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The paper provides a review and educational focus on the study of the hyper�ne structure of
the hydrogen atom, the exploration of which began in the middle of the last century. Since neutral
hydrogen is the most common chemical element in the Universe, the radiation emitted due to the
hyper�ne splitting of its ground state allows for a wide observation of various astrophysical objects
and the evolution of the Universe. Here, we describe the transition and calculate the average lifetime
of the excited energy level within the hyper�ne structure of the hydrogen atom. Additionally, we
consider the in�uence of a magnetic �eld on the splitting and the average lifetime of the excited
energy levels in this system.
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I. INTRODUCTION

The transition between energy levels, caused by the
hyper�ne splitting of the ground state of a neutral
hydrogen atom, was theoretically predicted in 1944 by
the Dutch astrophysicist Hendrik van de Hulst. Using
quantum theory, he calculated the di�erence between
the energy levels resulting from the splitting of the
ground state of the hydrogen atom due to the interacti-
on between the proton and electron spins [1�3]. This
transition occurs through the absorption or emission of
a photon with a wavelength of approximately 21 cm.
The Earth's atmosphere is transparent to this radiati-
on, allowing it to be observed by terrestrial observatori-
es (for example, see [4]). Atomic hydrogen is a standard
component of interstellar gas in galaxies, and in 1951,
Harold Ewen and Edward Purcell �rst observed this
line in our Galaxy [5]. Shortly afterward, astrophysicists
from the Leiden Observatory, Jan Oort and C. A. Muller,
as well as astrophysicists from Australia, W. N. Chri-
stiansen and J. V. Hindman, observed this line in our
Galaxy as well [6, 7]. These observations enabled the
construction of a map of neutral hydrogen for the �rst
time, allowing the reproduction of the spiral structure
of the Galaxy [8, 9]. More information about the experi-
mental observation of the hydrogen line can be found in
[10].

Analyzing the pro�le and intensity of the λ = 21
cm line allows for the determination of the temperature
and density of the hydrogen cloud. Taking into account
the Doppler broadening of the hydrogen line due to
the movement of gas clouds, researchers measured the
relative speed of rotation of the arms of our Galaxy
[11]. This method has been instrumental in determining
the structure and dynamics of various celestial objects.
Observations of radiation from neutral hydrogen also
enable the indirect estimation of galaxy masses [12]. The
distribution of magnetic �eld strength within galaxies

is determined by observing transitions between energy
levels resulting from the Zeeman splitting of the ultra-
�ne structure of this system [13].

Observing the hydrogen line is currently one of the
few ways to probe into the `dark ages', which began
380,000 years after the Big Bang (cosmological recombi-
nation) and lasted until the appearance of the �rst stars
(for example, see [14�22]). This period corresponds to
the redshift between z = 1100 (cosmological recombi-
nation) and z = 30 (appearance of the �rst stars and
galaxies) [23, 24]. However, the transitions between the
levels of the hyper�ne structure become discernible after
atomic hydrogen has su�ciently expanded and cooled.
This moment corresponds to a redshift of z ∼ 100 [24].
It is important to note that due to the redshift of the
λ = 21 cm line, we observe radiation in the range from
λ = 1986 cm (ν ≈ 15 MHz) to λ = 652 cm (ν ≈ 46
MHz). It is important to note that neutral hydrogen in
the intergalactic space exists until the moment of rei-
onization, which, according to observations, occurred at
redshifts z ∼ 6 . . . 8. Therefore, the signal from the 21-cm
line can be observed up to λ = 147 cm (ν ≈ 204 MHz).

Note that to date, only a single report has been publi-
shed on the detection of an absorption pro�le in the sky-
averaged radio spectrum in the 21 cm line of the early
Universe centered at 78 MHz [25]. However, this result
has been subject to ongoing critical evolution. Therefore,
it can be stated that there has been still no reliable regi-
stration of signals in the 21 cm line from the early Uni-
verse. This is a matter of future observations.

Finally, we note that the wavelength and frequency of
the hydrogen line were used to scale the images and time
on the plates of the Pioneer, Voyager-1, and Voyager-2
spacecrafts [26]. On the Pioneer plate, the height of a
woman is scaled as 8 wavelengths of λ = 21 cm, i. e.,
168 cm (Fig. 1(a)). The Voyager plate depicts the locati-
on of the Sun relative to 14 pulsars and their rotati-
on periods around their axis in units of hydrogen line
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frequency (Fig. 1(b)). The 21 cm line also served as the
theoretical basis for the search for extraterrestrial intelli-
gence in the SETI program [27].
This paper provides a review and educational focus

on the study of the hyper�ne structure of the hydrogen
atom. Since neutral hydrogen is the most common chemi-
cal element in the Universe (Sec II), the radiation emi-
tted due to the hyper�ne splitting of its ground state
allows for a wide observation of various astrophysical

objects and the evolution of the Universe. We describe
the mechanism of splitting (Sec. III), transition energy
(Sec. IV), and average lifetime of the excited energy level
(Sec V) in the hyper�ne structure of the hydrogen atom.
Additionally, we consider the in�uence of the magnetic
�eld on the energy levels (Sec. VI) and the wavelength of
the radiation (Sec. VII) of this system. Finally, we brie�y
summarize the presented research in Sec. VIII.

(a) (b)

Fig. 1. Pictures of the Pioneer (left �gure), and Voyager (right �gure) plates with images of a man and a woman, and the
location of the Sun relative to 14 pulsars. Credit: NASA History

II. HYDROGEN IN THE UNIVERSE

Hydrogen is the lightest and most abundant chemical
element, consisting of one proton and one electron. This
isotope is designated as 1H and is less commonly called
protium. Hydrogen has a mass of 1.00782504(7) Da.
Protons, which are the nuclei of hydrogen atoms, were
formed within the �rst second after the Big Bang. After
380 000 years, when the temperature of the Universe
dropped below the ionization temperature, electrons
recombined with protons, leading to the formation of
neutral hydrogen atoms. During the `dark ages', protons
accounted for 99.98% of the total number of atomic
nuclei (for an example, see [22]). It is important to note
that a small fraction (approximately 10−4) of protons
and electrons were scattered by the expansion of the
Universe over great distances and could not recombine.
Hydrogen constitutes 75% of the mass fraction relati-
ve to the total mass of matter in the Universe. Two
hydrogen atoms can form a molecule that exists in a
gaseous state. However, direct radiative association of
two neutral hydrogen atoms in the ground states to
form a hydrogen molecule is very unlikely. A catalyst
is necessary for the formation of hydrogen molecules.
Therefore, hydrogen gas in the early Universe mostly
remains atomic. Hydrogen also has two isotopes: deuteri-
um and tritium. Deuterium, denoted as 2H, is a stable
isotope with a nucleus consisting of one proton and one
neutron. It has a mass of 2.013553212724(78) Da. The

concentration of deuterium in ocean water is about 150
atoms per million hydrogen atoms, whereas after the Big
Bang, the proportion of deuterium was 27 atoms per
million hydrogen atoms. The tritium isotope, denoted
as 3H, consists of one proton and two neutrons, with
a mass of 3.0160492 Da. It is unstable and decays into
3He through the β-decay process with a half-life of 12.32
years. For instance, tritium is formed by the interacti-
on of cosmic rays with gases in the upper atmosphere
and during nuclear weapon explosions. It is also worth
noting that other isotopes of hydrogen, namely 4H, 5H,
6H, 7H, have been synthesized in laboratory conditions.
However, they are extremely unstable with very short
half-lives on the order of 10−22−10−23 s. Information on
the physical characteristics of various isotopes, includi-
ng all isotopes of hydrogen, can be found in the paper
[28]. Nevertheless, we will focus on the hydrogen atom
1H, speci�cally on the transition between energy levels
arising from the splitting of the ground state due to the
interaction of the electron spin with the nuclear spin.

III. THE NATURE OF THE HYPERFINE
STRUCTURE OF THE HYDROGEN ATOM

The hydrogen line (λ = 21 cm) arises as a result of
the splitting of the ground state due to the interacti-
on between the spins of the nucleus and the electron
(Fig. 2). The nucleus of a hydrogen atom (proton) has
a magnetic moment that creates a magnetic �eld, whi-
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ch in turn a�ects the magnetic moment of an electron.
The value of the magnetic �eld created by the magnetic
moment of the protonmp at the distance r is well descri-
bed in the dipole approximation (see Appendix A)

B =
µ0

4π

(
3r (mp, r)

r5
− mp

r3
+

8π

3
mpδ(r)

)
, (1)

where µ0 is the magnetic permeability of vacuum. The
�rst two terms describe the magnetic �eld outside the
dipole and the third term de�nes the magnetic �eld insi-
de the dipole, respectively. The potential energy of the
interaction between the magnetic �eld of the proton and
the magnetic moment of the electron me is given by the
Hamiltonian

H = − (me,B) . (2)

(a)

Sp
Se

(b)

1s

S=1

S=0

E=hν

Fig. 2. The radiation of a hydrogen atom in the λ = 21 cm line
is emitted due to the splitting of the ground state resulting
from the interaction between the spins of the nucleus and the

electron.

The spin-orbit interaction is not taken into account
because we are considering the ground state of a
hydrogen atom, in which its angular momentum is zero.
However, in the case where the electron is at a higher
energy level and possesses an angular momentum L, it
additionally interacts with the magnetic moment of the
proton. In this scenario, an additional term should be
added to the interaction energy, which takes the form
−µ0e/(4πmer

3) (L,mp), where e and me are the charge
and mass of the electron, respectively. Note that the
expression for potential energy (2) can be derived usi-
ng the relation F = −∇U , where F is the force of
interaction of two magnetic dipoles. For example, this
derivation can be found in the textbook [29] (subsection
5.7). If we replace the coordinate variable and magnetic
moments with operators in the Hamiltonian (2), we
obtain a quantum mechanical Hamiltonian. The total
Hamiltonian contains the kinetic energy operator of the
electron and proton, as well as the potential energy of the
Coulomb interaction. However, we are not interested in
these terms because the interaction between the electron

and proton spins is responsible for the splitting of the
ground state (see, for example, textbooks [30�32]). These
terms only result in a shift of the split energy levels relati-
ve to the energy of the ground state.
Let us express the Hamiltonian in terms of the

interaction of magnetic moments. For this purpose, we
average the Hamiltonian (2) over the wave function of
the ground state, which has the following form

ψ1s(r) =
1√
πa3B

e−r/aB , (3)

where aB = ℏ2/(mee
2) is a `Bohr radius'. Then, in the

�rst order of the perturbation theory, the Hamiltonian
takes the form

H = −µ0

4π

∫
ψ2
1s(r)

(
3 (me, r) (mp, r)

r5
− (me,mp)

r3

+
8π

3
(me,mp) δ(r)

)
dV. (4)

Using spherical coordinates with r = (r sin θ cosϕ,
r sin θ sinϕ, r cos θ) and dV = r2 sin θ dr dθ dϕ, and consi-
dering that the �rst two terms do not contribute to the
region inside the dipole, we can easily verify that the
integral of the �rst two terms in expression (4) with
respect to the angle θ is equal to zero. Therefore, the
Hamiltonian takes the form

H = −2µ0

3
ψ2
1s(0) (me,mp) = − 2µ0

3πa3B
(me,mp) . (5)

The proton and electron magnetic moment operators can
be rewritten in terms of the spin operator as mp = γpSp

and me = γeSp. Then, the Hamiltonian can be rewritten
as follows

H = −2µ0γeγp
3πa3B

(Se,Sp) , (6)

where γe(p) = ege(p)/(2me(p)) is the gyromagnetic ratio
of an electron (proton), ge(p) is g-factor of the electron
(proton), mp is a mass of proton. The spin operator has
the form

Sp(e) =
ℏ
2
σp(e) =

ℏ
2

(
σx
p(e)i+ σy

p(e)j+ σz
p(e)k

)
,

where

σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
(7)

are the Pauli matrices. Finally, the Hamiltonian (6) takes
the form

H =
A

4
(σp,σe) , (8)

where A = −2µ0γeγpℏ2/(3πa3B) represents the value of
interaction between the spins of the nucleus and the
electron of the hydrogen atom in the ground state. This
interaction is isotropic and is described by the Heisenberg
Hamiltonian. The di�erence between the energy levels of
this Hamiltonian determines the energy splitting of the
ground state.
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IV. ENERGY LEVELS IN THE HYPERFINE
STRUCTURE OF THE HYDROGEN ATOM

In this section, we determine the energy levels and
eigenstates of the Hamiltonian (8) (see, for example,
Appendix C in paper [33]). For this purpose, we express
the Hamiltonian in the matrix representation. In the
basis of the eigenstates of the operators Sz

p and Sz
e , it

takes the form

⟨↑↑| ⟨↑↓| ⟨↓↑| ⟨↓↓|

H =

|↑↑⟩
|↑↓⟩
|↓↑⟩
|↓↓⟩


A
4 0 0 0
0 −A

4
A
2 0

0 A
2 −A

4 0
0 0 0 A

4

 . (9)

The energy levels E and eigenstates |E⟩ of this Hami-
ltonian are determined from the equation

H|E⟩ = E|E⟩. (10)

Solving this equation, we obtain two energy levels with
corresponding eigenstates

E1 = −3

4
A : |S⟩ = 1√

2
(| ↑↓⟩ − | ↓↑⟩) ; (11)

E2 =
1

4
A : |T1⟩ = | ↑↑⟩, |T2⟩ =

1√
2
(| ↑↓⟩+ | ↓↑⟩) ,

|T3⟩ = | ↓↓⟩, (12)

where the �rst (second) state in the ket vectors
corresponds to the spin state of the proton (electron).
The states | ↑⟩ and | ↓⟩ represent positive and negative
spin projections on the z axis, respectively. These are
eigenstates of the z-component of the spin operator
ℏσz/2 with eigenvalues ℏ/2 and −ℏ/2, respectively. It
is worth noting that this Hamiltonian is spherically
symmetric, so the projections of eigenstates (11) and (12)
onto an arbitrary direction are also eigenstates of this
Hamiltonian. The ground state with energy E1 is called a
singlet because it corresponds to one eigenstate, and the
excited level is called a triplet because it corresponds to
three eigenstates. The total spin operator of the system
S = Sp + Se in the singlet state corresponds to the spin
S = 0, while in the triplet state it corresponds to the
spin S = 1. The di�erence between these energy levels is
equal to the interaction energy of the nuclear spin with
the electron spin as follows

∆E = E2 − E1 = A = −2µ0γeγpℏ2

3πa3B
≈ 9.4276× 10−25 J

≈ 5.8842× 10−6 eV, (13)

where γe = −1.76085963023 × 1011 rad/(s · T), γp =
2.675221900 × 108 rad/(s · T) [34]. Given that ∆E =
hν, we can determine the frequency of the photon
absorbed/emitted during such a transition as ν =
∆E/h ≈ 1 422.8 MHz. The wavelength of this photon
is λ = c/ν ≈ 0.2107 m = 21.07 cm, which corresponds
to the decimeter range of electromagnetic radiation.

The observation of emitted or absorbed radi-
ation during transitions between energy levels in
the hyper�ne structure of the hydrogen atom,
measured in frequency units, yields the value
ν = 1 420 405 751.767(773) Hz, corresponding to
an energy of approximately E ≈ 9.4117 × 10−25 J or
E ≈ 5.8743 × 10−6 eV. It can be observed that the
theoretical value of the splitting of the ground state of
a hydrogen atom obtained in this section due to the
spin-spin interaction of a proton and an electron di�ers
from the observed value by approximately 0.17%. This
di�erence arises from the fact that we did not account
for corrections from quantum electrodynamics, which
include e�ects such as radiation e�ects, proton size,
and vacuum polarization (see [35, 36] and references
therein). It is noteworthy that Enrico Fermi was among
the �rst to calculate corrections to the levels of atoms
such as sodium (Na) and cesium (Cs) split into hyper�ne
structures [37]. Precise measurements of the hyper�ne
structure of the hydrogen atom were conducted in the
1970s by several laboratories, including the National
Bureau of Standards (NBS) in the USA, the National
Physical Laboratory (NPL) in the UK, the National
Research Council of Canada (NRC), the Cesium-Based
Navigation Signal System (LORAN C), the US Naval
Observatory (USNO), the Paris Observatory Cesium
Clock (TOP), and the French Atomic Clock (TAF) (see,
for example, a review of the results in [38]).

The energy of the transition between levels E1 (11)
and E2 (12) is quite small, and such a transition can
occur due to the thermal motion of atoms at su�ciently
low temperatures. The lowest temperature at which the
energy transition in the hyper�ne structure occurs can
be estimated by equating the transition energy between
levels (13) to the kinetic energy of two atoms moving
towards each other, ∆E = kBT . Consequently, we obtain
the minimum excitation temperature for the transition
as T = hν/kB ≈ 0.068 K.

V. THE AVERAGE LIFETIME OF THE
EXCITED STATE IN THE HYPERFINE

STRUCTURE OF THE HYDROGEN ATOM

During the transition from the excited state to the
ground state, the system emits a photon with energy
ℏω = A, wave vector k0, and polarization vector ek0,α0

,
where α0 = 1, 2 (indicating the two possible states of
polarization for the photon). Since the excited state is
threefold degenerate, any state from the triplet can be
chosen for calculations. Let us select the state | ↑↑⟩.
Then, considering the states of the electromagnetic �eld,
the initial and �nal states of the system can be written
as follows

|ψi⟩ = |ψ1s(r)⟩| ↑↑⟩|0⟩,

|ψf⟩ = |ψ1s(r)⟩
1√
2
(| ↑↓⟩ − | ↓↑⟩) |γk0,α0

⟩, (14)
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where |0⟩ is the vacuum state of the photonic subsystem,
and |γk0,α0

⟩ represents the state of the photonic
subsystem containing a photon with wave vector k0 and
polarization α0. The interaction of the electron spin with
the electromagnetic �eld is described by the Hamiltonian

Hint = − geeℏ
4mec

(σe, [∇,A]) +
e2

2mec2
A2, (15)

where the vector potential of the quantized magnetic �-
eld, which is located in a periodic cubic volume with sides
L, has the form

A(r) =
∑
k

∑
α=1,2

√
2πℏc2
ckL3

ek,α

×
(
bk,αe

i(k,r) + b+k,αe
−i(k,r)

)
. (16)

Here, b+k,α and bk,α are the creation and annihilation
operators of a photon with wave vector k and polari-
zation α. In Hamiltonian (15), we consider only the �-
rst term, which represents the �rst-order correction wi-
th respect to e. The second term represents a second-
order correction, which we neglect. Considering (16), the

Hamiltonian takes the form

Hint = − geeℏ
4mec

i
∑
k

∑
α=1,2

√
2πℏc2
ckL3

(σe, [k, ek,α])

×
(
bk,αe

i(k,r) − b+k,αe
−i(k,r)

)
. (17)

The probability of transition per unit time from the
state |ψi⟩ to the state |ψf⟩ under the in�uence of a di-
sturbance described by Hamiltonian (17) is determined
by Fermi's golden rule and is given by

Γ =
2π

cℏ2

(
L

2π

)3∫
k

dk
∑

α=1,2

|⟨ψf |Hint|ψi⟩|2 δ(k0 − k), (18)

where δ(k0 − k) represents the Dirac delta function wi-
th an argument determined by the conservation law of
energy. Here, we assume that the volume bounded by
a cube with sides of length L is much larger than the
dimensions of the system, allowing integration over k-
space. In expression (18), we consider that the action of
the annihilation operator on the vacuum state is equal
to bk,α|0⟩ = 0, and the scalar product between two
photon states is given by ⟨γk′,α′ |b+k,α|0⟩ = ⟨γk′,α′ |γk,α⟩ =
δk′,kδα′,α. It is worth noting that at λ = 0.21 m
and r ≈ aB, we have (k, r) ≈ 1.5 × 10−9, and
⟨ψ1s(r)|e−i(k,r)|ψ1s(r)⟩ = 1. Therefore, the transition
probability can be expressed as

Γ =
ℏ

2πc2

(
gee

4me

)2 ∫
k

dk
1

k

∑
α=1,2

∣∣∣∣ 1√
2
(⟨↑↓ | − ⟨↓↑ |) (σe, [k, ek,α]) | ↑↑⟩

∣∣∣∣2 δ(k0 − k). (19)

Let us rewrite the expression in spherical coordinates. Then, we obtain

Γ =
ℏ

2πc2

(
gee

4me

)2 ∫ 2π

0

dϕ

∫ π

0

k0 sin θ dθ
∑

α=1,2

∣∣∣∣ 1√
2
(⟨↑↓ | − ⟨↓↑ |) (σe, [k, ek,α]) | ↑↑⟩

∣∣∣∣2 . (20)

Photons emitted during the transition from the exci-
ted state to the ground state can propagate in
any direction. Therefore, we write the wave vector
in the form k = k0(sin θ cosϕ, sin θ sinϕ, cos θ), and
the two polarization vectors, which are orthogonal
to each other and to the wave vector, take the
form ek,1 = (cos θ cosϕ, cos θ sinϕ,− sin θ) and ek,2 =
(− sinϕ, cosϕ, 0). Then, the triple products included in
expression (20) are as follows

(σe, [k, ek,1]) = k0 (−σx
e sinϕ+ σy

e cosϕ) ,

(21)

(σe, [k, ek,2]) = k0
(
− σx

e cos θ cosϕ

− σy
e cos θ sinϕ+ σz

e sin θ
)
.

Substituting these expressions into the formula for the
transition probability (20), and after integration and si-

mpli�cation, we obtain

Γ =
ℏ

2πc2

(
gee

4me

)2
k30
2

∫ 2π

0

dϕ

∫ π

0

(1 + cos2 θ) sin θ dθ

=
ℏg2ee2k30
12m2

ec
2
. (22)

The average lifetime of the excited energy level is
inversely proportional to the transition probability and
has the form

τ =
1

Γ
=

12m2
ec

2

ℏg2ee2k30
. (23)

Substituting the values of the quantities, and taking into
account that ge ≈ −2 and k0 = 2π/λ, we �nd that
the average lifetime of the excited state in the hyper�-
ne structure of the hydrogen atom is approximately
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τ ≈ 3.4 × 1014 s or 107 years. It is worth noting that in
the SI system of units, the square of the electron charge
e2 should be multiplied by the electrostatic constant
1/(4πϵ0), where ϵ0 is the electric constant. The average
lifetime of the excited state is on the order of 10 milli-
on years, indicating that the natural width of this line
is very small. Such transitions are extremely rare, and
in laboratory conditions, the intensity of such radiati-
on is quite low. However, on the scale of the Universe,
hydrogen is the most common element, so such a line is
well-recorded in astrophysics.

VI. ENERGY LEVELS SPLITTING OF THE
HYPERFINE STRUCTURE BY THE MAGNETIC

FIELD

Let us examine the impact of the magnetic �eld on the
energy levels of the hyper�ne structure of the hydrogen

atom. In this scenario, Hamiltonian (8) incorporates
terms representing the interaction between proton and
electron spins with the �eld. Because the spin interaction
is isotropic, the �eld's direction does not alter the energy
spectrum or the eigenstates of the system. Therefore, we
select a coordinate system in which the �eld aligns with
the positive direction of the z axis. The Hamiltonian of
this system is expressed as

H =
A

4
(σp,σe)−

ℏγpB
2

σz
p − ℏγeB

2
σz
e , (24)

where B is the value of the magnetic �eld.

Similarly to the case without a magnetic �eld, we
determine the eigenstates and eigenvalues of the system
governed by Hamiltonian (24). The matrix representati-
on of the Hamiltonian, includes additional terms with
the magnetic �eld along the diagonal and has the form

⟨↑↑| ⟨↑↓| ⟨↓↑| ⟨↓↓|

H =

|↑↑⟩
|↑↓⟩
|↓↑⟩
|↓↓⟩


A
4 − ℏB

2 (γp + γe) 0 0 0

0 −A
4 − ℏB

2 (γp − γe)
A
2 0

0 A
2 −A

4 + ℏB
2 (γp − γe) 0

0 0 0 A
4 + ℏB

2 (γp + γe)

 . (25)

The eigenvalues and eigenstates of this Hamiltonian are as follows

E1 = −A
4
− 1

2

√
ℏ2B2(γp − γe)2 +A2 : |Smf⟩ = − sin

η

2
| ↑↓⟩+ cos

η

2
| ↓↑⟩;

E2 =
A

4
− ℏB

2
(γp + γe) : |Tmf1⟩ = | ↑↑⟩;

E3 = −A
4
+

1

2

√
ℏ2B2(γp − γe)2 +A2 : |Tmf2⟩ = cos

η

2
| ↑↓⟩+ sin

η

2
| ↓↑⟩;

E4 =
A

4
+

ℏB
2

(γp + γe) : |Tmf3⟩ = | ↓↓⟩, (26)

where tan η = A/ (ℏB(γp − γe)). As can be seen, the
magnetic �eld splits the triplet state. Consequently,
under the in�uence of a magnetic �eld, the triplet state
spllits into three states. Figure 3 visually represents the
gap between the energy levels of such a system based on
the magnetic �eld. Since the proton's gyromagnetic ratio
γp is three orders smaller than that of the electron γe,
we disregard it. Recall that the electron's gyromagnetic
ratio γe is negative, indicating that under the magnetic
�eld's in�uence, E2 splits in the positive energy directi-
on, while E4 assumes negative values.
By detecting the electromagnetic radiation formed due

to transitions between the energy levels of the hyper�ne
structure of the hydrogen atom in a magnetic �eld (26),
one can easily determine the magnitude of this �eld using
the following expression:

Ei − Ej =
2πℏc
λ

, (27)

where λ is the wavelength of the radiation.
It can be observed from Fig. 3 that at high magnetic �-

elds, the dependence of the energy level splitting on the
magnetic �eld behaves linearly. This is due to the fact
that (ℏBγe)2 ≫ A2 and tan η = A/ (ℏB(γp − γe)) ≈ 0
(sin η/2 ≈ 0, cos η/2 ≈ 1). In this scenario, the ei-
genvalues and eigenstates take the following form:

E1 = −A
4
+

ℏBγe
2

: |Smf⟩ = | ↓↑⟩

E2 =
A

4
− ℏBγe

2
: |Tmf1⟩ = | ↑↑⟩,

E3 = −A
4
− ℏBγe

2
: |Tmf2⟩ = | ↑↓⟩,

E4 =
A

4
+

ℏBγe
2

: |Tmf3⟩ = | ↓↓⟩. (28)
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Fig. 3. Splitting of energy levels in the hyper�ne structure of the hydrogen atom varies depending on the magnetic �eld. Since
the gyromagnetic ratio of the electron γe is negative, the e�ect of the magnetic �eld causes E2 to split in the positive energy

direction, while E4 takes on negative values.

Finally, we calculate the transition probabilities
between the states (26). For this purpose, we substitute
the states (26) into formula (20) with triple products
(21). After performing the calculations, which were detai-
led in the previous section, we obtain the following transi-
tion probabilities for transitions between energy levels:

ΓE2↔E1
= ΓE3↔E4

=
ℏg2ee2k30
6m2

ec
2

sin2
η

2
,

ΓE3↔E1 =
ℏg2ee2k30
12m2

ec
2
4 sin2

η

2
cos2

η

2
,

ΓE4↔E1
= ΓE2↔E3

=
ℏg2ee2k30
6m2

ec
2

cos2
η

2
,

ΓE2↔E4
= 0. (29)

It is evident that the transition probabilities depend
on the magnitude of the magnetic �eld, which is
encapsulated in the η parameter. We recall that the
wave number k0 = 2π/λ corresponds to the radiati-
on emitted due to transition between the split levels,
and λEi↔Ej = 2πℏc/(Ei − Ej). In a strong magnetic
�eld, when sin(η/2) ≈ 0 and cos(η/2) ≈ 1, transitions
E4 ↔ E1 and E2 ↔ E3 persist.

VII. THE WAVELENGTHS OF THE
HYPERFINE STRUCTURE UNDER THE

INFLUENCE OF MAGNETIC FIELDS IN THE
UNIVERSE

In this section, we determine the wavelengths of the
radiation that should be emitted during the transiti-
ons in the hyper�ne structure of a hydrogen atom in
a magnetic �eld. Given that the wavelength of the radi-
ation generated by transitions between energy levels is

equal to λEi↔Ej
= 2πℏc/(Ei − Ej), we obtain

λE2↔E1

λ
= 2

1− ℏBγe
A

+

√
1 +

(
ℏBγe
A

)2
−1

,

λE3↔E1

λ
=

(
1 +

(
ℏBγe
A

)2
)−1/2

,

λE4↔E1

λ
= 2

1 +
ℏBγe
A

+

√
1 +

(
ℏBγe
A

)2
−1

,

λE2↔E3

λ
= 2

1− ℏBγe
A

−

√
1 +

(
ℏBγe
A

)2
−1

,

λE3↔E4

λ
= 2

−1− ℏBγe
A

+

√
1 +

(
ℏBγe
A

)2
−1

. (30)

Here, we take into account that the wavelength of the
hyper�ne structure of a hydrogen atom in the absence
of a magnetic �eld is λ = 2πℏc/A. It can be observed
that the change in the wavelength of the radiation is
determined by the value ℏγeB/A ≈ −0.313 T−1 ×B. In
the case of the primary magnetic �eld that existed in the
Universe during the `dark ages', this value is on the order
of 10−15−10−14×(1+z)2. This is because the magnitude
of such a magnetic �eld is on the order of 10−13 T (1 nG)
measured at the z = 0 [39]. To convert it to the redshift
z, it the following relation B(z) = B(0)(1 + z)2 should
be used. For detecting such radiation, it is necessary to
take into account the redshift, as the radiation reaches us
from distances determined by z = 30−100. The magnetic
�eld inside galaxies varies from a few nT to several tens
of nT [40]. Therefore, the value of ℏγeB/A should be in
the range of 10−10 − 10−8.

3901-7



A. R. KUZMAK

VIII. CONCLUSIONS

Hydrogen is the most common chemical element in the
Universe, the ground state of which is split into two due
to the interaction between electron and proton spins. The
nature of this splitting has been considered in detail, and
such a system is described by the isotropic Heisenberg
Hamiltonian with an interaction coupling equal to the
di�erence between the energy levels. Using perturbation
theory in the �rst order, these energy di�erences have
been calculated. Consequently, the photon emitted or
absorbed in such a transition has a wavelength close to 21
cm. Such a transition can occur due to the thermal moti-
on of atoms at a su�ciently low temperature (T ≈ 0.068
K). The average lifetime of the excited energy level has
been calculated considering Fermi's Golden Rule, and it
is equal to 107 years. Therefore, such transitions are very

rare, and in laboratory conditions, the intensity of such
radiation is quite low. However, on the scale of the Uni-
verse, hydrogen is the most common element, so this line
is well recorded in astrophysics. It is worth noting that
this line is currently one of the few ways to look into
the `dark ages'. Finally, we have considered the in�uence
of the magnetic �eld on the splitting of the hyper�ne
structure of hydrogen atoms. We have shown how the
di�erence between energy levels and their average lifeti-
me depends on the magnetic �eld.
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Appendix A: Field from a magnetic dipole

In this appendix, we derive the vector potential and magnetic field from a magnetic dipole at a distant point.
Similar calculations can be found in textbooks such as [3, 29, 41].

A.1. The vector potential is created by a magnetic dipole

A magnetic dipole can be represented by a circular conductor of radius a with a current I (Fig. 4). This conductor
creates a magnetic moment m = πa2I, which is directed perpendicular to its plane according to the right-hand rule.
We aim to calculate the intensity of the magnetic field B created by this conductor at any point P in space, which
is far from the conductor at a distance much greater than its radius. For this purpose, we find the vector potential
A that generates this field. Similar calculations can be found in textbooks such as [41]. Let us choose a coordinate
system such that the conductor with current lies in the x− y plane, the magnetic moment m is directed along the z
axis, and the point P is above the x axis. In this case, the vector potential has two components in the x− y plane.
The definition of the vector potential is as follows:

A =
µ0I

4π

∮
C

dl′

r′
, (A.1)

where µ0 represents the magnetic permeability of vacuum, dl′ represents a conductor element with current, and r′ is
the distance from this conductor element to point P . We set up the coordinate system such that this potential has
two components located in the x−y plane (see Fig. 4). Due to the circular symmetry of the conductor, the vector dl′

can be rewritten in the form dl′ = a(sinϕi+cosϕj)dϕ. Thus, the vector potential A is divided into two symmetrical
components:

A =
µ0Ia

4π

∫ 2π

0

sinϕ

r′
dϕi+

µ0Ia

4π

∫ 2π

0

cosϕ

r′
dϕj. (A.2)

Let us rewrite r′ through the angle ϕ. It can be seen from Fig. 4 that

r′2 = r2 + a2 − 2ar cosχ. (A.3)

It is also easy to see that

r cosχ = x cosϕ. (A.4)

Then

r′ =
(
r2 + a2 − 2ax cosϕ

)1/2
= r

(
1 +

(
a2

r2
− 2

a

r

x

r
cosϕ

))1/2

. (A.5)
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m
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A
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r

P(x,0,z)

a

χ

Figure 4. The vector potential at point P is created by a circular conductor of radius a with current I.

We examine the field at a distant point where r ≫ a. It is also obvious that x/r cosϕ ≤ 1. Therefore, the expression
in the brackets of equation (A.5) is small. Hence, we expand the expression 1/r′ into a Taylor series, retaining terms
from this brackets with an accuracy up to the second order as follows

1

r′
≈ 1

r

{
1− 1

2

(
a2

r2
− 2

a

r

x

r
cosϕ

)
+

3

8

(
a2

r2
− 2

a

r

x

r
cosϕ

)2
}

=
1

r

{
1 +

a

r

x

r
cosϕ−

(
1

2
− 3

2

x2

r2
cos2 ϕ

)
a2

r2
− 3

2

a3

r3
x

r
cosϕ+

3

8

a4

r4

}
. (A.6)

Now, due to their smallness, we discard terms higher than a2/r2 from the expansion, yielding

1

r′
≈ 1

r

{
1 +

a

r

x

r
cosϕ−

(
1

2
− 3

2

x2

r2
cos2 ϕ

)
a2

r2

}
. (A.7)

Taking into account (A.7) in expression (A.2), the vector potential takes the form

A =
µ0Ia

4πr

{(
1− a2

2r2

)∫ 2π

0

(sinϕi+ cosϕj) dϕ

+
ax

r2

∫ 2π

0

(
sinϕ cosϕi+ cos2 ϕj

)
dϕ+

3a2x2

2r4

∫ 2π

0

(
cos2 ϕ sinϕi+ cos3 ϕj

)
dϕ

}
. (A.8)

Using trigonometric identities, we can easily verify that all integrals in this equation except the integral of cos2 ϕ are

equal to zero. Integral
∫ 2π

0
cos2 ϕdϕ evaluates to π. Thus, we obtain the expression for the vector potential in the

following form

A =
µ0Iπa

2x

4πr3
j =

µ0mx

4πr3
j. (A.9)

Here, we consider that m = πa2I represents the magnetic moment arising from the conductor. The vector potential
exhibits azimuthal symmetry. Considering that the magnetic moment is aligned along the z axis, we express equation
(A.9) in the final form as follows

A =
µ0 [m, r]

4πr3
. (A.10)

It is worth noting that a similar expression is obtained when the magnetic field is generated by any conductor with
a current density j(rc). In this case, the magnetic moment takes the form

m =
1

2

∫
[rc, j(rc)] d

3rc. (A.11)
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Integration is performed over the entire volume of the conductor. Similar to the case of the ring, the distance to the
point where the field is observed must be larger than the dimensions of the conductor. We do not delve into the
detailed derivation, which can be found in the textbook [29].

Furthermore, if we consider the radius of the ring creating the magnetic moment as being compressed to an
infinitely small ring, then any point outside this ring can be considered distant. The dipole formed in this manner
can be interpreted as a point dipole. Equation (A.10) then describes the vector potential for such a dipole at any
point in space. Let us now determine the magnetic field created by this dipole.

A.2. The magnetic field from a dipole

The magnetic field is determined from the vector potential as follows

B = [∇,A] . (A.12)

Substituting the expression for the vector potential of the dipole (A.10) in this equation, we obtain

B =
µ0

4π

[
∇,

[m, r]

r3

]
=
µ0

4π

(
m
(
∇,

r

r3

)
− (m,∇)

r

r3

)
. (A.13)

From the Poisson equation

∆
1

r
= (∇,∇)

1

r
= −

(
∇,

r

r3

)
= −4πδ(r) (A.14)

we obtain that the field from the first term exists only inside of the dipole(
∇,

r

r3

)
= 4πδ(r). (A.15)

The second term can be written as follows

(m,∇)
r

r3
=

1

r3
(m,∇) r+ r

(
m,∇ 1

r3

)
+ (m,∇)

r

r3

∣∣∣
in
, (A.16)

where the first two terms describe the magnetic field outside the dipole, and the last one inside the dipole. It is easy
to verify that the first two terms have the following form

1

r3
(m,∇) r+ r

(
m,∇ 1

r3

)
=

m

r3
− 3r (m, r)

r5
. (A.17)

We study the field inside of the dipole as follows. We multiply the field vector B by an arbitrary vector a and
integrate over the volume, which is a sphere of radius r∫

V

(B,a) dV = −µ0

4π

∫
V

(m,∇)

(
∇1

r
,a

)
dV = −µ0

4π

∫
V

(
a, (m,∇)∇1

r

)
dV,

(A.18)

where we use the identity ∇ 1
r = − r

r3 . Taking into account that

(m,∇)∇1

r
= ∇

(
m,∇1

r

)
, (A.19)

we rewrite (A.18) in the form∫
V

(B,a) dV = −µ0

4π

∫
V

(
∇,a

(
m,∇1

r

))
dV = −

∮
S

(
a

(
m,∇1

r

)
, dS

)
,

(A.20)

where S is the area of the sphere bounding the volume V . Now substituting the explicit form of the gradient and
taking into account that dS = r2n dΩ, where n = r/r is a unit vector, and Ω is the solid angle, our integral takes the
form ∫

V

(B,a) dV =

∮
S

(a,n (m,n)) dΩ. (A.21)
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In the spherical coordinates θ ∈ [0, π], ϕ ∈ [0, 2π], vector n has the form n = (sin θ cosϕ, sin θ sinϕ, cos θ), dΩ =
sin θdθdϕ. After integration, we obtain ∫

V

(B,a) dV =
µ0

3
(a,m) . (A.22)

It is easy to see that such a result can be obtained when

B =
µ0

3
mδ(r) (A.23)

or

(m,∇)
r

r3

∣∣∣
in

=
4π

3
mδ(r). (A.24)

Substituting expressions (A.15) and (A.16) with (A.17), (A.24) into expression (A.13), we obtain the expression
defining the magnetic field, which is created by a magnetic dipole

B =
µ0

4π

(
3r (m, r)

r5
− m

r3
+

8π

3
mδ(r)

)
. (A.25)

Note that the first two terms describe the magnetic field outside the dipole, while the third term describes the
magnetic field inside the dipole.
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ÏÐÈÐÎÄÀ ÍÀÄÒÎÍÊÎ� ÑÒÐÓÊÒÓÐÈ ÀÒÎÌÀ ÂÎÄÍÞ. ÐÀÄIÎËIÍIß ÂÎÄÍÞ λ = 21 ñì

À. Ð. Êóçüìàê
Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

êàôåäðà òåîðåòè÷íî¨ ôiçèêè iìåíi ïðîôåñîðà Iâàíà Âàêàð÷óêà,

âóë. Äðàãîìàíîâà, 12, Ëüâiâ, 79005, Óêðà¨íà

Ñòàòòÿ ìà¹ îãëÿäîâèé òà îñâiòíié õàðàêòåð ùîäî âèâ÷åííÿ íàäòîíêî¨ ñòðóêòóðè àòîìà âîäíþ,
äîñëiäæåííÿ ÿêî¨ ïî÷àëîñÿ â ñåðåäèíi ìèíóëîãî ñòîëiòòÿ. Îñêiëüêè íåéòðàëüíèé âîäåíü ¹ íàéïîøè-
ðåíiøèì õiìi÷íèì åëåìåíòîì ó Âñåñâiòi, âèïðîìiíþâàííÿ, ùî âèíèêà¹ âíàñëiäîê íàäòîíêîãî ðîçùå-
ïëåííÿ éîãî îñíîâíîãî ñòàíó, äà¹ çìîãó øèðîêî ñïîñòåðiãàòè ðiçíîìàíiòíi àñòðîôiçè÷íi îá'¹êòè òà
åâîëþöiþ Âñåñâiòó. Ó ñòàòòi ìè îïèñó¹ìî ïåðåõiä ìiæ åíåð åòè÷íèìè ðiâíÿìè òà ðîçðàõîâó¹ìî ñå-
ðåäíié ÷àñ æèòòÿ çáóäæåíîãî ñòàíó â íàäòîíêié ñòðóêòóði àòîìà âîäíþ. Äîäàòêîâî ìè ðîçãëÿäà¹ìî
âïëèâ ìàãíiòíîãî ïîëÿ íà ðîçùåïëåííÿ òà ñåðåäíié ÷àñ æèòòÿ åíåð åòè÷íèõ ðiâíiâ ó öié ñèñòåìi.

Êëþ÷îâi ñëîâà: àòîì âîäíþ, íàäòîíêà ñòðóêòóðà, ðàäiîëiíiÿ âîäíþ 21 ñì.
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