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Abstract. A symplectic connection on a cotangent bundle 7*M induced by a Levi-Civita
connection on a configuration space M is constructed. General properties of an Abelian
connection built from the induced symplectic connection are presented. An example of a finite
Abelian connection determined by the induced symplectic connection has been found.

1. Introduction

Quantum mechanics is usually formulated in terms of theory of a Hilbert space and linear
operators acting in it. Unfortunately, serious problems appear when one tries to describe
quantum effects in systems with curved configuration spaces. On the other side, classical physics
works perfectly on arbitrary differentiable manifolds. Hence the formulation of quantum theory
based on differential geometry may eliminate obstacles.

An alternative construction of quantum mechanics on a phase space R?" was proposed
Moyal [1]. In his paper ideas of Weyl [2], Wigner [3] and Groenewold [4] were developed.
Generalization of Moyal’s results for systems with nontrivial phase spaces was presented by
Bayen et al [5, 6]. Their fresh look at the problem gave birth to deformation quantization.

One of practical realisations of the Bayen quantization programme was invented by Fedosov
[7, 8] and is known as the Fedosov quantization. Roughly speaking his algorithm is composed
of four steps. We start from a phase space of a system, which is a symplectic manifold and
equip it with some symplectic connection. Then the symplectic connection is lifted to the
bundle of formal Weyl algebras. After that we introduce an Abelian connection in the Weyl
algebra bundle, which is determined by the symplectic connection. Next we identify functions
representing observables with smooth sections of the subalgebra of the flat sections of the Weyl
algebra bundle. By a ”quantum” *-product of these functions we understand a projection of a
product of smooth sections representing them.

Unlike the Riemannian geometry, a symplectic manifold may be equipped with many
symplectic connections. Hence the natural question arises, which of them is the most physical
and how for it Fedosov quantization works. In our contribution we propose, following [9], the
symplectic connection induced by the Levi- Civita connection on the configuration space M.
For such a symplectic connection we analyse properties of the Abelian connection. Another
way leading to the induced symplectic connection was indicated by Bordemann, Neumaier and
Waldmann [10, 11].

In all formulas in which summation limits are obvious we use the Einstein summation
convention.
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2. Induced symplectic connection
In this section we present a construction of some symplectic connection determined by the
Riemannian structure of a configuration space M. Reader interested in details is pleased to see
[9].

Assume that the configuration space M, dim M = n, is a differentiable manifold endowed
with a Riemannian metric g and 7*M is a cotangent bundle over it. The bundle 7*M is 2n-D
symplectic manifold. We cover it with so called proper Darboux atlas.

Definition 1. Let {(Uy, ¢,)}oer be an atlas on the symplectic manifold T*M such that in
every chart the coordinates ¢', 1 < i < n determine points on the basic manifold M and
¢t = p;, 1 <i < n, denote momenta in natural coordinates. Every atlas of this form is called
the proper Darboux atlas and every chart of this atlas the proper Darboux chart. The
transitions functions are the point transformations

gk

Q" =Q"d"), P= aqiPr

We equip the cotangent bundle 7*M with a metric structure. Locally in a proper Darboux

chart, the metric tensor '
- —2p; I, 1
gjk:( L 0). (1)

By 1 and 0 we denote the identity and zero matrices n x n respectively. Coeflicients F;k are
components of the Levi- Civita connection of the metric g on M i.e.
i 1y <89lk ogqi;  O9gjk

8(]] 8qk - Bql > 3 1 S ivja kal S n. (2)

jk_29

It is interesting, that the metric tensor (1) appears as a consequence of the operator ordering in
Fedosov quantization [12].

Theorem 1. Let (M,g) be a Riemannian manifold. Then (7*M,g) is also a Riemannian
manifold.

Definition 2. The symplectic connection on a symplectic manifold (W,w) is a torsion free
connection satisfying locally a set of conditions

Wij:k = 0, 1< i,j,k‘ < dim W.

The symbol w denotes a symplectic form.
In every chart (U, ¢,) on W

Ow;; / .
Wijik = ﬁﬁf — Vhwi; — Vhewa =0, 3)
Vi =k, (torsion free).

In Darboux coordinates the set of equations (3) takes a simple form
Wijik = —YeRWij — ’7§'kwil = —jik + Yijk = 0,
where
def.
Yijk = VjEWii-
Hence the connection is symplectic if and only if in every Darboux chart all of components 7§‘k
are totally symmetric with respect to indices {i, j, k}.



V International Symposium on Quantum Theory and Symmetries IOP Publishing
Journal of Physics: Conference Series 128 (2008) 012024 doi:10.1088/1742-6596/128/1/012024

Definition 3. The symplectic manifold (W,w) equipped with the symplectic connection 7y is
called the Fedosov manifold (W,w, ).

Every symplectic manifold admits a symplectic connection, but it is not uniquely defined.
Locally the difference between two symplectic connections ;. —%;jx = 75 is a tensor completely
symmetric in indices {i, j, k}.

From now on the symplectic manifold (W, w) will be the cotangent bundle 7*M with its
symplectic structure. As we mentioned (compare Theorem 1), the space 7*M is also the

Riemannian manifold and the Levi-Civita connection I' on it is determined by the tensor g.

Let us lower the upper index of Christoffel symbols T' k SO ka def wllI‘ - Then in any

Darboux chart
def

o= = =
Yijk = 3 (Tij + Tjir + Thij) (4)
is the symplectic connection on 7 * M induced by the Levi-Civita connection on 7 * M. Moreover,
since the metric tensor § ( see formula (1)) is a function of the Levi- Civita connection on
the configuration space M then in fact the symplectic connection ~;;; is determined by the
connection on the base space M.
Indeed, in proper Darboux coordinates the coefficients of the induced symplectic connection
on 7T*M ‘
Yijk = Uiee 7176 =0, 7355 =0,

1 BF ort ;T
Yijk = ( mz k
oq’ OqF 8(] J

2Fl kr 2Fm] zk) (5)

We use the convention i = i + n.

The coefficients Vijk of the induced symplectic connection are functions of spatial coordinates
only. Terms +;j;, depend linarly on momenta and are also functions of spatial coordinates.
The curvature tensor of the induced symplectic connection contains three kinds of elements:
Rijri, R,y and R; ;). Exact formulas defining them can be seen in [9]. Relations (5) are invariant
under proper Darboux transformations.

3. Abelian connection in the Fedosov formalism
In this section we present a brief review of the Fedosov deformation. Its expanded version can
be found for example in original Fedosov works [7, 8].

A Fedosov manifold (W, w,~) is given. We deal with formal series

q oo 0.9] )
a SN Hragg, X0 XD (6)

k=0 1=0

=

In the upper expression A denotes some positive parameter identified by physicists with the
Dirac constant. X}}, ey Xg" are components of an arbitrary vector X, belonging to the tangent
space T,V at the point p. The components XI}, e Xg” are written in the natural basis. By
ag.i,..;, we denote components of a covariant tensor symmetric with respect to indices {iy..., i}
taken in the basis d¢’* ® ... ® dg®. The part of the series a standing at A* and containing I
components of the vector X, will be denoted by a[k,l] so that a = Y 5o, S°7°, h*alk,l]. The
degree deg(a[k,l]) of the component alk,!] is the sum 2k + [. The degree of the series a is the
maximal degree of its nonzero components alk, [].
Let PyWI[[R]] be the set of all elements a of the kind (6) at the point p.
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Definition 4. The product o : PyWI[R]] x PyWI[R]] — PyWI[R]] of two elements a,b € PyWI[R]]
1s the mapping

oo . t
it \ 2 OXp' ... 90Xy 0XP ... 0X3!

The tensor w and the symplectic form w;, are related by w*”wjj, = §¢. The pair (PyW([R]],0)
is a noncommutative associative algebra called the Weyl algebra.

A Weyl bundle is a triplet (P*WI[]],x, W), where P*WI[]] & U,y (PWIIH],0) is a
differentiable manifold called the total space, W is the base space and 7 : P*W([[h]] — W the
projection. A Weyl bundle is a vector bundle in which the typical fibre is also an algebra.

Definition 5. An m-differential form with value in the Weyl bundle is a form written locally

(o] oo
a = Z Z hkak,il...il,jl...jm (ql, ey QQTL))(Z1 .. .)(Zldqj1 A A dq]m (8)
k=0 [=0
where 0 < m < 2n. Now ak,i1...il,j1...jm(q17 ... 7q2”) are components of smooth tensor fields on W
locall ; .
and C=(TW) > X =7 Xla%i is a smooth vector field.

Let A™ be a smooth field of m-forms on the symplectic manifold W. Forms of the kind (8)
are smooth sections of P*W|[[A]] ® A aet- @2 (P*WI[R]] ® A™). For simplicity we will omit the

variables (¢!, ..., ¢*").

Definition 6. The commutator of forms a € C*°(P*WI|[h]] ® A™) and b € C*°(P*WI[h]] ®
A™2) is the form [a,b] € C®°(P*W][h]] @ A™11m2)

[a, b] ©ob— (=)™ ™2poaq. 9)

A form a € C*(P*WI[h]] ® A) is called central, if for every b € C*(P*W[[h]] ® A) the
commutator [a, b] vanishes. Only forms not containing X*’s are central.

Definition 7. The antiderivation operator § : C°(P*M|[h]] ® A™) — C®(P*M|[[h]] @ A™T1)

1s defined by
da

oXk
Definition 8. The operator 6~ : C®°(P*WI[R]] @ A™) — C®°(P*W[[A]] ® A™~1) is

Sa < dg® A

ﬁX’“%Ja for [+m >0

6 la = (10)

0 for I+m =0,
where | is the degree of a in X'’s, i.e. the number of X"’s.

Definition 9. The exterior covariant derivative 0 of the form a € C*°(P*W][[h]] ® A™)
determined by a connection 1-form & € C*°(P*WI][h]] ® A') is the linear operator

O¢ : C(P*WI[A]] @ A™) — C*(P*WI[h]] ® ALY
defined in a Darbouz chart by the formula

O¢a - da + 1}1[5,0,]. (11)

1
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In the case of a symplectic connection, we use - instead of £ and put v = %%.ij iXIdgk.
The curvature form R, of a connection 1-form « in a Darboux chart can be expressed by the
formula

22# = dv+~%707- (12)
A crucial role in the Fedosov deformation quantization is played by an Abelian connection
I'. By the Abelian connection we mean a connection I whose curvature form Ry is central so
07 (0pa) = 0 for every a € C®°(P*WI[h]] ® A).
The Abelian connection proposed by Fedosov is of the form

Ry =dvy+

T = wij Xidg +~+r. (13)

Its curvature is

1 ; , 1
Ry = _§wj1jquj1 Ndg’? + Ry — 6r + Oyr + ror (14)
The requirement that the central curvature 2-form Ry = —%wjl jo dg’' A dg?? means that r must
satisfy the equation
1
6r = Ry + O + o (15)
i
Theorem 2. The equation (15) has a unique solution
-1 -1 1
r=0 "Ry+9 (&ﬂ“%—,hror) (16)
i
fulfilling the following conditions
§lr =0, 3<deg(r). (17)

We work only with the Abelian connection of the form (13) with the correction r defined by
(16) and fulfilling (17).

Here some of properties of the Abelian connection are pointed out. More information can be
found in [13].

(i) The correction

1
(551
r=06"'R, +ZZFP’€ 2k, z — 4k]dq™, (18)
2=4 k=0
so r contains only terms with at least one vector component X* and only even powers of A.
By [z] we mean the floor of an integer z.

(ii) If R, # R~ then corrections r determined by connections v and 7 respectively are different.
On the contrary, two different symplectic connections v and 7 with the same curvature may
generate the same Abelian correction 7.

(iii) Explicit formulas on the part r[z] of the degree z are [14, 15]
r[3] =5 'R,

—2
rlz] =871 | Oyr[z — 1] + %Z Jorlz+1—7]|, 4<z. (19)
j=3

Definition 10. P*WI[h]]l5; C C®(P*WI[[h]] ® AY) is the subalgebra consisting of flat sections,
i.e. sections such that Oza = 0.
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Theorem 3. For any ag € C>*(W) there exists a unique section a € P*WI[[h]]5 such that
o(a) = ap.

It can be proved [7, 8] that

a=agp+6! <87a + %[r, a]) . (20)

By a star product ‘*’ of functions ag, by € C*°(M) we mean

ao * by L o (o (ag) o o (bp)). (21)

The *- product (21) is interpreted as the quantum multiplication of observables.

4. Abelian connection of the induced symplectic connection

In this paragraph we consider the situation when the Abelian connection is determined by the
induced symplectic connection. We present some general remarks about a shape of a formal
series representing the Abelian connection in that case and look for examples of finite Abelian
connections.

After easy but rather long computations it can be checked that the correction r to the Abelian
connection does not contain the deformation parameter . Moreover, each term r[z], 3 < z is a
sum of three kinds of elements:

(i) ril...z‘z,j(qla e ,qn))(i1 v Xizdpj, 1 < il, . ,iz < n,

(1) 7iyoin 1o (b .oy @M) XD X1 XU dgt=, 1 <idy,...,0, <n, n<j<2n,
(i) Sor_y Pk Thiyin (@t @) XD - X2dgd, 1<y, ... yis,j < .
Coefficients of the 1st and 2nd kind depend only on spatial coordinates. They are related by a
condition §~'r = 0. Terms of the 3rd type are linear functions in momenta. They also fulfill the
requirement 6 'r = 0.

It seems to be extremely difficult to find the general expression of the Abelian connection in
the Fedosov formalism. Even in case when the Abelian connection is determined by the induced
symplectic connection, this problem has not been completely solved yet.

Hence we look for examples of finite Abelian connections. By definition, we say that
r is a finite formal series when deg(r) = d, d € N. The series representing a finite
Abelian connection can be easily found even by a computer programme without any additional
considerations.

Now we present the only one known example of the finite Abelian connection.

Let (W,w,~) be a Fedosov manifold. Locally the nonvanishing components of a symplectic

connection are
l Iy :
7[112l3(q47"°7q )7 1§l17"')lr§dlmw

such that all of Poisson brackets

{d".d"}p=0,1<4,j<r

This connection can be curved only if 4 < dimW. The Ricci tensor Kj; def- wklRli;cj of v
disappears.
Then the correction
rlz] = (6710,)* 36 'R, (22)

As it was shown [13], the sufficient and necessary condition for r to be a finite series is

osa (05671 PR, = 0. (23)
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It would be interesting to apply this example for the induced symplectic connection. Let
us consider first the case when the configuration space is 2-dimensional. As it was proved by
Plebariski et al [9], the Fedosov manifold (7*M,w, ) with the induced symplectic connection 7
is Ricci flat (i.e. K;; = 0) if and only if the Riemannian manifold (M, g) is Ricci flat ( R;;=0).

The only example of the Ricci flat 2-D Riemannian manifold is just a flat space so this is not
the case we look for.

Let M be the 3-D Riemannian manifold covered by an atlas {(U,,¢,)},cr. Assume
that in some chart ( p,gbp) the nonvamshlng Levi-Civita connection components are only
I1(a", %), T35(q", ¢°) and T'9y(¢", ¢*). Then from (5)

Y16 = T8 (q', ¢%) , m2e =i5(a", a%) . v206 = Ta(d', 4),

ors ors, ors ors, ors ors
69% 11 11 22 69722
p— —_— 2

ML= A T2 = 3(1 < oW 2 + 502 > y M22 = 3(1 <2 902 2 + oW > ) 1222 =4 505

In the chart (U,, ¢,) the symplectic curvature 2-form R, = dI' and the correction

rlz] = (67'd)*?6 'R, 3< 2.

The term r[z] consists of four kinds of elements:

(1) "X fie—in(gh, ) (XX g, O D07 fiemin(ah, ¢*) (X)) (X?)* dg?

(i) 30720 gie-i-1,(a", @) (XN (X1 XOdgt | 32700 giemi1.2(gh, ¢7) (X)X )1 X Bdg?.
Straightforward calculations lead to the conclusion that functions f; .— Z1(q1 )7fi,z7i,2 are
linear combinations of partial derivatives of I‘H(q 7?), T3, (q", q ) and T3,(q', ¢?) of the total
degree z + 1. Moreover, coefficients g; ,—i—1 1(q q2),gZ b Z 172(q q?) are linear combinations of
partial derivatives of Fll(q 7?),T3,(q', ¢%) and T'3,(qt, ¢%) of the total degree z.

Hence we deduce that the Abelian connection y on U, is represented by a finite formal series
for example if T'3;(¢', ¢%), T35(q%, ¢?) and '3, (¢!, ¢?) are polynomials in ¢', ¢*.

5. Results and Perspectives

The fact, that every symplectic manifold may be equipped with many symplectic connections,
offers some freedom in frames of the Fedosov deformation quantization. In our opinion the most
physically justifiable symplectic connection is the induced symplectic connection built according
to the idea presented in [9].

In the current contribution we presented basic properties and the general shape of the Abelian
connections generated by the induced symplectic connections. But even in this narrow class of
Abelian connections we may search for especially convenient ones namely finite formal series.
We found the example of the finite Abelian connection. The correction r determined by the
formula (22), for which (23) holds, is the finite series. Unfortunately this example works only on
a Ricci flat space and it cannot be considered as an universal solution. Therefore we will search
for finite Abelian connections built over non Ricci flat configuration spaces.

The Abelian connection is a step on the way to the *-product. It would be valuable to find
the explicit form of the *- product for observables on a symplectic manifold with the induced
symplectic connection.

References
[1] Moyal J E 1949 Proc. Camb. Phil. Soc. 45 99
[2] Weyl H 1931 The Theory of Groups and Quantum Mechanics New York: Dover
[3] Wigner E P 1932 Phys. Rev. 40 749
[4] Groenewold H J 1946 Physica 12 405



V International Symposium on Quantum Theory and Symmetries IOP Publishing
Journal of Physics: Conference Series 128 (2008) 012024 doi:10.1088/1742-6596/128/1/012024

[5] Bayen F, Flato M, Fronsdal C, Lichnerowicz A and Sternheimer D 1977 Lett. Math. Phys. 1 521

6] Bayen F, Flato M, Fronsdal C, Lichnerowicz A and Sternheimer D 1978 Ann. Phys. NY 11161; Ann. Phys.
NY 111 111

] Fedosov B 1994 J. Diff. Geom. 40 213
| Fedosov B 1996 Deformation Quantization and Index Theory Berlin: Akademie Verlag

[9] Plebaiiski J F, Przanowski M and Turrubiates F 2001 Acta Phys. Pol. B 32 3

[10] Bordemann M, Neumaier N and Waldmann S 1998 Commun. Math. Phys. 198 363

[11] Bordemann M, Neumaier N and Waldmann S 1999 J. Geom. Phys. 29 199
I
]
]
I

7
8

[12] Przanowski M and Tosiek J 1999 Acta Phys. Pol. B 30 179

[13] Tosiek J 2007 Acta Phys. Pol. B 38 3069

[14] Bordemann M, Neumaier N and Waldmann S 1998 Comm. Math. Phys. 198 363
[15] Kravchenko O Preprint SG/0008157





