2(1, 1) ũ0(λ)〉. (4.7)

Therefore, we can normalize using C̃0,0,0(μ, ν, λ).



Highest-Weight Vectors and Three-Point Functions Page 25 of 54   142 

Theorem 4.5. There is the following formula for matrix elements C̃m,n,l(μ, ν, λ)

C̃m,n,l(μ, ν, λ)

C̃0,0,0(μ, ν, λ)
= (−1)

1
2 (l−m+n)(l−m+n+1)+4n(m−n)(m−n− 1

2 )

·t
1,− 1

κ−l−m−n(
2+λ+μ+ν

−2κ
)t

1,− 1
κ−l+m−n(

λ−μ+ν
−2κ

)t
1,− 1

κ−l−m+n(
λ+μ−ν
−2κ

)t
1,− 1

κ

l−m−n(
−λ+μ+ν

−2κ
)

t
1,− 1

κ−2l ( λ+1
−κ

)t
1,− 1

κ−2m (
μ+1
−κ

)t
1,− 1

κ−2n ( ν+1
−κ

)

, (4.8)

where l + m + n ∈ Z and tε1,ε2
n (α) defined by formula (3.47).

Let us prove the theorem modulo the results to be proven later in this section.

Proof. The theorem is proven by induction. The equation (4.7) serve as base of the
induction. The step is based on the following two observations.

Observation 1 The three-point function satisfies recurrence relation on l. This re-
lation is formulated in the Proposition 4.25. It is proven by considering a four-point
conformal block with the insertion of a degenerate field.

Observation 2 The three-point function is symmetric with respect to permutation of
the indices n,m, l. Namely we have

(−1)2l(l+1)(2l−1)+2n(n+1)(2n−1)+2m(m+1)(2m−1) C̃m,l,n(μ, λ, ν)

C̃0,0,0(μ, λ, ν)
= C̃m,n,l(μ, ν, λ)

C̃0,0,0(μ, ν, λ)

(4.9a)

(−1)l−m+4n(m−n2) C̃l,n,m(λ, ν, μ)

C̃0,0,0(λ, ν, μ)
= C̃m,n,l(μ, ν, λ)

C̃0,0,0(μ, ν, λ)
.

(4.9b)

We prove them in the Sect. 4.2. Essentially these symmetries follow from the symmetry
of the map m (i.e. coinvariants) under the permutation of points. ��

Theorem 4.5 supersedes all concrete computations of matrix elements which are
performed in this paper.

Example 4.6. Consider particular case n = 0, ν = 0, l = m, λ = μ. Then we have

C̃l,0,l(λ, 0, λ) = ‖ũl(λ)‖2. (4.10)

This case corresponds to the matrix elements of the identity operator.

Example 4.7. Consider particular case n = − 1
2 , ν = 1. The corresponding operator is

given by the formula (4.3c). Assume now that μ = λ + 1, then ˜U−1/2,1 coincides with
1
2 I (z) and using formula (3.41) and Notation 3.17 we have

C̃l−1/2,−1/2,l(λ + 1, 1, λ) ∼ 〈

ũl−1/2(λ + 1), I (1)ũl(λ)
〉 = ‖ũl(λ)‖2. (4.11)

Note that above we proved formula (3.41) only for l ≤ 0 but now we have an analog
valid for any l. In particular this determines coefficients cl,λ which appeared in the proof
of Proposition 3.14. Here ∼ stands for overall factor which does not depend on l and
hidden in the normalization of vertex operator V1.

Similarly, for μ = λ − 1 certain component of ˜U−1/2,1 coincides with 1
2 J (z). Then

using Corollary 3.23 we have

C̃l+1/2,−1/2,l(λ − 1, 1, λ) ∼ 〈

ũl+1/2(λ − 1), J (1)ũl(λ)
〉 ∼ ‖ũl+1/2(λ − 1)‖2.(4.12)
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Example 4.8. Consider particular case n = 1
2 , ν = 0,m = l ± 1

2 , λ = μ. Then we have

C̃l+ 1
2 , 1

2 ,l(λ, 0, λ) ∼ (−1)2l(l− 1
2 )‖ũl(λ)‖2,

C̃l−1/2, 1
2 ,l(λ, 0, λ) ∼ (−1)2l(l− 1

2 )‖ũl− 1
2
(λ)‖2. (4.13)

This case corresponds to matrix elements of b(x, z). We calculate them below during
the proof of the main theorem, see Proposition 4.13.

Remark 4.9. In the case λ+ν−μ = 2N or λ−ν−2−μ = 2N one can use bosonizations
of the vertex operator given on Propositions 2.27, 2.28. This leads to new Selberg-type
integrals, see Theorem 6.3.

The remaining part of this section is organized as follows. In Sect. 4.2 we study
symmetries of the three-point function and prove the relations (4.9). Then we focus on
the proof of Proposition 4.25.

The idea is to consider four-point conformal block 〈ũm(μ), ˜Uν,n(1, 1)b(x, z)ũl(λ)〉
with insertion of degenerate field b(x, z). We study properties of operator b(x, z) in
Sect. 4.3. In Sects. 4.4 and 4.5 we recall definitions of conformal blocks, BPZ and KZ
equations, and their solutions in terms of hypergeometric functions. We put all things
together in Sect. 4.6. Firstly we prove Proposition 4.25 using triviality of monodromy
of the conformal block with insertion of b(x, z), this is a variation of an argument used
in [ZZ89], [Tes95], [Tes99], [BS15]. Then we consider generic conformal blocks and
use Theorem 4.5 to find conformal blocks relations which are equivalent to the blowup
relations.

4.2. Symmetries of three-point functions Recall that we have a unique up to a constant
map (i + j + r ∈ 2Z)

m = m1 ⊗ mk : (Li,1 ⊗ Mλ,k(0, 0)
) ⊗ (L j,1 ⊗ Mν,k(1, 1)

)

⊗(Lr,1 ⊗ Mμ,k(∞,∞)
) → C. (4.14)

The matrix elements C̃m,n,l(μ, ν, λ) are actually defined through this map

C̃m,n,l(μ, ν, λ)

C̃{m},{n},{l}(μ, ν, λ)
=

m
(

α
(∞)
0,0

(

ũm(μ)
) ⊗ α

(0)
1,1

(

ũn(ν)
) ⊗ α

(0)
0,0

(

ũl(λ)
)

)

m
(

α
(∞)
0,0

(

ũ{m}(μ)
) ⊗ α

(0)
1,1

(

ũ{n}(ν)
) ⊗ α

(0)
0,0

(

ũ{l}(λ)
)

) ,

(4.15)

where {n} denotes fractional part of n and �n� denotes floor. Moreover, one can consider
generic positions of the insertions and Borel subalgebras in three-point function

m
(

α
(∞)
y1,w1

(

ũm(μ)
) ⊗ α

(0)
x2,z2

(

ũn(ν)
) ⊗ α

(0)
x3,z3

(

ũl(λ)
)

)

m
(

α
(∞)
y1,w1

(

ũ{m}(μ)
) ⊗ α

(0)
x2,z2

(

ũ{n}(ν)
) ⊗ α

(0)
x3,z3

(

ũ{l}(λ)
)

) = C̃m,n,l(μ, ν, λ)

C̃{m},{n},{l}(μ, ν, λ)

(1 + y1x2)
�m�+�n�−�l�(1 + y1x3)

�m�+�l�−�n�(x2 − x3)
�n�+�l�−�m�

(1 − w1z2)
l2−{l}2−m2+{m}2−n2+{n}2

(1 − w1z3)
n2−{n}2−l2+{l}2−m+{m}2

(z2 − z3)
m2−{m}2−n2+{n}2−l2+{l}2

. (4.16)
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We can swap (x2, z2) and (x3, z3). Since x2 − x3 and z2 − z3 change the sign after such
swapping we get a symmetry with a sign factor given by

(−1)�n�+�l�+�m�+m2−{m}2+n2−{n}2+l2−{l}2 C̃m,l,n(μ, ν, λ)

C̃{m},{l},{n}(μ, ν, λ)
= C̃m,n,l(μ, ν, λ)

C̃{m},{n},{l}(μ, ν, λ)
.

(4.17)

By straightforward (and not illuminating) case-by-case check on can see that this formula
is equivalent to (4.9a).

In order to see another symmetry, we swap the first and third points and also re-
place the choice of the isomorphism αx,z in them. Note that for any n, x, z the vectors
α

(0)
x,z

(

ũn(λ)
)

and α
(∞)
y,w

(

ũn(λ)
)

are proportional (here y = −x−1 and w = z−1 as above).
Indeed, these vectors are Vircoset ⊕̂sl(2)x,z,k+1 highest weight vectors for the same Borel
subalgebra Virz,+⊕̂bx,z , where Virz,+ denotes subalgebraC[[t−z]](t−z)∂t⊕CC ∈ Vir.
Furthermore, these vectors share the same highest weight, therefore they are proportional
due to decomposition (3.1). The proportionality coefficient is equal to

α(0)
x,z

(

ũn(ν)
) = x−2�n�(−z2)n

2−{n}2
α(∞)
y,w

(

ũn(ν)
)

. (4.18)

Indeed, the change of the basis in bx from (h + 2x f, e− xh − x2 f ) to (−h − 2ye, y2e +
yh − f ) is performed by conjugation of element in exp(bx ) which gives the first factor
x−2�n�. And the transformation from t − z expansion into s − w = −t−1z−1(t − z)
expansion gives the second term (−z2)n

2−{n}2
.

Using all these signs we get

(−1)n
2−{n}2+�l�+�n�−�m� C̃l,n,m(λ, ν, μ)

C̃0,0,0(λ, ν, μ)
= C̃m,n,l(μ, ν, λ)

C̃0,0,0(μ, ν, λ)
. (4.19)

By case by case consideration this is equivalent to (4.9b).

Remark 4.10. There is another way to state l ↔ m symmetry (4.9b). First, assume that
n = 0. It is straightforward to get from the commutation relations that the conjugate op-
erator Vν(x, z)† is proportional Vν(−x−1, z−1). Therefore the same holds for ˜Uν,0(x, z).

Since the ratio of matrix elements C̃m,0,l (μ,ν,λ)

C̃{m},0,{l}(μ,ν,λ)
is proportional to xl−m then after the

swapping of l,m we get sign (−1)l−m .
In terms of conjugation of vertex operators, the proof above (namely the formula

(4.18)) asserts that ˜Uν,n(x, z)† is proportional to (−1)n˜Uν,n(−x−1, z−1) for integer n.
For half-integer n we have a sign as in formula (3.55).

Remark 4.11. The automorphism τ introduced in Remark 3.10 also gives symmetry of
the three-point functions

C̃m,n,l(μ, ν, λ)

C̃0,0,0(μ, ν, λ)
= (−1)n(2n−1)

C̃−m+ 1
2 ,n,−l+ 1

2
(κ − 2 − μ, ν, κ − 2 − λ)

C̃0,0,0(κ − 2 − μ, ν, κ − 2 − λ)

‖ũm(μ)‖2‖ũl(λ)‖2. (4.20)

The norms on the right side appears from the fact that τ inverses the norm of highest
weight vectors, see Sect. 3.4.
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4.3. Matrix elements of b(x, z) Recall the level 1 vertex operator b(x, z) defined in
sec. 2.6.3. We can consider it as an operator acting Li,1 ⊗ Mλ,k → L1−i,1 ⊗ Mλ,k .
Taking into account decompositions (3.1) we can ask for the Vircoset ⊕̂sl(2)k+1 descrip-
tion.

Proposition 4.12. 1) The operator b(x, z) corresponds to degenerate vertex operator
X1(x, z) for ̂sl(2)
k+1.

2) The operator b(x, z) is Vircoset vertex operator �1,2(z).

Proof. The proof is similar to the proof of Proposition 3.12. This operator is obtained
by operator-state correspondence map Y ⊗ Y applied to the vector

vb = v1/2 ⊗ v0,k ∈ L1,1 ⊗ L0,k . (4.21)

Clearly this vector is the highest weight vector for Vircoset ⊕ ̂sl(2)k+1. Then it remains
to show that

( f 

0 )2vb = 0, ((LGKO−1 )2 + (bGKO)2LGKO−2 )vb = 0. (4.22)

��
Proposition 4.13. Nontrivialmatrix elements of b(x, z) are equal to norms of the highest
weight vectors, namely

B̃+
m(μ) = 〈

ũm+1/2(μ), b0(1) ũm(μ)
〉 = (−1)m(2m−1)‖ũm(μ)‖2, (4.23a)

B̃−
m (μ) = 〈

ũm−1/2(μ), b1(1) ũm(μ)
〉 = (−1)m(2m−1)‖ũm−1/2(μ)‖2, (4.23b)

while all other matrix elements vanish.

We will use these formulas in the proof of (main) Theorem 4.5. On the other hand,
they can be viewed as a particular case of this theorem; see Example 4.8.

Proof. Let us start with the vanishing property. Inserting h

0 into the matrix element we

get

(λ + 2m) 〈ũm(λ), b0(z) ũl(λ)〉 = 〈

ũm(λ), h

0 b0(z) ũl(λ)

〉

= (λ + 2l + 1) 〈ũm(λ), b0(z) ũl(λ)〉 . (4.24)

Hence m �= l + 1/2 the matrix element vanishes. Similarly, for b1(z).
We will use formula (3.10) in the proof, so it will be convenient to rewrite the matrix

elements (4.23) in terms of (differently normalized) highest weight vectors um(μ)

B+−l(λ) = 〈

u−l+1/2(λ), b0(1) u−l(λ)
〉 = (−1)l(2l+1)‖u−l+1/2(λ)‖2, (4.25a)

B−
−l(λ) = 〈

u−l−1/2(λ), b1(1) u−l(λ)
〉 = (−1)l(2l+1)‖u−l(λ)‖2, (4.25b)

B+
m(μ) = 〈

um+1/2(μ), b0(1) um(μ)
〉 = (−1)m(2m−1)‖um(μ)‖2, (4.25c)

B−
m (μ) = 〈

um−1/2(μ), b1(1) um(μ)
〉 = (−1)m(2m−1)‖um−1/2(μ)‖2, (4.25d)

for l,m ≥ 0. For B+−l(λ) we have

〈

u−l+1/2(λ), b0(z) u−l(λ)
〉 =

〈

v−l+1/2(λ), e−g†
0 e−g0b0(z) v−l(λ)

〉

=
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= (−1)l(2l+1)
〈

v−l+1/2(λ), e−g†
0 e−g0 z−l(v−l+1/2(λ) + o(1))

〉

= (−1)l(2l+1)z−l‖u−l+1/2‖2. (4.26)

Here the second summand in v−l+1/2(λ) + o(1) represents vectors of L0 degree greater
then v−l+1/2(λ) and hence orthogonal to the left vector. We also used commutativity
between b0(z) and g0. Using the conjugation we have

(−1)l(2l+1)‖u−l+1/2(λ)‖2 = B+−l (λ) = 〈

u−l+1/2(λ), b0(1) u−l(λ)
〉 =

=
〈

u−l(λ), b1(1)(−1)−h0+1 u−l+1/2(λ)
〉

= (−1)2l B−
−l+1/2(λ). (4.27)

For vectors um(λ) we can use formula (3.66). Similarly to the arguments above we have

B−
m (μ) = 〈

um−1/2(μ), b1(z) um(μ)
〉 =

〈

vm−1/2(μ), eg0b1(z)e
g†

0 vm(μ)
〉

=
〈

vm−1/2(μ), eg0 eg
†
0b1(z) vm(μ)

〉

= (−1)m(2m−1)‖um−1/2(μ)‖2. (4.28)

Using conjugation we have

B+
m(μ) = 〈

um+1/2(μ), b0(1) um(μ)
〉

=
〈

um(μ), b1(1)(−1)−h0+1 um+1/2(μ)
〉

= (−1)m(2m−1)‖um(μ)‖2. (4.29)

��
Remark 4.14. The proposition is consistent with the isometry τ ⊗ τ (see Remark 3.10).

(−1)l(2l−1)‖u−l+1/2(λ)‖2 = B+−l(λ) = 〈

u−l+1/2(λ), b0(1) u−l(λ)
〉 =

= 〈

τ ⊗ τ(u−l(λ)), τ ⊗ τ(b0(1)) τ ⊗ τ(u−l(λ))
〉 = B−

l+1/2(k − λ)

= (−1)l(2l−1)‖ul(k − λ)‖2. (4.30)

4.4. Virasoro conformal blocks The space of conformal blocks can be defined using
the space of coinvariants as in Sect. 2.7. Below we define sphere conformal blocks using
vertex operators �
 introduced there.

Definition 4.15. Assume that there are given parameters Pi , i ∈ {1, . . . , n} and P ′
j ,

j ∈ {2, . . . , n−2}. Assume also that there are given vertex operators �
2(z) : MP1,b →
MP ′

2,b
, �
i (z) : MP ′

i−1,b
→ MP ′

i ,b
for i ∈ {3, . . . , n − 2}, and �
n−1(z) : MP ′

n−2,b
→

MPn ,b, where 
i = 
(Pi , b). The n-point sphere conformal block for Virasoro algebra
defined as

Fb( �P, �P ′; �z) =
〈

vPn ,b,�
n−1(zn−1) . . . �
3(z3)�
2(z2)vP1,b

〉

, (4.31)

where �P = (P1, . . . , Pn), �P ′ = (P ′
2, . . . , P

′
n−2), �z = (z2, . . . , zn−1).

The conformal block is defined up to the choice of normalization of vertex operators
(i.e. independent of �z function) to be specified below. This is n-point conformal block
through only dependence on n − 2 coordinate is explicit; the remaining two are fixed
z1 = 0, zn = ∞.

In the paper, we will mainly use four-point conformal blocks. In this case we can
assume that z2 = z, z3 = 1 and we have only one intermediate parameter P ′

2 = P ′. In
such case, the definition can be also restated in terms of so-called chain vectors.
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Definition 4.16. Let �
2(z) : MP1,b → MP3,b, 
2 = 
(P2, b) be a Virasoro vertex
operator as in sec. 2.7. The vector Wb;P2

P1,P3
(z) = �
(z)vP1,b ∈ MP3,b is called Virasoro

chain vector.

It follows from statements in sec. 2.7 that for generic values of parameters the chain
vector Wb;P2

P1,P3
(z) exists and uniquely fixed by its top component, i.e. by scalar product

〈

vP3,b,W
b;P2
P1,P3

(z)
〉

. For conformal blocks we have

Fb( �P, P ′; z) = 〈

W
b;P3
P4,P ′(1),W

b;P2
P1,P ′(z)

〉

. (4.32)

Unless otherwise stated, we assume that Whittaker vectors are normalized by 〈vP3,b,

W
b;P2
P1,P3

(z)〉 = z
3−
1−
2 . Hence conformal blocks have the form Fb( �P, P ′; z) =
z


′−
1−
2(1 + O(z)).
There is a special case of Virasoro four-point conformal blocks which will be im-

portant for us, namely conformal block with one degenerate vertex operator �12. In this
case differential equation (2.61b) leads to the equation on function F.

Theorem 4.17 [BPZ84]. The four-point conformal block Fb( �P, P ′; z) = 〈
4,�
3(1)

�1,2(z)
1〉 with degenerate field �12 satisfy differential equation
(

z(1 − z)∂2
z + b2

(

(2z − 1)∂z +

1

z
+


3

z − 1
+ 
12 − 
4

)

)

F(z) = 0. (4.33)

There are two solutions of this equation which correspond to two possible values of
P ′ namely P ′ = P + sb/2, where s = ±1. These solutions are given by hypergeometric
functions. For �a = (a1, a2, a3) ∈ C

3 we will write

2F1(�a|z) = 2F1(a1, a2; a3|z). (4.34)

It will be convenient to introduce a transformation of the vectors in C
3

Î �a = (a1 − a3 + 1, a2 − a3 + 1, 2 − a3). (4.35)

It is easy to see that Î 2 = 1. Furthermore, the functions 2F1(�a|z) and z1−a3 2F1( Î �a|z)
satisfy the same hypergeometic equation.

Corollary 4.18. The four-point conformal blocks with degenerate field�12 has the form

Fb( �P, P1 + b/2; z) = zD+(1 − z)E 2F1( �A|z), (4.36a)

Fb( �P, P1 − b/2; z) = zD−(1 − z)E 2F1( Î �A|z). (4.36b)

where

A1 = −bP1 − bP4 − bP3 + 1/2, A2 = −bP1 + bP4 − bP3 + 1/2;
A3 = 1 − 2bP1; (4.37)

Ds = 
(P1 + sb/2, b) − 
(P1, b) − 
(P12, b), E = 
(P3 + b/2, b) − 
(P3, b)

−
(P12, b). (4.38)

As was noted above we normalized conformal blocks in the formulas (4.36) by Fb( �P,

P ′; z) = z

′−
1−
2(1 + O(z)).
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4.5. ̂sl(2) conformal blocks The definition and properties of ̂sl(2) conformal blocks
are similar to Virasoro ones discussed in the previous section. The main new ingredient is
the dependence of the vertex operators on the additional parameter x which parametrizes
Borel subalgebra.

Definition 4.19. Assume that there are given parameters λi , i ∈ {1, . . . , n} and λ′
j , j ∈

{2, . . . , n − 2}. Assume also that there are given vertex operators Vλ2(x, z) : Mλ1,k →
Mλ′

2,k ,Vλi (x, z) : Mλ′
i−1,k

→ Mλ′
i ,k

for i ∈ {3, . . . , n−2}, andVλn−1(x, z) : Mλ′
n−2,k →

Mλn ,k as in sec. 2.6. The n-point sphere conformal block for ̂sl(2) algebra defined as

�k(�λ, �λ′; �x, �z) =
〈

vλn ,k,Vλn−1(xn−1, zn−1) . . .Vλ3(x3, z3)Vλ2(x2, z2)vλ1,k

〉

,

(4.39)

where �λ = (λ1, . . . , λn), �λ′ = (λ′
2, . . . , λ

′
n−2), �x = (x2, . . . , xn−1), �z = (z2, . . . , zn−1).

Definition 4.20. Let Vλ2(x, z) : Mλ1,k → Mλ3,k be an ̂sl(2) vertex operator as in
sec. 2.6. Vector Wk;λ2

λ1,λ3
(x, z) = Vλ2(x, z)vλ1,k ∈ Mλ3,k is called ̂sl(2)-chain vector.

Consider four-point conformal blocks. Similarly to Virasoro case one can assume
that z2 = z, x2 = x , z3 = 1, x3 = 1 and we have only one intermediate parameter
λ′

2 = λ′. We have

�k(�λ, λ′; x, z) =
〈

vλ4,k,Vλ3(1, 1)Vλ2(x, z)vλ1,k

〉

=
〈

Wk;λ3
λ4,λ′(−1, 1),Wk;λ2

λ1,λ′(x, z)
〉

.

(4.40)

Unless otherwise stated, we assume that Whittaker vectors are normalized by
〈

vλ3,k,Wk;λ2
λ1,λ3

(x, z)
〉 = z
3−
1−
2x (λ1+λ2−λ3)/2. Hence conformal blocks have the

form

�k(�λ, λ′; x, z) = z

′−
1−
2x (λ1+λ2−λ′)/2

(

1 + O(x) + O(z)
)

. (4.41)

We will need a description of four-point conformal block with insertion of degen-
erate field of spin 1

2 which we denote by X1(x, z), see (2.46). This description follows
from Knizhnik-Zamolodchikov equations [KZ84] and is well known, see e.g. [Tes99].
Consider function

�k(�λ, λ′; y, x, z) = �k,0(�λ, λ′; y, z) + x�k,1(�λ, λ′; y, z) = 〈vμ,k,Vν(y, 1)X1(x, z)

vλ,k〉. (4.42)

Here �λ = (λ, ν, μ). It follows from fusion rules that there are two possible choices of
λ′ namely λ′ = λ ± 1.

We can now write Knizhnik-Zamolodchikov equations.

Proposition 4.21. Functions �k,i (�λ, λ′; y, z) satisfy system of equations

κ∂z�k,0 = (−y2∂y + νy)�k,1 + 1
2 (−2y∂y + ν)�k,0

z − 1
+

λ�k,0

2z
, (4.43a)

κ∂z�k,1 = ∂y�k,0 − 1
2 (−2y∂y + ν)�k,1

z − 1
+

1
2 (−λ − 2)�k,1 − ∂y�k,0

z
. (4.43b)
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Corollary 4.22. The conformal blocks have the following expressions in terms of hyper-
geometric functions

�k(�λ, λ + 1; y, x, z) = yρz
λ

2κ (1 − z)
ν

2κ

(

2F1
(�a|z) − a1

a3

x

y
2F1

(�a + (1, 0, 1)|z)
)

,

(4.44a)

�k(�λ, λ − 1; y, x, z) = yρz−
λ+2
2κ (1 − z)

ν
2κ

(

z
a2 − a3

a3 − 1
2F1

(

Î (�a)|z) +
x

y
2F1

(

Î (�a + (1, 0, 1))|z)
)

. (4.44b)

where

�a = (a1, a2, a3) = (
λ − μ + ν + 1

2κ
,
λ + μ + ν + 3

2κ
,

1 + λ

κ
). (4.45)

Sketch of the proof. Inserting h0 into matrix element 〈vμ,k |Vν(y, 1)Xi,1(z)h0|vλ,k〉 we
can fix the dependence of �k,i (y, z) on y.

�k,0(�λ, λ + 1; y, z) = yρ f0(z), �k,1(�λ, λ + 1; y, z) = yρ−1 f1(z), (4.46)

where ρ = 1
2 (λ − μ + ν + 1).

Then KZ equations (4.43) in terms of f0(z), f1(z) have the form

κ f ′
0(z) = f0(z)

(

λ

2z
+

ν − 2ρ

2(z − 1)

)

+ f1(z)
ν − ρ + 1

z − 1
, (4.47a)

κ f ′
1(z) = f0(z)

(

ρ

z − 1
− ρ

z

)

+ f1(z)

(−λ − 2

2z
− ν − 2(ρ − 1)

2(z − 1)

)

. (4.47b)

After simple calculation, we get the result. ��
Note that we normalized conformal blocks above such that the leading coefficient in

x, z/x expansion is equal to 1.

4.6. Coset decomposition and conformal block relations Now, we are ready to come
back to coset construction. The vector ˜Uν,n(x, z)ũl(λ) would be a tensor product of
Virasoro and ̂sl(2)-chain vectors since the operator ˜Uν,n is a primary field for Vircoset ⊕
̂sl(2)k+1. A chain vector in each summand of (3.1) would be a tensor product of Virasoro
and ̂sl(2)-chain vectors. We fix normalization of such products by

〈

W
b;P(ν)+nb
P(λ)+lb,P(μ)+mb(z) ⊗ Wk+1,ν+2n

λ+2l,μ+2m(x, z), ũm(μ)
〉

= ‖ũm(μ)‖2z
(P(μ))−
(P(ν))−
(P(λ))x
−μ+ν+λ

2 −m+n+l . (4.48)

Then, the following proposition is just a reformulation of the definitions of C̃m,n,l(μ, ν, λ)

and B̃s
l (λ) given in formulas (4.5) and (4.23) above.

Proposition 4.23. We have

˜Uν,n(x, z)ũl(λ) =
∑

n∈Z

C̃m,n,l(μ, ν, λ)

‖ũm(μ)‖2 W
b;P(ν)+nb
P(λ)+lb,P(μ)+mb(z) ⊗ Wk+1,ν+2n

λ+2l,μ+2m(x, z),

(4.49)
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b(x, z)ũl(λ) =
∑

s∈±1

B̃s
l (λ)

‖ũl+s/2(λ)‖2 W
b,P1,2(b)
P(λ)+lb,P(λ)+l+ s

2
(z) ⊗ Wk+1;1

λ+2l,λ+2l+s(x, z),

(4.50)

where P(λ) = PGKO(λ), b = bGKO.

4.6.1. Recurrence relations Consider the four-point conformal block of the form
〈

ũm(μ), ˜Uν,n(1, 1) b(x, z) ũl(λ)
〉

. (4.51)

Due to Proposition 4.23, it decomposes as a linear combination of Virasoro and ̂sl(2)

conformal blocks. According to Proposition 4.12, these are conformal blocks with the
presence of degenerate fields. Therefore we get

Corollary 4.24. The four-point conformal block with presence of fields b(x, z) has the
form

〈ũm(μ), ˜Uν,n(1, 1)b(x, z) ũl(λ)〉 =
∑

s∈±1

C̃m,n,l+s/2(μ, ν, λ)B̃s
l (λ)

‖ũl+s/2(λ)‖2

×Fb

( �P�l , P(λ) + lb + sb/2; z
)

�k+1

(�λ�l , λ + 2l + s; x, z
)

, (4.52)

where

�P�l = (P(λ) + lb, P(ν) + nb, P(μ) + mb), �λ�l = (λ + 2l, ν + 2n, μ + 2m). (4.53)

The Virasoro and ̂sl(2) conformal blocks appeared in the formula (4.52) are given in
Corollaries 4.18 and 4.22 correspondingly (with y = 1 in the latter). Therefore we get

Fb
( �P�l , P(λ) + lb + b/2; z

)

�k+1

(�λ�l , λ + 2l + 1; x, z
)

= (1 − z)
1
2 (−r1−r2+r3)z

−1−r3
2

(

2F1(�a|z) 2F1(−�a − �r |z) − x
a1

a3
2F1(�a + (1, 0, 1)|z) 2F1(−�a − �r |z)

)

(4.54a)

Fb
( �P�l , P(λ) + lb − b/2; z

)

�k+1

(�λ�l , λ + 2l − 1; x, z
)

= (1 − z)
1
2 (−r1−r2+r3)z

1+r3
2

(a2 − a3

a3 − 1
z 2F1( Î �a|z) 2F1( Î (−�a − �r)|z) + x 2F1( Î (�a + (1, 0, 1))|z) 2F1( Î (−�a − �r)|z)

)

, (4.54b)

where

a1 = (λ + 2l − μ − 2m + ν + 2n + 1)

2(κ + 1)
, r1 = −l + m − n − 1

2
, (4.55a)

a2 = (λ + 2l + μ + 2m + ν + 2n + 3)

2(κ + 1)
, r2 = −l − m − n − 1

2
, (4.55b)

a3 = (λ + 2l + 1)

κ + 1
, r3 = −2l − 1. (4.55c)

On the other hand, it follows from the definition of b(x, z) in formula (2.51) that the
action b(x, z) on ũl(λ) is given by Laurent series in z for l ∈ Z and by Laurent series in
z times z1/2 for l ∈ Z + 1/2. Similarly singular part of OPE of b(x, z) and ˜Uν,n(1, 1) is
either Laurent polynomial in z−1 if n ∈ Z or Laurent polynomial in z−1 times (z−1)1/2
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for n ∈ Z + 1/2. In any case, after factoring out the term (1 − z)
1
2 (−r1−r2+r3)z

−1−r3
2 we

get a linear combination of products of 2F1 hypergeometric functions which has trivial
monodromy in z and can have only poles at z = 0, 1,∞. Hence it is a rational function
in z. This gives strong restriction on the coefficients in this linear combination. Namely

‖ũl+ 1
2
(λ)‖2

‖ũl− 1
2
(λ)‖2

B̃−
l (λ)

B̃+
l (λ)

C̃m,n,l−1/2(μ, ν, λ)

C̃m,n,l+1/2(μ, ν, λ)

a2 − a3

a3 − 1
= p�r (�a) (4.56)

where p�r (�a) is a coefficient found in Proposition A.2. Using Corollary 3.18 and Propo-
sition 4.13 after straightforward computation we get a recursion formula.

Proposition 4.25. We have

C̃m,n,l− 1
2
(μ, ν, λ)

C̃m,n,l+ 1
2
(μ, ν, λ)

= (−1)−l+m−n− 1
2

s
1,− 1

κ

−l−m−n+ 1
2
(− 2+λ+μ+ν

2κ
)s

1,− 1
κ

−l+m−n+ 1
2
(−λ−μ+ν

2κ
)s

1,− 1
κ

−l−m+n+ 1
2
(−λ+μ−ν

2κ
)

s
1,− 1

κ

l−m−n+ 1
2
(−−λ+μ+ν

2κ
)s

1,− 1
κ−2l+1(−λ+1

κ
)s

1,− 1
κ−2l (−λ+1

κ
)

.

(4.57)

This finishes the proof of Theorem 4.5. Recall that the function s stands for the product
over the segment and was defined in formula (3.48).

4.6.2. Conformal block relations and blowup equations Consider now the conformal
block of the form

〈

ũ0(μ4), ˜Uμ3,0(1, 1) ˜Uμ2,0(x, z) ũ0(μ1)
〉

. (4.58)

Note that the ̂sl(2)1 part of the vectors u0(μ4), u0(μ1) and vertex operators ˜Uμ3,0,
˜Uμ2,0

are trivial. Hence this conformal block is equal to �k ( �μ, λ; x, z). On the other hand, we
can use decomposition (3.1) and write

�k ( �μ, λ; x, z) =
∑

l∈Z

C̃0,0,l(μ4, μ3, λ)C̃l,0,0(λ, μ2, μ1)

‖ũl(λ)‖2 �k+1 ( �μ, λ + 2l; x, z)

Fb

( �P, P(λ) + lb; z
)

, (4.59)

where

�P = (P(μ1), P(μ2), P(μ3), P(μ4)), �μ = (μ1, μ2, μ3, μ4). (4.60)

Due to AGT correspondence the function Fb is equal (up to simple U (1) factor) to
Nekrasov partition function for SU (2) theory with N f = 4 [AGT10] and the function
�k is equal to Nekrasov partition function for SU (2) theory with presence of a surface
defect [AT10], [Nek17], [NT22]. In this geometric language the relation (4.59) is a
blowup relation with the presence of the surface defect, suggested in [Nek24], [JN20]
(equations without defect were proven by Nakajima and Yoshioka in the seminal paper
[NY05]).
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Remark 4.26. Note that in relation (4.59) the coefficients are given by rational functions,
essentially the products of triangle functions t. It appears there is another normalization
of conformal blocks in which these coefficients are equal to one. On the gauge theory
side, the corresponding Nekrasov functions are called full partition functions. This is
actually normalization used in [Nek24], [JN20], for the blowup relation without surface
defect see [NY04, sec. 4.4]. We briefly recall some choice of such normalization in
Appendix B.

As another example let us consider one-point torus conformal blocks defined as

� tor
k (λ, λ′; x, q) = Tr

(

qL0xh0Vλ(1, 1)
)

|Mλ′,k , Ftor
b (P, P ′; q) = Tr

(

qL0�
(z)
)

|MP ′,b . (4.61)

Then we have
(

∑

n∈Z qn
2
x2n

∏∞
m=1(1 − qm)

)

� tor
k (ν, λ; x, q) = Tr

(

qL(1)
0 +L(2)

0 xh
(1)
0 +h(2)

0 ˜Uν,0(x, z)
)

|L0,1⊗Mλ,k

=
∑

l∈Z

C̃l,0,l(λ, ν, λ)

‖ũl(λ)‖2 � tor
k+1(ν, λ + 2l; x, q)Ftor

b (P(ν), P(λ) + lb; q),

(4.62)

see character formulas (2.23). Same as above, due to AGT correspondence this can be
viewed as a blowup relation for SU (2) theory with adjoint matter with the presence of
the surface defect.

Clearly one can generalize such relations for more point conformal blocks on sphere
or torus. In the next section, we will also consider Whittaker limit of these relations.

5. Kyiv Formula for Painlevé III3 Tau-Function

In this section we deduce Kyiv formulas for the tau function from the coset (or blowup)
relations (4.59) closely following [Nek24], [JN20]. We restrict ourselves to the case
of Painlevé III3 which corresponds to Whittaker limit of conformal blocks. First, we
recall Hamiltonian of the Painlevé III3 and show the relation between tau function and
generating function of canonical transformation. Then we define Whittaker vectors and
Whittaker limits of conformal blocks. The Whittaker limit of ̂sl(2) conformal block
satisfies the non-stationary affine Toda equation. In the classical k → ∞ this leads to
solution of Hamilton-Jacobi equation for Painlevé III3 Hamiltonian. Taking the classical
limit of relations (4.59) we get the Kyiv formula.

5.1. Generating function and tau function for Painlevé III3 Recall some facts about
Hamiltonian mechanics (see e.g. [Arn13] for the reference).

Consider extended phase space with coordinates (x, p, z) where x is a coordinate, p
is a momentum, and z is a time. The degenerate Poisson bracket is defined by {x, p} =
1, {x, z} = {p, z} = 0. Hamiltonian dynamics is defined by one function which is called
Hamiltonian H(x, p; z) and differential equations called Hamilton equations

dp

dz
= −

(

∂H

∂x

)

p,z
; dx

dz
=

(

∂H

∂p

)

x,z
. (5.1)
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Here and below by additional indices in partial derivatives, we emphasize the variables
that are considered to be fixed.

Assume that there is another pair of functions α, β on the extended phase space and
a function S(x, α; z) such that

p =
(

∂S

∂x

)

α,z
, β = −

(

∂S

∂α

)

x,z
, (5.2)

and Hamilton-Jacobi equation holds

(

∂S

∂z

)

α,x
+ H

(

x,

(

∂S

∂x

)

α,z
; z

)

= 0. (5.3)

The function S(x, α; z) is a called a generating function of a canonical transformation
from coordinates (x, p, z) to (α, β, z). The following result is standard

Theorem 5.1. In the assumption above, the Hamiltonian flow equations are equivalent
to the condition that α, β are integrals of motions, i.e. ∂zα = ∂zβ = 0.

Proof. Equations (5.2) and (5.3) imply that

η = pdx − Hdz = βdα + dS. (5.4)

The Hamiltonian equations (5.1) correspond to vector field in the kernel of 2-form dη

in (x, p, z). In the (α, β, z) coordinates the kernel of dη is given by the vector field ∂z .
��

The Hamiltonian of the Painlevé III3 equation has the form (see e.g. [GIL13])

H = 1

z
(x2 p2 − x−1z − x). (5.5)

Definition 5.2. The function τ(x, p; z) such that
d log τ

dz
= H(x, p; z) is called Painlevé

III3 tau-function.

It appears that there is a simple relation between generating function S satisfying the
Hamilton-Jacobi equation and Painlevé III3 τ -function. Similar relation for the Painlevé
VI case given in [Nek24, sec. 4.3], see also [IP16, sec. 7].

Proposition 5.3. Suppose function S(x, α; z) satisfies Hamilton-Jacobi equation (5.1)
for Painlevé III3 Hamiltonian, functions β, p are defined by relations (5.2) and functions
α, β are integrals of motion. Then

log τ = S − αβ − 4z

(

∂S

∂z

)

α,x
− 2x

(

∂S

∂x

)

α,z
. (5.6)

Proof. Let us denote by F = S−αβ −4z
(

∂S
∂z

)

α,x
−2x

(

∂S
∂x

)

α,z = S−αβ +4zH −2xp.

Then
(

∂F

∂z

)

α,β

=
(

∂S

∂z

)

α,β

+ 4H + 4z

(

∂H

∂z

)

α,β

− 2

(

∂(xp)

∂z

)

α,β

=
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= 3H + 4z

(

∂H

∂z

)

p,x
+ 2x

(

∂H

∂x

)

p,z
− p

(

∂H

∂p

)

x,z
= H, (5.7)

where we used
(

∂S

∂z

)

α,β

=
(

∂S

∂z

)

α,x
+

(

∂S

∂x

)

α,z

(

∂x

∂z

)

α,β

= −H + p

(

∂H

∂p

)

x,z
. (5.8)

and formula (5.5) for Hamiltonian. ��

5.2. Whittaker limit of three-point functions

Definition 5.4. The ̂sl(2) Whittaker vector Wk
λ(x, z) ∈ Mλ,k is a vector defined by

relations

e0Wk
λ(x, z) = xWk

λ(x, z), f1Wk
λ(x, z) = zx−1Wk

λ(x, z). (5.9)

Definition 5.5. The Virasoro Whittaker vector Wb
P (x, z) ∈ MP,b is a vector defined by

relations

L1W
b
P (z) = zWb

P (z), L2W
b
P (z) = 0. (5.10)

Proposition 5.6. (a) If λ, k are generic then there exists a unique up to constant ̂sl(2)

Whittaker vector, moreover
〈Wk

λ(x, z), vλ,k
〉 �= 0.

(b) If P, b are generic then there exists a unique up to constant Virasoro Whittaker
vector, moreover

〈

W
b
P (z), vP,b

〉 �= 0.

Proposition 5.6(a) follows from the fact that for generic values of parameters Verma
module Mλ,k is irreducible. Hence the Shapovalov on it is non-degenerate and any
eigenvector of the nilpotent subalgebra n̂ can be found uniquely up to normalization in
the completion Mλ,k . The proof of Proposition 5.6(b) is analogous.

On the hand we can consider limit of chain vector and get the Whittaker vectors

lim
λ2→∞ z
1+
2x (−λ1−λ2)/2Wk;λ2

λ1,λ3
(λ−1

2 x, λ−2
2 z) = Wk

λ3
(x, z), (5.11a)

lim
P2→∞ z
1+
2W

b;P2
P1,P3

(P−2
2 z) = Wb

P3
(z). (5.11b)

Using this limit description we can first define the Whittaker limit of conformal blocks
(taking the limit of formulas (4.40), (4.32))

Definition 5.7. The Whittaker limit of ̂sl(2) conformal block is defined as

�k(λ; x, z) =
〈

Wk
λ(1, 1),Wk

λ(x, z)
〉

. (5.12)

Definition 5.8. Consider the Whittaker vector W(z) ∈ MP,b then we define Virasoro
Whittaker conformal block by formula

Fb(P; z) =
〈

W
b
P (1),Wb

P (z)
〉

. (5.13)
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For the coset decomposition, we can take a limit of decomposition (4.49) and get

v0 ⊗ W(x, z) =
∑

l∈Z

1

t1,−1/κ
−2l ( λ+1

−κ
)‖ũl(λ)‖2

W
b
P(λ)+lb(z) ⊗ Wk

λ+2l(x, z). (5.14)

Here the tensor product of Whittaker vectors Wb
P(λ)+lb(z) ⊗ Wk

λ+2 l(x, z) ∈
MP+lb,b ⊗ Mλ+2 l,k+1 is normalized as

〈Wl(z) ⊗ Wl(x, z), ũl(λ)〉 = ‖ũl(λ)‖2z
(P(λ),b)+l2x−l−λ/2, (5.15)

c.f. normalization of chain vectors above (4.48). Taking the scalar product of decompo-
sition (5.14) (or taking the limit of conformal relation (4.59)) we get

Theorem 5.9. There is a relation on Whittaker limit of conformal blocks

�k(λ; x, z) =
∑

l∈Z

1

t
1,− 1

κ−2l ( λ
−κ

)t
1,− 1

κ−2l ( λ+1
−κ

)

Fb(P(λ) + lb; z)�k+1(λ + 2l; x, z).

(5.16)

5.3. Kyiv formula

Proposition 5.10. The function �k(λ; x, z) satisfies Toda differential equation

z∂z�k(λ; x, z) = 1

κ

(

zx−1 + x + x2∂2
x

)

�k(λ; x, z). (5.17)

Of course, this is just a Knizhnik-Zamolodchikov equation in the Whittaker limit.

Proof. Recall that by Sugawara construction (2.15) we have

L0 = 1

2κ
(e0 f0 + f0e0 +

1

2
h2

0 + 2e−1 f1 + 2 f−1e1 + h−1h1) + . . . . (5.18)

Inserting L0 into the formula for the conformal block we get

z∂z�k(λ; x, z) = 〈Wk
λ(1, 1), L0Wk

λ(x, z)〉
= 1

2κ

(

2x + 2zx−1 +
−2x∂x (−2x∂x + 2)

2

)

�k(λ; x, z). (5.19)

The proposition is proven. ��
Let us consider the limit κ → ∞. The conformal block has asymptotic behavior of

the form

log �k(−2σκ;−xκ2, zκ4) = −κS(σ ; x, z) + S0(σ ; x, z) + O(1/κ), (5.20)

where S(σ ; x, z), S0(σ ; x, z) are certain functions that do not depend onκ . The following
proposition follows directly from the Toda equation (5.17).

Proposition 5.11. The function S(σ ; x, z) satisfies equation
− z∂z S = x2(∂x S)2 − zx−1 − x . (5.21)
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Note that the equation (5.21) coincides with Hamilton-Jacobi equation (5.3) for Painlevé III3
Hamiltonian (5.5).

Now we take the classical limit of the coset decomposition. Note that the algebras
̂sl(2)k and ̂sl(2)k+1 are both become classical. On the other hand, the coset Virasoro
algebra in this limit has b = −i and central charge c = 1.

Theorem 5.12. Tau function for the Painlevé III3 equation has the following expansion

τ(σ, β; z) =
∑

l∈Z

1

t1,0
2l (−2σ)2

elβF1(i(σ + l); z). (5.22)

The formula (5.22) is called the Kyiv formula, it was first conjectured in [GIL12],
[GIL13]. There are several other proofs this formula, namely [ILT15], [BS15], [GL18a],
[GL18b]; as was mentioned above here we follow the logic of [Nek24], [JN20].

Note that usually coefficients in the Kyiv formula are written in terms of Barnes G-
function. However, after a certain redefinition of variables, these coefficients can be made
rational, see e.g. [BS17, eq. (3.9)]. In the formula (5.22) we also used rational coefficients
t1,0

2 l (−2σ)2. It appears they are equivalent to the ones used in loc. cit. via additional
change of variables. If we started from the conformal block in full normalization (see
Remark 4.26 and Appendix B) we would get Barnes functions without extra changes of
variables.

Proof. We take k → ∞ limit of the relation (5.16). For the left side we use expan-
sion (5.20). For the ̂sl(2) conformal blocks in the right side we have

log �(−2σκ + 2l, κ + 1;−xκ2, zκ4)

= −(κ + 1)S

(

σ
( κ

κ + 1

)

− l

κ + 1
; x

( κ

κ + 1

)2
, z

( κ

κ + 1

)4
)

+ S0(σ ; x, z) + O(1/κ)

= −(κ + 1 − l∂σ − σ∂σ − 2x∂x − 4z∂z)S(σ ; x, z) + S0(σ ; x, z) + O(1/κ). (5.23)

Therefore the leading divergent contributions of the left side and right side are equal to

exp
(

− κS(σ ; x, z)
)

and cancel. In the subleading order we get

e(1−σ∂σ −2x∂x−4z∂z)S(σ,x;z) =
∑

l∈Z

1

t1,0
2l (−2σ)2

e−l∂σ S(σ ;x,z)F1(i(σ + l); z). (5.24)

Let β = −∂σ S(σ, x; z), p = ∂x S(σ, x; z). Now we can apply Theorem 5.1. Namely
we know that S satisfies Hamilton-Jacobi equation and assume that σ, β are integrals of
motion, then x, p satisfy dynamics (5.1) with Painlevé III3 Hamiltonian. Furthermore,
by Proposition 5.3 the left side is equal to the tau function. Putting all things together
we get formula (5.22). ��

6. Selberg Integrals

In this section, we use free field realization of vertex operators and matrix elements
calculated in Theorem 4.5 for the computation of Selberg-type integrals. In Sect. 6.1
we prove the formula for operator Uν,n(x, z) in free field realization. This formula can
be viewed as an operator analog of the formula for the highest weight vector un(ν). In
Sect. 6.2 we use this formula for the computation of Selberg integrals. In Sect. 6.3 we
rewrite the answer as a product of Gamma functions, find constant term identity, and
compare particular cases with identities from [For95] and [KNPV15].
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6.1. Integral representation of vertex operators We want to find an analog of the
Proposition 2.27 for the primary fields Uν,n defined in formula (4.2). A bit informally
one can rewrite Proposition 2.27 in form

Vν(x, z) =
∫

0≤tN≤···≤t1≤z

(1 + xγ (z))ν :e ν√
2κ

ϕ(z) :
N

∏

i=1

S(ti )dti , (6.1)

if −μ+ν +λ = 2N , N ∈ Z≥0. The ν-th power is well defined since γ (z) is commutative
and we can write x-expansion using binomial formula.

Theorem 6.1. Assume−μ+ν +λ = 2N, where N ∈ Z≥0 and suppose that n ≤ 0. Then
we have

Uν,n(x, z) = e−g0 :en
√

2φ(z): (−1)nh
(1)
0 (h(1)

0 −1)eg0
∑

r≥0

(

ν + 2n

r

)

xrO(N )
r;ν (z). (6.2)

Note that the sign factor in formula (6.2) is just 1 for n ∈ Z and coincides with the sign
factor in the definition (2.51) of b0(z), b1(z) for n ∈ Z + 1

2 . This formula can also be
rewritten in form

Uν,n(x, z) =
∫

0≤tN≤···≤t1≤z

(

e−g0 :en
√

2φ(z): (−1)nh
(1)
0 (h(1)

0 −1)eg0
)

(1 + xγ (z))ν+2n :e ν√
2κ

ϕ(z):

×
N

∏

i=1

S(ti )dti . (6.3)

Example 6.2. Using the formulas (4.3c) and (6.1)we get

Uν,−1/2(x, z) =
(

b1(z)Vν(x, z) − 1

ν
(b0(z) + xb1(z))∂xVν(x, z)

)

=
∫

0≤tN≤···≤t1≤z

(

b1(z) − b0(z)γ (z)
)

(1 + xγ (z))ν−1 :e ν√
2κ

ϕ(z):
N

∏

i=1

S(ti )dti

=
∫

0≤tN≤···≤t1≤z

(

e−g0b1(z)e
g0

)

(1 + xγ (z))ν−1 :e ν√
2κ

ϕ(z):
N

∏

i=1

S(ti )dti . (6.4)

So we proved formula (6.3) for n = −1/2.

Theorem 6.1 can be viewed as an operator analog of Theorem 3.7. We had two proofs
of the latter, one based on explicit computation and another one based on the operator
I (z). Similarly, one can expect two proofs of the Theorem 6.1.

There is a simplifying step that is common to both proofs. Namely, it is sufficient to
prove formula (6.2) for N = 0. Indeed, any vector in u ∈ Li ⊗ Mν is a descendant
of the highest weight vector. Therefore the corresponding field Y ⊗ Y(u)) is obtained
by action of e( j)(z), h( j)(z), f ( j)(z), j = 1, 2 to the field corresponding to highest
weight vector i.e. Vν(x, z) or b(x, z)Vν(x, z). However,

∫

S(t)dt commutes formally
with e( j)(z), h( j)(z), f ( j)(z), j = 1, 2, therefore commutation relations do not depend
on screening insertions.



Highest-Weight Vectors and Three-Point Functions Page 41 of 54   142 

First proof of Theorem 6.1. Let Uν,n(x, z) denotes the right side of the formula (6.2). It
is convenient to decompose the proof into three steps.

Step 1.
Operator Uν,n(x, z) satisfies the following commutation relations

[e

r ,Uν,n(x, z)] = zr (−x2∂x + (ν + 2n)x)Uν,n(x, z), (6.5a)

[h

r ,Uν,n(x, z)] = zr (−2x∂x + (ν + 2n))Uν,n(x, z), (6.5b)

[ f 

r ,Uν,n(x, z)] = zr∂x Uν,n(x, z). (6.5c)

It is sufficient to check commutation relations with e

r and f 


r . Recall that we have
Lemma 3.11 that states

eg0e
(w)e−g0 = β(w), eg0 f 
(w)e−g0 = f 
(w) + h(1)(w)γ (w) + γ ′(w). (6.6)

Hence it is sufficient to compute commutation relations of the right side (6.6) with

eg0Uν,n(x, z)e
−g0 = Vν,n(x, z) =:en

√
2φ(z): (−1)nh

(1)
0 (h(1)

0 −1)
∑

p≥0

(

ν + 2n

p

)

x pO(0)
p;ν(z).

(6.7)

For the commutation with βr only O(0)
p;ν(z) are important. Hence using (2.53a) we

have

[

βr ,
∑

p≥0

(

ν + 2n

p

)

x pO(0)
p;ν(z)

]

= zr
∑

p≥0

(p + 1)

(

ν + 2n

p + 1

)

x p+1O(0)
p;ν(z)

= zr
(

− x2∂x + (ν + 2n)x
)

∑

p≥0

(

ν + 2n

p

)

x pO(0)
p;ν(z). (6.8)

Hence (6.5a) is proven.
For the relation (6.5c) note that

[γr ,Vν,n(x, z)] = 0, [h(1)
r ,Vν,n(x, z)] = zr2nVν,n(x, z), [ f (1)

r ,Vν,n(x, z)] = 0,

(6.9)

where in last commutator we used n < 0. Therefore

[
∑

s

h(1)
r−sγs,Vν,n(x, z)] = zr2nγ (z)Vν,n(x, z). (6.10)

It remains to compute (using (2.53c))

[

f (2)
r ,

∑

p≥0

(

ν + 2n

p

)

x pO(N )
p;ν (z)

]

= zr
∑

p≥0

(ν − p)

(

ν + 2n

p

)

x pO(0)
p+1;ν(z)

= zr
(

∂x − 2nγ (z)
)(

∑

p≥0

(

ν + 2n

p

)

x pO(0)
p;ν(z)

)

. (6.11)
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Putting all things together we get (6.5c).

Step 2. We want to show that operator Uν,n(x, z) is a field, i..e. belong to the image
of Y ⊗ Y. In case of x = 0 the space of fields is generated by

: P(1)
[

∂φ
]

em
√

2φ(z)(−1)mh(1)
0 (h(1)

0 −1) : ⊗ : P(2)
[

∂ϕ, β, γ
]

e
ν√
2κ

ϕ(z) : (6.12)

where P(1), P(2) are two differential polynomials (c.f. formula (2.42)). The space of
fields for arbitrary x is obtained by conjugation by ex f



0 . But due to relation (6.5c) we

have

Uν,n(x, z) = ex f


0 Uν,n(0, z)e−x f 


0 , (6.13)

so we are done.

Step 3. The space of fields can be identified with the space of states Li ⊗ Mν .
We know that Uν,n(x, z) is a field, in Step 1 we showed that the corresponding vector
is the highest weight vector for sl(2)k+1 with highest weight ν + 2n. Moreover, it is
straightforward to see that the corresponding vector has a conformal dimension equal
to the conformal dimension of un(ν). There exists only one up to proportionally vector
with this property in L2{n} ⊗ Mν . It remains to check the normalization. ��
Sketch of second proof of Theorem 6.1. It is convenient to decompose the proof into
three steps.

Step 1’. Consider ν = 1, μ = λ+ 1. As a particular case of the Example 6.2 we have

U1,−1/2(x, z) =
(

e−g0b1(z)e
g0

)

e
1√
2κ

ϕ(z) = I (z) (6.14)

where I (z) is defined by formula (3.29) and we used Proposition 3.13, c.f. Example 4.7.

Step 2’. One can use the associativity of the operator product expansion in the form

Y(v2|x, z)Y(v1|y, w) = ±Y

(

Y(v2|x − y, z − w)v1

∣

∣

∣

∣

y, w

)

. (6.15)

Since we work in free field realization, the associativity essentially follows from the
similar properties of the lattice algebra L0,1, β − γ system, and the bosonic field ϕ. We
omit the details.

Step 3’. Recall that we can restrict ourselves to the case without screenings, i.e.
N = 0. We prove formula (6.3) using induction on n. Assuming that the formula is
proven for n let us prove it for n − 1

2 .
It was shown in Proposition 3.14 that

U1,−1/2(x, z)un(ν) = (−1)n(2n−1)zd(n,ν,k)
(

un− 1
2
(ν + 1) + O(z)

)

. (6.16)

Therefore, using associativity we get

U1,− 1
2
(x, z)Uν,n(y, w) = ±(z − w)d(n,ν,k)

(

Uν+1,n− 1
2
(y, w) + O (z − w)

)

(6.17)
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On the other hand, we can explicitly calculate the left side

U1,− 1
2
(x, z)Uν,n(y, w)

= e−g0b1(z)e
g0 :e 1√

2κ
ϕ(z):

(

e−g0 :en
√

2φ(w): (−1)nh
(1)
0 (h(1)

0 −1)eg0
)

(1 + yγ (w))ν+2n :e ν√
2κ

ϕ(w):
= ±(z − w)d(n,ν,k)

((

e−g0 :e(n− 1
2 )

√
2φ(w): (−1)(n− 1

2 )h(1)
0 (h(1)

0 −1)eg0
)

(1 + yγ (w))ν+2n :e ν+1√
2κ

ϕ(w):
+O (z − w)

)

(6.18)

So, we are done. ��
6.2. Integral Let N ∈ Z≥0, l,m, n ∈ 1

2Z≥0 such that l +m +n ∈ Z and l +m +n ≤ N .
We want to compute integral

SNn,m,l(α, β, g) =
∫ 1

0
· · ·

∫ 1

0

N
∏

i=1

tα−1
i (1 − ti )

β−1
∏

1≤i< j≤N

|ti − t j |2g

(
l+m+n
∏

i=1

(1 − ti )
1−2nt−2l

i

∏

1≤i< j≤l+m+n

|ti − t j |2
)

dt1 · · · dtN (6.19)

Note that SN0,0,0(α, β, g) is a standard Selberg integral, see e.g. [FW08].

Theorem 6.3. The Selberg-type integral (6.19) is equal to

SNn,m,l (α, β, g) = (−1)(l+m+n)(l+m−3n+1)/2SN0,0,0(α, β, g)(l + m + n)!
t−1,g
l+m−n(β + (N − 1)g)t−1,g

l−n−m(1 − α − Ng)t−1,g
−l−m−n(−(N + 1)g)t−1,g

l+n−m(1 − α − β − (N − 1)g)

t−1,g
−2m (1 − α − β − (2N − 1)g)t−1,g

2l (1 − α)t−1,g
−2n (β − g)

(6.20)

Recall that the function t denotes the product over integer points in the triangle and
was defined in the formula (3.47). Note that the overall sign in formula (6.20), which
was a kind of difficulty for the three-point function above, here can be specified by the
positivity of integral for big real positive values of α, β, g

Proof. Let us express C̃m,n,l(μ, ν, λ) as an integral. Assume that m ∈ 1
2Z≥0, n, l ∈

1
2Z≤0, and −μ+ν+λ

2 = N ∈ Z≥0. Using Theorems 6.1, 3.7 and Remark 3.25 we get
〈

um(μ),Uν,n(1, 1) ul(λ)
〉

=
∑

r≥0

(

ν + 2n

r

)

〈

vm(μ), eg0
(

e−g0 :en
√

2φ(1): (−1)nh
(1)
0 (h(1)

0 −1)eg0O(N )
r;ν (1)

)

e−g0vl(λ)
〉

=
∑

r≥0

(

ν + 2n

r

) ∫

0≤tN≤···≤t1≤1

〈

vm(μ),
(

γ r (1) :en
√

2φ(1): (−1)nh
(1)
0 (h(1)

0 −1) :e ν√
2κ

ϕ(1):
)
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N
∏

i=1

eg0 S(ti )e
−g0 vl(λ)

〉
N

∏

i=1

dti (6.21)

Recall that S̃(t) = eg0 S(t)e−g0 = (β(t) − e
√

2φ(t)) : e
− 2√

2κ
ϕ(t) :, see formula (3.53).

Then we can rewrite integral in the right side

∫

0≤tN≤···≤t1≤1

〈

vm(μ),
(

γ r (1) :en
√

2φ(1): (−1)nh
(1)
0 (h(1)

0 −1) :e ν√
2κ

ϕ(1):
)

N
∏

i=1

(β(ti )− :e
√

2φ(ti ):) :e− 2√
2κ

ϕ(ti ): vl (λ)
〉

N
∏

i=1

dti

= (−1)N−r+4n(m−n)(m−n− 1
2 )

∑

I⊂{1,...,N }

∫

0≤tN≤···≤t1≤1

〈

vm(μ), γ r (1) :en
√

2φ(1): :e ν√
2κ

ϕ(1):

×
N

∏

i=1

(

(1 − δi∈I )β(ti ) + δi∈I :e
√

2φ(ti ):
)

:e− 2√
2κ

ϕ(ti ): vl (λ)
〉

N
∏

i=1

dti . (6.22)

The matrix element vanishes unless the number of β is equal to the number of γ .
Therefore we can assume that |I | = N − r . Furthermore, in order to have non-zero
scalar product in ̂sl(2)1 we need m = n + |I | + l. Hence r = N −m + n + l and we have

〈

vm(μ), γ r (1) :en
√

2φ(1): :e ν√
2κ

ϕ(1):
N

∏

i=1

(

(1 − δi∈I )β(ti ) + δi∈I :e
√

2φ(ti ):
)

:

e
− 2√

2κ
ϕ(ti ): vl(λ)

〉

= (−1)r r !
N

∏

i=1

t
− λ

κ

i (1 − ti )
− ν

κ
−1

∏

1≤i< j≤N

(ti − t j )
2
κ

∏

i∈I
t2l
i (1 − ti )

2n+1
∏

i, j∈I, i< j

(ti − t j )
2. (6.23)

Now we can replace (ti − t j )
2
κ by |ti − t j | 2

κ and the integral domain by a cube [0, 1]N
with additional factor N !. Then the value of the integral does not depend on the choice
of I and we can assume that I = {1, . . . , N − r} with additional factor

(N
r

)

. Finally we
get integral (6.19), namely

C̃m,n,l(μ, ν, λ)

‖ũl(λ)‖2‖ũn(ν)‖2 =
〈

um(μ),Uν,n(1, 1) ul(λ)
〉

= (−1)N+4n(m−n)(m−n− 1
2 )

(

ν + 2n

N − m + n + l

)

1

(m − n − l)! S
N
−n,m,−l

(

−λ

κ
+ 1,−ν

κ
,

1

κ

)

.

(6.24)

Therefore we get

SN−n,m,−l

(− λ
κ

+ 1,− ν
κ
, 1

κ

)

SN0,0,0

(− λ
κ

+ 1,− ν
κ
, 1

κ

)
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= (−1)4n(m−n)(m−n− 1
2 ) C̃m,n,l(ν+λ−2N , ν, λ)

C̃0,0,0(ν+λ−2N , ν, λ)

(m − n − l)!
‖ũl(λ)‖2 ‖ũn(ν)‖2

×
(

ν

N

)(

ν + 2n

N − m + n + l

)−1

(6.25)

It implies the result. ��
Remark 6.4. Similarly, for n = 0, one can use bosonization of the vertex operator given
in Proposition 2.28. Then we get a relation

SN0,m,−l

(− λ
κ

+ 1, ν+2
κ

, 1
κ

)

SN0,0,0

(− λ
κ

+ 1, ν+2
κ

, 1
κ

) = (−1)m−l (m − l)!
‖ũl(λ)‖2

C̃m,0,l(λ−ν−2−2N , ν, λ)

C̃0,0,0(λ−ν−2−2N , ν, λ)
. (6.26)

One can view this as an additional check of the agreement between three-point functions
formula (4.8) and Selberg integral formula (6.20).

6.3. Symmetries, constant term, particular cases Note that the right side of Selberg
integral formula (6.20) agrees with the natural symmetry of the integral

SNn,m,l(α, β, g) = SNl+1/2,m,n−1/2(β, α, g) (6.27)

There are also additional symmetries which are not clear from the integral form but
follow easily from the answer (6.20)

SNn,m,l(α, β, g)

SN0,0,0(α, β, g)
= (−1)2(m−n)(n+m+l)

SNm,n,l(α, 1 − α − β − 2(N − 1)g, g)

SN0,0,0(α, 1 − α − β − 2(N − 1)g, g)
, (6.28)

SNn,m,l(α, β, g)

SN0,0,0(α, β, g)
= (−1)(2m−2l−1)(n+m+l)

SNn,l+1/2,m−1/2(1 − α − β − 2(N − 1)g, βg)

SN0,0,0(1 − α − β − 2(N − 1)g, β, g)
,

(6.29)

Since SN0,0,0(α, β, g) is the standard Selberg integral, formula (6.20) actually gives

an explicit answer for SNn,m,l(α, β, g). This answer can be written in terms of gamma
functions. To present the answer in a more manageable form, we will use notations

GN ,R,r (α, g) =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

N−1
∏

j=0

�
(

α+ jg+1 j>N−R( j−(N − R))+1 j<2r ( j−2r)
)

if R > 0,

N−R−1
∏

j=0
�
(

α+ jg+1 j<2r ( j−2r)
)

N−R−1
∏

j=N
�
(

α+ jg+( j−(N−R))
)

if R ≤ 0,

(6.30)

G̃N ,R,r (α, g) =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

−1
∏

j=−R+1
�
(

α + jg + R + j
)

N−1
∏

j=−R+1
�
(

α + jg + 1 j>N−2r ( j + 2r − N )
)

if R > 0,

N−1
∏

j=0

�
(

α + jg + 1 j<−R( j + R) + 1 j>N−2r ( j + 2r − N )
)−1 if R ≤ 0.

(6.31)
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Corollary 6.5. The integral 6.19 has the from

SNn,m,l(α, β, g) = �(1 + m + l + n)

N−1
∏

j=0

�
(

1 + ( j + 1)g + 1 j>N−m−l−n( j−N+m+l+n)
)

�(1 + g)

GN ,m+n−l,l(α, g)GN ,l+m−n+1,n−1/2(β, g)G̃N ,m−n−l,m(α + β + (N − 1)g, g). (6.32)

Example 6.6. Consider particular case l +m + n = N . In this case, the integral becomes
the standard Selberg integral with shifted parameters

SNn,N−n−l,l(α, β, g) =
∫ 1

0
· · ·

∫ 1

0

∏

1≤i≤N

tα−1−2l
i (1 − ti )

β−2n

∏

1≤i< j≤N

|ti − t j |2g+2dt1 · · · dtN

=
N−1
∏

j=1

�(α − 2l + j (g + 1))�(β + 1 − 2n + j (g + 1))�(1 + ( j + 1)(g + 1)

�(α + β + 1 − 2l − 2n + (N + j − 1)(g + 1))�(2 + g)
.

(6.33)

It is straightforward to compare this with the formula (6.32).

Example 6.7. Another simple example is m = 1, l = n = 0. In this case, the integral
reduces to the very particular case of the Aamoto integrals [Aom87] and we have from
(6.20) that

SN0,1,0(α, β, g) = SN0,0,0(α, β, g)
β + (N − 1)g

α + β + (2N − 2)g
. (6.34)

Using the standard argument (see e.g. [FW08]) the evaluation of the integral (6.19)
is equivalent to the computation of the constant term

MN ,a,b
N ′,a′,b′(g) = C. T.

⎡

⎣

∏

1≤ j≤N

(1 − x j )
a(1 − 1/x j )

b
∏

1≤i �= j≤N

(1 − xi/x j )
g

(
∏

1≤ j≤N ′
(1 − x j )

a′
(1 − 1/x j )

b′ ∏

1≤i �= j≤N ′
(1 − xi/x j )

)

⎤

⎦ , (6.35)

where α = −b − (N − 1)g, β = a + b + 1, N ′ = l + m + n, a′ = m − n − l,
b′ = l + 1 − m − n. In order to have Laurent polynomial we assume that a, b, g are
non-negative integer numbers and N ′, a′, b′ satisfy conditions

0 ≤ N ′ ≤ N , −N ′ ≤ a′ ≤ N ′, 1 − N ′ ≤ b′ ≤ 1 − a′, a + b + a′ + b′ ≥ 0.

(6.36)

Note that the constant term (6.35) has obvious a ↔ b, a′ ↔ b′ symmetry which
corresponds to l ↔ m symmetry (6.29). The following result follows from Theorem 6.3
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Corollary 6.8. The constant term (6.35) under conditions (6.36) has the form

MN ,a,b
N ′,a′,b′(g) = MN ,a,b

0,0,0 (g)N ′!
t−1,g

−N ′−a′−b′(−a − b − gN )t−1,g
−b′ (−b)t−1,g

−N ′ (−(N + 1)g)t−1,g
−a′ (−a)

t−1,g
−a′−N ′(−a − gN )t−1,g

−b′−N ′(−b − gN )t−1,g
−a′−b′(−a − b)

. (6.37)

Note that MN ,a,b
0,0,0 (g) is the Morris constant term, so the formula (6.37) gives an explicit

expression for MN ,a,b
N ′,a′,b′(g). Since now all parameters are integer numbers the rational

functions on right side sometimes (6.37) require some care because naively they can
lead to 0/0 indeterminacy.

Example 6.9. In the case a′ = b′ = 0 the constant term (6.35) coincides with the one
conjectured by Forrester [For95] and proven in [KNPV15, Th. 6.2] (more precisely one
has to take q → 1 limit of m = 0 case of this theorem)

MN ,a,b
N ′,0,0(g) = C. T.

⎡

⎣

∏

1≤ j≤N

(1 − x j )
a(1 − 1/x j )

b
∏

1≤i �= j≤N

(1 − xi/x j )
g

∏

1≤i �= j≤N ′
(1 − xi/x j )

⎤

⎦

= MN ,a,b
0,0,0 (g)N ′!

N−1
∏

j=N−N ′

(a + b + g j + ( j − N + N ′))↓ j−N+N ′
(g + g j + ( j − N + N ′))↓ j−N+N ′

(a + g j + ( j − N + N ′))↓ j−N+N ′
(b + g j + ( j − N + N ′))↓ j−N+N ′ . (6.38)

where x↓k = ∏k−1
i=0 (x − i).

Example 6.10. In the case a′ = 1, b′ = 0 the constant term coincides with another
particular case of [KNPV15, Th. 6.2], namely one has to take q → 1 limit and set
n0 = n − m in notations of loc. cit

MN ,a,b
N ′,1,0(g) = C. T.

⎡

⎣

∏

1≤ j≤N

(1 − x j )
a(1 − 1/x j )

b
∏

1≤i �= j≤N

(1 − xi/x j )
g

∏

1≤ j≤N ′
(1 − x j )

∏

1≤i �= j≤N ′
(1 − xi/x j )

⎤

⎦

= MN ,a,b
0,0,0 (g)N ′!

N−1
∏

j=N−N ′

(a + b + g j + ( j−N+N ′+1))↓ j−N+N ′+1(g + g j + ( j−N+N ′))↓ j−N+N ′

(a + g j + ( j−N+N ′+1))↓ j−N+N ′+1(b + g j + ( j−N+N ′))↓ j−N+N ′ .

(6.39)
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It would be interesting to find a more direct proof of the constant term identity (6.37),
for example using the methods of [KNPV15]. Perhaps the conditions (6.36) can be
weakened.

Another possible question is whether the constant term (6.35) has meaning from the
point of view of the Calogero-Sutherland model similar to [For95].
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A. Monodromy Cancellation

Recall notations for hypergeometric function introduced in formula (4.34). Recall also
transformation Î defined in (4.35). In order to write monodromy of hypergeometric
function we will need also transformations R̂ and Ŝ

R̂�a = (a1, a1 − a3 + 1, a1 − a2 + 1), Ŝ�a = (a2, a1, a3). (A.1)

These transformation are not independent, namely they satisfy relations Î = R̂ Ŝ R̂, R̂2 =
Ŝ2 = 1, (R̂ Ŝ)4 = 1. The group of transformations of R3 which generated by R̂, Î , Ŝ is
isomorphic to dihedral group Dih4, i.e. group of symmetries of a square. The following
proposition is standard.

Proposition A.1. There is a following identity for hypergeometric functions

2F1(�a|z) = g(�a)(−z)−a1
2F1(R̂�a|z−1) + g(Ŝ�a)(−z)−a2

2F1(R̂ Ŝ�a|z−1). (A.2)

where g(�a) = �(a3)�(a2 − a1)

�(a2)�(a3 − a1)
.

http://creativecommons.org/licenses/by/4.0/
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Let �r = (r1, r2, r3) ∈ Z
3. Consider the following products of hypergeometric functions

H (1)

�r (�a|z) = 2F1(�a|z)2F1(−�a − �r |z), (A.3a)

H (2)

�r (�a|z) = z2+r3
2F1( Î �a|z)2F1( Î (−�a − �r)|z). (A.3b)

Proposition A.2. Assume that a1, a2, a3 are generic. Then the function

H�r (�a|z) = H (1)

�r (�a|z) + p�r (�a)H (2)

�r (�a|z) (A.4)

is a rational function of z with poles in 0, 1 and ∞, if and only if

p�r (�a) = (−1)1+r3
g(Ŝ�a)g(−�a − �r)

g(Ŝ Î �a)g( Î (−�a − �r)) = (−1)1+r3
�(a3)

�(a3 + 2 + r3)

�(−a3 − r3)

�(−a3 + 2)

×�(a1 + 1 + r1)

�(a1)

�(−a2 + 1)

�(−a2 − r2)

�(a1 − a3 + 1)

�(a1 − a3 + r1 − r3)

�(a3 − a2 + 1 − r2 + r3)

�(a3 − a2)
.

(A.5)

Proof. It follows from the formula (A.2) that

H (1)

�r (�a|z) = (−1)−r1g(�a)g(−�a − �r)zr1
2F1(R̂�a|z−1) 2F1(R̂(−�a − �r)|z−1) +

+(−1)−r2g(Ŝ�a)g(Ŝ(−�a − �r))zr2
2F1(R̂ Ŝ�a|z−1) 2F1(R̂ Ŝ(−�a − �r)|z−1) +

+(−1)−a1+a2−r1g(Ŝ�a)g(−�a − �r)za1−a2+r1
2F1(R̂ Ŝ�a|z−1) 2F1(R̂(−�a − �r)|z−1) +

+(−1)a1−a2−r2g(�a)g(Ŝ(−�a − �r))z−a1+a2+r2
2F1(R̂�a|z−1) 2F1(R̂ Ŝ(−�a − �r)|z−1), (A.6)

H (2)

�r ( Î �a|z) = (−1)−r1+2+r3g( Î �a)g( Î (−�a − �r))zr1
2F1(R̂ Î �a|z−1) 2F1(R̂ Î (−�a − �r)|z−1) +

+(−1)−r2+2+r3g(Ŝ Î �a)g(Ŝ Î (−�a − �r))zr2
2F1(R̂ Ŝ Î �a|z−1) 2F1(R̂ Ŝ Î (−�a − �r)|z−1) +

+(−1)−a1+a2−r1+2+r3g(Ŝ Î �a)g( Î (−�a − �r))za1−a2+r1
2F1(R̂ Ŝ Î �a|z−1) 2F1(R̂ Î (−�a − �r)|z−1) +

+(−1)a1−a2−r2+2+r3g( Î �a)g(Ŝ Î (−�a − �r))z−a1+a2+r2
2F1(R̂ Î �a|z−1) 2F1(R̂ Ŝ Î (−�a − �r)|z−1).

(A.7)

There is a correspondence between terms in right sides of formulas (A.6) and (A.7),
namely

2F1(R̂�a|z−1)2F1(R̂(−�a − �r)|z−1) = 2F1(R̂ Î �a|z−1)2F1(R̂ Î (−�a − �r)|z−1), (A.8)

2F1(R̂ Ŝ�a|z−1)2F1(R̂ Ŝ(−�a − �r)|z−1) = 2F1(R̂ Ŝ Î �a|z−1)2F1(R̂ Ŝ Î (−�a − �r)|z−1),

(A.9)

2F1(R̂ Ŝ�a|z−1)2F1(R̂(−�a − �r)|z−1) = 2F1(R̂ Ŝ Î �a|z−1)2F1(R̂ Î (−�a − �r)|z−1),

(A.10)

2F1(R̂�a|z−1)2F1(R̂ Ŝ(−�a − �r)|z−1) = 2F1(R̂ Î �a|z−1)2F1(R̂ Ŝ Î (−�a − �r)|z−1),

(A.11)

where we used

R̂ = Ŝ R̂ Î , R̂ Ŝ = Ŝ R̂ Ŝ Î , 2F1(�a|z) = 2F1(Ŝ�a|z). (A.12)
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Due to our assumptions, the third and fourth terms in the right sides of formulas (A.6)
and (A.7) should cancel each other. The cancellation of the third term gives

p�r (�a) = (−1)1+r3
g(Ŝ�a)g(−�a − �r)

g(Ŝ Î �a)g( Î (−�a − �r)) (A.13)

and for the forth term we get

p�r (�a) = (−1)1+r3
g(�a)g(Ŝ(−�a − �r))

g( Î �a)g(Ŝ Î (−�a − �r)) (A.14)

Using definition of function g(�a) it is straightforward to see that these formulas are
equivalent and equivalent to (A.5).

On the other hand, the function H�r (�a|z) can have singularities only at z = 0, 1,∞ and
these singularities are branching points. For p�r (�a) given by formula (A.5) the arguments
above shows that the function H�r (�a|z) at z = 0,∞ can have only poles. Hence the
monodromy of H�r (�a|z) at z = 1 is trivial. Therefore the singularities at z = 1 are also
just poles. Hence H�r (�a|z) is a rational function. ��

B. Three Point Functions

We basically follow [Nek18], see also [NY04, App. E].
Let χ be a (probably infinite) sum of terms of the form e−τξ , where τ is a formal
parameter. By conjugation χ∗ we denote operation which acts as e−τξ �→ eτξ . Let us
introduce the function (plethystic exponent)

E [χ ] = exp

(

d

ds
|s=0

1

�(s)

∫ +∞

0

dτ

τ
τ sχ∗

)

. (B.1)

Then for any finite sum we have

E
[
∑

eτξi −
∑

eτη j
]

=
∏

η j
∏

ξi
. (B.2)

Using the definition (B.1) the plethystic exponent can be also defined for the infinite
sums (under the certain restrictions in order to ensure convergence).
Let us introduce functions

CVir(u1, u2, u3; q1, q2)

= E

[

q2
1q

2
2 (u1u2u3 − u2

2 − u2
3) + u1u

−1
2 u−1

3 + u−1
1 u2u

−1
3 + u−1

1 u−1
2 u3 − u−2

1

(1 − q1)(1 − q2)
,

]

(B.3)

Csl(u1, u2, u3; q1, q2)

= E

[

q2
1q2(u1u2u3 − u2

1 − u2
2) + u1u

−1
2 u−1

3 + u−1
1 u2u

−1
3 + u−1

1 u−1
2 u3 − u−2

1

(1 − q1)(1 − q2)

]

.

(B.4)
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Note that triangle function t introduced in (3.47) has following expressions

E
[

vqn1 − v

(1 − q1)(1 − q2/q1)
+

vqn2 − v

(1 − q1/q2)(1 − q2)

]

= (−1)n(n+1)/2tε1,ε2
n (−α),

(B.5a)

E
[

q2

q1

vqn1 − v

(1 − q1)(1 − q2/q1)
+

vqn2 − v

(1 − q1/q2)(1 − q2)

]

= tε1,ε2−n (α − ε1), (B.5b)

where v = eτα, q1 = eτε1 , q2 = eτε2 . Using this we have

Csl(u1ql1, u2qn1 , u3qm1 ; q1, q
−1
1 q2)CVir(u1qm2 , u2qn2 , u3ql2; q1q

−1
2 , q2)

Csl(u1, u2, u3; q1, q
−1
1 q2)CVir(u1, u2, u3; q1q

−1
2 , q2)

= ±tε1,ε2−m−n−l(a1+a2+a3+ε1)t
ε1,ε2
m−n−l (a1+a2−a3)t

ε1,ε2−m+n−l(a1−a2+a3)t
ε1,ε2−m−n+l (−a1+a2+a3)

tε1,ε2−2l (2a1)t
ε1,ε2−2n (2a2 + ε1)t

ε1,ε2−2m (2a3 + ε1)

= ± C̃m,n,l (μ, ν, λ)

C̃0,0,0(μ, ν, λ)‖ũl (λ)‖2
(B.6)

where in first transformation we used notations u1 = eτa1 , u2 = eτa2 , u3 = eτa3 , q1 =
eτε1 , q2 = eτε2 and in second transformation we used Theorems 4.5, Corollary 3.18,
and identification of parameters

ε1

ε2
= − 1

κ
,

a1

ε2
= − λ

2κ

a2

ε2
= − μ

2κ

a3

ε2
= − ν

2κ
. (B.7)

The overall signs in formula (B.6) can be easily computed from relations (B.5), however
they are not illuminating and we omit them for simplicity.
Using these functions we can renormalize four-point conformal blocks. For the algebra
̂sl(2) we define it as follows

�full
k ( �μ, λ; x, z) = (−1)λCsl(u1, u2, u

′; q1, q2)Csl(u′, u3, u4; q1, q2)�k ( �μ, λ; x, z) ,

(B.8)

where ui = eτλi , u′ = eτλ′
, q1 = e2τ , q2 = e−2κτ , c.f. (B.7). For the Virasoro case we

define

Ffull
b

( �P, P ′; z
)

= CVir(u1, u2, u
′; q1, q2)CVir(u′, u3, u4; q1, q2)Fb

( �P, P ′; z
)

,

(B.9)

where ui = exp(τ
( 2Pi
b+b−1 − 1)

)

, u′ = exp(τ
( 2P ′
b+b−1 − 1)

)

, q1 = exp
( 2b−1τ

(b+b−1

)

, q2 =
exp

( 2bτ
(b+b−1

)

.
Note that this normalization factors satisfy relation

Csl(u1, u2, u3; q1, q2) = Csl(u1, u2, u3; q1, q
−1
1 q2)CVir(u1, u2, u3; q1q

−1
2 , q2).

(B.10)

The q1, q2 parameters here exactly correspond to coset relations, e.g. (4.59), Namely,
we take, q1 = e2τ , q2 = e−2(k+2)τ , then for Csl on the right side parameters are e2τ ,

e−2(k+3)τ i.e. correspond toappend̂sl(2)k+1 and forCVir parameters are e2(k+3)τ , e−2(k+2)τ
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i.e. correspond to Virasoro algebra with b = bGKO = −i
√

k+2
k+3 . Relation on parameters

u also agrees with relation P(λ) = PGKO(λ) = − λ+1
2(k+2)

bGKO .
Using this normalization and relations (B.6), (B.10) the (coset, blowup) relation on

conformal block (4.59) takes the form

�full
k ( �μ, λ; x, z) =

∑

l∈Z
�full

k+1 ( �μ, λ + 2l; x, z) Ffull
b

( �P, P(λ) + lb; z
)

. (B.11)

Similarly, one can renormalize conformal blocks and hide coefficients in other (coset,
blowup) relations, e.g. in (4.62) or (5.16).
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