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In this contribution, we highlight a problem in estimation of the mass of axion dark matter
in the scenario where the Peccei-Quinn symmetry is broken after inflation. In order to
obtain a definite prediction for its mass, it is necessary to evaluate its relic abundance
precisely by taking account of the production from cosmic strings and domain walls. After
reviewing a long-standing controversy about the axion production efficiency from decaying
strings, several recent approaches aiming at resolving the uncertainty are discussed.

The axion [1, 2] is a pseudo Nambu-Goldstone boson associated with spontaneously broken
global Peccei-Quinn (PQ) symmetry [3]. There is a strong motivation to search for the axion,
as it provides the elegant solution to the strong CP problem in quantum chromodyamics (QCD)
and can be a good candidate of dark matter in the universe [4, 5, 6]. However, there are some
complications when we consider the evolution of the axion dark matter in the early universe.
In particular, it is known that topological defects such as strings and domain walls are formed
in the early universe if the PQ symmetry is broken after inflation, and that axions produced
from these defects may have an impact on the relic dark matter abundance [7]. Therefore, it is
important to know about the efficiency of axion production quantitatively in order to give an
accurate estimate of its relic abundance and obtain a definite prediction for its mass ma.

The formation and evolution of topological defects are described by a complex scalar field
Φ called the PQ field. The global U(1) PQ symmetry is spontaneously broken when the
PQ field acquires a vacuum expectation value |〈Φ〉|2 = v2PQ/2 due to the potential V (Φ) =

λ(|Φ|2 − v2PQ/2)2, where λ is the self-coupling, and vPQ represents the energy scale of PQ
symmetry breaking, which is related to the axion decay constant, fa ∝ vPQ. At that time,
vortex-like objects called strings are formed. Furthermore, these strings are attached by sheet-
like objects called domain walls around the epoch of the QCD phase transition, because of the
existence of the effective potential for the axion field induced by the non-perturbative effects in
QCD. If the effective potential has only one non-degenerate minimum, these string-wall systems
eventually collapse due to the tension of domain walls [8].

Axions are copiously produced from the collapse of such string-wall systems around the
epoch of the QCD phase transition, and the axion number is expected to be frozen after they
decay away. Therefore, the axion density at the present time ttoday can be written as

ρa(ttoday) = mana(tdecay)

(
R(tdecay)

R(ttoday)

)3

, (1)
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where R(t) represents the scale factor of the universe, and tdecay represents the time at which
the string-wall systems decay away. Assuming that the decay proceeds sufficiently faster than
the cosmological timescale, we can roughly estimate the number density of axions at tdecay as

na(tdecay) ∼ ρdefects(tdecay)

〈Ea(tdecay)〉 , (2)

where ρdefects represents the energy density of the defects and 〈Ea〉 is the mean energy of axions
radiated from them. Therefore, it is helpful to know about two factors in order to understand
the axion production efficiency: One is the energy density of defects, which is believed to follow
the scaling solution, ρdefects(t) ≈ ρstrings(t) = ξµ/t2, where µ is the energy of strings per unit
length and ξ is a dimensionless factor. The other is the mean energy 〈Ea(tdecay)〉, which depends
on the energy spectrum of radiated axions.

In the literature, there has been a long-standing controversy about the estimation of axion
production efficiency from topological defects [9, 10, 11, 12, 13, 14, 15]. The authors of Refs. [9,
11, 15] claimed that the spectrum of radiated axions is hard (i.e. the mean energy 〈Ea(tdecay)〉
is enhanced), and that it suppresses the relic axion abundance according to Eq. (2). However,
other authors [10, 12, 13, 14] did not confirm this feature, arguing that most of radiated axions
have a lower frequency corresponding to the horizon size, 〈Ea〉 ∼ 2π/t. If this is the case,
the axion abundance becomes larger than that estimated based on the vacuum re-alignment
mechanism [4, 5, 6].

The most straightforward way to address this controversy is to perform large scale field
theoretic lattice simulations [14, 16, 17, 18]. In this approach, the classical equation of motion
for the complex scalar field Φ in the expanding universe is solved numerically on discretized
coordinates. Based on this approach, the whole process of the evolution of defects, including
the formation of strings, that of domain walls, and the collapse of the string-wall systems,
was investigated in Ref. [17], and the spectrum of axions radiated from them was estimated
by applying the masking analysis method introduced in Ref. [16]. The results indicated that
there are O(1) strings per horizon volume [i.e. ξ ∼ O(1)], and that radiated axions are mildly
relativistic. In particular, the spectrum of radiated axions peaks at lower frequencies, which
supports the conclusion of Refs. [10, 12, 13, 14]. These results were refined in Ref. [18], and
the prediction for the axion mass ma = (0.8–1.3) × 10−4 eV1 was obtained by imposing the
assumption that the axion becomes the main constituent of dark matter.

In contrast to the preceding argument, there still remains an unresolved issue associated
with the technical limitations of lattice simulations. In the field theoretic lattice simulations,
we must consider two extremely different length scales: One is the width of the string core
δs, which is inversely proportional to the PQ scale, δs ∼ (

√
λvPQ)−1, and the other is the

Hubble radius H−1 ∼ t, which corresponds to the typical distance between two neighboring
strings. In reality, there is a huge hierarchy between these two scales: H−1/δs ∼ 1030 at
t ∼ tdecay. However, it is impossible to realize such a huge hierarchy in the lattice simulations,
due to the limitation of dynamical ranges. For simulations with 5123 grid points, we only
realize H−1/δs . 300, which is far smaller than realistic values. There is a possibility that
this difference gives rise to a nontrivial consequence [19], which originates from the fact that
the energy of string cores acquires a large logarithmic correction due to the gradient energy of
surrounding axion fields, µ ≈ πv2PQ ln(H−1/δs). When H−1 � δs, This core energy becomes

1If we just use maximum and minimum values for numerical factors such as ξ and 〈Ea(tdecay)〉/(2π/tdecay)
without using the propagation of uncertainty law, we obtain ma = (0.6–1.5)× 10−4 eV.
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Figure 1: The renormalized string density (left) and mean energy of radiated axions (right) for
various values of ln(H−1/δs) at the final time of the simulations.

larger than the string radiation power P ∼ v2PQ [20], and we expect that the radiation damping
becomes less efficient [21]. Therefore, it is still unclear whether strings evolve similarly to what
we observe in the conventional field theoretic simulations if we take H−1 � δs.

In order to check the dependence on the ratio H−1/δs, we performed followup studies based
on the field theoretic simulations. The setup of the simulations was the same with Ref. [17]
except for that we set ma = 0.2 We varied the ratio between the string core width δs ∼
(
√
λvPQ)−1 and the Hubble radius H−1 at the final time of the simulations by varying the self

coupling of the PQ field within the range 0.093 ≤ λ ≤ 1. From these simulations, we evaluated
the density parameter of strings ξ = ρstringst

2/µ and the ratio between the mean energy of
radiated axions and the horizon scale ε ≡ 〈Ea〉/(2π/t) at the final time of the simulations. The
results are shown in Fig. 1. We observed that both the string density and mean energy slightly
increase with ln(H−1/δs), which agrees with the features pointed out in Ref. [19]. However, it
is still dangerous to extrapolate these results to the realistic value, H−1/δs ∼ 1030. In order to
investigate what happens in such cases, it is necessary to develop some alternative methods.

Recently, a couple of new approaches are proposed to investigate the dynamics of axionic
strings with a large core energy. One possible way is to implement string cores as smeared
external objects instead of directly solving the equation of motion for the complex scalar field
Φ. This was performed in 2+1D in Ref. [22], whose results showed that strings exhibit signif-
icantly different behavior at large values of ln(H−1/δs). However, there remains the question
whether such results are peculiar to the simulations in 2+1D spacetime. The other method
was proposed in Ref. [23], which still relies on the field theoretic simulations but realizes a large
string core energy by introducing additional field degrees of freedom. The axion production was
investigated in Ref. [24] based on this simulation method, and the prediction for the axion mass
ma = (2.62 ± 0.34) × 10−5 eV was obtained based on the assumption that the axion becomes
the main constituent of dark matter. It should be noted that both of these modified simulation
methods are designed such that they realize the large-scale behavior of axionic strings without
evaluating the dynamics of the PQ field Φ around the string core via first principles. Therefore,
they are regarded as effective theories in the sense that they can correctly describe the dynamics

2If we take ma 6= 0, strings start to collapse due to the tension of domain walls. For simplicity, here we do
not consider this collapsing process, and focus only on the evolution of strings in the scaling regime.
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of strings on large scales but break down at some smaller distance scales.
Let us try to figure out the implications of these new simulation results by going back to

the initial argument based on energy conservation [Eqs. (1) and (2)]. In both types of modified
simulation methods [22, 24], the results showed that, while strings become denser, the axion
production becomes less efficient for realistic values of the string core energy, leading to a lower
value of the axion mass. These facts imply that a large factor of ρdefects in Eq. (2) should be
compensated by producing more energetic axions. Therefore, it is possible that the results are
sensitive to physics at smaller scales. Given the fact that these modified simulation methods
can describe the infrared behavior of axionic strings but fail to describe ultraviolet modes, it
is important to investigate the axion production from the decay of small scale strings in more
detail. Understanding such dynamics of axionic strings is crucial to obtain a robust prediction
for the mass of axion dark matter and interpret the results of forthcoming experiments.
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